UDC 517.5 Integral models of representations of current groups A. M. Vershik^{1)}, M. I. Graev^{2)}

§ 1. Introduction

In this paper, by the current group G^X , where X is a manifold with a fixed continuous probability measure m and G is a locally compact group, we mean the group of all bounded continuous maps X → G with pointwise multiplication and compactly open topology.^{1)} The goal of the paper is to describe a new method of constructing irreducible unitary representations of G^X invariant with respect to measure-preserving transformations of (X, m) for the case when the group G can be presented as the semidirect product G = R^∗_+⋌ G_0 with some additional properties introduced below. The main examples of such groups G are the maximal parabolic subgroups P of rank 1 groups: O(n, 1), U(n, 1), and Sp(n, 1); in the first two cases, our representations can be uniquely extended to unitary representations of the corresponding semisimple current groups. These representations themselves were discovered in the 70s in [4, 5], but the method of construction considered below is absolutely new, it is a development of the model, suggested in [3, 2], of unipotent diagonalization of representations of current groups in the simplest case when the group of coefficients is G = SL(2, R). This method is based on a remarkable measure ν on the space of distributions (more exactly, on the cone of positive discrete finite measures on the manifold X), which is called the infinite-dimensional Lebesgue measure and is studied in detail in the recent paper [6] and some previous probabilistic papers. It is this measure that allows us to present the space of a representation of the current group as the Hilbert space of L^2- sections with respect to this measure in such a way that the structure of a semidirect product on the current group agrees with the structure of an integral of countable tensor products of the representation. While the ordinary models of integrals of representations (i.e., of representations of current groups) in the Fock space EXP H (see, e.g., [10, 5]) resemble Lebesgue integration of representations, the construction suggested in this paper resembles that of the Riemann integral or the integral over the trajectories of some random process. This leads to new isomorphisms of filtrations of Hilbert spaces (see [8]) and a new interpretation of continuous tensor products of Hilbert spaces, which will be considered elsewhere.

§ 2. The structure of the group G

Let G be an arbitrary locally compact group that can be presented as the semidirect product G = R^∗_+ ⋌ G_0. The multiplicative group R^∗_+ acts naturally on the normal divisor G_0, and hence on the set of all unitary representations of G_0, by outer automorphisms σ_r, r ∈ R^∗_+, sending the representation operators T (g) to the operators T_r(g) = T (σ_r(g)).

1)Supported by the grants NSh-4329.2006.1 and RFBR 05-01-00899. 2)Supported by the RFBR grant 07-01-00101a. Date: 26.06.07.

1)In fact, we use only the structure of a measure space and practically do not use the topology of the manifold X; however, it is convenient to use the language of Schwartz distributions. 1

Fix a unitary representation T of the subgroup G_0 in a Hilbert space H. With T we associate a unitary representation U of the group G = R^∗_+ ⋌ G_0 in the direct integral of the Hilbert spaces H_r ≡ H, in which the representations T_r are defined, taken over the invariant measure r^{−1}dr = d log r on the multiplicative group R^∗_+. We obtain a direct integral of the representations T_r of G_0 in a direct integral of Hilbert spaces H = ∫_∞ 0 H_r r^{−1} dr.

In more detail, by definition, elements of H are square integrable (with respect to d log r) sections f(r) of the fiber bundle over R^∗_+ in which the fiber over a point r ∈ R^∗_+ is the space H_r. The action of the group G_0 in each fiber of this fiber bundle determines a (reducible) unitary representation U(·) of this group in the whole space H. We define the operators U(r_0) of the group {R^∗_+ ∋ r_0} on sections f ∈ H by the formula

(U(r_0)f)(r) = f(r_0r).

The following assertion is obvious.

Proposition 1. Assume that the representation T of the subgroup G_0 is irreducible and all representations T_r are pairwise nonequivalent. Then the unitary representation U of the group G defined by this formula is also irreducible.

