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Abstract. Let K(R?) denote the cone of discrete Radon measures on
R?. The gamma measure G is the probability measure on K(]Rd) which
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1. Introduction

Handling and modeling complex systems have become an essential part of
modern science. For a long time, complex systems have been treated in
physics, where e.g. methods of probability theory are used to determine their
macroscopic behavior by their microscopic properties. Nowadays, complex
systems, including ecosystems, biological populations, societies, and finan-
cial markets, play an important role in various fields, like biology, chemistry,
robotics, computer science, and social science.

A mathematical tool to study complex systems is infinite dimensional
analysis. Such studies are often related to a probability measure p defined on
an infinite dimensional state space. The most ‘traditional’ example of a mea-
sure £ is Gaussian (white noise) measure, which is defined on the Schwartz
space of tempered distributions, S’(R?), see e.g. [3,4,9]. Another example of
measure /4 is Poisson random measure on R?. This is a probability measure
on the configuration space I'(R?) consisting of all locally finite subsets of R,
A configuration v = {z;} € T'(R?) may be interpreted either as a collection
of indistinguishable physical particles located at points x;, or as a population
of a species whose individuals occupy points x;, or otherwise depending on
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the type of the problem. The Poisson measure corresponds to a system with-
out interaction between its entities. In order to describe an interaction, one
introduces Gibbs perturbations of the Poisson measure, i.e., Gibbs measures
on I'(R%).

In papers [1,2], some elements of analysis and geometry on the configu-
ration space I'(R?) were introduced. In particular, for each v = {z;} € T(R%),
a tangent space to I'(R?) at point « was defined as

T, () :== L*(R" = R, ),

where we identified v with the Radon measure ), §,,. A gradient of a differ-
entiable function F : T'(R?) — R was explicitly identified as a function

P(RY) 3y = (VIF)(y) € Ty(D).

This, in turn, led to a Dirichlet form

ERG) = [ (TR (TG ))m,ry ),
I'(R4)

where 1 is either Poisson measure or a Gibbs measure. Denote by —L' the

generator of the Dirichlet form EV. Then, in the case where y is Poisson

measure, the operator L' can be understood as a Laplace operator on the

configuration space T'(R9).

Assume that the dimension d of the underlying space R? is > 2. By
using the theory of Dirichlet forms, it was shown that there exists a diffusion
process on I'(R?) which has generator L', see [1,2,19,22,32]. In particular,
this diffusion process has p as an invariant measure. (For d = 1, in order to
construct an associated diffusion process an extension of I'(R?) is required.)

A further fundamental example of a probability measure on an infinite
dimensional space is given by the gamma measure [5,28,30,31]. This mea-
sure, denoted in this paper by G, was initially defined through its Fourier
transform as a probability measure on the Schwartz space of tempered dis-
tributions, &'(R%). White noise analysis related to the gamma measure was
initiated by Kondratiev, da Silva, Streit, and Us in [14], and further devel-
oped in [12,16,17]. Note that the gamma measure belongs to the class of
five Meixner-type Lévy measures (this class also includes Gaussian and Pois-
son measures). Each measure p from this Meixner-type class admits a ‘nice’
orthogonal decomposition of L?(i) in orthogonal polynomials of infinitely
many variables. In particular, in the case of the gamma measure G, these or-
thogonal polynomials are an infinite dimensional counterpart of the Laguerre
polynomials on the real line [14].

A more delicate analysis shows that the gamma measure is concentrated
on the smaller space M(R?) of all Radon measures on R?. More precisely,
G is concentrated on the cone of discrete Radon measures on R?, denoted
by K(R%). By definition, K(R?) consists of all Radon measures of the form
n =Y, 8i0z,. It should be stressed that, with G-probability one, the countable
set of positions, {x;}, is dense in R%. As for the weights s;, with G-probability
one, we have n(R?) = ", s; = oo, but for each compact set A C RY, n(A) =
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Y iizcaSi < 0o. Elements n € K(R?) may model, for example, biological
systems, so that the points x; represent location of some organisms, and the
values s; are a certain attribute attached to these organisms, like their weight
or height.

A very important property of the gamma measure is that it is quasi-
invariant with respect to a natural group of transformations of the weights
s; [28], see also [15]. Note also that an infinite dimensional analog of the
Lebesgue measure is absolutely continuous with respect to the gamma mea-
sure [28,29].

In paper [13], which is currently in preparation, we introduce elements
of differential structure on the space of Radon measures, M(R?). More pre-
cisely, for a differentiable function F' : M(RY) — R, we define its gradient
(VMF)(n) as a function of € M(R?) taking value at 7 in a tangent space
T,(M) to M(R?) at point 7. Furthermore, we identify a class of measure-
valued Lévy processes u which are probability measures on K(R?) and which
admit an integration by parts formula. This class of measures p includes the
gamma measure G as an important example. We introduce and study the
corresponding Dirichlet form

EAR.G) = [ (VR (VHG) ), ).
K(R4)
In particular, we find an explicit form of the generator —LM of this Dirichlet
form on a proper set of ‘test’ functions on K(R?). Note that the operator
IM can, in a certain sense, be thought of as a Laplace operator on K(R9),
associated with the measure pu.

In this paper, we will discuss a class of Laplace-type operators associated
with the gamma measure G. More precisely, we will consider a Dirichlet form

£EG) = [ (TEN), el (7)), 0 4G
where ¢(n) is a certain coefficient (possibly equal identically to one). We prove
that this bilinear form is closable, its closure is a Dirichlet form and derive the
generator — LM of this form. The main result of the paper is that, under some
assumption on the coefficient ¢(n), the operator LM is essentially self-adjoint
on a proper set of ‘test’ functions on K(R?).

Unfortunately, our result does not yet cover the case where c(n) is iden-
tically equal to one. The open problem here is to prove the essential self-
adjointness of a certain differential operator on R% x (0, c0).

Let us briefly discuss the structure of the paper. In Section 2, we recall
basic notions related to differentiation on M(R?), like a tangent space and
a gradient of a function on M(X), see [13]. As intuitively clear, we have
two types of such objects: one related to transformations of the support of
a Radon measure, which we call intrinsic transformations, and one related
to transformations of masses, which we call extrinsic transformations. We
also combine the two types of tangent spaces/gradients into a full tangent
space/gradient.
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In Section 3, we explicitly construct the gamma measure G on K(R?). In
Section 4, we construct and study the respective Dirichlet forms on the space
L?(K(R%), G). These Dirichlet forms are related to the intrinsic, extrinsic, and
full gradients. We carry out integration by parts with respect to the measure
G and derive generators of these bilinear forms.

