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The Laplace operator

. " 0%u
e Foru € H'(R"), —Au = — g )
X2

=1 ""J

1 .
e Fourier transform: Flu|(§) = W / e~ %y (x). Then
T

R~”

f[ — Au] = \5]2]—"[u]

e For 2 C R", bounded, smooth, and u € Hé(Q),

—Au = Zi Aj </Q wj) @

where let ), ¢;= eigenvalues/eigenvectors of —A on H{ ().

Roberta Musina, University of Udine, Italy () Fractional Laplacians



The Dirichlet Laplacian of order m > 0

For m > 0, any positive real number, we introduce:

e the Dirichlet Laplacian of order m, Fl(=AYpu| = €[ Fu]
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The Dirichlet Laplacian of order m > 0

For m > 0, any positive real number, we introduce:

e the Dirichlet Laplacian of order m, Fl(=AYpu| = €[ Fu]

o the Sobolev space | H"(R") | = closure of C3°(R") w.r. to the norm
0

B = / (A + / uf?
Rn Rn
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The Dirichlet Laplacian of order m > 0

For m > 0, any positive real number, we introduce:

e the Dirichlet Laplacian of order m, Fl(=AYpu| = €[ Fu]

e the Sobolev space | H"(R") | = closure of C3°(R") w.r. to the norm

il = / (A + / uf?
Rn Rn

e for 2 C R” bounded, smooth,
H"(Q)={uc H"(R") |[u=0 onR"\ Q }

o the norm Huu%m_/ |(—A)2ul| on B"(Q)
Rn
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The Navier Laplacian on 2 C R”

(—AYy:=m"h power of —A in the sense of Spectral Theory

We introduce:

o | (CARui= 0 N < /Q ”991‘) @i
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The Navier Laplacian on 2 C R”

(—AYy:=m"h power of —A in the sense of Spectral Theory

We introduce:

o thenorm | [|ul|7 o) = /Q!(—A)ZNM2 on Hy(€2).
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The spaces fl’”(Q), HY

Musina, Uni



The spaces H™ (), HI ()

Proposition (Triebel)

Examples: H' () = H}(Q) = HY(Q)
H2(Q) = HA(Q) . HA(S) = HY(®Q) N HA(Q)

7 9
0 3 1 3 2 3 3 4 g
2 2
.. u=0 wu=Du=0 u=Du=Du u=Du=Du
Dirichlet _ —DPu—0
Navier u=0 u=~Au=0
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Comparing the Dirichlet and the Navier norms

on the "smallest” space H™ (1))

Trivial: / | (— ::,u|2 / | (—A)?)u\z on H"(Q),if m € N
Rll
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Comparing the Dirichlet and the Navier norms

on the "smallest” space H™ (1))

Trivial: / | (— %u|2 / | (—A)?)u\z on H"(Q),if m € N
Rll

For NOT integer orders they are DIFFERENT! Example:
take u € C3°(2), assume 0 € €, put

n—2m

up(x) ;== h 2 u(hx)|, w, € H(Q), (h— c0)
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Comparing the Dirichlet and the Navier norms

on the "smallest” space H™ (1))

Trivial: / \ (fA),,%uF = / | (—A)?)u\z on H"(Q),if m € N
JQ R

For NOT integer orders they are DIFFERENT! Example:
take u € C3°(2), assume 0 € €, put

n—2m

up(x) ;== h 2 u(hx)|, w, € H(Q), (h— c0)

m
Then / P = [ A
n
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Comparing the Dirichlet and the Navier norms

on the "smallest” space H™ (1))

Trivial: / \ (fA),,%uF = / | (—A)?)u\z on H"(Q),if m € N
JQ R

For NOT integer orders they are DIFFERENT! Example:
take u € C3°(2), assume 0 € €, put

n—2m

up(x) ;== h 2 u(hx)|, w, € H(Q), (h— c0)

Then | [ |(—AYuf? = / (~A)Ruf
]Rn

but /| N”h . /| Nu|2
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Comparing the Dirichlet and the Navier norms
on the "smallest” space H™ (1))

Theorem (RM-A.L. Nazarov, CPDE 2014 and preprint arXiv 2014)
Letm ¢ Ny k € No, u € H™(Q), u # 0.

