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Dzhrbashyan — Nersesyan Derivative

Let Z be a Banach space, z : Ry — Z. The Riemann — Liouville fractional integral of an order
a > 0 for a function z has the form
¢ (t — 5o
/ —9) z(s)ds, t>0.
0

The Riemann — Liouville fractional derivative of an order o > 0 for a function z is defined as

EDez(t) .= D" J"*2(t), where m — 1 < a <m €N, D" := ddt% is the integer order derivative.

Further, we use the notation D, ¢ := J& for a > 0.

Let {an}y = {@o, 1, .., )} be the set of real numbers oy, € (0,1], k =0,1,...,n € N. Denote
k

o) = Z oj—1, k=0,1,...,n,s0, =1 <o <k — 1. Further, it is assumed everywhere that the

condition o,, > 0 is met. The fractional Dzhrbashyan — Nersesyan derivative of an order oy,
associated with a sequence {ak}g, is determined by relations

D% %(t) := D1 x(t),
D% (t) := D ~ID¥-1 D=2 DYy(t) k=1,2,...,n.
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Special Banach spaces

The space of functions v € C((to, T]; Z), such that (¢t — tg)"v(t) € C([to,T); Z) at some v > 0
denote by C,([to,T]; Z) and endow with the norm

[lles oz = max It =to)v(®)]lz, (1)

On the space CI([to, T]; Z) of functions v € C([to, T]; Z) N C*((to, T; Z), such that
(t—to)"'(t) € C([to, T); Z) at some y > 0, define the norm

1 z) 1= t—t0)"0' (1) z- 2
oy miz) = max flu@)llz + max [[(E=to)v'(®)l2 (2)

In these notations Co([to, T); Z) := C([to, T); Z), Ci([to, T); Z) := C*([to, T]; Z).

Let v € (0,1), then C,([to, T]; Z) with norm (1) and C([to, T]; Z) with norm (2) are Banach
spaces.
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Special Banach spaces

Let 7€ (07 1)’ ﬂ >, then Jig € ﬁ(C'y([to,T],Z),C([to,T],Z))

Let g =1, a, € (0,1], K =1,2,...,n. Consider the set C{ak}gfl([to,T];Z) of functions
v e Cl_,, ([to,T]; Z), such that there exist the derivatives D7v € C{_,, . ([to, T]; Z),
k=1,2,...,n— 1. Endow this set with the norm

n—1

1ol orrg = o 2y = W0llet., 0.m12) + > 1D vlles ., | (tto.11:2)- (3)
k=1

Let ag =1, ay, € (0,1], k= 1,2,...,n. Then the set C{ak}gfl([to,T];Z) with norm (3) is a
Banach space.
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Solvability of the Nonlinear Equation

Denote by Z an open set in R x Z", the operator B : Z — Z is nonlinear, generally speaking.
Consider the initial value problem for nonlinear equation

D7 x(t) = Az(t) + B(t, D7 =(t), D7 2(t), ..., D=1 2(t)), (4)

D% z(tg) =2k, k=0,1,....,n—1. (5)

A function z € C((to,1]; Z) is called a solution of problem (4), (5) on (to, 1], if

D%z e C([to,t1]; Z), k=0,1,...,n — 1, D"z € C((to,11]; Z), for all ¢t € (to,t1] the elements
(t,D7°z(t), D' 2(t), ..., D"~1z(t)) belong to the set Z, equality (4) is satisfied and conditions (5)
are valid.

Theorem (2)

Let Ac L(Z), 2, € Z2,0<ap, <1, k=0,1...,n, 0, >0, ag+a, > 1, Z be open set in R X Z,
B € C?(Z; Z). Then for each (tg,20,...,2n_1) € Z there exists an unique solution of problem (4),
(5) on (to,t1] at some t; > to.

Izhberdeeva E.M. (CSU) Solvability of the Nonlinear Equation 16.07.2022-22.07.2022



Solvability of the Nonlinear Equation

The proof of Theorem 2 is based on the following lemma.

Let Ac L(2),z, € Z,0<; <1, k=0,1,...,n,0, >0, ag+a, >1, BeC(Z;2),
(to, 20y - -+ 2n—1) € Z. Then function z € C((to,t1]; Z), such that D%z € C([to,t1]; Z),
(t

k=0,1,...,n—1, is a solution of problem (4), (5) on (to,t1], if and only if for t 0, 1]
n—1
2(t) = Y (¢ — t0)™ By oy 11((t — )" A) it
k=0

I /(t —8)7" " E, . ((t—s)""A)B(s,D2(s), D 2(s), ..., D"~ 2(s))ds.
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Application to Initial Boundary Value Problems

Consider the problem
D%%u(s,tg) = ur(s), k=0,1,...,n—1, s € Q, (7)
u(s,t) =0, (s,t) €00 x (to,T), (8)
Do (A= A)u(s, t)da = Au(s,t) + F(t, D7u(s,t), D u(s, t), D 1u(s, t)), (s,t) € Qx(to,T), (9)

where D% are the Dzhrbashyan — Nersesyan derivatives with respect to ¢, K =0,1,...,n. Take
X ={veH*Q):v(s) =0, 2 €00}, Y= La(Q).

Take Py(A) =k — X, PL(\) #£0, & > 0, Q1(\) = A.
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Application to Initial Boundary Value Problems

Theorem 2 implies the next statement.

Theorem (3)

Let 0 < ap <1,k=0,1,...,n, 0, >0, ag + o, > 1, the spectrum o(A) do not contain the origin
and zeros of the polynomial Py(\), d <4, uy € X, k=0,1...,n—1, F € C°(Q x R™;R). Then at
some t; > to there exists a unique solution of problem (7)—(9).

Note only that Z = R x X™ and due to the condition d < 4 we have condition
F(,20(),21()y -y 2n—1(+)) € C®((H*(Q))™; H*(Q)) by theorem, hence, a mapping
B(@o(-),21(), - an—1(:)) = LT F (L 0(), 21(), - -, 2n—1())) € C°((H?(Q))"; La2(Q))-
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