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Ferromagnetic, w/o external field 2d nearest-neighbor Lenz—Ising model (1920)

Given a piece of the square grid and a parameter x € (0,1) one

assigns random spins o, = %1 to its vertices so that the probability

to get a configuration (0,) is proportional to x#{u~u":0, # o},
Archetypical example of a phase transition: Boltzmann—Gibbs:

> energy [ external field h=0]

H= _Zuwu’ UuUul—hZO'u
> probability of a configura-
tion (o) is proportional to

exp (—H[(ow)l/kT),

X < Xerit Xcrit =tan g X > Xerit where T is the temperature
—2/kT

[samples with +1/—1 (Dobrushin) boundary conditions] | > oy,o,=%1 ~» x=e



Ferromagnetic, w/o external field 2d nearest-neighbor Lenz—Ising model (1920)

Given a piece of the square grid and a parameter x € (0,1) one
assigns random spins o, = %1 to its vertices so that the probability
to get a configuration (0,) is proportional to x#{u~u":0, # o},

Archetypical example of a phase transition:

_ P
X < Xerit Xcrit = tan 8 X > Xcrit

[samples with +1/—1 (Dobrushin) boundary conditions]

Ernst Ising |
Wilhelm Lenz i

Pierre Curie (1895): metals
lost ferromagnetic properties if
T >Torit [ Terit = 1043K for iron |



Ferromagnetic, w/o external field 2d nearest-neighbor Lenz—Ising model (1920)

Given a piece of the square grid and a parameter x € (0,1) one
assigns random spins o, = %1 to its vertices so that the probability
to get a configuration (0,) is proportional to x#{u~u":0, # o},

Archetypical example of a phase transition:

_ P
X < Xerit Xcrit = tan 8 X > Xcrit

[Peierls'36] 3 phase transition; [Kramers—Wannier'41] Xeit

Ernst Ising:

..I discussed the result
of my paper widely with
Professor Lenz and with
Dr. Wolfgang Pauli, who
at that time was teaching
in Hamburg. There was
some disappointment

the linear model did

not show the expected
ferromagnetic properties.



Ferromagnetic, w/o external field 2d nearest-neighbor Lenz—Ising model (1920)

Given a piece of the square grid and a parameter x € (0,1) one
assigns random spins o, = +£1 to its vertices so that the probability
to get a configuration (0,) is proportional to x#{u~u":0, # o},

Archetypical example of a phase transition:

Power laws [e.g., infinite-volume ‘diagonal correlations’
Kaufman—Onsager'49, Yang'52, McCoy-Wu'66+ ]

N 7
Y o
(i) If x < Xerit, then M(x):= Iimnﬁoo(IE[oulalQ])% >0;

moreover, M(x) ~ cst - (Xerit — x)% as X T Xerit ;

(i) 1F x= e, then 54 Elou,00,] ~ C3 - (209) 4.

Ernst Ising:

..I discussed the result
of my paper widely with
Professor Lenz and with
Dr. Wolfgang Pauli, who
at that time was teaching
in Hamburg. There was
some disappointment

the linear model did

not show the expected
ferromagnetic properties.



Ferromagnetic, w/o external field 2d nearest-neighbor Lenz—Ising model (1920)

Given a piece of the square grid and a parameter x € (0,1) one
assigns random spins o, = +£1 to its vertices so that the probability
to get a configuration (0,) is proportional to x#{u~u":0, # o},

Archetypical example of a phase transition: > Since then, many
lattice models of phase transi-

Power laws [e.g., infinite-volume ‘diagonal correlations tion were suggested and studied.

