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We consider the following free boundary problems related to evolution of

isolated mass of a viscous capillary fluid:

1. Incompressible fluid



vt + (v · ∇)v − ν∇2v +∇p = 0,

∇ · v(x, t) = 0, Vn = v · n, x ∈ Ωt, t > 0,

S(v)n− pn = σHn, Vn = v · n, x ∈ Γt,

v(x,0) = v0(x), x ∈ Ω0,

(.1)

where Ωt is a bounded variable domain in R3 filled with the fluid, Γ = ∂Ωt,

Vn is the velocity of evolution of Γt in the direction of the exterior normal

n, H is the doubled mean curvature of Γt, σ is a positive coefficient of the

surface tension, S(v) = (∂vi∂xj
+

∂vj
∂xi

)i,j=1,2,3 is the doubled rate-of-strain

tensor;



2. Compressible fluid



ρ(vt + (v · ∇)v)−∇ · T (v) + p(ρ) = 0,

ρt +∇ · (ρv) = 0, x ∈ Ωt,

T (v)n− p(ρ) = σHn, Vn = v · n, z ∈ Γt,

v(x,0) = v0(x), ρ(x,0) = ρ0(x), x ∈ Ω0,

(.2)

where ρ(x, t) is the positive density of the fluid, p(ρ) is the positive strictly

increasing pressure function, T (v) = µS(v) + µ1I∇v, µ, µ1 are positive

viscosity coefficients;



3. MHD problem for the incompressible fluid.

Navier-Stokes equations:{
vt + (v · ∇)v − ν∇ · S(v) +∇p−∇ · TM(H) = 0,

∇ · v(x, t) = 0, x ∈ Ω1t, t > 0,
(.3)

Maxwell equations:
µHt = −rotE, ∇ ·H = 0, x ∈ Ω1t ∪Ω2t,

rotH = α(E + µ(v ×H), x ∈ Ω1t,

rotH = 0, ∇ ·H = 0, ∇ ·E = 0, x ∈ Ω2t,

(.4)

boundary, jump and initial conditions:

[µH · n] = 0, [Hτ ] = 0,

S(v)n− pn+ [TM(H)n] = σHn, x ∈ Γt,

H · n = 0, x ∈ S,

v(x,0) = v0(x), x ∈ Ω10,

H(x,0) = H0(x), x ∈ Ω10 ∪Ω20.

(.5)



where H(x, t) and E(x, t) are magnetic and electric fields, Hτ = H −
n(H · n) is the tangential component of H, Ω2t is a variable bounded
vacuum region surrounding Ω1t, Ω = Ω1t ∪ Γt ∪ Ω2t, S = ∂Ω, µ is a
positive piecewise constant function equal to µi in Ωit, α = const > 0,
TM = µ(H ⊗H + 1

2I|H|2) is the magnetic stress tensor, [u] = u(1)− u(2),
is the jump of the function u(x, t) given in Ω on Γt; u(i) = u(x, t), x ∈ Ωit.

We work in anisotropic Sobolev spaces

W
l,l/2
p (DT ) = Lp(0, T ;W l

p(D)) ∩ Lp(D;W
l/2
p (0, T )),

p > 3, l > 0, DT = D × (0, T ), D ⊂ Rn, with the norm given by

∥u∥p
W

l,l/2
p (QT )

=
∫ T

0
∥u∥p

W l
p(D)

dt+
∫
D
∥u∥p

W
l/2
p (0,T )

dx

= ∥u∥p
W

l,0
p (DT )

+ ∥u∥p
W

0,l/2
p (0,T )

.

By W l
p(D) we mean (isotropic) space with the norm defined by

∥u∥p
W l

p(D)
=

∑
|j|=l

∫
D
|Dju(x)|pdx,

if l is an integer, and



∥u∥p
W l

p(D)
= ∥u∥p

W
[l]
p (D)

+
∑

|j|=[l]

∫
D

∫
D

|Dju(x)−Dju(y)|p

|x− y|n+pλ
dxdy,

if l = [l] + λ, 0 < λ < 1.

Transformation of free boundary problems to problems in fixed domains.

Equations of the free boundary:

Γt : x = y +N(y)r(y, t), y ∈ G, (.6)

where G is a smooth surface close to Γ0;

Hanzawa coordinate transformation:

x = y +N∗(y)r∗(y, t), y ∈ Ω, (.7)

N∗, r∗: extensions of N , r from G into Ω.