§ 3. Summable families of representations

We say that a unitary representation T of the subgroup G_0 in a Hilbert space H and the corresponding family of representations {T_r, r ∈ R^∗_+} are summable if there exists at least one unit vector h ∈ H such that (up to the change r → r^{−1}) for every nonnegative numerical sequence {r_n}, the condition

∑_∞ n=1 r_n < ∞ implies ∞∑ n=1 ‖T_{rn} (g) h − h‖ < ∞ for every g ∈ G_0.

A vector h ∈ H satisfying this property will be called almost invariant with respect to the representation T (or the family {T_r, r ∈ R^∗_+}).

Note that such a vector h may be not unique; for example, this is the case if G_0 is the Heisenberg group (see below). It is clear that every vector of the space linearly generated by vectors almost invariant with respect to a fixed summable representation T of G_0 is also a multiple of an almost invariant vector.

We will need the following sufficient condition for summability.

Proposition 2. If there exists a unit vector h ∈ H such that

‖T_r(g)h − h‖ < c(g)r for every g ∈ G_0, (1)

where c(g) depends only on g, then the representation T of the subgroup G_0 is summable and the vector h is almost invariant with respect to T .

Indeed, it follows from (1) that

∑_∞

n=1 ‖T_{rn} (g) h − h‖ < c(g)

∑_∞ n=1 r_n for every nonnegative sequence {r_n}. Hence T is summable.

Proposition 3. If a representation T of the subgroup G_0 in a space H satisfies the conditions of Proposition 2, then every almost invariant vector h ∈ H satisfying (1) gives rise to a nontrivial 1-cocycle a_h : G → H, where H is the space of the representation U of the group G = R^∗_+ ⋌ G_0 associated with T . Namely, a_h(g) = U(g)f(r) − f(r), where f(r) = e^{−r} h.

Proof. If g ∈ G_0, then U(g)f(r) = e^{−r} T_r(g)h, whence ‖U(g)f − f‖^2 =

∫_∞ 0 e^{−2r} ‖T_r(g)h − h‖^2r^{−1}dr. In view of Proposition 2, it follows that ‖U(g)f − f‖ < ∞, i.e., a_h(g) ∈ H for g ∈ G_0. If g = r_0 ∈ R^∗_+, then U(g)f = e^{−r0r}h, whence U(g)f − f = (e^{−r0r} − e^{−r}) h. It follows that a_h(g) ∈ H for g ∈ R^∗_+. Thus a_h(g) is a 1-cocycle. Since f /∈ H, this cocycle is nontrivial. □

Recall that an irreducible unitary representation of a locally compact group G is called special if the cohomology group of G with values in the space of this representation is nontrivial. By a theorem from [7], a special representation cannot be separated from the identity representation in the Fell topology. Thus Proposition 3 contains a simple and explicit construction of a special representation for the class of groups under consideration; cf. [4, 5], where a special representation for rank 1 groups is constructed as a limit of complementary series representations. In what follows, we assume that the conditions of Proposition 1 on representations T of the group G_0 are satisfied.

§ 4. Countable tensor products and representations of the groups l^∞(G_0)

The following definition is widely known.

Definition 1. The countable tensor power of a Hilbert space H with unit stabilizing vector h ∈ H is the inductive limit of the finite tensor powers ⊗^n_{i=1} H of H with respect to the isometric embeddings x ∈ ⊗^n_{i=1} H → x ⊗ h ∈ ⊗^{n+1}_{i=1} H. We denote this limit by ~H = ⊗∞_{i=1}(H, h) or, in short, ⊗∞_{i=1}H.

In other words, ~H is the Hilbert space obtained by completing the space lim ind_{n→∞} ⊗^n_{i=1} H with respect to the norm.