Kaufman—Onsager'49, Yang'52, McCoy-Wu'66+ ] > Theoretical physics [ Belavin—
)><\ m ~—r Polyakov—Zamolodchikov'84+]:
o) o the small mesh gH
NN N size limit 6—0 at | Feld Theory |

1 . .
(i) If x < Xexit, then M(x):= limp_,s0(E[oy,04,])2 >0; | the critical point

1 X = Xcrit should be | @;—%ﬁ
moreover, M(x) ~ cst - (Xerit — X)8 as X T Xerit ; ?
(x) (Xerit — x) T Xerit conformally |

(i) If x=Xcrit, then 64 ‘Eloy,00,] ~ C2- (2n5)_%. invariant. I L




Ferromagnetic, w/o external field 2d nearest-neighbor Lenz—Ising model (1920)

Given a piece of the square grid and a parameter x € (0,1) one
assigns random spins o, = +£1 to its vertices so that the probability
to get a configuration (0,) is proportional to x#{u~u":0, # o},

e Theorem: [w/ Hongler & lzyurov, Ann. Math.'15]
Let x = Xxeit and Q C C be a ©
simply connected domain. Let Q°

approximate Q on the square grids
072 with 6 — 0. Then,

578 - ]Egé [ow, - 0u,)

= C0 (O Tu)er-

If o : Q — Q' is conformal, then

n 1
<O'ul e O-Un>§_§ = <U<p(U1) e J‘P(Un)>3"Hs=1 |(p/(us)|8'

> Since then, many
lattice models of phase transi-
tion were suggested and studied.

> Theoretical physics [ Belavin—
Ponakov—ZamoIodchlkov 84+]

the small mesh |
i Conformal

size limit 6 —0 at | Feld Theory |
the critical point | =
X =Xerit should be | @@g
conformally |
invariant. ‘ o




Ferromagnetic, w/o external field 2d nearest-neighbor Lenz—Ising model (1920)

Given a piece of the square grid and a parameter x € (0,1) one
assigns random spins o, = +£1 to its vertices so that the probability
to get a configuration (0,) is proportional to x#{u~u":0, # o},

> Since then, many
lattice models of phase transi-
tion were suggested and studied.

Q: What makes the planar
Ising model so special?

A: an important structure be-
hind: ‘discrete free fermions’

~> many intrinsic links with var-
ious subjects from orthogonal
polynomials to cluster algebras




Ferromagnetic, w/o external field 2d nearest-neighbor Lenz—Ising model (1920)

Given a piece of the square grid and a parameter x € (0,1) one
assigns random spins o, = +£1 to its vertices so that the probability
to get a configuration (0,) is proportional to x#{u~u":0, # o},

Outline: > Since then, many
lattice models of phase transi-

> background: tion were suggested and studied.

> ‘free fermions' and the propagation equation ; Q: What makes the planar

> discrete holomorphic functions on Z? at Xerit ; Ising model so special?

> CFT description at x.it on regular grids as § — 0; A: an important structure be-
hind: ‘discrete free fermions’

> universality in the bi-periodic case and beyond; o )
~> many intrinsic links with var-

> embeddings of (irregular) planar graphs into R>!. | ious subjects from orthogonal
polynomials to cluster algebras




Ising model on a planar graph: definition and free fermions

> Boltzmann—Gibbs: given a weighted graph ° .
(G°, J) one assigns £1 spins to its vertices (< faces N
of the dual graph G*®) so that the probability of (¢,)

is proportional to exp[—% Ze:(uuq(_JeUuUu’)]a

where J. > 0 are called interaction constants.

[with ‘+’ boundary conditions ]



Ising model on a planar graph: definition and free fermions

> Boltzmann—Gibbs: given a weighted graph o . SR
(G°, J) one assigns £1 spins to its vertices (< faces N
of the dual graph G*®) so that the probability of (¢,)

is proportional to exp[—% Ze:(uuq(_JeUuUu’)]a

where J. > 0 are called interaction constants. o |

> This can be written as [ with ‘+’ boundary conditions |

P[sample (au)] — 1H () o, £ o Xe _
! > Equivalently: choose

where x. :=exp[—2J./kT] € (0,1). The normalizing an even subgraph C of G*
factor Z = Z(G° x) is called the partition function. with probability Z~1x(C)




Ising model on a planar graph: definition and free fermions

P[Sample (Uu)] =z He:(uu’):a £o, Xes
(“H bt Z= 30 e(gey x(C), where x(C) = [Tee e )

