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FOREWORD

“Days on Diffraction” is an annual conference taking place in May—June in St. Petersburg since
1968. The present event is organized by St. Petersburg State University, St. Petersburg Department
of the Steklov Mathematical Institute, the Euler International Mathematical Institute and the ITMO
University.

The abstracts of 280 talks to be presented at oral and poster sessions during 5 days of the
Conference form the contents of this booklet. The author index is located on the last pages.

Full-length texts of selected talks will be published in the Conference Proceedings. They must
be prepared in BTEX format and sent not later than 14 July 2016 to diffraction16@gmail.com.
Format file and instructions can be found at http://www.pdmi.ras.ru/~dd/proceedings.php. The
final judgement on accepting the paper for the Proceedings will be made by the Organizing Committee
after peer reviewing.

As always, it is our pleasure to see in St. Petersburg active researchers in the field of Diffraction
Theory from all over the world.

Organizing Committee

© ‘Days on Diffraction’, PDMI, 2016.
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Localized waves and modes in beams
connecting to nonlinear elastic foundation

Abramian A.K., Vakulenko S.A.

Institute for Problems in Mechanical Engineering of the Russian Academy of Sciences, V.O., Bolshoj
pr. 61, St. Petersburg, Russia
e-mails: andabrb55@gmail.com, vakulenfr@mail.ru

In some beams connected to nonlinear elastic foundation the formation and interaction of localized
modes and waves are possible. These systems can describe, for example, nonlinear dissipative or
elastic media with inclusions. The investigation of a nonlinear evolution of such modes shows the
possibility of coherent structures formation. The slow time evolution of coherent structures is defined
by an integrable Hamiltonian system with the single degree of freedom for the case of a single localized
mode. The interaction of a fluid and a nonlinear elastic structure in which a solitary wave is propagate
lead to formation of a soliton like wave propagating in a fluid. As examples the following problems are
considered: 1. the interaction of an oscillating beam with nonlinear and linear inclusions and a fluid;
2. waves caused by a soliton moving along an elastic structure at the surface of the fluid. The second
problem has the following physical background. In the process of an earthquake the interaction of
an elevation of the sea bottom with a fluid is an issue. The sea bottom is modeled as an elastic
plate, subjected to tension at its edges (the plate is subjected in perpendicular to the mentioned
edges direction to the action of compression forces). The fluid is assumed to be compressible, so
it is possible to take both gravity and acoustics effects into account. This model is reduced to the
nonlinear equation for an imaginary beam-strip cut out of the central part of the plate. The beam-
strip lies on a nonlinear elastic foundation and interacts with a fluid. The solution of that equation
can be done analytically for two asymptotic cases: when soliton has a large or narrow width. The
investigation shows that the coherent structures lead to slowly damping quasiperiodic waves (with
slowly oscillating amplitudes) which can exist in the beam and the fluid. The nontrivial structures
occur as a result of the interaction of localized modes through their tails. Geometric nonlinearity
of an elastic foundation causes quasiperiodic and chaotic regimes. For the shallow water case the
fluid action reduces to a change of tension of a beam and also act as an added mass. For an infinite
volume of fluid a fluid acts as a dissipative media.

Three-Airy beams and Fresnel transform

Eugeny G. Abramochkin, Evgeniva V. Razueva
Lebedev Physical Institute, Samara, 443011, Russia
e-mail: ega@fian.smr.ru

It is well known [1] that the propagation of a paraxial light field in free space along z axis obeys
the equation

0? 0? 0
g+ i) F(z,y,2) = 0, 1
((9902 + 0y? + ‘2 (%.9,2) (1)
where F' is the field complex amplitude and z,y,z are normalized (dimensionless) variables. If
the field initial distribution is known, F'(z,y,0) = Fy(z,y), then the solution of the paraxial wave

equation (1) is the Fresnel transform of the initial field:

Fa.9) = FRAR(E ) = = [[ ew(Zl@ -9+ = o)) Femdcan @)

Three-Airy beams are a kind of solutions of the equation (1) whose initial field distribution is
defined as a product of three Airy functions with linear arguments:

Fo(z,y) = tAi(z,y;¢) = Ai<@ + c) Ai(@ + c) Ai(y + ¢). (3)
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Here c is the displacement parameter determining the shape of the field intensity.
It is known [2] that the Fourier image of these beams has a cubic phase and a radially symmetric
intensity with super-Gaussian decrease:
e @Y L Ai(E, m;c) dEdny = 2 exp(—E (32%y — y3)>Ai <32/3c + 2 (2% + y2)> (4)
R2 n 35/6 27 34/3 '
We simplify the Fresnel transform of the field (3),
1 9icz  9iz® 7 2 2 922
FR.[tAi(&,n; Y) = — (— — —) —“‘tA'<,; ty )= —)dt 5
[tAL(E, n;0))(x,y) ﬁexp 8+512+4/Re ilz,y;c+ 2+64 (5)

and consider some corollaries of this result.
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Methods of construction of exact analytical solutions of nonautonomous
nonlinear Klein—Fock—Gordon equation
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Methods of finding of exact analytical solutions are given for the nonautonomous nonlinear Klein—

Fock—Gordon equation

Upe +Uyy + U, — % =p(x,y,z,t) F(U). (1)
Here F(U) and p(z,y, z,t) are arbitrary functions, and the subscript means the derivative with respect
to the corresponding variable. We seek for the solution of the equation (1) in the form of complex
function U = W(W). The equations for definition of the functions ¥(W) and W are suggested. The
function W(W) is given by inversion of integral which is defined by the function F(U). Function W
is found by method of the construction of functionally invariant solutions of the partial differential
equations. H.Bateman has developed this method for the theory of distribution of electromagnetic
waves [1]. Functionally invariant solutions of the autonomous nonlinear Klein-Fock-Gordon equation
and sine-Gordon equation are found by authors [2]-[5].

The function W has a form of arbitrary function, which depends of one 7(x,y, z,t) (W = f(7)) or
two a(z,y, 2,t), B(z,y,z,t) (W = f(a, B)) specially constructed functions. They are called ansatzes.
Ansatzes (7, a, ) are defined as solutions of some special equations (algebraic or the mixed, algebraic
and differential with partial derivatives). These equations contain arbitrary functions depending
on (1,a, ). The offered methods allow to find the solutions for special, but wide class of the
nonautonomous nonlinear Klein—Fock-Gordon equations. The general methods are illustrated by
the examples of some exact solutions.
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The renormalization group (RG), initially discovered by Stueckelberg and Petermann as a group
of reparametrizations of the S matrix, emerging after cancellation of divergences, has further evolved
into a powerful mathematical method that enables the study of the collective (large-scale) degrees
of freedom of complex nonlinear systems by iteratively integrating out the small scales modes with
appropriate rescaling of the fields and the parameters of the system. The physical relevance of the
RG method is in a good deal due to the Kadanoff blocking procedure, which assumes that the
coarse-grained blocks of the system degrees of freedom behave similarly to their sub-blocks. This
assumption is too strong from mathematical point of view, and implies that the details lost in each
step of the coarse graining, when applying RG transform, are not very significant. In this paper we
show that the Kadanoff hypothesis in its strong form can be lifted and a finite Euclidean field theory
can be constructed by using the wavelet expansion of each field from large scale to the small scale,
rather than in inverse direction. The RG then becomes a natural group structure of the field theory
defined on the affine group.

