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AN ANSATZ FOR sl,-INVARIANT R-MATRICES
A. G. Bytsko* UDC 517.9

We study spectral decomposition of regular sla-invariant R-matrices R(\) by the method of reduction of the Yang—
Bazter equation to subspaces of a given spin. Restrictions on the possible structure of several leading coefficients
in the spectral decomposition are derived. The origin and structure of the exceptional solution for spin s = 3 are
explained. A similar analysis is performed for constant R-matrices. In particular, it is shown that the permutation
matriz P is a “rigid” solution. Bibliography: 6 titles.

1. INTRODUCTION

The Yang-Baxter equation plays a key role in the quantum inverse scattering method (see, e.g., the reviews
[1, 2]). The braid group form of this equation looks as follows:

Ris(A) Ras (A + ) Raz(p) = Ras (1) Rua(A + p) Raz(N). (1)

In this paper, we consider the Yang-Baxter equation (1) on the space V.3, where Vj is an irreducible finite-
dimensional representation of the algebra slo. The dimension of the representation Vj is (2s+1), where s is either
a positive integer or a semi-integer number (called spin below). Here and in what follows, we use the standard
notation: lower indices of R()) indicate tensor components of V.3 where R(\) acts nontrivially.

An operator-valued function R(\) : C — End V®? that satisfies Eq. (1) is called an R-matrix. We consider
slo-invariant R-matrices, i.e., matrices that have spectral decomposition of the form

RN =Y (AP (2)
§=0

In (2), P7 is the projection onto Vj, the subspace of spin j in V.2, and r;()) is a scalar function. Additionally,
we assume that R-matrices under consideration are regular, unitary, and normalized, i.e., the following relations
are satisfied:

r;(0) =1, ri(AM)rj(=A) =1, and rgs(N\) =1. (3)

Let us remark that unitarity is a consequence of regularity and normalization [3].

Since regular R-matrices can be used to construct local integrals of motion for lattice models, in particular for
spin chains, the problem of finding all the solutions of the Yang—Baxter equation with properties (3) is important
for the quantum inverse scattering method. At present, four series of nonequivalent slo-invariant regular solutions
and one exceptional solution for s = 3 are known (see [4] and references therein). A computer-based check [4]
led to a conjecture that this list of solutions is exhaustive. However, the corresponding classification theorem
has not been proven yet. In the present paper, we apply the approach developed in [3] and make some progress
in this direction. In particular, we explain the origin and structure of the exceptional solution for s = 3.

The paper is organized as follows. Section 2 contains analysis of one ansatz for an R-matrix. Although
the results presented here are well known, we provide all the necessary technical details because our aim is to
develop a similar technique for a more general case. In Sec. 3, we recall briefly the main details of the approach
developed in [3] for analysis of slo- and Uj(slz)-invariant R-matrices. Here we also prove one useful additional
relation (Lemma 3). In Sec. 4.1, we demonstrate that analysis of some number of leading coefficients in the
spectral decomposition of an R-matrix can be performed in a way which closely resembles the analysis described
in Sec. 2. In Secs. 4.2-4.3, we give details of this analysis. In particular, it turns out that the exceptional solution
arises as a consequence of degeneration of a certain set of matrices. In Sec. 5, we perform a similar analysis for
constant R-matrices. In particular, it is shown that the permutation P is a “rigid” solution. The Conclusion
summarizes the main results.
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2. ANALYSIS OF ONE ANSATZ FOR AN R-MATRIX

Let E denote the identity operator on V&2, For s > 1, let us consider R-matrices of the following form:

1

RO =17 N

(E+ f(N)P+g(N) PY). (4)

Here P is the permutation operator on Vi ®V;. Recall that this operator can be expressed in terms of projections:

2s

P=>Y (-1 P (5)

Jj=0

If the scalar functions f(A) and g(X) satisfy the condition f(0) = g(0) = 0, then (4) is an ansatz for a solution
of the Yang—Baxter equation in the class (3). It turns out that all the R-matrices of that type can be described
explicitly.