Finally, in Section 5, we prove the essential self-adjointness in L?(K(R%), G)
of the generators of the Dirichlet forms on a proper set of ‘test’ functions on
K(R?). To this end, we construct a unitary isomorphism between L?(K(R%), G)
and the symmetric Fock space F(H) over the space

H = L*(R? x (0,00),dz s e % ds)).

We show that the semigroup (T¢);>0 in L2(K(R?),G) which corresponds to
the Dirichlet form is unitary isomorphic to the second quantization of a re-
spective semigroup (7});>0 in H. It can be shown that this semigroup (7})¢>0
generates a diffusion on R? x (0, 00). In particular, in the extrinsic case, the
respective diffusion on RY x (0, 00) is related to a simple space-time transfor-
mation of the square of the 0-dimensional Bessel process on [0, 00).

In the forthcoming paper [7], by using the theory of Dirichlet forms, we
will prove the existence of a diffusion on K(R¢) with generator L™. We will
also explicitly construct the Markov semigroup of kernels on K(R?) which
corresponds to this diffusion. Furthermore, we plan to study equilibrium dy-
namics on K(R?) for which a Gibbs perturbation of the gamma measure
(see [8]) is a symmetrizing (and hence invariant) measure.

2. Differentiation on the space of Radon measures

In this section, we briefly recall some definitions from [13].

Let X denote the Euclidean space R?, d € N, and let B(X) denote
the Borel o-algebra on X. Let M(X) denote the space of all (nonnegative)
Radon measures on (X, B(X)). The space M(X) is equipped with the vague
topology, i.e., the coarsest topology making all mappings

M(X) 31 = (p,n) ::/len, ¢ € Co(X),

continuous. Here Cy(X) is the space of all continuous functions on X with
compact support. It is well known (see e.g. [11, 15.7.7]) that M((X) is a Polish
space. Let B(M(X)) denote the Borel o-algebra on M(X).

Let us now introduce an appropriate notion of a gradient VM of a differ-
entiable function F' : M(X) — R. We start with transformations of the sup-
port, which we call intrinsic transformations. We fix any v € C§°(X — X),
a smooth, compactly supported vector field over X. Let (¢})icr be the cor-
responding one-parameter group of diffeomorphisms of X which are equal to
the identity outside a compact set in X. More precisely, (¢} ):cr is the unique
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solution of the Cauchy problem

d v _ v
it o (z) = v(¢y (),
oo () = .

We naturally lift the action of this group to the space M(X). For each n €
M(X), we define ¢} (n) € M(X) as the pushforward of n under the mapping
#?. Hence, for each f € L'(X,n),

(f;00(m) = (fodi,m). (2.2)

For a function F' : M(X) — R, we define the intrinsic derivative of F' in
direction v by

(2.1)

d

(V)0 = | P, e mx), (23)

provided the derivative on the right hand side of formula (2.3) exists. As an
intrinsic tangent space to M(X) at point n € M(X) we choose the space

in T2
T, f(M) := L*(X — X,n),

i.e., the space of X-valued functions on X which are square integrable with
respect to the measure 7. The intrinsic gradient of F' at point 7 is, by defini-
tion, the element (V™ F)(n) of T)**(M) satisfying

(VS F)(n) = (V™ F) (1), )7 oy

_ /X<(vintF)(n, 2),0(@)x diz), veCE(X — X).  (2.4)

(In the above formula, (-,-)x denotes the usual scalar product in X.)

We will now introduce transformations of the masses, which we call
extrinsic transformations. We fix any h € Cy(X). We consider the one-
parameter group of transformations of M(X) given through multiplication
of each measure € M(X) by the function e*(*), ¢+ € R. Thus, for each
n € M(X), we define My, (n) € M(X) by

dMun (n)(2) = ™ d(z). (2.5)
The extrinsic derivative of a function F': M(X) — R in direction A is defined
by
_d
~dtli=o

provided the derivative on the right hand side of (2.6) exists. As an extrinsic
tangent space to M(X) at point 7 € M(X) we choose

(Vi F)(n) : F(Mn(n)), neM(X), (2.6)

T (M) := L*(X,n).
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The extrinsic gradient of F' at point 7 is defined to be the element (V*'F)(n)
of T2**(M) satisfying

(Vi) () = (VUF) (), h) e quy
= /X(Ve"tF)(n,x)h(:c) dn(z), he Co(X). (2.7)
We finally combine the intrinsic and extrinsic differentiation. For any
1 € M(X), the full tangent space to M(X) at point 7 is defined by
T,(M) := T, (M) & T2 (M).
We define the full gradient VM := (Vint, vext),

For example, let us consider the set FC;°(D(X), M(X)) of all functions
F : M(X) — R of the form

F(n) =g({(fi,m),.... (fn.m), (2.8)

where g € Cp°(R”Y) (an infinitely differentiable function on RY which, to-
gether with all its derivatives, is bounded), f1 ..., fy € D(X), and N € N.
Here D(X) := C§°(X) is the space of all smooth, compactly supported func-
tions on X. An easy calculation shows that

N
(VF)(n,2) = > (0ig)(from),- -, (fn )V fila), (2.9)
=1
N
(V) (n, z) = Z(aig)«fl, M)y () i), (2.10)
so that
N
(VMF)(n,z) = Z(aig><<f1,n>7 ) (Vi f)

Here 0,9 denotes the partial derivative of g in the i-th variable.

3. Gamma measure

In this section, following [13,28], we will recall a construction of the gamma
measure. Recall that we denote by K(X) the cone of discrete Radon measures
on X:

K(X) := {n = siba, €M(X) |5 >0, z; € X} .

Here, 6., is the Dirac measure with mass at x;, the atoms x; are assumed to
be distinct and their total number is at most countable. By convention, the
cone K(X) contains the null mass n = 0, which is represented by the sum
over the empty set of indices i. We denote 7(n) := {;}, i.e., the set on which
the measure 7 is concentrated. For n € K(X) and = € 7(n), we denote by
s(x) the mass of n at point z, i.e., s(z) := n({x}). Thus, each n € K(X) can

be written in the form n =3 . s(z)d,
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As shown in [8], K(X) € B(M(X)). We denote by B(K(X)) the trace
o-algebra of B(M(X)) on K(X).

Proposition 3.1. There exists a unique probability measure G on (K(X),
B(K(X))), called the gamma measure, which has Laplace transform

/ e dG(n) = exp {_/ log(1 —(z))dz|, ¢eCy(X), p<1.
K(X) X (3.1)

We will present a constructive proof of this statement, as it will be used
throughout the paper.