Currents induced on the surface of a strongly elongated spheroid
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High-frequency diffraction by elongated bodies has its specifics which results in the requirement
for the frequency to be extremely high in order Fock asymptotics be applicable. This forms the
gap between the problem that can be effectively solved with numerical tools and those where high-
frequency approximations can be used. To fill in this gap the asymptotic approach to diffraction by
strongly elongated bodies was developed [1, 2, 3]. This approach is based on the assumption that the
longitudinal size of the body and the square of its transverse cross-section are both large quantities
of the same order.

The parabolic equation approximation in the boundary layer near the surface yields an effective
approximation for the electromagnetic field. With the use of Green’s formula (Stratton—Chu formula
in electromagnetics) one can derive then the approximations for the far field [4]. However, the analysis
of the currents on the surface of a perfectly conducting spheroid which takes into account not only the
forward wave process, but also the backward wave which is formed when the forward wave encircles
the shaded ending of the spheroid, was performed only in the case of axial incidence [5].

In this paper we extend the analysis to skew incidence. We compare our asymptotic results with
the results of numerical computations obtained with the use of ANSYS and HFSS package. This
enables us to investigate the applicability conditions for the derived asymptotics and to understand
the limitations of HFSS package, i.e. to find out up to which values of the frequency and other
parameters the computations performed with that package are accurate.
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The present work focuses on the development of a mathematical model, an effective algorithm
and a self-consistent numerical analysis of the multifunctional properties of resonant scattering and
generation of oscillations by nonlinear, cubically polarizable transversely layered and longitudinally
periodic structures. The proposed mathematical model allows to investigate the properties of a
nonlinear layered and periodic object in a unified way. Note that, depending on the method of
excitation, the nonlinear medium can be transformed into a nonlinear layered or grating-like struc-
ture with quasihomogeneous and quasiperiodic scattered and generated fields, respectively. The
work presents results of the numerical analysis characterizing the type-conversion of the genera-
tion /scattering oscillations of the nonlinear layered structures for one/two-sided acting fields at the
generation /scattering frequency were taken into account and could be observed. These effects were
observed at a symmetry violation of the nonlinear problem [1, 2.
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We discuss a method for calculating low lying eigenvalues of a Schrédinger operator by means
of a non-commutative Birkhoff normal form [1, 2| in a framework [3]. The approach is close to
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[4, 5] but differs in important technical details. We show that the presented method may be useful
for different reasons. Firstly, it enables to estimate a growth rate of eigenvalues asymptotic series
expansion coefficients, and secondly it may be more convenient from the computational viewpoint.
We illustrate the second point by strengthening a one-dimensional inverse spectral result from [6, 7].
Namely, we show that under some restrictions the knowledge of asymptotic series for any pair of low
lying eigenvalues is enough to recover the potential.
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Numerical analysis of the complex heat transfer in a layered medium
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The study of the complex (coupled) heat transfer |1,2] where the radiative and conductive con-
tributions are simultaneously taken into account is important for many engineering applications.
Here, the following examples can be mentioned: modeling the heat transfer in combustion chambers
and industrial furnaces, estimating the efficiency of cooling systems, predicting heat transfer in glass
manufacturing, control of thermal processes in optical fiber production, etc.

The nonlinear radiative-conductive heat transfer model consists of two differential equations:
an equation of the radiative heat transfer and an equation of the conductive heat exchange. The
boundary-value problem for participating layered medium is considered. The boundary conditions
describe effects of reflection and transmission at inner boundaries, and reflection, absorption and
emission at external boundaries of the layered medium.

Currently, there are known effective numerical algorithms to solve the boundary-value problem
for single layer medium with reflecting (external) boundaries (see e.g. [3,4]). The development of
numerical algorithm to solve the boundary-value problem for multilayered medium with reflecting
and refracting boundaries is an open problem.

For the computation of solutions of this problem, two approaches based on iterative techniques
are considered. First, a recursive algorithm based on some modification of the Monte Carlo method is
proposed. Second, the P, (diffusion) approximation of the radiative-conductive heat transfer model
is utilized. Implementation of the diffusion approximation does not require large computational
costs. It can be successfully applied to various heat transfer problems which do not require obtaining
high accuracy. Compared with P; approximations, the proposed Monte Carlo algorithm allows us to
obtain more precise results, because it deals with the exact model, whereas P; approximation utilizes
simplified equations. Besides, the Monte Carlo algorithm is well appropriate for parallelization.
Thus, it allows us to get a good accuracy in a reasonable computational time.
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We consider the dynamical inverse problem for the two-velocity system on a tree, as the inverse
data we use the response operator, i.e. the dynamical Dirichlet-to-Neumann map, on finite time
interval. The corresponding inverse spectral problem was considered in [1]. As we consider the
problem on the finite time interval, we cannot go from the dynamical problem to spectral one by a
simple trick (for example by Fourier transform). We suggest two ways to overcome this difficulty.
Using the controllability of the dynamical system, we extract the spectral data from the dynamical
one. Then we can write down the kernel of the response operator in terms of the spectral data and
pass to the Titchmarsh-Weyl function which is a inverse data for the spectral problem. On the
other hand, using the controllability of the system, we can extend the response operator by operator
technique, developed by M.I. Belishev in [3|, thus reducing the problem to known one. In [2] the
authors treated the dynamical inverse problem for the Schrodinger equations on finite trees by a
different method, without passing to a spectral problem.

References

[1] S.A. Avdonin, A. Choque Rivero, G. Leugering, V.S. Mikhaylov, On the inverse problem of the
two-velocity tree-like graph, ZAMM — Journal of Applied Mathematics and Mechanics, 95(12),
1490-1500 (2015).

[2] S.A. Avdonin, V.S. Mikhaylov, K.B. Nurtazina, On inverse dynamical and spectral problems
for the wave and Schrodinger equations on finite trees. The leaf peeling method, Mathematical
problems in the theory of wave propagation. Part 45, Zap. Nauchn. Sem. St. Peterburg. Otdel.
Mat. Inst. Steklov (POMI), 438, 7-21 (2015).

[3] M. Belishev, On a relation between data of dynamic and spectral inverse problems, Mathematical
problems in the theory of wave propagation. Part 32, Zap. Nauchn. Sem. St.Petersburg. Otdel.
Mat. Inst. Steklov (POMI), 297, 30-48 (2003); translation in J. Math. Sci. N.Y., 127(6), 2353~
2363 (2005).