Lemma 1. The following relations hold on V.®3:

P'P)=P'P;, P =E, PPP=P P =¢(P, (6)
PPy Py =Py P Py, (7)
PPy P =P, P, P}, P PP, =Py PPy, (8)
PP, PP =nP’, PPP)P)=n*P, (9)
PP =¢&n PP Py, P PP =¢énPy PP, (10)
where | = {12}, I = {23} or | = {23}, I’ = {12}, and £ and 7 are scalar constants:
= (-1 and n= (11)

2s+1°

Proof. The third relation in (6) follows from (5). Equalities (7) and (8) are obvious. Relations (9) follow from
the well-known relation

; 2j+1
0 0 _ 0
Py PPy = [ ESIERES (12)
(see, e.g., [3]). Relation (10) can be derived as follows:
6 9
Ploz PS}. Pll = Plozpll P103 (:) gPloz P103 = §P102P7-3 Plozp?-s (:) §77P107_IPZ3' (13)

O

Substituting (4) in (1) and using the relations of Lemma 1, it is not difficult to check that the Yang—Baxter
equation for the ansatz under consideration is equivalent to the following equation:

Fr,F+Gx,G+Hy,H+H,\H=0, (14)
where
F=P,, —P,;, G=P,—P),
H=P),P,; —P,, P, H=P,P,—PLP,,, (15)
Fxu=TA\)+ f(w) = F(A+p), (16)

G = 9N +9(1) =g\ + 1) +EF(N)g(1) +Eg(N) £ (1) +9 (N g (1) +1g(N) (1) f (N + 1) + 17 g(N)g()g(A + ), (17)

and

Hy o= g\ fA+ 1) = FN)gA + ) +Eng(N) fF()g(A + p). (18)
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Lemma 2. For s > 1, the matrices F, G, H, and H in (15) are linearly independent.

The proof is given in Appendix B.
As a consequence of Lemma 2, we see that Eqgs. (14) are equivalent to the following system of functional
equations:

Fy\,.=0, (19)
Gau =0, (20)
Hy,=H,\=0. (21)

Analysis of system (19)—(21) is fairly simple. There are the following three nontrivial cases:

(1) f(A) # 0 and g(A\) = 0. In this case, it is obvious from (16) that f()) is a linear function. Without loss
of generality, one may choose f(\) = \.

(2) f(A) =0 and g(X\) # 0. In this case, there remains a single equation for g(\):

9N + g(p) — gA + ) +g(N)g(w) +n*g(N)g()g(A + ) = 0, (22)
which has (for n # %) the following solution:

1—e

g()\) me, b+b_1 27’]_1. (23)

Here « is an arbitrary finite constant, which can be chosen equal one without loss of generality.
(3) f(A) # 0 and g(A\) # 0. Again, one may take f(\) = . Introducing a new function h(\) = f(A)/g(A), we
can rewrite Eq. (21) in the following form:

h(A + ) = h(A) = &n f (1) = h(p) = &n FN).- (24)
Hence, h()) is a linear function. Therefore, the solution for g(\) is as follows:
A
A)=—7"7. 25
o = e (25)
The function (25) solves Eq. (20) provided that the following restrictions are imposed:
€ =1 and B=n-¢&/2. (26)

R-matrices that correspond to cases (1), (2), and (3) are known as the R-matrices of Yang, Baxter, and
Zamolodchikov, respectively. The above analysis shows clearly that there are no other solutions of the form (4).
It is remarkable that the ansatz (4) covers three of the four known series of slp-invariant regular R-matrices.
Therefore, it is natural to study a generalization of the ansatz which could be analyzed in a similar way.