It is natural to present the elements of the subspaces ⊗^nH ⊂ ~H (which form a total set in ~H) as infinite products that stabilize at a finite step:

y_n = x_1 ⊗ x_2 ⊗ . . . ⊗ x_n ⊗ h ⊗ h ⊗ . . . where x_k ∈ H. (2)

Lemma. If

∑_∞ n=1 ‖x_n − h‖ < ∞, then a sequence {y_n} of the form (2) converges in the norm of the space ~H.

We will write the limits of such sequences {y_n} as infinite products y = ⊗^∞_{n=1} x_n, where ∑_∞

n=1 ‖x_n−h‖ < ∞; in what follows, when describing the space ~H, we will restrict ourselves only to such elements from ~H and their finite linear combinations.

Consider the group l^∞(G_0) (or, in short, l^∞) of all infinite bounded sequences g = {g_1, g_2, . . .} of elements of G_0 such that all elements g_n, n = 1, 2, . . ., belong to some (depending on g) compact set K(g) ⊂ G_0, with coordinatewise multiplication. Starting with a summable unitary representation T of G_0 in a space H, we construct unitary representations of the group l^∞(G_0).

Theorem 1. If a representation T of the subgroup G_0 in a space H is summable, then for every nonnegative summable numerical sequence {r_n} and every vector h ∈ H almost invariant with respect to T , there is a well-defined unitary representation of the group l^∞(G_0) in the space ~H_{{rn},h} = ⊗^∞_{i=1}(H, h) by operators of the form ~T_{{rn},h}(g) = ⊗^∞_{n=1} T_{rn} (g_n) for g = {g_1, g_2, . . .}, i.e.,

~T_{{rk},h}(g)(^∞⊗_{n=1} f_n) =^∞⊗_{n=1}(T_{rn} (g_n)f_n).

If the representation T of the group G_0 is irreducible and the representations T_r are pairwise nonequivalent, then the representations ~T_{{rn},h} of the group l^∞(G_0) are also irreducible and pairwise nonequivalent.

Proof. The representation is well-defined, because the convergence in ~H_{{rn},h} of the sequence y_n = x_1 ⊗x_2 ⊗. . . ⊗x_n ⊗h⊗h⊗. . . implies that for every g = {g_1, g_2, . . .} ∈ l^∞(G_0) the sequence {T_{r1} (g_1)x_1 ⊗ T_{r2} (g_2)x_2 ⊗ . . . ⊗ T_{rn} (g_n)x_n ⊗ h ⊗ h ⊗ . . .} also converges.

The unitarity of ~T follows from the unitarity of T_{rn} .

Further, assume that some representations T_{{rn},h} and T_{{r}′_{n},h}′ are equivalent. Then, obviously, {r_n} = {r^′_n}, and every intertwining operator A for these representations maps all subspaces ⊗^n_{i=1}H to themselves and is a multiple of the identity operator on each of them. We may assume without loss of generality that A = id on each subspace ⊗^n_{i=1}H. Then A preserves every sequence {y_n} of the form (2) convergent in ~H_{{rn},h}. Obviously, such a sequence converges in ~H_{{rn},h}′ only for h^′ = h. □

In what follows, the constructed representations ~H_{{rn},h} of the group l^∞(G_0) will be the components of the direct integral of representations of the current group G^X_0 . More exactly, we can let the whole current group pass through the representation of l^∞(G_0) defined above.

Theorem 2. Choose a countable sequence of points {x_k}^∞_{k=1}, x_k ∈ X, and a convergent positive series {r_k},

∑_∞ k=1 r_k < ∞. Under the conditions of Theorem 1, for every such collection {r_k, x_k} and every vector h ∈ H almost invariant with respect to a summable representation T of the group G_0, there is a unitary representation ~T_{{rn},h} of the current group G^X_0 in the space ~H_{{rn},h} = ⊗^∞_{i=1}(H, h) by operators of the form ~T_{{rn},h}(g(·)) = ⊗^∞_{n=1} T_{rn} (g(x_n)), i.e.,

~T_{{rn},h}(g(·))(^∞⊗_{n=1} f_n) =^∞⊗_{n=1}(T_{rn} (g(x_n))f_n).