DAYS on DIFFRACTION 2016 25

Heat transfer in a harmonic crystal on an elastic foundation
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Non-Fourier heat conduction processes in ideal crystal structures have been intensively studied in
the recent decades. The literature is surveyed in the review papers [1, 2|. In this work we consider a
one-dimensional crystal in the form of a chain of identical particles with mass m that are connected
by linear springs with each other and with a fixed base, described by the following equations of

motion:
2

Up, :wo(un,l - (2+€) un+un+1), €= Cl/C(), Wy = / C()/m (1)
where u,, is the displacement of the n-th particle, m is the particle mass, Cj is the stiffness of the
interparticle bond, C} is the stiffness of the bond between a particle and the fixed base, and dots
denote partial time derivatives. The crystal is infinite: the index n is an arbitrary integer.

The initial conditions for (1) are wu,|;—0 = 0, Uy|i=0 = o(x)0,, where g,, are independent random
values with zero expectation and unit variance; o%(z) is a variance of the initial velocities, which is
a slowly varying function of the spatial coordinate x = na, where a is the lattice constant. These
initial conditions correspond to an instantaneous temperature perturbation, which can be induced
in crystals, for example, by an ultrashort laser pulse.

We adopt an approach based on the covariance analysis [3, 4] for the velocities 4; to obtain a
closed equation system determining unsteady thermal processes. The nonlocal temperature 0, (z) is
introduced as [4, 5]:

kp(=1)" On(z) = m(ui;), (2)
where kp is the Boltzmann constant, n = j — ¢ is the covariance index, z = %a is the spatial
coordinate, a is the lattice constant. If n = 0 then ¢ = j and quantity 6,, coincides with the kinetic
temperature T Oy(x,t) = T'(z,t) = %(uf), where i = z/a. The use of the correlation analysis

[4, 5] and the long wavelength approximation allows to formulate the initial value problem for kinetic
temperature T'(x,t) in a simple form:

.1 .
T+ ;T = ch”, T =0 = To(z), T|i=o = 0, (3)

where ¢, = ¢ (\/e +4 - \/E) /2 is the velocity of a heat wave propagating in a harmonic crystal with
a substrate potential, ¢ = wya is the sound velocity in a simple harmonic crystal.
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We consider a self-adjoint operator H on L?(0,1) given by Hy = (8* + 20pd + q)y, under the
boundary conditions y(0) = y”(0) = y(1) = ¢"(1) = 0, the functions p,q are real and satisfy
p,q € L'(0,1).

The standard applications of the fourth order differential equations are bending vibrations of
thin beams and plates described by the Euler—Bernoulli equation. Moreover, these equations arise
in many other physical models: hydrodynamic stability (Orr—Sommerfeld equation), kinetic of liquid
phase (Cahn—Hilliard equation), elastic buckling, dewetting in micro and nanoscopic liquid films and
SO on.

It is well known that the spectrum of the operator H consists of real eigenvalues p,,n € N, of
multiplicity < 2 labeled by p; < o < us < ..., counted with multiplicities. We prove the following
trace formulas, similar to the Gelfand-Levitan formulas for second order operators [GL].

Theorem 1. [BK] Let p,p"",q,q" € L*(0,1), fol q(z)dx = 0. Then the following trace formula holds
true:

S (4 = ((7n)? = po)? + L(P + p)) = —L(P = g3 + V(0) + V (1)),

n>1

where the series converge absolutely and uniformly in p,q,

/!

m= [ i p= [ w0+ pon v=g-2
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A variant of “OD field theory” is proposed. As is known, there is an alternative of 0D quantum
field theory — the theory of random matrices. That was some success in respective fields of physics
and mathematics. However, some new approach has been developed and the authors mean that
as more common and more simple. The Feynman’s path integrals are directly replaced by usual
multiple Riemannian ones over finite-dimensional real Euclidean space. The obtained field theory,
firstly, is real, secondly, is divergence-free and thirdly, all the quantum quantities are defined without
any ambiguities. In this scheme we realized L. D. Faddeev’s version of background field formalism [3].
All its attributes such as generating functionals, special boundary conditions and quantum equations



DAYS on DIFFRACTION 2016 27

of motions are correctly defined. As an example a model with quadruple self-interaction (also known
as ¢t model) is discussed. Necessary Feynman diagram techniques is constructed. If diagrams in
each order of the perturbation theory (or the loop expansion) will be calculated, so we will have an
asymptotic series for S-matrix generating functional. There is an idea, that method allows calculation
of asymptotic expansions for special kind of integrals and it can aid that more simple.

This work is supported by RFBR grant 16-02-00943-a.
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Current-voltage characteristics for two quantum waveguides, connected
to quantum resonators
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We investigate several quantum systems, consisting of waveguides and resonators, connected
through small apertures. We use zero-width slits model, in which apertures considered infinitely-
small. For the systems, in the framework of model, exact solutions are found and scattering problem
is solved. Results then used to calculate current-voltage characteristics of suggested devices. Ob-
tained characteristics have interesting properties. Parameters of systems, for which effects are still
observable, calculated. The results may be useful in constructing electronic devices.

A) B)

Fig. 1: Schematics of considered systems.
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Electron transport in a multi-resonator system
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Resonant tunneling is known [1]| to emerge in ballistic electron transport in a quantum waveguide
with two narrows (constrictions). Here we present the results of numerical simulations of electron
transport in a system consisting of two identical resonators produced by three narrows in a quantum
waveguide. It is shown, that at small electron energies the resonance peaks of one-resonator system
split, and the peaks width and their separation depends on the diameter (width) of the narrows. The
processes of high energy electron transport, where the role of multichannel scattering with changes
of transverse channels (quantum states) becomes substantial, have been investigated [2]. In addition,
resonant tunneling in a quantum waveguide with N 4 1 delta potential barriers, which produce
N resonators, has been considered. Numerical simulations show formation of zones and the zones
parameters’ dependence on the potential barriers, which confirm the possibility of making quasi-one-
dimensional crystal in a quantum waveguide with a number of narrows. The results of the study may
find potential applications in designing various resonance devices based on quantum waveguides.
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The analysis of ultrasonic longitudinal and transverse waves of different polarization in solids is
widely used for the technical diagnostics. One of the important applications is the method of acous-
toelasticity. Theoretical substantiation of this method are based upon the study of the propagation
of transverse ultrasonic waves in Murnaghan’s nonlinear elastic material [1]. The method allows one
to measure mechanical stresses in terms of Aa which is the relative difference in velocities of two
transverse waves polarized orthogonally to each other.

The acoustoelasticity method is able to uniquely determine the value of the principal stress
in the case of no plastic deformation. The report provides a number of experimental facts which
demonstrate that the plastic deformation causes a change in Aa that nonlinearly depends on the
value of plastic deformation.
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In this case the methods for evaluating the contribution of plastic strain in the value of acoustic
anisotropy are required for technical diagnostics.