. / | (=A)ul >/ (A2 ul? i 2k <m<2k+1
Q R~

. /(—A)I%u\2</ |(—A)%u|2 if2k+1<m< 2k
Q Rn
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Proof.

Step 1:

0O<m<1 :>/ I(—A),%vu!2 >/ |(—A)%M|2
0 R

the argument is based on the “extension argument”

lu=u(x):QCR" 3R ~ w=w(xy) R xRy |

[Caffarelli-Silvestre, CPDE 2007] [Stinga-Torrea, CPDE 2010]
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Proof.

Step 1:

0O<m<1 :>/ I(—A),%vu!2 >/ |(—A)%M|2
0 R

the argument is based on the “extension argument”

lu=u(x):QCR" 3R ~ w=w(xy) R xRy |

[Caffarelli-Silvestre, CPDE 2007]

oo
Consider the energy | £(w) = //ylz’"\Vw|2

0 R»

[Stinga-Torrea, CPDE 2010]

for functions w in

WP () = {w | E(w) < 00, w(-,0) = u}
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Proof.

Step 1:

0O<m<1 :>/ I(—A),%vu!2 >/ |(—A)%M|2
0 R

the argument is based on the “extension argument”

lu=u(x):QCR" 3R ~ w=w(xy) R xRy |

[Caffarelli-Silvestre, CPDE 2007]

oo
Consider the energy | £(w) = //ylz’"\Vw|2

0 R»

[Stinga-Torrea, CPDE 2010]

for functions w in

WP (u) = {w |E(w) < oo, w(-,0)= u} or in the smaller
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Solve the minimization problems

wP 5 inf & wN s inf &
WP (u)
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Solve the minimization problems

wP 5 inf & wN s inf &
WP (u)

| (~A)ul? = cnE (WD) / [ (~A)u = cn(W)
Q

R»

But W" (1) € WP (u), hence, trivially,

ey 2 €08 = [ 1Akl 2 [ o)k
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Solve the minimization problems

wP 5 inf & wN s inf &
WP (u)

| (~A)ul? = cnE (WD) / [ (~A)u = cn(W)
Q

R»

But W" (1) € WP (u), hence, trivially,

m

ey 2 €08 = [ 1Akl 2 [ o)k

If equality holds, then w? = w =: w solves:

u

—div(yl_szw) =0 inR" x Ry
w(,0)=u onR", w=0 on(R"\Q) xR,
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Solve the minimization problems

wP 5 inf & wN s inf &
WP (u)

| (~A)ul? = cnE (WD) / [ (~A)u = cn(W)
Q

R»

But W" (1) € WP (u), hence, trivially,

m

ey 2 €08 = [ 1Akl 2 [ o)k

If equality holds, then w? = w =: w solves:

u

—div(yl_szw) =0 inR" x Ry
w(,0)=u onR", w=0 on(R"\Q) xR,

Thus, w =01i.e. u = 0.
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Step 2: | m between an even and an odd number
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Step 2: | m between an even and an odd number

0 3 1 : 2 3
Hp(Q) = Hp(Q) HA() € HA(Q)
0 1 2 3

for instance, if 2 <m < 3,

i 32— aEy e A W2 = AP
'/Q|<A>N\ /Q|<A>N<A>|/Q|<A>N<A>| /Q|<A>D|
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Step 3: | m between an odd and an even number ‘

0 7 1 3 2 3
Hy() = Hy() Ha(Q) ¢ Hy(Q)
0 1 2 3
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Step 3: \ m between an odd and an even number ‘

o -1 0 3 i 3 2 3
HE(9) = Hy () HE() € Hy(2)
-1 0 I 2 3
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Step 3: \ m between an odd and an even number ‘

o -1 0 3 i 3 2 3
HR(Q) = HR() Hp () ¢ Hp ()
-1 0 1 2 3
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Step 3: \ m between an odd and an even number ‘

o - 0 2 i 5 2 3
HE () = HY () Hp(Q) C Hp ()
[ 1o
[1afue
-1 0 1 2 3 Ja

Roberta Musina, Uni i f Udine, Italy Fractional Laj



Fracional Laplacians, of negative orders

the DUAL extension argument

Fix u € H"(Q) — H"(R™) = (H"(R"))’
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Fracional Laplacians, of negative orders

the DUAL extension argument

Fix u € H"(Q) < H"(R™)