[with ‘+’ boundary conditions ]

['] If G° is planar, then there is an important Colloquial saying;:
structure behind: Z = Pf A = (det.A)'/2, where w/o external magnetic field,
A=—AT is constructed out of (G°,x); the entries the planar Ising model

of A1 are sometimes called ‘fermionic observables’. is a free fermion model



Ising model on a planar graph: definition and free fermions

P[Sample (Uu)] =z He:(uu’):a £o, Xes
(“H bt Z= 30 e(gey x(C), where x(C) = [Tee e )

Q: Why is it important to compute Z = Z(G°,x) ? Q@r-"\*‘”

A: e.g., one has B ] PfAL u]  ° 5
Oup v Oy, = —— 20 e/ T
prA A[ul,...,u,,] : Xe— —Xe along cuts

Colloquial saying:
w/o external magnetic field,
the planar Ising model
is a free fermion model

['] If G° is planar, then there is an important
structure behind: Z = Pf A = (det.A)'/2, where
A= —AT is constructed out of (G°, x); the entries
of A~1 are sometimes called ‘fermionic observables'.



Ising model on a planar graph: definition and free fermions

Given a weighted graph (G° x) [& boundary conditions]

P[Sample (Uu)] =z He:(uu’):a £o, Xes
(“H bt Z= 30 e(gey x(C), where x(C) = [Tee e )

['] If G° is planar, then there is an important “Proof”: [not today ...]
structure behind: Z = Pf A = (det.A)'/2, where mappings onto (non-bipartite)
A=—AT is constructed out of (G°,x); the entries dimer models, classical refs:

of A1 are sometimes called ‘fermionic observables’. [ Kasteleyn'60s, Fisher'60s, ...]



Ising model on a planar graph: definition and free fermions

Given a weighted graph (G° x) [& boundary conditions]

P[Sample (Uu)] =z He:(uu’):a £o, Xes
(“H bt Z= 30 e(gey x(C), where x(C) = [Tee e )

[if G° = 72, then there are four
‘types’ 4,4,v,>> of vertices c € T]

['] If G° is planar, then there is an important
structure behind: Z = Pf A = (det .A)'/2, where
A=-AT :RT - RY and Y := the medial graph

of A:=G°UG*®

“Proof”: [not today ...]
mappings onto (non-bipartite)
dimer models, classical refs:

[ Kasteleyn'60s, Fisher'60s, ...]



Ising model on a planar graph: definition and free fermions

YU YO Ker A:
oU: functions on Y*°
P satisfying the equation
V 1 vV
" O P gt X(bp1) =
b + X(bgp) cos b,

+ X(bll) sin QZ
for boo, bo1, b11 ~ Wo1

> ‘combinatorial bosonization’: correspondence with
a bipartite dimer model [ Wu—Lin'75, Dubédat'11]

[if G° = 72, then there are four
‘types’ 4,4,v,>> of vertices c € T]

['] If G° is planar, then there is an important
structure behind: Z = Pf A = (det .A)'/2, where
A=-AT :RT - RY and Y := the medial graph

of A :=G°UG"*

Notation: it is convenient
to use the parametrization

Xe =tan 30e, fe € (0,%)
[recall that xcriy = tan % for Z2]



Ising model on a planar graph: definition and free fermions

X Ker A:
o Uz spinors on Y*
satisfying the equation
Vi Co1 c vV
——oO-— e Xlco)=
= X(cpo) cos 0,
Ol + X(c11) sin 6,

for coo~ co1~ 11
> T> branches over all z € $, v e G®, u e G°
[ down-to-earth: fix a section of T* & add signs]

[if G° = 72, then there are four
‘types’ 4,4,v,>> of vertices c € T]

['] If G° is planar, then there is an important
structure behind: Z = Pf A = (det.A)'/2, where
A=—-AT:RYT - RY and Y := the medial graph

of A :=G°UG"*

Notation: it is convenient
to use the parametrization

Xe =tan 30e, fe € (0,%)
[recall that xcriy = tan % for Z2]