3. REDUCED YANG-BAXTER EQUATION

Let us recall the main details of the approach developed in [3] to analyze U,(slz)-invariant R-matrices (we
take into account from the very beginning that ¢ = 1 in our case). Denote by |t] the entire part of a number ¢.
For n =0,1,...,|3s], the subspace WT(LS) C V3 is defined as the linear span of the highest weight vectors of
spin (3s —n), i.e.,

W ={peV® | SLp=0, Si,,0=@s—n)p} (27)
For a given R-matrix of the form (2), we construct a set of diagonal matrices D™ (\) as follows:
0<k<n for 0 <n < 2s;
DA = S 25—k (), h -0 - 28
i (M) ek 25k(A) where n—2s<k<4s—n for 2s<n < |3s]. (28)

Set ﬁ(")()\) = A6 DO(X) A7) where A™ is a certain special matrix with properties described below.
Then the condition that the Yang—Baxter equation (1) is fulfilled on the subspace W) can be written as the
following matrix equation:

D™ (X) D™ (A + ) D () = D™ (1) D™ (X + ) D™ (N), (29)
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which we call the reduced Yang—Baxter equation (of level n). The initial Eq. (29) is equivalent to the system of
reduced Eqgs. (29) with n=0,1,...,|3s].

The matrix A" which plays an important role in the outlined approach, has the following basic properties.
Entries of the matrix are expressed (for ¢ = 1) in terms of 6—j symbols of the algebra sly as follows (see also
Appendix A):

s,n s—n S S 25_ kl
A — (—1)277/(4s — 2k + 1)(4s — 2K + 1) {S 35— m 95—k } , (30)

where k and &’ take the same values as in (28). The matrix A(>™) is orthogonal, symmetric, and coincides with
its own inverse (¢ stands for matrix transposition):

Alsm) = (Alm)t = (46m) 7 (31)
For the purpose of the present work, we need one more property which we formulate as follows.
Lemma 3. For alln=0,...,|3s|, the following matrix relation holds:
A(s,n) Dé") A(s’") _ (_1)n Dé") A(s’") Dé")) (32)

where the diagonal matrix Dé") has the form

(D5 g = (1) B (33)
and k and k' take the same values as in (28).
Proof. Let us write out matrix entries of (32) taking into account that A®™ is symmetric:
DoAY AR = (AR, (34)
m

Now, taking into account formula (30), it is easy to see that relation (34) can be reduced to the Racah identity
for 6-j symbols (see, e.g., [5]):

_1\p ry rs 1 1T T2 U (1 rs r1
;( 1) (2p+1){7“2 T4 p}{TB Ta D ( 1) ro g U f7 (35)
where we have toset 11 =ro=r3=s5,174 =3s—n,l=2s—k, ' =2s — k', and p=2s—m. O
It is obvious from (5) that Dé") and ﬁé") = A(svn)Dé")A(s’") correspond to the restrictions of the operators
P,, and P,; to Wr(Ls). In particular, reduction of Eq. (7) on the subspace Wns) leads to the following relation:

Dé") A(s’") Dé") A(s’") Dé") _ A(s’") Dé") A(s’") Dé") A(s’") Dé") A(s’"); (36)

the correctness of (36) follows immediately from the statement of Lemma 3. One more corollary of Lemma 3 is
that (—1)"14(3’") corresponds to the restriction of the operator P,; = P,,P,;P,, to WT(LS).
4. PARTIAL ANALYSIS OF THE GENERAL ANSATZ

4.1. Derivation of the equations
We note that any sly-invariant R-matrix of spin s > 1 can be represented by the following ansatz:

’

BO) = 15y (B S0P g P 3 P, 7

where 2 < m < 2s and m < m’ (if m = 2s, then the last sum in (37) is omitted). Below we assume that g(\) # 0,
since otherwise (37) belongs to the known case (1) of Sec. 2. The regularity requirement imposes the condition

f(0) = ¢(0) = 7(0) = 0. (38)
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Let 7(™™ denote the matrix such that (7(™™); = Spmdprm, & = 0,...,n. Then 7(™") and 7(™n) =
Alsm)r(mn) A(sm) correspond to the restrictions of the operators P25~ and P25 to W), Note that 7(mm)
and 7(™"™) are projections of rank 1. R