If the representation T of the group G_0 is irreducible and the representations T_r are pairwise nonequivalent, then the representations ~T_{{rn},h} of the group G^X_0 are also irreducible and pairwise nonequivalent.

Indeed, it suffices to observe that the restriction of G^X_0 to the chosen set of points {x_k} is an element of the group l^∞(G_0). Therefore the obtained representations of G^X_0 depend substantially on the collection of points {x_n} and the sequence {r_n}. Note that the Hilbert space in which they act depends only on the almost invariant vector h ∈ H.

§ 5. The Lebesgue measure in the space of distributions

We proceed to the central part of our construction, involving the description of a σ-finite measure invariant with respect to a remarkable infinite-dimensional group. The measure itself was first discovered in [5] and partially studied in [9]. However, in those papers it was defined by the density with respect to some probability measure; only later it became clear that this σ-finite measure is related to the gamma process and stable Lévy processes (see also [8]). A new approximative approach to this measure was suggested in the recent paper [6], in which its relations to other measures (to the Poisson–Dirichlet measures) and close problems are described. Note that the role of this measure in the problems under consideration, combinatorics, number theory is comparable to the role of the Gaussian measure in mathematical physics and infinite-dimensional analysis. In this paper we will need only the existence of this measure and some its properties.

Consider the cone of real positive finite atomic measures on X:

D_+(X) = { ∞∑ k=1 r_kδ_{xk} , r_k > 0, ∑ k r_k < ∞}.

Elements of D_+(X) will be denoted in short by ξ = {r_k, x_k}^∞_{k=1}.

Theorem-definition. There exists a σ-finite (infinite) measure ν on the cone D_+(X) that is finite on every compact set and is uniquely determined by its Laplace transform

F (f) ≡ ∫ D_+(X)

exp( ∑ k r_kf(x_k))dν(ξ) = exp(− ∫ X log f(x)dm(x)),

where f is an arbitrary nonnegative measurable function on (X, m) such that the integral of log f is finite.

Remark. The Laplace transform is well-defined for a wide class of σ-finite measures, and there is a uniqueness theorem for measures with a given Laplace transform. The proof of the existence of such a measure can be carried out in several different ways: a direct construction of the gamma process with the subsequent introduction of a density [9], an approximative construction and the definition via the Poisson–Dirichlet measures [6].

There is a characteristic description of this measure which is especially important for our purposes. Let a manifold X and a normalized nonnegative measure m on X be fixed.

Theorem 3. The measure ν on the cone D_+(X) is completely characterized by the following two properties:

1) (Projective invariance with respect to the group of multiplicators.) If a(x) is a nonnegative measurable bounded function on X such that the integral ∫ X log a(x)dm = c ≥ 0 converges, then the operator M_a that multiplies elements ξ ∈ D_+(X) by a(x) (i.e., M_a ∑ k r_kδ_{xk} = ∑ k a(x_k)r_kδ_{xk} ) multiplies the measure ν by exp c. In particular, if c = 0, then ν is invariant with respect to this multiplicator.

2) Invariance and ergodicity with respect to the group of all measure-preserving transformations of (X, m).

The fact that the measure ν satisfies these properties follows from the above formula for the Laplace transform of ν.

Note that if we replace the constant exp c in condition 1) with the constant exp θc, θ > 0, then we obtain an important one-parameter family of measures ν_θθ > 0. These measures are in a natural correspondence with the Poisson–Dirichlet measures P D(θ) on the infinite-dimensional simplex (see [6]). If we do not impose the normalizing condition on the measure m, then the value m(X) ≡ δ adds another positive parameter δ, which is not essential.

It is natural to call ν the infinite-dimensional Lebesgue measure, because its properties generalize the invariance properties of the finite-dimensional Lebesgue measure on the nonnegative octant. The novelty of the infinite-dimensional case is the ergodicity with respect to the group of multiplicators, which is worth mentioning separately.

