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Integral models of representations of
the current groups of simple Lie groups

A.M. Vershik and M.I. Graev

Abstract. For the class of locally compact groups P that can be written
as the semidirect product of a locally compact subgroup Py and a one-
parameter group RY} of automorphisms of Py, a new model of representa-
tions of the current groups P¥X is constructed. The construction is applied
to the maximal parabolic subgroups of all simple groups of rank 1. In
the case of the groups G = SO(n,1) and G = SU(n, 1), an extension
is constructed of representations of the current groups of their maximal
parabolic subgroups to representations of the current groups G~ . The key
role in the construction is played by a certain o-finite measure (the infinite-
dimensional Lebesgue measure) in the space of distributions.
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2 A.M. Vershik and M.I. Graev
1. Introduction

1.1. The construction of an invariant multiplicative integral of representations,
that is, an irreducible representation of the group L*°(X;G) = G¥ of currents,
bounded measurable functions on a measure space (X, m) with values in a semisim-
ple Lie group G, was described in the early 1970s in [1] and [2]. Later it turned
out that this construction can be embedded in a general scheme described several
years earlier by Araki in terms of the Fock space (see [3]). However, as the author
of [3] himself observes, this scheme was applied only to solvable and nilpotent Lie
groups, and semisimple groups were not considered. Formally, the question is about
a non-commutative analog of infinitely divisible measures, that is, semigroups of
states on groups, and an analogue of the Lévy—Khinchin formulae, but of a very
special form. The key point is to find non-trivial cohomologies of the group with
values in an appropriate unitary representation. The construction suggested in [1]
of an integral of representations for the group SL(2,R) implicitly contained such
a cocycle. An explicit description of the cohomology for SL(2,R) and other simple
Lie groups is given in [4].

The existence of an irreducible unitary representation 7 of G with H*(G;7) # 0
is a sufficient (and in Araki’s scheme, that is, for the Fock factorization, also neces-
sary) condition for the existence of a multiplicative integral of representations. In
turn, this condition means that the group G must not satisfy the Kazhdan prop-
erty (T) [5] (see the book [6] and the bibliography therein), that is, the trivial
representation must not be isolated in the space of unitary representations with
the Fell topology. Indeed, as proved in [7], a representation 7 with non-zero group
H'(G;7) must be ‘glued’ to the trivial representation (in the terminology of [7], it
must be infinitesimal). Among the classical simple Lie groups G, only SO(n, 1) with
n > 1 and SU(n, 1) with n > 1 have such representations, and only these groups
admit an invariant multiplicative integral of representations in the Fock model.

An analysis of the original papers [1], [2], [8]-[10] showed that there is an alter-
native approach to the description of Fock representations. At first it appeared
as a mere result of the diagonalization of the representations considered in [1] for
the group SL(2,R) with respect to the unipotent subgroup [11], [12]. A neces-
sary consequence of this diagonalization was the definition of a remarkable o-finite
measure in the space of discrete measures on X. However, the true essence and
the depth of the alternative description of the multiplicative integral of representa-
tions became clear only after a study in [13]-[16] of the general case of the groups
SO(n, 1) with n > 1 and SU(n, 1) with n > 1. In the present paper we summarize
the results obtained in this series of papers; we regard it as a preparatory step
towards a monograph devoted to representations of current groups. In contrast to
the Fock model, the alternative model, which for certain reasons was called the
integral model, essentially uses specific properties of simple groups of rank 1 (more
precisely, of their maximal parabolic subgroups) and the invariance of a certain
o-finite measure with respect to the continual Cartan group. That is why it is not
as general as the Fock model, and the isomorphism between the integral and Fock
models is very involved. But first, it allows one to give a much simpler proof of
the irreducibility and other properties of the representation, and second, it leads
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to a new explicit interpretation of the notion of continuous tensor product, which
undoubtedly will be useful in the future.

1.2. A brief introduction to the Fock and the integral models.

1.2.1. Let us first describe the original (Fock) model in full generality. It is based
on the construction of the exponential of a Hilbert space, which is a formalization,
on the one hand, of the Fock space, and on the other hand, of the L? space with
respect to a Gaussian measure (the Wiener-Ito6 space).

The exponential of a Hilbert space H is defined via the decomposition

1 1
A =EXPH=CoH®—=S’H®p —S’H®---,
V2! V3!

where S™H is the nth symmetric tensor power of H, and one defines a map
exp: H — EXP H by

1 1
—h®hd —
V2! V3!

The following relations hold:

exph=1®h& h@h@h®---€ 5 forheH.

EXP(H, ® H,) = EXP H; ® EXP Hy,
(exp h1,exp hg) = elhi:h2) exp(h1 + ha) = exp h1 ® exp ho.

The exponentials exp h form a total set in 57, that is, their linear span is dense
in 7. Using these exponentials, one defines the whole structure of the Fock space:
the decomposition into multi-particle subspaces, the creation and annihilation oper-
ators, and so on. Unitary operators that act in the space . and preserve its struc-
ture are said to be factorized. They are parameterized by triples (A, b, ¢), where A
is a unitary operator on H, b € H, and ¢ € C with |¢| = 1, and they form the group
of ={(A,b,c): Ae Unit(H), be H, c € C, |c|] =1} with the multiplication law

(A1, b1, ¢1) (Az,ba, ca) = (A1 Az, by + Arby, crcz exp(iIm (by, A1by))).
The action of this group on exponentials is defined as follows:
(A,b,c)(exph) = cexp(iIm(b, h)) - exp(Ah + D).

Thus, the group &7, which is sometimes called the Bogolyubov group, is a central
extension of the group of isometric motions of the space % (that is, the semidirect
product of the group Unit(H) and the group of translations P).

It is easy to see that a representation of the current group GX = L*(X,G)
determines a factorization in the representation space. If we assume that this is
a Fock factorization, then the representation can be factored through the group of
factorized operators (the Bogolyubov group). Under the assumption that the rep-
resentation is invariant under the group of all measure-preserving transformations
of the space X, we see immediately that this representation is parameterized by
a unitary representation 7 of the group G itself on H and by a 1-cocycle §: G — H
of G with values in H. For the representation of G to be irreducible it is sufficient
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that the representation 7w be irreducible and that the cocycle 8 not be cohomolo-
gous to zero (see [2], [12], [17], [18]). This general scheme does not use any specific
features of the groups under consideration. The problem reduces to finding appro-
priate pairs w, (3 for a given group or proving that such pairs do not exist. It is
this fact that leads to the above-mentioned answer for the simple Lie groups, since
among these groups special representations with non-trivial H!(G; ) exist only for
SO(n, 1) with n > 1 and SU(n, 1) with n > 1.

For convenience the groups SO(n, 1) and SU(n, 1) are replaced by their extensions
O(n,1) and U(n,1) in all constructions.

Note that the special representations of the groups SO(n,1) and SU(n,1), as
well as of their extensions O(n, 1) and U(n,1), are trivial on their centres, so that
they reduce to representations of the projectivizations of these groups. Accordingly,
the Fock representations of the current groups GX reduce to representations of the
projectivizations of GX.

1.2.2. The integral model of representations of current groups, which we study in
what follows for the groups G = O(n, 1) with n > 1 and G = U(n, 1) with n > 1, is
essentially based on the structure of the groups G. We do not use the existence of
representations of the current groups and do not consider their cohomology groups,
but on the contrary obtain all this information along the way. The following two
fundamental facts about the groups G = O(n, 1) with n > 1 and U(n,1) withn > 1
are of importance for us.!

(A) The irreducible special representations of these groups remain irreducible

when restricted to the maximal parabolic subgroup.

(B) The maximal parabolic subgroup P of each of these groups is the semidirect

product of the multiplicative group Ry and a certain subgroup P, having
a one-parameter family of irreducible unitary representations 7., r > 0,
on which there is a transitive action of the group R, of automorphisms; the
family 7., r > 0, is a deformation of the trivial representation (corresponding
to r =0).

The first fact reduces the problem of constructing a representation of the current
group GX to that of constructing a representation of the current group P*, where P
is the maximal parabolic subgroup of G. The latter problem can in turn be solved
due to the second fact and, principally, to the existence of a remarkable o-finite
measure in the space of distributions, about which we will say several words at
the end of the Introduction. The aim of our paper is to describe this solution in
detail. The authors hope to give a more detailed treatment of the whole circle
of problems related to representations of current groups in the book which is now
under preparation.

The measure, which in [19]-[21] was called the infinite-dimensional Lebesgue
measure and which is denoted by £ in what follows, appeared in [11], [12] as
the measure whose Laplace transform occurred naturally in the diagonalization
of a representation of the group of SL(2,R)-currents. Later, it was discovered
that this measure, as well as the one-parameter family %, ¢ > 0, in which it

LAll the techniques used in what follows apply also to the two infinite-dimensional groups
O(o0,1) and U(oco, 1), and this enables us to construct the desired representation of the corre-
sponding current groups.
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is included (for 8 = 1), has a number of remarkable relations and properties. It
is related to the Poisson—Dirichlet measure, the gamma process, and the Lévy
processes corresponding to stable laws. The fundamental property of this measure
is its invariance with respect to the continual analog of the Cartan group and its
uniqueness under some natural assumptions; for more detail, see [21]. See also [22]
for a detailed study of the quasi-invariance of the Lévy measure of the gamma
process and its equivalence to %.

In conclusion, we would like to note that up to now the possibilities of using
other factorizations have not been studied at all from the viewpoint of constructing
a multiplicative integral of representations. We mean, first, non-Fock type I factor-
izations whose existence was proved in [23] and, second, factorizations of types II
and III. The latter appear in projective representations of current groups on the
circle, that is, in Kac—-Moody modules. These representations are totally different
from those described above; they essentially rely on the positivity of the energy,
the one-dimensionality of the base X, and the projectivity. It may well happen
that bringing in non-Fock factorizations will extend the class of groups for which
a multiplicative integral does exist, as well as the class of representations that can
be obtained in this way. One should also remember that there may also exist
non-unitary analogues of this theory, which also have not been studied.

1.3. Let us briefly describe the contents of the paper. In §2 we describe the
infinite-dimensional Lebesgue measure .#, which is the basis for the construction
of integral models of representations of the groups G, and we compute some
integrals with respect to this measure.

68 3 and 4 are devoted to constructing and studying integral models of repre-
sentations of the current groups PX for the class of locally compact groups P that
can be written in the form P = R% K Fy. This class includes, in particular, the
maximal parabolic subgroups of simple Lie groups of rank 1, that is, of the groups
SO(n, 1), SU(n, 1), and Sp(n, 1).

The elements r € R* induce the automorphisms g +— g" of the subgroup P, and
thus assign to every representation 1" of Py a one-parameter family of representa-
tions that act as T,.(¢g) = T'(g"). We consider representations T of P, satisfying the
following condition: the space H of T' contains a vector h of norm ||h|| = 1 such
that the estimate

T (g)h — h|| < c(g)r for every g € Py

holds for sufficiently small r. It follows from this condition that the family of repre-
sentations T, is a deformation of the identity representation of Py, that is, it tends
to the identity representation in the Fell topology as r — 0. We call such a rep-
resentation canonical. We observe that this notion of a canonical representation is
stronger than that introduced in other papers (see, for example, [1], [12], [24]).

The direct integral T of the representations 7T, with respect to the multiplicative
measure d*r = r~! dr, that is,
oo
/ T, d*r,
0
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can be naturally extended to a representation’fof the whole group P =R" K Fy:

(T(ro) f)(r) = f(ror) for ro € R%. The representation obtained has a non-trivial
1-cocycle.

The construction of the integral model of representation of the group PX is
similar to the construction of a representation T of the group P from a repre-
sentation T of the group Fy. In this construction, Py is replaced by the current
group Pg*, and the representations T, of Py are replaced by the representations
Te(9()) = Qpey Ty, (1) of P5* on countable tensor powers of the space H. Here £
runs over the points of the cone

oo

L = {e= Yo na,

k=1

rp >0, ZTk<OO, xkEX},
k

on which the infinite-dimensional Lebesgue measure .Z is concentrated. To obtain
the desired representation of the current group PX we consider the direct integral
of these representations of P with respect to the measure . and, using the
properties of this measure, construct an extension of this representation of POX to
a representation of PX. The representation of P¥X thus obtained will be called the
integral model and denoted by INT T

We prove that the representations obtained in this way are irreducible, and we
establish their relation to Fock representations.

The subsequent sections are devoted to the integral models of representations
of the current groups PX, where P is the maximal parabolic subgroup of the Lie
group O(n, 1), U(n,1), or Sp(n, 1) (§§5, 7, and 8, respectively). The case

P c SL(2,R) = SU(1, 1)

is treated in a separate section (§6). These groups P can be written as the semidi-
rect products P = R% < Py, and the subgroups Fy have canonical representations.
In each of these cases we give a description of the canonical representations of P,
and thus, according to the general construction, a description of the corresponding
integral models of representations of the current groups PX.

The main problem here is to get representations of the current groups O(n, 1)%
and U(n, 1) as extensions of the integral models of representations INT T of the
corresponding current groups PX. To this end we consider canonical representa-
tions 1" of P, such that the associated special representations of P can be extended
to representations of the corresponding simple Lie group. For them we explicitly
construct an extension of the integral model INT T to a representation of the current
group of the corresponding simple Lie group. The models obtained are compared
with the Fock models of representations of these groups constructed in [12], [25].
Simultaneously, this construction leads to new models of the special representations
of the groups O(n,1) and U(n, 1), models which are of independent interest.

2. The measure .Z in the space of distributions

2.1. The definition of the measure .. We consider an arbitrary manifold X
with a fixed continuous non-negative finite Borel measure m. The construction
of the integral models of representations of the current groups G is based on the
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existence, in the space D(X) of Schwartz distributions on X, of a certain measure .Z

which is an infinite-dimensional analogue of the Lebesgue measure. This measure

appeared in [11], [12] and was investigated in the series of papers [19]-[21]. Here we

only give the definition of .Z and present its main properties used in what follows.
With each finite partition of X into measurable sets,

X=X, mX)=M k=1...n,
k=1

we associate the cone ., = R} of piecewise constant positive functions of the form

kaXk fw >0,

where yj is the characteristic function of X, and we denote by ®, = (R’jﬁ)’ the
dual cone in the space of distributions.
We define a measure .Z,, on ®, by

n Ap—1
lg
dZn(rs.. e =[] % where Ay = m(Xy). (2.1)
im1 Ak

Let D4 (X) € D(X) be the set (cone) of non-negative Schwartz distributions
on X, and let I} (X) C D (X) be the subset (cone) of discrete finite (non-negative)
measures on X, that is,

100 ={e=3 n,

k=1

r > 0, Zrk<oo xkeX}

There is a natural projection Dy (X) — ®,.

Theorem-definition. There is a o-finite (infinite) measure £ on the cone D4 (X)

that is finite on compact sets, concentrated on the cone l}r(X), and such that for

every partition « of the space X its projection on the subspace ®, has the form (2.1).
This measure is uniquely determined by its Laplace transform

F = (X)exp(—gkjmfm)) d.z(s):exp(— /. logf(w)dm(w)) (2.2)

where f is an arbitrary non-negative measurable function on (X, m) which satisfies
S log f(x) dm(z) < co.

Elements of 1 (X) will be briefly denoted by & = {ry,zx}72,, or even just
¢ = {ri,xr} (sequences that differ only by the order of elements are regarded as
identical).

Remark. The Laplace transform is well defined for a wide class of o-finite mea-
sures . for which there are sufficiently many linear functionals with non-infinite
distribution, and there is a uniqueness theorem for measures with a given Laplace
transform.
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As in the case of the classical Laplace transform, the formula (2.2) for the char-
acteristic functional of the measure . makes sense for every complex-valued func-
tion f(z) with positive real part and with [ log f(x)dm(x) < oco. Hereafter, log
stands for the branch of the logarithm with log1 = 0 on the complex plane cut
along the negative real axis.

The following characteristic definition of the measure . is important for our
purposes. Let A(X) be the group (with respect to multiplication) of all non-negative
measurable functions a(z) on X with convergent integral [, loga(z)dm(z) = ¢,
and let Ag(X) be the subgroup of functions a(z) with ¢ = 0. With each function
a € A(x) we associate the operator M, that multiplies elements { = ", 710, of
the cone I} (X) by a(z):

M, Z Ti0n, = Z a(xg)rEdy, -
k

k

Theorem 2.1. The measure £ on the cone I (X) is uniquely determined by the
following two properties.

1) Projective invariance with respect to the group # of multipliers My: for every
function a € A(X) the operator M, multiplies the measure £ by expc, that is,

4% (a()€) —exp( /X log a(z) dm(x)) d.2(¢). (2.3)

In particular, the measure £ is invariant with respect to the subgroup .y of mul-
tipliers M, with a € Ay(X).

2) Invariance and ergodicity with respect to the group of all measure-preserving
transformations of (X, m).?

The fact that . satisfies these properties follows from the formula (2.2) for its
Laplace transform. For the uniqueness, see [20], [21].

It follows from Theorem 2.1 that the measures .Z thus defined depend only on
the one parameter # = m(X), and that under convolution they form a multiplicative
semigroup with respect to 8 > 0.

In the construction of integral models it suffices to consider only one of these
measures, so in what follows we assume that 6 = 1, that is, m is a probability
measure. It is natural to call .Z the infinite-dimensional Lebesgue measure, since
it generalizes the invariance properties of finite-dimensional Lebesgue measure on
the non-negative octant. The novelty of the infinite-dimensional case is that .
is ergodic with respect to the group of multipliers. We will formulate this fact
separately.

Theorem 2.2. The group # of multipliers acts ergodically on the cone l_1~_(X)
equipped with the measure L.

2As shown in [20], property 2) is a corollary of 1).

3In the finite-dimensional case this group is SDiag, (the positive part of the Cartan group),
and it acts transitively on each of the hyperspheres z12z9-- -z, = const, z; > 0,7 =1,2,...,n,
that is, the action of SDiag on the cone R is not ergodic.
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2.2. Computation of some integrals with respect to the measure .Z. Let
us apply the properties of the measure £ to computing the integral

/ll () < H P, o ) Z(8), (2.4)

where (7, z) is a function on R* x X satisfying the conditions

©(0,z) =1 and /X /000 (¢(r,z) — e ")r~ " drdm(z) < oo. (2.5)

Theorem 2.3. The following equality holds:

/z}r(x) <If[1g0(7’k,xk)) dZ ) = exp(/X /Ooo(gp(r, z)—e ")rtdr dm(x)).

(2.6)

Proof. Under the projection Dy (X) — @, (recall that ®,, is the finite-dimensional
space associated with a partition o : X = (J;_; Xj) the left-hand side of (2.4)
takes the form

n 1 00
L, = ||t IF = o Yd 2.
1;[ I3 o F()\k:) /O 2 k(rk)rk Tk, ( 7)

where A\, = m(Xy) and @k (1k) = A, / o(rg, ) dm(x). The original integral T
is the inductive limit of the integrals I, over the set of partitions «.

oo
/ et rk’“ Ydry = 1, the integral I¥ can be written in the form
0

Since
(M)

1 o
IF =14 o — e )R dry..
« + F(Ak)/o ((P ,k(rk) € )rk Tk
It follows that
(o]
Igf =1+ / (cpa’k(m) — 6_7"‘)7“,:1 dry, + O()\i),
0

whence -
I§ = exp (/\k / (@ayk(rk) — e_r’“)rk_l drk> +O0(\}).
0

Thus, up to terms of order greater than 1 with respect to Ag,

e (Z/\k/ Do ke (1) — ”)rldr>.