In order to develop these methods we take a model of viscoplastic material with hardening. The
problem of propagation of a plane acoustic wave in a homogeneous prismatic elastic-plastic body that
is uniaxially prestressed in the direction perpendicular to the wave propagation direction in presence
of plastic deformation. The problem is posed with account for the kinematic continuity on the wave
front in terms of jumps.

The system of equations for the relative jumps in acceleration of the medium particles at the
wave front is derived. The solutions are analyzed for different approximations in terms of the first
and second order of smallness.

It was found that in contrast to the non-linear elastic wave in the zero-order approximation
there is a strong dependence of the velocity of propagation of longitudinal wave from the hardening
factor and component of the deviatoric stress tensor. This is the essential difference between an
elastic-plastic material from the nonlinear elastic one.

In the first and second approximation we obtain the dependence of the propagation velocity of
transverse sound waves of different polarization from the hardening factor and components of the
deviatoric stress tensor.

The expressions are obtained for the main direction of propagation of the waves which are no
longer mutually orthogonal when the external mechanical stress exceeds the yield limit.

The study provides a number of dependences required for solving the practical problem of tech-
nical diagnostics of structures in the cases in which the external load is higher than the yield limit.

The mathematical model of viscoplastic material and the study carried out enable us to substan-
tiate the dependence of the propagation velocity of longitudinal ultrasonic wave on the magnitude
of plastic deformation. The phenomenon has been observed in tests, cf. [2].
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Converting of elastic waves due to their scattering by crystalline layer indium is investigated. In
particular, the possibility rotation of the polarization plane of the shear wave as a result of wave
reflection (or transmission) is considered.
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Fig. 1: The conversion coefficients of SV wave. 6 is the angle between incident wave vector

0 (degree)

0o (degree)

and axis Ox3 which is perpendicular to the surface of the crystal.

0o (degree)



30 DAYS on DIFFRACTION 2016

Conversion coefficients C; = |/« |* was computed by means of the transfer matrix method [1].
Here %, <7, ..., 9% are amplitudes of incident wave, reflected SH, SV, P waves and transmitted SH,
SV, P waves accordingly.

Modeling of scattering spectra of elastic waves on a layer of indium is performed. Spectra C;(6y, o)
for three type of incident wave (SH, SV, P) for different layer thicknesses d and frequencies v are
considered. For example, the spectra in Figure 1 correspond to scattering on the surface (001)
when the angle between axis [001] and the plane of incidence is equal to o = 23° and parameter
vd = 2080 Hz-m; isotropic half-spaces that limit crystalline layer, are characterized by identical
parameters: density py = pg = 2.65 - 10® kg/m?, Lamé parameters \g = \g = 1.67 - 10! N/m? and
o = ptg = 3.27 - 109 N /m?.
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Dependences spectra of elastic waves on thickness of the scattering layer
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The scattering of SH, SV and P waves by layered structure (isotropic medium-crystal-isotropic
medium) are investigated. In general case, the crystalline layer can produce six waves: SH-type with
amplitude @7, SV-type with amplitude o7, P-type with amplitude 7 in the region of reflection
and SH-type with amplitude @7, SV-type with amplitude 7%, P-type with amplitude .o% in the
region of transmission. The values of these amplitudes depend on the elastic parameters of the
media, the angles of incidence 6, (angle between direction of incident wave vector /50 and the axis
x3, perpendicular to the surface of crystalline layer) and « (angle between plane of incidence and
coordinate plane x1x3), frequency of incident wave v and the thickness of the crystal layer d.

Conversion coefficients C; = |/ a%|*, j = 1,...,6, are calculated using the transfer matrix
method [1]. Here % is amplitude of incident wave. The results of calculations of the spectra
C;(0o, @) for the crystal PbMoO,, when parameter vd € (10, 10*), are presented.

The program of visualization of dependencies of scattering spectra on the parameter vd is devel-
oped and demonstrated.
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Converting of elastic waves due to their scattering by crystalline layer barium titanate is studied.

In general case, the wave (amplitude Ap) incident on the crystal layer 0 < x3 <d can produce
SH wave (amplitude A;), SV wave (amplitude A;), P wave (amplitude A3) in the region z3 < 0 and
similar waves with amplitudes A4, A5, Ag in the region z3 > d. Conversion coefficients C; = | .<7; / < |*
was computed by means of the transfer matrix method [1]. Examples of dependences C;(6y) are shown
in Figure 1. It correspond to scattering on the surface (001) when the angle between axis [001] and
the plane of incidence is equal to o = 21° and parameter vd = 8050 Hz - m; isotropic half-spaces that
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limit crystalline layer, are characterized by identical parameters: density py = pg = 2.65 - 10® kg/m?,
Lamé parameters \g = \g = 1.67 - 10! N/m? and po = pg = 3.27 - 10 N/m?.

Spectra C;(6p, ) for three type of incident wave (SH, SV, P) for different layer thicknesses d and
frequencies v are presented and discussed.
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Fig. 1: The conversion coefficients of SH wave. 6 is the angle between incident wave vector
and axis Oxsg which is perpendicular to the surface of the crystal.
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A relation between two simple localized solutions of the wave equation
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We are concerned with establishing a relation between two simple solutions of the wave equation

(1)

The first one, found by Sheppard and Saghafi [1]| shows a Gaussian-beam asymptotic behavior. It
was much discussed in connection with the theory of “complex source”(see, e. g., [2]). It satisfies the
Helmholtz equation ., + uy, + u.. + k*u = 0, k = w/c, obtained from (2) by the substitution
U =u(z,y,z)e ™! and is given by

Ugy + Uyy + Uz — ¢ uy = 0, c = const.

Ulw;p, 2) :=sin(kR.)/Re, Ro=/p?+ (2 —ia)?, p=a"+y7

(2)
with a > 0 a free constant. The other solution under consideration is

u(t;p,z) =1/ [thz —p* — 2% — 2ia(ct — z)} , (3)
with the same constant a. It was recently introduced in [3| as an example of a function having a
singularity at a running point {z = y = 0,z = ct}, but satisfying the homogeneous equation (2) in
the whole space-time R? x R.

We establish that
2(me)te kU (w;p,2) if w >0,
0 if w<o0,

u(w; p,2) = { (4)

where u(w; p, z) 1= ffooo u(t; p, z) e is the Fourier transform.
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On the Cauchy problem for the wave equation
with data on a non-spatially oriented plane
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We consider the Cauchy problem for the wave equation
Ugr + Uqyyy + Uy = Uy, T > 07 (1)

with the data

u|x:0 = Sp(yv Z, t)v u9€|x:0 = 0. (2)
As is known, see, e.g. [1], this problem is ill-posed: for an arbitrary ¢(y, z,t) its solution not nec-
essarily exists. If it exists, then the function ¢(y, z,t) must satisfy rather strong conditions. More
precisely, ¢(y, z,t) is uniquely determined by its values in an arbitrarily thin cylinder 22 + y* < &2,
—00 < t < 00, see [1]. A solution of the problem (1)—(2) is unique.