Theorem 4. The action of the group M of multiplicators on the cone D_+(X) endowed with the measure ν is ergodic.

§ 6. Construction of a representation of the current group

Now we proceed to the construction of an irreducible representation of the current group G^X = (R^∗_+ ⋌ G_0)^X invariant with respect to the group of transformations of the manifold X preserving the measure m. Fix a summable unitary representation T of the group G_0 in a Hilbert space H and a vector h ∈ H almost invariant with respect to T . By Theorem 2, for every element ξ = {r_k, x_k}^∞_{k=1} ∈ D_+(X) there is a representation ~T_{{rn},h}r of the current group G^X_0 in the space ~H_{{rn},h} = ⊗^∞_{i=1}(H, h). The support of this representation is the sequence {x_k}, x_k ∈ X, and the representation itself depends on the sequence {r_k}. In other words, we considered a representation passed through the homomorphism of restricting G^X_0 to the points {x_k}, x_k ∈ X: G^X_0 → l^∞(G_0).

Of course, these representations do not use the measure ν and are not invariant with respect to the group of m-preserving transformations of X. Besides, they are still representations of G_0^X rather than G^X .

Now we proceed to the description of the unitary representation U of the group G^X = (R^∗_+ ⋌ G_0)^X associated with T .

Take the direct integral of the Hilbert spaces H_{{rk},h} =

⨂_∞

i=1(H, h) with respect to the measure ν, H = ∫ D_+

~H_{ξ,h} dν(ξ), ~H_{ξ,h} =^∞ ⨂ i=1 (H, h),

i.e., the space of sections F (ξ) = F ({r_k, x_k}) of the fiber bundle over the space D_+(X) of discrete measures in which the fiber over a point ξ = {r_k, x_k} is the countable tensor product ~H_{{rk},h} = ⊗^∞_{k=1} H_{rk} , H_{rk} = H, with stabilizing vector h. (This fiber, regarded as a Hilbert space, does not depend on the sequence {x_k}, but the representation acting in this fiber does depend on {x_k}.) An action of the group G^X_0 is already defined in each fiber of this fiber bundle, inducing a unitary representation of G^X_0 on the whole space H. It remains to define the operators U(r_0(·)) of the group R^X . We define them by the formula

(U(r(·))F )({r_k , x_k}) = e^{12 RX log r0(x) dm(x)} F ({r_0(x_k)r_k, x_k}) for every r(·) ∈ R^X_+ ;

that is, the operators U(r_0(·)) permute the fibers of the fiber bundle and thus induce a representation of the group R^X on the whole space H. The unitarity of these operators follows from the invariance of the measure ν with respect to multiplicators. Together with the operators of G^X_0 , they generate the required unitary representation of G^X .

Theorem 5. If the representation T of the group G_0 is irreducible and the representations T_r are pairwise nonequivalent, then the above-defined unitary representation U of the group G^X is irreducible. It is invariant with respect to the group of transformations of the base X preserving the measure m.

The fact that the representation is irreducible follows from the ergodicity of the measure ν with respect to the group of multiplicators (see above). The other properties are also determined by the properties of ν.

Thus the parameters of our construction for the class of groups under study are a summable irreducible unitary representation T of the group G_0 and an almost invariant vector in the space of this representation. We will see that in some classical cases these parameters are uniquely determined.

§ 7. Example: the one-dimensional extension of the Heisenberg group

Let G = R^∗_+ ⋌ N, where N is the Heisenberg group of order 2n − 1 realized as the group of pairs (t, z), t ∈ R , z ∈ C^{n−1}, with multiplication law (t_1, z_1)(t_2, z_2) = (t_1 + t_2 − Im z_1z^∗_2 , z_1 + z_2). Elements r ∈ R^∗_+ and (t, z) ∈ N are related by r(t, z)r^{−1} = (r^2t, rz).