Since Y _, ()\k(gpa k(r)—e ) =[x (o(r e~") dm(x), the expression obtained
can be written in the form

L e (// T)r_ldrdm(x))

The proof is completed by taking the inductive limit over the set of partitions a.?
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Corollary. If p(r,z) = Y i, cipi(r,x), where ¢; > 0, > ¢; = 1, and the func-
tions @;(r, z) satisfy (2.5), then

(2.8)

Example. Let ¢(r,z) = ¢=" %) where ¢ > 1 and Rea(z) > 0. In this case we
obtain

- —rya(xy) _ > —r%a(z) _ _—ry\,.—1
/&(X)(kl:lle >d_€”(§) exp(/X/o (e e r drdm(x)).

Let us integrate with respect to r. We have

/ (e”a“(‘”) —e Mr~tdr = lim </ (e”ﬂa(I) S dr>
0 A—0 0

= lim (alf(i)a)‘/”(x) - F()\)).

Since T'(A) ~ A~! + v as A — 0, where ~ is the Euler constant, it follows that

/000 (exp(—ra(z)) — exp(—r))r~'dr = —o loga(z) + (¢~ = 1)7.

Hence,

/p . ( I] exo(-rf a(m))) (€

k=1
— exp((0" — 1)) exp<—al /X log a(z) dm(x)). (2.9)

In particular, for ¢ = 1 we recover the original formula for the Laplace transform
of the measure .Z":

/z ﬁ €xp (_ Zrka(fk)> dZ(§) = eXp<— /X log a(x) dm(x)).

LX) w5

3. The canonical representations of the group Py and
the associated representations of the current group POX

3.1. The definition of canonical representations. We consider the semidirect
products P = A KX Py of a locally compact group Py and the multiplicative group
A = R% of automorphisms of . Denote by g the image of an element g € P
under an automorphism a € A.

Definition 1.

4 Since the measure . is absolutely continuous with respect to the measure generated by the
Lévy gamma process (see [22]), this result can be obtained by similar computations with Lévy
processes.
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Unless otherwise stated, a representation is understood in what follows to be
an orthogonal or unitary representation of a group.

There is a natural action of the group A of automorphisms on the set of all
representations of Py, which sends a representation T'(g) to T,(g9) = T'(9%).

We say that a representation T of the group Py on a Hilbert space H is canonical
if there exists a cyclic vector h € H of norm ||| = 1 and an isomorphism o: R} —
A such that

1) the inequality
|T5y(g)h — || < c(g)r for every g € Py (3.1)

holds for sufficiently small r;
2) the representations T, (g) = T(g") of Py are pairwise non-equivalent.
We say that a cyclic vector h € H satisfying (3.1) is almost invariant with respect
to T and that the representations T,(g) = T(g*) of Py are conjugate to T.

In what follows we identify elements a € A with their pre-images » € R under
the isomorphism ¢ and write ¢” and 7). instead of ¢°(") and Ty(ry- Thus, the
condition (3.1) takes the form

IT.(g)h — k|| < c(g)r for every g € Fy. (3.2)

It follows from Definition 1 that the representations 7. form a deformation of
the identity representation of the group Py, that is, every neighbourhood of the
identity representation in the Fell topology on the set of representations contains
all the T;. for sufficiently small 7.

The definition of a canonical representation also implies the following assertion.

Proposition 3.1. If a representation T of the group Py on a space H is canonical,
then for every summable numerical sequence {rp}, rp, > 0 (Z rp < oo) and for
every g € Py,

o0
ZHTrk(g)h_hH < 00, (33)
k=1

where h € H is a vector almost invariant with respect to T.

We note that in the space H of a canonical representation 7" an almost invari-
ant vector h may be not unique; an example (a one-dimensional extension of the
Heisenberg group) will be considered below.

The following assertion will be useful for us.

Proposition 3.2. If in the space H of a representation T of the group Py there is
a unique, up to a factor, unit cyclic vector h satisfying the condition 1) of Defini-
tion 1, then the representation T is canonical, that is, it satisfies also the condi-
tion 2) of this definition.

Proof. Assume that the condition 2) is not satisfied, that is, there exist two equiv-
alent representations 7)., say 1T’ = 17 and T, with r9 < 1. Hence there exists
a unitary operator A such that A='T(g)A = T, (g) for every g € Py. Then we have

AT (g)A" = Typr(g) forany g€ By, 7 >0, andn=1,2,....
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Therefore, if h € H is a unit cyclic vector satisfying 1), then this condition implies
that
IT-(g)A"h — A™h|| < c(g)rgr  for every g € Py. (3.4)

In view of this estimate, all the vectors h,, = A™h also satisfy 1). Note also that
Ah # ch. Otherwise we could assume that Ah = h, and the estimate obtained
would then imply that

T.(9)h — h|| < c(g)rgr for every g € Pyand n=1,2,...,
0

that is, h is an invariant vector, a contradiction to the assumption that it is cyclic.
Thus, a vector h satisfying 1) is not unique, a contradiction.

Note. In a series of earlier papers (see, for example, [1], [12], [24]) canonical rep-
resentations were understood to be a one-parameter family of representations T,
r > 0, with spherical functions of the form ¢, (g) = ™).

A weaker condition for a family of representations 7, to be canonical is the
existence of the derivative of the spherical functions of this family as r — 0,

W) = der(9)

b)
dr |,_

which is a conditionally positive-definite function (the generator of the system).
This condition is satisfied, for instance, for the family of complementary series
representations of the groups SO(n, 1) and SU(n, 1). The existence of a generator in
this case follows from the estimate ||T,.(g)h—h||?> < c(g)r, which is weaker than (3.2)
and (3.3). Various approaches to the notion of a canonical representation will be
discussed elsewhere.®

3.2. The representations of the group [°°(F,) and the current group POX
associated with canonical representations of the subgroup Py. We denote
by 1°°(Pp) the group of all infinite bounded sequences g = {g1, 92, ...} of elements
in Py, with coordinatewise multiplication. We will associate with each canonical
representation 7" of Py a family of representations of [*°(Fp).

To this end we use the following well-known definition.

Definition 2. The countable tensor power of a Hilbert space H with stabilizing
unit vector h is the completion of the inductive limit of the finite tensor powers
Q! H of H under the isometric embeddings @7, H > f — f o h e Q7' H.
We will denote this limit by H = @;Z,(H, h) or, in short, ®;%, H.

Thus, H is the Hilbert space gotten by completing the space lim ind,, . ®?=1 H
with respect to the norm.

It is natural to write elements @);_, fx in the subspaces @, _, H C H as infinite
products stabilizing at the (n + 1)th step:

Yn=51 Q@ - @f,®hQ@h®---, where f, € H; (3.5)

they form a total subset of H.

5Canonical representations in a closely related sense have also been considered in other papers
(see, for example, [26]).



Integral models 13

Lemma. IfY 7 | || fn—h| < oo, then the sequence {y,} of the form (3.5) converges
in the norm of the space H.

The limits of such sequences {y,} will be written as infinite products y =

Qo7 fn, where 7 | || fn—h|| < co. In what follows, when describing the space H,
we will confine ourselves only to such elements and their finite linear combinations.

Definition 3. With each canonical representation 7" of the group Py on a space H
with an almost invariant vector h € H and each sequence {ry}, rp > 0, such that
> 1 < 0o, we associate the following representation of the group [°°(Fy) on the

space Q- (H, h):

T{%}(Q)(@ifn) = @(Tr" (gn)fn> for g = {91,92, cee }

Let us check that this representation is well defined, that is, that the condi-
tion > 07 ||fn — k|| < oo implies that Y7, |7y, (gn)fn — || < oo for every
9= {917927 o } € lOO(PO) IndGEda

175, (gn) fr = DIl < [ fn = Bl + T3, (gn )l = B].

Since the representation T is canonical and the sequence {g, } is bounded, it follows
that ||, (gn)h — k|| < cry, for every g € I°°(P,). Hence the condition Y7, < o0

oo

implies that > | || T}, (gn)h — k|| < co. The assertion follows.

Proposition 3.3. If a canonical representation T of the group Py is irreducible,
then the associated representations Ty, y of the group [°°(FPy) are irreducible and
pairwise non-equivalent.

Indeed, the irreducibility of the representation T, 3 of [°°(F) follows at once
from the irreducibility of the representation 7" of Fy. The pairwise non-equivalence
of the TY, y follows from the pairwise non-equivalence of the representations 7
of Py conjugate to T

Starting from the representations T, y of °°(Fy), we will now construct repre-
sentations of the current group P;X. For this, we associate with each ¢ = {ry, z;,} €
I'(X) a homomorphism P — [*°(P,):

oe: g() = (9(z1), g(z2),...).

Thus, for each element & = {ry,z} € I*(X) we have a representation Ty of Pg
factored through this homomorphism. It acts in the countable tensor product
He = ®;—, H,,, H,, = H. The operators of T¢, £ = {ry, x;}, are given on the
space H¢ by

7000 @11 = @ (W) ).
k=1 k=1

Note that the representation T, & = {ry,x,}, of the group PgX is the countable
tensor product of local representations of Ps\:

Te = ® T z,, where Tp, o, (9(-)) =T, (9(zn))-
n=1
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Proposition 3.4. If a canonical representation T of the group Py is irreducible,
then the representations T¢ of P§* are irreducible and pairwise non-equivalent.

Proof. It suffices to check that the representations T, and T,/ , of POX are not
equivalent for (r,x) # (r',2'). For r # 1’ this is a consequence of the pairwise
non-equivalence of the representations T;. of Py. For r = 7’ it follows from the fact
that the points o and 2’ can be separated by elements of Pg*, that is, there exists
an element g € Pg* such that g(x) # g(z').

Remark. Asnoted above, an almost invariant vector h € H associated with a canon-
ical representation 1" of Py may not be unique; for instance, this is the case if P
is the Heisenberg group (see below). Then the constructed representations T¢ of
Ps¥ depend also on the choice of an almost invariant vector h € H. It is easy to
check that the families of representations associated with almost invariant vectors h
and b’ are equivalent if and only if b’ = ch with |¢| = 1.

3.3. An example: P = R} K Py, where P, is the Heisenberg group of
dimension 2n — 1. Let us realize P as the group of pairs (¢,2),t € R, 2 € C* 1,
with the multiplication law (t1, z1)(t2, 22) = (t1 +to—Im(z123), 21+ 22). Elements
r € R and (t,2) € Py are related by r(t,z)r~! = (r?t,rz).

Up to conjugacy, there are two infinite-dimensional unitary irreducible canonical
representations of Py (see [27]), which act in the Hilbert spaces H™ of entire analytic
and entire anti-analytic functions f(z) = f(21,...,2,_1) on C"~1, respectively,
with the norm

17 = [ 1FGIP expl(=22") du(z), (30

where 22* = 3 2;z; and dpu(z) is the Lebesgue measure on C"~! normalized by the
condition

/ exp(—zz")du(z) = 1.
C?‘Lfl

The operators of T’ on the space HT have the form

(T (to, 20) f)(2) = exp(Co — 225) f(z + 20), where (o = it — %ZOZS. (3.7

The operators of the second representation 7'~ are obtained from them by complex
conjugation.
In this example the operators of the representations T.F conjugate to T are
given by
(T (to, 20) ) (2) = exp(r?Co — r225) f (2 + r20).

It is not difficult to check that the representations 7" are pairwise non-equivalent.
Further, the definition of the norm in HT implies that every monomial f(z) =
PR zii’ll, and hence every finite linear combination of such monomials, is almost
invariant with respect to T, that is, | 7,F (g)f — f|| < ¢(g)r. Therefore, the repre-
sentation T of the Heisenberg group is canonical, and the set of almost invariant
vectors associated with 7" is dense in the representation space. A similar assertion

holds for the second representation 7.
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4. The representations of the group P = Rj_ A Py
and its current group PX that are associated with
canonical representations of the subgroup P,

4.1. The representations of the group P = ]Ri A Py that are associated
with representations of the subgroup FP,. With each orthogonal or unitary
representation 1" of Py we associate the direct integral with respect to the multi-
plicative Haar measure d*r = r~' dr on R?* of the representations 7. of Py on the

spaces H, = H. The representation T of P, thus defined acts in the Hilbert space
H = / H,.d"r,
0

that is, in the space of sections f(r) of the fibre bundle over R with fibre H, over

r € R% such that [, || f(r)]|* d*r < oo. The action of the operators T(g0), g0 € Po,
on ¢ is fibrewise, that is,

(T(g0)£)(r) = Tr(g0) f(r) for g € Py, (4.1)

This representation of Py can be extended to the whole group P. Namely, the
operators on 7 corresponding to elements of the subgroup R are given by

(T(ro)f)(r) = f(ror) forrg € RY. (4.2)

(In other words, the operators T'(ro) permute the fibres of the fibre bundle over R*.)
Obviously, the operators T (ro) preserve the inner product on ., and one can easily
check that together with the operators T'(go), go € Po, they generate a representa-
tion of the whole group P. We say that this representation of P is associated with
the original representation T' of P.

We will write elements g € P as g = rgo with r € R% and gy € Fo.

Proposition 4.1. If a representation T' of the subgroup Py is canonical and irre-
ducible, then the associated representation T of the group P is also irreducible.

This assertion follows from the irreducibility and pairwise non-equivalence of the
representations T'..

Theorem 4.1. If a representation T’ of the subgroup Py on a space H is canonical,
then the associated representation T of the group P on the space 7 has a non-trivial
1-cocycle b: P — I of the form©

b(g.7) = (T(9)fo)(r) — folr), where fo(r) =e~"/?h, (4.3)

and h, = h is a vector in H almost invariant with respect to T .

Indeed, since T is canonical, it follows that b(g) € S for every g € P. Further,
it is clear that b is a 1-cocycle. Since fy # ¢, this 1-cocycle is non-trivial.
With the 1-cocycle b(g) we associate the following function on P:

c(g) = (b(g), fo)- (4.4)

6For information concerning cocycles with values in unitary representations, see [28], [4], [29],
and also [7].
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Proposition 4.2. The following relations hold:

16(9)II> = —7(9) — 2Rec(g) for every g € P, (4.5)
where
7(g) =logro for g=rogo (4.6)
and _
(T(9)b(g'),b(g)) = —clgg’) +c(g) +c(g') for any g, " € P. (4.7)
Proof. 1) It follows from (4.3) that

Ioto)1? = | Ty e,

r) = [(T(9)fo) (1) = folr)[ -

The expression for F(r) can be transformed into the following form:

F(r) = =2Re((T(9) fo) () = fo(r), fo(r))y. + | (T(0)So) (M)[I3, — I fo (),

where

Therefore, since | fo(r)[%, = ™" and ||(T(g)fo)(r ||H = e " for g = rogo, we
obtain N
||b(g)H2 =-2 Re(b(g)7f0> +/ (ef'ror o 677‘)7"71 dr.
0
Since

[ee] [ee]
/ (e7™" —e ")t dr = lim (e7To" — e )AL dr
0 A—0 0
= }\irrb(ro_)‘ — DI'(A) = —logro,

this implies (4.5). N N
2) The equalities b(g) = T(g) fo — fo and T'(9)b(¢’) = b(gg’) — b(g) imply that

(T(9)b(g"),b(9)) = (T(9)b(g"), T(9) fo) — el9g’) + ¢(g)-
To prove (4.7), it suffices to check that

(T(9)b(g"), T(9)fo) = (b(g), fo) = e(g).

For g = rogo and ¢’ = r{g{, we have

~ 1 1
T(a)0(s i, = x5 07t ) T 30) Ty 0 s = 050 = 707 ) o ()

~ 1
T(Q)f0|HT = exp (2 7’07’) Tror(90) hor-

Since the operators T'(g) for g € Py are unitary and the measure d*r is multiplica-
tively invariant, it follows that

(T(9)b(g"), T(9)fo) = /0 STy — Ry dr = (b(g), fo)-
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4.2. The integral model of representation of the current group PX. Let
us turn to the main construction of this section. With each canonical representa-
tion T' of the subgroup Py on a Hilbert space H with a vector h almost invariant
with respect to T' we associate a representation U of the group PX and call it the
integral model INT T associated with T'.

The construction of the representation INT 71" of PX is parallel to the construc-
tion of the representation 7" of P from a representation T of the subgroup P, (see
above). Namely, in this construction we replace the spaces H,, r € R*, of the
representations T, of Py by the spaces He, & = {ry,zx} € IL(X), of the repre-
sentations T¢ of PgX, and the direct integral of H, with respect to the measure
r~1dr on R% by the direct integral of H¢ with respect to the measure d.Z(£) on
the cone ll+(X ). Thus, according to this construction, the integral model of repre-
sentation of PX associated with a canonical representation 7' of Py is realized on
the direct integral of the Hilbert spaces H¢ with respect to the measure .2,

INTH = Hed(€),  He=@QH,,,
1 (X) k=1

that is, on the space of sections F'(§) = F({rx,xx}) of the fibre bundle over the
cone I% (X) in which the fibre over a point { = {ry,z;} is the countable tensor
product He = @~ H,,, H,, = H. (This fibre, regarded as a Hilbert space, does
not depend on &, but the representation itself does depend on &.) The action of the
group PgX in each fibre of this fibre bundle induces a representation of this group
on the whole space INT H:

U<g>(® fkm)) — @ Tl fulry) for g € P, (4.8)
k=1 k=1

We define the operators U(ro(+)) on INT H for elements of the group R by the
formula

(U(r0(~))F) {ri,xr}) = exp(é /X log 7o (z) dm(x))F({ro(xk)rk,xk})

for any ro(-) € RY. So these operators permute the fibres of the fibre bundle INT H.

Proposition 4.3. The operators U(ro(+)), 7o(-) € RY, are orthogonal (unitary)
and generate, together with the operators U(gg) for go € Pg, an orthogonal (umni-
tary) representation of the current group PX which is invariant under m-preserving
transformations of X:

U<g>(§fk<m>) —exp( 5 [ Togm(o)dm(a) ) §T(g<xk>fk)<m> (1.9

for every g =rogo € PX (ro € (RL)™, go € P5¥), where T is the representation of
P associated with the representation T of the subgroup Py.
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Proof. The orthogonality (unitarity) of the operators U(rq(+)) follows from the pro-
jective invariance of the measure . (see (2.3)). Indeed,

0D = exo( [ togm(eyan)) [ IFGu001?az (@

=exp| [ logro(z)dm(x) IF @I d2(rg (1)) = | FI1%,
(f )

since d.Z(ry ' (1)€) = exp(— [y logro(z) dm(x)) dZL(€).
Further, from the definition of these operators it follows that

U™ (ro(-) Ulgo(-) U(ro(-)) = U (15" ()go(-)ro(-))

for any go(+) € Pg* and ro(-) € RY. Hence these operators generate a representation
of the group PX.

Since the measure £ on [% (X) is preserved by any m-preserving transformations
of X, the representation of PX obtained is also invariant with respect to these
transformations. Proposition 4.3 is proved.

