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Abstract

We define and study certain integrable lattice models with non-compact
quantum group symmetry (the modular double of U/, (s[(2, R))) including an
integrable lattice regularization of the sinh-Gordon model and a non-compact
version of the XXZ model. Their fundamental R-matrices are constructed in
terms of the non-compact quantum dilogarithm. Our choice of the quantum
group representations naturally ensures self-adjointness of the Hamiltonian and
the higher integrals of motion. These models are studied with the help of the
separation of variables method. We show that the spectral problem for the
integrals of motion can be reformulated as the problem to determine a subset
among the solutions to certain finite difference equations (Baxter equation and
quantum Wronskian equation) which is characterized by suitable analytic and
asymptotic properties. A key technical tool is the so-called Q-operator, for
which we give an explicit construction. Our results allow us to establish some
connections to related results and conjectures on the sinh-Gordon theory in
continuous spacetime. Our approach also sheds some light on the relations
between massive and massless models (in particular, the sinh-Gordon and
Liouville theories) from the point of view of their integrable structures.

PACS numbers: 02.20.Uw, 02.30.Gp, 02.30.1k, 05.50.+q
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1. Introduction

1.1. Motivation

One of the main motivations for studying integrable lattice models is their role as a lattice
regularization of quantum field theories in continuous spacetime. Integrable nonlinear sigma
models are of particular interest, and recently there has been a growing interest in nonlinear
sigma models with non-compact target spaces. This interest is motivated by possible
applications to string theory on curved spacetimes in general, and to gauge theories via
the AdS-CFT correspondence in particular.

However, the quantization and the solution of such non-compact nonlinear sigma models
still represents a major challenge for the field of integrable models. Compared to the better
understood nonlinear sigma models with compact target spaces, one may expect important
qualitative differences, which make it problematic to apply the known techniques from the
compact cases to the sigma models with non-compact target spaces. This point is exemplified
by the relation between the Wess—Zumino—Novikov—Witten (WZNW) models associated with
compact and non-compact symmetric spaces respectively. The solution of the latter is possible
[T1], but it is considerably more difficult than the solution of WZNW models associated with
compact groups.

In more general sigma models one cannot hope to find the powerful Kac—Moody
symmetries of the WZNW models but the integrable structure may still survive. In order
to enter the next level of complexity one may therefore try to exploit the integrability of some
of these models. Turning to a new class of models it is always advisable to look for the simplest
member which still exhibits most of the new qualitative features. In the case of the conformal
WZNW models it has turned out that Liouville theory already displays many of the relevant
differences which distinguish the non-compact WZNW models from rational conformal field
theories [T2]. Moving outside of the class of sigma models soluble thanks to Kac—Moody
or similarly powerful chiral symmetries it seems natural to look for a useful counterpart of
Liouville theory within this larger class of models.

A natural candidate for such a model exists: the sinh-Gordon model. Indeed, there is some
evidence [ZZ, Lu] that the sinh-Gordon model can be seen as a ‘deformation’ of Liouville
theory which preserves its integrable structure when the conformal symmetry is lost. While
there certainly exists a good basis for the study of the sinh-Gordon model in infinite volume—
S-matrix and the form factors are known [VG, FMS, KMu, BL, Le] and the basic ingredients of
the QISM approach were developed [S1]—there does not seem to exist a systematic approach
to the quantization and solution of the sinh-Gordon model in finite spatial volume yet. Part of
the problem is due to the usual divergencies and ordering problems of quantum (field) theory.
But the other part of the problem seems to be closely related to the non-compactness of the
target space in the sinh-Gordon model.

Our main motivation behind the present project was therefore to find an integrable lattice
regularization for the sinh-Gordon model. This not only tames the usual short distance
singularities, it will also allow us to take care of the troubles from non-compactness of the
target space in a mathematically well-defined framework. One particular feature that directly
follows from the non-compactness of the target space will be the failure of the usual algebraic
Bethe ansatz method [F1] for the model at hand. This failure means that we will have to use
the more general separation of variables method [S2, S3, Sm1] instead.

1.2. Lattice sinh-Gordon and the modular XXZ magnet

A quantum integrable system is a quantum system (H, A, H), with Hilbert space H, algebra
of observables A, Hamiltonian H, in which there exists a set Q = {Ty, Ty, ...} of self-adjoint
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operators such that

A) [T,T]=0 VT, T € Q,
B) [T,HI=0 VTeQ,
(C©) if[T,0]=0 VTeQ, then O = O(Q).

Property (C) expresses completeness of the set Q of integrals of motion. It is equivalent to
the statement that the spectrum of Q is non-degenerate, i.e., that simultaneous eigenstates of
Ty, k € Z7° are uniquely determined by the tuple of their eigenvalues. We will consider the
so-called one-dimensional lattice models for which one has

H =KV, A= B®V, (1)

with one copy of Hilbert space K and algebra of local observables B being associated with
each of the N sites of a one-dimensional lattice.

The quantum inverse scattering method (QISM) [FST, F1] goes a long way towards the
construction of large classes of quantum integrable models of this type. In this framework
one usually characterizes K as a representation of a Hopf algebra L[ of ‘symmetries’, and
B is generated from the operators which represent the elements of 4 on K. It is clear
that the representation theoretic properties of /C will influence the physical properties of the
resulting integrable model decisively. Good control over these properties will be crucial in the
construction and solution of such models.

In general it is a highly nontrivial problem to find the ‘right’ representation K which leads
to a useful lattice regularization of a particular quantum field theory. We will here propose
a particular choice for C which will lead to a lattice model with particularly nice properties,
and which will be shown to yield the sinh-Gordon Hamiltonian density in the continuum
limit of the corresponding classical lattice model. The representations in question will be
representations of the non-compact real form U4, (s[(2, R)) of U, (sl>) which have been studied
in [PT1, F3, PT2, BT].

The non-compactness of the target space will be reflected in the infinite-dimensionality
of the representation K. It is furthermore worth noting that the same representations were
previously found to reflect a key internal structure of Liouville theory [PT1, T2]. In view of the
existing evidence [ZZ, Lu] for the connection between Liouville theory and the sinh-Gordon
model, it is quite natural that the same class of representations appears in our lattice version
of the sinh-Gordon model as well.

The corresponding representations possess a remarkable duality—they are simultaneously
representations of U, (sl>) and U;(sly), where ¢ = e and G =¢e" > One may therefore
view them [F3] as representations of the modular double U, (sl,) @ U;(sl») (see also [KLS,
BT]). The parameter b turns out to be proportional to the coupling constant 8 of the sinh-
Gordon model. The self-duality of our representations will be directly related to the self-duality
of the sinh-Gordon model under » — b~! which was previously observed in its scattering
theory. The importance of this self-duality for our analysis can hardly be over-emphasized.

It turns out that there is a close relative of our lattice sinh-Gordon model which is simpler
in some respects. This integrable lattice model can be seen as a non-compact counterpart of
the XXZ model with spins in infinite-dimensional representations of the modular double. We
will refer to this model as the modular XXZ magnet. As some technical issues are simpler in
the case of the modular XXZ magnet, we will first construct the latter model before we turn to
the lattice sinh-Gordon model. In any case, it seems to us that the study of the modular XXZ
magnet is of interest in its own right. We note in particular that despite the different underlying
representation theory, our model has many structural similarities with the non-compact XXX
type magnet based on infinite-dimensional highest weight representations of sl, which was
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studied in [DKM, KM]. The latter model plays an important role in high energy QCD
[Li, FK1].

1.3. Plan of the paper

To make our paper accessible to a reasonably wide audience, we presented the general
description of our approach, the main definitions and results in the main body of the paper and
collected more technical developments in the appendices. The paper is organized as follows.

In section 2 we define the modular XXZ magnet in terms of the representations P,
describe its Hilbert space of states, construct the corresponding fundamental R-operator R(u),
and discuss the construction of its Hamiltonian and the set of integrals of motion Q.

The same is done for the lattice sinh-Gordon model in section 3. We show that
the Hamiltonian density of the sinh-Gordon model is recovered in the continuum limit of the
corresponding classical model. We also show that the algebraic Bethe ansatz fails due to the
non-compactness of the target space in the sinh-Gordon model.

An important first step towards the solution of these models is taken in section 4. We refine
the spectral problem for the integrals of motion T by constructing the Q-operator Q(u) which
is related to the T, via the so-called Baxter equation. Analysing the properties of Q(u), we
derive a set of conditions for its eigenvalues g, (1) which can be seen as quantization conditions
and which replace the usual Bethe ansatz equations in our models. The self-duality of our
representations furthermore allows us to derive the so-called quantum Wronskian relation for
the sinh-Gordon model with odd N, which encodes valuable additional information about the
spectrum.

In order to show that the conditions found in section 4 are also sufficient to characterize
the spectrum we apply the separation of variables approach to our models in section 5.

Section 6 contains concluding remarks on the conditions which characterize the spectrum
of our models, the continuum limit, and the relation with the lattice and continuum versions
of Liouville theory. We observe in particular that our results are consistent with the results
and conjectures of [Za, Lu] on the continuum sinh-Gordon model in a nontrivial way.

The appendices contain necessary technical details. Appendix A collects the relevant
information on the special functions that we use. Appendix B discusses the precise
mathematical nature of the self-duality » — b~ of the representations that we use.
Appendix C contains some important technical results on the structure of the monodromy
matrix. Appendix D is devoted to the construction of the fundamental R-operator, the key
object for the construction of local integrals of motion for the lattice models. Appendix E
contains details on the derivation of the properties of the Q-operator Q(u).

2. Modular XXZ magnet

In this section, we will begin to develop the QISM for the modular XXZ magnet—an XXZ
type non-compact spin chain, which has I/, (s[(2, R)) as a quantum symmetry.

2.1. Quantum group symmetry U, (sl(2, R))

Letg = el y = 7b%, b € (0, 1). We will also use the notation, Q = b+ b,
The quantum group U, (sl,) is a Hopf algebra with generators E, F, K, K~ satisfying
the relations

1
KE = qEK, KF =q 'FK, [E,Fl= —— (K’ - K7, 2)
q9-9q-
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and equipped with the following co-product:
AMEY=E®K+K '®E,
AF)=FQK+K '®F,

The relevant real form of U, (sly) is U, (s[(2, R)), which is defined by the following star-
structure:

AK)=K ® K. (3)

K*=K.  E‘=E  F'=F 4)
The centre of U, (s[(2, R)) is generated by the g-Casimir element:
C = (2siny)’FE —gK?> — ¢ 'K2+2, c*=C. (5)

2.2. Representations Ps-algebra of observables

A one-parameter family of unitary representations Ps of U, (s[(2, R)) can be constructed from
a pair of self-adjoint operators p and x on L?(R) which satisfy [p, x] = (2i)~! as follows:

coshb(p — s)

7T3(E) = Ex — e+7rbX - e+7th’
siny —7b
n(K) =K, =e P, (6)
h :
7y (F) = F, = ¢ ONTR ) o
siny
For this representation
C, = 7,(C) = 4 cosh? bs. (7)

It is remarkable and important that the operators E;, F; and K are positive self-adjoint. Indeed,
the representations P are the only ‘reasonable’ representations of I/, (s[(2, R)) which have
this property. This property will play a key role in much of the following developments. It
will in particular ensure self-adjointness of operators such as the Hamiltonian and the integrals
of motion. It is also the mathematical basis for the self-duality of the representations P;, as
shown in appendix B (see, in particular, equation (B.5)).

The lattice model that we are about to define will have one of the representations P
attached to each site of the one-dimensional lattice. This means that we take

H = (L*R)*" (®)
as the Hilbert space of our model, and let
A= (m,WU)®Y, U=U,(s12,R)) 9

be a set of generators for our algebra of observables. Note that the operators in A are
all unbounded, but there exists a basis for A whose elements are positive self-adjoint (see
appendix B). The latter fact allows us to construct large classes of non-polynomial operator
functions of the generators in A via standard functional calculus for self-adjoint operators
and/or pseudo-differential operator calculus.

2.3. Integrals of motion

As the next step we shall introduce our main ansatz for the set Q of integrals of motion
using the usual scheme of the QISM. To this aim let us assemble the generators of .4 into the
following L-matrix acting on C? ® P;:

bu —mwbup—1 s Shu

XXZ e"ks — ek, iembuf,

L% () = ( T S I weC. (10
. - :
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In the definition of LX*%(u) we have used the rescaled generators ey, g, ky which are defined
by

e; = (2siny)E;, fy = (2sin y)F;, ky = K. (11

Occasionally we will omit the superscript XXZ for the sake of brevity. The defining
relations (2) and (3) of U, (s[(2, R)) are equivalent to

Riyp(u)L13(u +v)Ly3(v) = Lz (v)L13(u + v)Ri2(u), (12)
(d® AL* = L5LE, (13)

where L arise in the decomposition
L(u) =™ Lt —e v~ (14)
and the auxiliary R-matrix is given by

sinh b (u +1b)

: f o 2 ambu
Rw = snmbre b )
sinh wb(u + ib)
Out of the L-matrices we may then construct the monodromy M(u),
M = (o) o) = Lt Latw - L. (16)
Of particular importance is the one-parameter family of operators:
T(w) = tr(M(u)) = A(u) + D(u). 17)

The trace in (17) is taken over the auxiliary space, which is C? for the models we consider.

Lemma 1. The operators T,, which appear in the expansion

N
T(M) — eﬂbNu Z(_e—Zﬂbu)me, (18)

m=0

are positive self-adjoint and mutually commuting, [T,,, T,] = 0.

Commutativity of T,, follows by the standard argument from relation (12); the proof of
their positivity and self-adjointness is given in appendix C.

Definition 1. Let us define the set of commuting charges as Q = {To, Ty, ..., Ty}.

Remark 1. Self-adjointness of the operators T,,,m = 0, ..., N ensures the existence of a
joint spectral decomposition for the family Q.

Let us emphasize that the crucial positivity of the operators T, is a direct consequence of
the fact that the generators E, F and K of U, (s[(2, R)) are represented by positive operators in
the representations P;. This makes clear why these representations are particularly well suited
for defining non-compact analogues of the XXZ spin chains. We will later make a similar
observation in the lattice sinh-Gordon model.
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2.4. Fundamental R-operator and Hamiltonian

Our next aim is to construct a local Hamiltonian which commutes with the elements of Q. We
will adapt the approach from [FTT] to the case at hand. The main ingredient of this approach
is the so-called fundamental R-operator corresponding to (10). This operator, Ri’gf(u), acts
on Py, ® P,, and is supposed to satisfy the commutation relations

Rz3(u)L13(M +v)L,,(v) = le(U)L13(u + U)Rz3(u)' (19)

For our purposes it will be sufficient’ to deal with R(u) = R?SXZ(M) acting on Py @ Ps.

Definition 2. Let the operator R(u) be defined by the formula,

R(u) = Pwp(u +s)wp(u —s) = PD,(s), (20)
where P is the operator which just permutes the two tensor factors in Py ® Py, and s is the
unique positive self-adjoint operator such that

4cosh® wbs = (7, ® 7,) A(C). 1)

The special functions wy(x) and Dy (x) are defined in appendix A.
Theorem 1. The operator R(u) satisfies equation (19) where L(u) is given by (10).

The proof of this theorem is given in appendix D, where the construction of the operator
RX%%(u) is presented for the general case, s, # s,; see equation (D.14).

The operator R(u) has the following further properties:

regularity R(0) =P, (22)
reflection property R(—u) = PR™' ()P, (23)
unitarity  R*(u) = R~ (u) for u e R, (24)

which follow from the properties of w;,(«) and D, (x) listed in appendix A.
The regularity condition (22) allows us to apply the standard recipe [FTT] of the QISM
in order to construct a Hamiltonian with local (nearest neighbour) interaction of sites:

HXXZ = Lbu_l [i tra(RaN(u) e Raz(u) : Ral(u))]
T u=0

ou
N o N
=3 L5, Du(snn ‘ N 25
;nb O ; e (25)
We are using the following notation: we identify sy y+1 = Sn,1, the cyclic shift operator
U is defined by U f (x;, x,,...,xy) = f(x,,...,Xn, Xx1), and the subscript a stands for an

auxiliary copy of the space P;. The trace operation is defined for an operator O : Ps; — P; in
the usual way: if the integral kernel of O in the momentum representation is given by O (k|k’),
thentrO = ffooo dk O (k|k). According to this definition we have tr, P, = 1.