We present an explicitly described operator B, which maps the function ¢(y, z,t) into a solution
u(zx,y, z,t) of the the problem (1)—(2), provided it exists. If solution does not exist, By is a certain
function not being a solution of (1)—(2). If A is the operator mapping an arbitrary solution u of (1),
satisfying the second condition (2) (that is, Au = ¢) to ¢, then B is the left inverse to A, BA =1,
where [ is the identity operator.
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The problem of flow about infinite plane wedge with inviscous
non-heat-conducting gas. Linear stability of a weak shock wave
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As is well-known [1], on stationary supersonic gas flow over infinite plane wedge (angle o at the
point of the wedge is small enough, o < oy;,) theoretically there are two possible stationary solutions:
one of them corresponds to strong shock wave when gas speed beyond the shock is less than the speed
of sound, i.e. u2 + v3 < ¢ (ug,vo are components of the speed vector, ¢y is the speed of sound),
and the other corresponds to the weak shock wave, when, generally speaking, uZ + v > 3 (figure
illustrates the position of the shocks, 6, #,, are angular coordinates of the strong and the weak shocks
accordingly).
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Fig. 1: Sketch for weak and strong shock waves.

However, in numerous physical and computational experiments if there is no additional infor-
mation, for example about the value of the pressure down the flow, the case of weak shock wave is
realized. As of today there is no strict mathematical explanation why this is happening. R. Courant
and K. O. Friedrichs noticed in their monograph [1], that there is an opinion that strong shock wave
is unstable by Lyapunov while weak shock wave is on the contrary stable.

In previous work of this talk authors [2], this assumption was grounded on the linear level in
assumption that strong Lopatinski condition is satisfied on the shock. Current work again studies
the case of a weak shock wave [3] but now in assumption that only Lopatinski condition holds on
the shock, i.e. in corresponding linear problem there are plane waves [4].
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Method of discrete sources as an effective solver
for waveguides with sharp corners
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In recent years many electromagnetic waveguides with complicated structures have appeared.
Sometimes these structures contain sharp corners. The discretization of the initial problem, which
leads to a set of linear algebraic equations (SLAE), can be obtained by a variety of methods: the
finite difference method, the finite element method, the pseudospectral method, etc. Nevertheless, it
is very difficult to find suitable numerical method, due to the field singularities at the corners. In the
case of sharp boundaries the resulting matrices are often very large, that is why the most numerical
algorithms are time consuming and the accuracy may be limited. The method of discrete sources
(MDS) seems to be the most promising one in such the case.

The model plane scattering problem in a strip region with a sharp ledge is considered. The prob-
lem is governed by the Helmholtz equation together with the Neumann condition on the boundary
and the radiation condition in infinity.
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To solve such the problem effectively, the MDS is used. An unknown solution is sought as a linear
combination of the Green (source) functions of the infinite strip domain. Substitution of such an
anzats into the boundary condition leads to a SLAE.

Effectiveness of the MDS depends essentially on the way of source placement. The original
scheme of source allocation for sharp-pointed domains were suggested in [1], [2]. In this paper a new
“dipole” source allocation in the neighbourhood of the sharp points is suggested. Numerical results
demonstrate the effectiveness of the idea proposed.
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On the spectrum of a discrete Schrodinger equation
in one-dimensional perturbation
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We consider the spectrum of a discrete Schrodinger equation in finite-dimensional perturbation.
We obtain the explicit form of scattering matrices for one-dimensional perturbations. In some cases,
proved the absence of discrete spectrum and singular continuous part of the spectrum. The proof is
based on solving the moment problem for the corresponding Jacobian matrix. Case of an arbitrary
finite-dimensional perturbations is considered in less detail.

Precised description of the spectral bands
for a 2D periodic Schrodinger operator
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Let Lo and L be two characteristic lengths and Vj a reference potential. We describe the spectral
bands of the periodic Schrédinger operator acting on H*(R?), H = —%A + V, associated with the

periodic potential V' whose unit cell is [— Lo, Lo] X [ L, L] and given on it by V(z,y) = (% — )Vb X
sign(y). We set V the 2L-periodic potential equal to (%‘ - 1)\/0 on [— Lo, Ly].

This potential has also been studied in the context of photonic crystals where, instead of the
Schrodinger equation, the wave propagation is described by the Helmholtz equation (see [T]).

Bloch modes are obtained by Fourier analysis in y as functions ¢ : (z,y) — > ., at(z)e T,

where = is the sign of y and, for every n € Z, aF is a solution on [—Lg, Lg| of the equation :

2 g2 5 2 gp2n2
—h—d—ai:tV(x)'ai: <E W~ dn"m )ai EeR. (1)

om L2 )

together with conditions that ensure that ¢ is in the domain of H and with quasiperiodic boundary
conditions : af(—Lgy) = e“Zoar (L), w € [0, Lo].
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Let Py = —%;—; + V acting on H?(R). Since for every z € R, =V (z) = V(z + Lo) + Vo, we get
that o(P_) = Vo+o(P,). But, as presented in [OL1], o(P, ) is a union of spectral bands [Ei.  E? ]
for i > 0. Precised description of these spectral bands is detailed in [OL2] along with estimates on
the length of the spectral bands and of the gaps.

Since H is a periodic Schrodinger operator, it has a band spectrum. With (1), the previous

considerations lead to the following inclusion on the spectrum of H :

7 4p27r2> R

i i h? An’m? j ;
O(H) - U U [ErninJ Emax} + %T N [EminJ Emax} + VE) + —T

N 2m
4,320 (n,p)€Z?

A straightforward analysis shows that the gaps may close, by superposition of translated bands. Two
dimensionless parameters appear : &y = % and § = % The results on the superposition of
the bands will be linked with the relative order of magnitude of dy and 9.
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On steady-state moving load problems for elastic half-space
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The steady-state regimes of moving loads on elastic half-plane are addressed. It is shown that the
solution can be expressed through a single harmonic function, originally proposed in [1] for travelling
surface waves. The examples of steadily moving vertical force and rigid punch are investigated. The
extension for a beam resting on elastic half-plane is also discussed.
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To the question of absolutely continuous spectrum eigenfunctions
asymptotics for the case of three three-dimensional dissimilarly charged
quantum particles scattering problem
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We suggest an approach with the main idea to propose the explicit formulas for the asymptotic
behavior of the eigenfunctions of the continuous spectrum (like scattered plane perturbed waves)
describing them up to the simple diverging waves with a smooth amplitude.