Using (4.5), we can write the expression (4.9) for U(g), g € P~ in the form

g>(§fk<m)=exp(— [ M@y )®T (@) ), (4.10)

where
A(9) = 3 (o) IF + Recto). (@11

We call the constructed representation of PX the integral model associated with
the canonical representation T of Py and denote it, by analogy with Fock repre-
sentations, by INT T'; similarly, we denote by INT H the Hilbert space on which
INT T is realized.

The description of the integral model implies the following assertion.

Theorem 4.2. IfT) and T are canonical representations of the group Py on spaces
Hi and Ho, then
INT(H; @ Hy) = INT Hy @ INT Hy,

and on this space the integral model INT(Ty ©Ty) of PX associated with the repre-
sentation Th ® Ty of Py is realized.

Theorem 4.3. If a canonical representation T’ of the group Py is irreducible, then
the associated representation U = INT T of the current group PX is also irreducible.

Proof. Let us first consider the operators U(g(-)), g(-) € Ps;X. They preserve
the fibres He¢ of the fibre bundle INT H, and, by Proposition 3.3, the resulting
representations of P;X are irreducible and pairwise non-equivalent. Hence every
operator A on INT H that commutes with these operators is a multiple of the
identity operator on each fibre of INT H, that is, it is multiplication by a func-
tion a(§) = a({rg,zxr}). If this operator A also commutes with the operators
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U(ro(+)), ro(-) € R, then the function a({ry,z;}) is constant on the orbits of the
group . of multipliers, which acts in ll+ (X)) by multiplication by positive functions
ro(-): {rk, xzx} — {ro(xx)rk, zr }. Since the measure £ is ergodic, it follows that A
is a constant.

4.3. The total subset M C INT H. We define the vacuum vector in the space
INT H to be the vector €2 given by

Q&) = ®f0(rk) for € = {ry,z1}, where fo(r) = e "/?h,. (4.12)
k=1

It follows from the formula for the characteristic functional of the measure % that
€ = 1.

Definition 4. With each element g € PX we associate the following vector in the
space INT H:

F(© =exo( [ (I0)IP - itme(o(o) ) ame) JU@(E).  (1.13)

where ¢(g) = (b(g), fo)-

Since €2 is cyclic, the set M consisting of vectors Fy, g € PX, is total in INT H.
Further,

oo

(U(9))(E) = exp (— /X Alg(x)) dm($)> g(f(g(xk))fo)(m) for £ = {re, zi},
(4.14)
where A(g) = 3 [|b(9)||* + Rec(g), so that the expression for F, can be written in
the form

o0

Fy(6) = exp( / c(g(x))dm(a:)) QT gl fo)(ri) for € = {ri, 24}, (4.15)

k=1

The vector ) = F, and the set of vectors Fj, generated by () can be viewed as
analogues of the vacuum vector EXP 0 and the set of vectors EXP b* (g) gener-
ated by EXP 0 in the space of the Fock representation. Let us describe the main
properties of the set M.

The definition of F,; implies the following assertion.

Proposition 4.4. The action of the operators of the representation U = INTT on
vectors of the form Fy is given by the formula

U(g)Fg, = exp (— /X(C(m(x)) — c(gg1(x)) + Mg(2))) dm(ﬂﬁ)) Fogrs  (4.16)

where A(g) = 5 [b(9)]|* + Rec(g).
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Indeed, we have

w@F)© =ew(- [ C(gl(x))dm(m))U(g)(éf(gl(wk)fo)(rk)>

exp (- [ (clar() + Nota) )(éT (91 (00) o) ()
—exp (= [ (elone) + Mo(0)) = g (0) (i) ) Py

Proposition 4.5. On the set of vectors of the form Fj the inner product is given
by the formula

(Fy,, F), )-exp( /X (b(gl(m)),b(gg(m))>dm(x)) for all gr, g0 € PX. (4.17)

Proof. From the definition of Fj it follows that

(Fur, Fy) = exp( | {elana)) + aalo) dm(z))f, (4.18)

where
= / (T(g1 (1)) fo) (i), (Tlgalan)) fo) (i), dL(E). (4.19)
l1 X) k 1

To compute I we use the general formula (2.6). Let

p(r,x) = ((T(g1()) fo) (1), (T(g2(x)) fo) () 7

In view of (2.6), we obtain

I= exp(/X /OOO (g(r,z) —e™) d*rdm(w)).

Let us transform the integrand. Since T(gi(z))fo = b(g(z)) + fo and e =
(fo(r), fo(r))m, the function ¢(r, ) can be written in the form

p(r.x) = (b(g1(2),7),b(g2(),7) )| ;; +(b(g1(2). 7), fo(r))| ;; +(blg2(2),7), folr))

Integrating with respect to r yields

I'= exp(/x(<b(91($))vb(gz(ﬂ?)» + c(ga(x)) +0(gz(w)))dm(ﬂ?))-

Together with (4.18) this implies (4.17).

Remark. Denote by K the subgroup consisting of the elements & € P such that
b(k) = 0. Clearly, two vectors Fy, and F,, coincide if and only if go = g1k with
k € KX. Hence the set of pairwise distinct vectors Fy can be naturally identified
with the quotient space G*/KX.



Integral models 21

4.4. The spherical function of the representation U = INT T'.

Definition 5. The spherical function of the representation U = INTT of the
group PX is the following function on PX:

U(g) = (U(9)2,9), where Q&) = Q) folrx) for & = {ry,zx}. (4.20)
k=1

Since the representation U is irreducible, this function uniquely determines it up
to equivalence.

Theorem 4.4. The spherical function ¥(g) can be written in the form

wig) = o [ (imelta) = 3o ) dm(o)). a2

where b(g) is the 1-cocycle
b(g) = (T(9)fo) (r) = fo(r), — folr) =e"/2, (4.22)
of the representation T of P associated with the representation T of Py, and c¢(g) =

(b(g()); fo)-

Proof. The desired formula (4.21) follows from the formula (4.17) for the inner
product of vectors of the form F, and the formula (4.13) which expresses Fj in
terms of U(g)S. For completeness, let us give also a direct proof. By (4.14) we
have

wio) = exp( - [ No)am(@)) [ (T ) o)) a2(6)
o (4.23)
where A(g) = % [b(g)]*> + Rec(g). To compute the integral
I= /W) (E<T(g<xk>fo)<rk>,fo<m>>) 12(E),

consider the projections of the cone I} (X) on the finite-dimensional cones @, asso-
ciated with the partitions a: X = |J;'_, Xj of the space X. Under the projection
on ¢, the expression for I takes the form

Ap—1
Tt dry

I, = kl;[l[fé, where I* = /o <(Tv(gk)f0)(Tk)vf0(7°k)>HW.

Here we have used the notation g = g(x . Let us substitute into this formula

the expression for T'(gx) fo in terms of the non-trivial cocycle b(g,r):

(T(gr) fo) (r&) = blgr, i) + fo(rs).
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o =L dry,
Taking into account that / Il fo (r)H2|H T =1, we obtain
0

(Ak)

=1 gy

. oo
=1+ [0 hen
It follows that
" =1+ N, /Oo<b(gk, ), fo(r)r~tdr + O(\2) = 1+ A clgr) + O(\2).
0

Therefore, I, = [T;_, (1 + c(gx) + O(A?)). Since

S clan) = [ elaf@) dmf).

where ¢(z) is the piecewise constant function that takes the values gp on the
elements of the partition «, the expression obtained can be written in the form
I ~ exp( [y c(g(z)) dm(z)) up to terms of order greater than 1 with respect to Ag.
Taking the inductive limit over the set of finite partitions «, we obtain the following

expression for I:
r=o( [ clateamia) ).

Together with (4.23) this implies (4.21).

4.5. The relation between the integral and Fock models of represen-
tations of the current group PX = (Rr < Py)*. The Fock construction

(see, for example, [1], [3], [30], [28], [31]) associates with each pair (T',b), where
T is a special orthogonal or unitary representation of an arbitrary locally compact
group G on a Hilbert space # and b is a non-trivial 1-cocycle b: G — S, a unitary
representation of the current group G on the complex Hilbert space EXP X,

where

52}
%”X:/ Ao dm(x), I = H.
b's

By definition,
EXP X = (P kX
k=0

(here S* is the kth symmetric tensor power) in the case where # is a complex
Hilbert space; if /7 is a real space, then EXP .#% is the complexification of the
real space @y, S*#%. In the latter case, EXP %X is isomorphic to the Fock
space EXP ()%, where 2 is the complexification of the real space 7.

In the space EXP 27X we consider the total subset of vectors EXP v, v € J#X,
of the form

1 1
EXPov=1B1v® —=vQ@®UP —0vR@0vRQUP---.
V2! V3!
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On this set the operators of the Fock representation are defined by the following
formula:

U(g) EXPv = exp (—; 15X (9) 12 = (T (g)v, bX(g)>) EXP (T (g)v + b™(g)).

Here TX and b¥ denote, respectively, the representation of GX on X generated
by the representation 7' of G on %, and the 1-cocycle GX — X generated by
the 1-cocycle b: G — .

The operators U(g) are related by

U(g192) = exp (i Im(T* (91)b™ (92), b™ (91))) U(91)U (g2) ~ for any 1,95 € G™.
(4.24)
Thus, the Fock representation of G associated with a unitary representation of G
is projective if the 2-cocycle

exp (i Im(T™ (g1)6™ (g2), 6™ (1))

is not identically zero, and it is equivalent to a true representation if and only if
this 2-cocycle is trivial.

Theorem 4.5. The Fock model of representation of the group PX = (R% K Py)X
on the space EXP 5% is projectively equivalent to the true representation V of PX
on the same space EXP X whose operators are related to the operators U(g) of
the Fock representation by

Vo) = esp (it [ o)) o) im(o) ) U(a) (4.29)
Indeed, it follows from (4.7) that the 2-cocycle

Mg+ g2) = exp(i Im(T¥ (91)b™ (92), 0™ (91)))
in (4.24) is trivial, namely,

C(91)C(g2)
0(9192)

The assertion follows.
We define the spherical function of the representation V of P¥X on the space
EXP X by the formula

)\(91792) =

. where C(g) = exp((it [ 0lg(e). o) d(a)).

®(g) = (V(g9) EXP 0, EXP0).

The definitions of the Fock representation U and the (true) representation V of PX
projectively equivalent to U imply the following assertion.

Proposition 4.6. The spherical function ®(g) of the representation V of PX is
equal to

2(g) = exp( [ (imtloa). f) - 3 I0G@)E ) dm(). (@20
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Theorem 4.6. Let T' be a canonical irreducible representation of the group Py
on a space H, let T be the associated representation of the group P = R} A B
on the space F, and let b(g,r) = (T(g)fo)(r) — fo(r), where fo(r) = e "/?h,
be a non-trivial 1-cocycle P — . Then the integral model of representation
INTT of the group PX on the space INT H is projectively equivalent to the Fock
representation U of PX on the space EXP 77X . The intertwining operator for these
representations is generated by the map 2 — EXP 0 of the cyclic vectors.

Proof. Note that the formulae (4.21) and (4.26) for the spherical functions of INT T
and the representation V' of PX on the Fock space coincide. Hence these repre-
sentations are equivalent, and the intertwining operator for them is generated by
the map 2 — EXP 0 of the cyclic vectors. The required assertion now follows from
Theorem 4.5.

4.6. Extension of the integral model of representation of the group PX
to a representation of the group GX, where P C G. We consider an arbi-
trary locally compact group G that contains P = R% K P as a subgroup. Let T’

be an irreducible canonical representation of Py on a space H, let T be the asso-
ciated special representation of P on the space 5 = fooo H,.d*r, H. = H, and let

b(g): P — 4 be the non-trivial 1-cocycle of T' defined by
b(g) = T(9)fo — fo, where fo(r) = e~ "/?h,. (4.27)

Theorem 4.7. Assume that there exists an extension of the representation T of
the group P on the space € to a representation of the group G, and there exists
an extension of the 1-cocycle (4.27) of P to a 1-cocycle of the same form of G.
Then there exists a corresponding extension of the integral model U = INTT of
representation of the current group PX to a representation of the current group GX.

Let us explicitly describe this extension. In §4.3 above we defined the total set
of vectors of the form

o0

Fg<§>exp( /. c<g<x>>dm<:c>) QT gl fo)(ri) for € = [ ma} (428)

k=1

in the space INT H, where fo(r) = exp(—r/2)h, and ¢(g) = (b(g), fo)-
We proved that

(Fo ) =xp( [ clar)n(o) am(a)). (4.29)

where
(g1, 92) = (b(g1),b(g2)), (4.30)

and the action of the operators of the representation U of PX on these vectors is
given by

Ulg)Fy, = exp (— /X(C(m(x)) — c(91(x)) + Ag())) dm(ﬂf))Fggu (4.31)

where A(g) = 5 [1b(9) 1> + Re c(g).
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Definition 6. Let us extend the family of functions Fy, g € PX, by defining F,
for an arbitrary g € GX by the same formula (4.28).

Exactly as in Proposition 4.5, we establish the following fact: on the set of vectors
of the form F,, g € GX, the inner product is given by the same formula (4.29).
In particular, (Fy, Fy) = exp( [y c(g(z), g(z)) dm(x)) < oo, so that the vectors Fy,
g € GX, belong to INT H.

Definition 7. On the set of vectors of the form F, g € G, we define the action
of the operators U(g) for g € GX by the formula

U(g)F,, _exp< / Mg(@), g1 (2)) dm(z ))Fggl, (4.32)

where
Mg g1) = % 16(9) | + (T(g)b(g1), b(g)) — i Tm c(g). (4.33)

Theorem 4.8. The operators U(g), g € GX, preserve the inner products of vectors
of the form F, that is,

<U(9)Fg1a U(g) > <F917F > fO’f' any g,91, 92 € GXv (434)

and thus they can be extended to orthogonal (unitary) operators on the whole space
INT H.

Proof. We have

U(9)Fyy . U(g) Fy) = exp(— [ wtata). (e, 0200 dm(x)),
where

u(g, 91, 92) = A9, 91) + A(g, 92) — (b(gg1),b(992))-

Since b(gg1) = f(g)b( 1) + b(g), it follows from the expression (4.33) for A(g, g;)
that u(g, g1, 92) = (b(g1),b(g2)). This implies (4.34).

Theorem 4.9. The operators U(g) determine a representation (in general, projec-
tive) of the group GX on the space INT H:

Ulg102) = exp ( Im /X p(g1(@), g2(2)) dm<x>)U(gl>U<gQ> for any g1,gs € GX.

(4.35)
where

p(g1,92) = <f(91)b(92)7b(91)> —c(g1) — c(g2) + c(g192)- (4.36)
Proof. For any g,g1,92 € GX we have

U(gl)U(g2)Fg = exp (_ /X a(gl(x),gg(x),g(m)) dm<x))Fglgzga
Ulgrgs)F, — exp(— [ @)t g() dm(m))me



26 A.M. Vershik and M.I. Graev

where

a(glagQag) = )\(92,9) + A(glagQ.g)v a’,(gthag) = )‘(919279)

Let us use the relation

(g2, 9) + (g1, 929) — (9192, 9) = i Im(T'(g1)b(g2),b(g1))

for
g1, 92) = 5 0@ + (Tlg1)bla2), o).

It implies that

a(gi. g2,9) — (91, 92.9) = i Im((T(g1)b(g2), b(g1)) — c(g1) — c(g2) + c(g1g2)).-

Hence,

U(g)U(g2)U " (g192) F,

= exp (— Im/Xp(gl(x),gz(w)) dm(w‘))Fg for every g € G¥,

where p(g1, g2) is given by (4.36). The required assertion follows.

Theorem 4.10. The restriction of the representation U of the group GX to the
subgroup PX coincides with the original representation INT T.

Proof. It suffices to check that on the total set of vectors of the form Fj, the
operators U(g) for g € P coincide with the original operators. For g,g; € P we

have (T'(g)b(g1),b(9)) = —c(gg1) + ¢(g) + c(g1) by (4.7). Hence,

N9 1) = elon) — clggn) + 5 [b(g) | + Rec(g),

so that the expression for U(g)F,, coincides for g, g1 € P with the original expres-
sion (4.16).

5. The integral model of representation
of the current group O(n,1)X, n > 2

In this and subsequent sections we describe the integral models of representa-
tions of the current groups P¥X, where P is the maximal parabolic subgroup of
the group O(n, 1), U(n, 1), or Sp(n,1), and in the first two cases we extend these
representations of PX to representations of the groups O(n,1)X and U(n,1)¥,
respectively. (In the case of Sp(n,1) the corresponding current group has no rep-
resentations.) A separate section is devoted to the case of SL(2,R) = SU(1,1), in
which P is the subgroup of triangular matrices. Each of these groups has a unique
(up to conjugacy) maximal parabolic subgroup P, and this subgroup can be writ-
ten as a semidirect product: P = RY <. Thus, the description of the integral
models essentially reduces to the description of the canonical representations of the
subgroup F.

We begin with the case P C O(n, 1), n > 2, because in this case there is a unique,
up to conjugacy, canonical representation of Py and, accordingly, a unique integral
model of representation of PX.
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5.1. Preliminary definitions and notation. By definition, O(n, 1) is the group
of linear transformations on R"*! preserving a non-degenerate quadratic form of
signature (n,1). Here we choose 2x12,,1 + 23 + - - + 22 as such a form and write
elements of the group O(n, 1) as block matrices

9 = llgijllij=1,2,3,

where the diagonal consists of square matrices of orders 1, n—1, and 1, respectively.

This matrix realization of O(n, 1) is convenient for describing its maximal para-
bolic subgroup P C O(n, 1), which is, by definition, the group of linear transforma-
tions preserving a subspace E that is isotropic with respect to the quadratic form
under consideration. Up to conjugacy, O(n, 1) has a unique maximal parabolic sub-
group. In our realization F is the one-dimensional subspace of vectors of the form
(21,0,...,0), and the corresponding maximal parabolic subgroup P of O(n,1) can
be written, as the group of all lower block-triangular matrices, in the form of the
semidirect product

P =D KN,

where N = R" ! is the maximal nilpotent subgroup consisting of the block matrices
of the form

1 0 0
h = —* en1 0], v e Rn—l’
-3y 1

and D 2 R* x O(n — 1) is the group of block-diagonal matrices of the form d =
diag(s™,u,s), s € R*, u € O(n—1).

Let D be written as the direct product D = R* x Dy, where Dy is the subgroup
of matrices of the form d = diag(41,u,+1), and let

Py =Dy AN.
Thus,
P =R} APy = (R} x Dg) XN.
Elements of R* , Dy, and N will be denoted by 7, (g,u) (with ¢ = £1), and v (a row
vector), respectively. With this notation the group relations take the form
(e,u) tg(e,u) =eyu, rgr-'=ry forg=v€N.