Substituting the integral representation (A.20) for D, (x) into (25), we obtain the following
local Hamiltonian density,

1 2bts, ,
B _ __/ dtc?s( Sn, +1)‘ 26)
' 7 Jreio  sinht sinh b2t
It may then be shown in the usual manner [FTT] that H commutes with the trace of the
monodromy matrix, T(u), which means that
[H, T,1=0, for k=0,...,N. 27

3 The general solution Rf‘fizl (u) is needed if we wish to construct an inhomogeneous spin chain, for instance the one
with alternating spins (see, e.g., [BD]).
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As in any quantum mechanical system, the fundamental problem that we would like to
solve is the problem to determine the spectrum of H. However, thanks to the commutativity
(27) it seems promising to first solve the following.

Auxiliary spectral problem. Find the spectrum of the operator T(u), i.e., the joint spectral
decomposition for the family of operators Q = {Ty, ..., Ty}.

Simple counting of the degrees of freedom suggests that the spectrum of Q may be simple,
i.e., that an eigenstate W, of T(u),
TV, = ()Y,

is uniquely characterized by the eigenvalue 7(u) = e™N* "_ (—e~27"ymz, . This would
imply that H = H(Q), so that the solution to the auxiliary spectral problem also yields the
spectral decomposition of H.

2.5. Classical limit

Let us discuss the classical limit of the quantum Hamiltonian (26). So far we have been
working in the units where the Planck constant /i was chosen to be unity. In order to recover
it explicitly, we have to make the following rescaling

b? — hb?, p— hlp, X — h3x, s — hls, s — hts, (28)

so that we have g = el y = wb%. The operators ey, f, ky are not affected by the procedure
(28). In the limit z — 0 they become classical variables e, f, k with the following Poisson
brackets obtained by the correspondence principle, [, ] — —ik{, }

{e,k} = y ke, {f, k} = —y kf, 2y{e, f} = kK> — k2. (29)

Using the asymptotics (computed by means of contour integration)

e*ltZ 1 e*l[Z
lim — dt——— = —/ dr—
1—02 Jryo sinhtsinhht 2 Jgyo  fsinht

( 1)n JTnz
-y e

n=1

= —log(l +€™), (30)

we obtain from (26) the corresponding classical lattice Hamiltonian density,

1
HXXZel _ hm hHXX? — log (4 cosh? nbsf,ln+1) Y — log (C,Czln+1)

n,n+l n,n+l —
— l 2 -2 2
= log((enf,,+1+f,,e,,+1)k ka1 +2k, 2 K2, +2 cosh2rbs) (k2 +k2, ;) +2).  (31)
4

Here C¢!

wnt1 18 the classical limit of the tensor Casimir operator given by (21).

2.6. Comparison with similar models

L-matrix (10) and R-matrix (15) are suitable for the usual XXZ model as well. The only
(but essential) difference is that in the latter case matrix coefficients of the L-matrix act on a
highest weight module of I/, (sl,). We also remark that (10) differs from the most commonly
used ‘standard’ L-matrix in that it contains extra factors e*”* in the off-diagonal elements.
The ‘standard’ L-matrix does not satisfy (14) but is symmetric (if the matrix transposition ” is
combined with the operator transposition ’ such that f{ = e, and k! = k,) and corresponds to
the symmetric auxiliary R-matrix (34).
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Let ¥, (x) denote the logarithmic derivative of the function S,(x) defined by (A.15).
Properties (A.16)—(A.18) show that S,(x) can be regarded as a b-analogue of the gamma
function. The Hamiltonian density (26) rewritten in terms of 1, (x) looks as follows:

2 2 1
HYO% = %Vfb (%+is) = Ewb (% —is) = (Vfb (%+is) + Y (% —is)).

(32)

Equivalence of these expressions is due to (A.18). The last of them resembles the form of
the Hamiltonian density of the non-compact XXX magnet [DKM] expressed in terms of the
ordinary v -function.

The special function wy () is closely related (cf equation (D.7)) to the non-compact
quantum dilogarithm g, (#). Counterparts of (20) and (D.14) for the compact XXZ magnet
look similar in terms of the g-gamma function which, in turn, is closely related to the compact
analogue of g,(u) given by s,(t) = [[ro(1 +1g**").

It is also worth noticing that the R-operator (20) resembles the fundamental R-operator
r(s, A) found in [FV] for a simpler L-matrix related to the Volterra model [V1]. The main
difference is that the operator argument s of (s, A) has a much simpler structure in terms
of the variables p and x. It would be interesting to clarify the connection between these two
R-operators.

3. Lattice sinh-Gordon model

3.1. Definition of the model

In this section, we will begin to develop the QISM for a lattice version of the sinh-Gordon
model, which has U, (s[(2, R)) as a quantum symmetry. We are going to keep much of the
set-up from section 2, but we will now be using the following L-matrix acting on C* ® P;

(33)

: bu,—1 —mbu
LSG(M) = 16*%5 ( 18; e* uks —e" Lké')
1

errbuks _ 67Nb”k;1 ifs
L-matrix (33) satisfies the intertwining relation (12) where the auxiliary R-matrix is now given
by

sinh b (u +1b)
sinhmbu  isiny

Ru) = isiny sinh 7w bu (34)
sinh wb(u +ib)
This R-matrix possesses the following symmetry,

[R(u), 0, ® 04] =0, (35
where 0,,a = 1, 2,3, are the Pauli matrices. We may then proceed the same way as in
section 2 to define the operator T(x#) and the family Q@ = {Ty,..., Ty} of commuting
observables. We again find (see appendix C) that the corresponding operators T,,m =
0,..., N are positive self-adjoint as a direct consequence of the positivity of ey, f,, k;. The

existence of a joint spectral decomposition for the family Q is thereby ensured by the spectral
theorem (cf remark 1).
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3.2. Fundamental R-operator and Hamiltonian

Now our aim is to find the fundamental R-operator ngl (u) corresponding to L-matrix (33).
Fortunately, it turns out that it can be constructed from the R-operator of the XXZ chain in a
simple way. To demonstrate this, we first introduce an automorphism 6 such that

0(p) = —p, O(x) = —x. (36)
It is useful to note that 6 can be realized as an inner automorphism, (0) = 2Oa~!,
where @ is the parity operator whose action in the momentum representation is defined
by (2f)(k) = f(—k). Note that @ is unitary and satisfies @' = . Observe that for the
representation P; we have (cf (6))

6(e) =1, 0(f) =e, O(k) =k . (37)

Definition 3. Let the operator RS, (u) be defined by the formula
RS ()= k®K - (2® 1) -Rw) - (1®9) k®k) 7, (38)
where Rixf(u) is given by (20) if s; = s, and by (D.14) otherwise.

N

G

Proposition 1. The operator R{S

(u) satisfies equation (19) where L(u) is given by (33).

Proof. It will be convenient to consider RS (1) = P,, RS (u) : Py, ® P, — Py, ® Py, and
analogously defined RXX?(u) = P,, R**(u). Equation (19) for RS (u) is then equivalent to

$28,

RIS )L (u+v) L3S (v) = LIS () L3S (1 + )RS (). (39)
Let us also note that, by using (k ® k) 'RX*%(u)(k ® k) = RXX?(u), we may rewrite the
expression for R3¢ (u) which follows from (38) as
RIS (w) = (d®6)(R,, (), R, = kD™ - Rw) - 1@k, (40)

The key to the proof of proposition will then be the following relation between the L-matrices
LSS (u) and LX*%(u)

L) = —ie ™o kT L% (u)k's = oL (). 41)

Inserting (41) into (39), we get an expression which contains olL/lS(u)ol. Observe that
(cf (37))

oL’ (w)o; = (id @ 0)L'(u). (42)
Therefore, by using (0,0,) = 6(0,)0(0,), one finds that (39) is equivalent to

Ry, )L, (u+v)L,, () = L ()L, + )R, (), (43)
which is now easily reduced to theorem 1 (its general case for RXX%(u)). O

It is easy to see that properties (22)—(24) of the R-operator of the modular XXZ magnet
hold for R(u) = R3S(u) as well. Therefore, using the regularity of R(x), we can construct a
Hamiltonian with nearest-neighbour interaction of sites by using the same recipe that we used
to derive (25). This yields

i . 1
HSS, = Eaulqufm(u) L:o D id 06 HOZ + ” log(Kyky+1)
1 cos(2bt§, , 1
= —— dlu +— log(knknﬂ)s (44)
7 Jreio  sinhzsinhb?t

where § = (1 ® 2)s(1 ® @) is the unique positive self-adjoint operator on Py ® Py such that
4 cosh® wb§ = (s ® (B o 15))A(C). 45)
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3.3. Relation with the continuum theory

To begin with, we may first compute the classical limit, 7 — 0, of (44) in the same way as we
derived (31). Using (37), we obtain
1
HYOS = —log(enenst + fufurt +2(k, ' K + Kakus1) +2 cosh2rbs) (k' kue + kaki ) ))-
Y

n,n+l — n n+1
(46)

In order to establish the relation with the sinh-Gordon model it will be convenient to change
variables as follows:

27bp, = —Bd,, 4rbx, = (A1, — @,), B = bv/3x. A7)

The variables ®,, and [T, will then turn out to correspond to the (discretized) sinh-Gordon
field and its conjugate momentum, respectively. The classical field and momentum variables
defined in (47) satisfy the Poisson-bracket relations {I1,, ®,,} = 8,,,. The Hamiltonian (46)
now looks as follows:

pSGel _ 1

4/1 B 1+ 2
n.n+l — —IOg— _COSh_(Hn + 1-In+l) +
’ Yy T m\2 4

cosh g(q)n - q)n+l)

1 1
+%wmﬂcm—zau+mm0+%amw<%ﬂ—Zau+nm0

2 1
+u cosh g(q)n + q)nJrl) + HT COShﬂ<q)n + <I)n+1 - Z(Hn + Hn+l)>>» (48)

where ;1 = 2", In order to define the relevant limit leading to the continuous sinh-Gordon
model, let us combine the limit of vanishing lattice spacing N — 00, A - 0 (R = NA/2n
is kept fixed) with the limit where the representation parameter s goes to infinity in such a way
that the mass parameter m defined via

—mbs
LA = e, (49)

stays finite. In addition we shall assume the standard correspondence between lattice and
continuous variables:

I1, — II(x)A, P, - d(x), x =nA. (50)

We then find the following limiting expression for the Hamiltonian density:
1 sG.a 2k 1o 1 , m?
E —H_ | — const+ dx| =TT* + = (0, P)* + — cosh 8P (1))
— A" 0 2 2 B?

thus recovering the continuous sinh-Gordon model.

It is also instructive to see what happens to the L-matrix in this limit. In the classical
continuous limit, i.e., when m in (49) is kept fixed and 7, A — 0, equations (28) and (50)
show that L-matrix (33) becomes

sG (U 10 SG 2
L <%)—><0 1>+AU W) + 0(AY), (52)

where USC(u) is the well-known U-matrix from the Lax pair for the classical continuous
sinh-Gordon model [KBI, S1],

USG (M) — <

(69 2 sinh(u — gop(x))) 53

2 sinh(u + £ @ (x)) —2M(x)
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Remark 2. The classical lattice Hamiltonian density (46) resembles that found in [Ta] for
the lattice sine-Gordon model. However, relation between the quantum Hamiltonians is less
clear because the fundamental R-operator proposed in [Ta] is represented as a product of
R-operators of the type r(s, A) which we mentioned at the end of subsection 2.6. Possibly,
recent results on factorization of R-operators [DKK] will help us to clarify the connection
between our construction and that used in [Ta, FV, V1].

3.4. Failure of the algebraic Bethe ansatz

For the sake of clarity it may be worthwhile explaining in some detail why the algebraic Bethe
ansatz is not suitable for the solution of the lattice sinh-Gordon model.

To begin with, let us observe that the L-matrix (33) has no pseudo-vacuum state, i.e., a
vector W such that L3%(u)¥ = 0. Indeed, this would require that k,¥ = 0 = k! W for all
n=1,...,N. Such a vector does not exist.

For the sine-Gordon model, one circumvents this difficulty by considering the composite
L-matrix, £(u), which is the product of two L-matrices [FST, IK]. For y = ”’:71’ n,me N,
exponential operators e#®r, elTln admit finite-dimensional representations. In this case
there exists a vector W that is annihilated by £,;(x). This makes it possible to apply the
algebraic Bethe ansatz technique. Let us therefore consider the analogous construction for
the sinh-Gordon model. Let £36(u) = LgG (u)Lf‘G (u + @), where we introduced the shift
by the constant o € R in order to increase the generality of our consideration. We then
have

L359w) =ie™k@e+e™t@k —ie ™k ' ®@e+e TTI@ K. (54)

The requirement that a vector W is annihilated by Lglc (u) is equivalent to the two equations:
k' ®e+ePi@ kTHw = 0.

We claim that there does not exist a reasonable (even in the distributional sense) state W with
such properties. Indeed, note that

k@e+e™f@k=(KTo®1) k' ®e+e®k - (Kia®1)

where @ is the parity operation introduced in subsection 3.2. The operator (ki%sz ® 1) is
unitary, which allows us to conclude that k ® e +e™”f @ k and k™! ® e + e ® k have the same
spectrum. However, the latter operator represents (2 sin ) A(E) on Py ® Py (cf equation (3)).
Unitarity of the Clebsch—Gordan maps (see appendix D.1) implies that this operator has the
same spectrum as e;. The unitary transformation used in the proof of lemma 4 in appendix B
maps e, to e>™?. It is now clear that all these operators do not have an eigenfunction with
eigenvalue zero, as would be necessary to construct a Bethe vacuum.

Remark 3. Keeping in mind that the sinh-Gordon variables are just linear combinations of p
and x (cf (47)), we now see quite clearly that the failure of the Bethe ansatz is connected with
the fact that the target space (the space in which the fields take their values) is non-compact.
We expect this to be a general lesson.

4. Q-operator and Baxter equation

As an important first step towards the solution of the auxiliary spectral problem we shall now
find necessary conditions for a function ¢ (u) to be eigenvalue of the operator T(«). In order
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to do this we are going to construct an operator Q(x) which satisfies the following properties:

(1) Q(u) is a normal operator, Qu)Q*(v) = Q*(v)Q(u),
(i)  Q)Q(v) = Q(v)Q(u),
(1) Q@)T(w) = Tw)Qu),
(v) Q)Tw) = (am)NQu — ib) + (d(u))NQ(u +ib).
The first and the second property imply that all operators Q(u), u € C can be simultaneously
diagonalized and their eigenvectors form a complete system of states in the Hilbert space. The
third and the fourth property imply that T(x) will be diagonal whenever Q(u) is. One may
therefore consider the spectral problem for Q(u) as a refinement of the spectral problem for
T(u).
Let us now consider an eigenstate W, for T(u) with eigenvalue ¢ (u), T(w)V, = t(u)\¥,.
Thanks to property (iii) above we may assume that it is an eigenstate for Q(u) as well,

Q)W; = q,(u)¥;. (56)

It follows from property (iv) that the eigenvalue g¢,(u) must satisfy the so-called Baxter
equation:

(55)

t(u)g(u) = (a@)Nq,(u — ib) + (d W)V g, (u + ib). (57)

We will construct the operator Q(u) explicitly—see subsection 4.1. This will allow us to
determine the analytic and—for the lattice sinh-Gordon model with N odd (the SGo-model)—
the asymptotic properties that the eigenvalues g, (#) must have, namely

(i)  ¢:(u) is meromorphic in C, with poles of maximal order N in Y_; U Y,

where Y, = {s +i(% +nb+mb7"), n,me 220}, T, = (7,)*, 58)
%’
exp (—miN(s + 1 Q)u) for [u] — oo, larg(u)| > Z.

exp (+7iN (s + 1 Q)u for |u| — oo, |arg(u)| <
) g5 ~ p (+7iN (s + 5 Q)u) Jul |arg(u)|

The derivation of these properties is discussed in subsection 4.2. This means that there is
the following necessary condition for a polynomial ¢ (#) to be the eigenvalue of the operator
T(u): t(u) can only be an eigenvalue of T(u) if there exists a meromorphic function g, ()
with singular behaviour and asymptotic behaviour given in (58) which is related to 7 () by the
Baxter equation (57).

The problem to classify the solutions to this condition is of course still rather nontrivial.
However, previous experience from other integrable models suggests that the Baxter equation
supplemented by the analytic and asymptotic properties (58) is indeed a useful starting point
for the determination of the spectrum of the model; see also our subsections 6.1 and 6.2 for
some further remarks. We will discuss in the next section how the separation of variables
method may allow us to show that the conditions above are also sufficient for ¢ (1) to be an
eigenvalue of T(u).

Convention. We will use the superscripts SG and XXZ to distinguish analogous operators
within the two models we consider. However, we will simply omit these superscripts in any
equation which holds in the two cases alike.