For one-dimensional particles with quickly decreasing at infinity pair potentials we can use for the
description of the mentioned asymptotic behavior the analogy between the stated problem and the
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classical problem of the diffraction of the plane waves by the set of semi-transparent infinite screens.
This analogy was already used in [1, 2, 3, 4]. In case of long range potentials we are able to treat
the diffraction problem analogously with the replacement of the classical plane waves by plane waves
that are appropriately deformed by the long range tails of the Coulomb potentials.
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We consider the quantum scattering problem of three one-dimensional particles with repulsive
short-range pair potentials. For clarity we restrict ourself by the case of finite pair potentials. The
absence of singular continuous spectrum of the corresponding Schroedinger operator for the broad
class of pair potentials was proved earlier in known works [1, 2|. Nevertheless the Mourre techniques
do not allow to describe the asymptotics of absolutely continuous spectrum eigenfunctions. In our
work we prove the existence of the resolvent limit values on absolutely continuous spectrum regardless
of Mourre results and construct them explicitly. It allows us following the known procedure to
derive the absolutely continuous spectrum eigenfunctions asymptotics, offered earlier in [3]. Our
approach, ideologically close to the foundational work of L. D. Faddeev devoted to three-dimensional
particles [4], specifically uses the ideas of Schwarz alternating method [5, 6].

References

[1] E. Mourre, Commun. Math. Phys., 78, 391-408 (1981).
[2] P. Perry, I. M. Sigal, B. Simon, Annals of Mathematics, 114, 519-567 (1981).
[3] V.S. Buslaev, S.B. Levin, Amer. Math. Soc. Transl. (2), 225, 55-71 (2008).

[4] L.D. Faddeev, Mathematical aspects of the three-body problem of the quantum scattering theory,
Daniel Davey and Co., Inc. (1965).

[5] K. Moren, Methods of Hilbert spaces, PWN, Warszawa (1967).
[6] A.M. Budylin, V.S. Buslaev, St. Petersburg Math. J., 7(6), 925-942 (1996).

Uniform asymptotics of far internal gravity waves fields
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One of the main mechanisms of excitation of internal gravity waves in natural stratified media
(ocean, atmosphere) is the wave generation by non-stationary sources of perturbations, different in
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physical nature, both of natural (moving typhoons, flow about ocean relief irregularities, leeward
mountains, etc.) and anthropogenic (sea technological structures, collapse of turbulent mixing re-
gions, underwater explosions, etc.) origin [1,2]. In the linear approximation, the far wave fields can
be investigated, for example, using various asymptotics [3-6]. The analytical expressions constructed
make it possible to obtain, using, for example, methods of computer mathematics, asymptotic rep-
resentations of wave fields with account for the realistic inhomogeneity and non-stationarity of the
parameters of natural stratified media. The present study is aimed at constructing asymptotic so-
lutions that can describe the far fields of the internal gravity waves excited by a pulsating localized
source of perturbations in finite-depth stratified medium flow. The problem of constructing uniform
asymptotics for the far fields of internal gravity waves generated by a pulsating localized source of
perturbations in finite-depth stratified medium flow is considered. The solutions obtained describe
the wave perturbations both inside and outside the wave fronts and can be expressed in terms of the
Airy function and its derivatives. Numerically calculated wave patterns of the excited wave fields are
presented. The uniform asymptotic problem solutions obtained enabled us to describe the far fields
of the internal gravity waves from a localized pulsating source of perturbations in finite-thickness
stratified medium flow both outside and inside the corresponding wave fronts. It is shown that the far
field asymptotics make it possible to efficiently calculate the main characteristics of the wave fields
and to qualitatively analyze the solutions obtained. This opens wide opportunities for studying wave
patterns as a whole, which is important for correctly constructing the mathematical models of gas
dynamics, including for express-estimating in natural measurements of wave fields. Note that such
wave patterns can be observed in the remote probing and observation of the internal gravity waves
excited by various sources of perturbations in both the ocean and Earth’s atmosphere [5,6]. The
results presented in the paper have been obtained by research performed under projects supported
by the Russian Foundation for Basic Research (No. 14-01-00466).
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fabricated by focused ion beam milling
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Zn0O has a wide band-gap energy of 3.37 €V and a significantly large exciton binding energy of
60 meV at room temperature. Therefore, ZnO are recognized as potential light emitters in the blue
and UV spectral regions. The ZnO attracted considerable attention because of various interesting
optical confinement and laser cavities. ZnO nanocrystals can be synthesized by several methods,
including chemical vapor deposition (CVD) [1], hydrothermal [2, 3], pulsed laser deposition (PLD).
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There are many reports on various kinds of ZnO nanocrystals such as nanosheets [4|, nanowires [5]
and nanodisks [6,7]. Most of the previous reports discussed the lasing mechanisms in a single ZnO
nanowire and microdisks [8]. They were synthesized by bottom-up methods with high material
quality. On the other hand, up to now, lasing characteristics on a top-down synthesis approach was
difficult to fabricate a single ZnO nanostructure. Further investigations of lasing characteristics and
clarification of lasing mechanisms on a single ZnO nanostructure are needed.

We show a three-dimensional membrane cavity fabrication technique and corresponding lasing
characteristics of the fabricated rectangular ZnO membrane microcavity (MC) using optical injection.
The ZnO membrane was cut from a single crystalline ZnO substrate by using a focused ion beam,
and was then placed onto a SiO2 substrate by using a glass tip. The micro-photoluminescence
measurement performed on the fabricated ZnO membrane MC at 77 K showed an obvious feature
of lasing action including non-linear increasing of intensity and linewidth narrowing. By using this
fabrication approach, various MCs with desired shapes can be made.
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Analysis of a diffraction problem for equations of complex heat transfer
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The interest in studying problems of complex heat transfer (where the radiative and conductive
contributions are simultaneously taken into account) is motivated by their importance for many
engineering applications. Problems of diffraction type for complex heat transfer equations arise in
scattering media with a piecewise constant refractive index. The use of steady-state P, approximation
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(diffusion model) of the radiative heat transfer leads to special conjugation problems for nonlinear
elliptic systems.

Let us consider a bounded domain ) consisting of two subdomains €2;, i = 1,2, that is Q =
01 JQs. Suppose that QN 90N, = @. So,  is called an outer subdomain, 2, an inner subdomain.
The governing equations of complex heat transfer in each subdomain §2; have the following normalized
form [1-3]:

—aA0; + b(16:]67 — i) =0, —alpi+ Bp; — |6:]67) = 0. (1)
Here, ¢; is the normalized radiation intensity averaged over all directions, 6; is the normalized
temperature in the subdomain §2;. The parameters a,b, a and  are given, and they are constant in

each domain. Let n be the refractive index. Denote a = a;, b = b;, o = o, 5 = 5;, and n = n; in the
subdomain €2;. The following boundary conditions on I' := 92 are assumed:

adpby + (01 — ©g) = 0, b1 +(p1 — Of) =0, (2)

where ¢ and v are given positive functions defined on I'; and the symbol 0,, denotes the derivative in
the outward normal direction. Conditions at the inner boundary I'g := 0€)5 are of the form:

01 = 02, al&ﬁl = a28n92, aln%&lgpl = Oézn%an(pz, Y2 — P1 = h@ngpl (3)

Here h is a given positive parameter depending on the reflective properties of I'g, 0,, is the normal
derivative inside (2.