1. Incompressible fluid; linearized problem (0.1) written in the coordinates
y:

Making the coordinate transformation (0.7) and omitting the nonlinear
terms we arrive at the linear problem



vt − ν∇2v +∇p = f(x, t),

∇ · v = f(y, t), y ∈ F , t > 0,

S(v)N(x)− pN + σN(y)Lr = d(y, t),

rt(y, t)− v(y, t) ·N(y) = g(y, t), y ∈ G,
v(y,0) = v0(y), y ∈ F1, r(y,0) = r0(y),

y ∈ G,

(.8)

Lr = −(∆G + b(x))r, ∆G is the Laplace-Beltrami operator on G, F is the
domain bounded by G. We set QT = F × (0, T ), GT = G × (0, T ).

Theorem 1. Assume that f ∈ Lp(QT ), f ∈ W
1,0
p (QT ), f = ∇F + f ′,

F , f ′ ∈ W
0,1
p (QT ), dτ ∈ W

1−1/p,1/2−1/(2p)
p (GT ), d · N ∈ W

1−1/2p,0
p (GT ),



g ∈ W
2−1/p,1−1/2p
p (GT ), v0 ∈ W

2−2/p
p (F), r0 ∈ W

3−2/p
p (G), and let the

compatibility conditions

∇ · v0(x) = f(x,0), x ∈ F ,

ν(S(v0)N)τ = dτ(x,0), x ∈ G, if p ≥ 3

be satisfied. Then the problem (.8) has a unique solution v, p, ρ such

that v ∈ W
2,1
p (QT ), ∇p ∈ Lp(QT ), p ∈ W

1−1/p,0
p (GT ), r ∈ W

3−1/p,0
p (GT ),

rt ∈ W
2−1/p,1−1/2p
p (GT ), r(·, t) ∈ W

3−2/p
p (G), ∀t ∈ (0, T ), and the solution

satisfies the inequality

∥v∥
W

2,1
p (QT )

+ ∥∇p∥Lp(QT )

+ ∥r∥
W

3−1/p,0
p (GT )

+ ∥rt∥
W

2−1/p,1−1/2p
2 (GT )

≤ c

(
∥f∥Lp(QT )

+ ∥f∥
W

1,0
p (QT )

+ ∥F ∥
W

0,1
p (QT )

+ ∥f ′∥
W

0,1
p (QT )

+ ∥dτ∥
W

1−1/p,l/2−1/(2p)
p (GT )

+ ∥d ·N∥
W

1−1/p,0
p (GT )

+ ∥g∥
W

2−1/p,1−1/2p
p (GT )

+ ∥v0∥
W

2−2/p
p (F)

+ ∥r0∥
W

3−2/p
p (G)

)
,

(.9)



Theorem 1 implies the solvability of the problem (.1) and ”maximal reg-
ularity” estimates of the solution.

The proof of (.9) is based on the analysis of the model problem in the
half-space R3

+ = {x3 > 0} (we restrict ourselves to the case f = 0, f = 0,
v0 = 0, r0 = 0):



vt(x)− ν∇2v(x, t) +∇p(x, t) = 0,

∇ · v(x, t) = 0, x3 > 0, t > 0,

ν

(
∂v3
∂xj

+
∂vj

∂x3

)
= bj(x

′, t), j = 1,2,

− p+2ν
∂v3
∂x3

− σ∇2′r = b3(x
′, t),

rt + v3(x, t) = g(x, t), x3 = 0, x′ = (x1, x2),

v(x,0) = 0, ρ(x,0) = 0.

(.10)

We solve this problem in anisotropic Sobolev space with exponential
weight e−γt, γ > 0.



Theorem 2. Let R+ = R3
+ × R+ (x ∈ R3

+ = {x3 > 0}, t > 0), R′
+ =

R2 × R+. Assume that e−γtbj ∈ W
1−1/p,1/2−1/(2p)
p (R′

+), j = 1,2, e−γtb3 ∈

W
1−1/p,0
p (R′

+), e−γtg ∈ W
2−1/p,1−1/2p
p (R′

+) with γ > 0 and that

b1(x
′,0) = b2(x

′,0) = 0, if p ≥ 3.

