A posteriori estimates for solutions to a problem with a thin obstacle for a second-order elliptic operator
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m Consider variational inequalities generated by problems with a thin !:or any function ¢* € H ({2, div) and any function A € A holds the
obstacle for a second-order elliptic operator. inequality
m Estimates of the distance between the exact solution and any inf ||g* — y*|| ;-1 <Ci||f +div q*HQ+ + Co||f +divg™|| o

y*GQ;,M * (3)
+ Gsl|A = [g" - n] [|| us-
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Here C; = =2 G, = % , G = CL\/%V’ Crq, and Cripq are the

NG

approximate solution.

m The estimates obtained must be fully computable, i.e. depend only
on known quantities.

constants, defined by the Friedrichs-type inequalities.

problem with a thin obstacle HWHQi = CFQiHVWHQi (4)
[wllpg < Crm(£2:)[[Vwl[g,. (5)
CTrI\/I = maX{CT,M (.Q+) . CTrM (_Q_)} . (6)

[p* - n] is the jump of the normal derivative p* through M.

Theorem 2

For any v € K, any A € A, and any g* € H (., div) distance to
minimizer rated as

Formulation of the problem

Our aim is to minimize the functional V(v —u)lla <MM(v,q" A\ ¢), (7)
1
J(v) = —/A(X)Vv -Vvdx — / fv dx 1 where
2 (1) »
Q Q

over the closed convex set

M (v, ", A\, ) = ||AVV — g 41 + V2 (A[A(v —W)du
K={veH (Q):

+ Gf +divg|lg, + GIIf +divg|g
+ GIA=[q" - n]||

v>WVon MNQQ, v:gpon(?Q}.

Here € is an open, connected, and bounded domain in R"” with Lipschitz
continuous boundary 02, M is a smooth (n-1)-dimensional manifold

in R”, which divides 2 into two Lipschitz subdomains €2, and 2_.

The functions W is a sufficiently smooth obstacle function, ¢ € HY/2.

where C;, (, (3 are the same constants as in the Lemma. Majorant M is
a non-negative functional, that vanishes if and only if v = u and ¢* = Vu

a.e. in Q, and \ ;= [%] a.e. in M.

Applications

. I , , _ Scheme of proof
Theory of elasticity: equilibrium of an elastic membrane with a fixed

edge over a thin object. m For any v € K direct calculations show that :

IV (u = v)l[a < J(v) = J(u),

Temperature control.

The flow of fluid through a semi-permeable membrane (osmosis). _ _
m then we consider the perturbed functional

Theorem 1

For any v € K holds the inequality assessment

M
IV (u =)z < IIAVV—)/*HiHr?/A(V— V) dp, (2) vEp+Hy(Q):={w=p+v: veH (2)}
i MeN={Ael’(M): \x)>0ae in M}
where m we can swap sup and inf
* L * 2 ny .
Qhm = { y GO J(u)= inf  supJy(v) >sup inf S(v) > h(uw),

VEQO—I—H&(Q) AEN AN VEQO—l-H&(.Q)

/y*-Vde:/dex+/)\Wd,LL VWEH&(Q)}. vV )\ e A.

2 2 M Here u is the exact solution of the problem (1) .

AN={)Ne [*(M): \x)>0aein M},

u is the exact solution of the problem (1), A and y* are arbitrary functions
from sets A and Q5 ,,, respectively.

Scheme of proof

m now we define the functional dual to J(\)

* * * 1 == % %
K0 = [0 T 5Ay oy fo)s
Q

—/)\(SO—W)d#, if y* € Q\
M

Q= { J el (R

/y*'VWdXZ /fwdx+/)\wd,u Vwe H&(Q)}.
Q Q M
Comment: If y* ¢ QF , then J (y*) = —oo and we have VX € A

J(u) = Iy () = Jx (vy)
where y; is the exact solution of the problem, dual to (1).

J(v) = J(u) < J(v) = Iy (yx) = J(v) =

(=h )= inf

Y EQ m

sup Jy (vy)
Y*EQX m

=J(v) + inf (J(v) = I () -

Y*EQ} M
Therefore,

Jv) = J(u) < J(v) =L (yy) VveK, XeA y" € Q-

Conclusions

m An estimate for the deviation of an arbitrary approximate solution
(belonging to an admissible set) is obtained y* € Q} ,, from the exact
solution.

m An extension of the admissible set for the free parameter included
in the deviation estimate was made.

H(Qx,div) = {q* c L?(2,R") :div(q*|a.) € L*(f2),

[g" - n] € L2(/\/I)}.

m A modification of the deviation estimate has been established, which
is more convenient for practical use.

References

m loffe, A. D., Tihomirov, V. M. Theory of Extremal Problems, vol. 6 of
Studies in Mathematics and its Applications. North-Holland Publishing
Co., Amsterdam-New York, 1979. Zbl0407.90051 MR0528295.

m Athanasopoulos, I., Caffarelli, L. A., Salsa, S., The structure of the
free boundary for lower dimensional obstacle problems. Amer. J.
Math. 130 (2008), 485-498. Zbl1185.35339 MR2405165.

m Apushkinskaya, Darya E., Sergey |. Repin. " Thin obstacle problem:

estimates of the distance to the exact solution.” Interfaces and Free
Boundaries 20.4 (2018): 511-531.