In this talk, a priori estimates of temperature and radiation intensity in the space L>°(€2) ensuring
the unique solvability of the problem (1)-(3) are presented. The theoretical analysis is illustrated by
numerical examples.
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Uniqueness of self-similar solutions obeying the problems
of arbitrary discontinuity disintegration for the generalized
Hopf equation with a complex nonlinearity

Chugainova A.P.
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Solutions of the problems of disintegration of an arbitrary discontinuity of the generalized Hopf
equation are under analysis. These solutions are constructed from the sequence of non-tipping
Riemann waves and shock waves having the stable stationary or non-stationary structure.

In [1, 2], devoted to investigation of the solutions of the Hopf equations with complex nonlinearity,
for selection of discontinuities, which have been used for construction of the solution, the request of
existence of the stationary structure of the discontinuity has been posed. The structure of discontinu-
ities has been described by the generalized (in the sense of nonlinearity) Korteweg—de Vries—Burgers
equation. Appearance of the resent works |3, 4], in which spectral stability of the solutions describing
the structure is investigated, makes it possible to include effectively in the notion of the permissible
discontinuity the claim of stability of its structure and from this point of view revise before obtained
results. We call admissible (i. e. realizable in practice for disintegration of an arbitrary discontinuity)
discontinuities with structure, having stability property.



40 DAYS on DIFFRACTION 2016

Introduction of the request of stability of the structure in the notion of admissibility of disconti-
nuities results in cutting down the set of admissible discontinuities, described in |1, 2], and eliminate
non-uniqueness of the solution of the problem about disintegration of the arbitrary shock, discovered
in previous investigations [1]. Furthermore, for construction of the solution of the problem we have
used the discontinuities with structure, containing the internal periodic oscillations (non-stationary
structures). Variation of the quantities in such discontinuities may not coincide with variation of the
quantities in any discontinuities with stationary structure. It has been shown that the solution of
the problem of disintegration of the arbitrary discontinuity in this setting always uniquely exists.

References

[1] A.G. Kulikovskii, A.P. Chugainova, Modeling the influence of small-scale dispersion processes
in a continuum on the formation of large-scale phenomena, Computational Mathematics and
Mathematical Physics, 44, No 6, 1062-1068 (2004).

[2] A.G. Kulikovskii, A. P. Chugainova, Classical and nonclassical discontinuities and their structures
in nonlinear elastic media with dispersion and dissipation, Russian Math. Surveys, 63, Suppl. 2,
283-350 (2008).

[3] A.T. Iichev, A.P. Chugainova, V.A. Shargatov, Spectral stability of special discontinuities,
Dokl. Math., 91, No 3, 347-351 (2015).

[4] A.P. Chugainova, V. A. Shargatov, Stability of a discontinuity structure described by the gener-

alized KdV-Burgers equation Computational Mathematics and Mathematical Physics, 56, No 2,
(2016).

On the Laue—Bragg—Wulff scattering of the acoustic Rayleigh wave
by surface roughness

Vitalii N. Chukov

N. M. Emanuel Institute of Biochemical Physics RAS, Center of Acoustic Microscopy, Kosygin Str. 4,
Moscow, 119334, Russia
e-mail: chukov@chph.ras.ru

The modulation of the surface acoustic Rayleigh wave [1] Laue-Bragg—Wulff scattering [2]-[11]
by a deterministic cylindrically symmetrical roughness occupying finite size region of an isotropic
solid surface is considered in the Born (the Rayleigh-Born [1]) approximation of the perturbation
theory in roughness amplitude in detail.

It is a short-wavelength scattering, when a wavelength of the incident Rayleigh wave A = 27\ is
more less than a radius of the surface rough region d, i.e. A\ < d. This limit of the wave scattering is
well-known in the theories and experiments on the scattering of the Rontgen x-rays in the crystals and
amorphous media. For the macroscopic crystals the Laue conditions of the discrete point maxima
in diffraction pattern of the x-rays beam incident on the crystal due to the interference of the
scattered waves are known and are confirmed by the experimental Lauegrams [2|-[9]. W.L. Bragg
[2, 4] proposed to consider x-rays scattering in crystals as mirror reflections from a system of the
atoms parallel planes. A corresponding condition of the interference maxima in a reflection pattern
is named the Bragg condition of scattering [2]-[11].

Both Laue and Bragg conceptions of the Rontgen rays scattering in crystals are used in the x-rays
crystallography and microscopy [2]-]9].

Russian professor of crystallography George V. Wulff considered [3| the physical results of the
Laue, Friedrich and Knipping on x-rays scattering in crystals and noted that scattered waves prop-
agate only along discrete directions according to the Laue conditions of the interference maxima.
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Scattering of the Rontgen waves in amorphous media gives rise to the Lauegrams with a system of
diffraction rings —scattered waves intensity continuous space oscillations, i. e. Bragg short-wavelength
oscillations [7]. Space structure of the scattering media and definite space configurations of scatterers,
that is form-factor of the scattering media, can violate the Bragg condition of scattering [7].

For scattering of the surface acoustic Rayleigh wave by a single deterministic roughness in the
limit A\ < d, considered in the present work [10, 11], conditions of scattering maxima and min-
ima are obtained. These conditions are named the generalized Laue—Bragg—Wulff conditions, and
corresponding oscillations of the scattered Rayleigh wave intensity are named Laue—Bragg—Wulff
oscillations. The short-wavelength scattering is named the Laue-Bragg-Wulff scattering.

The system of the linear independent functions describing the scattering indicatrix in dependence
on radius of a rough region to wavelength ratio d/\ is constructed for the Laue-Bragg-Wulff d > X
limit of scattering. Each function of this system, i.e. each scattering indicatrix, corresponds to the
Rayleigh wave scattering by the roughness of a definite form and has its own dependence on the d/\
ratio.

In the Laue—Bragg—Wulff limit this system is determined by the roughness topological character-
istic of the second kind d™ f(x)/dx™, where m = 0,1,..., — derivatives of a roughness profile in the
end and discontinuity points [10, 11].

A possibility of this system construction is a mathematical expression of a physical strong modula-
tion of scattering, obtained in the present work, by a roughness form-factor in the Laue-Bragg—Wulff
limit of scattering.

This phenomenon gives the new laws of scattering violating the Laue—Bragg—Wulff laws of scat-
tering, obtained in the present work [10, 11], for the short-wavelength A\ < d limit.

The new strong dependence of the scattering indicatrix frequency and scattering angular oscil-
lations on the roughness form-factor in the Laue Bragg-Wulff limit A < d is obtained. The new
phenomena of the Laue-Bragg-Wulff oscillations reduction, straightening and construction of an
arbitrary frequency and scattering angular spectrum of scattering indicatrix, defined beforehand,
due to a strong modulation of the Laue-Bragg—Wulff scattering by the roughness form-factor are
obtained.

