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gsina
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u — velocity of the fluid, p -pressure, o = g — B, 7 and n are unit
vectors of the tangent and the outward normal to the free boundary T,
v > 0 and o > 0 are the coefficients of viscosity and surface tension,
g - acceleration of the gravity, S(u) is the deformation tensor, o, is the
cross-section of the domain Q2 by the line x; = «.
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V.V. Pukhnachev scheme. Systems of equations are divided
in two problems: NS problem in fixed domain

—vAw + (u -V, +Vpr = —gef  in Q,
divey, = 0 in .,
uy = 0 on S,
u,-n=0, 7 -S(uy)n=0 on I,
gsina
dvy —
O{Mkl(x) X2 T

and the problem of finding the free boundaries I" from the
equations

Kiy1(x) = O’il( —pr(x) +n- S(uk)n) ’Fj

F0:>Q():>(llo,p0) :>F1 :>Ql = (lll,pl) = ...
...Fk:>Qk:>(uk,pk):>...
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Finding the free boundary T';,; we have to solve the boundary
value problem for the linear ordinary differential equation

W) — gotcosaV,(x)) =
+ ... = CI>k+1(x1)

=o! ( — qk(x) +n- S(uk)n) .
1‘11’1’1 \I’k+1(x1) =0.

|x1|—o0

The pressure gx(x) tends to the constant ¢; and ¢, as

x; — 400 and x; — —oco. Since the pressure is defined up to an
additive constant we always may normalize g (x) so that

g = 0. However, the pressure drop g., = q; — q; is the
functional on the right-hand sides of the the Stokes problem
and, in general, could be nonzero

gk =q; —q #0.

A unique solution ¥, (x;) exists if and only if the right-hand
side @, vanishes as x; — +oo. However, this is possible only
if g1 = 0.
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New scheme: (Abergel, Bona, 1992 & Nazarov, K.P., 1993)
Transformation of the flow domain 2 to the unperturbed
“uniform” domain Qg = {x € R?>: 0 < x, < 1} and linearization
of the problem on an appropriate exact solution in € .

On each step of iterations the determination of the velocity
vector u and the pressure function p is not separated from the
determination of the free boundary T (i.e. from the
determination of the functions ¥ describing I') and all problems
are solved in the same fixed domain €.

(u())p()a\I]O) = (ul)plu‘ljl) == (ukvpku‘ljk) = ...
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Linearised FVB problem

~VAV+Vg=—--V)v— (v- V)V +F(v,q,¥) in o,
divv=0 in Q,

Vi ‘y2:0 = A, Vz‘yzz() =A
Vil = S50 4 B(W),
1/(2;; g;?) ‘)_2 ' ag sina¥ + D(v, U),
V" —golcosal = o~ 1(—q(y)—|—21/af;2)|y,l P (v, V),
lim ¥(y;) =0.
L y1|—o00
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Difficulties: linearized problems contain more boundary
conditions as it is allowed by usual ADN-elliptic theory and
contains additionally the unknown functions ¥, defined on the
"free surface” {x € R? : x, = 1} of the "uniform” domain €. In
Nazarov & K.P. the proofs are based on L?-theory for such
generalized elliptic problems’, and in Abergel & Bona — on the
detailed investigation of the pseudo-differential operator
corresponding to the linearized problem.

'see Kozlov V.A., Maz'ya V.G., Rossmann J., Elliptic boundary value
problems in domains with point singularities, Math. Survays and
Monographhs, 52, Amer. Math. Soc., 1997
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Modified scheme consists in the following: the unknown flow
domain is mapped onto 2y and consider the problem in the
fixed domain. However, now we separate the finding of the
solutions (v, gx) of the Stokes problem from the finding of the
functions ¥, describing the free boundary. In order to insure
that on every step of iteration the pressure drop g, = 0, we
introduce a smooth function Hy(x;) and we look for ¥, is the
form W, (x1) = xxHo(x1) + Yr(x1). The constants x; are chosen
so that the pressure g, (x) of k-iteration satisfies the condition
g+, = 0. This gives the possibility to solve the problem for

