Frobenius manifolds and Frobenius algebra-valued
integrable systems

Dafeng Zuo (USTCQ)

Russian-Chinese Conference on Integrable Systems and Geometry
19—25 August 2018

The Euler International Mathematical Institute



Outline:

Part A. Motivations

Part B. Some Known Facts about FM

Part C. The Frobenius algebra-valued KP hierarchy

Part D. Frobenius manifolds and Frobenius algebra-valued In-

tegrable systems



Part A. Motivations



KdV equation : 4u; — 12uux — uxxx = 0
3
Lax pair: Ly =[L2,L], L=08%+2u

tau function: v = (109 7))z

Bihamiltonian structure(BH): ({-,-}» == Virasoro algebra)
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Dispersionless —> Hydrodynamics-type BH — Frobenius manifold



Natural generalization

Lax pair/tau function/BH: KdV = GD, / DS = KP (other types)
{-,-}2: Virasoro =— W, algbra —=— WCSON) algebra

Lax pair/tau function/BH: dKdV — dGD,, — dKP

{-,-}o: Witt algebra = wy, algbra = wéé“ algebra

FM: Ay =— A,,_1 = Infinite-dimensional analogue (7)



Other generalizations: the coupled KdV
4Vt — 12VVX — Vxxx = O, 4Wt — 12(VW)X — Wxxx =— 0.

tau function: v = (log 9)zz, w = (T—l)m.
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When m = 2, it gives the Coupled KdV equation

4Vt — 12VVX — Vxxx = 07 4Wt — 12(VW>X — Wxxx — 0.



Question: To construct BH for the coupled KP hierarchy and study

the related W-type algebras and Frobenius manifolds.

Method: Adler-Gelfand-Dickey scheme

A conjectural construction :

1 1
( m m—1 1 \
o L 1 0
tr (A) = the trace of m 2 A, AeF,
' 1
\0 O m

Observation: (F2, tr,I,) is a Frobenius algebra.



Part B. Some Known Facts about FM



Definition 1. A Frobenius algebra {A4,0,e,tr } over K (=R or C) sat-

isfies the following conditions:
(i). o : Ax A— A is a commutative, associative algebra with unity e;
(ii). tr € A* defines a non-degenerate inner product {a,b) =tr(aob).

Since tr (a) = (e, a) the inner product determines the form tr and visa-
versa. This linear form tr is often called a trace form (or Frobenius

form).

10



Example 2. Given € € R, let ]—"ji, be an N-dimensional commutative

associative algebra over C with a basis e1, ep,--- ,en Satisfying
e 0p. — 4 Giti-1 1+ <N+ 1;
to €€i4j—1—N> 1+7 >N+ 1.

We introduce N “basic” trace forms tr : ]—“fv — C defined by

N
tl’(z ajej)zak—I—aN(l—@]{:V)é%, k=1,---,N.
=1

Obviously, all {F5;,tr,e1,0} are Frobenius algebras of the rank N. The

algebra F5; has a matrix representation as follows
€1I—>@O:Id|\|, ej|—>@j_1, 73 =2,---, N,
_ J ; J _ sJ+1 17
where © = (©j) € gl(N,C) with the element ©; = &/ "~ + €d; 03 and

@0 = Idy is the Nt'-order identity matrix.
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Definition 3. (B.Dubrovin) The set {M,o,e,( , ), E} is a Frobenius
Mmanifold if each tangent space 1:M carries a smoothly varying Frobe-

nius algebra with the properties:
(i). {, ) is a flat metric on M,
(ii). Ve = 0, where V is the Levi-Civita connection of (,);

(iii). the tensors c(u,v,w) := (uowv,w) and Vyc(u,v,w) are totally

symmetric;

(iv). A vector field E exists, linear in the flat-variables, such that the
corresponding group of diffeomorphisms acts by conformal transforma-

tion on the metric and by rescalings on the algebra on Ty M .

12



These axioms imply the existence of the prepotential F which satisfies
the WDVV-equations of associativity in the flat-coordinates of the
metric (strictly speaking only a complex, non-degenerate bilinear form)
on M. The multiplication is then defined by the third derivatives of

the prepotential:

0 0

9 _ 9
ot~ otb

otY

Czég(t)
where
_ O3F
Cafy = HragBory

o 0
ote’ oth

).

and indices are raised and lowered using the metric n,g = (

13



Witten-Dijgraff-Verlinde-Verlinde equations

2-D TFT: find free energy F = F(t1,.-- ") satisfying WDVV equa-
tions of associativity (1991):
BF ,, 8F _ F , 0°F
DteatBat: | DOt | DtOatBat | athat oty

with a quasihomogeneity condition

LpF = (3 —d)F + quadratic polynomial in t,

and
O3F _ of
oteotBotl

(n®P): constant nondegenerate.
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Example 4. Suppose cfj are the structure constants for the Frobenius

algebra A, so e;oe; = cé“jek and n;; = (e;,ej) . For such an algebra one

obtains a cubic prepotential
1 .
F = gcijktztjtk,
1 .
= gtr(totot), t = tle;.