Essentially, there are two infinite-dimensional summable irreducible unitary representations of the group N (see [11]). The first one acts in the Hilbert space H^+ of entire analytic functions f(z) on C^{n−1} with the norm

‖f‖^2 = ∫ C^{n−1}

|f(z)|^2 e^{−zz∗} dμ(z). (3)

The operators of this representations are given by the formula

(T (t_0, z_0)f)(z) = e^{ζ0−zz∗0} f(z + z_0) where ζ_0 = it_0 − 1 2 z_0z^∗_0 . (4)

The second representation acts in the space H^− of entire anti-analytic functions on C^{n−1} with the same norm (3) by operators of the form (T (t_0, z_0)f)(z) = e^{ζ0−z0z∗} f(z + z_0).

The invariance condition, and even the stronger condition (1), are satisfied by all, up to a factor, monomials z^k = z^{k1}_1 . . . z^{kn−1}_{n−1} and z^k = z^{k1}_1 . . . z^{kn−1}_{n−1} in the spaces H^+ and H^−, respectively. Hence the almost invariant vectors linearly generate everywhere dense subsets in these spaces.

Thus the irreducible unitary representations of the current group N^X are indexed by pairs (ξ, h) where ξ ∈ D_+(X) and h is an almost invariant vector in H^+ or H^−, and all these representations are pairwise nonequivalent. Correspondingly, every irreducible unitary representation of the group G^X = (R^∗_+ ⋌ N)^X of currents of the one-dimensional extension of the Heisenberg group is determined, according to our scheme, by an almost invariant vector in H^+ or H^−, and all these representations are pairwise nonequivalent.

§ 8. The main example: the parabolic subgroups of rank 1 groups

Consider the case G = P where P is the maximal parabolic subgroup of the group O(n, 1) or U(n, 1). In both cases, P is the semidirect product of the group of homotheties and a subgroup P_0: P = R^∗_+ ⋌ P_0. Thus the description of irreducible representations of the current group P^X reduces to the description of summable irreducible representations of the subgroup P_0. Let us give this description.

In the case of O(n, 1), the subgroup P_0 is the semidirect product P_0 = D_0 ⋌ R^{n−1} where D_0 = {±1} ⊕ O(n − 1). In this case, there is a unique family T_r of summable irreducible representation of P_0. It is convenient to realize it in the L^2-space of functions f(ω) on the unit sphere in R^{n−1}. The operators of this representation are as follows: (T (γ)f)(ω) = e^{i⟨γ,ω⟩} f(ω) for γ ∈ R^{n−1}; (T (ϵ, u)f)(ω) = f(ϵωu) for (ϵ, u) ∈ D_0. There is a unique almost invariant vector with respect to T : f(ω) = const. Thus in this case we obtain one irreducible unitary representation of the group P^X .

The case SL(2, R) ∼ SO(2, 1) looks especially simple: in this case, the subgroup P_0 and the spaces ~H are one-dimensional. Hence the direct integral reduces to the scalar space L^2(ν); it is in this space that the representation of the group P^X of lower triangular 2 × 2 matrices acts in the so-called commutative model [3]. This representation can be extended to a representation of the whole current group SL(2, R)^X .

In the case of U(n, 1), the subgroup P_0 is the semidirect product P_0 = D_0 ⋌ N where D_0 = U(1) ⊕ U(n − 1) and N is the Heisenberg group of order 2n − 1. Elements (ϵ, u) ∈ D_0 and (t, z) ∈ N are related by (ϵ, u)^{−1}(t, z)(ϵ, u) = (t, ezu).

In this case, there are two countable families of irreducible summable representations T_r of P_0. One of them is obtained from the decomposition of the unitary representation of P_0 in the space ~H of all functions f(z) on C^{n−1} with the norm (3) into irreducible components. The operators of the subgroup N in this space are given by (4), and the operators of the subgroup D_0 have the form (T (ϵ, u)f)(z) = f(ϵzu) for (ϵ, u) ∈ D_0. The space ~H decomposes into the direct sum of irreducible pairwise nonequivalent subspaces: ~H = ⊕^∞_{m=0}H_m. The representation of P_0 in each subspace H_m is summable and has a unique almost invariant vector: φ_m(z) = l^{n−2}_m (zz^∗), where l^{n−2}_m (x) is the Laguerre polynomial, see [12].