5.2. Description of the canonical representations of the subgroup Fjp.
Up to conjugacy with respect to the group R% of automorphisms, there is a unique
canonical irreducible unitary representation 7' of the subgroup Py = Dy A N. It is
realized on the Hilbert space H of functions on the unit sphere S»~2 € R*~! with
the norm

112 = [ 1)

where dw is the invariant measure on "2 normalized by the condition f gn2dw=1.
The operators of this representation are given by the formulae

(T(fy)f) (w) = e~ 1w f(w) forye N, N=R" ! (5.1)
(T(ewu)f)(w) = f(ewu) for (e,u) € Dy, Dy ={£1} x O(n — 1). (5.2)
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The operators of the representations T)., r € R’} , conjugate to I" act in the spaces
H, = H and are given by the formulae

(T, ()f) (@) = "9 f(w),  To(g) =T(g) forge Dy  (53)

Remark. The representation T~ of Py defined by the formulae

(T~(Nf)(w) = f(w), T (g)=T(g) forge Dy,
is equivalent to T: T~ = A7'T A, where Af(w) = f(~w).
Proposition 5.1. The representation T' of the group Py is canonical.

Proof. 1t is clear that the representations T, are pairwise non-equivalent. Thus, it
suffices to check the estimate

1T (g)I — I|| < c(g)r for every g € Py, (5.4)

where T stands for the vector f(w) = 1. Since T,.(¢)I = 1 for g € Dy, it suffices
to prove (5.4) only for the elements g = v € N. For these elements the estimate
follows from the obvious equality

T 1= =2 [ (1= cos(r()) do
5.3. The special representation of the group P. The special irreducible rep-
resentation 7" of P associated with T" acts in the direct integral of the Hilbert spaces
H, = H with respect to the measure d*r = r—1 dr on R%,

%:/ H,.dr,
0

that is, in the space of sections f(r) of the fibre bundle over R* with fibre H,.. The
operators corresponding to elements of the subgroup Py act in the fibres of this
fibre bundle, (T(g)f)(r) = T.(gf(r)) for g € Py, and the operators corresponding
to elements of the subgroup R’ are defined by the formula

(T(To)f) (7") = f(7“07")-

The non-trivial 1-cocycle b: P — J¢ associated with this representation will be
written in the form

b(g) = f(g)fo(r,w) — fo(r,w), where fo(r,w) = e /2. (5.5)

Proposition 5.2. The functions ||b(g)||? and c(g) = (b(g), fo) are given by the

following formulae:

(ro+1)?

b(g)||? =1
ll6(g)ll 08 =

2
—log 2 =y € RX: 5.6
clg) =log —— forg=ro € R} (56)

w/2 )
16(g)]| = 2¢(g9) = / (1+ |y[?cos®t) sin">tdt forg=~€ N. (5.7)
0
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Proof. Let us use the equality

o : : b
/ (e7" —e ) Ldr = log() for Rea,Reb > 0. (5.8)
0 a
We have

(o]
ool = [ [ (e e e dwa,

c(g) = / / (6_(T°+1)T/2 —e ") dwd*r.
0o Jgn—2

In view of (5.8), this implies (5.6).
Further, we have

||b(’7)|‘2 :/0 /S By (2677" _ e*(lJri('y,w))r _ ef(lfi('y,w))r) dw d*r.

Integrating first with respect to r, we see in view of (5.8) that

I = [ tog(1 + (7,67) do

Converting to spherical coordinates and integrating over S 3, we obtain
e
b()|I2 = / log(1 + |y[2 cos? £) sin™ 5 ¢ dt.
0

A similar calculation gives the expression for ¢(g).

5.4. Extension of the special representation of the group P to a repre-
sentation of the group O(n,1). In order to construct this extension, we first
describe the realization of the special representation of O(n,1) on the space of
functions on N = R"~!; in what follows, we identify elements of N with points
x € R*~!. Using the decomposition O(n,1) = PTN, where PT = P is the sub-
group of upper block-triangular matrices, we can interpret N as a section of the
fibre bundle O(n,1) — P+ \ O(n,1). Thus, on N there is an action z — zg of the
group O(n, 1):

jz/? |z

1
rg = (2 913 + g2z + 933> <2 912 + Tga2 + 932)a (5.9)

where the g;; are elements of a block matrix g € O(n, 1). In particular,

xg=x+x9 for g=umzy € N; rg=c 'yu for g = diag(e ™!, u,e);

9 0 0 1
xg:—W for g =s= (1) eno_l 8

Further, we define a function 5(z, g) by the formula

2
T n—
Bz, g) = _lel® 2' 913 + 923 + 933, zeR"™ geO(n,1). (5.10)
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In particular, 3(z,g) = 1 for ¢ € N; B(x,g9) = |¢| for g = diag(e™1,u,¢);
Blz,s) = |z|*/2.
Definition 8 (see [24]). The special representation of the group O(n, 1) is realized

on the Hilbert space % of functions ¢(x) on R"~! satisfying the condition

/ p(z)dz =0
Rn—1

(where dz is the Lebesgue measure on R" 1), with the inner product

(01,2} = — / logla’ — 2| g1 (2 pa (@) da’ dz”.  (5.11)
Rnfl anfl

The operators of this representation have the form

(T(9)¢) (x) = p(xg)8" " (x, 9). (5.12)
In particular,
(T(9)p)(x) = p(z +x0) for g =20 € N; (5.13)
(T(9)¢)(x) = |e|' ™p(e"tqu)  for g = diag(e™", u,e); (5.14)
20 |.’£|2 1-n 0 0 1
T(g)p)(x) =0 -5 || forg=s=10 e,—1 0]. (5.15)
@ =e(-5) () wra=e= (0 oo 0

The fact that these operators are unitary and satisfy the group property follows
from the relations

Bz, 9192) = Bz, 91) B(xg1, g2) (5.16)
for any x € R*~! and g1, g2 € O(n, 1),
d(zg) = B 7" (x,9) do (5.17)
for any g € O(n, 1), and
|2 —a2"|? = [¢'g — 2" g B(«', g) B(2", g) (5.18)

for any 2’,2"” € R*~! and g € O(n,1). It is convenient to define a non-trivial
1-cocycle of this representation by the formula

b(g,z) =T(g)¥0 — o, (5.19)

where g (z) is the Fourier transform of the function e~71/2 on R®~!; the motivation
for such a choice of pp(x) will be explained below.

The required realization of the special representation of the group O(n,1) is
obtained by passing from functions ¢(x) to their Fourier transforms
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One can easily check that under this transformation the space  turns into the
Hilbert space of functions on R"~! with the norm given in spherical coordinates
on R™! by the formula

117 = [ [ IR,

that is, into the space S of the special representation of the group P. Further, it
is clear that in this new realization the operators corresponding to elements of the
subgroup P have the form

(T(9)) (v) = e ") f(y)  for g =9 € N, (5.20)
(T(9)¢) (7) = feyu) for g = diag(c™", u,e), (5.21)

that is, they coincide with the operators of the original special representation of P.
Thus, the resulting representation of the group O(n,1) is the required extension
to O(n, 1) of the original special representation of P.

Further, it is clear that the l-cocycle in the space of functions ¢(z) defined
by (5.19) turns into the 1-cocycle b(g) = f(g)fo — fo of the original representation,
where fo(r) = e™"/2.

The operators of the extension obtained can be written in an integral form:

(T@e) = | AY.9f()d, (5.22)
where
A0 = [ enlillna) = 0 wa)) 8 @) e, (523)

These expressions simplify only for elements of the subgroup P.

5.5. Description of the integral model of representation INT T of the
current group PX associated with the representation T of the group P,.
According to the general construction, the representation INT T of PX is realized
on the direct integral of the Hilbert spaces 5 with respect to the measure .Z,

53]
INTH = e dL(€),
()

where the J#, ¢ = {ry,x1}, are countable tensor powers of the Hilbert space
H, = H of functions f(w) on S™~2 with stabilizing vector f(w) = 1:

e =QH,,,  H, =H.
k=1

Thus, elements of the space INT H are sections F(€) of the fibre bundle over ! (X)
with fibre J7.
The operators U(g), g € Ps<, act in the fibres 5% as

o0

Ug(-) = @ Tr (9(ar)). (5.24)

k=1
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The operators U(rg(+)), 7o € R¥, are given by the formula

Wn(DF)© = (5 [ logro@) dm() ) Fra)9). (529

5.6. A formula for the spherical function and the relation between
the representation INT T of the group PX and its Fock representation.
According to § 4, the spherical function of the representation INT T of P¥X is defined
by the formula

oo

U(g) = (U(g),Q), where Q&) = R)(e™"/?h,, ) for & = {ry,z1}.
k=1

Theorem 5.1. The spherical function of the representation INT T is

w(g) = exp(~ [ o) dm(»)). (5.26)

where b(g) is the 1-cocycle of the special representation of the group O(n,1).

Indeed, in the case of O(n, 1) we have Im¢(g) = 0, so that (5.26) follows imme-
diately from the general formula (4.21) for the spherical function of an integral
model.

According to the general construction of Fock models, the spherical function
®(g) = (U(g9) EXP 0, EXP 0) of the Fock representation of P¥X associated with the
representation T of P and the 1-cocycle b is given by the same formula (5.26).
Thus, Theorem 5.1 implies the following result.

Corollary. The integral model of representation INT T of the group PX is equiv-
alent to the Fock representation of PX associated with the representation T of the
group P and the 1-cocycle b. The intertwining operator for these representations is
generated by the map Q — EXPO0 of the cyclic vectors.

5.7. Extension of the integral model of representation of the group pX
to a representation of the group O(n,1)*. Let T be the extension (described
in §5.4) to O(n, 1) of the special representation T' of the group P, and let b(g) =
T(9)fo — fo, where fo(r) = e~™/2, be a non-trivial cocycle.
According to §4.6, the extensmn of the representation INT T of PX on INT H
to a representation of the group O(n,1)¥ is constructed as follows. In the space
INT H we consider the total set of vectors F,, g € O(n,1)%X, of the form

oo

Fy(€) = exp(— / c(g(m))dm(x>) Q(F(gle)) fo) (rs) for & = {ri 24}, (5.27)

k=1

where ¢(g) = (b(g), fo). Note that Im¢(g) = 0.
The vectors Fy lie in the space INT H, and

(Fyys Fy, )—exp(/X0(91($)792(x))dm(fc)), where c(g1, g2) = (b(g1), b(g2))-
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We define the action of the operators U(g), g € O(n,1)¥, on the set of vectors of
the form F, by the formula

U(g)Fy, = exp(— [ Aata).an(o) dmfa) ) o,

where
Mg, 1) = % 16(9)|1% + (T(9)b(g1), b(g))-

According to §4.6, these operators preserve the inner products (F, , Fy,) and gen-
erate a representation of O(n,1)X on INT H which is an extension of the original
representation of PX.

Since Im ¢(g) = 0, this representation is a true (non-projective) representation
of O(n,1)*.

6. Integral models of representations of the current group SL(2,R)*

We consider the subgroup P C SL(2,R) of real matrices of the form g =

v

~1/2
(:1/27 7"10/2> , 7> 0. With this notation the group operation on P takes the form

—1
(a 2) Let us write its elements as g = &(r,7), where ¢ = £1 and (r,7) =

(ri,m)(r2,72) = (rira, 3 '+ 72).

The group P can be written as the semidirect product P = R} <P of commutative
groups, where Py = {£1} x R is the subgroup of elements £(1,7) and R is the
subgroup of pairs (r,0), » > 0. The group R’ acts on P by the transformations
e(1,7) = &(r,0)(1,7)(r,0)"" = &(1,77).

6.1. The canonical representations of the subgroup P, and the associated
representations of the group P. The group P, has a unique, up to passage
to conjugate representations, canonical irreducible orthogonal representation 7° on
a two-dimensional space H°. Upon complexification, it splits into the direct sum
of two canonical unitary representations 7% on spaces H* = C, and HO is the
subspace of H* @ H~ consisting of the vectors (z,z) € C2.

The operators TF(s(1,7)) act by multiplication by e**?. Accordingly, the oper-
ators TF(e(1,7)), r € R% , of the conjugate representations act by multiplication
by e*7. The fact that the representations 7% are canonical follows from the
relation e — 1| ~ |y|r as r — 0.

The representations T of P, give rise to special irreducible unitary representa-
tions TF of P. They act in the complex Hilbert space /# = J#* of functions f(r)
on the half-line > 0, with the norm

12 = / FOPRdEr,  dr=rtdr,

and they are given by the formulae T (e) = id (the triviality of the operators of T*
on the centre of the group) and

(T=(r0,707) f) (r) = €= f(ror). (6.1)
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In particular,

(TH(1L,) ) (r) = =7 f(r), (6.2)
(T*(r0,0)f)(r) = f(ror), 10 €RL. (6.3)

These representations have non-trivial 1-cocycles b*: P — 7 whose structure
will be discussed in the next subsection.

The orthogonal canonical representation T° of P, gives rise to a special orthogo-
nal representation 7° of P on the space #° C " @&~ of functions f(r): RY —
H° with the norm

1] = / LF)I2 dor.

The operators fo(g) are obtained by restricting to .##° the operators T+ (g)@f’ (9)
on the space S+ ¢ .

6.2. Extension of the representations T+ and T° of the group P to repre-
sentations of the group SL(2,R). We will introduce dense invariant subspaces
of the spaces of the special representations of P. Thus, it will suffice to construct
the required extensions only on these subspaces.
Let us begin with the case of the representation T+ of P on the space 7.
Denote by L the upper complex half-plane (Imz > 0) with the action of the

group SL(2,R):
0z 4+~ a 3
= f =
Z gz ., forg (7 5)

(the Lobachevskii plane); in particular, gz = z for ¢ = +e (where e is the identity
element of the group) and

gz=r(z+~) forg=(r,v) €P. (6.4)

We associate with each point z = w + iv € L a function f,(r) on the right
half-line: ‘ ‘
fo(r) = e = e where z = u + v, v > 0.
In particular,
folr)y=e"" for zg =1i.

Proposition 6.1. The functions f., — f., lie in the space 7T, and the inner
product of a pair of these functions is given by

<f21 = [ fzi - fz§> = Z (_1)j+k_1c(zj7zl/<:)7 (6.5)
Gk=1,2

where
c(z1,22) = log(fi(zl - 22)) = log((m +vg) +i(ug — UQ)) for zi = uy +ivg. (6.6)

In particular,

= 12
zZ1 — 22
1for = Foull? = log 21 =22 6.7)

4Tmz; Im 2o
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Hereafter, log stands for the principal branch of the logarithm with log1 = 0 on
the plane cut along the negative real axis.

Proof. 1t follows from the definition of the inner product in #'* that if z; = u;+iv;
and 2% = u}; + v}, j = 1,2, then

(For = foas Fo = f1) =/OOO( > (_1)j+keXp<—7‘((U1+v2)—i(u1—uz))))r_ldr.

k=12

The convergence of this integral and the formula (6.5) follow from the relation
/ (e7 —e ")~ ldr =logb —loga for Rea,Reb > 0.
0

Corollary. The following equality holds:

(for = faor fon = fzo) = c(z1) + c(22) — (21, 22) — ¢(20), (6.8)
where
c(z) = ¢z, 20), 20 = i. (6.9)
In particular,
I£: = F2lI? = 2Rec(g) = c(2, 2) — c(z0)- (6.10)
Remark. The expression for ||f,, — f.,||? can be written in the form

)

d(z1, z
12 = £l = 210 [cosn 25522

where d(z1, z2) is the Lobachevskii distance between z1 and zs.

41Im z1 Im 2o

Indeed, let us transform the expression I = using the formula

|21 — 22|
d _
tanh (21, 22) = 1 f2| . We have
2 |Zl —2,'2|
polam Bl ol al ez g e diz)
|Z1 — 2’2‘2 2 2

This implies (6.11).

Definition 9. Denote by M™ the pre-Hilbert subspace of J#T linearly spanned
by the functions f,, — f.,, or, equivalently, by the functions f. — f.,.

The following assertion is a consequence of (6.4).

Proposition 6.2. The subspace M is invariant under the action of the operators
corresponding to elements of the group P; namely, for any z1,29 € L

er(g)(le = f2) = fgz1 — fgzo- (6.12)

It is also clear that the subspace M T is dense in 2Z*. Thus, in order to extend
the representation T of P to a representation of the group SL(2,R)%, it suffices
to define the action of the operators of the representation only on this subspace.
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Definition 10. We define the operators T (g) for g € SL(2,R) on elements of the
space M by the same formula (6.12).

Theorem 6.1. The operators er(g), g € SL(2,R), preserve the inner product
on M™T and satisfy the group property. Thus, they generate an extension of the
representation TT of the group P to a unitary representation of the group SL(2,R).

Proof. The group relation for these operators is obvious. Further, the relation
_ _ 1 /ne —1 a f
gz1 — gZa = (21 — Z2)(Bz1 + @)~ (BZ2 + «) for every g = (7 5)
implies that

> (1) e(gzy,95) = Y (1) ez, 21)  for every g € SL(2,R),
J,k=1,2 j4,k=1,2

(6.13)
that is, the inner product on M is invariant under T+ (g) for g € SL(2,R).

Proposition 6.3. The representation T+ of the group SL(2,R) has a non-trivial
1-cocycle bt : SL(2,R) — ST of the form

b+(g) = ngo - f207 where ZO - 7’ (614)

Indeed, bt(g) € A#F for every g € SL(2,R). Further, since fo., = TF(g) [y, it
follows that b+ (g) = f*(g)sz — f2o, 50 that b (g) is a 1-cocycle. Since f., ¢ H#7°,
this 1-cocycle is non-trivial.

The formula for the inner product in H implies the following assertion.

Proposition 6.4. For any g1, g2 € SL(2,R)

(b(g1),b(92)) = c(g120) + c(9220) — c(g120, g220) — (20, 20); (6.15)

in particular,
b(g)||1* = 2Rec(g20) — (920, 920) — (20, 20)- (6.16)

Corollary. The following relation holds:

—% () 1> = (T (9)blg1), b(g)) = iIm c(gz0) + (c(gg120. 920) — c(g91 20, 20))

1

- i(c(gzo,gzo) — ¢(20,20)). (6.17)

In a similar way we can construct an extension of the representation T of
P to a unitary representation of SL(2,R). Namely, we replace the space M ™ of
functions of the form f,, — f., with the space M~ of functions of the form f., — f.,.
Obviously, M~ is total in J#~ and invariant under the action of the operators
corresponding to elements of the group P:

T (9)(Fer = F2) = Foms — Foma- (6.18)
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The same formula (6.18) defines an extension of the representation T~ of P to the
whole group SL(2,R). The non-trivial 1-cocycle b~ of the representation obtained
is related to the 1-cocycle b by the equality b~ (g) = b*(g).

The extensions thus defined of the representations T of P to unitary repre-
sentations of SL(2,R) induce an extension of the orthogonal representation of P
on the space #° C s+ @ 2~ to an orthogonal representation of SL(2,R). The
non-trivial 1-cocycle associated with this representation is

b’ (g) = (b (9),b™ (9))-

6.3. The integral models of representations of PX associated with canon-
ical representations of Py. The spaces H} of the representations T of Py are
one-dimensional, so the countable tensor products HZ, £ = {rk,xr}, of these spaces

are also one-dimensional. Thus, the representations INT T+ of PX act in the direct
integrals with respect to £ of the one-dimensional spaces H ?, that is, in the Hilbert

spaces INT H* of complex-valued functionals F= (&) = F*({rg, zx}) on I} (X) with
the norm

IR = [ PPz

The operators of these representations are equal to the identity on the centre of PX
and are uniquely determined by the formulae

AN FE = exp (1 T mr () |7 (6.19)
W o0 F*) (O =5 [ Togroa) dm(a) ) FH ()9 (6:20)

for f = {m,xk}.