Then the problem (.10) has a unique solution (v, p, r) such that e−γtv ∈
W

2,1
p (R+), e−γt∇p ∈ Lp(R+), e−γtp ∈ W

1−1/p,0
p (R′

+),

e−γtr ∈ W
3−1/p,0
p (R′

+), e−γtrt ∈ W
2−1/p,0
p (R′

+), and

∥e−γtv∥
W

2,1
p (R+)

+ ∥e−γt∇p∥Lp(R+)

+ ∥e−γtr∥
W

3−1/p,0
p (R′

+)
+ ∥e−γtrt∥

W
2−1/p,1−1/2p
2 (R′

+)

≤ c(
2∑

i=1

∥e−γtb
(0)
i ∥

W
1−1/p,l/2−1/(2p)
p (R3)

+ ∥e−γtb3∥
W

1−1/p,0
p (R′

+)
+ ∥e−γtg∥

W
2−1/p,1−1/2p
p (R′

+)

)
,

(.11)

where b
(0)
i (x′, t) = bi(x

′, t) for t > 0, b
(0)
i (x′, t) = 0 for t < 0.



Using the Fourier transform in x1, x2 and the Laplace transform with

respect to t,

ũ(ξ, s) ≡ Fu(x′, t) =
∫ ∞

0
e−stdt

∫
R2

e−iξ·x′u(ξ, t)dx′, (.12)

where s = γ + iξ0, γ > 0, ξ0 ∈ R, we reduce (.10) to the boundary value

problem on the half-axis R+ = {x3 > 0}:

ν

(
r21 −

d2

dx23

)
ṽj + iξjp̃ = 0 j = 1,2,

ν

(
r21 −

d2

dx23

)
ṽ3 +

dp̃

dx3
= 0,

iξ1ṽ1 + iξ2ṽ2 +
dṽ3
dx3

= 0, x3 > 0,

ν

(
dṽj

dx3
+ iξjṽ3

)
= b̃j, j = 1,2,

− p̃+2ν
dṽ3
dx3

+ σ|ξ|2r̃ = b̃3,

sr̃ + ṽ3 = g̃, x3 = 0,

ṽ → 0, p̃ → 0, (x3 → ∞),

(.13)



where ξ = (ξ1, ξ2), r1 = r1(s, ξ) =
√
sν−1 + |ξ|2, −π ≤ arg r1 < π, Res =

γ > 0. Eliminating r̃ we obtain



ν

(
r21 −

d2

dx23

)
ṽj + iξjp̃ = 0 j = 1,2,

ν

(
r21 −

d2

dx23

)
ṽj +

dp̃

dx3
= 0,

iξ1ṽ1 + iξ2ṽ2 +
dṽ3
dx3

= 0, x3 > 0,

ν

(
dṽj

dx3
+ iξjṽ3

)
= b̃j, j = 1,2,

− p̃+2ν
dṽ3
dx3

−
σ

s
|ξ|2ṽ3 = b̃3 −

σ

s
|ξ|2g̃, x3 = 0,

ṽ → 0, p̃ → 0, (x3 → ∞).

(.14)



The solution of (.14) is given by the formula

ṽi = −
1− δi3
νr1

e0(x3)b̃i

+
e0(x3)

ν2r1(r1 + |ξ|)P

3∑
j=1

Uijd̃j

+
e1(x3)

ν2(r1 + |ξ|)P

3∑
j=1

Vijd̃j, i = 1,2,3,

p̃ =
r1s

νP

[(
2ν +

σξ2

sr1

)
(iξ1b̃1 + iξ2b̃2)

− ν

(
r1 +

ξ2

r1

)
d̃3e

−|ξ|x3,

(.15)

where d̃α = b̃α, α = 1,2, d̃3 = b̃3 − σ
s |ξ|

2g̃,

e0(x3) = e−r1x3, e1(x3) =
e−r1x3 − e−|ξ|x3

r1 − |ξ|
,

P =
s

ν

(
s

ν
+4|ξ|2

r1
r1 + |ξ|

+
σ|ξ|3

νs

)
.