For n < m’, the matrices D™ (\) and D™ (\) corresponding to the R-matrix (27) look as follows:

O — (n) (m.n)
. D) = Tz (B4 SO DY + 0,0, 903) 777) -
D) = 17 (B + O B + 0 g 7).

where 0,,, =0 forn <m and 0,,, =1 form <n <m'.

The following observation is a key place of the present work: analysis of the reduced Yang—Baxter equation
(29) for the ansatz (39) is absolutely analogous (except for one special case) to analysis of Eq. (1) for the ansatz
(4) given in Sec. 2. This observation is based on the following assertion.

Lemma 4. Relations (6)—(10) of Lemma 1 remain true after the replacement
P, — D, Py — D, P glmm) o pY mn) (40)
as well as after the replacement
P, —» D, P, — DM, PP gmm - pY_, plmm), (41)
The corresponding scalar constants £ and 17 become dependent on m and n:
Em=(=1)" and nmn=(-1)" Aﬁﬁ;ﬁ). (42)

Proof. The analogs of relations (6) follow from the definition of the matrices D(()"), ﬁ(()"), w(mn) and 7™ and
from the property (A®*™)2 = E. The analog of relation (7) is identity (36), which we have established above.
The analogs of relations (8) can be reduced to the identity

7T_(m,n) A(s,n) D(()") A(s,n) D(()") A(s,n) _ A(s,n) D(()") A(s,n) D(()") A(s,n) 7T_(m,n)7 (43)

which is easily verified with the help of relation (32) and the analogs of relations (6). The analogs of relations
(9) and (10) are derived as follows:

7T_(m,n) ﬁ(()") 7T.(m,n) _ 7T_(m,n) A(s,n)D(()")A(s,n) 7T_(m,n) (3:2) (_l)n 7T_(m,n) D(()")A(s,n)D(()") 7T.(m,n)
_ (_l)n 7T_(m,n) A(s,n) 7T_(m,n) _ (_l)n A%;,ﬂr@z) 7T_(m,n) = Dmn 7T_(m,n)7
) 2 man) () — e (mom) (i) (o) A(ssm) 7 0mam) — (A2 lmm) = g2 (o),

7T_(m,n) ﬁ:(m,n) D(()n) — 7T_(m,n) A(s,n) 7T_(m,n) A(s,n)D(()n)

= Agg;ﬁ) (mn) A(s,n)D(()") (A(s,n))Q (32) - mn) D(()n)A(s,n)D(()n)A(sm)
= gmnm,n ﬂ.(m,n) A(s’n)D(()n)A(s’") = gmnm,n ﬂ_(m,n) ﬁ(()n)
Let us emphasize that Lemma 3 plays a key role in this proof. [J

The derivation of Eq. (14) is based only on relations of Lemma 1. Therefore, Lemma 4 implies that for
the R-matrix (37), the reduced Yang—Baxter equation at levels n < m’ leads to the same Eq. (14). The only
difference is that the scalar coefficients (apart from F) ,) now depend on m and n:

Fap=FO) + f() = O+ p), (44)
G = O (900 + 9(1) = 90N+ 1) + Enf N g (1) + Em 9N F (1)
+ 9Ng() + 1mngNg() fFO + 1) + 17, 9N g () g (A + u)) : (45)
H{™ = 0 (900 SO+ 1) = FNGO + 1) + Emtimn 9N F1)g O + 1)) (46)
and the matrices F, G, H, H are given by formula (15) after substitution (40), i.e.,
Fonn) = pim _ i, GUmn) — p(mon) _ (mon)
HOmm) = g(mem) Be) _ ) z(m.n) R = D) lman) _ man) pm) (47)
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4.2. Analysis of the equations in the case f(\) =0
Assuming that g(\) # 0 in (37), let us first consider the case f(A) = 0. In this case, Eq. (14) at level n = m

is equivalent to the equation Gg\%’m)G(mvm) =0, i.e., to Eq. (22) for g(\), where n has the form

(25)!  (4s—2m+ 1)!