Proof of Proposition 3.1. Denote R* := (0,00) and define a metric on R¥ by
dRi (s1,82) = [log(s1) —log(s2)|, s1,82 € RY.
Then R% becomes a locally compact Polish space, and any set of the form
[a,b], with 0 < a < b < o0, is compact. We denote X =X x R* and define
the configuration space over X by
N(X):= {rc X ||y N A| < oo for each compact A C X}

Here |yNA| denotes the number of points in the set yNA. One can identify a
configuration v € T'(X) with Radon measure Z (2,5)€~ O(z,5) from M(X). The

space F(X) is endowed with the vague topology, i.e., the weakest topology
on I'(X) with respect to which all maps

D(X)— (f /fxsdvxs mes f € Co(X),

(w,5)€y
are continuous. Let B(I'(X)) denote the Borel o-algebra on I'(X). We denote
by 7 the Poisson measure on (I'(X), B(T'(X))) with intensity measure
dse(x, 8) := da d\(s), (3.2)
where 1
dA(s) = 3 e %ds. (3.3)

The measure m can be characterized as the unique probability measure on
I'(X) which satisfies the Mecke identity: for each measurable function F' :
I'(X) x X — [0, 00], we have

dm dvy(z,s) F(v,z,s
[, 400 [ e Fz, )
:/ ~dr(y) / dsx(x,8) F(yU{(z,s)},z,5). (3.4)
r(X) X

Denote by Fp(f( ) the set of so-called pinpointing configurations in X.
By definition, T',(X) consists of all configurations v € T'(X) such that if
(21, 1), (x2,82) € v and (21, $1) # (22, S2), then x1 # z5. Thus, a configura-
tion v € I'y(X) can not contain two points (x, s1) and (z, s2) with s # s5. As
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easily seen, T',(X) € B(I'(X)). Since the Lebesgue measure dz is non-atomic,
the set

{($17817$2,82) € X? | 21 = 562}

is of zero »x®2-measure. Denote by B,(X) the set of all Borel measurable sets
in X which have compact closure. Fix any A € By(X). Using the distribution
of the configuration v N A under 7 (see e.g. [11]), we conclude that

7r(7 € I‘(X') | 3(x1,81), (X2, 82) EYNA: &1 = 29, 51 # 52) =0.

Hence, 7(T'y(X)) = 1.
For each v € FP(X) and A € B.(X), we define a local mass by

Ma(y) = / xa(x)sdy(x,s) = Z xa(z)s € [0, 00]. (3.5)
X (z,s)€y

Here x4 denotes the indicator function of the set A. The set of pinpointing
configurations with finite local mass is defined by

Tpp(X) == {y € Tp(X) | Ma(y) < oo for each A € B.(X)}.

As easily seen, T, ;(X) € B(T'(X)) and we denote by B(T',;(X)) the trace o-
algebra of B(T'(X)) on T',;(X). For each A € B.(X), using the Mecke identity
(3.4), we get

M) d() = [ ) [ axtas)s= [ do <

Therefore, m(T'ps(X)) = 1 and we can consider 7 as a probability measure
on (T(X). BT, (X)) A

We construct a bijective mapping R : I'p¢(X) — K(X) by setting, for
cach v = {(i,5:)} € Tpp(X), Ry := 3, 8:0,, € K(X). By [8, Theorem 6.2],
we have

I'p(X)

B(K(X)) = {RA| A € By (X))}

Hence, both R and its inverse R ™! are measurable mappings. We define G to
be the pushforward of the measure 7w under R. One can easily check that G
has Laplace transform (3.1) and this Laplace transform uniquely characterizes
this measure. O

Corollary 3.2. For each measurable function F : K(X)x X — [0, 00|, we have

/ G [ an@) P = [ 490 [ s dseSF<n+sam,xz. |
3.6
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Proof. By the proof of Proposition 3.1 (in particular, using the Mecke iden-
tity), we see that the left hand side of (3.6) is equal to

/ ~dn(y) / dy(, 5) sF (R, )
Ty (X) £
:/ A dm(7) / dsx(x,8) sF(R(yU{(z,5)}), ),
pr(X) X

which is equal to the right hand side of (3.6). O

Remark 3.3. In fact, identity (3.6) uniquely characterizes the gamma measure
G, i.e., if a probability measure p on K(X) satisfies identity (3.6) with G being
replaced by p, then u = G. See [8, Theorem 6.3] for a proof of this statement.

Remark 3.4. By using either the Laplace transform of the gamma measure
(formula (3.1)) or formula (3.6), one can easily show that the gamma measure
has all moments finite, that is, for each A € B.(X) and n € N, we have

/ Ocasm)"™ dG () = / n(A)" dG(n) < oo. (3.7)
K(X)

K(X)

4. Dirichlet forms

Having arrived at notions of both a gradient and a tangent space to M(X),
we would like to construct a corresponding Dirichlet form on the space
L?(K(X),G). This, in turn, should lead us, in future, to a diffusion process
on K(X). In fact, we will consider different types of Dirichlet forms, corre-
sponding to the intrinsic gradient V™, extrinsic gradient V°**, and the full
gradient VM. Furthermore, in the case of the intrinsic gradient (full gradient,
respectively), we will use a coefficient in the Dirichlet form which depends on
masses only. The sense of this coefficient will become clear below.

A natural candidate for the domain of these bilinear forms (before the
closure) seems to be the set FCp°(D(X),M(X)), see (2.8). However, as we
learnt in [13], the gamma measure does not allow, on this set, an integration
by parts formula with respect to intrinsic differentiation. In view of this, we
will now introduce an alternative set of test functions on K(X).

Denote by D(X ) the space of all infinitely differentiable functions on
X which have compact support in X. In particular, the support of each
@ € D(X) is a subset of some set A x [a,b], where A € B,(X) and 0 < a <
b < co. We denote by FC°(D(X),T(X)) the set of all cylinder functions

F :T(X) — R of the form
F(y) =g({e1,7),- - {en,7), v €T(X), (4.1)

where g € C°(RY), ¢1 ...,¢on € D(X), and N € N. Next, we define

FCr (D(X),K(X))
={F :K(X) > R | F(n) = G(R ) for some G € FC;*(D(X),I'(X))}.
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For ¢ € D(X) and n € K(X), we denote

(o= (o R = 3 laston) = [ HELD gy,

zeT(n) X S(l‘)
Then, each function F' € FC;°(D(X),K(X)) has the form
F(n) =g({ern), -, (enmh), neKX), (4.2)

with g, 1 ...,on and N as in (4.1).