If Res ≥ γ > 0, then

γ2

ν2
+ |s||ξ|2 + |s|2 + σ|ξ|3 ≤ c(γ)|P |. (.16)

The elements Uij, Vij are given by

Uαβ = ξαξβ((3r1 − |ξ|)s+
σ

ν
|ξ|2),

Uα3 = iξαr1s(r1 − |ξ|),
U3β = −iξβr1s(r1 − |ξ|), α, β = 1,2,

U33 = −|ξ|r1s(r1 + |ξ|),

Vαβ = −ξαξβ(2r1s+
σ

ν|
ξ|2),

V3β = −iξβs(r
2
1 + |ξ|2),

Vα3 = −iξα|ξ|(r21 + |ξ|2),
V33 = |ξ|s(r21 + |ξ|2),



Our aim is to estimate the derivatives Dk
tD

j
xv, 2k+ |j| ≤ 2 and ∇p. They

can be written as linear combinations of Dk
tD

j
xF

−1e0(x3)
r dα, α = 1,2, and

F−1Q0(ξ, s)e0(x3)d̃0(ξ, s),

F−1Q1(ξ, s)e1(x3)d̃1(ξ, s),

F−1Q2(ξ, s)e
−|ξ|x3d̃2(ξ, s).

(.17)

We use the Marcinkiewicz-Mihlin-Lizorkin (MML) theorem and the results

of I.Mogilevskii and L.Volevich.

The MML theorem: Let

v(x′, t) = F−1m(ξ, s)f̃(ξ, s),



where Res = γ > 0 and f̃ = Ff . If

Mp(m) = sup
ξ,s

|m(ξ, s)|+
2∑

α=1

sup
ξ,s

|ξα
∂m

∂ξα
|

+ sup
ξ,s

|ξ1ξ2
∂2m

∂ξ1∂ξ2
|+ sup

ξ,s
|s
∂m

∂s
|+

2∑
α=1

sup
ξ,s

|sξα
∂2m

∂s∂ξα
|

+ sup
ξ,s

|sξ1ξ2
∂3m

∂s∂ξ1∂ξ2
| < ∞,

(.18)

then

∥e−γtv∥Lp(R3) ≤ cMp(m)∥e−γtf∥Lp(R3).

The set of m satisfying (.18) is denoted by M.



Proposition 1. If Q0(ξ, s)|ξ|−1 ∈ M, then

∥e−γtw0∥Lp(R+) ≤ cMp(Q0|ξ|−1)∥d0∥
W

1−1/p,0
p (R′

+)
. (.19)

If Q1(ξ, s)|ξ|−1r−1
1 ∈ M, then

∥e−γtw1∥Lp(R+) ≤ cMp(Q1|r−1
1 ξ|−1)∥d1∥

W
1−1/p,0
p (R′

+)
. (.20)

If Q2(ξ, s)|ξ|−1 ∈ M, then

∥e−γtw2∥Lp(R+) ≤ cMp(Q2|ξ|−1)∥d2∥
W

1−1/p,0
p (R′

+)
. (.21)

We consider w0. Following L.Volevich, we extend d0 into the half-space

R3
+ = {x3 > 0} so that

∥∇d0∥Lp(R3
+) ≤ c∥d0∥

W
1−1/p,0
p (R2)

and write w0 as

w0(x, t) = −
∫ ∞

0

d

dx3
(F−1Q0e0(x3)Fd0(ξ, s, y3))dy3



=
∫ ∞

0
e0(x3 + y3)Q0F

−1(rd̃0(ξ, s, y3)−
dd̃0
dy3

)dy3.

As shown by I.Mogilevskii,

Mp(r1e0(x3 + y3)) +Mp(r1|ξ|e1(x3 + y3))

+Mp(|ξ|e−|ξ|(x3+y3)) ≤
c

x3 + y3
,

hence, by the MML theorem,

∥e−γtw0∥Lp(R′
+)

≤ c
∫ ∞

0
∥e−γtF−1Q0d̃0(ξ, s, y3)∥Lp(R′

+)
dy3

x3 + y3
.

Using the Lp-continuity of the Hilbert transform, we obtain( ∫ ∞

0
∥e−γtw0∥

p
Lp(R′

+)
dx3

)1/p

≤ c

( ∫ ∞

0
∥e−γtF−1Q0d̃0(ξ, s, y3)∥

p
Lp(R′

+)
dy3

)1/p
.



Since

F−1Q0d̃0(ξ, s, y3) = −F−1Q0
iξ

|ξ|2
· F∇′d0(t, y3)

and iξα
|ξ| are Lp-multipliers, we have

∥e−γtF−1Q0d̃0(ξ, s, y3)∥Lp(R+)

≤ c∥e−γt∇′d0∥Lp(R+) ≤ c∥e−γtd0∥
W

1−1/p,0
p (R′

+)
.

The functions w1 and w2 are estimated in a similar way.

The estimates of Qi in (.19), (.20), (.21) follow from the formula (.15)

and inequality (.16). We estimate the derivatives of

F−1 Uijd̃j

r1(r1 + |ξ|)P
.