Let us proceed to the description of the orthogonal representation INT T° of
PX associated with the canonical representation 70 of Py. Here elements of the
spaces H? = HY of the representations T° are vectors (s,5), s € C, so that the
spaces H, g of the representations of the group P;* are countable tensor products
of two-dimensional real spaces with stabilizing vector 2=*/2(1,1). Obviously, H £ C
H{ ® HY.

Thus, the representation INT 79 associated with the canonical representation 7°°
of Py is realized on the real orthogonal space INT H? of functionals F'(£) on I (X)
with values in the spaces H g equipped with the norm

1917 = [ IF@IPZ(©.
(%)
The operators U%(1,7(+)) are given by the formula
Uo(l,v(-))(®(8k,sk)> - ®(eiT12c'Y($k)sk’e_iri')’(a:k)ﬁ)’ (6.21)
e

1 k=1
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and the operators U°(rg(-),0), as in the case of the representations U, are given
by (6.20).
Note that under the natural embedding

INTH CINTHY @ INTH™,

the operators U%(g) are the restrictions to INT H? of the operators UT (g) @ U~ (g)
on the space INT H+ @ INT H .

6.4. Extension of the unitary representations UT = INTTZE of the
current group PX to projective unitary representations of the group
SL(2,R)X. Let us construct an extension of the unitary representation Ut =
INT T of PX on the space UT = INT H* to a unitary projective representation
of SL(2,R)*. As in the case of the group of coefficients SL(2, R), the action of the

current group SL(2,R)X will be defined on some total subset ]\~4+ CINTHT.
Denote by LX, where L is the upper complex half-plane, the space of bounded
functions z: X — L, z(z) = u(z) + iv(z), v(x) > 0. The action of the group
SL(2,R) on L induces a pointwise action on L of the current group SL(2, R)X.
We associate with each function z € LX the functional F,(¢) = F.({ry,z1})
on I (X) given by

F(¢) =exp (z Z rkz(xk)> = exp(— Z e (v(zg) — zu(mk))) for z = u +iv.
(6.22)
It follows from the definition of the characteristic functional of the measure .Z that

(F*, ) = exp < /X e(21(x), 22()) dm(x)), (6.23)

where ¢(z1, z2) is given by (6.6). In particular,
| FF||? = exp (—/ log(2v(x)) dm(x)) for z = u + dv.
X

Since the functions z € L¥ are bounded, the functionals F" lie in the space
INT H*, and one can easily check that the set of them is total in INT H+.

Definition 11. We define the action of the operators U (g) for g € SL(2,R)*X on
the set of functionals Ff by the formula

Ut (g)F =exp( / go(g(x),z(x))dm(x))th, (6.24)

where
1 .
©w(g,2) =gz, 920) — c(z,20) — E(c(gzo,gzo) — ¢(zo, zo)), 20 = 1. (6.25)

Proposition 6.5. On the elements of the subgroup PX the operators U (g) coin-
cide with the operators of the original representation of PX.
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Proof. For g = (ro,y) € P, we have ¢(gz1,922) = logrg + ¢(z1,22). It follows
that the factor in the formula (6.24) for UT(g) is equal to one for g € P, and to
exp(3 [y logro(z) dm(z)) for g = (ro(-),7(-)) € PX. Further, we have FL() =

ex&o(i erm(xk))Fj(S) for g = (1,7()) and Fgi.(§) = FiF (ro(-)§) for g = (ro(),0).
Therefore,

Ut ()P (€) = exp( S re )F; &) for g = (17()),
U+(9)Fz+(§) = exp(;/XlogrO(x) dm($)>Fj(To(')f) for g = (7“0(')»0)

for every z € LX. The proposition follows.

Let us check that the operators U™ determine an extension of the representa-
tion of the group PX to the whole group SL(2,R)*. For this, replace the set of

functionals of the form F with the set M of functionals of the form
U= 2~ 1/2 exp(/X c(z(x)) dm(z))Fz, g € SL(2,R)¥, where z = gz.

~ +
Proposition 6.6. On the set M the inner product and the operators of the rep-
resentation are given by the following formulae:

(O, 95) = 6XP</X<b(91(93))ab(92($))> dm($)>7 (6.26)
where b(g) is the 1-cocycle P — 7+ defined by (6.14);
UH(g1) T = exp (— /Xu(gl(x),g(x)) dm(x)>\p;;q, (6.27)
where 1 )
u(gr,9) = itme(gi20) + 5 [b(g0)[I* + (T(91)b(9), b(91))- (6.28)

Proof. Equation (6.26) follows from (6.15). Equation (6.27) follows from (6.17)
with g and g; interchanged.

Theorem 6.2. The operators Ut (g) preserve the inner products (W} , W) and

thus can be extended to unitary operators on the whole space INT HT.

Proof. We have

(U (g) ¥ U ()0 >:exp( /. v<g<x>,gl<x>,g2<x>)dm(az)),

where

v(g,91,92) = —(ulg, 1) +u(g, 92) ) + (b(gg1), b(gg2))-
This, along with the equality

(b(gg1), blgg2)) = Ib(g)I|* + (T"* (g)b(gl)a b(g)) + <b(g)j+(9)b(g2)> + (b(g1), b(g2)),
implies that (U (g)V,; U™ (g)¥, xp ([ (b ,b(g2(2))) dm(x)).



40 A.M. Vershik and M.I. Graev

Theorem 6.3. The operators UT form a projective representation of the group
SL(2,R)X; namely, for any g1, g> € SL(2,R)X

Ut (g192) = eXp(i Im/X a(g1(x), g2(x)) dm(fﬂ)) Ut (g1)U* (g2), (6.29)
where

a(g1,92) = c(g120) + c(g220) — c(919220) + (T'(91)b(g2),b(g1))- (6.30)

Proof. By (6.27) we have

U (00)U (g2) w—exp( [ (010, 02(0)) dima >)w
X
U"(g192)¥ —exp< /az (9192(= ())Fg-";ggg7

X

where

a1(91,92) = u(gz2, 9) + u(91, 929), az(g192) = (9192, 9)-
Hence,
U (g0)U™ (92) 0, = exp<— [ @) e) dm<x>) U (9102)0,.
X
where

a'(g1,92) = u(g2, 9) + u(g1, 929) — u(g192,9),
that is, by (6.28),

(g1, 92) = iIm(c(g120) + c(g220) — c(919220)) + v(g2,9) + v(91, 929) — v(9192, 9),
where v(g1,9) = 1 [|b(g1)|* + (T*(g1)b(g),b(g1)). This, along with the relation
v(g2,9) + (g1, 929) — v(g192, 9) = i Im(T " (91)b(g2), b(g1)),
implies that
a'(g1,92) = iIm(c(g120) + c(g220) — c(g1g220) + (T (91)b(g2), b(91))).
Thus,
U"(9192)¥,

= exp (z Im/X a(g1(z), g2(x)) dm(w)) U (g1)U T (g2)¥, for every g € PX,

where a(g1,g2) is given by (6.30) and does not depend on g. This implies (6.29).
Theorem 6.3 follows.
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An extension of the second representation U~ of PX to a representation of
~ + ~ ~
SL(2,R)¥ is obtained by replacing the total set M C H™T by the total set M C

H~ of functionals Vo= \1173'. The formulae for the inner products (¥, W_ ) and for
the operators U~ (g), as well as the relation between U~ (g192) and U~ (g )U*(gg),
are obtained from the corresponding formulae (6.26), (6.27), and (6.29) for the case

of U by complex conjugation:
(W3 %5) =0 [ (00n(0)). 001 (0) (o)) (631)
U 00 = exp(~ [ Wonlarg@) dnie)) 0., (632
U™ (g192) = exp (—i Im/X a(g1(z), g2(2)) dm(m)) U™ (g1)U™ (g2). (6.33)

6.5. Extension of the orthogonal representation U? = INT T of the cur-
rent group PX to an orthogonal representation of the group SL(2,R)X.
As mentioned above, under the natural embedding INT H° ¢ INT H+ @ INT H~
the operators U%(g) for g € P¥X are obtained by restricting to INT H° the operators
U (g) @ U™ (g) on the space INT H+ @ INT H~. Thus, the resulting extensions of
the representations U* of PX to representations of SL(2, R)X induce an extension
of the representation U° of PX on the space INT HT to an orthogonal representa-
tion of SL(ZR)X . Its complexification is a unitary non-projective representation
INT(TT®T~) =INTT+ ® INTT~ equivalent to the representations of SL(2,R)
constructed earlier in [1].

Let us give an independent description of an extension of the representation U°
of PX to a representation of SL(2, R)X.

With each pair z € LX and (r,z) € R% x X we associate a vector f2 € HY,
z o = — 9= 1/2 (eim,z(:bk)7 672'7”;‘,,2(:6;‘,))’
and we define functionals F?(€), z € LX, on ! (X) by the formula
k=1

Theorem 6.4. For any z1, 20 € Lx
(7,78 = exp(~ [ toglar(o) - 5] (o))
~—exp (- /X Ree(z1(2), 22()) dm(x)). (6.35)

In particular,

IE2|2 = ex (/Xlog(QImz(m))dm(x)) (6.36)
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Proof. Note that

(ei”("’”), e ir#(x) ), where z = z; — z3, for any 21,2, € LY

N |

< 0 0 >7
z1,mx0 J ze, ) T

Hence,
1 . 1 .
FSI,FO /1 (2 eirrz(@i) 4 3 e—lTkZ(iEk)) dZ(€), where z =2 — 2.
B(X) k=1

To compute the integral, we use Theorem 2.3. By this theorem, we have

1 -
<F£1, = exp(/ / ( irz(@) 5 e irE@) _ er> r~tdr dm(m)),

that is,
(#.52) = e [ (alo) + @) i) ),

where

a(x) = / (em*(@) — ey L dp,

0
Since ¢"#(®) = = (v(@)=iu(@)) for » = y + jv, where v > 0, it follows that
a(z) = —log(v(z) — iu(z)).
This implies (6.35).
Corollary. The functionals F? lie in the space INT HY.
One can easily check that the set of these functionals is total in INT HY.

~0
Definition 12. We define the operators U%(g), g € SL(2,R)*, on M by the
formula

0)F = exp (e [ plate).2(a)) dm(a)) £ (6.37)
X
where (g, 2) is given by (6.25). In other words, the formula for U%(g) is obtained
from the formula for U*(g) by replacing the function (g, z) with its real part.

As in the case of UT, on the elements of PX these operators coincide with the
operators of the original representation of PX.

~0
By analogy with the case of U%, we consider the total set M C INT H® of
functionals of the form

\I/g =272 exp (Re/ c(z(x)) dm(x))on, g € SL(2,R)¥, where z = gz.
X

~0
Proposition 6.7. On the set M the inner product and the operators of the rep-
resentation are given by the following formulae:

(W0, 00y = exp( RGeS dm<x>), (6.39)
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where b°(g) is the 1-cocycle P — 0 defined by

b (g) = 271/%(b(g), b(g) ); (6.39)
U0 (g) 00 = exp< [ (a2 90) dm(w)) w0 (6.40)

where ) B
(g1, 9) = Reu(gr, 2) = 5 [Ib(gn)|I* + (T°(9:)0°(9),1°(91))- (6.41)

Proof. Tt follows from the definition of the functionals ¥ that
(08,.95,) = exp(Re [ (01(0). (o)) () ).
U%(g1) ¥y = exp (— Re /X u(g1(x), 9(x)) dm(m)) L

where u(gy, g) is given by (6.28). It remains to observe that ||b(g)|| = [|b°(g)|| and
Re(T*(g1)b(g), b(g1)) = (T°(91)b"(9), 1% (g1))-
By analogy with Theorems 6.2 and 6.3, we obtain the following assertion.

Theorem 6.5. The operators UY(g) preserve the inner products <\I/21, \1122> and can

be extended to orthogonal (non-projective) operators on the whole space INT HP.
6.6. The relation to the Fock representations of the group SL(2,R)X. We
establish a connection between the integral model of representation U~ of SL(2, R)X
and the Fock representation of this group.

By definition, the Fock representation V+ of SL(2,R)* associated with the uni-
tary representation 7 of SL(2,R) on T and the 1-cocycle b: SL(2,R) — £+
acts in the Hilbert space H = EXP . #X , where

EXP Y = @ skorX
k=0
and o
%X:/ A dm(x), HT =T,
X
Let .2+ C EXP 2% be the total subset of vectors of the form ®f = EXP b¥ (g1),

g1 € SL(2,R)¥, where bX(g) is the 1-cocycle SL(2,R)X — X generated by the
1-cocycle bt : SL(2,R) — 57,

On this subset the inner products and the operators of the Fock representation
are given by the formulae

(@ 8% = exp( R dm<x>), (6.42)

VH(g)®,) = exp(/Xv(g(x),gl(m)) dm(m)) o (6.43)
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where
o(g.90) = =5 @I ~ (T(9)blor),b(9)) for any 9,1 € SLER). (644

Theorem 6.6. The extension to SL(2,R)X of the integral model of representa-
tion UT of the group PX on the space INT HT is projectively equivalent to the Fock
model of representation V* of SL(2,R)X.

~+
Indeed, the bijection W} — @} of the total subsets M and .Z* in the spaces
of these representations preserves the inner products, and the formulae for the
corresponding operators U (g) and V' (g) differ only by a factor:

Ut) = exp( =i [ clate)z) dm(o) ) V(o)

A similar argument holds for the integral model U~ .

Now let us compare the integral model of the representation U° of SL(2,R)¥
and the Fock representation V0 of this group associated with the orthogonal rep-
resentation 7Y of SL(2,R) on the space #° and the 1-cocycle b°: SL(2,R) — 5#7°.

In this case the Fock representation V' is a true (non-projective) representation,
and on the corresponding total subsets M° and .#° in the spaces of U° and V°
the inner products and the formulae for the operators coincide. This implies the
following theorem.

Theorem 6.7. The extension to SL(2,R)X of the integral model of orthogonal rep-
resentation U® of PX on the space HO is equivalent to the Fock model of represen-
tation VO of SL(2,R)X. The intertwining operator for these representations is
generated by the map W — ®Y = EXP 0 of the cyclic vectors.

6.7. Addendum: Unitary representations of the group C:‘X, where G is
the universal cover of the group G = SL(2,R). In this subsection G stands
for the group SL(2,R) and G for the universal cover of G, that is, the covering space
over G in which the fibre over an element g € G is the set Z of homotopy classes of
paths in G from the identity element e to g. Elements of G will be denoted by g,
and their images in G by g.

Since G is a quotient of G, the integral models of projective representations U +
of G¥ induce projective representations U* of the current group GX on the same
Hilbert spaces INT H*. We will show that the projective representations of GX
thus defined are projectively equivalent to unitary non-projective representations
V+ of GX on the same spaces HT. Let us describe these representations V*; for
definiteness, we restrict ourselves to the case of V™ = V. To describe the represen-
tation V, it suffices to determine the action of the operators of this representation
on the elements of the total subset of functionals of the form F7.

We introduce a function ¢(g, z) on G x L, where L is the upper half-plane. Let

a B
w(g,2) = —log(fz+a) for g = (7 5) €Gand z € L,

where, as above, log is the branch of the logarithm with log1l = 0 on the plane
cut along the negative real axis. The function ¢ is everywhere finite, and for every
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fixed z € L it is a single-valued analytic function of ¢ € G in a sufficiently small
neighbourhood of the identity element e. Hence for each g € G and each path g in G
from e to g, this function can be analytically continued along the path. Denote this
analytic continuation by (g, z). The function (g, z) defined in this way depends
only on the homotopy class of the path g, and thus is a function on G x L.

It follows from the definition that

¥(g,z) = —log(Bz+ ) forg= <?; g) (6.45)
provided that g € G and the path g from e to g lies in a sufficiently small neigh-
bourhood of the identity element e.

Proposition 6.8. For any g1, g2 € Gand z€ Lt
(9192, 2) = ¥(G1, 922) + ¥(J2, 2)- (6.46)
Proof. Let us use the equality
Bz 4+ a = (B1(g22) + 1) (B2z + a),

where (a1, 1), (a2,02), and (a, 3) are elements of the matrices g1, g2, and g1¢2,
respectively. For g1, go sufficiently close to the identity element, this equality implies
that

log(Bz + a) = log(Bi(g22) + a1) + log(Baz + a2).

Thus, in view of (6.45), the desired relation (6.46) holds for elements g1, g2 and
paths g1, go sufficiently close to the identity element. Hence it is preserved under
analytic continuation with respect to g, that is, it remains valid for any g;, go.
Proposition 6.8 follows.

With each pair g € GX and z € LX , we associate the following function on X:
5. (z) = v(g(2), 2(x)). (6.47)
Proposition 6.8 implies the next assertion.

Proposition 6.9. The functions V; ., are related by
V522 = Y5100 + Vi 2 (6'48)

Definition 13. We define the action of the operators V(g), g € éX, on the func-
tions F}, of the total set M by the formula

V(g)F, = exp(/ Vs . (x) dm(x))ng. (6.49)
X
Theorem 6.8. The operators V(§) are unitary on M, that is,
<V(§)Fz1a V(g)Fz2> = <FZ17FZ2> fOT any zi, %2 € LX and g € éXa (650)
and they satisfy the relation
V(§132)F. = V(§1)V (G2)F.  for any §1,Go € G¥ and z € L*. (6.51)

Thus, they generate a unitary (non-projective) representation of the group GX on
the space H.



46 A.M. Vershik and M.I. Graev

Proof. The group property (6.51) follows at once from Proposition 6.9. Namely,
V(gl) V(gg) F, = exp(/X (\Ifgl)gzz(x) + \I/gzx(x)) dm(x))Fglgzz
= b [ W50 (o)) By = Ul P
X

Further, since the group G is simply connected, it suffices to establish the unitar-
ity (6.50) only for elements § € G sufficiently close to the identity element. From
the definition of the operators V(g) and (6.23) it follows that

(V@) Fey V() Esy) = exp( /. U@,Zl,@)dm@))

where
u(g, 21, 22) = Vg2, + Vg2, — c(g21, g22).
Under our assumption we have by (6.45) that
qj§,21 + \Ijg,zz) = _log(ﬁzl + a) - log(ﬁZQ + Oé).
On the other hand, the equation

21— 29
Bz1 + a)(Bz2 + )

gz1 — g7 =
(
implies that
c(gz1,922) = c(21, 22) — log(B21 + a) — log(Bz2 + ).

Thus, u(g, 21, 22) = —c(21, 22). This implies (6.50).

Theorem 6.9. The constructed representation V' of the group GX s projectively
equivalent to the representation U of this group.

This assertion follows immediately from the formulae for the operators of these
representations on the total set M.