4.1. Explicit form of Q(u)

Let us now describe explicitly the Q-operators for the models that we introduced in sections 2
and 3. For this purpose we will work in the representation where the operators x,, r = 1,..., N
are diagonal. This representation will be called the Schrodinger representation for the Hilbert
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space of a lattice model. Letx = (x,, ..., xy), X = (x, ..., xy). We will denote the integral
kernel of the operator Q() in the Schrodinger representation by Q,, (x, x'). We will also use
the following notations,

i i
=5+ =0, o =5 — =0, 59
o=s+7 0 G=s—3 0 (59)
where s stands for the spin of the representation P;.

Definition 4. Let the Q-operators Ql(u),b = XXZ, SG, be defined in the Schrodinger
representation by the following kernels,

N
0., x.x) = (D_s )" ]_[ D15y = X)) D154 (Xr—1 — 85x,) D (xr — &5x,-1), (60)

r=1

N
r
Q" X) = [ [ D1y @ = X)D_1 1y 0r — 8% ) Dy (x] — &%) ), (61)
r=1
where exxz = 1, esg = —1, and, in the sinh-Gordon case, s is related to the parameters m, A
as in (49).

Theorem 2. Let T’ (1), b = XXZ, SG be the transfer-matrices corresponding to the L-matrices
(10) and (33).

(i) The operators Qi (u) satisfy all relations in (55).

(ii) The Baxter equation (55-iv) holds for Qi (u) with the following coefficients:

a®(u) = 2sinhwb(u — o), d**(u) = 2sinh wh(u + o),
2
d50 ) = a9 (—u) = ™D 4 (%) o—Thu+it) (62)
4

(iii) The operators Qbi (u) satisfy the relation
Q. w)Q’(v) = Q" (V)Q (). (63)

The proof of this theorem is given in appendix E. It is worth noting that Q. (u) and Qi (u) are
related by Hermitian conjugation as follows:

Q) = (D_; )™ (Q@))". (64)

This allows us to mostly focus on Q°(u) = Qi (u), but it is nevertheless sometimes useful to
consider Q" (1) as well. The corresponding eigenvalues ¢ (u) are consequently related as

q; ) = (D—; )N g @). (65)
Relation (65) will imply that ¢, and ¢;” have the same analytic and asymptotic properties (58).

Remark 4. It is sometimes useful to observe (see appendix E.2) that the operator Q" (1) can
be factorized as follows:

Q) =Y ) -2 (66)
The operators Y’(u) and Z in (66) are represented by the kernels,

N
Y (x,x) = ]‘[ Dy (r = 86X] ) D1 1) (5 — X)), (67)

r=1
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0 N N
Z(x,X) = <wb <1? - 2s>> E Dg (x, — x,), (68)

respectively, where exxz = 1, esg = —1.

Remark 5. Relations (55) do not define the Q-operator Q(«) uniquely. For instance, for a
given Q(u), relations (55) are also fulfilled for Q' (1) = (¢(u))Y O Q(u), where ¢ (u) is a scalar
function and O is a unitary operator that commutes with Q(u#) and T(u). The coefficients in
Baxter equation (55-iv) for Q(u) and Q' (u) are related via

W), dwy = 2
o(u —ib) o(u +1b)
Thus, there is no canonical way to fix these coefficients. However, their combination

a(u)d(u — ib) remains invariant; its value is related to the quantum determinant if the latter
can be defined for the L-matrix of the model in question (see appendix C.2).

a'(u) = d(u). (69)

4.2. Analytic properties of eigenvalues of Q(u)

We now turn to the derivation of the analytic properties of eigenvalues of Q(u). More precisely
we shall prove the following.

Theorem 3

(i) The operators QXX%(u) and Q56 (u) are meromorphic functions of u in C with poles of
maximal order N contained in Y_; U Y.
(ii) Denote Q3°°(u) = Q3(u) for N odd. This operator has the following asymptotic

behaviour
Qoo exXp(+ir Nou) for |u| — oo, larg(u)| < %
Q% () ~ z (70)
Q_ exp(—ir Nou) for |u| — oo, |arg(u)| > 7
where Qi are commuting unitary operators related to each other as follows:
Q_o = 2Qeo. (71)

Here 2 is the parity operator (its action in the Schrodinger representation is given
by (82)).
(iii) QS%°(u) has asymptotic behaviour of the same form (70) with Q1o replaced by Q7 .

Proof. In order to prove part (i) of the theorem it clearly suffices to consider the corresponding
statements for the eigenvalues g (u). Let us first explain why the properties of g, () and
g;” (1) described in the theorem are the same. Given that the theorem holds for g;f (1), we
infer that poles of m are contained in Yy U Y_,. But, since they are of maximal order N,
they cancel in (65) against the Nth-order zeros of (D_,(u))" (see the properties of D, (x) in
appendix A.3). Thus, the only possible poles of g, (u) are those of (D_,(u))", i.e., they are
of maximal order N and contained in Y_, U Y.

The proof of part (i) will be exactly analogous for the cases of the XXZ magnet and the
sinh-Gordon model. Only the latter case will therefore be discussed explicitly. We will study
equation (56), which is equivalent to

/ dx dx' @ (x) 039 (x, X)W, (x) = q; (u)(P|V,), (72)
RZN ’
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for some test-function ®(x) € Z.®V, where 7; is the space of test-functions which is
canonically associated with the representations P as shown in appendix B. In order to find
the analytic properties of ¢, (u) let us use Q5% (u) = Y56(u)Z to represent the left-hand side
of (72) as (®'|Z¥;), where

O'(x) = / dx ®(x) Y59 (x, x'). (73)
RN

With the help of the Paley—Wiener theorems one easily finds that the condition ®(x) € 72V
implies that @ (x) is entire analytic w.r.t. each variable x; and decays exponentially as

|®(x)| ~ e 7Ol for |xg| = oo. (74)

The kernel YuSG(x, x') has the same asymptotics w.r.t. its x; variables, as seen from
equation (67) and relation (A.25). Therefore the convergence of the integrals does not represent
any problem. Combined with the observation that the left-hand side of (73) is the convolution
of two meromorphic functions we conclude that the only source of singular behaviour is the
possibility that the contours of integration in (73) may become pinched between poles of the
integrand approaching the contour from the upper and lower half planes, respectively. With
the help of (A.11) one easily compiles a list of the relevant poles of the kernel Y ¢(x, x') as
given in (67):

upper half planeH_: (1) x, € x, — %(u +0)+ Yo,
(2) x, € =x/,; + 3 — o) + Yo,
lower half plane H,: (1') x, € x| + %(u +0) — Yy,

2) x, € —x. %(u —0)—"Yy.

r+l

Pinching of the contour between poles from the upper and lower half planes would produce
the following series of poles:

(11) u+s €+, (12) «x
22) u—se—"o, 21y x

We observe in particular that none of the poles of @’ (x) happens to lie on the real axis, which
represents the contour of integration for each of the integrals over the variables x; in (72).
Taking into account the exponential decay of YuSG (x, x) for |x;| — oo, we may conclude
that the integration over X’ in (72) converges nicely. It follows that the left-hand side of (72)
defines a meromorphic function of u with poles listed on the lhs of (75).

In order to verify part (ii) of the theorem let us note that Y5(x, x) has the asymptotic
behaviour

+x.,,—s €=y, 75)
/
+ X, +5 € +Y.

/
r
/

r

N
Y38(x, x') ~ exp(£miNou) l_lexp(:FZni)cr()c;+1 +x0)) for |u| — oo,
r=1

T

larg(w)] < =

x 2 (76)

larg@) > =

as follows straightforwardly from (A.26). In order to check that the integral obtained by
exchanging the limit for 1 — 400 with the integrations in (72) is convergent let us note
that performing the integration over the variables x, yields the Fourier transformation ® (k) of
& (x), withargumentk = (x, +x/,, ..., x),+x7). Note that the change of variables k = k(x) is
invertible for N odd. We may therefore represent the integration over x’ by an integration over
k. The nice asymptotic properties of ®(k) which follow from our requirement ® € (7;)®V
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ensure the convergence of the resulting integrals. Part (ii) of the theorem therefore follows
from (76) and (66).

The proof of part (iii) of the theorem is immediate, if (64) and (A.25) are taken into
account. ]

Remark 6. Let us comment on the nature of the problems which prevented us to determine
the asymptotics of the Q-operators in the remaining cases. In both remaining cases one must
observe that the change of variables k = k(x') is not invertible, which implies divergence
of the integral over x'. This is closely related to the fact that the leading asymptotics
of T(u) for |u| — oo introduce a quasi-momentum p, which has a purely continuous
spectrum (see equations (C.13) and (C.15) in appendix C). It follows that T(x) cannot have
any normalizable eigenstate. Instead one should work with the spectral representation for
Po, H == fR dpoH,, where the elements of 7, are represented by wavefunctions of the
form ¥, (x) = e2miPoXo W (xy_| — Xo, ..., X1 — Xo). This seems to complicate the analysis
considerably. We nevertheless expect results similar to (58-ii) to hold for the remaining cases
as well.

4.3. Self-duality and quantum Wronskian relation

The explicit form (60)—(61) of the Q-operators along with the properties of D, (x) listed
in appendix A.3 show that Ql (u) are self-dual with respect to the replacement b — b=,
Therefore, the Q-operators also satisfy the dual Baxter equations,

T QL) = @ @)VQy(u —ib™) + (@ @)V Q. (u +ib7"), 7

where Tb(u),b = XXZ, SG, denote the transfer-matrices corresponding to the L-matrices
(10) and (33) with b replaced by b~!. These are the transfer-matrices of the modular XXZ
magnet and lattice sinh-Gordon model with 2/;(s/(2, R)) symmetry, where § = e The
coefficients a(u), d(u) in (77) are similarly obtained from those in (62) by the replacement
b — b~'. In the sinh-Gordon case the mass m,1 is related to the representation parameter s
via %ml/l,A = e_ﬂbilx.

This self-duality has remarkable consequences, which we shall work out explicitly for the
case of the sinh-Gordon model with odd N. We will take advantage of the freedom pointed
out in remark 5 to renormalize the operator Q3¢ (u) as follows:

Q) = Qi exp (i3 N (2 +02 +32)) Q). (78)

where §, = %(b +b~1) and Q. is the unitary operator which appears in the asymptotics (70).
The Baxter equation for Q(u) will then take the following form:

TS w) - Q) = @)V Qu — ib) + d )N Qu + ib), (79)

where
. A2 A
du) = a(—u) =1+<—m4 ) e mhuHb) (79)

The normalization of the operator Q(u) was for later convenience chosen in such a way that
Q(u) ~ exp (:trriau — i%N(u2 +02+ 83)) -1 for Re(u) — +oo.

Theorem 4. The operator Q(u) fulfils the following quantum Wronskian relation:

Qu +18,)Qu —i8,) — Qu +i18_)Q(u — i6_) = Wy (u) - 1, (80)
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where
Wy () = exp(—in N (u? + 02))(Dy (u)) ™V and sr=1""+b).

Proof. Let W(u) be the left-hand side of (80). A straightforward calculation, using the Baxter
equation and its dual form, shows that W(u) satisfies the following two functional relations:

. N .
Wi+ Ly} = (et COhTbT = N () 81)
2 coshb*E! (u + o) 2

A solution to both functional relations is given by the expression on the right-hand side of
(80). If b is irrational it suffices to note that W(u) is meromorphic in order to conclude that
the solution to the system (81) must be unique up to multiplication by an operator which
does not depend on u. This freedom can be fixed by comparing the asymptotics of both
sides for Re(u) — oo using equations (70) and (71) (for considering the asymptotics as
Re(u) — —oo, it is helpful to note that 2> = 1). In order to cover the case of rational b let
us note that both sides of relation (80) can be analytically continued from irrational values of
b to the case where b is rational. O

From the proof of this theorem, it is clear that the main ingredient is the self-duality of our
representations P;. We therefore expect that a similar result will hold for the remaining cases
as well. However, at present we do not control the asymptotics of the Q-operators sufficiently
well in these cases.

4.4. Parity and cyclic shift

Let us consider the cyclic shift and parity operators U and €2 defined respectively by
Uf(xy, X5, ooy xn) = f(Xa, ooy XN, X1),
Qf(xy, ..., xy) = f(—=Xy, ..., —XpN).

These operators commute with each other and also with Q:E (1) (as can be easily seen from

(60) and (61)). Hence they must commute with Tbi(u), as can also be verified directly*. It
follows that eigenstates W, may be assumed to be simultaneously eigenstates of U and €2,

(82)

m

QY, = +V,, Uy, =¥y, m=1,...,N. (83)

It is therefore useful to observe that U and €2 can be recovered from QZ[(u) as follows. First
one may note that the integral kernel (60) simplifies for the special values u = +o thanks to
relation (A.30). Explicitly, we have

. -N . —N
Qi(o)=(wb(2s+%g>> -1, Qi(—a)=<wb<2s+%g>> SU—1-Q°, (84)

where Q” is defined in (E.32). Combining this observation with (83), we conclude that

. N . N
g (o) = (wb <2s + %Q)) , g (—o) = LN (u)b <2s + %Q)) , (85)

where the ‘—’ sign in the second expression can occur only in the sinh-Gordon model.
Secondly let us observe that equations (65) and (85) imply that u = +& are poles of order
N for g, (u). Indeed, using (61), (A.30) and (A.12), we find

. N N
QE+e)~[—) -1, Qsra~(—) @.u @6
2me 2rie

4 Indeed, for U this is obvious from definition (17) and for €2 it follows from the observation that QLXX2(1)Q =
o.le—nlma3 LXXZ(M) enhmr3 oy and QLSG (M)Q =0 LSG (M)O’] .
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as € — 0. This implies

N
2me ) ’ ®7)

where the ‘—’ sign in the second expression can occur again only in the sinh-Gordon model.

. N
q (G +e€) ~ <L> , 47 (=G +¢€) ~ iez”“ﬁ<

2mie

5. Separation of variables

In the previous section, we have identified necessary conditions for a function ¢ («) to be an
eigenvalue of T(u). If we were able to show that these conditions are also sufficient, we would
have arrived at a useful reformulation of the auxiliary spectral problem.

A promising approach to this problem is offered by the separation of variables method
pioneered by Sklyanin [S2, S3]. The basic idea is to introduce a representation for the Hilbert
space H of the model in which the off-diagonal element of the monodromy matrix M(u), the
operator B(u), is diagonal.

For simplicity of exposition let us temporarily restrict attention to the case of the sinh-
Gordon model with N odd. The operator B(«) has the following form:

N
B(u) = —iN eNrrb(u—s) Z(_)m e—2m7‘rbuBm. (88)
m=0
By lemma 5, the operators B,,, m = 0, ..., N are positive self-adjoint. Basic for the separation
of variables method is the validity of the following conjecture.

Conjecture 1. The joint spectrum of the family of operators {B,;;m = 0,...,N} is
simple. This means that eigenstates of B(u) are uniquely parameterized by the corresponding
eigenvalue b(u).

This conjecture can be supported by counting the degrees of freedom. However, it is not
easy to provide a rigorous proof (see also remark 7).

The function e “"*M“b(u) is a polynomial in the variable A = e~27%*_ It can conveniently
be represented in the following form:

N
b(u) = —2i)" e N [ [ sinhwb(u — yo). (89)

k=1
The variables y;, k = 1,..., N are uniquely defined up to permutations once we adopt the

convention that Im(yy) € (—ﬁ, %] This means that the representation for the Hilbert space

‘H in which B(u) is diagonal may be described by wavefunctions W(y), y = (y;, ..., yy)- This
representation for the vectors in H will subsequently be referred to as the SOV representation.

We will then show that the auxiliary spectral problem, T(u)W, = f(u)¥,, gets transformed
into the system of Baxter equations

1Y) = [@o) T + o' T]¥®,  k=1....N, (90
where the operators Ty are shift operators defined as
TEWW) = W0,y Eib, o, ), 1)

The coefficients in front of the shift operators in (90) depend only on a single variable yy,
which is the crucial simplification that is gained by working in the representation where B(u)
is diagonal.

The key observation to be made at this point is that the same finite difference
equation (90) was found in section 4 in connection with the necessary conditions for a function
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t(u) to represent a point in the spectrum. It now remains to observe that any function g, (u)
that fulfils the necessary conditions (57) and (58) can be used to construct

N
v (y) = [Ja 0w (92)
k=1

The fact that (92) defines an eigenstate of T(u) is verified by comparing (90) with (57). The
main point that needs to be verified is whether the function W, (y) actually represents an
element of H, i.e. whether it has finite norm. The scalar product of vectors in H can be
represented in the form

(W2 |W,) =/Yd/L(Y)<‘IJzIY)(YI‘lJ1>- 93)

We clearly need to know both the range Y of values y that we need to integrate over, as well as
the measure du(y) of integration to be used. We will be able to determine the measure du(y)
provided that the following conjecture is true.