Proposition 2. If Res = γ > 0, then

Mp(P
−1) ≤ c|P−1|. (.22)



It follows that

Mp(
sk(iξ)j

′
r
j3
1

r1(r1 + |ξ|)
Uij

|ξ|P
)

≤ cMp(
sk(iξ)j

′
r
j3
1

r1(r1 + |ξ|)
)Mp(

Uij

|ξ|
)Mp(

1

P
) ≤ c,

which implies

∥Dk
tD

j
xF

−1 Uijd̃j

r1(r1 + |ξ|)P
∥Lp(R+)

≤ c∥e−γtdj∥
W

1−1/p,0
p (R′

+)
.

The estimate of

E−1 e1(x3)

(r1 + |ξ|)P
Vijd̃j



is obtained by similar arguments, and the term w(x, t) = F−1e−r1x3
r1

b̃α

represents the solution of the Neumann problem for the heat equation in

the half-space with the boundary condition wx3|x3=0 = bα(x′, t).

This proves the inequality (.11).



2. Compressible fluid.

We describe the linearization procedure of the problem (.2). We set

ρ(x, t) = ρ(t) + θ(x, t),

where ρ(t) = M/|Ωt| and M =
∫
Ωt

ρ(x, t)dx is the mass of the fluid. Hence∫
Ωt

θ(x, t)dx = 0 Since

d

dt
|Ωt| =

∫
Ωt

∇ · v(x, t)dx,

the continuity equation takes the form

θt + ρ
(
∇ · v −

1

|Ωt|

∫
Ωt

∇ · v(x, t)dx
)
= 0.



Omitting the nonlinear terms, we easily arrive at the linearized problem

vt −∇ · T ′(v) + πM∇θ = f ,

θt + ρM(∇ · v −
1

|F|

∫
F
∇ · vdy) = h(x, t), x ∈ F ,

rt − v ·N = g(x, t),

T ′(v)N − (πMθ + σLr)N = d(x, t), x ∈ G,
v(x,0) = v0(x), θ(x,0) = θ0(x), x ∈ F ,

r(x,0) = r0(x), x ∈ G,

(.23)

where ρM = M/|F|, πM = pM/ρM , pM = p′(ρM), T ′(v) = νS(v)+ ν′I∇ · v,
ν = µ/ρM , ν′ = µ′/ρM .

Theorem 3. Let p > 3, f ∈ Lp(QT ), h ∈ W
1,0
p (QT ), g ∈ W

1−1/p,1/2−1/2p
p (GT ),

d ∈ W
1−1/p,1/2−1/2p
p (GT ), v0 ∈ W

2−2/p
p (F),

θ0 ∈ W1
p (F), r0 ∈ W

3−2/p
p (G), and

d(x,0) = T ′(v0)N − πMσ0N + σLr0N .



Then the problem (.23) is uniquely solvable in an arbitrary finite time

interval (0, T ), and

∥v∥
W

2,1
p (QT )

+ ∥θ∥
W

0,1
p (QT )

+ ∥θ∥
W

1,0
p (QT )

+ ∥r∥
W

3−1/p,0
p (GT )

+ ∥rt∥
W

2−1/p,1−1/2p
p (GT )

≤ c(T )(∥f |Lp(QT )
+ ∥h∥

W
1,0
p (QT )

+ ∥d∥
W

1−1/p.1−1/2p
p (GT )

+ ∥g∥
W

2−1/p,1−2/2p
p (GT )

+ ∥v0∥
W

2−2/p
p (F)

+ ∥θ0∥W1
p (F) + ∥r0∥

W
3−2/p
p (G)

.)

(.24)

Remark. In the proof of local solvability of the problem (.23), it is

convenient to eliminate θ with the help of

θ(x, t) = θ0(x) +
∫ t

0
θτdτ = θ0

+ ρM

∫ t

0
(∇ · v − |F|−1

∫
F
∇ · v(y, τ)dy + h(x, τ))dτ

(.25)



and to reduce (.23) to a similar problem for the Lame equations

vt −∇ · T ′(v) = f ′, x ∈ F ,

rt − v ·N = g(x, t),

T ′(v)N(x) + σLrN = d′, x ∈ G,
v(x,0) = v0(x), x ∈ F ,

r(x,0) = r0(x), x ∈ G.

