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Formulation of the problem
We consider elliptic variational inequalities generated by obstacle type problems with thin
obstacles. This problem with a free boundary is reduced to minimizing the functional

J [v ] =
1

2

∫
Ω

|∇v |2 dx (1)

on a closed convex set
K =

{
v ∈ H1 (Ω) : v ≥ ψ on M∩ Ω, v = φ on ∂Ω

}
.

Here Ω is an open, connected, and bounded domain in R2

with Lipschitz continuous boundary ∂Ω, M is smooth one –
dimensional manifold in R2, which divides Ω into two Lipschitz
subdomains Ω− and Ω+. The given functions ψ : M → R is a

sufficiently smooth and φ ∈ H1/2(∂Ω). For this class of problems, we construct an
approximate solution.

Construction of an approximate solution to the problem (1)
Let w0 be a continuation of φ from ∂Ω to Ω and let v = v0 + w0. Obviously
v0|∂Ω = 0,w0|∂Ω = φ. As a result, the original problem turns into a variational problem

J̃(v0) =
1

2

∫
Ω

|∇v0|2dx +
∫
Ω

∇v0∇w0dx +
1

2

∫
Ω

|∇w0|2dx → min

M

0 a

a (a, a)

Ω+

Ω−

Algorithm
v = v0 + w0, v0|∂Ω = 0,w0|∂Ω = φ

w0 — continuation from the border to the region

Coordinate relaxation

Affine approximation

w0

φ ∈ H1/2(∂Ω) — such a function allows continuations with ∂Ω inside Ω.
As a reference, we will take the exact solution and compare it with it. Therefore, when
calculating our example, we take φ = u|∂Ω, and then φ, continued inside, is u itself, where

u(x , y) = Re

([
x + y√

2
− a + i

∣∣∣∣y − x√
2

∣∣∣∣]3
2

)
.

We get that w0 = u in the entire domain.

Affine approximation

J̃(v0) =
1

2

∫
Ω

|∇v0|2dx +
∫
Ω

∇v0∇w0dx


vij(xi , yj) = Axi + Byj + C

vij+1(xi , yj+1) = Axi + Byj+1 + C

vi−1j(xi−1, yj) = Axi−1 + Byj + C

vij

vij+1

vi−1j

M

0 a

a (a, a)

Coordinate relaxation
If i ̸= j :

vij −→ J̃(vij)

vij + h −→ J̃(vij + h)

vij − h −→ J̃(vij − h)

vij = argmin(J̃(vij), J̃(vij + h), J̃(vij − h))

If i = j :
vii −→ J̃(vii)

vii + h −→ J̃(vii + h)

vii − h −→ J̃(vij − h) and vii − h ≥ −w0ii

vii = argmin(J̃(vii), J̃(vii + h), J̃(vii − h))

Numerical results
As an indicator of the accuracy of the approximate solution, we take the
L2-norm of the gradient of the difference between the exact and approximate
solutions.

Number of iterations ∥∇(u − v)∥2,Ω
10 3.684996763005937
20 2.7119223135718897
30 2.0812470516475314
50 1.465314923616265
60 1.19669961812561
80 0.8244171157921146
90 0.7388018907419068
100 0.6719099635315782
200 0.40473180451218443
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