Conjecture 2. The functions b(u) of the product form (89) that describe the spectrum of B(u)
have only real roots, i.e., yy € Rfork =1,..., N.

We will discuss the status of this conjecture after having explained its consequences.
Conjecture 2 directly implies that Y = R" in (93). Assuming the validity of conjecture 2, we
will show in proposition 2 that the measure du(y) can be represented in the following explicit
form:

N
du(y) = [ [ dyi [ [4sinhwb (i — o) sinh b~ (i — yo). (94)
k=1 I<k
Knowing explicitly how to represent the scalar product of H in the SOV representation
finally allows us to check that any solution of the necessary conditions (57) and (58) defines
an eigenvector |V;) of T(u) via (92). In other words, conditions (57) and (58) are not only
necessary but also sufficient for ¢ (u) to be an eigenvalue of a vector |¥,;) € H.

Remark 7. Our claim that conditions (57) and (58) are also sufficient for a function ¢ () to
represent a point in the spectrum of T(«) does not seem to depend very strongly on the validity
of conjecture 2. In this sense the conjecture mainly serves us to simplify the exposition.

In any case it is a problem of fundamental importance for the separation of variable
method to determine the spectrum of B(u) precisely. Even in simpler models which have been
studied along similar lines such as the Toda chain [KL] or the XXX spin chains [DKM] there
does not seem to exist a rigorous proof of the analogous statements. The explicit construction
of the eigenfunctions of B(«), which may proceed along similar lines as followed for the Toda
chain in [KL] or for the XXX chain in [DKM], should provide us with the basis for a future
proof of conjecture 2 or some modification thereof.

Remark 8. Within the separation of variables method the auxiliary spectral problem gets
transformed into the separated Baxter equations (90). However, these finite difference
equations will generically have many solutions that do not correspond to eigenstates of T(u).

In order to draw a useful analogy let us compare the situation with the spectral problem
for a differential operator like h = —8)2, + V(y). One generically has two linearly independent
solutions to the second-order differential equation like (—83 + V(y))w = &y for any choice
of £. The spectrum of h is determined by restricting attention to the subset of square-integrable
solutions within the set of all solutions to the eigenvalue equation.
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From this point of view we may identify conditions (58) on analyticity and asymptotics of
the function g, (1) as the quantization conditions which single out the subset which constitutes
the spectrum of T(#) among the set of al/ solutions of (90).

5.1. Operator zeros of B(u)

The adaption of Sklyanin’s observation to the case at hand is based on the following
observations. First, by lemma 5, the operators B,, introduced in (88) are positive self-adjoint.
Taking into account the mutual commutativity (which follows from (100)),

[Bmv Bn] == 07 (95)
leads us to conclude that the family of operators {B,,; m = 1, ..., N} can be simultaneously
diagonalized®.

Conjecture 1 implies that the spectral representation for the family {B,,;m =1, ..., N}
can be written in the form

) = [ avwib)b) 6)

R

where |b) is a (generalized) eigenvector of B, with eigenvalue b,,, and we have assembled the
eigenvalues into the vector b = (by, ..., by).

It now turns out to be particularly useful to parameterize the polynomial of eigenvalues
b(u) in terms of its roots. This representation may always be written as

N
b(u) = bluly) = —(2)" e ™ [ [ sinhwb(u — yy). (97)

k=1
where 'y = (y,, ..., yy). The variables y; are either real or they come in pairs related by

complex conjugation. The variables y; are uniquely defined up to permutations if one requires
that Im(y;) € (—%b, zlb] We will assume that y, € R according to conjecture 2. It then
follows that the spectral representation (96) can be rewritten as

V) = /RN du Iy (yI¥). (98)

However, points y, y’ in R which are obtained from each other by the permutation y; <> y;
will correspond to the same eigenstate of B(x). This means that the spectral representation
for B(u) can be used to define an isomorphism

H >~ L>(RN; dp)Symm, (99)
where L2(R"; dp)SY™™ is the subspace within L2 (R"; du) which consists of totally symmetric
wavefunctions.

Despite the fact that 7 is isomorphic only to a subspace in L>(R" ; dy) it will turn out to be
useful to extend the definition of the operators A(u), B(u), C(u), D(u) from L>(R"; dp)Sy™™,
where it is canonically defined via (99) to L2*(RV: dw). As a first step let us introduce the
operators y; which act as yx|y) = yi|y). Substituting y; — y; in (97) leads to a representation
of the operator B(u) in terms of its operators zeros yy.

5.2. Operators A(u) and D(u)

Monodromy matrices of the modular XXZ magnet and the lattice sinh-Gordon model satisfy
the exchange relations (12), where the R-matrix is given by (15) and (34), respectively. Among

3 By lemma 6, we have By = (BN)_I.
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these relations we have, in particular, the following:

[B(u), B(v)] =0, [A(), A(v)] =0, [D(u), D(v)] =0, (100)
sinhwb(u — v +1b)B(u)A(v) = sinhwb(u — v)A(W)Bu) + RZ3(u —v)B(w)A(u), (101)
sinhwb(u — v +1b)B(v)D(u) = sinhwb(u — v)D(u)B(v) + R;z(u —v)B(u)D(v), (102)

R (u) = RS“(—u) = ie™ siny, R3S (u) = R3S (u) = isiny. (103)

We are now going to show that there is an essentially unique representation of the
commutation relations (100)—(102) on wavefunctions W(y) which is such that B(u) is
represented as an operator of multiplication by b(u) = b(uly) (cf (97)).

To this aim let us consider for k > 1 the following distributions:

(YIAO) = ulirgk (yIA(u), (yID(yx) = ulirrgk (yID(u).

These distributions, which will be defined on suitable dense subspaces of LZ(RN ,dw), can be
regarded as the result of action on (y| by operators A(y;) and D(y;) with operator arguments
substituted into (C.3), (C.5), (C.6), (C.8) from the left. The commutation relations (101)—
(102) imply that (y|A(yx) and (y|D(y;) are eigenstates of B(u) with eigenvalues b(uly’), with
Y. = Yk F ib, respectively, y, = y; otherwise. This, along with relations (100), leads to the
conclusion that the action of the operators A(y;) and D(y;) on wavefunctions W (y) = (y|V)
can be represented in the form

AW (Y) = an i (YO T W (), DyoOW(y) = dv )TV (y), (104)

where T,f are the shift operators defined in equation (91). The functions ay i (yx) and dy & (yx)
are further restricted by the following identities:

det, M3 (u) = ASS (u)D5% (u — ib) — BSC (u)C5%(u — ib) (105)

= <4e2”bf coshnb(s +u— il-’> coshrrb(s —u+ il-’>>N (106)
= > > .

These identities are proven in appendix C.2. It follows then from (104) that det, M(yx) =
an xk)dn x (yx — 1b). Not having specified the measure (y) yet leaves us the freedom to
multiply all wavefunctions W (y) by functions of the form [, fi(yx). This allows us to choose

an k() = @), dy k() = (d()", (107)

where

b
a>Sw) = d%8(—u) = e ™2 cosh b <u -5 — 1§>

4

We have used that the sinh-Gordon parameters m, A are related to s as in (49).

In the special case that W (y) is an eigenfunction of the transfer-matrix T(u) with eigenvalue
t(u) we get the Baxter equations (90) from T(y;) = A(yx) + D(yx) and equations (104) and
(107), as advertised.

It will be useful for us to have explicit formulae for A(u) and D(u) in terms of the operators
yi and T,f. In the case of N odd we may use the following formulae:

—h(u—i%) mA 2 Th(u—i2)
=e V4l —) e 2/, (108)
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G sinhmb(u —y) g N

A (u) = Z]‘[Slnhnb(yk @ 0T (109)
k=1 Ik

G sinhwb(u —y) g Nt

DS (u) = ;‘gsmhﬂb(y — o @O (110)

These formulae are easily verified by noting that the number of variables y; coincides with the
number of coefficients in the expansion (C.6) and (C.8). It follows that the polynomials ASC ()
and DSO (i) are uniquely determined by their values ASS(y) and DSS(yy), k=1,..., N.

5.3. Sklyanin measure

We furthermore know that the operators A,, and D,, which are defined by the expansion

N-1
ASG(M) ﬂbuN T[bN(u Y)Z( )m —2mrrbuA (111)

m=0
N-1

DSG(M) — _ie—ﬂbuiN enbN(u—S) Z(_)m e—2m7‘rbu Dm (1 12)
m=0

are positive (lemma 5 in appendix C).
Proposition 2. There exists a unique measure du(y) such that the operators A,, and D,, on

L*(RY; du) are positive. This measure dy can be represented explicitly as
N

du(y) = [ [ dye [ [4sinh by — y1) sinhwb™" (e — y1). (113)
k=1 1<k

Proof. The similarity transformation U(y) = xa(y)®(y), where

-1
Xa(y) = H(e”””wb(yk—s» N]"[(wb(yk — Y+ Q>> : (114)

I<k
maps to a representation in which the operator ASC (u) is represented as
N
ASS(u) = " ]sinhwbu —y)T; . (115)
k=1 Ik

Expanding in powers of e yields a representation for the coefficients ASC that appear in the
expansion (C.3) which takes the form

N
ASE =" k()T - (116)

The coefficients p,,x(y) in (116) are positive for all y € RY, and p,.(y) does not depend on
yk. We are next going to show that the positivity of ASS implies that T, must be a positive
operator in L>(R"; du). Let us keep in mind that T, satisfies the commutation relations
efityl-l—k— eV — eb1éu Tl:' (117)
If there was any negative contribution to the expectation value (®| Z,]{VZI Pk (YT, | @) we
could make it arbitrarily large by means of the unitary transformation |®) — eV+|®). It
follows that (®|p,(y)T, |®) > Oforanyk =1,..., N.
Itremains to note that, since the p,,x (y) are non-vanishing, vectors of the form / p,,x (y) | P)
form a dense subset in L>(R"; du). This finally allows us to conclude that T, must be a
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positive operator. But this furthermore implies that (Tk_)” is a unitary operator which satisfies
the commutation relations

(T el = exp(ibltdy,,) €™ (T

It is well known that the representation of these commutation relations by unitary operators
is essentially unique. The measure which defines the corresponding Hilbert space is just
dv(y) = [T, dye.

It remains to return in (98) to the original representation via (114), that is to compute
du(y) = |xa(y)|?dv(y). Using (A.7)—(A.10) to simplify the resulting expression yields the
formula for du(y) stated in proposition 2.

For the operator DSY(u), a completely analogous consideration applies with the
transformation ¥ (y) = xp(y)®(y), where

N . -1
xo® =™ wyi+ N[ ] (wb (yk — i+ %Q)) : (118)
k=1 1<k
Thanks to relation (A.10) and conjecture 2, we have |xa(y)|*> = |xo(y)|>. This leads to the
same measure du(y) given by (113). O

5.4. Remaining cases

To end this section let us briefly discuss the necessary modification in the cases of the modular
XXZ magnet and the lattice sinh-Gordon model with even N. The main new feature that arises
in these cases is the existence of a quasi-momentum y, which first appears in the expansions

N—1
b (u) =2V 'iem ) [T sinhwb(u — yo), (119)
k=1
N—1
b5 () = — i)V TP N ]_[ sinhwb(u — yr), N even, (120)
k=1

The variable y, requires a slightly different treatment compared to the y;, k > 1. Considering
the states (where x = O for the modular magnet and k¥ = i/2 + bs for the sinh-Gordon model
with even N)

(VIAo = lim ™V (y|Aw),
(yIDo = lim e™*~"(y|D(u),
Uu—+00

(ylAy = lim (—)V ™V (y|Au),

u——00

(yIDy = lim (=)" ™V (yD(w),

u——00

and taking into account the asymptotic behaviour of B(u) and of the coefficients (103) at
u — %00, we infer from relations (101) and (102) that

AoV (y) = ao(yo)TEW(Y). DoW(y) =do(yo)T, W (y),
ANY(y) = an(Yo) T, W (y), Dy (y) = dy (o) ToW(y),

where the shift operators TZ are defined analogously to (91) for the variable y,. It follows
from (C.13) and (C.15) that we have a,(y) = dy(¥),do(y) = an(y), as(¥)ay(y +ib) =
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do(y)dy(y —ib) = 1. Noting that
W(y) = liriPOo [exp(mbN 2k £ (ib — 2u))) det,M(u) ¥ (y)

_ {AoDo\y(Y) =ao(yo — i?)do(yo)\y()')’ U — +00; (121)
ANDNY(y) = an(yo +1b)dn (yo) W (y), u—> —00,
allows us to choose
a,=d, =ay =dy =1. (122)
The resulting equation for the y,-dependence may therefore be written as
tim (BN VT )W (y) = (T5+T,)W(y). (123)

This relation supplements the Baxter equations (90) in the cases of the modular XXZ magnet
and the sinh-Gordon model with even N.

In the case of the modular XXZ magnet we furthermore find a small modification in the
form of the coefficient functions a(u) and d(u) which appear in the Baxter equations. These
follow from the following formula for the g-determinant (see appendix C.2):

det, M***(u) = Au)D(u — ib) — ¢~ ' B(u)C (u — ib) (124)

b Bb\\"
= | 4coshmb s+u—1§ coshh s—u+1§ . (125)

The resulting expressions for a**%(u) and d**#(u) will be
b
a™*(u) = d***(—u) = —2icosh nb(u —5— 15). (126)

The existence of the ‘zero mode’ y, also leads to modifications in the formulae for A(u)
and D(u). For the modular magnet and the sinh-Gordon model with even N, the number of
coefficients in expansions (C.6) and (C.8) exceeds by two the number of the operators y.
However, in these cases we know the asymptotics of A(x) and D(u) and therefore we will need
the following interpolation formula.

Lemma 2. Let eV P (1) be a polynomial in €™ such that

grTbWutpo) for u — +00,
P(u) ~ _
(_)N e nb(Nu+po)’ fOl‘ U — —00.
For an arbitrary set of variables y, ..., yn—1 such that y, # y; for all k # | we may then
write
N sinhwb(u — y;)
P(u) = sinhwb(u + po + py) ]—[ sinhwbu — yi) + Z ]—[ T P,

bl 1 1k sinh wb(yr — y1)

where py = Z,ivz_ll Vi

Thus, for the modular magnet and the sinh-Gordon model with even N, we have the
following formulae for the operators A(x) and D(u) (recall that k = O for the modular magnet
and k = i/2 + bs for the sinh-Gordon model with even N)

N—-1
A(w) =2V e ™ N sinh wb(u + py + pn) ]_[ sinh wbh(u — yi)
k=1
sinhtb(u —y;) _
+ Z [ — @y T;. (127)

1 1k sinhwb(yr —y;)
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N-1
D) =2V e N sinhwb(u + py + pn) 1_[ sinhwb(u — yi)
k=1
sinhwb(u —y;)
+ Z [T Ny (128)

1 1k sinhwb(y, —y;)

where now py = Z,ivz_ll Yi; note that [py, oy] = 0 and [pw, Vo] = ﬁ Furthermore,
comparison with (C.13) and (C.15) shows that py = — Z,ivzl px for the modular magnet and
py = Z,ivzl(—)kpk for the sinh-Gordon model.

6. Concluding remarks—outlook

6.1. On the Baxter equations

Summarizing the results of sections 4 and 5, we arrive at the main result of the present paper.
We will formulate it only for the case of the sinh-Gordon model with N odd for which our
analysis is most complete, but from our previous discussions and remarks it seems clear that
very similar results should hold in the other cases as well.

Main result. A function t(u) is an eigenvalue of the transfer-matrix T5%°(u) if and only if
there exists a function q,(u) which satisfies the following conditions,
(i) g (u) is meromorphic in C, with poles of maximal order N in Y_; U Yy, ]

exp (+imNou —iZNu?) for |u| — oo, |arg(u)| < %,

exp (—inNou - i%Nuz) for |u| — oo, |arg(u)| > Z,

(i) qi(u) ~ {

(i) 7(0)gq,(u) = @) g, (u — ib) + (d ) g, (u +ib),
where d(u) = d(—u) = 1 + (22)? emb@esi),

(iv) g,(u) satisfies the following quantum Wronskian relation
qr(u +18,)q; (u —184) — qi (u +18-)gq,(u —i8-) = Wy (u),
where Wy ) = e V@0 (D _(1))~N

The corresponding eigenstate \V; in the SOV representation defined in section 5 is represented

as in (92).

We have therefore succeeded in reformulating the spectral problem for T(u) as the problem

to determine the set & of solutions to the Baxter equation which possess properties (i)—(iv)

above.

