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FORMULATION OF THE PROBLEM

We consider an elliptic variational inequality, that
arises 1n an obstacle problem for a nonlinear p-Laplace
operator (p > 1). This free boundary problem reduces
to minimizing the energy functional

= | (%wmp - fv) dx

Q
on a closed convex set

K= {v e W, (Q):v = ¢ in Q}.
Here () is a bounded domain in the space R™ with
Lipschitz continuous boundary 9(2, the function f is
given, f € L1(Q) (% + 3 = 1), and the function ¢ is a

sufficiently smooth obstacle function from the
C™Maxi2, p} gnace.

Fig.: A model problem with an obstacle, p = 2

SPACES AND FUNCTIONALS OF OUR PROBLEM

Taking into account Remark 1, we need to define
all the spaces, operators and the composite functionals,
corresponding to our problem with p-laplacian.

Spaces and operators Functionals
1 p
G(y) = - Iyll;p,
V=W,
Y = LP(Q, R"), F(v) = — va dx + xx(v),
A=V. Q 0 K
UV E IR,
where yx(v) = {+00,v ¢ K.
6* ) =~y I
y )=y ’
V' = WO_l’q’ * *q * g
Y* = L1(Q, R™), Py =
A:YF - V*’ N = div. — J(f + divy*)gb dx_z
Q

ERROR IDENTITY FOR P-LAPLACIAN

Theorem 2: For any functions v € K and y* € Q <o,

which are approximate solutions of the primal and dua
problems, respectively, the following 1dentity holds:

u) +p*(y*) =
1 1
= —|Vv|p+—|y*|q—Vv-y*)dx+
l(p q

+ j(f + divy*)(¢p — v) dx,
Q

where the left side of the equality 1s defined by the
formulas above.

A LITTLE BIT ABOUT P-LAPLACIAN (AND QR)

It 1s worth paying attention to the definition
of the p-Laplace operator:
Ayv = div(|[Vv|P~4Vp),

|Vy|P~2 = [(vxl)z + (vxz)z + o+ (vxn)zlp%,

levIp_ZVdeJ dx = 0 forany y € Cy° ().
Q

2) To define the functional F*(—A*y*) we need to
introduce an intermediate space
H, = Hy(Q,div) :== {y € Y": divy™ € L1}.
In the dual space, this functional 1s represented
as a supremum, that takes finite values 1f and only 1f
the condition f + divy™ < 0 is satisfied. So, for any
V' €Qq<o =1y €Hy f+divy" <0a.e.inQ}

F*(—Ay*) = j(f + divy*)¢ dx.
Q

Remark 2: The expressions u(v) and u*(y™*) are non-
negative quantities, that vanish when the exact and
approximate solutions are equal in the primal and dual
problems, respectively. It 1s also worth noting that

the expression on the right side of the i1dentity of this
theorem 1s fully computable.

Remark 3: At this stage of obtaining an estimate,
some “problem” arises, condition f + divy”® < 01s
rather narrow and inconvenient for practical use. Let
us show for the superquadratic case (p = 2) how

to extend the admissible set for y*.

GENERAL DUAL THEORY FOR CONVEX
VARIATIONAL PROBLEMS

Jlv] = G(Av) + F(v),
AV->Y, GY-R F:V-oR

Theorem 1 (“Abstract error identity”, see [1]): Let
u,p” be the exact solutions of the primal and dual
problems, respectively. Then for any functions v € V
and y* € Y™ identity is true:
D(Av,p*) + Dg(Au, y*) + Dp(v, —A"p™)
+ DF(U, _A*y*) — 2)G (AU, y*) + 2)F(v' _A*y*):
where
De(Au, y*) = G(Au) + G*(¥y*) — (v*, Aw),
o KN x x % w % o\ (J)
Dr(v,—A"p*) == F(wv) + F*(—A"p*) + (A"p*, v).

Remark 1: This theorem 1s true for abstract G, F and
A with general properties, as well as for abstract
reflexive Banach spaces V,Y,V*and Y".
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Composite functionals

1 1
De(Av,y*) = j (;IVvlp + aly*lq — Vv - y*) dx,
Q
at the same time, D (Au, y*) and D (Av, p*) are

found by substituting u and p™ instead of v and y~,
respectively.

Dr(v,~'y) = [ (f +divy )@ - v) dx,
Q

and Dp(u, —A*y™) is obtained by replacing v with u.
From the duality relation J|u] = I*[p*] we get:

JIv] = Jlu] = De(Av,p*) + Dp(v, —A*p™).
From here at v = u 1t follows that

Dr(v,—A'p*) = f(f + divp*)(u — v) dx.
Q

The left side of the abstract identity (J)
Using the connection conditions of the primal and
dual problems p* = Vu|Vu|?~2 and |Vul|? = [p*|9, we
obtain the expressions on the left side of the 1dentity

| of Theorem 1:

1 1
u(v) = j (; IVv|P + EIVulp — VvVuIVqu_z) dx +
Q

+ j f +Au)(u—v)dx,

{u=¢}
wy*) = f(;lp I"+5Iy |7 —y(x)p*y )dx
Q
+ j (f +divy") (¢ —u)dx,
{u?d)}
0,if x € Q N {|Vu| = 0},

where y(x) = « 2-p

|p*|P-1, otherwise.
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ERROR ESTIMATE IN THE FORM OF
INEQUALITY. SUPERQUADRATIC CASE (p = 2)

Lemma 1: For any function z* € H,, the projection
inequality holds:

y*eig£<O|IZ* —¥*Ilfa < CENCF +divz) I,

where Cr 1s a constant from a Friedrichs - type
inequality:

Iwllr < CrllVW]|Lp,
and (f + divz*), = max{f + divz*,0}.

Using the first Clarkson inequality for any
functions Vu, Vv € LP(Q), and, also representing
the expression u* (y™) in terms of the functions
z" € Hy, we obtain a lower estimate for the left-hand
side of the 1dentity of the Theorem 2. Applying
the general Young inequality and the Minkowski
inequality for integrals to the right side of the identity
in Theorem 2 leads us to an upper estimate for the left
side of the 1dentity. And further, using the projection
inequality and the Cauchy inequality with sufficiently
small €, we obtain

Theorem 3: For any functions v € K, z* € H, and

parameter p = 2 the total measure of the deviation
of these functions from the exact solutions of the
primal and dual problems satisfies the inequality:

1—2pr1
e IV = VI, +
+ J (f +divz*)(¢p —u)dx <
u>¢)

<M, z"f, ¢, €),

where

* 2 P Zq *11q
EUt(v,Z ;f; (,b, E) = ;llvv“LP +?”Z “LCI +
+ j(f +divz*)(¢p —v)dx +

Q

p
CA(1+ 29¢€q) o
+ I(f + divz®) ]l ]a.

qeq