(.26)

The estimate (.24) for this problem is simpler:

∥v∥
W

2,1
p (QT )

+ ∥r∥
W

3−1/p,0
p (GT )

+ ∥rt∥
W

2−1/p,1−1/2p
p (GT )

≤ c(∥f ′|Lp(QT )
+ ∥d′∥

W
1−1/p.1−1/2p
p (GT )

+ ∥g∥
W

2−1/p.1−2/2p
p (GT )

+ ∥v0∥
W

2−2/p
p (F)

+ ∥r0∥
W

3−2/p
p (G)

)

It implies (.24) for the problem (.23), because (.25) contains the Volterra

operators with respect to the derivatives of v.



Model problem in R3
+ for (.26).



wt −
(
(ν + ν′)∇(∇ ·w) + ν∇2w

)
= 0,

x3 > 0, t > 0,

ν
(∂wα

∂x3
+

∂w3

∂xα

)
= bα(x

′, t), x3 = 0,

ν′∇ ·w +2ν
∂w3

∂x3
− σ∇

′2
∫ t

0
w3dτ = b3(x

′, t),

w(x,0) = 0, x3 > 0,



The Fourier-Laplace transform (.15) converts this problem in

sw̃α − (ν + ν′)iξα
( 2∑
α=1

iξαw̃1 +
dw̃3

dx3

)

− ν
( d2

dx23
w̃3 − ξ2w̃α

)
= 0,

sw̃3 − (ν + ν′)
d

dx3

( 2∑
α=1

iξ1w̃α +
dw̃3

dx3

)

− ν
( d2

dx23
w̃3 − ξ2w̃α

)
= 0, x3 > 0,

µ
(∂w̃α

∂x3
+ iξαw̃3

)
= b̃α(x

′, t),

x3 = 0, α = 1,2,

µ′
( 2∑
α=1

iξαw̃α +
dw̃3

dx3

)
+2µ

dw̃3

dx3
− σ

|ξ|2

s
w̃3 = b̃3,

x3 = 0,

w̃ → 0 (x3 → ∞).

(.27)



The solution of (.27) has the form

w̃(ξ, s, x3) = −
b̃
′

νr
e0(x3)

+


iξ1
r1

∑3
i=1(Ui(ξ, s) + Vi(ξ, s))b̃i

iξ2
r1

∑3
i=1(Ui(ξ, s) + Vi(ξ, s))b̃i∑3

i=1Ui(ξ, s)b̃i

 e0(x3)

+


iξ1
r1
iξ2
r1
−1


3∑

i=1

r1Vib̃ie1(x3),

where

e0(x3) = e−r1x3,

e1(x3) = (e−r1x3 − e−r2x3)/(r1 − r2),

r1 =
√
s

ν
+ |ξ|2, r2 =

√
s

2ν + ν′
+ |ξ|2,

b̃′ = (b̃1, b̃2,0).



Uα = −
iξα

ρ0P
[ν((r2 − r1)

2 − (r21 − ξ2)) +
ν + ν′

2ν + ν′
ρ0s]

= −
iξαs

P

( 2r1
r1 + r2

ν + ν′

2ν + ν′
− 1

)
, α = 1,2,

U3 = −
sr2
P

,

Vα =
iξα

r1 + r2

ν + ν′

(2ν + ν′)ν

1

P
(2νrs+ σ|ξ|2), α = 1,2,

V3 = −
s

r1 + r2

ν + ν′

2ν + ν′
r2 + |ξ|2

P
,

P = ρ0s
2 + 4ν(ν+ν′)

2ν+ν′ sξ2 r1
r1+r2

+ σρ0
2ν+ν′

sξ2

r′+ξ
+ σ|ξ|3.

The function P satisfies the estimates (.16), i.e.,

|s||ξ|2 + |s|2 + σ|ξ|3 ≤ c|P|,

and, as a consequence, (.22).



We show that

∥e−γtw∥
W

2,1
p (R+)

≤ c∥e−γtb(0)∥
W

1−1/p,1/2−1/2p
p (R3)

, (.28)

using the following analog of Proposition 1.