e,
The Euler vector field takes the form E = thﬁ and E(F) = 3F.
i

T he notation A will be used for both the algebra and the corresponding
Frobenius manifold.
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On the Frobenius manifold M, its cotangent space T;*M also carries a
Frobenius algebra structure, with an invariant bilinear form (dt®, dt°)* =

n®?® and a product given by

dt® . dtP = cgﬁ dt’, O‘ﬁ = 770‘605

16



Let
P = ig(dt™ - dtP),

then (dt®, dtP)* = ¢*° defines a symmetric bilinear form, called the

intersection form, on T} M.

The above two bilinear forms on T*M compose a pencil ¢®f + pn®P
of flat metrics with parameter u, hence they induces a bi-hamiltonian
structure { , }> + u{ , }1 of hydrodynamic type on the loop space
{Sl — M}.
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Furthermore, on the loop space one can choose a family of functions
Oa,p(t) With a« =1,2,...,n and p > 0 such that

OF  0%0ap . 004p-1

_ B —
90{,0 - 7704575 ) 90{,1 - 8750‘, 875)‘875“ - C)\’u (’9t€

for p > 1.

The principal hierarchy associated to M is the following system of

Hamiltonian equations

ot
= ,/9 d} v =1.2....n p>0,
TP { (z) a,p 4T . @, 7Y n, pz

in which z is the coordinate of S1. This hierarchy can be written

in a bi-hamiltonian recursion form if certain nonresonant condition is

fulfilled. (See ref.Dubrovin-Zhang 2001)
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Example 5. F(u) = ¢u3, E = uf, e = 2  pll = 1. Denote

Ty := nITY", 0y := Oo.n, then 6, = mu”'l'l. So the principal hier-
archy is given by
ou

—— = wugzut, n=1,2,--- ~ dispersionless KdV
o1},
with two compatible Poisson structure
0 0 0
Pi=— Po=—u+4+u—
1 0X 2 OxX T OxX

which gives a flat pencil nt1 4+ ngll on the Frobenius manifold C.

Conversely, under certain conditions one can obtain the prepotential F

from the two compatible hydrodynamical Poisson structure.
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Part C. The Frobenius algebra-valued KP
hierarchy
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Problem: To study the Frobenius algebra-valued KP hierarchy.

For an A-valued operator P = Zpiai, Py is the pure differential of
i

the operator P and

P_=P-Py, res(P)=P_y, P*=>(-1)9'P, 0= aﬁ.
7

T
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et
L=1,0+U0 1 +U0°+... (1)

be an A-valued WDO with coefficients Uy, Uy, --- being smooth A-
valued functions of an infinitely many variables ¢t = (t1,t>,---) and

t1 = x.

Definition. The A-KP hierarchy is the set of equations

OL
—:[BraLL BT: T: T:1727°°° (2)
Oty

or equivalently,

o~ o tBLBI=0. (3)
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Example 3.1.[r = 2,1 = 3] Using B, = 1,,0%2 + 2U; and Bz = 1,,8° + 3U10 +
3Uz 4+ 3U1 5, the system (3) becomes

Ul,t2 — Ul,mm + 2U2,:B7 2U1,t3 — 2U1,mma: +3 UQ,:B:E +3 UQ,t2 + 6 UlUl,x-
If we eliminate U> and rename t> =y, t3 =t and U = U;, we obtain
(4U; — 120Uy — Uggz)s — 3Uyy = 0. (4)

ug 0O
U1  UuQ
the coupled KP equation (e.g., P.Casati and G.Ortenzi 2006)

{ (4uor — 12uouor — Uozzz)z — Suoyy = O,

When we choose a ]—“S—valued smooth function U = ( ) the system (4) reads

(Auir — 12uguizs — 12U0zU1 — Ulgze )z — SUlyy = O.