— (-1 mA(s,m) — .
Tm,m ( ) mm (28—m)! (45—m—|—1)!

(48)

For2<m <2Sand S >1, |A$7§77T)| < Aﬁ,l) = 1. Therefore, g()\) is given by (23), where 5 = 7 m.

The further analysis of the case f(A) = 0 leads naturally to the following question: is it possible to have
m’ > (m+ 1) for the ansatz (37)? The inequality above is possible only if the already found function g(\) solves
Eq. (22) at level n = m + 1, i.e., only if n? takes the same value for levels n = m and n = m + 1. According to
(42), the condition 2, ,, =72, 11 is equivalent to the requirement

A = 1A, (49)
However, it is easy to derive from formula (82) that

m? —m—3ms+s
2s

Al ) = Al (50)
Since m? —m — 3ms + 3s < 0 for 2 < m < 2s, we infer that (49) cannot hold for these values of m. Thus, we
conclude that m’ =m + 1.

4.3. Analysis of the equations in the case f(\) #0

Let us now turn to the case f(\) # 0. Equations (14) at levels n = 1,... ,m—1 are equivalent to the equation
F>\7,4F(m7") =0, i.e.,, to Eq. (19) for f(\). Therefore, without loss of generality we may choose f(A) = \.

In order to analyze Eq. (14) for n > m, it is important to note that the analog of Lemma 2 is not true, in

general. That is, the matrices (47) can be linearly dependent. Note that the matrices F(™™ and G™™) are

n)

symmetric and, obviously, linearly independent, whereas the matrices H™™) and I:I(m are transposed to each

other: I:I(m’n) = (H(m’"))t. It turns out that the following relations:

R = gomn) (51)

and
(m,n)

HOma) 4 {0 g Gl (52)

where [ is a scalar constant, can hold only simultaneously. The case where these relations hold is called
exceptional.

Lemma 5. For m > 2, each of relations (51) and (52) holds only for m = 3 and n = 4. In this case, relation

(52) holds in the following form:

(3,4

HED 4 {8 Z 2660, (53)

The proof is given in Appendix B.

In the generic case, H™™) £ H(mm)- Therefore, the antisymmetric matrix part of Eq. (14) imposes the
following condition:

7 =, (54)
and the symmetric part of this equation looks as follows:
, 1 , , ~ (m,n)
Fy o F 4 G Gl g S(HY™ o+ HY) (HOm BT = 0. (55)

If Fomn) - GUmn) and (HOm™) 4 I:I(m’n)) are linearly independent, then Eqgs. (54)—(55) lead to the system of
functional equations (19)—(21). If, however, H(™™) + I:I(m’n) = BGmn) 4 GF(mn) where 3 # 0, then (55) is

equivalent to the following system:

2F) , + B(H" + H™) =0, (56)
2G4+ B(H + H™M) = 0. (57)
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Since our choice f(A) = A has already ensured the equality F , = 0, we infer that Egs. (54), (56)—(57) lead
again to system (19)—(21). Thus, we conclude that the analysis of the generic case is absolutely analogous to the
analysis of case (3) in Sec. 2.

By Lemma 5, the level n = m corresponds to the generic case. Hence, the function g()\) is determined by
system (19)—(21) uniquely and has the following form:

A
Nm,m — gm/2 = &mMm,m A

g(A) = (58)

where &, and 7y, », are given by formula (42).