(k 4+ 1)-iteration. Finally, the iterations

{0, P, o) b, ) = 1+ e (xaHo (1) + Tadw),

converge to the solution (u(x), p(x), ¥ (x1)).
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Transformation of the domain

Let
w(ylay27 - f K Y1 +Ty2)d

(1= ¢02) [1 K()®(n +7y2)dT,
where K(7) is an infinitely smooth function such that
1

1
suppK C (—1,1), /K(T)dT =1, /TK(T)dT =0,
~1 ~1

and ¢ is an infinitely smooth cut-off function with {(y,) = 1 for
\y2| < % and C(yz) =0 for \y2| > %
Define the transformation X(y):

x1=y1, =y +ew(y;¥)

which maps Qp = {x € R?: 0 < x, < 1} onto the domain
Q={xeR?:2pp(x1) <x2 < 1+eTy(x1)}.
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Linearization of FVB problem

gsina

W = £

x(2—x3), W(x) =0, p°(x) = gcosa(l—xy), tho(x;) =1

be the exact Poiseuille type solution for e = 0, i.e., in Q.
Substituting

u(x) =v(x)+eV(x), plx) =p (0)+eq(x), Gu) = 1+e¥(x),
introducing a new vector-field v with components

v1(y) = Vi(X() (1+€05,0 (), v2(y) = Va(X(y)) —eVi(X()) 0y, (),

and making the change of variables x = X(y), we get the
following FBV problem in the strip :
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Linearization of FVB problem

~VAV+Vg=—--V)v— (v- V)V +F(v,q,¥) in o,
divv=0 in Q,

V1 ‘}'2:0 = Al,. Vz‘yzzo = A2
Sin @«
valpor = SR04 B(W),
ovy  On )

— 4+ — = U+ D(v, ¥

V(@yz * Oy ) ‘3‘2:1 6g sina¥ + D(v, ¥),
_ V2

=g 1( — q(y) —|— 21/87);2) |)72:1 + <I>(V, ‘I/),
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Stokes problem

Consider in © the Stokes problem

—vAwW+Vs = f in Qo,

divw = 0 in Q,

w = a on Sy,
w-n=>, T-S(w)-n=d on Iy.

Denote by C'*9(Qy; 3) a Banach space of functions having the
finite norm

IVl crvs(gip) = [l exp (By/ 14 x7) vl cis(y)-
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Stokes problem

Theorem 1. Letf c C°(Q; ), a € C2HO(R; B), b € C*HO(R; ),
d € C'"*(R; 3), where 3 € (0, 8,) with sufficiently small 3., and
the following compatibility condition

/b()’l)d}ﬂ - /az(yl)dyl =0

R R

holds.
(i) There exists a unique solution
w € C*(Q; B), Vs € C°(Qo; B) satisfying the estimate

Wl c2ts (008 + VSl coay8) < C<||f||c6(90;5) + [laf|c2+o (r,)

|6/l 26 (my5) + |’dHC'+5(R;B))'

Moreover, the pressure function s exponentially tends to certain
constant limits s™ and s~ as y; — +oo and y; — —ooc.
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Stokes problem

(ii) If st = s—, then the pressure s can be normalized so that
lim s(y) =0 and

[yi|—o0

Isllerscasy < ¢ (IEles @y +lallces Bl c2sagasHldllcreses) )

(iii) The difference s, = s™ — s~ is uniquely determined by the
data of the Stokes problem:

$p = st o5~ = / £-W0dy-+ / (3va1—ax0") dyi+ / (bQOJr%d) dy,,
Q

So Ty
3y,(2 — .
where WO(y) = 322 =y2) WO(y) =0, Q°(y) = —3vy, is the
Poiseuille solution in Q satisfying the boundary conditions
WO(y)|y,=0 = 0, W3(y)|y,=1 = 0 and having the unit flux.
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BVP for the ordinary differential equation

Consider the following problem

T'(y1) =% YH1) = Gy), y1 €R,
lim T(yl) = 0,

[y1]—o0

where v = go ! cosa > 0.