It should be observed that conditions (i)—(iii) already constrain the possible functions
q:(u) rather strongly. Let us consider

—-N
0/(u) = (W(% —i(u+ S)>Fh (% —i(u — S))) q: (), (130)

where [, (x) = T'x(x|b~!, b), with T'; being the Barnes Double Gamma function defined in
appendix A.1. The function Q,(«) will then have the properties
(@) Q(u) is entire analytic of order 2 in C,
[(b) 1) Q) = (A)N Q,(u — ib) + (D))" Q; (u + ib)]
The explicit form of the coefficients A(x) and D(u) can easily be figured out with the help of
formula (69) and the functional relations (A.4).

(129)

(131)
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Property (a) combined with the Hadamard factorization theorem (see e.g. [Ti]) imply that
Q,(u) can be represented by a product representation of the form

0w =[] (1 — %) , (132)
k=1

where the prime indicates the canonical Weierstrass regularization of the infinite product. The
function r () in the prefactor is a second-order polynomial which can be worked out explicitly.
The Baxter equation (57) then implies that the zeros u; must satisfy an infinite set of equations,
N .
1= (A(u)™ Qi (ug —.1b), keN, (133)
(DN O (uy +ib)
which may be regarded as a generalization of the Bethe ansatz equations. However, as it stands
it is not quite clear if these equations represent an efficient starting point for the investigation
of the spectrum of our models.
The quantum Wronskian relation (iv) encodes remarkable additional information which
cannot easily be extracted from conditions (i)—(iii) above. We plan to discuss its implications
elsewhere.

6.2. Continuum limit

It is certainly interesting to discuss the consistency of our results with existing results and
conjectures on the sinh-Gordon model in continuous spacetime. Let us therefore now show that
our findings are consistent with Lukyanov’s remarkable conjecture [Lu] on the ground-state
wavefunction for the sinh-Gordon model in the SOV representation.

Recall from subsection 3.3 that we are interested in the limit N — 0o, A = 0,5 — 00
such that m = % e ™ and R = NA /27 are kept finite in the limit. We are interested in the
limiting behaviour of the Baxter equation and of its solutions. Let us first note that the poles
of g,(u) move out to infinity when s — oo. Also note that according to property (129-ii)
rapid decay is found only within the strip S = {u# € C; |Im(u)| < Q/2}. By noting that
mA = O(1/N) in the limit under consideration one sees that the coefficients a(u), d(u) in
the Baxter equation (129-iii) become unity when N — oco. Most importantly, let us finally
observe that the right-hand side of the Wronskian relation (129-iv) approaches a constant for
N — oo.

Our results therefore strongly suggest the following conjecture on the conditions which
characterize the spectrum of the continuum sinh-Gordon model in the SOV representation:

(i) g;(u) is entire analytic, ]
(i)  g;(u) decays rapidly for |[Re(u)| — oo, u € S,
(i) ¢, (u) satisfies a difference equation of the form
t(u)q:(u) = q;(u —1ib) + q;(u +1b), (134)
where t(u) is periodic under u — u +ib~!,
(iv)  ¢q;(u) satisfies the following quantum Wronskian relation
i q:(u+16:)g;(u —164) — qr(u +16-)gq,(u —i6_) = 1.

Our next aim will be to show that, by adding one supplementary condition, one gets a
complete characterization of the function g,(u) which was proposed in [Lu] to describe the
ground state for the continuum sinh-Gordon model in the SOV representation:

(v)  qo(u) is nonvanishing within S. (135)
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We claim that the solution to conditions (i)—(v) is essentially unique and given by the formula

mR cosh Gu dv log(1+Y(v))
loggo(u) = ————F—+ | ——————, (136)
2 sin Eb r 20 cosh 6(” —v)
which expresses g (i) in terms of the solution Y () to the nonlinear integral equation
T dv
logY(u) = —mR cosh —u +/ —S(u — v)log(1+Y(v)), (137)
0 R 20
where the kernel S(u — v) is explicitly given as follows:
2sin Zb cosh Su
S(u) = Q Q (138)

— RN —.
sinh 5(” +1ib) sinh E(” —ib)

These equations form the basis for the calculation of the ground-state energy [Za] and
other local conserved quantities of the continuum sinh-Gordon model [Lu] within the
thermodynamic Bethe ansatz framework.

For the reader’s convenience we will present the outline of an argument® which establishes
the equivalence between (i)—(v) and (136), (137). Let us define an auxiliary function Y () by
the formula

1+ Y () = qo(u +i8,)qo(u — i8,). (139)

Assuming that go(u) satisfies properties (i), (ii) and (v), one can take the logarithm of (139)
and then solve the resulting difference equation by Fourier transform, which leads to the
representation (136). Re-inserting this representation into the Wronskian relation (iv) shows
that Y (u) must satisfy (137).

A proof of Lukyanov’s conjecture [Lu] therefore amounts to showing that go(x) must
satisfy properties (i)—(v). We find it very encouraging that our study of the lattice sinh-Gordon
model gave us strong support for the necessity of properties (i)—(iv).

6.3. Connection with the lattice Liouville model

Relations between the compact XXZ chain, lattice sine-Gordon model and the (imaginary
field) Liouville model were investigated in [FT] from the view point of the QISM. Let us show
that similar connections exist between the modular XXZ magnet, lattice sinh-Gordon model
and the (real field) Liouville model. Following [FT], we introduce the L-matrix

LE(u) = e 280 [ SOy 4 1) @250 (140)

where ¢ is related to the representation parameter s and the lattice spacing A as ™ = A e™s,
and the operators p and x in (33) are related to the discretized field and its conjugate momentum
as follows:

27bp = 2nbe — BD, 4mbx = 2mbg + B (A1 — @), B = b\/8x. (141)

Comparison with (47) and (49) shows that the new variables defined by (141) are related to

these of the sinh-Gordon model via a canonical transformation,
m

1 = 1156, B = B0 + 27, e T = T (142)

6 This argument is inspired by the considerations in [Za] and a suggestion of Smirnov (private communication, see
also [Sm2]). However, the key point of our argument, namely the origin of the quantum Wronskian relation (iv)
seems to be new.
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In the ¢ — +oo limit L-matrix (140) turns into

ef (1 + A2e POy ekl _jA embu=be,
—2iA sinh(wbu + £ @,) e i
It is natural to expect that this L-matrix describes some massless limit of the sinh-Gordon
model. The corresponding U-matrix obtained according to formula (52),

2 —ieu— oM

Ut ) = ( 711(x) iet 2 ) ’ (144)
—2isinh(u+£@(x)) —LT(x)

reproduces the Liouville equations of motion via the zero curvature equation (see [FT] for

details in the case of sine-Gordon model and imaginary Liouville field). This observation

suggests that (143) is a suitable L-matrix for describing the quantum lattice Liouville model

in the QISM framework.

Although the limiting procedure in (143) has not been mathematically rigorously
developed yet (in particular, there is a subtle question of interchangibility of ¢ — +o0o
limit with the classical limit), the results of the present paper provide further support for the
proposed connection between the sinh-Gordon and Liouville models. First, observe that the
twist by 274493 and the shift of the spectral parameter in (140) do not change the corresponding
auxiliary R-matrix (34) and the fundamental R-matrix given in proposition 1. Therefore, the
local lattice density of the classical Hamiltonian corresponding to (140) can be obtained by
substituting (142) into (46). Taking then the limit { — +00, we obtain the following lattice
Hamiltonian density (up to an additive constant)

L) = glim Lf(u) = ( (143)

Hye = Jim HY = % log<% cosh g(nn + ) + %cosh g(dbn — D)

+ %2 e 5 (@ntPu) <1 + e M) ¢och g(d)” - d>,,+1)>>, (145)
which in the continuum limit (50) yields the Liouville Hamiltonian:

Xn: %H;;fll — const + /OM dx an + %(zaxc1>)2 + % e—ﬁ“’). (146)

The second observation that we can make to support the proposed relationship between the
lattice sinh-Gordon and Liouville models is the following. The transfer-matrix corresponding
to (140) is given by T (1) = T5C(u + ¢). Therefore, Qi (u) = Q:Stc’ (u + ¢) satisty (cf (79)) the
Baxter equation

T (u) - QL) = (a; )V QL — ib) + (dy ()N Q. (u +ib),
Whel‘e a{ (u) =1+ AZ eﬂb(2u—ib)’ d{ (I/l) =1+ AZ e—?‘[h(2u+4§+ib)‘

Hence for TH () = lim;_, 100 T¢ (1) and Ql(u) = lim;_, Qi (u) (the limits are meaningful

(147)

if T (1) and Qi (u) are expressed in terms of ® and IT), we obtain the Baxter equation
Th ) - Qh(u) = (1+ A2e™ > HNQL (u — ib) + QY (u + ib), (148)
which coincides’ with the Baxter equation derived for the lattice Liouville model by a different

method in [K1, FKV].
We finish by noting that in the continuum limit, N — 0o, A = O(1/N), the coefficient

AN . . ) .
(1+ A% em®@u=iP))™ pecomes unity. This suggests that the Baxter equation for the eigenvalue
g\ (u) of the Q-operator for the continuum Liouville model is

t“wgFw) = g~ — ib) + ¢~ (u + ib), T +ib™h =), (149)
which coincides with that for the continuum sinh-Gordon model (134-iii).

7 Modulo notations, in particular, A = 1 in [K1, FKV].
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However, it seems to be crucial to observe that the asymptotic properties of the function
th(u) will certainly differ from those found in the case of the sinh-Gordon model. Indeed,
for any model, the asymptotic properties of g, (u) are related to these of 7 (). Comparing the
structure of the L-matrices (33) and (143), we see that the transfer-matrix T'(u) corresponding
to the latter L-matrix has asymmetric asymptotics for Re(y) — =oo. This seems to be
related to the fact that the sinh-Gordon potential cosh S®(x) is spatially symmetric while
the Liouville potential e #*™) is asymmetric. As a consequence, we expect that the set of
solutions to the Baxter equation (149) describing the spectrum of the continuum Liouville
model will be quite different from the set of solutions to the same Baxter equation which
characterizes the spectrum of the continuum sinh-Gordon model.

These observations seem to offer a key to the understanding of the relation between
massive and massless theories from the point of view of their integrable structure.
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Appendix A. Special functions

A.l. Double Gamma function

All the special functions that we have to deal with can be obtained from the Barnes Double
Gamma function ', (x|w,, w,) [Ba], which may be defined by

I ~

logDo(xlwy. ) = | — D (x+n,0, +n,0,) : (A.1)

ot
ny,n,=0 t=0

The infinite sum in (A.1) is defined by analytic continuation from its domain of convergence

(Re(r) > 2) to the point of interest (+ = 0). One may alternatively use the integral

representation

(A.2)

e log(—1) dr
/c (1—eof)(l —e@t) ¢
where the contour C goes from +00 to +0o encircling O counterclockwise, C is the Euler’s
constant and

C 1
log 'y (x|wy, w,) = =By (x|wy, ;) + —
2 2mi

2x — w, — 2 2 + w?
Bra(xloy, o) = SE L @) @0, (A3)
dw,w, 12w, w,
The integral is well defined if Re(w;) > 0, Re(w,) > 0 and Re(x) > 0. It satisfies the basic

functional relations

1_x 1_ x
Lol 4 onfon, @) 5 w;, " Lol 4 walwn, @) 5 2

Do(x|wy, w,) I(x/w,)’ Da(x|wy, ,) I(x/w,)’

(T2 (x|w:, w,))~" is an entire analytic function of order 2 w.r.t. its variable x with simple zeros
atx = —mw; — nw,, where m and n are non-negative integers.

(A4)
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A.2. Function wy(x)

In what follows we will be dealing with
(2 —ix|p™',b)
I (4 +ix|b=1,b)

wy(x) = (A.5)

In the strip [Im(x)| < £, function w (x) has the following integral representation
i i dr e 2ix
wp(x) = exp 1—x2 + ]—(b2 + b_z) - / VR R £ (A.6)
2 24 R+i0 47 sinh bt sinh

where the integration contour goes around the pole # = 0 in the upper half-plane. This function
is closely related (cf equation (D.7)) to the remarkable special function introduced under the
name of quantum dilogarithm in [FK2] and studied in the context of quantum groups and
integrable models in [F2, Ru, Wo, PT2, K1, K2, BT, T2, V2].

Analytic continuation of w;(x) to the entire complex plane is a meromorphic function
with the following properties:

self-duality wp(x) = wp-1(x), (A.7)

wy (x + %bil)

functional equation —F————*% = 2 cosh(zb*'x), (A.8)
wp (X — ibil)

reflection property wp(x)wp(—x) =1, (A.9)

complex conjugation wy(x) = wy(—X), (A.10)

zeros/poles  (wp(x))T'=0 & +xe {1% +nb+mb ' n,me Z>°}, (A.11)

residue Res) wp(x) = 2L (A.12)

—_;:0
x=—iz s

i _ T
e 5O 0+ for |u| — oo, |arg(u)| < —,

asymptotics  wp(x) ~ L ]_2[ (A.13)
etz (Crp(BTHbT) for |u| — oo, |arg(u)| > 7

Note that |[wp(x)| = 1 if x € R. Therefore, w;, (O) is unitary if O is a self-adjoint operator.

The function wy, (x) allows us to define a whole class of new special functions. In appendix
D we will use in particular the following h-analogues of the hypergeometric functions defined
by

r

1 Sp (U +
O, Uy U V- Vysx) = 7/ dre””]‘[M, (A.14)
1 Jir—o io Se(Vie+ 1)

where the special function S, (x) is defined by
Sp(xX) = w, (ix — %Q) (A.15)
and has the properties
self-duality  Sp(x) = Sp-1(x), (A.16)
functional equation Sy, (x + b*!) = 2sin(rb*'x) S, (x), (A.17)

reflection property  Sp(x)Sp(Q — x) = 1. (A.18)
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A.3. Function Dy(x)

Let us also introduce another useful function
wp(x + o)

Dy(x) = . (A.19)
wp(x — @)
Combining (A.6) with (A.22), we derive the integral representation
dr 2tx) sin(at
D(x) = expl f dr cos@ry) sin(Gar) | (A20)
Rr+i0 2f  sinh bt sinh ;

D, (x) is a meromorphic function with zeros at +x € Y_, and poles at =x € Y,, where the
set Y, is defined in (B.1). The function D, (x) is self-dual in b (but we will omit this index)
and has the following properties:

D, (x + %bil) coshmb*! (x + o)

functional equation - = , A21
q Do(x — ib*')  coshmb*!(x — a) ( )
x-parity Dy(x) = Dy(—x), (A.22)
reflection property Dy (x)D_y(x) =1, (A.23)
complex conjugation D, (x) = D_5(X), (A.24)
) b4
g riax for |u| — oo, |arg(u)| < 7
x-asymptotics Dy (x) ~ ' s (A.25)
etmiax for |u| — oo, |arg(u)| > 3
e IO E G 1) s oo, [arg(u)] <
ao-asymptotics Dy (x) ~ P 72[ (A.26)
gttt (0%67) if |u| — oo, |arg(u)| > 3
Also, the following identity is obvious from definition (A.19)
X+yt+a-— X+y—a+
Da(x)Dp(y) = Dusssecs <+ﬂ)])mﬂm (yfﬂ) (A.27)

Note that |D,(x)| = 1 if « € Rand x € R or x € iR. Therefore, D, (O) is unitary if « € R
and O is a self-adjoint or anti-self-adjoint operator.

A4. Integral identities for D (x)

Here we will give some integral identities involving products of D-functions. These identities
can be regarded as summation formulae for the b-hypergeometric functions ®, introduced in
(A.14).

i

Let us denote o* = —30 -« and introduce the function

Aoy, g, ...) = wplog—a])wp(ar—a3) . ... (A.28)
Note that («*)* = « and hence A(a}, o, .. )A(xy, a2, ...) = 1.
Lemma 15 in [PT2] and equations (26) and (27) in [FKV] can be rewritten as the following
property of the function D, (x) under the Fourier transform:

/ dx e D, (x) = A(a) Dgs (y). (A.29)
R
Taking into account that lim,_,o D, (x) = 1, we obtain from (A.29) as a special case

lim A(a¢*)Dy(x) = 8(x). (A.30)

i
a——3
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Here & (x) on the rhs is the Dirac delta-function and this relation should be understood in the
sense of distributions. Indeed lim,—,. _io A(a*) = wy (% Q) = 0 and the lhs of (A.30) vanishes
almost everywhere. On the other hand, the only double pole of D_iy(x) is at x = 0.