We note that FC3°(D(X),T(X)) is a dense subset of L2(I'(X),() for
any probability measure ¢ on I'(X). Hence, FC°(D(X),K(X)) is a dense
subset of L?(K(X), ) for any probability measure y on K(X), in particular,
FCP(D(X),K(X)) is dense in L*(K(X),G).

For a function F' of the form (4.2), v € C§°(X — X), h € Cp(X), and
n € K(X), we easily calculate:

(Vi F)(n)
N
=D @9) ({1, m)s- - (onwsm) D (Vyl, iy, s(2)), v(@)) x
=1 zeT(n)
N S
=> (0ig)({er,n), -, (onm))
< [ 5 (ol 050, 0@ (o)
(VR F)(n)
N
=Y @) (eri o)) 3 o] e ws@hia)
i=1 zer(n)
al 0
=300 (oroes o) [ gl et onGe) dnte)
Hence
. N 1
(V*F)(n, ) = Z(aig) (€D - on,m)) @ v |, ?ily s(2)),
- (4.3)
al 0
(VUF) (n,2) = Z(@g)(«%,n» ----- <<SDN>77>>)% uzs(w)%@(%u)- (4.4)
Let F: K(X) = R, n € K(X), and = € 7(n). We define
(VIF)n) =V, Fn— s(@)d, + s(x)d,), (4.5)
(V]fi)(n) ;:% uzs(x)F(n — s(x)dy + udy), (4.6)
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provided the derivatives on the right hand side of (4.5) and (4.6) exist. Here
the variable y is from X, V, is the usual gradient on X in the y variable,
and the variable u is from R . The following simple result is proven in [13].

Lemma 4.1. For each F € FC°(D(X),K(X)), n € K(X), and z € 7(n), we
have

(V" F) (1, z) = % (VXF)(n), (4.7)
(VUF) (g, 2) = (Va F) (). (4.8)

We fix a measurable function ¢ : R% — [0, 00) which is locally bounded.
We define symmetric bilinear forms on L?(K(X),G) by

E(F,G) = / (TF) (1), of5()) (V™ G) () ey 4G (),
K(X)
- / ag(n) / dn(a) (V™ F)(n, 2), e(s(2))(V™G)(m2))x . (4.9)
K(X) X

ENEF,G) = / (VEEF) (), (VG (1)) sty dG (1), (4.10)
K(X)
EM(F, @) := EM(F,G) + EYF,Q), (4.11)

where F,G € FC*(D(X),K(X)). It follows from formulas (4.3) and (4.4)
that, for each F € FC;°(D(X),K(X)), there exist a constant C; > 0, a set
A € B.(X) and an interval [a,b] with 0 < a < b < co such that

max{ ||V F(n,z)||x, [V*F(n, )|} < C1 xa(®) X, (s(2)),
neK(X), xe7(n). (4.12)
Since the function c¢ is locally bounded, there exists a constant Cy > 0 such
that
c(s(2))X[ap)(3(2)) < C2y € K(X), x € 7(n). (4.13)
Therefore, by (3.7), (4.12), and (4.13), the integrals in (4.9) and (4.10) indeed
make sense and are finite for any F,G € FC°(D(X), K(X)).

Using Lemma 4.1, we may also give an equivalent representation of the
bilinear forms £nt, £ext,

Lemma 4.2. For any F,G € FC;*(D(X),K(X)),

int = rdse” (— s s

& (F,G)—/K(X)dg(n)/Xd d (VoF(n+ 56,), VoG(n + 51)>X
(4.14)

ext = rdse ? i s i s

£ (F,G)/K(X)dg(n)/xd d (ds F(n+ 5$)> <dSG(17+ 52) |
4.15

Proof. Formulas (4.14), (4.15) directly follow from Corollary 3.2, Lemma 4.1,
and formulas (4.9), (4.10). O
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The lemma below shows that the introduced symmetric bilinear forms
are well defined on L*(K(X),G).

Lemma 4.3. Let F,G € FC®(D(X),K(X)) and let F = 0 G-a.e. Then
EYF,G) =0, t = int, ext, M.

Proof. For each A € B.(X), making use of Corollary 3.2, we get

/ a6 (n) / d ds e[ F(n + 56.)|xa(x) = / 4G (n) |F(n)] n(4) = 0.
K(X) b'e K(X)

Hence F(n+56,) = 0dG(n) dz ds-a.e. on K(X)x X. From here and Lemma 4.2,
the statement easily follows. O

Lemma 4.4. For # = int,ext, M, the bilinear form (%, FC;°(D(X),K(X))) is
a pre-Dirichlet form on L*(K(X),G) (i.e., if it is closable, then its closure is
a Dirichlet form).

Proof. The assertion follows, by standard methods, directly from [18, Chap. I,
Proposition 4.10] (see also [18, Chap. II, Exercise 2.7]). O

Analogously to (4.5), (4.6), we define, for a function F' : K(X) — R,
n € K(X), and z € 7(n),

(AT F)(n) = Ay [,_ F(n = s(2)0z + s5(2)d,), (4.16)

d? d
g _
(AT F) () = (CM du)
Here and below, A denotes the usual Laplacian on X (A, denoting the Lapla-

cian in the y variable). Explicitly, for a function F € FC°(D(X),K(X)) of
the form (4.2), we get

F(n— s(x)dy + udy). (4.17)

u=s(x)

N

(AXF)Ym) = > (0:0;9)((pr.m)s - - (onm)
ij=1
VI Pi(Y:8(0,2)), V| _ iy, s(2)))x

+Z i9) (Cprm)s - Qo M)A [ eily, s(2)), (4.18)

and similarly, we calculate (AQL-*F ) (7).

Proposition 4.5. For each F € FC;°(D(X),K(X)), we define

L F)) = [ dnte) T AP (119)
X
@)= [ anw OF P, ner. 4

IMF .= [ p 4 [$F, (4.21)
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Then, for # = int,ext, M, (L, FC*(D(X),K(X))) is a symmetric operator
in L?(K(X),G) which satisfies

ENF,G) = (~L*F, Q) 2k(x).0), F,G € FC2(D(X),K(X)).

The bilinear form (%, FC*(D(X),K(X))) is closable on L*(K(X),G) and
its closure, denoted by (E%, D(EY)), is a Dirichlet form. The operator

(=LF, FC* (D(X), K(X)))
has Friedrichs’ extension, which we denote by (—L*, D(LF)).