‘Interpretation’ of A for the homogeneous model on the square grid

Ker A :
spinors on Y X

satisfying the equation
Vi X(C()l) =

X(cpo) cos 0,
+ X(c11) sin 6,
for coo~ co1~ c11
> T> branches over all z € $, v e G®, u e G°
[ down-to-earth: fix a section of T* & add signs]

TX

['] If G° is planar, then there is an important
structure behind: Z = Pf A = (det.A)'/2, where
A=—-AT:RYT - RY and Y := the medial graph

of A :=G°UG"*

Critical model on Z2: 0=7%

~ discrete

/ CR equations
d X(dH)-X(d) =
X(ch)=X(
X(d)=X(d")
(

Adb\\\ 7
L Ve X(e)-X

C

<)

~~ classical discrete harmonic
functions on each ‘type’ of c€ T

‘Fonctions preharmoniques
et fonctions preholomorphes’
[ Jacqueline Ferrand, 1944 ]



‘Interpretation’ of A for the homogeneous model on the square grid

X Ker A:
o Uz spinors on Y*
satisfying the equation
Vi Co1 c vV
——oO-— e Xlco)=
= X(cpo) cos 0,
Ol + X(c11) sin 6,

for coo~ co1~ 11
> T> branches over all z € $, v e G®, u e G°
[ down-to-earth: fix a section of T* & add signs]

Critical model on Z2: 0= Z

~> discrete CR equations

~~ classical discrete harmonic
functions on each ‘type’ of c€T

['] If G° is planar, then there is an important
structure behind: Z = Pf A = (det.A)'/2, where
A=—-AT:RYT - RY and Y := the medial graph

of A :=G°UG"*

Warning: for general planar
graphs (G° x), A cannot be
written as a usual Laplacian.
Not quite random walks [!]



‘Interpretation’ of A for the homogeneous model on the square grid

X Ker A:
ol: spinors on Y X
satisfying the equation
;e ZM 0> Vgt X(cor) =
= X(cpo) cos 0,
Ol — X(c11)sin b,

for coo~ co1 ~ c11

Spin correlations:
pPf A[ul,...,u,,]
PfA

Aluy....,un] Cts similarly to A on functions/spinors

Eloy...0u] =

that have (additional) branchings over uy, ..., u,.

o @ ' e ' e

©
Afuy,....un] * Xer> —Xe along cuts

Reminder: parametrization
Xe = tan %He, e € (0,%)
[recall that xc;it = tan § for 72]



‘Interpretation’ of A for the homogeneous model on the square grid
Homogeneous model on §Z? as § — 0:

the matrix A = —AT is a discretization of
the (massive) Dirac operator f +— 9f + imf,

- 51 — ™
m =< : (x_xcrit)a Xcrit = tan 8

~+ isomonodromic T-functions [Sato—-Miwa—Jimbo'77,
Wu-McCoy—Tracy-Barouch'76, ..., Palmer'07]

o]

Spin correlations: A[:l
pPf A[ul,...,u,,]

Pf A In finite Q C C: Riemann-type
boundary conditions f = 7f,

un] ¢ Xer> —Xe along cuts

Eloy ...0u] =

Alu,....,un] Cts similarly to A on functions/spinors
that have (additional) branchings over uy, ..., u,. 7 = 'unit tangent vector to <2



Convergence of correlations in discrete domains at criticality: Ising CFT

e Theorem: [Ch.—Hongler—Ilzyurov, Ann. Math.'15] 90008000000,

Let x=Xqit, 2 C C be a (bounded) simply connected 9 % Q X
domain and Q% C §Z2 approximate Q as 6 — 0. Then, ® 3

578 Bf (0w 0u] = Cn (O 0wy

(3
. Elouw+25 - Ou,l -1 1 3 o
Idea. control m = A[Ul,.-.,Un](ul+ 56; u1+§6) $® G
up to o(d) by viewing the kernel .A[_ull ’’’’’ un](u1+%57 ) % )
as a solution to an appropriate discrete Riemann-type b.v.p. ®65s000°

Non-trivial technicalities at 9Q° and near singularities.