The further analysis of the case f(\) = A leads to the following question: is it possible to have m’ > (m + 1)
for the ansatz (37)? If m # 3, then the level n = m + 1 corresponds to the generic case. It is easy to check
that the function (58) can satisfy system (19)—(21) for n = m + 1 only if 9, m = m,m+1. The last equality is
impossible, as was shown in Sec. 4.2. However, for m = 3, this level corresponds to the exceptional case. In this
case, Eq. (55) is equivalent to the equation

G(374) + H(374) + H(374) — 0

A, A, 7N ) (59)

whilst condition (54) is not imposed (since Eq. (14) has no antisymmetric part). Substituting (58) into (59), it is
easy to verify that Eq. (59) is true if (73,3 — 73,4)(273.4 — 1) = 0. It is interesting to note that the last condition
is satisfied for all s > % since

maa = Agy"? =1/2 (60)
according to (48) and (50). Thus, m’ = 4 or m’ =5 in the ansatz (37) for m = 3 and for all s > 2. In fact,

m' > 5 is possible only for s = 3. Indeed, the level n = 5 corresponds to the generic case, and hence, a necessary
condition to have m’ = 6 is the equality

A = P @

However, it is not difficult to derive from (82) the following relation:

10s%2 — 325 + 21

A(sv5) —
33 s(4s —=17)

AP, (62)

which shows that (61) can hold only if (s —3)(6s—7) = 0. Finally, since A%G) # Aéz’g), we conclude that m’ <6
for s = 3.

5. ANALYSIS OF CONSTANT R-MATRICES

We call a matrix R € End V.2 a constant R-matrix if this matrix solves the following Yang—Baxter equation:
Rll Rzg. Rll - Rzg. Rll Rzg- (63)

We consider sly-invariant R-matrices, i.e., matrices that have spectral decomposition of the form
2s
R=Y r; P, (64)
§=0

where the r; are scalar constants. In addition, we assume that
Tos — 1. (65)

The technique of analyzing the spectral decomposition described in Secs. 3—4 is applicable to the case of
constant R-matrices as well. In particular, the following remark explains why condition (65) is natural.
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Lemma 6. There exist no nontrivial sly-invariant constant R-matrices such that ros = 0.

Proof. If such an R-matrix exists, then by a suitable normalization, this matrix can be reduced to the form R =
PQS_m—l-Z?s:Bm_l r; P7, where 0 < m < 2s. Then the corresponding reduced Yang-Baxter equation (29) at level
n = m reads (A(s’m) ﬂ.m,m)?’ = (zmm A(s’m))g, which is equivalent to the relation (A%ij%))Q [Alsm) gmm] = (.
However, this relation cannot hold for m > 0 since A,(:;?T) #0forallk. O

We note that any sly-invariant constant R-matrix of spin s > 1 that satisfies (65) and has roq—1 # —1 can be
represented by the following ansatz:

R=——(E+ fP+gP* ™+
1Jrf( fP+g :

1 2s—m/ 4
7 P7), (66)
=0
where 2 <m < 2s and m < m’ (if m = 2s, then the last sum in (66) is omitted).
Applying the same arguments as in Sec. 3, we can use Lemma 4 to show that the reduced Yang—Baxter
equation for the R-matrix (66) at levels n < m’ is equivalent to the same Eq. (14), where the matrices F, G,

H, and H are given by formula (47), and the scalar coefficients are obtained from (44)-(46) by converting the
functions f(A) and g()\) into constants f and g, i.e.:

P (67)
G(m,n) = em,n (g + 26 fg + 92 + 77m,n92f + 77727@@93)’ (68)
and
g (mn) _ Omn EmNmn ng. (69)

Equation (14) at levels n < m is equivalent to the equation FF(™™ = (, which can hold only for f = 0. As
a result, G"™ acquires the following form:

G =0 (94 9% + 1209, (70)

and then Eq. (14) at levels m < n < m/ yields the equation G™™G(™™) = 0, i.e., the following quadratic
equation for g:
2 2 _