Proof. We first note that, for a fixed F € FC°(D(X),K(X)), there exist
A € B.(X) and an interval [a,b] with 0 < a < b < oo such that the functions

. 5 d
X 3 (z,8) =V, F(n+sdy), X> (x7s)|—>£F(n+s6m)

vanish outside the set Ax[a, b]. Let # = int and let F, G € FC*(D(X), K(X)).
Using Lemma 4.2 and integrating by parts in the x variable, we get

5i“t(F,G):/ dg(n)/ dzdse*S@(—AIF(n+séz))G(n+sdr).
K(X) X s

(4.22)
Note that, for F of the form (4.2), we have
(A:EF) (77 + 8575)
N
= Z (0:9;9)((orsm) + @1(,8), ..., o, m) + on (2, 5)) (4.23)

X (Vgpi(x,s), Vapj(x,s))x

N
+ Z(aig)(«%a m +e1(z,s),..., (on,m) +on(z,5)) Aupi(z, s).
- (4.24)

Hence, the function under the sign of integral on the right hand side of (4.22)
is integrable. By Corollary 3.2, (4.18), (4.19), (4.22), and (4.24), we get

e (rG) = | 990 [t ) AXp),2)60n)

. S(@)?
~ [ CLmHmGm . (4.25)
K(X)

By (4.18) and the local boundedness of the function ¢, there exist C5 > 0
and A € By(X) such that
c(s(x))
s(z)?
Hence, by (3.7) and (4.19), we get L'™F € L?(K(X),G). Thus, the bilinear

form (™ FC°(D(X),K(X))) has L2-generator. Hence, the statement of
the proposition regarding # = int holds.

(A F)(n)| < Csxalz), neK(X), ze7(n).
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The proof for § = ext (and so also for §f = M) is similar. O

Remark 4.6. Let us quickly note some natural choices of the coefficient func-
tion ¢(s). Choosing ¢(s) = 1, the intrinsic Dirichlet form becomes the closure
of the bilinear form

EMEG) = [ (TE) ). (V76 )1yt A9,
K(X)

The choice of ¢(s) = s yields, in fact, the Dirichlet form which is associated

with a diffusion process on K(X) of the type n(t) = >.o-, 5i0q,(t), Where

(z4(t))$2, are independent Brownian motions on X, see [7]. When we choose

c(s) = 52, the generator of the intrinsic Dirichlet form becomes (see (4.19))

(L F)(n) = /X dn(x) (AXF) ().

Below we denote by FC;°(D(X), K(X)) the set of the functions on K(X)
which are restrictions of functions from FC;°(D(X),M(X)) to K(X), i.e.,
they have the form (2.8) with n € K(X). We note that FCp°(D(X),K(X))
is a dense subset of L?(K(X),u) for any probability measure pu on K(X)
(see [6, Corollary 6.2.8] for a proof of this rather obvious statement). In
particular, FCp°(D(X),K(X)) is dense in L?(K(X), G). We finish this section
with the following proposition.

Proposition 4.7. Assume that the function c satisfies

/ c(s)e™?ds < . (4.26)
.
For §f = int, ext, M, we have
FC¥(D(X),K(X)) C D(E), (4.27)
and for any F,G € FC°*(D(X),K(X)), E(F,G) is given by the respective
formula in (4.9)—(4.11).
Proof. For F' € D(E%), denote E4(F) := E¥(F, F). On D(E*) we consider the
norm
1F I pes) = EHF) + | Fll 2 e(x).0) - (4.28)
Let F' € FCp°(D(X),K(X)), and for simplicity of notation, assume that F'
is of the form F(n) = g((f,n)), where g € C;°(R) and f € D(X). For each
n € N, we fix any function w,, € C°°(R) such that
X[1/n, 00) <u, < X[1/(2n), co) (429)
and
uy, ()] < 4nX(1)20),1/m) (1), tER. (4.30)
For n € N, let v, € C*°(R) be such that
X(—o00,n+1] <o, < X(—o00,n+2] (431)

and
o5, (8)] < 2 X[nt1,n42)(t), tER. (4.32)
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We define
hn(s) := sun(s)vn(s), s€RL, neN, (4.33)
and
on(z,8) := f(x)hn(s), (z,8)€ X, neN. (4.34)
Note that h, € C5°(R%) and ¢,, € D(X). Let
Fo(n) == g({en:m)), neKX), neN, (4.35)

each F, being an element of FC{°(D(X),K(X)). For each n € K(X),
() = Y fl@)s@)un(s(@))oa(s@) = (f,m) asn—oo.  (4.36)

z€T(n)

Hence, by the dominated convergence theorem, F,, — F in L?(K(X),G).
Note that

Fo(n+56:) = g({n, 1) +onle,s)), neKX), (z,5)€X.  (4.37)
Using Lemma 4.2 and formulas (4.29)—(4.37), one can easily show that
EYF, — Fp) =0 asn,m — oo. (4.38)

Since (£%, D(£%)) is a closed bilinear form on L?(K(X),G), we therefore have
F € D(E%), and furthermore £*(F,) — E¥(F) as n — oo. From here, analo-
gously to the proof of (4.38), we conclude that £%(F) is given by the respective
formula in (4.9)—(4.11) with G = F.

The statement of the proposition about £#(F,G) for general F,G €
FC¥(D(X),K(X)) follows from the above statement about £4(F) and the
polarization identity. O

Remark 4.8. Let § = int, ext, M. For §f = int, M, assume that condition (4.26)
is satisfied and the dimension d of the underlying space X is > 2. In the
forthcoming paper [7], for § = int, ext, M, we will prove the existence of a
conservative diffusion process on K(X) (i.e., a conservative strong Markov
process with continuous sample paths in K(X)) which is properly associated
with the Dirichlet form (£%, D(E¥)), see [18] for details on diffusion processes
properly associated with a Dirichlet form. In particular, this diffusion process
is G-symmetric and has G as an invariant measure.

Remark 4.9. Let # = int,ext, M. Consider the Dirichlet form (£%, Dy (EF))
which is defined as the closure of the bilinear form (€%, FCp°(D(X),K(X))).
By Proposition 4.7, the Dirichlet form (£%, D(E*)) is an extension of the
Dirichlet form (&, D1(£Y)), ie., D1(E*) C D(EF). So, there is a natural
question whether these Dirichlet forms coincide, i.e., D1(£%) = D(&E%), or,
equivalently, whether the set FC;°(D(X),K(X)) is dense in in the space
D(EY) equipped with norm (4.28). We do not expect a positive answer to
this question. Furthermore, we do not expect the existence of a conservative
diffusion process on K(X) which is properly associated with the Dirichlet
form (£% Dy (EY)).
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5. Essential self-adjointness of the generators

In this section, for § = int, ext, M, we will discuss the essential self-adjointness
of the operator (Lf, D(L*)) on the domain FC;°(D(X), K(X)).