7. Integral models of representations of the current group U(n,1)*

7.1. Initial definitions. Let us realize U(n, 1) as the group of linear transforma-
tions on C"*! that preserve the Hermitian form @12, 11 +x, 1171 +|22|?+- - -+| 2,/
and write its elements as block matrices

9= 9ijlli.j=12,3,

where the diagonal contains matrices of orders 1, n — 1, and 1, respectively. In this
realization, the maximal parabolic subgroup P is the group of lower block-triangular
matrices and can be written as the semidirect product

P =D AN,
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where N is the maximal nilpotent subgroup consisting of the block matrices of the
form

1 0 0
h = _z** en-1 O teR, zeCr !
it—zz z
2

(the Heisenberg group of dimension 2n — 1) and D = C* x U(n — 1) is the group of
block-diagonal matrices of the form d = diag(s~ !, u,s), s € C*, u € U(n — 1).

We write D as the direct product D = R% x Dy, where Dy is the subgroup of
matrices of the form d = diag(e,u, ), |e| = 1, and we set

Py =Dy AN.
Thus,
P =R} APy = (R} x Do) AN.
Elements of Dy and N will be identified with pairs (e,u) with ¢ € U(1) and u €
U(n — 1), and pairs (t,z) with t € R and 2 € C"~! (a row vector), respectively.
Sometimes instead of (¢,2z) € N we will also write ({,2), where ¢ = it — |2|?/2.
With this notation the group relations take the form
(C1,21)(C2s 22) = (C1 + G2 — 2125, 21, +22),
(e u)_1(<7 Z)(€’ u) = (C’ ézu)’
7 (¢, 2)rt = (r’¢,rz) forr e R:.

7.2. Description of the canonical irreducible representations of Py. Up to
conjugacy with respect to the group R* of automorphisms, there are two countable
series X, m = 0,1, ..., of canonical irreducible representations of Py. Let us first
describe the representations 7).

We consider a unitary representation of Py on the Hilbert space H = H™T of
functions f(z) on C"~! with the norm

1= [ 1F@Pepedu), = ma ()

where du(z) is the Lebesgue measure on C"~! normalized by the condition

/ exp(—zz")du(z) = 1.

(Cn—l

The operators of the representation T of the group Py are given by the formulae
(T*(9)f)(2) = exp(Co — 225) f(z + 20)  for g = (Co,20) € N, (7.2)
(T*(9)f)(2) = f(ezu) for g = (g,u) € Dy. (7.3)

Correspondingly, the operators of the representations 7% conjugate to T+ with
respect to the group R* of automorphisms are given by the formulae

(T (9)f) (=) = exp(rGo — r22) f(z +720) for g = (Go.20) € N, (7.4)
(T (9)f) (=) = f(ezu) for g = (=,u) € Do.
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We note that the multiplier e¢©°=#%0 in (7.4) is an entire analytic function of z. Tt
follows that the space Ht is the direct sum

Ht = é Hi
m=1

of irreducible pairwise non-equivalent invariant subspaces, where H,, is the invari-
ant subspace cyclically generated by the homogeneous polynomials in Z1,...,Z,_1 of
homogeneity degree m. In particular, elements of the space HO+ are entire analytic
functions on C"~ 1,

Denote by T.f(g) the restrictions of the operators T"(g), g € Py, to the sub-
spaces Hf.

Proposition 7.1. The representations T,; of the group Py on the spaces H,\, are
canonical, and each of them has a unique almost invariant vector o, (z) =17"2(22%),
where 1772 is a Laguerre polynomial.

Proof. Let us find all almost invariant vectors in H,". Obviously, every such vec-
tor f,(z) is invariant under the subgroup U(n — 1), and thus is a function of zz*,
f(2) = p(22%). Further, observe that for every m the direct sum ;" , H;"
contains all vectors (zz*)¥ with k& < m, but does not contain vectors (zz*)*
with k& > m. It follows that H,, contains a unique, up to a factor, vector f,(2)
of the form ¢(zz*), and this vector is obtained at the mth step of orthogonaliza-
tion of the sequence of vectors 1,zz*, (22*)?,... with respect to the norm in H+.
One can easily see that the vector obtained by such an orthogonalization is, up to
a factor, a Laguerre polynomial in zz*: f,,(z) = I%7%(z2*). Further, the obvious
relation (T (g) fm)(z) = fm(z) + O(r) for g € N implies that the vector fn,(z) is
almost invariant. Therefore, by Proposition 3.2, the representation 7)) is canonical.
Proposition 7.1 follows.

The second family 7, of canonical irreducible unitary representations of the
group P, is obtained from the family 7.7 by complex conjugation; namely, the
representation 7, acts in the space of functions f(z), where f(z) € H;}, as

T (9)f =T+(9)/f.

In particular, T, acts in the space of entire anti-analytic functions on C"~*.
Every pair T.f, T, of irreducible unitary representations of Py gives rise to
an irreducible orthogonal representation 79, of Py on the space HY, C H,, & H,,
of vectors of the form (f,f), f € H;. The operators of this representation are
defined as the restrictions to H?, of the operators T\ (g) ® T, (g) on H} @ H.,
that is,

To(9)(f, ) = (TH(9) . T (9)F) = (T () f, Tk (9)f ).

The representations 7= of Py give rise to pairwise non-equivalent irreducible
unitary representations 7°f of the maximal parabolic subgroup P on the spaces
%”mi = fooo war’l dr, Hffw = Hi, and pairwise non-equivalent integral models

U% =INTT, ,jn: of irreducible unitary representations of the current group PX. The
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representations T,% of P have non-trivial 1-cocycles bt : P — 2+ which are given
by

bi(g)(g) - Ti(g)fm(r7 Z) - fm(’l",Z), where fm(T,Z) =e " Z:Ln72(ZZ*)7

where (72 is a Laguerre polynomial.
Thus, the representations T\, of Py give rise to pairwise non-equivalent irre-

ducible orthogonal representations ﬁ(ﬂl of P on the spaces S0 C J," © #, and
pairwise non-equivalent integral models U = INTTY of irreducible orthogonal

representations of PX. The representations ﬁ?l of P have non-trivial 1-cocycles,
which are given by b%(g) = (b%(g),b™(9)).

7.3. The representations of P associated with the representations T+
and T° of Py. Further in this section we restrict ourselves to canonical represen-
tations of the subgroup Py such that the associated representation of the group P
can be extended to a representation of the whole group U(n,1). This property is
satisfied for the unitary representations Toi, for the orthogonal representation T,
and only for them. We describe these representations in detail. In what follows,
the subscript 0 will be omitted.

The representation T+ of P, is realized on the Hilbert space HT of entire ana-
Iytic functions f(z) on C"~! with the norm (7.1); its operators are defined on H
by (7.2), (7.3). Correspondingly, the operators of the representations of Py conju-
gate to T act in the spaces H,;" = Ht according to (7.4), (7.5).

The function f(z) = 1 is a vector in H' almost invariant with respect to the
family of conjugate representations T, of P, and it will be denoted by T in what
follows. For this function we have

|7 (g)1 — 1| < c(g)r for every g € Fy.

The corresponding representation T of the maximal parabolic subgroup P is
realized on the direct integral of the Hilbert spaces H;" with respect to the measure
d*r =r~'dr on RT,

jf"’:/ Hd*r,
0

that is, elements of 7" are sections f(r) of the fibre bundle over R* with fibre H,
over r € R’ that satisfy the condition

/OO ||f(r)||27f1 dr < oo.
0

In this realization the operators corresponding to elements of the subgroup P, act
in each space H, according to (7.4), (7.5), and the homothety operators T'(ry),
ro € RY, map H, isometrically to Hy,.
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Thus, the representation T+ of the group P acts in the space # 1 according to
the formulae

(T+(g)f)(r, z) = exp<r2 (ito - |Z;| > - rzza‘) f(ryz+rz) for g = (to,20) € N,

(7.6
(T*(9)f)(r,2) = f(r,ezu) for g = (g,u) € Dy, (7.7)
(T*(9)f)(r,2) = f(ror,2) for g=ro € RL. (7.8)

This representation has a non-trivial 1-cocycle b™: P — 7 :

2

b (9) = T*(9) fo(r,2) = fo(r,2), where fo(r,2) =e ™"

The second canonical unitary representation 7~ of Py and the associated unitary
representation of P act, respectively, in the spaces H~ and s~ = [ H-d*r,
where H~ is the space of entire anti-analytic functions f(z) on C"’g with the
norm (7.1).

Finally, the canonical orthogonal representation 70 of Py and the associated
orthogonal representation of P act, respectively, in the spaces H° and #° =
fooo H-r~'dr, where H* C H* @ H~ is the subspace of vectors of the form (f, f),
f € H*. The operators T°(g) on HY are obtained by restricting to H" the oper-
ators T (g) ® T~ (g) on HY & H~, where H™ is the space of entire anti-analytic
functions f(z) on C"~! with the norm (7.1).

7.4. The representations of PX associated with the representations T+
and T° of P,. According to the general definitions, the unitary representa-
tions U+ of PX associated with the representations T* of P, are realized on the
direct integrals

®
INT H* = / HE dZ(¢),
1(X)

where Hgi, ¢ = {ry, 1.}, are countable tensor powers of the Hilbert space H* with
stabilizing vector T:

oo
+ _ + + _ g+
Hf =QQH:,  Hi=H"
k=1

Thus, elements of INT H* are sections F(7) of the fibre bundle over D with
fibre H q;i

The operators U*(g), g € P;X, act in the fibres %’;i of this fibre bundle according
to the formula

U*(9() = Q Tr; (9(n))- (7.9)
k=1

The operators U*(rq(-)), ro € R¥, are given by

W) =esp(5 [ Torna(e)an(@))7rude). (0



Integral models 51

The fact that the operators U*(g) for g € P are unitary and satisfy the group
property is obvious, and the unitarity of the operators U*(ro(-)), ro € R, follows
from the projective invariance of the measure .Z.

Analogously, the orthogonal representation of PX associated with the represen-
tation T of Py is realized on the direct integral

®

INTH® = / Hd2(¢),

1L (x)

where the H EO , & = {r,z1}, are countable tensor powers of the real Hilbert space
H° ¢ H* @ H~ with stabilizing vector 271/2(T, ), and the operators U°(ro(-)),
ro € R¥, are given by a formula similar to (7.10).

7.5. Extension of the representations T* and T° of the subgroup P to
representations of the group U(n,1). The construction of these extensions is
similar to that for the case of SL(2,R) considered in the previous section. First we
describe the extension to U(n, 1) of the representation T+ of P.

By analogy with the Lobachevskii plane in the case of SL(2, R), let us consider the
homogeneous space L = U(n, 1)/K, where K is the maximal compact subgroup of
U(n,1) (the n-dimensional complex Lobachevskii space). In the matrix realization
we adopt, K is the subgroup of U(n, 1) consisting of the block matrices of the form

A a p
b ¢ b,
Loa A

L={v=(a,b) eC&C" ' |a+a+b"b<0}, whereb*b=> bib;

(b is a column vector), and the action v — gv on L of elements g = ||g;;]i,j=1,2,3 in
U(n, 1) is defined as follows: g(a,b) = (a’,b’), where
a’ = (g11 + g12b + g13a) " (g31 + g32b + g330),
V' = (g11 + g12b + g130) " (g21 + ga2b + gaza).
In particular,
g(a,b) = (a+ o + (20,b), b—z5) for g = ({o,20) € N,
g(a,b) = (a,ubg) for g = (g,u) € Dy,
g(a,b) = (ra,rb) for g =1 € R%, (7.11)
0 0 1
s(a,b) = (a=*,a™'b) for the involution s = [0 e, 1 0
1 0 0

The point vo = (—1,0) is a fixed point on L with respect to the action of K.
Consider the following function on L x L:

p(vl, UQ) = 7((11 + as + b;bl) for v; = (ai, bl) c L. (712)
Obviously, p(ve,vo) = 2 for vg = (—1,0), and one can easily check that
Rep(vy,ve) >0 for any vy,vy € L. (7.13)
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Proposition 7.2. The function p(vi,vs), where vi = (a1, b1), voa = (ag,bs) € L,
and g € U(n, 1), satisfies the relation

p(gv1, gvz) = p(vi,v2)(g11 + gi2b1 + 913111)71 [ (911 + 91202 + 91302)] -1 (7.14)

In particular, p(v1,ve) is invariant under the action of the subgroup Py, and the
equality p(guv1, gva) = r? p(v1,ve) holds for g =1 € RY.

Proof. For elements g € Py, r € R’ , and the involution s, the above relations follow
immediately from (7.11). Since these elements generate U(n, 1) algebraically, the
relations hold for any g € U(n, 1).

We associate with each v = (a,b) € L the following function on R¥ & C"~!:
fo(r,2) = exp(rla+r(z,b)), where (z,b) = Zzibi. (7.15)
Note that in this notation the expression for the 1-cocycle on J#+ takes the form
b™(9) = T (9)fuy — fop, Where vy = (~1,0). (7.16)

Proposition 7.3. For any fired v € L and r, the function f,(r,z) lies in the
space HT, and the inner product in HT of two such functions has the form

<fv1 ) f'u2>H+ = eXp(—T2p(U1, UQ)) fOT Vj = (a'iv bz)v (717)
where p(vy,ve) is given by (7.12). In particular,
1 £oll7+ = exp(=r*p(v,v)) < oo

Proof. We have

(fors foa )t = /(Cni1 eXP(T2(al +az) +r(z,b1) +7(z,b2) — ZZ*) dp(z).

To prove (7.17), it suffices to use the equality
/ exp(r(z, b1) +7(z,b2) — zz*) du(z) = exp(r2b§bl).
(C'n.fl

Proposition 7.4. For any vy,vs € LX the function f,, — fo, lies in 2%, and the
inner product of functions f,, — fu, and f,; — fu, in the space A is equal to

1

(For = fon o = fup) =5 D (=1 ogp(vi, vj). (7.18)
i,j=1,2
In particular,
1 [p(v1,v2)?
2 )
o — o |l = = log — 2 < 0. 7.19
1for = foall” = 5 8 (o1, 01)p(va.03) (7.19)

As above, log stands for the branch of the logarithm with log1 = 0 on the
plane C cut along the negative real axis.
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Proof. By definition,
<fv1 = fua> fvg - fv§> :/ <fv1 — Joas fvi - fv§>H:T_1dT'
0
Hence (7.19) follows immediately from (7.15) and the relation
> —ar? —br2y, . —1 1
(e —e " )r dr:§(logb—loga) for Rea,Reb > 0.
0

Definition 14. Denote by M the set of functions of the form f,, — fy,, v1,v2 €
A7, in the space ST,

One can easily check that the set M is total in 2.

Proposition 7.5. The set of functions of the form f,, v € L, and hence the
set M™T, are invariant under the action of the operators corresponding to elements
of the group P; namely,

TH(9)fo = fgu foranyve L and g e P,
where gv = g(a,b) is defined for g € P by (7.11).

One can easily check this assertion by comparing the expressions for T7(g)f,
and fg,.

Thus, the operators corresponding to elements of P act on the set M T according
to the formula

THG) (for = fon) = fgvr — favs for any vy, vy € L. (7.20)

Definition 15. We define the action of the operators Tv"’(g)7 g € U(n, 1), on the
set M by the same formula (7.20).

Theorem 7.1. The operators T+ (g) preserve the inner product on M, satisfy the
group relation, and thus define an extension of the original representation T of P
to a unitary representation of U(n,1).

Proof. The group property is obvious. The invariance of the inner product follows
from the explicit formula (7.18) for the inner product and the relation (7.14) for
the function p(vq, v2).

The representation T+ of U(n,1) thus defined is special, and the non-trivial
1-cocycle bt: U(n, 1) — % is an extension to U(n, 1) of the 1-cocycle of P; that is,
in our notation it is given, as in the case of P, by the formula b™(g) = T(g) fo, — fu, -

In a similar way we define an extension of the representation T-of Ptoa unitary
representation of U(n,1). Namely, the set M of functions of the form f,, — fu,
should be replaced by the set M~ of functions of the form f,, — f,,. Obviously, M~

is total in S~ and invariant under the action of the operators T~ (g) for g € P:

T (9)(Fer = F2) = Foms = Foma- (7.21)
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The same formula (7.21) defines also an extension of the representation T~ of P to
the whole group U(n, 1).

Finally, these extensions of the representations T% of P to unitary representa-
tions of U(n, 1) induce an extension of the orthogonal representation of P on the
space S C A+ @ s~ to an orthogonal representation of U(n, 1).

In conclusion, we present some relations that will be used in what follows.

Let

c(vy,vg) = log(p(vl, vg))7 v1,v9 € L. (7.22)

With this notation, the invariance condition for the inner product on M can be
written in the form

c(gv1, gvo) + c(gva, guo) — c(gvi, gv2) — c(gvo, gvo)

= c(v1,v0) + c(v2,v9) — c(v1,v2) — ¢(vo, vo) (7.23)

for every g € U(n, 1), where vy = (—1,0). Further, by Proposition 7.4 we have

lo(g)|* = %(2 Re c(gvo, vo) — ¢(gvo, guo) — log2), where vy = (—1,0), (7.24)
(T(g)b(g1). b(g)) = %(C(gglvo, v0) + ¢(gvo, gvo) — ¢(gg1vo, gvo) — c(gvo, vo)).
(7.25)
It also follows from (7.24) and (7.25) that
~ 5 @I ~ (T (9)b(1),b(9)) = & Tm g0, vo)
+ 1(c(gL(]1110,quo) — ¢c(gg1v0,v0)) — 1(c(gvo,gvo) — ¢(vo,0)). (7.26)

2 4

7.6. Extension of the unitary representations U* of the current group
PX to projective unitary representations of the group U(n,1)X. The
construction of these extensions is analogous to the case of SL(2,R). We describe
the extension to U(n, 1) of the representation UT of the group PX.

Denote by L¥ the space of bounded functions v: X — L, v(z) = (a(x),b(x)).
The action of the group U(n,1) on L induces a pointwise action on LX of the
current group U(n,1)X and, in particular, of the subgroup PX.

We associate with each function v(z) = (a(z),b(z)) € L¥ a functional F*
on I} (X). Namely, we associate with each function v(z) = (a(z),b(z)) € LX and
each pair (r,2) € R x X an entire function on cr 1,

forz(z) = exp(rza(x) +7r(z, b(x)))7 (7.27)

and we define functionals F (§) = F,\ ({rg, zx}) on I (X) by the formula

F‘:r(f) = ®fv,rk,mk for 5 = {Tkaxk}~ (728)
k=1
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Proposition 7.6. For each v € LX and each & € IL.(X), the infinite tensor prod-
uct (7.28) converges and lies in the space Hg. For any vy,vy € LX

(PO P =ow (- () ). (29

where the function p(vy,vq) is defined by (7.12).

Proof. First of all, note that the functions f, ., ., () lie in the spaces H;: =HT,
and for any vy,vs € L we have by (7.15) that

<fv1,Tk7évk7 fvz,Tk7wk>H+ = exp(—r2p(v1 (mk)’ U2 (ka) (730)
In particular, ||f,||%+ = exp(—r?p(v,v)) < .
Further, Proposition 7.1 implies that the functions f, ,, ., satisfy the estimate

”fv,rk,gck — ]I” < CTg.

This estimate implies that the infinite tensor product F,f(£) converges and lies in
HZ . Now (7.29) follows immediately from (7.30).