Especially if uoy, = u1, = 0, the coupled KP equation reduces to the coupled KdV
equation (e.g.,A.P.Fordy et al 1989; Ma W.X et al,1996; Hirota-Hu-Tang 2003)

4ugr — 12uouor — U0zzr = O, 4utr — 12uouiz — 12u0su1 — U1zze = O.
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We have shown that (Ian and Zuo 2015, JMP)
(1). The A-KP hierarchy has an A-valued r function
(2). The A-KP hierarchy admits bi-Hamiltonian structures

(3). Local matrix generalizations of the classical W-algebras

24



Example 3.2. [The coupled KdV equation]. Assume that 7 = < 70 O >

71 70

is its F5-valued 7-function, then we have

109 70) 2z 0

ug O I 2 1N ( E

( ujl uQ ) =U= 8x(TxT ) o ( (T_Cl))xx (Iog TO)xa: ) :

S0 up = (109 70)aa, u1 = (-1)sz. Taking a 7-function ro = 1+exp(2az+
70

a O

2a3t) of the KdV equation, then for A = ( Do ) the function r =

I + exp(2Az + 2A431), i.e.,

1 4 exp(2az + 2a3t) 0
T = 3 3 3
(2bx + 2b°t) exp(2ax + 2a°t) 1+ exp(2ax + 2a>t)
is a 7-function of the coupled KdV equation. Consequently, we obtain
a solution given by

a? ([ (2bx + 2b3t) exp(2ax + 2a3t)
1= 1 + exp(2ax + 2a3t - '

~ cosh?(az + a3t)’

uQo
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Hamiltonian structures of A-KP : the canonical AGD method

and the trace form tr : A — K.

~

The space of functionals: D = {fz [tr F(V)da:‘ tr (V) e D}.

m OF
For V.= > wgeq, the variational derivative % is defined by
=1

f(v+ov) —f(v) = /tr (— ooV + 0(5V)> dx = / Z (5—f ovq + 0(5V)> X,

Vq

where f(v) =tr F(V), 6V = Z dvgeq € A and of Z (—9)7 8f' .
_ ov — o (J)
q=1 q 7=0 Vq
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The first and the second Poisson brackets of the A-KP hierarchy
associated with the F9-valued WDO L" are given by

{f»ﬁ}moo) = tr/resH"(oo)( )—d:c

tr [ res ([c_,(—)+] 7 ( ) ]+)—d:p

and
F =17(0) n(0)
— H —Z
{f,g} tr /res (5£) r I da § 5
— °J _r L °9
= tr /res ((,C 5£)_|_£, £(5£ ,C)_|_) 5O dx,
n—1 .
where of —1-1 5\]5; cand f=tr [ f(V)dz, §g=tr [g(V)dx.

oL

- Z O
1I——00

i
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oL
Theorem. The A-KP hierarchy B = [Br, L] admits a bi-Hamiltonian
T
representation given by

OL _ 1n(0) (‘m”“) — pgn(eo) (@) (5)
Ot oL oL
with the Hamiltonians
Fr = tr /reer de  and §r = —— tr /resL“"’r dx,
r T+ n

where HMO)(X) = (LX) £ — £L(XL)y and HM®)N(X) = [L_, X ] —
(L4, X-]4.

Cor. The coupled KP (F2-KP) hierarchy defined in [CO2006] has at

least m “basic” different local bi-Hamiltonian structures.

28



If we restrict to V,,_1 = 0, the first Hamiltonian structure automatically
reduces to this submanifold, but the second one is reducible if and only
if

of ,
res [L, E] = 0. (6)

We denote the corresponding reduced brackets by {, }"(°) and {, }%(O).
§

Assume that V;, = e and X, = % € A, then the condition (6) is equiv-

alent to

Y=o X (( L) v (7 1)(&-@“@”)-

j—i
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Definition. In terms of the basis {v};,}, the second Poisson bracket
{, 0 for L™ and the reduced bracket { , }%((D for L™ with the
constraint V,,_1 = 0 will provide two kinds of W-type algebras, we
call them the Wﬁi’”)-algebra and the W&”’”)-algebra respectively. Un-
der the reduction L™ = 0, the corresponding algebras are called the

GD
local matrix generalizations.

wmm)_aigebra and the W(,, n)-algebra respectively. All of them are

30



Example 3.3. Taking ¢o(z) =trV,_»(x), the reduced Poisson bracket
IS given by

n3—n

{e@), o)}y = - (Tzﬁ + 00+ ago) 5 — ).

This means that both the Wg?’”)—algebra and the W(m,n)-algebra con-

tain the Virasoro algebra as its subalgebra.