Convergence of correlations in discrete domains at criticality: Ising CFT

e Theorem: [Ch.—Hongler—Ilzyurov, Ann. Math.'15] 90008000000,

Let x=Xqit, 2 C C be a (bounded) simply connected 9 % Q X
domain and Q% C §Z2 approximate Q as 6 — 0. Then, ® 3

578 Bf (0w 0u] = Cn (O 0wy

(3
Elo i ©
Idea: control W: [;117“.7““](111"‘%6; ui+36) P /2
up to o(d) by viewing the kernel .A[_uil ’’’’’ un](u1+%5, ) % )
as a solution to an appropriate discrete Riemann-type b.v.p. ®65s000°
Non-trivial technicalities at 9Q° and near singularities.
o Uz
Important tool: function Hx [Smirnov'06+ for (72, x..it) ] b= e
X(co1) = X(coo) cos b, + X(c11)sinf, (on T*) M Yz

= one can define Hx (vy) —Hx(vg):= (X (€pg))? on A. Ouo



Convergence of correlations in discrete domains at criticality: Ising CFT

(...) [arXiv:2103.10263 w/ Hongler and lzyurov] i
. ‘
> convergence of mixed correlations: spins 0 " 8oy, Conformal
1 N

fermions 6 ~ 21, energy densities Field Theory

0 Y owow—v2/2), u~u, etc ‘
in multiply connected domains, with mixed boundary i b
conditions. No explicit formulae are available; the lim- | @
its are defined via appropriate Riemann-type b.v.p. ; e
> consistent definition of Ising CFT correlations (0) ; 3

in multiply connected domains + fusion rules: e.g.,
as w — z one has both (Y, y30)8 = é(sz(’)>?2 +...
(0wo,0)8 = |w—z| 1OV, + 3|lw—2|3 (,0)% + ...



Convergence of correlations in discrete domains at criticality: Ising CFT

(...) [arXiv:2103.10263 w/ Hongler and lzyurov] i
. ‘
> convergence of mixed correlations: spins 0 " 8oy, Conformal
1 N

fermions 6 ~ 21, energy densities Field Theory

0 Y owow—v2/2), u~u, etc ‘
in multiply connected domains, with mixed boundary i b
conditions. No explicit formulae are available; the lim- | @
its are defined via appropriate Riemann-type b.v.p. ; e
> consistent definition of Ising CFT correlations (0) ; 3

in multiply connected domains + fusion rules.

Moreover, similar results are now available for the near-critical model x = x.i + md
The limits of correlation functions are not conformally covariant and defined via
solutions of appropriate Riemann-type b.v.p.’s for f + imf = 0 (‘massive’ fermions).

[SCPark arXiv:1811.06636, 2103.04649 ; Ch—-lzyurov—Mahfouf arXiv:2104.12858; in progress]|



Universality on isoradial grids/rhombic tilings (Baxter’s Z-invariant Ising model)

G°: each face is inscribed into a circle of common radius §;
[equivalently, A = G° U G* form a tiling of the plane by rhombi]
special interaction parameters: x, = tan %98.

All the convergence results available on Z? (correlations, in-

terfaces, loop ensembles) hold within this class of models.

[w/ Smirnov, Inv. Math.'12] “Universality[!?] in the 2D Ising
model and conformal invariance of fermionic observables”

“Proof”: This setup still leads to a ‘nice’ notion of discrete
holomorphic functions [Duffin’68], more-or-less the
same ideas/techniques as for Z? can be applied.

Particular cases:
triangular x.it =tan g

hexagonal xrit =tan 75



Universality on isoradial grids/rhombic tilings (Baxter’s Z-invariant Ising model)

G°: each face is inscribed into a circle of common radius §;
[equivalently, A = G° U G* form a tiling of the plane by rhombi]

special interaction parameters: x, = tan %Oe.