Another family of irreducible summable representations of P_0 is obtained from the irreducible decomposition of the same space H in which the operators of the subgroup N are given by (T (t_0, z_0)f)(z) = e^{ζ0−z0z∗} f(z + z_0).

Note that two of the irreducible representations of P_0 defined in this way are obtained by extending to P_0 the irreducible representations of the Heisenberg group N in the spaces of entire analytic and anti-analytic functions on C^{n−1}, respectively.

The representations ~T of the maximal parabolic subgroup P associated with these summable representations of P_0 are irreducible and pairwise nonequivalent; they have the nontrivial 1-cocycles a(g) = ~T (g)f(r, z) − f(r, z), where f(r, z) = e^{−r} φ_m(z).

Theorem 6. The representations U(g(·)) of the current group P^X associated with these summable irreducible representations of the subgroup P_0 are irreducible and pairwise nonequivalent.

A question arises about extending the irreducible unitary representations of P^X obtained in this way to the whole current group (O(n, 1))^X or (U(n, 1))^X , respectively. In the case of O(n, 1), by the construction and the uniqueness of an irreducible unitary representation of the current group, this question is resolved in the affirmative; in the case of U(n, 1), an extension exists only for the two representations of P^X associated with the irreducible representations of P_0 in the spaces of entire analytic and anti-analytic functions, respectively.

Since in order to construct such an extension, we must additionally define the representation on a unique element (involution), we would like to have an explicit formula for this involution. This turned out to be possible for the group (U(n, 1))^X . A more detailed treatment of the theory will be published separately.

§ 9. Relation to the Fock space

All known representations of the current group were realized, in the papers [5, 10], in the Fock space, or the exponent of a Hilbert space. In this realization, the one-particle subspace is the Hilbert space L^2(X; ~H) of square integrable functions with values in the Hilbert space ~H in which a special representation of the group of coefficients acts (see above).

Since the representations under study are irreducible, there is a unique (up to scalar operator) isomorphism of the integral model, suggested in this paper, of a representation of the current group and the Fock model of this representation. The explicit form of this isomorphism is rather complicated. Let us schematically describe the difference between the Fock model and the integral model.

First of all, in order to construct a realization of representations of currents, free fields, etc., we need to introduce a correct notion of continuous symmetric tensor product of Hilbert spaces, or tensor integral of Hilbert spaces over some base X. In other words, we need to give an exact meaning to the space described by the symbolic expression ∫^N X H_α dm(α),

where X is the base of the integral (i.e., the space of parameters of field operators). We may assume that all Hilbert components H_α are identified with the same Hilbert space H; this space is rather virtual, or “infinitesimal,” and the integral is its “continuous infinite tensor power.” The understanding of this integral that is generally accepted originates in quantum theory and consists in passing to the Fock model, i.e., the exponent of the one-particle space, which is most convenient to interpret as the Hilbert space L^2_m(X; H) of square integrable functions with respect to m with values in some Hilbert space H: ∫^N X H dm = EXP [L^2_m(X; H)].

The most frequent analytic interpretation of the exponent is that it is the L^2 space over a Gaussian process (white noise) and the one-particle space consists of linear functionals of trajectories of this process.

In this paper we suggest another, quite different, understanding of the continuous tensor product. Namely, we replace the base of the integral, the measure space (X, m), with the cone of positive discrete measures on the base, i.e., the cone D_+(X) endowed with the σ-finite measure ν. To each point (or trajectory) ξ = {r_k, x_k} ∈ D_+(X), where x_k ∈ X, r_k > 0, ∑ k r_k < ∞, we associate the countable tensor product (over k) of the Hilbert spaces H_{rk} , and then take the direct integral of these countable tensor products over the measure ν. One may say that our construction replaces the continuous tensor product by the direct integral of countable tensor products.