Theorem 5.1. Let § = int,ext,M. Let the function ¢ : R% — [0,00) be mea-
surable and locally bounded. For § = M, assume additionally that

c(s) = ars + azs® + azs® (5.1)
for some a; > 0, i = 1,2,3, max{ay,as,az} > 0. Then the operator (L*,
FC¥(D(X),K(X))) is essentially self-adjoint on L*(K(X),G).
Proof. Fix any F € FC°(D(X),T(X)) and v € I'(X). Consider the function
X\ 73 (2,8) = F(y+3(a,6).
It is evident t}}at this function admits a unique extension by continuity to the
whole space X. We denote the resulting function by F(y + d(,,)), although
7Y + 8(z,s) is not necessarily an element of F(X) Note that F (v + d(.s)) is a
smooth functions of (z,s) € X.
We preserve the notation (€%, D(£*)) for the realization of the respective
Dirichlet form on I'¢(X). Thus, (€%, D(E%)) is the closure of the bilinear form

(&%, FCi°(D(X), I(X)))

on L2(I'(X),n). Furthermore, by the counterpart of Lemma 4.2 for the do-
main
FC(D(X),K(X)), we get, for any F, G € FC;°(D(X),T'(X)),

gint(F7 G)
_sc(s
= / (X’) dﬁ('y)/xdxdse g<vxF(7+6(1,5))7va<7+5(1’,s))>X
pf

gext (F G)

:/ /dxdse ( (7+5”)) <ddSG(v+5(m,s))>,

EX(F, G) 5““ F,G) + E%(F,G). (5.2)

We keep the notation (L#, D(L*)) for the generator of the closed bilinear
form (€%, D(£%)) on L%(T,s, 7). We easily conclude from Proposition 4.5 that

FC¥(D(X),I(X)) € D(LF)
and for each F € FC°(D(X),T(X)) and'yeF(X)

(L™ F)(y / (. ) (AXF)( ), (5.3)

(L) (7) = /X dy(z,5) s (g™ F)(), (5-4)
(LEF)(7) = (L™ F)(7) + (L™F)(7), (5:5)
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with
(A;(F)(’Y) ::Ay|y:IF(7 - 6(30,5) + 6(y,8))’
R d? d
@F R0 =( 4 - 20)

du?  du

Uu=s

We equivalently have to prove that the symmetric operator (Lf,
FCP(D(X),T(X))) is essentially self-adjoint on L?(I'(X),7). Denote by
(H!, D(H")) the closure of this symmetric operator on L?(I'(X), 7). So we
have to prove that the operator (H*, D(H?)) is self-adjoint.

It is not hard to check by approximation that, for each ¢ € D(X )
and n € N, F = (p,-)" € D(H*) and (H*F)(vy) is given by the right hand
sides of formulas (5.3)—(5.5), respectively. Hence, by the polarization identity
(e.g. [3, Chap. 2, formula (2.17)]), we have

<9017'>”'<90na'> GD(Hﬁ)a 9017~~-790n€D(X)7 n €N, (56)
and again the action of H* onto a function F' as in (5.6) is given by the right
hand side of formulas (5.3)-(5.5), respectively. Let P denote the set of all
functions on I'(X') which are finite sums of functions as in (5.6) and constants.
Thus, P is a set of polynomials on I'(X), and P C D(H*). Furthermore,

(—H*F,G) o r(5).m) = E'(F,G), F,G €P, t=int,ext,M. (5.7)

In formula (5.7), £4(F, G) is given by formulas (5.2).
For a real separable Hilbert space H, we denote by F(#) the symmetric
Fock space over H. Thus, F(H) is the real Hilbert space

HmzéﬂWm

where FO(H) := R, and for n € N, F((H) coincides with HO" as a set,
and for any (™, g(") e F(") (%)

(f(n)’ g(n))]__(n)(ﬂ) = (f(n)7 g(n))H@n nl.

Here ® stands for symmetric tensor product.
Recall the measure s on X defined by formulas (3.2), (3.3). Let

I:LA(T(X),7) = F(L*(X, »)) (5.8)

denote the unitary isomorphism which is derived through multiple stochastic
integrals with respect to the centered Poisson random measure on X with
intensity measure s, see e.g. [27]. Denote by P the subset of F(L2(X, s))
which is the linear span of vectors of the form

01 O P2 OO Py, gph...,goneD(X'), neN

and the vacuum vector ¥ = (1,0,0,...). For any ¢ € D(X), denote by M,

the operator of multiplication by the function (g, -) in L*(T'(X), ). Using
the representation of the operator 1M1 —! as a sum of creation, neutral, and
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annihilation operators in the Fock space (see e.g. [27]), we easily conclude
that I'P =P.
We define a bilinear form (£%,P) by

E¥f,g) =EXI I g), figEP

on F(L(X, x)).
For each (z,s) € X, we define an annihilation operator at (z,s) as
follows:

P

<

A(a,s)

is the linear map given by

n

Oa)¥ =0, D) PLOP20--Opn == 3 @i(%, 9)P1OP20- - -OP;O- - - Oy,
i=1
(5.9)
where ¢; denotes the absence of ;. We will preserve the notation J(, , for
the operator 19, )1 —1:P — P. This operator admits the following explicit
representation:

for m-a.a. v € T(X), see e.g. [10,20]. Note that
VJEF(FY + 6(w,s)) =V, (F(7 + 5(w,s)) - F('Y))a
d d
T P+ 0s) = d?<F(7 + 0(a,s)) — F (7).
Hence, by (5.2), for any F,G € P,

. _sC

e(r.G)= [ dnty) [ dwdse BT 000 F0). V200060
r(xX) X S

ext —s a 8

EXYF,G) = dm(v) | dxdse 7 0w F(V) ) | 70,sG(Y) |,
r(X) X ds 0Os

EM(F, Q) = EMY(F,G) 4 E¥Y(F, G).