Hence, for n =m we find g = $(1£,/1 — 4n2, ,,), where 7, is given by formula (48). It was shown in Sec. 4.2

that 77727%m #* 77727%m+1 for 2 < m < 2s. Hence, the obtained value of g cannot satisfy (71) for n > m. Thus, we
conclude that m’ =m + 1 in (66).
The ansatz (66) covers not all of slp-invariant constant R-matrices of spin s > 1 that satisfy (65). Namely, if

such an R-matrix has ros_1 = —1, then this matrix can be represented by the following ansatz:
2s—m’
R=P+gP> ™4+ > P/, (72)
§=0

where 2 <m < 2s and m < m’ (if m = 2s, then the last sum in (72) is omitted).
Using relations of Lemma 4, it is not difficult to check that the reduced Yang—Baxter equation for the R-matrix
(72) at level n = m is equivalent to the following equation:

P+ 1mm9)G+&ng®(H+H) =0, (73)

where G, H, and H are given by formula (47). Since the level n = m corresponds to the generic case (cf. Sec. 4.3),
we infer that the only solution of (73) is ¢ = 0. Thus, the ansatz (72) is a solution for (63) only if g = r; = 0. We
have shown that the permutation P is a “rigid” solution, which does not admit a “deformation” of its spectral
decomposition in order 2s — 2 and lower orders.
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CONCLUSION

The results of analysis carried out in Secs. 4-5 can be formulated as the following restrictions on the structure
of spectral decompositions of R-matrices.

Proposition 1. Let R be an sly-invariant solution of Eq. (63) on V.3 for an integer or half-integer spin s > 1
that satisfies condition (65). Then either ros_1 =1 or roq_1 = —1.
(I) In the first case,
2s—m—1
R=E+gP>» ™+ > 7P, (74)
j=0
where ¢ is a solution of Eq. (71) and 2 < m < 2s. If m < 2s, then To5_pmm—1 # 0.
(IT) In the second case,
R=P. (75)

Proposition 2. Let R()\) be an sly-invariant solution of Eq. (1) on V&3 for an integer or half-integer spin s > 1
that satisfies conditions (3). Then either ros_1(\) = 1 or ros_1(\) = };x
(I) In the first case,

2s—m—1
RN\ =E+g\) P> ™+ > (NP, (76)
j=0
where 2 < m < 2s. If m < 2s, then Tos_m—1(A) £ 0. The function g(\) has the form
1—e 1
AN)=b——— b+b = —
A " T, ™
where 1y, m is given by (48), and ~ Is a finite constant.
(IT) In the second case, either
1
R(\) = E P
(N 1+7A( +9AP) (78)
or
A 2s—m/
R(\) = (E+~AP+ — P> 4 7 (A\)P7), (79)
L+ (1= (=17 ) = S5 za

where 1y, m is given by (48), «v is a finite constant, 2 < m < 2s and m < m/. If m < 2s, then Tas_p/(X) # 0,
and, moreover,

m =m-+1 if  m # 3,

m <5 if m=3, s#3,
and

m <6 if m=3, s=3.

The constant v may be set unity without loss of generality.

Let us make several brief remarks concerning Propositions 1 and 2.

According to Lemma 6, if all the coefficients of the spectral decomposition of R(\) tend to certain limit values
as A — oo in some direction in the complex plane, then these values are finite. It follows from Propositions 1 and 2
that the corresponding limit R(co) has the form (74) only for solutions of type (76). In other cases, R(c0) =P.