All the convergence results available on Z? (correlations, in-
terfaces, loop ensembles) hold within this class of models.

[w/ Smirnov, Inv. Math.'12] “Universality[!?] in the 2D Ising
model and conformal invariance of fermionic observables”

Problem: this framework is too rigid /77777

e.g., consider a ‘generic’ bi-periodic Ising model: ~ “
the criticality condition is known [x(Ego) = x(€ \ Eno) |
but such models do not admit isoradial embeddings ...

Wanted: to draw (G°, x) so that the matrix A criticality condition: 1+ x3x3 =
admits a ‘discrete-complex-analysis’ interpretation. X3 + x4 + x10(1+x3)(1+xq)



S-embeddings [arXiv:1712.04192, 2006.14559, ... ]

The framework of rhombic tilings is too rigid:
> it is even not general enough to be applied
to ‘generic’ critical bi-periodic models
Not to mention really interesting setups:
> e.g., Z2 with random interaction constants x
> random planar maps carrying the Ising model
[?] ‘discrete-complex-analysis’ interpretation of A




S-embeddings [arXiv:1712.04192, 2006.14559, ... ]

The framework of rhombic tilings is too rigid:
> it is even not general enough to be applied
to ‘generic’ critical bi-periodic models
Not to mention really interesting setups:
>e.g., 72 with random interaction constants Xe
> random planar maps carrying the Ising model
[?] ‘discrete-complex-analysis’ interpretation of .A

Analogy: Tutte’'s harmonic embedding H : G—C
is a complex-valued (local) solution of AH =0

the position of each vertex is the (weighted)
barycenter of the positions of its neighbors

[ = the random walk on H(G) is a martingale = ... ]



S-embeddings [arXiv:1712.04192, 2006.14559, ... ]

Analogy: Tutte’s
harmonic embeddings

H : G—C is a choice of
a complex-valued (local)
solution of AH = 0.

['] S-embeddings [tilings of the plane by tangential quads]
into R»! = CxR:

O DN S (local) C-solution X' (co1) = X(coo) cos O, +X (c11)sin b,

w YZ
Sx(vy) — Sx(ug) := (X (cpq))?
Qx(vy) — Qu(ug) = |X (cpq)|?

Ui

D

Uo s-embedding



S-embeddings [arXiv:1712.04192, 2006.14559, ... ]

Analogy: Tutte’s
harmonic embeddings

H : G—C is a choice of
a complex-valued (local)
solution of AH = 0.

Particular case: ['] S-embeddings [tilings of the plane by tangential quads]

for rhombic tilings of into R 2 CxR:

mesh size 0 onj has (local) C-solution X (cp1) = X(cpo) cos O, + X (c11) sin b,
QX = iié' ° o 2

The third coordinate s-embedding SX(VI:) - SX(UqO) : (‘;t’(cl’q))2

disappears as § — 0. QX(VP) - QX(”q) = | X (cpq)|




S-embeddings [arXiv:1712.04192, 2006.14559, ... ]
‘discrete-complex-analysis’ interpretation of A :
> s-holomorphic functions
Pr[F(z); X(c)R] = X(c)/X(c).
(X €R satisfies the 3-terms equation < F €C exists)

> F(z)dSxy + F(z)dQy is a closed form

['] S-embeddings [tilings of the plane by tangential quads]

u
: into R%1 2 CxR:
Vo ZZ <>z C11 Vi (Iocal) C—SOIUtion X(CO].) — X(COO) cos 92+X(Cll) Sin Hz
e\ 0} . 2
Uo s-embedding Sx(vp) — Sx(ug) := (X(cpq))

Qx(vy) — Qua(ug) := | X (cpq)|?