Hence, for any f,g € P,

d

éi‘“(f,g)z/d%o:s Z(al s O ) A
X e F(L2(X,5))

5 0
gext(‘ﬂg) :/A d%(fﬂ, S) < a(m s)f7 (w s)g> R )
X F(L2(X,5))
EN(f,9) = EM(f,9) + E7(S, 9)- (5.10)

)
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Consider the bilinear forms

€ (o) = /X doe(z, ) UV o, 8), Vo, ) .

s
€™ (p,1) = / dx(z,s) s (a@(%S)) (a¢($,8)> :
% 0 ds
€ (p,¥) = €™ (0, 8) + €(p,0), @9 € D(X), (5-11)
on L? (X , 7). We easily calculate the L?-generators of these bilinear forms:
¢ (o, 0) = (L0 9) 12y 09 € D(X), (5.12)

where for ¢ € D(X)

(€ o)a5) = W Aspta, ),

0? 0
ext _ _
(’8 90)(‘7"75)_5(682 83) (P("E,S),
0? 0

. (s
oMy = gint, 4 gexty, — % Agp(x,s)+s (852 - 85) o(x,s). (5.13)

Let us now recall the notion of a differential second quantization. Let
(A, D) be a densely defined symmetric operator in a real, separable Hilbert
space H. We denote by F,i5(D) the subset of the Fock space F(#) which is
the linear span of the vacuum vector ¥ and vectors of the form @1 ®p2®---®
©n, where ¢1,...,¢0, € D and n € N. The differential second quantization
dExp(A) is defined as the symmetric operator in F(#) with domain F,i4(D)
which acts as follows:

dExp(A)¥ :=0,

dExp(A)p1 © P2 @+ Oppi=Y P1O P @+ O (Ap) @+ O oy
i=1
(5.14)
By e.g. [3, Chap. 6, subsec. 1.1], if the operator (A, D) is essentially self-
adjoint on #, then the differential second quantization (dExp(A), Faig(D))
is essentially self-adjoint on F(H).

Now, we note that P = Faig(D(X)). By (5.9)(5.14) (see also [3, Chap. 6,
Sect. 1]), an easy calculation shows that
ENf,9) = (dExp(=LH) [, 9) r(12(% sy » 129 € P, # = int, ext, M.
Hence, by (5.7),
HYf = dExp(£h)f, feP, #=int,ext, M. (5.15)

Here H! := IH!I~!. To prove the theorem, it suffices to show that the
operator (H*,P) is essentially self-adjoint on L?(K(X),G), or equivalently
the operator (H!, P) is essentially self-adjoint on F(L%(X,)). By (5.15),
the theorem will follow from the lemma below. O
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Lemma 5.2. Under the assumptions of Theorem 5.1, the operator (Eﬁ,D(X))
is essentially self-adjoint on L*(X, 5), f = int, ext, M.

Proof. We will only discuss the hardest case ff = M. We denote by (£, D(£M))
the closure of the symmetric operator (£",D(X)) on L?(X, »). We denote
by S(X) the Schwartz space of real-valued, rapidly decreasing functions on
X (see e.g. [23, Sect. V.3]).

Claim. For each f € S(X) and k € N, the function ¢(z,s) = f(z)s*
belongs to D(£M), and £M¢ is given by the right hand side of (5.13).

Indeed, for any functions f € D(X) and g € C§°(R% ), we have f(x)g(s) €
D(X) ¢ D(£X). Hence, by approximation, we can easily conclude that, for
any functions f € S(X) and g € C§°(R%), we have f(z)g(s) € D(£X).

Fix any function v € C*°(R) such that x[1,00) < u < X[1/2,00)- Let

L / "
Cui= , amax max{ |u/ (1)}, [u" (B)] } < oo.

For n € N, let u,(t) := u(nt), t € R. Then

X[1/n,00) < Un < X[1/(2n), 00) (5.16)
and
lur, (1) < Canxpiyny,1/m)(t), Ul (t)] < Can’Xpiyny, 1/m(t), tER, neN.
(5.17)

We also fix any function v € C°°(R) such that x(_, 1) < v < X(—0,2]- For
n €N, set v,(¢t) :=v(t —n), t € R. Hence

X(—o0,n+1] < Un < X(—co, nt+2]> (5.18)
and for some C5 > 0
max{ v, ()], [v, ()] } < C5 Xfn+1,n42, tER, neN. (5.19)
We fix any k£ € N and set
gn(8) = s"un(s)vn(s), se€R:, neN (5.20)
Clearly, g, € C3°(R%). We fix f € S(X) and set
on(z,8) == f(x)gn(s), (z,5)e X, neN. (5.21)
Thus, ¢, € D(£X). By the dominated convergence theorem,
on(z,5) = @(x,s) == f(x)s* in L*(X, ) as n — oo. (5.22)
We fix any 1 € D(X). Then
(—£%0n ) 2%,y = €00, ¥), nEN (5.23)
It is easy to see that
lim (. 9) = (g, ). (5.24)

In (5.23) and (5.24) , €"(. ) is given by the formulas in (5.11). Hence
nh_?;o(EM@mib)m()z,%) = (£M¢,¢)L2(X7%). (5.25)
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We stress that, in (5.25), the function £%p € L?(X, ») is given by formulas
in (5.13), however we do not yet state that ¢ € D(£M).
By using (5.16)—(5.21), it can be easily shown that

sup [|€%0n [ 12 (% 0y < 00
neN

Hence, by the Banach—Alaoglu and Banach—Saks theorems (see e.g. [18, Ap-
pendix, Sect. 2]), there exists a subsequence (¢n;)?2; of (pn)n%; such that

the sequence (£Y¢;)2°, converges in L?(X, »). Here

1< ,
gi 1222%”7 i €N,
j=1

We note that, for each i € N, & € D(X), and by (5.22)
& — ¢ in L}(X, %) as i — oo. (5.26)
Furthermore, by (5.25),
Jim (8Y65,0) 12 5y = (£%0.0) a5, ¥ €DX).
Hence
eMe; - eMy in L2(X, ) as i — oo. (5.27)
By (5.26) and (5.27), we conclude that & — ¢ in the graph norm of the

operator (£, D(€M)). Thus, the claim is proven.
We next note that

L3 (X, ) = L*(X,dz) ® L*(R*, \) (5.28)
(recall (3.2)). Evidently, S(X) is a dense subset of L?(X,dz). Furthermore,

the functions {s¥}2°, form a total set in L*(R*,\) (i.e., the linear span of
this set is dense in L?(R%, \)). Indeed, consider the unitary operator

L2(R%,A) 3 g(s) — 9(s) € L*(R%, se™* ds).
S

Under this unitary operator, the set {s*}2 | goes over into the set {s¥}22.
But the measure xr- (s)se”* ds on (R, B(R)) has Laplace transform which is

analytic in a neighborhood of zero, hence the set of polynomials is dense in
L*(R%, se™* ds). Therefore, the set

T :=Ls.{f(z)s" | f € S(X), k € N}

is dense in LQ(X, ). Here 1.s. denotes the linear span. By the Claim, the set
T is a subset of D(£M). Note also that the operator £¥ maps the set T into
itself.