Theorem 2. Let G € C'T9(R; 3), 3 > 0. Then there exists a

unique solution Y € C3*%(R; 8) and the following estimate
[Tl 3o (ripy < cllGllcres myp)

holds.
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Successive approximations

Let a function Hy € C'3+9(R; 8) be such that

/ (iH(l)()’l)Qo(yl) + %Ho(y1)> dy, = kg # 0. )

We chose H) as a solution of the problem

Hy(y1) —v0Ho(y1) = ho(y1),
lim Ho(y1) =0, )

[y1|—o0
where v = go~ ! cos a, hy € CH3HO(R; ),

Hh0Hc1+1+5(R;5) < ce and /ho(yl)dy1 - _1. (3)
R

Relations (3) are possible if there holds the following condition

0</8§C05§5*-

Konstantin Pileckas, Vsevolod Solonnikov Viscous incompressible free-surface flow down an inclined perturt



Successive approximations

Then
[Hollcra+s(mypy < cllholl cri+sryp) < ce-
Integrating (2) we get

~1 z/ho(y1 dy; = / Hy (1) — 0Ho(y1)) dyi

R R

= —golcosa/Ho(yl)dyl.

On the other hand, integrating by parts we obtain

(e o]

, 3
o= [ (a0 00 + A0 dvs =3 [ Holo) iy
(Qo(y1) = —3wy;). From this formula we conclude that
ko= —7_ 40,
gcoswo
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Successive approximations

Take ¥ = x.Hy + T, where the constant . will be defined later:

( —VAV+Vg= -V -V)v— (v-V)v'+
+F(u7 q, X*HO + T) in QO;
divy =0 in Qo,

Vi ‘yzzo =A1, w| As,

»=0
gsina gsina

V2ly=1 = Xx 2 H(,) + 2 Y + B(x«Ho + Y1),

dyr Oy

) ‘xzzl = gsinayHop + gsinaY+
+D(ll7 X«Ho + T)u
Y — go~cosaY = x.(—H{ + go~! cos aHy)+
8\/2
-1
o (—40) + 205 7)oy + B xHo + ),
lim Y (y) = 0.

[yi|—o0
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Successive approximations

Take as zero approximation (uy, po, 10, xo) = (v°,p° 1,0). Define

1
/ (3vA; — A,Q°) dyy,

X _gsinako
So

u, =v° +evy, p; =p° + g1, where
—vAvVi +Vq =0 in )y,
divvy =0 in Q,
Vil = A= (41,4),

gsina

5 V21|yé:1 = X1 2 H(I)v
Vi1 V21 ) .

= sin aHy;

V( Oy, * Y |}'2:1 X18 ST Ho;

and ¢, = 1 4+ e(xHo + Y1), where
Y| —go~'cosaY| = xi(—H{ + go~" cos aHy)+
+o ' (—qi(y) +2v 221)|y _, +@(ui, ),

1) =0.
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Successive approximations

The following approximations are defined by

Wit = V4eviit, Putt =P 4+eqnits Ynr1 = 1+e(Xnr1Ho+Log1),

where
Xnt1 = —(gsinakg)™! [ J (= V)v,— (v - V)V) - W0y
Qo

+ fF(llmPn, XaHo + T) - Wody + [ (3VA1 - AzQO) dy,
So

+ f ( XnHO + T )QO 3D(um XnHO + Tn)) dyl

+gsina [ (ﬁT;QO + %Tn)dyl},
T
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Successive approximations

(Vaut1,gn+1) are solutions of the following problems:
VAV 1+ Va1 = — (V0 - V)V, — (v, - V)V
+F(u,, pn, XnHo + )  in o,

divv,;1 =0 in Qo,

Vn+1 }yz =0 - A7
gsina gsma
Vantily,=1 = Xn+1 20 H/ + T, +B(XnH0 +7 )
OV1 nt1 8V2n+1)
v = sina Hy + gsinaY
( [35%3 Oy ‘}’2=1 Xn+18 08 nt

+D(u,, xaHo + T4).
Finally, T, are solutions of

Ty — 8ot cosaYyiy = Xur1(—Hy + g0 " cos aHp)+
+o (= gu1(y) + 21/8\}2,7“ ) \yz:l + (w1, XnHo + Tn),

) lllm Toy1(y1) =0.
1=

Oy>
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Successive approximations

Notice that y,.1 are chosen so that
qxnt1 = xlh_fgo Gn1(x) — xll—1>11100 qnt1(x) = 0.