S-embeddings [arXiv:1712.04192, 2006.14559, ... ]
‘discrete-complex-analysis’ interpretation of A :
> s-holomorphic functions
Pr[F(z); X(c)R] = X(c)/X(c).
(X €R satisfies the 3-terms equation < F €C exists)

> F(z)dSxy + F(z)dQyx is a closed form

[cf. Ch.=Smirnov'12]: ['] S-embeddings [tilings of the plane by tangential quads]
for rhombic tilings into R»! 2 CxR:

_ 1
one has Qy = £30 (local) C-solution X (cp1) = X(cpo) cos O, + X (c11) sin b,

= the third coordinate . o )
disappears as 6 — 0 = s-embedding SX(Vp) - SX(”q) 1= (X (cpq))

e— 2
holomorphic functions QX(V;) - QX("S) = |X(Cpq)|




S-embeddings [arXiv:1712.04192, 2006.14559, ... ]
‘discrete-complex-analysis’ interpretation of A :
> s-holomorphic functions
Pr[F(z); X(c)R] = X(c)/X(c).
(X €R satisfies the 3-terms equation < F €C exists)

> F(z)dSxy + F(z)dQy is a closed form

Theorem: conformal invariance and universality of the
limit (of interfaces) for all critical bi-periodic models.

“Proof:” there exists a canonical
S with bi-periodic Q= Q° = 0(0)




S-embeddings [arXiv:1712.04192, 2006.14559, ... ]
‘discrete-complex-analysis’ interpretation of A :
> s-holomorphic functions
Pr[F(z); X(c)R] = X(c)/X(c).
(X €R satisfies the 3-terms equation < F €C exists)

> F(z)dSxy + F(z)dQy is a closed form

If (8%, Q%) = (2,t(2))=: S C R*! = subseq. limits of fermionic observables satisfy
the condition f(z)dz + f(z)dt — closed form, which
can be written as the conjugate Beltrami equation
84»7 =v-0f in the conformal parametrization

v=—0t/Ocz ¢ of the surface S C R?!




S-embeddings [arXiv:1712.04192, 2006.14559, ... ]

> Assume that (8%, Q%) — smooth S C R*!.
Then, the functions ¢ := z<1/2 -f + 241/2 - f satisfy
the equation O¢¢ 4 im¢ = 0, where

> ( is a conformal parametrization of S C R>!,

> m is the mean curvature of S multiplied by
its metric element in the parametrization (.

If (8%, Q%) = (2,t(2))=: S C R*! = subseq. limits of fermionic observables satisfy

the condition f(z)dz + f(z)dt — closed form, which
can be written as the conjugate Beltrami equation

GJ =v-0f in the conformal parametrization
v=—0t/Ocz ¢ of the surface S C R?!




S-embeddings [arXiv:1712.04192, 2006.14559, ... ]
> Assume that (8%, Q%) — smooth S C R*!.

Then, the functions ¢ := z<1/2 -f + 241/2 - f satisfy
the equation 9;¢ + im¢ = 0, where
> ( is a conformal parametrization of S C R>!,

> m is the mean curvature of S multiplied by
its metric element in the parametrization (.

‘Non-technical’ open questions/research directions:
> to understand how these embeddings/surfaces behave in various setups of interest:
— random media (e.g., random interaction constants x. on Z?);
— critical random planar maps weighted by the Ising model [? «~ Liouville CFT ?]:
sounds like ‘canonical fluctuations’ near Lorentz-minimal surfaces should arise.



S-embeddings [arXiv:1712.04192, 2006.14559, ... ]

> Assume that (8%, Q%) — smooth S C R%L,
Then, the functions ¢ := zl/2 f+z z - f satisfy
the equation 6¢¢ + im¢ = 0, where

> ( is a conformal parametrization of S C R>!,

> m is the mean curvature of S multiplied by
its metric element in the parametrization (.

‘Non-technical’ open questions/research directions:
> to understand how these embeddings/surfaces behave in various setups of interest:
— random media (e.g., random interaction constants x. on Z?);
— critical random planar maps weighted by the Ising model [? «~ Liouville CFT ?]:
sounds like ‘canonical fluctuations’ near Lorentz-minimal surfaces should arise.

> as well as many smaller projects at all levels to develop the theory further.