Let us reproduce this formula as applied to the class of groups under study and representations of their current groups.

Let G = R^∗_+⋌G_0, let T be a summable irreducible unitary representation of the subgroup G_0 in a space H, and let ~T be the associated special representation of the group G in the space ~H. Then our interpretation of the continuous tensor product is as follows: N ∫ X ~Hdm ≈

∫^L

D_+(X) [ ∞⨂ k=1 H_{rk} ]dν(ξ).

Here ξ = {r_k, x_k} ∈ D_+(X), and H_{rk} are the spaces of the corresponding representations of the group G^X_0 , more exactly, the representations of the group l^∞(G_0) obtained by restricting the elements of the current group to a countable set of points {x_k}, k = 1, 2, . . . ; the current group (R^∗)^X acts ergodically on the base (D_+(X), ν) of the direct integral and simultaneously intertwines the representations in the fibers H_{rk} .

Apparently, this model of tensor product has also wider applications; but it is still to be understood in more detail how the ordinary operators of the Fock model look in terms of this model.

Translated by N. V. Tsilevich.

References

[1] A. M. Vershik and M. I. Graev. Structure of the complementary series and special representations of the groups O(n, 1) and U(n, 1). Russian Math. Surveys 61, No. 5, 799–884 (2006).

[2] M. I. Graev and A. M. Vershik. The basic representation of the current group O(n, 1)^X in the L^2 space over the generalized Lebesgue measure. Indag. Math. 16, No. 3/4, 499–529 (2005).

[3] I. M. Gelfand, M. I. Graev, and A. M. Vershik. Models of representations of current groups. In:

Representations of Lie Groups and Lie Algebras. Akad. Kiado, Budapest, 1985, pp. 121–179. [4] A. M. Vershik, I. M. Gelfand, and M. I. Graev. Irreducible representations of the group G^X and cohomology. Funkts. Anal. i Prilozh. 8, No. 2, 67–69 (1974).

[5] A. M. Vershik, I. M. Gelfand, and M. I. Graev. Representations of the group SL(2, R), where R is a ring of functions. Uspekhi Mat. Nauk 28, No. 5, 83–128 (1973).

[6] A. M. Vershik. Does there exist the Lebesgue measure in the infinite-dimensional space? Proc. Steklov Inst. Math. 259 (2007).

[7] A. M. Vershik and S. I. Karpushev. Cohomology of groups in unitary representations, the neighborhood of the identity, and conditionally positive definite functions. Math. in USSR 47, 513–526 (1984).

[8] A. M. Vershik and N. V. Tsilevich. Fock factorizations and decompositions of the L^2 spaces over general Levy processes. Russian Math. Surveys 58, No. 3, 427–472 (2003).

[9] N. Tsilevich, A. Vershik, and M. Yor. An infinite-dimensional analogue of the Lebesgue measure and distinguished properties of the gamma process. J. Funct. Anal. 185, No. 1, 274–296 (2001).

[10] H. Araki. Factorisable representations of the current algebra. Publ. RIMS Kyoto Univ., Ser. A5, No. 3, 361–422 (1970).

[11] A. Perelomov. Generalized Coherent States and Their Applications. Springer-Verlag, Berlin, 1986. [12] H. Bateman and A. Erdelyi. Higher Transcendental Functions [in Russian], Vol. 2, Moscow (1974).

A. M. Vershik. St. Petersburg Department of Steklov Institute of Mathematics. 27 Fontanka, 191023 St. Petersburg, Russia E-mail: vershik@pdmi.ras.ru

M. I. Graev. Institute for System Studies, 36-1 Nakhimovsky pr., 117218 Moscow, Russia E-mail: graev 36@mtu-net.ru