Indeed,

qn++1 _Q,;_l = / (_ (VO'V)VW - (Vn'V)VO+F(unamenH0+Tn)> 'WO dy
Qo

3
+/ (3VA1—A2Q0) dy1+/ (B(XnH0+Tn)QO+ED(“anHo-FTn)) dy
S() 1—‘()

3 . .
—&—5 /(X,1+1gs1n aHy + gsinaX, + D(u,, x,Ho + 1,,))dy1,
To

or, equivalently,
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Successive approximations

Gyt = Gyt = Xn18 Sin ki +
+/ ( — (VO : V)Vn - (Vn : V)VO + F(llm]?m XnHo + Tn)) : WO dy

Qo

+ / (3v41-420") dyi+ / (B(anoHn)QO%D(un,anown))dy1
So To
+gsina/ (iT’ 0’ + §Tn)dyl
/ v " 2 ’
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Convergence of successive approximations

Assume that
elsina| ™' <« 1 as ¢, a — 0.

Denote

Zy = |Vallcrtats(y) + llanllcries gy + 1 Tnllcrsromygy + [xal-

For sufficiently small ¢ and | sin «] it follows that

. 1
Zni1 < 0(Zn+ Zu—1) + celleoll cravs -1,y with 0 < 5

Hence if
Zm < ce(l — 29)_1H<p0HC1+3+5(_]71) =A.,, m=n—1,m=n,

then
Zn-l—l < A,

Since Zy = 0 and 7, satisfies this inequality, it holds for all
m> 1.
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Convergence of successive approximations

Let us estimate the differences

Ry = |IVr1 = Vallcasoyi8) + lgnt1 = gnllcriva i)

| Thy1 — Tn||cl+3+5(R;6) + [Xn+1 = Xnl-
For sufficiently small ¢ and | sin «| holds the estimate

Ry = |[Vat1 = Vall 25 (pip) + |gn+1 = anll crvi+s 0,
+|Tpt1 — TnHC’+3+5(R;B) + [Xnt+1 — Xal
< Q(H"n — Va—tlleots(0g8) + [Vi—1 — Vuall crravs (8
+lgn — gn-1llcrii+s (g;8) T lgn—1 — G2l crr1+5 (208
T = Torllerarsmypy + [ Ta-1 = Tazllcrsrsm,g)

+xn = Xn—1] + [Xn-1 — xn_z\) = 0(Ru—1+Ry2)

1
ith —.
wit Q<2
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Convergence of successive approximations

We have two inequalities
. 1
R, <2A, and R, < o(R,—1 +R,—») with o< 3

from which it follows that

Ve — Vall creats ey + llam — @nll cris ()
+ T — Lallcrsromygy + [Xm — xul = 0 as n,m — oo.
Hence the sequence
{Vn, qn; TI’U Xn} = {V7 q, T? X*}

in Cl+2+§(QO; 5) % Cl+1+6(QO; 6) % Cl+3+6(R; 6) x R.
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Existence of the solution

Obviously,
u(x) = V() +v(x), p(x) = p’(x)+q(x), (1) = 1+xHo(x)+7T (x1)
is the solution of problem (FB).
THEOREM. Let ¢ € C'*3+9(—1,1), supppo C (—1,1),
elsinal™' < 1 as ¢, a — 0.

Then for sufficiently small e and || problem (FB) has a unique
solution (u, p, w). This solution admits a representation

u(x) =v'+v, p(x) =p"(x)+q(x), Y(x1) = l+xHo(x)+Y(x1),
where

@)

_ gsina
2w
X« IS a constant,

ve T (QyB), qe (0 8), Ho, T e CTTO(R;B).

02 —x), vg(x) =0, po(x) = gcosa(l —xp),
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