Using (A.29), it is easy to derive the following relation: )

/ dx e¥ D, (x — u)Dg(x — v)
R

— Ala, B) ™) / dy e p | (y + E) Dy (y _ E) ) (A31)
R 2 2
Choosing z = a*+ 8*, we can use (A.27) in order to rewrite the product of D’s in the integrand

on the rhs as a single function, Dy« (y + “';5 ) and then apply (A.29). This yields

/ derﬂi(a*+/3*)xDa(x _ M)Dﬁ (x _ U) — A(O{, ﬁ, ar + ﬂ*) eZni(vax+uﬂ*)Da+ﬂ+%Q(u — U).
R

(A.32)
In the case o* = —B*, equation (A.30) can be used and we conclude that
/lédea(x —u)Dg(x —v) = A, B)S(u — v) (A.33)
holds in the sense of distributions provided that « + 8 = —iQ.

Lemma 3. The identities

/ dxDy(x —u)Dg(x —v)D, (x — w) = A(et, B, ¥) Do (w — v) Dg+(u — w) Dy« (v — 1),
R
(A.34)
/dea(x—u)D,g(x—v)Dy(x—w)Dw(x—z)
R

D, g.ipu—v)
= A, B, y, @) —2220

——— [ dx Dy (x—v)Dgs(x—1u)D,«(x—2) D+ (x —w)
Da+ﬁ+§Q(U)—Z) R 4 g

(A.35)
are valid provided thata + B +y = —1Q in (A.34),and o + B+ y + w = —1Q in (A.35).

Proof. Relation (A.34) follows straightforwardly from equation (19) in [K2], where function
@p(x) is our g,(€**) (cf equation (D.7)). Also, in other notations, relation (A.34) is
equation (11) in [V2].

Equation (A.34) provides two expressions for a function which we denote as
I(u,v,w;a, B, y). Inorder to prove (A.35) we multiply two copies of (A.34) and compute
the following integral

/ del(t,u,v;v,a, B)I(t, w, 2, 1, ¥, w), (A.36)
R

where v+oa + 8 = u+y + w = —iQ and we impose an additional condition v + u = —iQ.
Then the lhs of (A.35) is obtained if we substitute for the I’s the expressions on the lhs of
(A.34) and use relation (A.33). The rhs of (A.35) is obtained directly from (A.36) if we
substitute for the I’s the expressions on the rhs of (A.34) and use also that u* = —v*. (]
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Appendix B. Positivity versus self-duality of the representations P

The representations P, are distinguished by the property that the operators m(u),u €
{E, F, K} are positive self-adjoint. We are now going to show that this property is closely
related to the remarkable self-duality of these representations under b — b~! which has such
profound consequences for the physics of our models.

To begin with, let us remark that there exists a linear basis B, (sl(2, R)) for i, (s(2, R))
such that all elements u of B, (sl(2, R)) are realized by positive operators 7, (). Such a basis
is, e.g., given by the monomials

g% C'E™ K" represented by CL(K,)2 (E;)" (K,)?,

__mn

; . . . Il,m,neZ,l,m>0.
g~ > C'F" K" represented by C_(K;)2 (F5)" (K;)?,

The elements of U, (s[(2, R)) are clearly realized by unbounded operators on L*R). Tt
is therefore useful to consider suitable subspaces 7; C L*(R) of test-functions on which all
operators 7, (u), u € Uy (sl(2, R)) are well defined. In order to describe a canonical choice for
7T, let us represent the elements of 7; by functions f (k) such that p acts as (pf) (k) = kf (k).

Definition 5. Let T; be the space of functions f (k) which satisfy e’ f € L*>(R) for alla > 0,
and which have an analytic continuation to C\(Y; U Y_,), where

Y, = {S+i<%+nb+mb_l),n,m € Z>0},

0 (B.1)
T, = {s — 1<E +nb+mb_l>,n,m S Z>0}.
On the spaces 7; the action of U, (s[(2, R)) is given by
E, f(k) = [% +is — ik:| f(k+1ib),
0 b Ko f (k) = e ™ k), (B.2)
Fs f(k) = |:3 +1is +iki| f(k —ib),
b
where [x], = ;‘;’;’;’z‘ .

The distinguished role of the space 7 is explained by the following result, which shows
that the space 7; is canonically associated with the representation 7:

Lemma 4. 7 is the largest space on which all ws(u), u € U, (sl(2, R)) are well defined, i.e.,
T, = ﬂ D, (B.3)
ueB, (sl(2,R))
where D, is the domain of the unbounded operator ws(u),u € B,(sl(2,R)). The spaces
7T, s € R are Fréchet spaces with topology defined by the family of seminorms

Il = sup (s () f)(K), u € By(sl(2, R)). (B.4)

Proof. It is easy to check that s (1) f € 7, for all f € 7. In order to show that the conditions
in the definition of 7; are all necessary, let us first observe that e?¥l f € L%(R) is clearly
necessary for K f to be well defined for all n € Z. In order to determine the conditions on
f for E f to be well defined, let us consider the unitary operator Uy, = w;,(p — s), where the
special function w;, (x) and its properties are described in appendix A.2. We then have

n —1 __ _2manbx
U, -E"- U7t = P,
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The intersection of the domains of e*™** for all n € N consists of functions g(k) that are
analytic in the upper half plane H,; see, e.g., [S, lemma 1]. The corresponding functions
fk) = (U;7'g) (k) = (wp(k —5))~' g(k) may have poles in Y. Similar arguments applied to
F? allow us to complete the proof of the first statement in lemma 4.

In order to verify the second statement, we mainly have to show that the space 7
is complete w.r.t. the topology defined by the seminorms (B.4). This follows from (B.3)
together with the observation that the self-adjoint operators 7, (1), u € B, (sl(2, R)) are closed
onD,. O

We regard lemma 4 as the key to the mathematical understanding of the duality » — b~ of
our representations P. Indeed, let us introduce the operators E;, Fy, K, obtained by replacing
b — b~" in (6). These operators generate a representation B, of ¢, (s/(2, R)), § = ™ on
the same space T;. The space 7, is associated with the representation P; as canonically as it
is associated with P;. Moreover, it is easy to see that the representation P, commutes® with
P, on 7. It is therefore natural to regard 7; as the natural space on which a representation of
the modular double U, (sl(2, R)) ® Uy (s1(2, R)) [F3] is realized.

Another way to make the self-duality of the representations P, transparent uses the
rescaled generators introduced in (11). These generators and their counterparts &,, T, ks,
obtained by replacing b with 5~! are related as [BT]

) =@, (=0 &)=k (B.5)
These observations express quite clearly that the representations of the two halves of the

modular double, i, (s[(2, R)) and U/ (s[(2, R)), are related to each other like the two sides of
the same coin.

Appendix C. Structure of the monodromy matrix

This appendix is devoted to the derivation of some simple, but important structural properties
of the monodromy matrix M(u),

M) = (AN<u> By ()

C.1. Expansions in the spectral parameter

Introduce the following notations for n € N,

n—1 if n odd; _|n if n odd;
[l = {n if n even; ’ ln] = {n -1 if n even. €2
Lemma 5. The elements Ay (u), By (1), and Dy (1) of M(u) have the following form:

N

A)A(IXZ(M) — eNﬂbu Z(_)m e—2mnhuA)IE,)‘(W%’ (C3)

m=0

N-1

B)A(/XZ(M) — ieNﬂbu Z(_)m efzmﬂbu B)]\(/'),(n%a (C4)
m=0

8 Commutativity of Py and P only holds on the dense domain 7; but not in the usual sense of commutativity of
spectral projections!
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N
DXXZ (1) = eNbu Z(_)m 672mnbuD%)7(n%’ (C.5)
m=0
[N]
A]SVG(M) — i!’N'I enb(!’N'lqus) Z(_)m e72mnbuA]SvG’m’ (C.6)
m=0
LN]
B[S\]G (Ll) — _i[NJ enb(LNjqux) Z(_)m 672m7rbu B?\lc,;m’ (C7)
m=0
[N
D[S\]G(u) — i(N] enb((N]u—Ns) Z(_)m e—Zmnhu DIS\](?m’ (C.8)
m=0

where Ay i, By.m, and Dy ,, are positive self-adjoint operators.

Proof. Let us consider the case of the XXZ chain, the other case being very similar. The
definition of the monodromy matrix My (#) yields the following recursion relations

AV ) = (" ky — ey AN () +ie™ iy O (), (€9
BN () = (e™ky — e ™k )BYXS () + i€y DY (), (C.10)
O (u) = (e™"ky' — e ™ky)CXX% (u) +ie ™ en A (u), (C.11)
DY (u) = (e™Kky' — e ™ky)DN () +ie ™ ey B (u), (C.12)

where ky = k; ® 1 ® - - - 1 etc. Using these recursion relations one may inductively show that
the operators Ay ,,, By » and Dy ,, are linear combinations of monomials of the form

ke k')

uWe...eulb, ut € {e,. 1,
with positive integer coefficients. It remains to note that an operator which is the sum of positive
self-adjoint operators will be self-adjoint on the intersection of the domains of the individual
summands. These observations reduce our claim to the self-adjointness and positivity of

esvfw Ks. O

Lemma 6. The leading terms of Ay (u), By (1) and Dy (u) at ™ — +o0 are given by

By =AML, AVY =DV = ANk, (C.13)
BV =AML AP =DV = A%k '

where A™ is the n-fold co-product defined via A"V = (A™ ® id) o A, with A© = id and
AW = A, and A" is defined analogously for the opposite co-product AV = A’

B]s\/'(?o = Ooaa (AN TVKT), Bi;G,N = Ooaa (AN VK),

N odd: ASP, = Boaa(AND1), APy = Boaa(ANTD1), (C.14)
vaG,o = Ooaa (AN Ve), DZSV(:’N,I = Ooaa(ANVe),
Bjsv(’}o = Qeven(A(N_l)f), B?V(,}N—l = Qeven(A(N_l)f)s

N even: ARy = Beven(ANVK), ARSy = Oeyen (AN DK, (C.15)

D?V(?o = Qeven(A(Nil)kil)a DjsVGN = Geven(A(Nil)k)y



12964 A G Bytsko and J Teschner

where Opqa = Oy_10 ---603 0 01 and Oeyen = Oy o ---04 0 0, are compositions of the
automorphism (37) at odd/even sites.

Proof. Equations (C.13) follow easily from the decomposition (14) of the corresponding
L-matrix. Equations (C.15) are obtained by analogous consideration if L5%(u) is replaced
with o L' (1) (see (41)) and formula (42) is used. In order to apply this approach in the N odd
case, one has to multiply the monodromy matrix with an extra o, from the right (which leads
to the interchange A <> B and C <> D). ]

C.2. Quantum determinant

Let us discuss connection between the so-called quantum determinant and coefficients a(u)
and d(u) which arise in the Baxter equation (62). Since for the modular magnet we use R-
matrix (15) which is not symmetric, the corresponding quantum determinant will differ from
the ‘standard’ formula applicable, e.g., for the sinh-Gordon model. Therefore we commence
by deriving the required expression.

Lemma 7. Let L(u) be an L-matrix, satisfying relation (12) with the auxiliary R-matrix of the
form
sinhwb(u +ib)
sinh wbu isinwh? e™bEu

isin ;wb? e~ bEu sinh 7w bu » (C16)

Ru;§) =
sinh b (u + 1b)

and let M(u) be the corresponding monodromy matrix defined by (C.1). The following element
(quantum determinant)

det, M(u) = A(u)D(u — ib) — qfsB(u)C(u —ib) (C.17)
is central, i.e., [M(v), det, M(u)] = 0, and can be written as
det, M(u) = (det, L))", (C.18)

where the quantum determinant of L(u) is defined by the same formula (C.17) (with M(u)
replaced by L(u)).

Proof. The existence of the quantum determinant is due to the degeneration of the auxiliary
R-matrix R(u; §) = PR(u; €) at u = —ib,
0

¢ -1

-1 q*,é

0

It is interesting to note that this matrix is proportional (in the standard basis) to the one-
dimensional projector P, onto the spin-0 representation in the tensor square of spin—%
representations of U (su(2)).

For R(u; 0) the statement of the lemma is well known (see, e.g., [KBI]). In the generic
case £ # 0, one can observe that the gauge transformation

L) =g 'Lwg., M) = g, 'M(u)gu, gy = e (C.20)

yields L-matrix and monodromy matrix which satisfy relation (12) with the auxiliary R-matrix
R(u; 0). Therefore

det, M(u) = A)D(u — ib) — Bu)C(u — ib) (C.21)

R(—ib; &) = isinh* (C.19)
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commutes with entries of M(z) and hence with entries of M(u). Using (C.20) in order to
rewrite (C.21) in terms of entries of M(u), we obtain (C.17).
In order to prove (C.18) it suffices to observe that

det, M(u) - Rip(—ib; §) = My ()M (u — ib) Rip (—ib; ), (C.22)

which yields also three different expressions equivalent to (C.17) if we take into account the
relation Rlz(—ib; EM(u — ib)My(u) = My ()M, (u — ib)Rlz(—ib; &) which is a particular
case of (12). Now if M'(u), M"(u) satisfy (12) with the same R-matrix and their entries
commute, then we have
det, (M ()M” (w)) - Riz(—ib: §) = M; )M ()M (e — ib)M (u — ib) Rz (—ib; §)

= M| ()M, (u — ib)M| (@)M; (u — ib)R1»(—ib; €)

= det, M'(u) - det, M" (u). (C.23)

Whence (C.18) follows immediately. O

For the models that we consider, lemma 7 yields

det, M***(u) = A)D(u — ib) — ¢~ 'B(u)C(u — ib) (C.24)
b b\\"
= (4 cosh JTb<S +u— 1§> cosh nb(s —u+ 1§>> , (C.25)
det, M3 (u) = Au)D(u — ib) — B(u)C(u — ib) (C.26)
—2mbs b b N
=[4e coshmb|s+u —15 coshmb| s —u+1§ . (C.27)

Proving proposition 5 in appendix E, we will deal with monodromy matrices M(u) obtained
from M(u) by a gauge transformation with a matrix G («). Note that such M(u) satisfies the
exchange relation (12) with an R-matrix

Rix(u, v; &) = G1(w)G2(v)R(u — v; §)G' )G, ' (v) (C.28)

which is not of the form (C.16). Therefore, for general G (1), lemma 7 does not apply to
M(u). Nevertheless, there exists a class of gauge transformations which preserve the quantum
determinant in the following sense.

Lemma 8. Let M(u) satisfy (12) with the auxiliary R-matrix R(u; &) of the form (C.16). Let

M(u) = (2,83 f)((i))) be its gauge transform defined by

M@ = G -M@) -G ), Gu) = (; (1)) p =, (C.29)

where pg is a c-number, which does not depend on u. Then

det, M(u) = A(u)D(u — ib) — ¢ Bw)C(u — ib) = dety M(u), (C.30)
where the rhs is defined according to lemma 7.
Since entries of M(x) are linear combinations of entries of M(u), it follows that det, M(u)

is central, i.e., [M(v),detq M(u)] = 0. Thus, the lhs defines the quantum determinant
corresponding to the R-matrix (C.28).
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Proof. Although R(u — v; £) and R(u, v; &) are in general not equal, they coincide at
u — v = —ib. Indeed, using the explicit form of G (u), it is easy to check that

G1(w)Ga(u — ib)R(—ib; €) = R(—ib; &). (C.31)
Observing also that (C.22) holds for det, M(u) as well, we derive
dety M(u) - Ri2(—=ib; §) = My )Ma(u — ib) Ria(—ib; §)
= G1M; ()G (u)Go(u — ib)My(u — ib) G (u — ib) Riz (—ib; €)
= G1()Ga(u — ib)M; )My (u — ib)G5 ' (u — ib)G ' () Ria (—ib; §)
= G1(W)Ga(u — ib)M; )My (u — ib) Rir (—ib; £)
= G1()Ga(u — ib) Riz(—ib; €) - det, M(u)
= Rip(=ib: §) - det, M(w),
which proves the assertion of the lemma. |
It is important that the gauge transformations used in the proof of proposition 5 belong to
the class of gauge transformations described in lemma 8; they correspondto § = 1 and & = 0,
respectively. This fact allows us to relate the quantum determinants of the models in question

and the coefficients of the corresponding Baxter equations. A quick inspection of the proof of
proposition 5 shows that

(a(u)d(u —ib)N = det, M(u), (C.32)
where the rhs is given by (C.25) and (C.27), respectively.

Appendix D. Construction of the fundamental R-operator R(u)

For the proof of theorem 1 we will need the following material from [PT2, BT].