Concerning Proposition 2, we note that for s = 3, a solution with m’ = 6 really exists (see [4]):

1-X 4-X 1-X 1-X 6-X
R(\) =P+ —=P°+P*+ " P°+P? p! 0.
TS s S A ¥
It is easy to see that the coefficient at P? agrees with formula (79). Apart from this case, it is not known whether
there exist R-matrices of the form (79) with 2 < m < 2s.
For m = 2, the three leading order coefficients in (79),
1-) 1-X 1-329 )
R\ = PQS - M p2s—1 AT 2s—-17 P2$—2 .
» HES LA 1452500 A
coincide with the corresponding coefficients of the Kulish-Reshetikhin—Sklyanin R-matrix [6]. Let us mention
that it follows from Proposition 2 and results of [3] that only R-matrices of the form (76) and (81) can have

U, (slz)-invariant analogs.

(80)

(81)
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Appendix A. The matrix A"
Expression (30) for entries of the matrix A(®™) can be rewritten in a more explicit form:

6s—max(n,k+k")
AR =F Ry S (DN (k) (s )
l=6s—n—min(k,k’)

% (I=65+n+k)! (I—6s-£n-+k')! (65—n—I)! (65—k—k' —1)! (85—n—k;—k:'—l)!)_1, (82)

where k and &’ take the same values as in (28), and

(B)! (n—Fk)! (2s—n+k)! (4s—n—k)! ) 3

Ff = 25k (@s—k+1)! (65—n—k+1)!

(83)

The sum in (82) is taken over those [ for which the arguments of factorials are nonnegative, and it is understood
that 0! = 1.

Appendix B. Proofs of Lemma 2 and Lemma 5
Proof of Lemma 2. Using the relations
2j+1

troE, =25+ 1, tranb = 95+ 1

Ey, and tr,P., =E, (84)

(a,b=1,2,3), we take the trace over the third tensor component of F, G, H, and H, which yields:
trsF=n"'P—E, trsG=n"'P°—nE, and trsH = trsH =P’ —yP.

Since E, P, and P° are linearly independent for s > 1, we conclude that F, G, H, and H can be linearly dependent
only if the following equality holds:

"PF—-nG+aH+aH=0, a+a=1. (86)

Multiply (86) by P?, from the left, take into account relations (6), and take the trace over the first tensor
component. Using again the linear independence of E, P, and P°, we deduce that (86) can hold only if o = &n).
Multiplying (86) by PC, from the right, we deduce analogously that & = &n. Thus, (86) can hold only if &n = 1/2,
which is impossible as seen from (11). O

Proof of Lemima 5. Let us write out entries of the matrices H, H, and G explicitly:

Hygo = (=1)™ 81 A — (—1)F AR AL, (87)

Hypr = (—1)™F g ALY — (—1)F A AL, (88)
and

Grkr = O O — AL AL, (89)

Recall that m > 2 and k, k' = 0,1, ... ,n. Comparing (87)—(89) for kK = k' = 0, we note that (52) can hold only
for = 2. Further, considering (87)—(89) for k, k' # m, it is easy to see that each of relations (51) and (52) can
hold only if

A A =0 (90)

mk’
for all values of k and k' such that k, ¥’ # m and (—1)’“4—(—1)’“1 # 2. In particular, (90) must hold for k = k' =1,

which implies that Ag‘:@") = 0. As can be seen from (82), the latter equality is possible only if the following
condition is satisfied (for m < n):
2m? — 2m + n? — n = 8ms — 6ns. (91)

Note that A,(:T;n) # 0 for all k. Therefore, (90) implies that m # n and also that n is an even number. Furthermore,
if m # n — 1, then (90) must hold for ¥ = ¥’ = n — 1, which implies that Aﬁf;b"_’l = 0. We apply (82) once more
to show that the last equality is possible only if the following condition is fulfilled:

m? —m = 4ms — ns. (92)
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It is easy to see that conditions (91) and (92) are incompatible since they imply the equality n? —n + 4ns = 0.
Thus, the only remaining possibility is the case m = n — 1. In this case, condition (91) is satisfied only for n = 4.
A direct check shows that relations (51) and (52) indeed hold for m =3 and n=4. O
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