Proposition 3. If

Q0(ξ, s)r
−1
1 ∈ M,

Q1(ξ, s)r
−2
1 ∈ M,

then the functions w0(x, t) = F−1Q0e0(x3)Fd0 and w1(x, t) = F−1Q1e1(x3)Fd1
satisfy

∥e−γtwi∥Lp(R+) ≤ c∥e−γtd
(0)
0 ∥

W
1−1/p,1/2−1/(2p)
p (R3)

,

i = 0,1.
(.29)

The proof is the same as that of Proposition 1: we write w̃0 as

w̃(ξ, s, x3)

=
∫ ∞

0
e0(x3 + y3)Q0(r1d̃3(ξ, s, y3)−

d

dy3
d̃0)dy3,



where

d̃0(ξ, s, y3) = e−r1y3d̃0(ξ, s)

and apply the MML theorem:

∥e−γtw0∥Lp(R′
+)

≤ c
∫ ∞

0
∥e−γtF−1Q0d̃0(ξ, s, y3)∥Lp(R′

+)
dy3

x3 + y3
,

∥e−γtw0∥Lp(R+)

≤ c

( ∫ ∞

0
∥e−γtF−1Q0d̃0(ξ, s, y3)∥

p
Lp(R′

+)
dy3

)1/p

≤ c∥e−γtF−1r1d̃0(ξ, s, y3)∥Lp(R+).

Since

F−1r1d̃0(ξ, s, y3) = F−1r
2
1

r1
d̃0 =

(1
ν

∂

∂t
−∇2

)
F−1 1

r1
d̃0,

it holds



∥e−γtF−1r1d̃0(ξ, s, y3)∥Lp(R+)

≤ c∥e−γtF−1 1

r1
d̃0(ξ, s, y3)∥W2,1

p (R+)

≤ c∥e−γtd
(0)
0 ∥

W
1−1/p,1/2−1/(2p)
p (R3)

,

∥e−γtw0∥Lp(R+) ≤ c∥e−γtd
(0)
0 ∥

W
1−1/p,1−1/(2p)
p (R3)

.

The function w1 is estimated in the same way, and we easily obtain (.28).

3. MHD linearized problem.

It consists of two separate problems: (.8) and another problem for H, E.

After elimination of E the second problem takes the form





µ1Ht + α−1rotrotH = G(x, t),

∇ ·H(x, t) = 0, x ∈ Ω1, t > 0,

rotH = 0, ∇ ·H(x, t) = 0, x ∈ Ω2,

[µH · n] = 0, [Hτ ] = 0, x ∈ S1,

Hn = 0, x ∈ S,

H(x,0) = H0(x), x ∈ Ω1 ∪Ω2,

(.30)

where S1 = ∂Ω1, S = ∂Ω, Ω = Ω1 ∪ S1 ∪Ω2. We assume that Ω1 and Ω

are simply connected.

Theorem 1. Assume that G ∈ Lp(Q1
T ), H0 ∈ W

2−2/p
p (Ωi), i = 1,2,

where Q1
T = Ω1 × (0, T ), and that the conditions

∇ ·G(x, t) = 0, ∇ ·H0(x) = 0, x ∈ Ω10 ∪Ω20,

[H0τ ] = 0, [µH · n] = 0, x ∈ Γt,

H · n = 0, x ∈ S

(.31)

are satisfied. Then the problem (.30) has a unique solution H ∈ W
2,1
p (Q1

T )∩



W
2,1
p (Q2

T ), Qi
T = Ωi × (0, T ), and this solution satisfies the inequality∑

i=1,2

∥H∥
W

2,1
p (Qi

T )

≤ c(∥G∥Lp(Q1
T )

+
∑

i=1,2

∥H0∥
W

2−2/p
p (Ωi)

).

The equations rotH = 0, ∇ · H = 0 in Ω2 imply H(x, t) = ∇ · φ(x, t),
∇2φ = 0, x ∈ Ω2. Hence (0.30) is equivalent to

µ1Ht + α−1rotrotH = G(x, t),

∇ ·H(x, t) = 0, x ∈ Ω1, t > 0,

∇2φ(x, t) = 0, x ∈ Ω2,
∂φ

∂n

∣∣∣∣
x∈S

= 0,

µ2
∂φ

∂n
− µ1H · n = 0,

Hτ = ∇τφ(x, t), x ∈ S1,

H(x,0) = H0, x ∈ Ω1.

and to





µ1Ht − α−1∇2H = G(x, t), x ∈ Ω1, t > 0,

∇2φ(x, t) = 0, x ∈ Ω2,
∂φ

∂n

∣∣∣∣
x∈S

= 0,

µ2
∂φ

∂n
− µ1H · n = 0,

∇ ·H(x, t) = 0, x ∈ S1,

Hτ = ∇τφ(x, t), x ∈ S1,

H(x,0) = H0, x ∈ Ω1,

if ∇ ·H0(x) = 0.