D.1. Clebsch—Gordan maps
Let the space M be defined by the direct integral

e
M= dsPs. (D.1)
R+
Realizing elements of 7 as functions f (k) leads us to represent the elements of M by families
of functions f = (f;; s € RY), where f; = f,(k) € T; for all s € R*. We shall define the
multiplication operator s by

sf = (sfs; s € RY). (D.2)

To any family (Oy; s € R") of operators on 7; we may then associate an operator Os on M in
the obvious manner. We have the corresponding canonical action of U, (s[(2, R)) on M via

As(X) f = (w(X) fi: s € RY), vV X €U, (sl(2,R)). (D.3)
The Clebsch—Gordan maps C;,;, were defined in [PT1, PT2] as a family of operators
Cszsl : ,Psz ® Psl — M. (D.4)

The Clebsch-Gordan maps Cy, , intertwine the action of ¢4, (s[(2, R)) on P, ® Py, with the
canonical action on M in the sense that

Cs.s, - (75, ®@ 71, ) A(X) = #(X) - Cy, VX €U, (sl(2,R)). (D.5)
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D.2. R-operator and braiding

Let us introduce
R, = g™ gy (e, @1, )g™= (D.6)

Here the anti-self-adjoint operator Hy is defined by k; = qu, and g, (x) is the non-compact
quantum dilogarithm related to the special function w;, (x), defined in appendix A, via

g (exp(2hx)) = exp (;T—i(bz +h )+ %ixz) Wy (—x). (D.7)

The R-operator Ry, , satisfies the following relations [BT]

RSlsl ’ (T[‘YZ ® nsl)A(X) = (T[Sz ® jTSl)A/(X) : RS;Sl’ (DS)
Rs.s, (e, ®K ") = (e,, ® k. )Ry.s,. (D.9)
R, s, (K, ®fsl) = (k;ll ®fsl)Rszsl, (D.10)

where X € U, (s[(2, R)) and A’ stands for the opposite co-product.

The braiding operator B : Py, ® Ps, — Ps, ® Ps, is defined by B,;, = PR, s, , where P
is the operator that permutes the two tensor factors. In what follows we will need the following
statement.

Proposition 3 (Theorem 6 in [BT]). The braiding operator is diagonalized by the Clebsch—
Gordan maps in the following sense:

Cs.s. *Bos, = Q55 - Cous,s (D.11)
where 25 is the operator on M associated via (D.2) with the scalar function
Q2
Qilsl =exp <ni (sf + sz — s+ T)) . (D.12)

In the particular case, s, = s,, one can regard the permutation P as an endomorphism of
Ps, ® Ps, and then proposition 3 allows us to relate it to the R-operator:

Q2
P = R,,s, exp (—rri (T +2s2 — sz>> . (D.13)

D.3. Proof of theorem 1

We will consider the more general R-operator defined on P, ® P, by the formula

2
Ry,s, () = Ry,;, exp (+m (sil — st 52— QT)) D, (s,1), (D.14)

where the special function D, (x) is defined by equation (A.19) in appendix A, and s,, is the
unique positive self-adjoint operator such that
4cosh® mbs,, = (7, ® 75, ) A(C). (D.15)

It follows easily from relation (D.13) that R(y) = R,;(#) coincides with the fundamental
R-operator defined earlier in (20):

R(u) = Pw,(u +s)w,(u —s) = PD,(s). (D.16)

To begin the proof of theorem 1, which is somewhat more involved than the proofs of the
analogous results in the case of highest weight representations [Ji, F1, BD], let us observe that
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equation (19) is equivalent to the following set of equations,
Ro.s, () A(LT) = A(LF)Ry,s, (), (D.17)

Ry.s, @)lij(u) = T(€ij (—u))Ry, s, (u), i,j=12, (D.18)

where L* were introduced in (13)—(14), t is the flip operation: T (asl ® b;l) = b, ®as, , and
the operators £;; (u) are given by

Ly (u) = e, ®f;, +e™k '@k, +e Tk, @K, (D.19)
Lo (u) = ™k, ®f,, +e ™ @k, (D.20)
() =e™e,, @k +e 7k, ®e,, (D.21)
Co(u) =e ™ ®e,, +e ™K @k, +e Mk, ®K; . (D.22)

The verification of relations (D.17) is easy. Introducing
ros, ) =R\ R (w), (D.23)
it follows from (D.8) that (D.17) is equivalent to the system of equations
ls,s, WAX) = AX)ry, 5, (). (D.24)

Validity of relation (D.24) follows from [s, A(X)] = 0.
The verification of relations (D.18) is somewhat harder. To begin with, let us observe that
it suffices to verify relation (D.20), say.

Lemma 9. Validity of (D.18) for (i, j) = (1,2) implies that R, s, (u) satisfies the three
remaining relations in (D.18) as well.

Proof. Equivalence of the (1, 2) and (2, 1) equations in (D.18) can be established by invoking
the automorphism 6, defined in (37). Introduce 7, = (0 ® 6) o T. It is easy to see that
% (Rs,s,) = Ry,s, and (A(C)) = A(C). Therefore, 75(R,,,, (1)) = Ry, (u). The
claimed equivalence of the (1, 2) and (2, 1) equations in (D.18) follows now by observing that
Ty by, (u)) = £,1 ().

In order to prove that relation (D.18) for (i, j) = (1, 1) follows from the validity of
relations (D.18) for (7, j) = (1,2), (i, j) = (2, 1) and (D.17), let us consider the following
object:

Xw) =gk, @Kk —k > @k )l (u) +k;, @K, (e77Cy, ® 1+e™1®C;,)
+k ' @k (e™Cy, ® 1+ ™1 ®C;, ). (D.25)

The operator (kX ® kI —k;? ® ki) does not have a normalizable zero mode. Validity of
relation (D.18) for (i, j) = (1, 1) therefore follows from

Ry.s, )X(u) = t(X(—u))Ry, 5, (). (D.26)
Validity of this relation follows from the observation that X(u) can be represented in the form
X(u) = (ky, ® ks, )€1, () (75, ® 715, ) Ale) — (K @K ) or () (5, @ 714, ) ACS). (D.27)

Exchanging k <> k™! in (D.27), we can derive relation (D.18) for (i, j) = (2,2) in a
completely analogous way. (|
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It remains to verify relation (D.18) for (i, j) = (1, 2). This relation may be rewritten
in terms of the operator r;,;, (#) defined in (D.23) by using relation (D.9). We conclude that
validity of (D.18) follows from the validity of

fe,s, ) (€01 + 02) = (€01 + 03)ry. 5, (), (D.28)
where we have introduced the convenient abbreviations

0, = E,,®K !, 1 (et

Oz = Ks2® Evi s 03 = R‘YZ‘Yl (KSL ® Esl)RS;Sl : (D29)

In order to prove that r,,, (1) satisfies (D.28) it will be convenient to use the Clebsch—
Gordan maps C;_;, introduced in appendix D.1. Let us observe that (D.24) implies that the
r-matrix is diagonalized by the Clebsch—Gordan maps:

Covy *Fruss ) =75 () - Cyy, s (D.30)

where 7§ | (u) is the operator on M associated with the scalar function r{ ( (u) via (D.2).
In order to further evaluate equation (D.28) we will need to describe the images Oyt =
1,2, 3 of the operators O, under the maps C,,, which are defined by C;,,, - Oy = Oy - Cs, 5, -

Proposition 4. The operators O, can be represented as follows: if g = (gs; s € RY) e M
then Org = ((Org),; s € RY), where

1
©rg), (k) =Y Ay (k) Tig, (k +ib), (D.31)

v=-—1
where T, g¢ = gesivh. The coefficients AE;jzsl (k) are symmetric under exchange of s, and s,
AZJ;”“ k) = AZE;”‘ (k) (D.32)
and are otherwise related to each other by

AN (k) = exp(+2bvs +imb*v?) AL (k),

1;s

' , (D.33)
A3 (k) = exp(=2mbvs — imb*V?) AL (k).

The proof of proposition 4, which is somewhat technical, is given in appendix D.5.
Proposition 4 together with equation (D.30) allows us to rewrite the defining relation
(D.28) as a commutation relation satisfied by the corresponding operators on M. Applying
(D.28) to a function g, and matching the coefficients in front of gy, (k +1b) in the resulting
equation, we derive functional equations on rjzsl (u),
rP ) (AT (k) + AY (k) = (7AYo + A () (). (D.34)

The case v = 0 holds trivially. Taking into account (D.32) and (D.33), equations (D.34) for
v = %1 are equivalent to a single functional equation,

P )+ o) = @+ e ), (D.35)

S281

H 2 ~ ) . . .
where ¢ = """ +255 | In terms of F s, () =e ™ r o (u) one may rewrite this functional
relation as follows:

i2 s—il
F:;f (u)coshmb(s +u) = 7s,s (u) coshwb(s — u). (D.36)
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Recalling that the special function wy(x) satisfies (A.8), we conclude that equation (D.35) is
solved by the expression for r{ which follows from equation (D.14) via (D.23) and (D.30),

namely
i, () = exp (m (sz g Q_z)) wy(+5)
S281 1 2 4 wb(s _ Lt)
2
= exp <7ti (s2 —s7—s2— %)) D, (s), (D.37)

where D, (x) is defined in (A.19).

Property (A.24) implies that |r§zsl (u)| = 1if u,s € R. Since s,, is self-adjoint, we
infer that r{ | (u) is a unitary operator for u € R. On the other hand property (A.10) implies
that g, (x) given by (D.7) satisfies |g,(x)| = 1 for x € R*. Since e, ® f, in (D.6) is positive
self-adjoint, we infer that Ry, is unitary. The unitarity of Ry, (#) for u € R follows.

Let us finally remark that relation (A.26) leads to the following asymptotics of Ry, ()

Ry,s, (1) ~ e T@+IR, for Re(u) — +00

o (D.38)
Rs,s, () ~ gt +"')Rszsl for Re(u) — —oo,

where R, =P-R;\ -P.

§281

D 4. Clebsch—Gordan and Racah—Wigner coefficients for Ps

In order to prove proposition 4 we will need to describe the Clebsch—Gordan maps C,,;, more
explicitly. For the following it will be convenient to use the variables «, = % + is, in order

to parameterize the representations Ps,, r = 0, 1, 2. ... The Clebsch—-Gordan maps C;,;, can
then be represented explicitly as an integral transformation [PT2, BT]:
Foky = [ dkadky |21 %M flka, k), (D.39)
kilky ki

The kernel which appears on the right-hand side, the so-called b-Clebsch—Gordan kernel, was
calculated in [PT2, BT]. It is of the general form

[2{3 ] =8(ks — ko — k1) |:013

where the function [a;|

g

(D.41)
In equation (D.40) we have used the special function ®;(R;, Ry, R3; S1, S2, 83; x) defined in
(A.14) whose arguments have been chosen as follows:

oy o
ky ki

oy o)
‘. kl] (D.40)

" Zl‘] is given as

ay g €xXp (_%iaglzgag(%) exp(rr (kiaty — kaor1)) ©
_ : D3(R1, Ry, R3; S1, 2, S35 —a)3).

ky ki Sp(ar +ax+a3 — Q)

R, :Oll+ik1 Sl =(Xg)3+061+ik1

Rz:()[z—ikz Sz =otg)3+a2—ik2
0

Ry =\, S3=0.

Here and below we are using the following notations:

o _ )
O =+ o —

@ _ ) ) o _ . ) _
aijk_ak+a,—a,, al‘jk_al+aj+ak Q

e _ . )
O = Qi+ 0 — O,
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The precise relation to the b-Clebsch—Gordan coefficients from [BT] is as follows:

a3|y o _ o3
= Va;al k
k3 k2 k] here 3

with phases v3?, chosen as

oy o)
D.42
cou] (.42

o
a1
(v2,,) = Splas +ay — @) Splas + a2 — ). (D.43)
The b-Racah—Wigner coefficients are then defined by the relation
Og|0; O 3|0y O 1 oy O |0 a3y O O |0y O
=—]d D.44
|:ks ky kJ [k3 ks ks] i /S at{ou a3 oz,} [k3 ki ko} [k, ka kl} (D4

where S = % + iR,. The coefficients {---} can be represented explicitly by the following
formula,

ap o fog | Splay g +az — Q)Sp(as + g — o) Spas + o — )
{0‘2 o3 |0 } © Splay +az+az — Q)Sylas +an — ) Syl + oy — )
Sel@n 0 =) o Uy, Uy, Ust Vi, Vi, Vs, Vi 0) (D.45)
Splas +ap — o)
where
Uy =a; +oyg —a Vi=0 —o;+o,+a3 — o
Uy=a;+0 —ay—ay Vo =a; + a5 + a3 —ay
Us=o,+oy+a3— Q0 V3 = 20
Uy =0a;+a3 —ap Vy = Q.

For completeness let us note that the b-Racah—Wigner coefficients {: - -} are related to the
corresponding objects from [PT2] via

UO(J UO(3
0y O |O _ Conag Coay oy op|0 (D 46)
a azlo T2, v8, ey asla ’ ‘
2 31% ) here Vayay Va,a 2 3|1% Jp1o

The b-Clebsch—Gordan and b-Racah—Wigner coefficients are meromorphic functions of
all of their arguments. The complete set of poles may be described as follows [PT2, BT],

{a‘z’ a; a,} has poles at
0 - O‘élz)s = —nb—mb~ !, O‘gz)o = —nb—mb!,
® © t=0,1,2,3, (D.47)
0 —ayjy=—nb—mb!, al = —nb—mb !,
where n, m € 720,
[Zj |ZZZ Zl‘] has poles at
Q0 —al), = —nb—mb", 1=0,1,2,3,
+ik; = o; +nb+mb™", i=12, (D.48)

+iky = Q —az +nb+mb™,
where againn, m € 720,

9 We take the opportunity to correct some typos in these references.
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D.5. Proof of proposition 4

Our proof of proposition 4 will be based on the following nontrivial identity satisfied by the
b-Clebsch—Gordan kernel.

Lemma 10.

o —b o oy
e [Pk Kk +ib

1
_ o  a
£z 4

az+1h —b -
I ky b HT‘“ [a3
—

where T;3 f(az) = f(az +Th), ks = ky + ky and we have furthermore used the notation

|:|:oz3 @2 o1 i|j| =2mi Res |:a3 (Zz Zl],
2 1

k2 —iOll ky=—io;

a  a ) b oq|ay

F, =2mi Res .
oy —b ar=astbr | Ay O30

We have the explicit formulae,

oy O
ks kl], (D.49)

o3 @2 = e (B0 e Tha Sp(@z = ik) (D.50)
ky —iay Sp(oz +ap — ay) Sp(ar +az — iky)’
ay o SpQoz —2b— Q) .
F = b —a3), D.51
- |:a3 _bi| S, Oor + D) sinth(ar + a; — o3) ( )
o o | S$Quz— Q) .
F+|:C(3 _b}—msmnb(a3+a2+a1—Q)
x sinh(az +a; — ay) sinwb(as + ay — o), (D.52)

where Ay, = a(Q — «).

Given that lemma 10 holds, it becomes easy to complete the proof of proposition 4 as
follows: note that the left-hand side of (D.49) can be written as
(0%) o1
ky, ki+1ib
= ——(K.®E,)" [as

ol —b w2 | [og — iky — D]y o
"k, ib 3 = ’
oy O
Sp2ay + b) ky ki’

ky ki+ib Sy 2ay + b)
where O’ denotes the transpose of an operator on P;, ® P;, defined by

eﬂbk3

f dk, dk, f (k. k) (Og) (k. ky) = / dk, dky (O' f) (ks kg (ko ko). (D.53)

Equation (D.49) may therefore be written in the form

1
oy o Ti85,8
= 3 AT (k)T
b kl} PR [“3

(K, ®E,)" [ag *2 zj , (D.54)

ko

az+1h —b
ks b ||

where

AT (k) = B8, 20 + ) Fy [Zz “1} |:|:a3
’ 3
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By using the explicit expressions (D.51) and (D.52) one may easily verify that the coefficients
Atz;;izsl are symmetric under the exchange of s, and s, as claimed. This completes the proof
of all the relevant statements of proposition 4 for the case of the operator O,.
In order to cover the remaining cases let us observe that
0, =K, ®E,, =B,,,,0,B;" ,
BT T o T e T (D.55)
0; = Ry, (sz ® Esl)Rszsl = szslolBszsu
where B = PR is the braiding operator.
Therefore, invoking proposition 3, we conclude that O; and O3 also satisfy proposition 4
with coefficients A‘:;j“l (k), r = 1,2, 3 being related by

V.S,8 ijlsliv ViS1S V;S,8 Qj:z&‘l ViS1S
AR () = AT (K, A () = S AT (). (D.56)

respectively. The proof of proposition 4 is complete.

Proof of lemma 10. Our starting point is the defining relation for the b-Racah-Wigner symbols,
equation (D.44). Our claim will follow from (D.44) as an identity satisfied by the residues of
the meromorphic continuation of (D.44). We need to analyse the relevant limits step by step.