(H~™(R"))" ; consider the energy
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Fracional Laplacians, of negative orders

the DUAL extension argument

Fix u € H"(Q) — H’”(R’") = (H™(R"))’ ; consider the energy

/ [ mvnt < 2Gunl, o),

0 R”?

E(w)
on the sets of functions w = w(x,y) : R"” x R; — R,in

)/NVD(u) C {w | E(w) < 0 } suitably defined, or in

WN<M):{WEWD|W(X,-)EO ifxgéﬁ}
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Solve the minimization problems

W2 inf € W inf £
WP (u) WN (u)

/ (AP = 2, EFP) / (AR uf? = —2nE ()
n Q
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Solve the minimization problems

W2 inf € W inf £
WP (u) WN (u)

/ (AP = 2, EFP) / (AR uf? = —2nE ()
Rn Q

But WY (1) € WP(u), hence, trivially,

0> &) 2 €)= [ 1%k < [ A
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Distributional inequalities

Theorem ([RM-A.I. Nazarov, CPDE 2014])

Assume . Letu € H™(Q), u # 0.

Ifu>0then (—A)ju>(—A)pu inD'(Q)

Extension to m > —1 in [M-Nazarov, preprint arXiv 2014]
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Distributional inequalities

Theorem ([RM-A.I. Nazarov, CPDE 2014])

Assume . Letu € H™(Q), u # 0.

Ifu>0then (—A)ju>(—A)pu inD'(Q)

Extension to m > —1 in [M-Nazarov, preprint arXiv 2014]

Main ingredients in the proof.

1) Formula relating the Laplacians of a smooth u with the
“weighted normal derivatives” of its extensions,
[Caffarelli-Silvestre], [Stinga Torrea]

2) a fine "boundary point lemma” for singular elliptic equations by
Alvarado, Brigham, Maz’ya, Mitrea and Ziadé
[Probl. Mat. Anal. 2011] (Russian); [J. Math. Sci. 2011] (English tr.)
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”How much” the Dirichlet and Navier norms differ?

Assume 0 € €, fix u € H"(12); define

n—2m

up(x) :==h' 2 u(hx)|, w, € H"(Q), (h— o)
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”How much” the Dirichlet and Navier norms differ?

Assume 0 € €, fix u € H"(12); define

n—2m

up(x) :==h' 2 u(hx)|, w, € H"(Q), (h— o)

Then [ (—A)pul? = | [ (=A)pul?
Rl

bue | [ ARl [Z] [ 1CARE| g M)
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”How much” the Dirichlet and Navier norms differ?

Assume 0 € €, fix u € H"(12); define

n—2m

up(x) :==h' 2 u(hx)|, w, € H"(Q), (h— o)

Then [ (—A)pul? = | [ (=A)pul?
Rl

bue | [ ARl [Z] [ 1CARE| g M)
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n > 2m: Sobolev and Hardy constants

The Sobolev and the Hardy constants are defined by:

m m
A | (—=A)3ul? : | (—=A)3ul?
S,:= inf ‘B ___ = inf S
S N 7 5 7714 O W [ R
n—2m

We introduce the Navier-Sobolev and the Navier-Hardy constants by

N QI( A)jul? N QI( A)jul®
SV©Q) = inf 2 ¥N@Q):= inf L2
weli (@ lull2a_ we(@) x| ~ul3
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n > 2m: Sobolev and Hardy constants

The Sobolev and the Hardy constants are defined by:

m m
A | (—=A)3ul? : | (—=A)3ul?
S,:= inf ‘B ___ = inf S
S N 7 5 7714 O W [ R
n—2m

We introduce the Navier-Sobolev and the Navier-Hardy constants by

N QI( A)jul? N QI( A)jul?
SN = inf 22— V)= inf 2
uEH}; (%) IIMIIZ%2 uely() || |x|=mul3
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