Note that (7.29) can be written in the form
<F$(£)7F£(£)>H:' :exp(—<772,p(v171)2)>) (73]‘)

Theorem 7.2. For every v € LX, the functional F;(£) on I}(X) with values
mn Hg lies in the space INT HY, and for any vi,vy € LX

(FfFLYy = cexp(—; /X log p(v1(z), v2()) dm(x)), c=e/? (7.32)

(where v is Euler’s constant).

Indeed, (7.32) follows immediately from (7.31) and the relation (2.9) for the
measure .2, according to which

/l - eXp<Zria(xk)) dZL(€) = e/? exp<; /X log a(x) dm(:z:)).

1
i
The convergence of the integral on the right-hand side of (7.32) follows from the
boundedness of the function v € LX.
Denote by M™ the subset of functionals F, € INT H*, v € L¥, defined in this
way. One can easily check that this subset is total in INT H ™.

Theorem 7.3. The set M is invariant under the operators corresponding to ele-
ments of the subgroup P;<, namely, Ut (g)F} = Fj, for every v = (a,b) € Lx,
where gv = (a + (o + (20,b), b — 2) for g = (Co,20) € N* and gv = (a,ube) for
g = (g,u) € D.

For g =rg € (R})X

Ut (ro)F} = exp(/ log ro(x) dm(m))F;;7 where gv = (r2a,rb).
X
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The assertions follow immediately from the formulae for the operators of U™
and the definition of F;f.

Definition 16. We define the action of the operators Ut (g), g € U(n,1)¥, on the
set M+ by the formula

Ut(g)F = exp(; /X gp(g(x), v(a:)) dm(a:))FgJ;, (7.33)
where
p(g,v) = (c(gv, gvo) — c(v,v0)) — %(C(gvo,gvo) — ¢(vo, v9)). (7.34)

Observe that this definition is similar to the corresponding definition of the
functionals FF for the case of the group SL(2,R)X (see (6.24) and (6.25)). The
function ¢(vy,vy)/2 satisfies the same relations as the function ¢(z1, 2z2) in the case
of SL(2,R). Hence the assertions and constructions based on this definition in the
case of SL(2,R) can be carried over to the case of U(n,1). We describe them more
briefly.

First of all, the restrictions of the operators U (g) to the subgroup P¥ coincide
with the operators of the original representation of PX.

Further, as in the case of SL(2,R), we replace the set of functionals F; by the

set M - of functionals of the form
1
wj =20 e (5 [ clot) ) dm(o)) oo g€ V)
X

where v = gug and ¢ = €7/2,
On this set the inner product and the operators of the representation are given
by the following formulae:

(g, y,) = exp (/X (bF (g1(2)), b7 (g2(2))) dm(ﬂf)) (7.35)

where b"(g) is the 1-cocycle G — s+ defined by (7.16);

Ut ()0t = exp(— [ wlonarate) dm(x))@;g, (7.36)
where

ulgi ) = 5 Tmelgrvo,v0) + 5 [blon) P + (Flo)blo) bar)). (737

As in the case of SL(2,R), this implies the following theorem.

Theorem 7.4. The operators U™ (g) preserve the inner products (\II;, \113‘2), and

their extensions to the whole space INT HT form a projective unitary representation
of the group U(n,1)X.
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The extension of the second representation U~ of P¥X to a representation of
~ +
U(n, 1) is obtained by replacing the total set M C INT H* by the total set

M CINT H~ of functionals WU, = U). Obviously, the inner products (¥, ¥/ )

and (W, ,W_ ) are complex conjugates. The action of the operators U~ (g), g €
U(n,1)X, on INT M~ is given by

U™ (9)¥, =U*(g)¥y.

As in the case of U™, the restrictions of the operators U~ (g) to PX coincide with
the operators of the original representation of PX on the space INT Ht, and The-
orem 7.4 also holds for them.

7.7. Extension of the orthogonal representation U° of the current group
PX to an orthogonal representation of the group U(n,1)X. We associate
with each pair v(z) = (a(z),b(z)) € LX and (r,z) € R% x X the vector fJ, , € H
given by

fq?,r,x _ 271/2 (62'7”22(1)7 671;7”22(1) )
and we define functionals F)(¢) on I} (X) by

)

FUO) =@ [ wy for &= {rp,zi}. (7.38)

k=1

As in the case of SL(2,R), the infinite tensor product @, fy,, . converges
and F?(¢) € Hg for any v € L and ¢ € I} (X). The functionals F thus defined
lie in the space INT HY and form a total subset M° in INT H°. Moreover,

1
(7,75 = coxp( 3 Re [ togp(on(o) va@) dm(@)). c=exp(] ).
X
(7.39)
We define the operators U%(g), g € U(n,1)¥, on w° by

0)r = e (5 [ plota). o) dmfa) ) £, (7.40)

where ¢(g,v) is given by (7.34).
As in the case of U, for the elements of PX these operators coincide with the
operators of the original representation U° of PX.

~0
Further, by analogy with the case of U*, we consider the total set M C INT H°
of functionals of the form

\Ilg = (2¢)71/2 exp(; Re/ c(v(x), vo) dm(x))FB, g € U(n,1)*, where v = guy.
X

~0
Proposition 7.7. On the set M the inner product and the operators of the rep-
resentation are given by the following formulae:

(W0 w0 ) = exp( [ 001 gato) dm(m)), (7.41)
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where b°(g) is the 1-cocycle G — 0 defined by

b’ (g) = 271/%(b(g),b(g) ); (7.42)

U%(g1) 10 = exp (- /X (g1(2), 9(2)) dm(a:))\llglg, (7.43)

where
Wg1,9) = 5 (a0 + (T8 (9),1°(61)- (7.4

The proof is the same as in the case of SL(2,R).
From this we deduce the next theorem by analogy with Theorems 6.2 and 6.3.

0 : 0 o
Theorem 7.5. The operators U”(g) preserve the inner products (¥ , Wy ) and can

be extended to orthogonal (non-projective) operators on the whole space INT HY.

7.8. The relation between the integral and Fock models of representation
of the group U(n, 1)X. This relation is similar to the relation established above
for the case of the group SL(2,R).

Denote by V* the Fock projective unitary representations of U(n,1)¥ corre-
sponding to the pairs (fi, b*), where T are the special unitary representations
of U(n,1) and b*: U(n,1) — #* are the 1-cocycles defined by (7.16). Similarly,

denote by VO the Fock orthogonal representation corresponding to the pair (TO, bY).

Theorem 7.6. The extensions to U(n, 1) of the integral models of unitary repre-
sentations INT T* of the group PX are projectively equivalent to the Fock projective
unitary representations VE of the group U(n,1)X.

The extension to U(n,1)X of the integral model of orthogonal representation
INTTC of PX is equivalent to the Fock orthogonal representation VO of U(n,1)X.
The intertwining operator for these representations is generated by the map WO —
EXP O of the cyclic vectors.

Proof. By definition, the Fock representation V* of U(n, 1) is realized on the com-
plex Hilbert space EXP 7%, where

EXP #X = @ Sk X
k=0

and

D
%X:/ AT dm(z), AT =87,
X

with 7+ the space of the representation 7+ of P.
Let us introduce in EXP X the total subset .#Z+t C EXP X of vectors of
the form

+ _ X X
(pg *EXPb (9)7 gEU(TL,l) ’

where bX : U(n, 1)X — X is the 1-cocycle generated by the 1-cocycle b : U(n, 1) —
€. On this set the inner product and the operators of the representation of



Integral models 59

U(n, 1)X are given by the formulae
@) =esp( [ 670100 (o)) d(a)).
VHa)e) = e (= [ ()o@ dnw) ) 05,

where ; 1 B
u'(91,9) = 5 Tme(givo, vo) + 5 15(g1) 1> + (T'(91)b(9), b(91))-

We consider the natural bijection M- AT of the total subsets in the spaces
INT HT and EXP X It follows from the explicit formulae for the inner products

~ +
and the operators UT(g) and V*(g) on M and .#™" that under this bijection
the inner products are preserved and the corresponding operators differ only by
a factor:

U+ (g )—exp(—lm/ 2)v0, %% dm(x))V+(g).

Hence the representations UT and VT are projectively equivalent. The same is true
for the representations U~ and V.
In a similar way, comparmg the formulae for the inner products and the operators

on the total subsets M C INT HY and .#° C EXP X, we see that these formulae

are preserved under the natural bijection M — .#°. This implies the assertion of
the theorem for the case of the representations U° and V°.

7.9. Addendum: a unitary representation of the group C:”i{, where G is
the universal cover of the group G = U(n,1). By definition, G is the covering
space over G in which the fibre over an element g € G is the set of homotopy classes
of paths in G from the identity element e to g. Elements of G will be denoted
by g, and their images in G by ¢g. As in the case of SL(2,R), the integral models of
representations U* of the current group GX = U(n, 1)X induce representations U~
of the current group GX on the same Hilbert spaces H*. These representations
of QX are projectively equivalent to non-projective unitary representations v+
of G¥X on the same spaces H* which will be described explicitly. For definiteness,
we restrict ourselves to the representation V.

The construction of VT is similar to the case of SL(2,R). It suffices to define
the operators of V' on the elements of the total subset of functionals F,". To this
end, we first set

¢(g,v) = —log(g11 + g12b + g13a)

for any v = (a,b) € L and g = ||gijli,j=1,2,3 € U(n,1), where log as usual stands
for the branch of the logarithm with log 1 = 0 on the plane cut along the negative
real axis. This function ¢ is everywhere finite, and for any fixed v € L it is
a single-valued analytic function of g € G in a sufficiently small neighbourhood of
the identity element. Hence for every g € G and every path g in G from e to g,
this function can be analytically continued along the path. Denote this analytic
continuation by ©(g,v). The function ¥(g,v) thus defined depends only on the
homotopy class of g, and hence is a function on G x L.
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It follows from the definition that

¥(g,v) = —log(g11 + g12b + g130) (7.45)

provided that g € G and the path g from e to g lies in a sufficiently small neigh-
bourhood of the identity element e.
As in the case of SL(2,R), the following assertion holds.

Proposition 7.8. For any g1, g2 € G andv € L,
¥(192,v) = (g1, g2v) + ¥ (G2, v). (7.46)
We now associate with each pair g € GX , v € LX the following function on X:
Uj.0(2) =¥ (g(z), v(x)). (7.47)
It follows from Proposition 7.8 that the functions ¥; , are connected by the relation
Yaigew = Y900 T Yo 0 (7.48)

Definition 17. We define the action of the operators V(g), g € GX, on the func-
tions F), of the total set M by the formula

V(G)F. = exp( [ Wy ama) )F (7.49)

Then, as in the case of SL(2,R), we have the following theorem.

Theorem 7.7. The operators V(§) are unitary on M, that is,
(V(§)Fy, . V(§)F.,) = (F,,,F,,) for any vi,vs € L and § € G¥, (7.50)
and they satisfy the relation
V(§132) Fy = V(§1) V(§2) Fs  for any §1, G2 € GX and v € LX. (7.51)

Thus, they generate a unitary linear representation of the group G on the space H.

Obviously, the constructed representation V' of GX is projectively equivalent to
the representation U of this group.

Remark. Another model of unitary representation of the group GX was constructed
in [32].

8. Integral models of representations of the group PX,
where P is the maximal parabolic subgroup of Sp(n, 1)

For the case of the group Sp(n, 1) we describe the canonical representations of the
subgroup Py C P. According to the general construction, each of them gives rise
to an irreducible unitary representation of PX. Note that, in contrast to the cases
of O(n, 1) and U(n, 1), these representations cannot be extended to representations
of the group Sp(n,1)X.
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8.1. Initial definitions and notation. Let us realize Sp(n,1) as the group of
linear transformations on H™*!, where H is the space of quaternions, that preserve
the form 111+ Tpr191 +T2Go + - - - + x,Yn over H, and write its elements in the
form of block matrices

9= lgi
where the diagonal contains square matrices of orders 1, n — 1, and 1, respectively.
In this realization

i,j=1,2,3,

P=DAKN,
where N = R"~1! is the subgroup consisting of the block matrices of the form
1 0 0
h = —w* . €n—1 0 , te HO7 w e Hn—l
ww
t— > w1

(here Hy is the space of imaginary quaternions), and D = H* x Sp(n — 1) is the
subgroup of block-diagonal matrices of the form d = diag(s ~%,u,s), s € H*, u €
Sp(n —1).

We write D as the direct product D = R} x Do, where Dq is the subgroup of
matrices of the form d = diag(e,u, ), |¢| = 1, and we set

Py =Dy AN.

Thus,
P=R} NPy= (R} x Dy) AN.

By Scx and Vecz we will denote the real and imaginary parts of a quaternion =,
respectively, that is, Scx = (x + &)/2 and Vecx = (x — T)/2.

Let us identify elements of Dy and N, respectively, with pairs (e,u), where
e € Sp(1) and u € Sp(n — 1), and pairs (t,w), where t € Hy and w € H"!
(a row vector). Sometimes instead of (t,w) € N we will also write (¢, w), where
¢(=t—ww"/2.

With this notation the group relations take the form

(Crywr) (G, w2) = (C1 + G — wiwy, wy + wa),
(g,u)"H(¢, w) (g, u) = (ECe, Ezu),

r(¢w)r~t = (r*¢,rw) for r € RY.

8.2. Description of the canonical representations of the group FP,. To
describe the canonical representations of Py, we first introduce, as in the case
of U(n,1), a reducible unitary representation of this group and then show that
the irreducible components of this representation are canonical.

Denote by S? the space of imaginary quaternions s of norm 1, which is isomorphic
to the two-dimensional sphere (s € Hy, s> = —1). On S? there is a natural action
of the group of quaternions ¢ of norm 1: s+ &se.

Let us introduce a unitary representation T of Py on the Hilbert space of func-
tions f(s,w) on S? x H"~! with the norm

1= [ [ 1wl duw) duts), (81)



62 A.M. Vershik and M.I. Graev

where dju(w) is the Lebesgue measure on H? ! 2 R*"™~1) and du(s) is the invariant
measure on S2.
The operators of this representation are defined by

(T(9)f) (s, w) = exp(—iSc[s(Co — wwp)]) f(s,w +wo) for g = (Co,wo) € J\(f; |
8.2
(T(9)f)(s,w) = f(&se,Ewu) for g = (¢,u) € Dy. (8.3)

The group property and unitarity of the operators f(g) follow immediately from

these formulae. Obviously, the operators T,.(g) = T(rgr=') of the representations
conjugate to T' with respect to the group R% of automorphisms are given by the
formulae

(fr(g)f) (s,w) = exp(—i Sc[s(r2¢o — rwwg)])f(s,w + rwp) for g = (o, wp) € N;
(fr(g)f) (s,w) = f(se,ewu) for g = (g,u) € Dy.

The representation of P associated with T is realized on the direct integral with
respect to the measure d*r = r~! dr on R of the Hilbert spaces H, = H with the

representations i of Py defined on them,
oo
H = / H,.d*r,
0

that is, on the fibre bundle over R’ with fibre H,.. On this fibre bundle the action of
the operators corresponding to elements of Py is fibrewise, and the operators T'(rg),

ro € RY, act according to the formula (T'(ro)f)(r) = f(ror).

Theorem 8.1. The space H is the direct sum of invariant pairwise non-equivalent
irreducible subspaces H,,:
o0
H= Hn.
m=0

For every m > 0 the representation of the group Py on the space H,, is canonical
and has a unique, up to a factor, almost invariant vector

Fnw,w) = B3 (wwt)em 22",
where [2"=3(x) is a Laguerre polynomial.

To prove the theorem, we write H as the direct integral

H= H(w) dw
S2

of the Hilbert spaces of functions f(w) on H"~! with the norm

17 = [ 1P dutw)
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It is clear that these spaces H(w) are invariant under the subgroup Py = D1 AN C
Py, where Dy C Dy is the subgroup of elements of the form (1,u), and that the
representations of P; are transformed one to another by the action of the subgroup
of automorphisms g — (g, e,-1) " 1g(e,en_1), (6,en_1) € Dy.

The assertion of Theorem 8.1 follows immediately from the analogous assertion
for the spaces H(w):

Proposition 8.1. Fach space H(w) is the direct sum of pairwise non-equivalent
invariant subspaces H,,(w) irreducible with respect to Py:

For every m > 0 the representation of P1 on H,,(w) is canonical and has a unique,
up to a factor, almost invariant vector

fm(w) = l%l_g(ww*)e_%ww*. (8.4)

8.3. Proof of Proposition 8.1. It suffices to prove the assertion for one fixed
w € §2, for example, for w = ey, where e; is a basis vector in H. For brevity let
H(el) = .

We write quaternions Zi:o aper € H as elements of an algebra over C: a =
(ap+iay)+(az+iaz)j, where j2 = —1 and ij = —ji, and we interpret functions f(w)
on H"~1 as functions f(2) = f(z',22) on C>"~2 = C"1 x C"~!, where w € H" !
and z = (z!,2?) are connected by the relation w = z! + 22j. Thus, in the new

realization the representation of P acts in the space of functions f(z) on C?"~2

with the norm
117 = [ 1R duto)

Lemma. In the new realization the operators of the representation of Py have the
following form:

(T(g)f) (to,wo) = exp(i(t1 — Im(zza‘)))f(z +20) forg= (to,wp) € N, (8.5)

where t1 € R and zg = (23,22) € C?*"~2 are determined from the relations ty =
t161 + t262 + t3€3 and wo = Zé + Zgj,

(T(9)f)(2) = f(zv) for g=(1,u) € Dx, (8.6)
where
v = (u;é Z?) for u =y +uzj € Sp(n —1) (8.7)

(the prime indicates the transpose).

Proof. For g = (tg,wg) € N the operator T'(g) in the original realization has the
form
( 9)f)(w) = exp(—iScle (to — ww)]) f(w + wo).
It is clear that Sc(elto) = —t; in the new realization. Further, we have ww§ =
2H(28)*+2%(28) " +2 (235) " +(287)(21)*. One can easily check that Sc[e1 (2! (235)*+
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(237)(z)*)] = 0. Hence, Sce1 (ww§)] = Re(iz*(25)* + 2%(28)*) = —Im(zz§). This
implies (8.5).

Further, for g = (1,u) € D; the operator T'(g) in the original realization has the
form

We have wu = (2! + 2%5)(u; + Ug]) = zluy + 22(juszj) + (zluz - z2(ju1j))j.
Thus, since ju;j = —ul, the vector (z!,2?)v with v a block matrix of form (8.7)

corresponds to the Vector wu € H*~!. The lemma follows.

Denote by V;, the group of all transformations v of the form (8.7) on C?"~2.
Obviously, V,, = Sp(n — 1).

Let us check that V;, C U(n — 1).

Indeed, the condition u € Sp(n — 1) is equivalent to

(w1 + ugg)(ur + u2j)™ = em—1,

which in turn is equivalent to the relations ujuj + uous = e,—1 and uie = ugl,
where the bar stands for complex conjugation. These relations immediately imply
that matrices of the form (8.7) belong to the group U(2n — 2).

The formulae obtained for the operators T'(g) with g € P, C Sp(n,1) coincide
with the formulae (8.4) and (8.5) for the operators Tt of the representation of
the subgroup P, in the case of U(n,1) with n replaced by 2n — 1. Hence the
decomposition of the representation into irreducible canonical components can be
obtained according to the same scheme.