U =a,+a)— oy — —b:

Note that in the limit U; = o + @9 — o; — —b the contour of integration in the definition of
®,, equation (A.14), gets pinched between the poles of the integrand s = Q — V4, = 0 and
s = —U; —baswellasbetween s = Q — V4 +b = b and s = —U,. This implies that ®,
has a pole when U; = —b. In order to extract the part which gets singular in the limit under
consideration one may deform the contour of integration in (A.14) to the sum of two circles
around s = 0 and s = b plus a contour which passes to the right of the pole at s = b and
which approaches the imaginary axis at infinity. The residue is given as

1 . 2 Sp(U2)Sp(U3)Sp(Us) < sintbU, sin wbUj sin nbU4>

——sinmh 1+ .
2r Sp(V1)Sp(V2)Sp(V3)

Considering the behaviour of {- - -} at Uy = —b, one finds that the pole of ®, at U; = —b is

cancelled by the zero from the prefactor (S (o, + g — a1))~!. Taken together one obtains the
following special value for {---}at oy + g — oty = —b :

ay ajlop—op—b Sp(Q — 200 — b) Syl +ap — o)
oy O3

. . - (D.57)
sintbVsinwbV, sinmbVs

Sy — g — b)) Sp(a3 + o — oy + g+ b)
Sp(as +a; — ag) Sp(az +ap — ay)
Spaz +a; —oag —b) Sp(Q +o3 —a; —og — b)

sintbU, sinwbUz sintbhU,
XSb(O[3+Ol0+Ol,—Q) 1+ — - - .
sintbV;sinwbV,sinwbVs

a;

(D.58)

The parameters U, Us, Uy and Vi, V,, V3 are now given by

U2=Q—20t0—b V1=Q—C¥t+063—0l()—b
Us=a —ag—b+az+ay, — Q0 Vo=o,+a3 —ayg— b
Us=a —ag—b+az —a Vs =2(ay — ag — b).

ko — iagp:
In the same way as in the previous paragraph one may show that the bh-Clebsch—Gordan

coefficients [ | i(‘)] and [ 7| Ik‘(’)] develop poles, with residues given by (D.50).
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Continuation to Re (¢g) = —b with Re (a3) = % —8,0<8<b<bl:

The left-hand side of (D.44) is analytic in the range under consideration. In order to describe
the analytic continuation of the right-hand side let us note that in the continuation from
Re(ap) = Q/2 to Re(ag) = —b exactly three poles o, = ot,(k), k = —1,0, 1 cross the contour
of integration, namely

k=-—1: at(k) = a3+ ap,
k=0: at(k)za3,
k=1: ot,(k)zot3—a0.

The analytic continuation of the right-hand side of (D.44) may therefore be represented by
replacing the integration contour S in (D.44) by C = S U U,i:_l Ck, with C; being a small
circle around the poles at o, = a,(k) .

Limite; — —bwithRe(ay) =2 —85,0<8 <b <b~!:

We observe that the integral over S vanishes due to the factor S,(Q — 2« — b). This is not
the case for contributions from the poles o, = at(k), k = —1,0, 1. Our claim now follows by
straightforward computations. ]

Appendix E. Construction of the Q-operator Q(u)

E.1. Preliminaries

Let us now enter into the construction of the Q-operators. We begin by collecting some
useful preliminaries. We will work in the Schrodinger representation where the operators
X+ =1,..., N are diagonal. We will need operators U, 2 and J; defined in the Schrodinger
representation by the following integral kernels:

N N
Ux.x) =[] —x)). Qx.x) =[] 8 +x). (E.1)

r=1 r=1

0 N
JS(X, x/) = (wb (1? — 2S>> 1_[ Dsng(xr — x;) (E2)
r=1
U is the cyclic shift operator defined in (82). €2 and J, are the products of local operators,

N N
Q:]‘[Q,, J; =]_[j,. (E.3)
r=1 r=1

Here j, is the operator which intertwines at the site r the representations P, and P_; of
U, (512, R)) (see [PT2]), and @, is the operator which realizes at the site r the parity operation:
(X1, X0y ooy Xpy ooy XN) = f(X1, X5, .oy —Xp, ..., Xy) (Whence @,p,2, = 6(p,) and
%@, = 0(x,), where the automorphism 6 is defined by (36)).

We will denote the standard bilinear form on L?(R) by (f|g) = fR dx f(x)g(x). For a
given operator O, its transposed O’ and Hermitian-conjugated O* are defined, respectively, by
(the bar denotes complex conjugation)

(O'flg) = (flOg), (0" flg) = (f10g). (E.4)
This definition extends to a matrix with operator-valued coefficients as follows:

(LYij = (L)', (L) = (L))", (E.5)
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i.e., component-wise. If O is represented by the integral kernel O (x, x’), then the kernels of
its transposed and Hermitian-conjugated are given by

0'(x,x)=0,x), 0*(x,x) = O(X, x). (E.6)

In particular, we have

U =u*=U"l, Q' =Q"=Q, (E.7)

J=J, Jr=u,=J" (E.8)

In the Schrédinger representation we have X' = x, p’ = —p, x* = x, p* = p and hence (as
seen from (6)):

el =e,, =1, K=kl (E.9)

Properties of the transfer-matrices of models in question with respect to the transposition
and Hermitian-conjugation are described by the following statement.

Lemma 11. For the operations defined by (E.4) and (E.5) we have
(M) = M0, (ROw) =T (E.10)
(T )" =T @), (Tw)" =T, (E.11)
where T_y(u) = J, T (u)Js_'.

Proof. Taking into account (E.9), we observe that the L-matrices (10) and (33) satisfy

(Lz(XZ(u))T — _0,367Tbu<73 L)jz_(Z(—I/t) e_”b”"3a3,

t (E.12)
(L3w))" = o3 L5 (—u)os.
Substitution of these relations into
T T T
T =tu((L)) - (L) ---(Ly) ) =wu(Lly--- L5 L)) (E.13)
yields (E.10). Relations (E.11) are derived analogously by noticing that we have (L(u))* =
o3 L (i1)o3 for both models in question. O

A consequence of this lemma is that it suffices to prove theorem 2 only for Qi (u). Indeed,
using (E.6) and (A.24), it is easy to conclude that

Q" () = (D_; ()™ (Q,@)". (E.14)

Therefore relations (55-i)—(55-iii) for Q. (u) then follow immediately if we take (E.11) into
account. To check the Baxter equation (55-iv) for Q. (u), we take Hermitian-conjugation of
(55-iv) for Qi(u), using (55-ii) and the property (E.10). After replacement of & by u this
yields for Q" (u) = (Qi(ﬁ))* the following equation:

Tw - Q" w) = @@)"Q (u+ib) + d@)N Q" (u — ib). (E.15)
Using relations (A.21) and (A.23), we observe that
a(a) = wd(u), d@) = wa(u). (E.16)
D_(u) D_,(u)

Whence we conclude that Q" (u) defined by (E.14) satisfies (55-iv) (with the same coefficients
a(u), d(u) as Q}.(u) does).
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E.2. Construction of Q-operators

In order to construct the Q-operators explicitly let us consider the following general ansatz for
the Q-operator:

Q) = Y(u) - Z. (E.17)

We will prove theorem 2 for Q’.(x) in three steps: first constructing a suitable solution
for Y°(u) by requiring the Baxter equation to hold, then determining the form of Z°, and
finally checking that the obtained Q-operator satisfies (55). The first step in this proof is based
on the idea to find such a gauge transformation of the L-matrix that it becomes effectively
upper-triangular. This approach was originally applied by Pasquier and Gaudin [PG] to the
Toda chain. Our computation has many similarities with the modification of this approach
developed in [De, DKM] for the non-compact XXX magnet.

Proposition 5. Let T°(u),b = XXZ,SG be the transfer-matrices corresponding to the
L-matrices (10) and (33). Let Y’ (i) be defined in the Schrédinger representation by the kernel

N
Yu (X, X,) = l_[ D%(u—a)(xr - 8bx;+l)D—%(u+a) (xr - x;), (EIS)
r=1
where exxz = 1, esg = —1. Then Q°(u) of the form (E.17) satisfies the Baxter equation (55-iv)
with coefficients a(u), d(u) as specified in equation (62) of theorem 2.

Proof. Let us introduce the gauge-transformed Lax operators (the transformation depends on
the site number r):

~ _ 1 0
wy =6, - Lw- (G, G = <pb 1) , (E.19)
XXZ _ errb(2x,’_—u) pSG — eZJ‘rbx;. (E.20)

s

The relevant matrix elements of the new Lax matrices are given by

(Zf(u))2l = 45,0, pre1)? (coshb(x, — &), + 3(0 — u)) coshmb(x, — X + 3(0 +u) )k,

/

—coshwb(x, — &x 10 —w)coshmb(x, —x, — (o +u)k. "),

r+l
(E.21)
(Z,”.(u))11 = 23, e”b("'/'_g’x")(e%‘s””b(”_“) coshmb(x, — x + 3(0 +u))k,
_etembo—w coeh wb(x —x, — o +w)k 1), (E.22)
(L2 (w)),, = 2 I (2P cosh b (x, — eyx),, + 2 (u — o))k
— g 2mbto) coshnb(x, —&Xl .+ %(0 - u))k,), (E.23)
where xxxz = 1, xsg = —ie ™5,

In the Schrédinger representation, operators k,, k! act as shifts of x, by :i:%b. Using the
functional relation (A.21), it is straightforward to apply (E.21) to Y, (x, x') and verify that the
condition

(L)), Y (x,x) =0 (E.24)
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is satisfied for all X' € R". This implies that ZEN(M) becomes upper triangular when acting on
Y,f (x, x') so that we can calculate the action of M"(x) on Y,f (x,x) as

N 7b
wab b no_ nr=1(Lr(“))11 * b ’
M )Y (x, X)) = ( . Y. ()., Y2 (x, X). (E.25)

Hence, taking into account the periodicity condition, G?v = G?, we have

N
WY’ (x,x) = (]‘[ (L)), +]_[ (L w)), )Y;(x, x). (E.26)

r=1
Applying (E.22), (E.23) to ¥, b(X x') and using (E.24), we derive
(Zf(u))11 Y2 (x,X) =28, ¢ b =% sinh wh(u — )Y, ,i’fib(x, X)),

Th _ ab(x!, —x! (E.27)
(Lr(u))22 u(x x') = 25, &P sinh 7w b (u +U)Y

(+ib (X’ X/)‘

Here we have used that Y,, (x,x) = ]_[,zl Y (u, x,), where each factor satisfies the relation
Y’ (u, x, £i2) coshmb(x, — x, — (o +u)) +!
£ r 2 _ r
Y b(u +ib, x,)
Combining (E.26) with (E.27), we obtain
Tb(u)Y (x,x) = (2x, sinhwb(u + O’))N

(E.28)

coshnb(x, —&X),, + E(U — u))

(x,X) + (2ey5¢, sinh wb(u — J))N Y, ., (x,X),

u+1b
(E.29)
which implies that the Baxter equation (55-iv) holds with the coefficients a(u), d(u) as
specified in equation (62). ]

The possible form of Z can be found from the requirement that (55-iii) holds.

Proposition 6. Let Y’ (1) be chosen as in proposition 5. Then the commutativity condition
QT () =T w)Q"(u) (E.30)
holds for Q"(u) of the form (E.17) provided that the corresponding operator Z° satisfies the
following relation
2T w) =T, )2, (E.31)

where the —s is understood in the sense specified in lemma 11.

Proof. In order to treat both models in a uniform way, let us introduce the operator

1 b =XXZ
b )
Q= {Q ) SG. (E.32)

where the parity operator was defined in (E.1). Then, using the explicit expressions (E.18)
and taking (A.22) into account, it is easy to verify that (the subscript x or X' of an operator
specifies the argument on which it acts)

QY (x,X) = QY2 (x, x) = Ug' Y’ (X, x). (E.33)

Now we derive

T @Y%, %) " @)Yy (%, X) + @)V Y, (x, X))

U2 o)V QU (@) VY (K %) + @)V Y, (K, %))

(E.33)
()" T, o (1) Y, (x, X)

Y2 eV Uy T ()Y, (¢, 02

= ()" V2 (%, X) (T (=) =Y (%, )T ().
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Thus, we verified that TE W)Y () = Y(u)Tb_S (u), which is equivalent to (E.30) if relation
(E.31) is satisfied. O

Proposition 6 implies that we can choose
2=, (E.34)

where J; was defined in (E.2). Then we compute the integral kernel of Qi (u):

0 Y -
0, xx) = (wb (iE — 2s)) / dzy - dzy [ [ Do e — &%, 1)
RY r=1 i

x D_uwz (2, — x,) Dy (2, — X;) (E.35)

N
= (D—s @)™ [ [ Dogu (o = x)) Do (xr-1 = £x)) D (x, — £5,-1). (E.36)

r=1
Equivalence of (E.35) and (E.36) is due to the identity (A.34).
Remark 9. The Baxter equation (55-iv) along with the self-commutativity (55-ii) relation,

which will be proven below, imply that (E.30) extends to commutativity of Q?, (1) with T°(v)
for those values of v, where Qi(v) is invertible.

E.3. Proof of commutativity relations
To complete the proof of theorem 2, we have to establish relations (55-1) and (55-ii).
Lemma 12. Let Y* (1) be chosen as in proposition 5. Then the following identities hold
(Y @)* - Y’ () = (Ds (@) D—; )M (Y (@) - Y (w), (E.37)
Y2 @u) - (Y (0)" = (Ds(0) D_s ()" Y () - (Y (@)". (E.38)

Proof. These identities are just particular cases of the integral identity (A.35). Indeed, let us
denote o, = %(u —0),Bu = —%(u + o). We will also use the notation o* = —%Q —o. Let
us consider the operator V°(u, v) = (Y"(i))* - Y*(v). Its kernel is given by

N
Vbu,v(x» X/) = /N dzy---dzy 1_[ Da: (zr — 8er+1)DﬂJ(Zr — Xr)
R

r=1
X Dy, (zr — €5x,1)Dg, (2, — X)). (E.39)
Now we can apply identity (A.35) choosing @ = «,8 = a,, ¥y = B, = By, and

U = &Xp41, V= &X,,,, W= X,, z = x,. This yields

N
Vub,u(X, xX) = (A, oy, B, B l_[ D ou (&5 (Xr41 — X;H))D% (X, —x,) / dzy---dzy
r=1 RV

N
X 1_[ Dy, (zr — gbx;“)Dﬁ,, (zr — xr,)Da; (zr — ber+1)Dﬂ; (zr — xr)
r=1
= (D) D)D"V, (x. X)) (E.40)
Here we used (A.22), definition (A.28) of the function A(«y, ay, ...), and took into account
the periodic boundary conditions.
Identity (E.38) can be proven absolutely analogously. ]



Quantization of models with non-compact quantum group symmetry 12979

Proposition 7. The operators Qi(u) and Q" (u) with the kernels given in theorem 2 by
equations (60) and (61), respectively, satisfy the following commutativity and exchange
relations

Qw)Q,(v) = Q,(v)Q ), Q" )@’ (v) = Q" ()Q" ), (E.41)
Q@ (v) = Q" WQ.() = LA () = Q" (V)Q (). (E.42)
forallu,v € C.

Proof. Observe that, using (E.6) and (A.24), the equality of (E.35) and (E.36) can be written
in the following operator form:

Q) =Y () - Jy = (D_,@H¥ (X)) - @ U (Y @)*, (E.43)
where we used the notation (E.32) and introduced
N
X = 1_[ Ds(X — &pXr—1). (E.44)

r=1

Using lemma 12, we can write down the product of two such Q-operators as follows:

Q@) = (D, @)Y (X)) - @ U (P @)* - V() -,
2 (DM ()@ U (Y @) Y ) -y = QL)AL ().
(E.45)

This proves the first relation in (E.41) and hence (55-ii) for Q'i(u). As was explained in
appendix E.1, relation (55-ii) for Q- (u) (i.e., the second relation in (E.41)) follows then as a
consequence of the relation (E.14) between Qi (1) and Q. (u). By the same token, relation
(55-1) is equivalent to (E.42). To prove the latter relation, we substitute (E.43) into (E.14) and
use (??)—(??). This yields the operator Q. (u) in the following form:

Q" () = (D_y@)HNI7 - (Y @)* =Y (u)-U-Q"-X. (E.46)

As seen from (E.43) and (E.46), the two expressions on the lhs of (E.42) are just two ways to
write down (D_; (v))NY’(u) - (Y’(9))*. Analogously, the two expressions on the rhs of (E.42)
are two ways to write down (D_ ())VY’(v) - (Y’ (@1))*. The middle equality in (E.42) is due
to the identity (E.38) in lemma 12. O
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