We consider the model problem:





µ1ht − α−1∇2h = 0, x3 > 0, t > 0,

∇2φ(x, t) = 0, x3 < 0, t > 0,

∇ · h = d(x′, t), x3 = 0, x′ = (x1, x2),

hα =
∂φ

∂xα
+ bα(x

′, t), α = 1,2,

µ1h3 = µ2
∂φ

∂x3
+ b3, x3 = 0,

h(x,0) = 0

(.32)



The Fourier-Laplace transform converts (.32) into

r23(ξ, s)h̃(ξ, s, x3)−
d2h̃

dx23
= 0, x3 > 0,

|ξ|2φ̃−
d2φ̃

dx23
= 0, x3 < 0,

dh̃3
dx3

+
2∑

β=1

iξβh̃β = d̃(ξ, s), x3 = 0,

h̃α = iξαφ̃+ b̃α, α = 1,2,

µ1h̃3 = µ2
dφ̃

dx3
+ b̃3, x3 = 0,

h̃(ξ, s, x3) −−−−−−→
x3→+∞ 0, φ̃(ξ, s, x3) −−−−−−→

x3→−∞ 0,

where r23 = µ1αs+ |ξ|2, −π < arg r3 < π, Res = γ > 0.



This problem is easily solved. We have

h̃(ξ, s, x3) = h̃(ξ, s,0)e−rx3,

φ̃(ξ, s, x3) = φ̃(ξ, s,0)e|ξ|x3,

h̃α(ξ, s,0) = iξαφ̃(ξ, s,0) + b̃α, α = 1,2,

µ1h̃3(ξ, s,0) = µ2|ξ|φ̃(ξ, s,0) + b̃3

− r3h̃3(ξ, s,0) +
2∑

β=1

iξβh̃β = d̃,



which implies

h̃α(ξ, s,0) = b̃α

−
iξα

|ξ|
1

mr3 + |ξ|
(d̃−

2∑
β=1

iξβb̃β + µ−1
1 rb̃3), α = 1,2,

h̃3(ξ, s,0) = µ−1
1 b̃3

−
m

mr + |ξ|
(d̃−

2∑
β=1

iξβb̃β + µ−1
1 rb̃3),

φ̃(ξ, s,0) = −
1

mr3 + |ξ|
(d̃−

2∑
β=1

iξβb̃β + µ−1
1 rb̃3),

m = µ2µ
−1
1 .

The expressions iξα/|ξ|, α = 1,2,

M̃0 =
r3(ξ, s)

mr3(ξ, s) + |ξ|
, M̃α =

iξα

mr3 + |ξ|



are the Fourier Lp-multipliers, hence

∥h(·,0)∥Lp(R2×(−∞,T )) ≤ c(T )
(
∥b(·,0)∥Lp(R2×(−∞,T ))

+ ∥D(·,0)∥Lp(R2×(−∞,T ))

)
,

moreover,

∥h(·,0)∥
W

2−1/p,1−1/2p
p (R2×(−∞,T ))

≤ c
(
∥b(·,0)∥

W
2−1/p,1−1/2p
p (R2×(−∞,T ))

+ ∥D∥
W

1−1/p,1/2−1/2p
p (R2×(−∞,T ))

)
,

where D(x′, t) = (FL)−1r−1d̃e−rx3|x3=0 =

w(x, t)|x3=0, w(x, t) being the solution of the problem

µ1wt − α−1∇2w = 0, x3 > 0,
∂w

∂x3

∣∣∣∣
x3=0

= −d(x′, t), w|t=0 = 0,

lim
x3→∞w(x, t) = 0,



hence

∥D∥
W

2−1/p,1−1/2p
p (R2×(−∞,T ))

≤ c∥w∥
W

2,1
p (R3

+×(0,T ))

≤ c∥d∥
W

1−1/p,1/2−1/2p
p (R2×(−∞,T ))

,

which implies

∥h∥
W

2,1
p (R3

+×(0,T ))

≤ c
(
∥h(·,0)∥

W
2−1/p,1−1/2p
p (R2×(−∞,T ))

≤ c
(
∥b∥

W
2−1/p,1−1/2p
p (R2×(−∞,T ))

+ ∥d∥
W

1−1/p,1/2−1/2p
p (R2×(−∞,T ))

)
,

q.e.d.