Since the symmetric operator (£ D(€M)) is an extension of the oper-
ator (€Y, 1), to prove that (€Y, D(£M)) is a self-adjoint operator, it suffices
to prove that the operator (£ T) is essentially self-adjoint.

We denote by L(zC (X , ») the complex Hilbert space of all complex-valued
s-square-integrable functions on X. Let T¢ denote the complexification of
T, ie., the set of all functions of the form ¢q + ips, where 1,9 € T.
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Analogously, we define L2 (X, dz) and Sc(X), the Schwartz space of complex-
valued, rapidly decreasing functions on X. We extend the operator £ by
linearity to Yc.
Recall that the Fourier transform determines a unitary operator
§:LA(X,dx) — LA(X,dx).
This operator leaves the Schwartz space S¢(X) invariant, and furthermore

S':S(C(X) — Sc(X)

is a bijective mapping. Under §, the Laplace operator A goes over into the
operator of multiplication by —||z||%, see e.g. [24, Sect. IX.1]. Using (5.28),
we obtain the unitary operator

F®1:LA(X, ) = LA(X, »).

Here 1 denotes the identity operator. Clearly § ® 1 : T¢ — Y is a bijective
mapping. We define an operator ™ : T¢ — Y¢ by

Hi=FeniFel)!
Explicitly, for each ¢ € T,

w0 = =L el o) 45 (5 - 5 ) el (529)

It suffices to prove that the operator (MM, Y¢) is essentially self-adjoint on
L2(X, 5).

Since the operator (R™, Y¢) is non-positive, by the Nussbaum theorem
[21], it suffices to prove that, for each function

p(z,8) = f(x)s" (5.30)
with f € D(X) and k € N,
n 1/2n
}jan el 2tz = o0 (531)

For a function ¢(x, s) of the form (5.30), by virtue of (5.1) and (5.29), we get
(R) (2, )
—(a1* + @zt + agst ) 2% £(w) + ((k — 1)1 — ksh) ()
= (R 0)(z,5) + (RG'0) (2, 5) + (W' 9) (2, 5) + (R3'p)(x,5).  (5.32)

Here
(R 0) (2, 8) = k(k — 1)s" f(2),
(Re'p) (@, 8) = (—ar||zl5 — k)s" f(2),
(RY'0) (2, 8) = —asla]5s"H f(x),
(R3'0) (2, 8) = —agla]5s" 2 f(x). (5.33)
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ml::/
R

Since the Laplace transform of the measure XR?, (s)e*ds on R is analytic in
a neighborhood of zero, there exists a constant Cg > 1 such that

mp < CLl!l, 1€N. (5.35)

For [ € N, denote

st d)\(s):/ s'7le™5 ds. (5.34)

i 0

Consider a product 9{11-\411 e i)‘i%gp, where iy, ..., i, € {—1,0,1,2}. Denote
by l; the number of the S{E/H operators among the operators D‘ileI, e ,i)%lxﬂb.
Thus, I_1 + lop + {1 + lo = n. Note that the function f(x) has a compact
support in X, hence the function ||z||% is bounded on supp(f). Recall also
the estimate

(2! <47 (1%, jEN. (5.36)
Hence, by (5.32)—(5.36), we get:
193] - R 0l L2 5 by < OF (k=loa+li4200)! (k=1 1+ +205)* -1 F (5.37)

for some constant C7 > 0 which is independent of [_1,ly, 11,2, n. Since j! <
47, we get from (5.37)

1935} - Rl L2 (5 ey S OF (k= 1oy + 11 4 20p)F Ittt
= C?(k —l 4+ + 2[2)k+l—1+lo+l1+2l2
< C7(k + 2n)k 2,

Therefore,
IR @l 2 5y < (AC7)" (K + 20) 2,

From here (5.31) follows. O

Let us recall the notion of a second quantization in a symmetric Fock
space. Let H be a real separable Hilbert space, and let () be the symmetric
Fock space over H. Let B be a bounded linear operator in H, and assume
that the operator norm of B is < 1. We define the second quantization of
B as a bounded linear operator Exp(B) in H which satisfies Exp(B)¥ := ¥
(T being the vacuum vector in F(H)) and for each n € N, the restriction of
Exp(B) to F™(H) coincides with B®".

Let the conditions of Theorem 5.1 be satisfied. For § = int, ext, M[, recall
the non-positive self-adjoint operator (£, D(£#)) in L2(X’7 »). By Lemma 5.2,
this operator is essentially self-adjoint on D(X) and, for each p € D(X), Lho
is given by (5.13). Recall the unitary operator I in formula (5.8). In view of
the bijective mapping R : pr(f() — K(X), we can equivalently treat the
operator I as a unitary operator

I:L*(K(X),G) — F(L*(X, »)) (5.38)

(recall that the Poisson measure 7 is concentrated on I',¢ (X)).
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Corollary 5.3. Let the conditions of Theorem 5.1 be satisfied. Then, for § =
int, ext, M, we have

Tett -1 = Exp(ewu), t >0,

i.e., under the unitary isomorphism (5.38), the semigroup (etLu)tzo with gen-
erator (L*, D(LF)) goes over into the semigroup (EXp(etSﬁ))tZO — the second

quantization of the semigroup (emﬁ)tzo with generator (£f, D(LF)).
Proof. Tt follows from the proof of Theorem 5.1 that
TV f = dExp(€9)f, f € Fae(D(X)),

and the operator d Exp(£*) is essentially self-adjoint on falg(D(X)). From
here the result immediately follows (cf. e.g. [3, Chap. 6, subsec. 1.1]). O

Remark 5.4. Consider the operator (£, D(£°*")). We define the linear op-
erator
£ext e 82 a Coc R*
R;U(S) =5|53 "3, u(s), ueCg°(RL).
It follows from the proof of Lemma 5.2 that this operator is essentially self-
adjoint on L?*(R%,\), and we denote by (Sﬁ’g,D(ﬂ%’i)) the closure of this

operator. Recall that L(X, ) = L?(X,dz) ® L%(R%, \). Using (5.13), it is
easy to show that
L =10 LY.

Using e.g. [25, Chap. XI], we easily conclude that (SH‘S&K D(Sﬁ’ij)) is the gen-
erator of the Markov process Y (¢) on Ry = [0,00) given by the following
space-time transformation of the square of the 0-dimensional Bessel process
Q):

Y(t) = e *Q((e* —1)/2).
Note that, for each starting point s > 0, the process Y (¢) is at 0 (so that it
has exited R%) with probability exp(—s/(1 —e")), and once Y (t) reaches
zero it stays there forever (i.e., does not return to R ).
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