First we pass to a new realization of this representation by setting

1) = () xp<2)

In the new realization the representation acts in the Hilbert space of functions f(z)
with the norm

17 = [ P exp(=2") du(o)

The formulae (8.6) for the operators T'(g), g € D;, remain valid, and the formulae
for the operators T'(g), g = (to, z0) € N, take the form

202

(T(9)f)(2) = exp ( b — 2075

5 zzS) f(z4 20)- (8.8)

In this realization the multiplier in the formula for T'(g), g € N, is an entire
analytic function of z. As in the case of U(n, 1), this implies that the representation
space # decomposes into the direct sum

o0
H =P Hn
m=0
of irreducible pairwise non-equivalent invariant subspaces, where H,, is the sub-
space cyclically generated by the homogeneous polynomials in zy, Zs, ..., Z2,_2 of

degree m.
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We note that in the case of U(n, 1) the irreducibility of the subspaces H,, followed
from the irreducibility of the space of homogeneous polynomials in zy, 23, ..., Zap—2
with respect to the action of the whole unitary group U(2n — 2). However, this
property remains true also when we replace the group U(2n — 2) by its subgroup
V., =Sp(n—1).

Further, as in the case of U(n, 1), it can be proved that in each space H,, there

is a unique almost invariant vector, which is equal to [2"73(zz*).

Since zz* = ww*, this vector is given by (8.4) in the original realization of the
representation and in the original coordinates w.

Bibliography

[1] A.M. Bepmmk, 1. M. lensdann, M. U. Ipaes, “Ilpeacrasnenns rpynmst SL(2, R),
rie R — kosbno dynknmii’, YMH 28:5 (1973), 83-128; English transl., A. M. Vershik,
I. M. Gel’fand, and M. L. Graev, “Representations of the group SL(2,R), where R is a ring
of functions”, Russian Math. Surveys 28:5 (1973), 87-132.

[2] A.M. Bepmux, 1. M. I'ensdana, M. 1. I'paes, “Henpusoaumere npeacTaBieHns
rpymmst GX u koromostorun”, Qyuky,. anaius u €20 npua. 8:2 (1974), 67-69; English
transl., A. M. Vershik, I. M. Gel’fand, and M. I. Graev, “Irreducible representations of the
group GX and cohomologies”, Funct. Anal. Appl. 8:2 (1974), 151-153.

[3] H. Araki, “Factorizable representation of current algebra. Noncommutative extension of
the Lévy—Khinchin formula and cohomology of a solvable group with values in a Hilbert
space”’, Publ. Res. Inst. Math. Sci. 5:3 (1970), 361-422.

[4] A. Guichardet, Cohomologie des groupes topologiques et des algebres de Lie, Textes Math.,
vol. 2, CEDIC, Paris 1980.

[5] A.A. Kaxnan, “O cBA3H AyaJbHOTO IPOCTPAHCTBA IPYIIIBI CO CTPOEHHEM €€ 3aMKHYTBIX
noarpynn”, Qynky. anasus u ezo npua. 1:1 (1967), 71-74; English transl., D. A. Kazhdan,
“Connection of the dual space of a group with the structure of its closed subgroups”,
Funct. Anal. Appl. 1:1 (1967), 63-65.

[6] B. Bekka, P. de la Harpe, and A. Valette, Kazhdan’s property (T'), New Math. Monogr.,
vol. 11, Cambridge Univ. Press, Cambridge 2008.

[7] A.M. Bepmuk, C. 1. Kapuyes, “Koromosioruu rpymi B yHUTAPHBIX [PE/ICTABICHUAX,
OKPECTHOCTB €JMHUIIbI U YCJIOBHO MOJIOXKUTEIBHO onpejeieHuble dyHkuun’, Mamem. c6.
119:4 (1982), 521-533; English transl., A. M. Vershik and S.I. Karpushev, “Cohomology
of groups in unitary representations, the neighborhood of the identity, and conditionally
positive definite functions”, Math. USSR-Sb. 47:2 (1984), 513-526.

[8] A.M. Bepmuk, 1. M. I'enbdann, M. 1. I'paes, “IIpeacraBienns IpyIbt
nuddeomopdbusmos”’, YVMH 30:6 (1975), 3-50; English transl., A. M. Vershik,
I. M. Gel’fand, and M. I. Graev, “Representations of the group of diffeomorphisms
and conditionally positive definite functions”, Russian Math. Surveys 30:6 (1975), 1-50.

[9] A.M. Vershik, I. M. Gel’fand, and M.I. Graev, “Representations of the group of smooth
mappings of a manifold X into a compact Lie group”, Compositio Math. 35:3 (1977),
299-334.

[10] A.M. Versik, I. M. Gel’fand, and M. I. Graev, “Representations of the group of functions
taking values in a compact Lie group”, Compositio Math. 42:2 (1980), 217-243.

[11] A.M. Bepumk, 1. M. Feasdang, M. U. I'paes, “KoMMmyTaTuBHas MOJEJb IPEICTABICHUAS
rpymmsl TokoB SL(2,R)X, cBa3aHHas ¢ YHHIIOTEHTHOI MOArPYITIOH”, DYHKY,. AHAAUS U €20
npua. 17:2 (1983), 70-72; English transl., A. M. Vershik, I. M. Gel’fand, and M.I. Graev,
“A commutative model of representation of the group of flows SL(2,R)¥ that is connected
with a unipotent subgroup”, Funct. Anal. Appl. 17:2 (1983), 137-139.

[12] I.M. Gelfand, M.I. Graev, and A. M. Vershik, “Models of representations of current
groups”, Representations of Lie groups and Lie algebras (Budapest, 1971), Akad. Kiado,
Budapest 1985, pp. 121-179.


http://mi.mathnet.ru/eng/rm4953
http://mi.mathnet.ru/eng/rm4953
http://dx.doi.org/10.1070/RM1973v028n05ABEH001616
http://dx.doi.org/10.1070/RM1973v028n05ABEH001616
http://dx.doi.org/10.1070/RM1973v028n05ABEH001616
http://mi.mathnet.ru/eng/faa2335
http://mi.mathnet.ru/eng/faa2335
http://dx.doi.org/10.1007/BF01078603
http://dx.doi.org/10.1007/BF01078603
http://dx.doi.org/10.1007/BF01078603
http://dx.doi.org/10.2977/prims/1195194390
http://dx.doi.org/10.2977/prims/1195194390
http://dx.doi.org/10.2977/prims/1195194390
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0464.22001
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0464.22001
http://mi.mathnet.ru/eng/faa2807
http://mi.mathnet.ru/eng/faa2807
http://dx.doi.org/10.1007/BF01075866
http://dx.doi.org/10.1007/BF01075866
http://dx.doi.org/10.1007/BF01075866
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 1146.22009
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 1146.22009
http://mi.mathnet.ru/eng/sm2898
http://mi.mathnet.ru/eng/sm2898
http://mi.mathnet.ru/eng/sm2898
http://dx.doi.org/10.1070/SM1984v047n02ABEH002656
http://dx.doi.org/10.1070/SM1984v047n02ABEH002656
http://dx.doi.org/10.1070/SM1984v047n02ABEH002656
http://mi.mathnet.ru/eng/rm4288
http://mi.mathnet.ru/eng/rm4288
http://dx.doi.org/10.1070/RM1975v030n06ABEH001527
http://dx.doi.org/10.1070/RM1975v030n06ABEH001527
http://dx.doi.org/10.1070/RM1975v030n06ABEH001527
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0368.53034
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0368.53034
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0368.53034
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0449.22019
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0449.22019
http://mi.mathnet.ru/eng/faa1537
http://mi.mathnet.ru/eng/faa1537
http://mi.mathnet.ru/eng/faa1537
http://dx.doi.org/10.1007/BF01083141
http://dx.doi.org/10.1007/BF01083141
http://dx.doi.org/10.1007/BF01083141
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0595.43005
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0595.43005
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0595.43005

66

[13]

[14]

(15]

[16]

(17]
(18]

[19]

20]
[21]

[22]

23]

[24]

[25]

[26]

[27]
(28]

[29]

A.M. Vershik and M.I. Graev
A.M. Bepmnk, M. 1. I'paes, “KoMmMmyTaTuBHas Mojesb npeacrasienns rpynmst O(n, 1)X u
0bo0IIeHHast 1eberoBa Mepa B IIPOCTPAHCTBE pacupejeenuit’, Qynky. anaiusd u e2o npua.
39:2 (2005), 1-12; English transl., M.I. Graev and A. M. Vershik, “A commutative model
of a representation of the group O(n, l)X and a generalized Lebesgue measure in the space
of distributions”, Funct. Anal. Appl. 39:2 (2005), 81-90.

M.I. Graev and A. M. Vershik, “The basic representation of the current group O(n, l)X in
the L? space over the generalized Lebesgue measure”, Indag. Math. (N.S.) 16:3-4 (2005),
499-529.

A.M. Bepmuk, M. I. I'paes, “laTerpasbable MOIeIN IPEACTABICHNU IPYIII TOKOB”,
Dynky. anaaus u ezo npua. 42:1 (2008), 22-32; English transl., A. M. Vershik and

M. 1. Graev, “Integral models of representations of current groups”, Funct. Anal. Appl. 42:1
(2008), 19-27.

A.M. Bepmuk, M. 1. I'paes, “MnTerpanbibie MOAEIN YHUTAPHBIX IIPECTABJIECHUI IPYIIIT
TOKOB CO 3HAQYEHUSIMHU B IIOJIyIPSAMBIX IIPOU3BeaeHusAx’, Oynky. anasusd u ezo npun. 42:4
(2008), 37-49; English transl., A. M. Vershik and M.I. Graev, “Integral models of unitary
representations of current groups with values in semidirect products”, Funct. Anal. Appl.
42:4 (2008), 279-289.

P. Delorme, “Irreductibilité de certaines représentations de GX”, J. Funct. Anal. 30:1
(1978), 36-47.

R.S. Ismagilov, “Representations of infinite-dimensional groups”, Transl. Math. Monogr.,
vol. 152, Amer. Math. Soc., Providence, RI 1996.

A.M. Bepmuxk, “CymecrByer ju 6eckoHedHOMepHasi Mepa Jlebera?”, Anaaus u
ocobennocmu. 9acmo 2, Tp. MUAH, 259, Hayka, M. 2007, 256—281; English transl.,
A. M. Vershik, “Does there exist a Lebesgue measure in the infinite-dimensional space?”,
Proc. Steklov Inst. Math. 259:2 (2007), 248-272.

A. M. Vershik, “The behavior of the Laplace transform of the invariant measure on the
hypersphere of high dimension”, J. Fized Point Theory Appl. 3:2 (2008), 317-329.

A. M. Vershik, “Invariant measures for the continual Cartan subgroup”, J. Funct. Anal.
255:9 (2008), 2661-2682.

N. Tsilevich, A. Vershik, and M. Yor, “An infinite-dimensional analogue of the Lebesgue
measure and distinguished properties of the gamma process”, J. Funct. Anal. 185:1 (2001),
274-296.

A. Vershik and B. Tsirelson, “Examples of nonlinear continuous tensor product of measure
spaces and non-Fock factorisations”, Rev. Math. Phys. 10:1 (1998), 81-145.

A.M. Bepmuk, M. U. I'paes, “CTpyKTypa HOMOJHUTEILHBIX CEPUNA U OCOOBIX
npencrasienuii rpynn O(n, 1) u U(n,1)”, YVMH 61:5 (2006), 3—-88; English transl.,
A.M. Vershik and M.I. Graev, “Structure of the complementary series and special
representations of the groups O(n, 1) and U(n,1)”, Russian Math. Surveys 61:5 (2006),
799-884.

. M. I'enbdann, M. 1. I'paes, “Ocobble npencrasiaenns rpynnst SU(n, 1) n npoekTuBHBIE
yHHUTapHbIE MpecTasaenus rpymst Tokos SU(n, 1)X7) Joka. AH CCCP 332:3 (1993),
280-282; English transl., I. M. Gel’fand and M. I. Graev, “Special representations of the
group SU(n, 1) and projective unitary representations of the current group SU(n, 1)X”,
Russian Acad. Sci. Dokl. Math. 48:2 (1994), 291-295.

B. ®. Monuanos, “KaHnoHu4yeckue NpejacTaBIeHUs U HAAPYIIIbI J1jis] THIIEPOOJIONI0B”,
Dynky. anarus u ezo npua. 39:4 (2005), 48-61; English transl., V. F. Molchanov,
“Canonical representations and overgroups for hyperboloids”, Funct. Anal. Appl. 39:4
(2005), 284-295.

A. Perelomov, Generalized coherent states and their applications, Texts Monogr. Phys.,
Springer-Verlag, Berlin 1986.

A. Guichardet, “Symmetric Hilbert space and related topics”, Lecture Notes in Math.,
vol. 261, Springer-Verlag, Berlin—-New York 1972.

P. Delorme, “l-cohomologie des représentations unitaires des groupes de Lie semi-simples
et résolubles. Produits tensoriels continus de représentations”, Bull. Soc. Math. France
105:3 (1977), 281-336.


http://mi.mathnet.ru/eng/faa36
http://mi.mathnet.ru/eng/faa36
http://mi.mathnet.ru/eng/faa36
http://dx.doi.org/10.1007/s10688-005-0021-9
http://dx.doi.org/10.1007/s10688-005-0021-9
http://dx.doi.org/10.1007/s10688-005-0021-9
http://dx.doi.org/10.1016/S0019-3577(05)80038-2
http://dx.doi.org/10.1016/S0019-3577(05)80038-2
http://dx.doi.org/10.1016/S0019-3577(05)80038-2
http://mi.mathnet.ru/eng/faa2887
http://mi.mathnet.ru/eng/faa2887
http://dx.doi.org/10.1007/s10688-008-0002-x
http://dx.doi.org/10.1007/s10688-008-0002-x
http://dx.doi.org/10.1007/s10688-008-0002-x
http://mi.mathnet.ru/eng/faa2929
http://mi.mathnet.ru/eng/faa2929
http://mi.mathnet.ru/eng/faa2929
http://dx.doi.org/10.1007/s10688-008-0041-3
http://dx.doi.org/10.1007/s10688-008-0041-3
http://dx.doi.org/10.1007/s10688-008-0041-3
http://dx.doi.org/10.1016/0022-1236(78)90053-8
http://dx.doi.org/10.1016/0022-1236(78)90053-8
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0856.22001
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0856.22001
http://mi.mathnet.ru/eng/tm579
http://mi.mathnet.ru/eng/tm579
http://dx.doi.org/10.1134/S0081543807040153
http://dx.doi.org/10.1134/S0081543807040153
http://dx.doi.org/10.1134/S0081543807040153
http://dx.doi.org/10.1007/s11784-008-0066-5
http://dx.doi.org/10.1007/s11784-008-0066-5
http://dx.doi.org/10.1016/j.jfa.2008.06.015
http://dx.doi.org/10.1016/j.jfa.2008.06.015
http://dx.doi.org/10.1006/jfan.2001.3767
http://dx.doi.org/10.1006/jfan.2001.3767
http://dx.doi.org/10.1006/jfan.2001.3767
http://dx.doi.org/10.1142/S0129055X98000045
http://dx.doi.org/10.1142/S0129055X98000045
http://mi.mathnet.ru/eng/rm3389
http://mi.mathnet.ru/eng/rm3389
http://dx.doi.org/10.1070/RM2006v061n05ABEH004356
http://dx.doi.org/10.1070/RM2006v061n05ABEH004356
http://dx.doi.org/10.1070/RM2006v061n05ABEH004356
http://dx.doi.org/10.1070/RM2006v061n05ABEH004356
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0829.22027
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0829.22027
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0829.22027
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0829.22027
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0829.22027
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0829.22027
http://mi.mathnet.ru/eng/faa84
http://mi.mathnet.ru/eng/faa84
http://dx.doi.org/10.1007/s10688-005-0049-x
http://dx.doi.org/10.1007/s10688-005-0049-x
http://dx.doi.org/10.1007/s10688-005-0049-x
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0605.22013
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0605.22013
http://dx.doi.org/10.1007/BFb0070306
http://dx.doi.org/10.1007/BFb0070306
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0404.22006
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0404.22006
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0404.22006

[30]

[31]

[32]

Integral models 67

A.M. Bepmuk, H. B. [Tunesuy, “@okoBckue (hakTOpU3aAIUNA U PA3IOXKEHUS
npocrpaucrsa L2 mas obmum nponeccom Jlesn”, YMH 58:3 (2003), 3-50; English
transl., A. M. Vershik and N. V. Tsilevich, “Fock factorizations, and decompositions of
the L? spaces over general Lévy processes”, Russian Math. Surveys 58:3 (2003), 427-472.

K. R. Parthasarathy and K. Schmidt, Positive definite kernels, continuous tensor products,
and central limit theorems of probability theory, Lecture Notes in Math., vol. 272,
Springer-Verlag, Berlin-New York 1972.

®. A. Bepesun, “IlpencraBiienns: HEIPEPHIBHOIO MIPSIMOTO TPOU3BEJAEHUS YHUBEPCATIBHBIX
HaKPBIBAIOIIUX T'PYIIbI JBMKEHUN KomIiuiekcHoro mapa’, Tp. MMO, 36, 1978, 275-293;
English transl., F. A. Berezin, “Representations of a continuous direct product of universal
coverings of the group of motions of the complex ball”, Trans. Moscow Math. Soc. 36
(1979), 281-298.

A.M. Vershik (A. M. Vershik) Received 24/DEC/08
St. Petersburg Department Translated by N. TSILEVICH

of Steklov Mathematical Institute
E-mail: vershik@pdmi.ras.ru

M.I. Graev (M.I. Graev)

Institute for System Studies, Russian Academy of
Sciences

E-mail: graev_36@mtu-net.ru


http://mi.mathnet.ru/eng/rm627
http://mi.mathnet.ru/eng/rm627
http://dx.doi.org/10.1070/RM2003v058n03ABEH000627
http://dx.doi.org/10.1070/RM2003v058n03ABEH000627
http://dx.doi.org/10.1070/RM2003v058n03ABEH000627
http://dx.doi.org/10.1007/BFb0058340
http://dx.doi.org/10.1007/BFb0058340
http://dx.doi.org/10.1007/BFb0058340
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0434.22015
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0434.22015
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0434.22015
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0434.22015
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0434.22015
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0434.22015
mailto:vershik@pdmi.ras.ru
mailto:graev_36@mtu-net.ru

	Contents
	1 Introduction
	2 The measure $\mathscr L$ in the space of distributions
	3 The canonical representations of the group $P_0$ and the associated representations of the current group $P_0^X$
	4 The representations of the group $P={\mathbb R}^*_+ \rightthreetimes P_0$ and its current group $P^X$ that are associated with canonical representations of the subgroup $P_0$
	5 The integral model of representation of the current group $\mathrm O(n,1)^X$, $n>2$
	6 Integral models of representations of the current group $\mathrm{SL}(2,\mathbb R)^X$
	7 Integral models of representations of the current group $\mathrm U(n,1)^X$
	8 Integral models of representations of the group $P^X$, where $P$ is the maximal parabolic subgroup of $\mathrm{Sp}(n,1)$
	Bibliography