31



Example 3.4. Consider the A-KdV hierarchy with the Lax operator
2 = 924+ V, ie., L2 = 0. We denote X = 92X; + 071Xy and
Y = 072Y; + 07 1Y, and have

H?(®) = [X [?], = —2X)
and
H2O)(X) = (L?0 X) o L? — %0 (X 0 L?); =2V o Xh+ Xgo V' + X’”

Thus two compatible Poisson brackets of the A-KdV hlerarchy are

given by
~ 7 2(c0) 0 dg
g =2 /5v o5V
and
[7 }2(0) ——t / o <6—+2Vaax+288xv> g—‘g/d:c

In particular, if one chooses the algebra A to be the algebra ]—“8, one
32



obtains the F§-KdV equation for V = ve; + wep given by

4Vt — 12VVX — Vxxx = O, 4Wt — 12(VW>X — Wxxx — 0. (7)

Moreover, the system (7) can be written as

OH OH
(2)=(58) ()= (5 %) ()
W/t 0 0 B Jo 1 Sw
with Hamiltonians

3 1
H{ = /Sl vwde, Hy = /81(5v2w + vamm)dx;

SH SH
v} (0 0\ [T\ =9 Jo S
w ). 0 —0 dHp Jo J1—Jo 0Hy

with Hamiltonians

and

Hq —/ (1’02+’U’w)dfﬁ Hz—/ (= ’UQ’w-I-iv’wa:a;-l-; I+ vvmz)dw

where Jp = 183 + vd 4+ v and J; = wd + dw.



Example 3.5. [The F2-dBoussinesq hierarchy]. In this case, the

LLax operator is given by

L= Imp3 + le + VO) VO7 Vl S Fq?q,

The BH structure of the F9-dBoussinesq hierarchy is

- 5F 5F
; — 3tr/ X Y/ X Y’ d , here X, = —, Y, — — 8
{F.4}, (X1Yp + XoYi)dw EE v T sy (8)

and

1.3}, = %tr / (XoYg — XbYo) VF da + tr / (X}Y1 — X1Y{) Vi da

+ otr / (2X} Yo — X1Y4 + X4Yi — 2XoYy ) Vo da. (9)
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When m = 1, it is easy to get a Frobenius manifold as follows

1 1 2
F(V)==-V3V; - —Vi, e= ﬁ, E = Voﬁ + —Vli.
2 72 OV OVy 3 9Vy

When m = 2, we write

_ [ wv1 O _(wv3 O 0
VO_(’UQ Ul), V1—<v4 v3>€f2.

By using (8) and (9), we could get explicit formulas of {vi(az),vj(y)}k,
k= 1,2. We can write

{vi(@),v;(W) }, =307 ()& (@ — y) + h1(v; v2)3(z — y)

and

{vi(@), v ()}, = 397 ()8 (& — y) + ha(v; va)d(x — y)
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for known functions hx(v; vz), where n(v) and g% (v) form a flat pencil

of metrics given by

O O 0 1
; O 0 1 -1
1] —
@I =0 7 ¢ &
1 -1 O O
and
( 0 —év% 0] (] \
¥ —202 202 —Zpzus W Vo — U
(gm(,u)) — oY3 9Y3 o v3%4 1 22 1
O (4] O §’U3
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Observation: A direct calculation gives (F'(v),e, E) as follows

0]
e = —
ovq
and
o) 0 2 0 2 0
E =vi— 4 T pa— "t —p—
vl@vl + v28v2 + 3v38v3 + 3v48v4
and
1 1 1 1
F(v) = 5’0%1}4 + 51}%1}3 + v{vovz — 1—81)%1)4 — 51}%
1 1
= tr(5Vg§Vyi— V).
(2 0V1i— s 1)

Here tr (aje; + agses) = aj + as.
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Part D. Frobenius manifolds and Frobenius
algebra-valued Integrable systems

37



Question:

{ Frobenius manifold } ¢————> { Principal hierarchy }
{ Felaleld } c————3 { A — valued principal hierarchy }
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Definition.[Lifting map] Let {A4,o0,e,tr} be a Frobenius algebra over
K with the basis e = eq1,eo,--- ,emm and f an analytic function on M
(that is, analytic in the flat coordinates for M). The A-valued function

AN

f is defined to be:

AN

f — f|toz,_>t(ai)ei

with fg = fog and I =e;. The evaluation fA of f is defined by

A=t (),

where tr € A* is the Frobenius form.



Theorem.([Ian-Zuo 2017]) Let

ut = K%(u,ug,---), u= {u(x,t)} (10)

be a Hamiltonian system with the Hamiltonian H[u], then the corre-

sponding A-valued system

—_—

uf = Ko(u, ug, ) (11)

is also Hamiltonian with the Hamiltonian H[ad] = tr (H@]).

Cor. The A-KP hierarchy admits local bi-Hamiltonian structures.
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Theorem. ([Ian-Zuo 2017]) Let F be the prepotential of a Frobenius

manifold M and let A be a Frobenius algebra with 1-form tr . Then
the function

FA = tr (f‘)
defines a Frobenius manifold, namely the manifold M &® A.

(The tensor product was due to Kaufmann, Kontsevich and Manin.)

Remark. This construction could be generalized to TQFT and F-

manifold.
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