The results obtained in the present work can be used in the acoustoelectronics, solid state physics,
geophysics and acoustic microscopy.
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On elasticity-tensor symmetries: material symmetry, symmetry-group
average and spatial average

Tomasz Danek, Michael A. Slawinski

Memorial University of Newfoundland
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We examine three concepts that are pertinent to studies in continuum mechanics. They are
material symmetry, symmetry-group average and spatial average. Each concept is a consequence of
certain properties of the elasticity tensor.

Material symmetry is invariance given by

C =Aym e By

: (1)
O =Aym oA

where n is the number of elements in the symmetry group, and A?ym is a rotation. C' satisfying
system (1) of equation is C®™  which is an elasticity tensor of a given symmetry class of a Hookean
solid.

A symmetry-group average is given by an orthogonal projection,

ci o= [ @0 duto), )

where the integration is over the symmetry group, G™, whose elements are g, with respect to the
invariant measure, p, normalized so that pu(G®™) = 1. Integral (2) reduces to a finite sum for
the classes whose symmetry groups are finite, which are all classes except isotropy and transverse
isotropy. For such symmetries, we can write integral (2) as

1 /- - N N
cam =< (Ame AT+ Ao AT
n

If the tensor to be averaged, C', is generally anisotropic, its orientation is implicitly contained within
its twenty-one components; hence, not only the averaged elasticity parameters, but also the corre-
sponding optimal orientation of the symmetry axes or planes is obtained.

A spatial average is a moving average defined by

o0
Flag) = [ wie - m)r(©)de.
where the weight, w(z3), allows us the use of many functions, since the conditions imposed on it are
not restrictive; w is required to be a continuous nonnegative function tending to zero at infinities.

Each concept needs to be examined in the scope of the empirical accuracy of a given mathematical
model. A relation between mathematical models and experiments, subject to measurement errors
and limited resolution, might be accommodated within these concepts.

Mode matching method for resonance scattering and mode localization

Delitsyn A.L.

M. V. Lomonosov Moscow State University, Physical Dept., Moscow, Leninskie Gory, 2
e-mail: delitsyn@mail.ru

There are different methods for investigation resonance scattering problem in waveguide. The
most of them are connected with consideration of Green function poles with small imaginary part.
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In general this methods are not elementary. Our aim to present for the problem of scattering on
two barriers in the waveguide the elementary approach which use only mode matching method. This
method may be applied for mode localization problem in resonators of simple geometry.

We consider the problem

Au+k2u:0, (ZL’,y,Z) €Q,
u|aQ = 0,

in Q= ((z,y) € Q,z € (—00,00))/T;,i = 1,2, where I'; are infinite thin barriers at z = z;, i = 1,2
with small aperture. The radiation conditions corresponds to scattering of the mode on such obstacle:

oo
u = MY (z,y) + cre” MYy (1, y) + Z € (2 y), 2 < 2,

n=2

oo
u = die" Y (z,y) + Zdne_“’"zwn(x, Y), 2> zo,

n=2

where

_AL¢n = An¢n> <$>y) € Qa
Unloa =0,

Mm=VE =X, Wm=V—k, n=2,....

We prove that for frequency close to the frequency of resonator obtained when barriers are without
aperture the transition coefficient is close to 1 when diameter of aperture tend to 0. The boundary
problem is reformulated as some problem in the aperture. This method may be applied for mode
localization problem in resonators with barrier:

—Au = ]CQU, (xay) € Q)
U’aQ = 0,
in Q = ((z,y) €, z € |21, 2]/T).

The estimates of rate of convergence for mode localization in subdomains and eigenvalues con-
vergence are obtained.
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Modeling of electromagnetic scattering on small particles
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When solving a number of applied problems in various fields of science and technology, building
an adequate model of radiation interaction with small particles is of paramount importance [1]. In
particular, this problem is quite relevant with regard to intensive research into negative media (meta-
materials) electrodynamics [2, 3]. For the time being, Rayleigh approximation is virtually the only
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mathematical model used while solving this problem [4]. This approach is sufficiently detailed in lit-
erature for special cases of scattering, including multi-layer confocal [5] and non-confocal ellipsoid [6].
It should be noted that such a traditional approach has well-known drawbacks. In particular, use
of dipole approximation does not provide required accuracy of energy balance achievement [7]. Tt
should be pointed out that the existing methods of solving the relevant electrostatic problem have a
number of crucial limitations [8].
This paper develops alternative technique based on the usage of pattern equation method (PEM) [9].

To date it has been established that PEM has important advantages over numerous multi-purpose
techniques and is quite efficient for solving a wide range of problems. When building a new approach
to the analysis, we used a high speed of PEM convergence which allowed obtaining explicit formulae
for integral scattering characteristics applied for complex-shape scatterers. The calculation results
are compared with the data obtained by means of other methods. It is demonstrated that the accu-
racy of calculations controlled by calculating the balance of power flows for incident and scattered
waves (checking the accomplishment of optical theorem) is quite sufficient for practice.
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Solvability of interface problems for the compressible and incompressible
Navier—Stokes equations near the equilibrium
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The study is concerned with interface problems for the Navier—Stokes equations governing viscous
compressible flows. The main difficulty of such problems is due to the fact that the interface between
the fluids is unknown. The problem on the motion of two compressible capillary fluids separated by a
closed interface was studied in anisotropic Sobolev—Slobodetskii [1] and Holder spaces [3] where local
solvability was obtained in both cases with restrictions on the fluid viscosities. These restrictions are
discussed and a way to eliminate them is presented.

Next, the problem on the evolution of a bubble in an incompressible continuum is analyzed in the
spaces Wé’l/ ?. A local existence theorem for the problem is proved in the case of non-negative surface
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tension without restrictions on the viscosities and the densities imposed in [2]. The case where a
drop is surrounded by a gas may be studied in the same way. Finally, the global unique solvability
is obtained for the problem without surface tension forces on the interface and with small data, the
liquids being located in a container of finite volume. The proof is based on an exponential global
estimate for a generalized energy in a linear problem.
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The hybrid resonance plasma of ions and electrons with imposed
magnetic field understood through Bessel functions
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Consider an electroneutral plasma of ions and electrons (the density of electrons being n.(z) for all
(7,9, 2) € R3) under the action of an imposed magnetic fields By(Z) = By(z)é.. The cyclotron (resp.
plasma) frequency of this plasma is w.(z) = %ix) (resp. wy(z) = \/€*ne(x)egme). The electrons
satisfy the fluid equations with dissipation at frequency w (see [1]).

We are able to describe exactly the solution of the coupled Maxwell-fluid equations in the neigh-

borhood of the point x;, of the so-called hybrid resonance wy(w,) = /w2(xn) + w2(zy). It is a singular

solution at v = 0 that can be expressed through Bessel functions, generalizing [3].

The system of Maxwell equations is VA E = iwB, *V A B = —iwE + ¢, 15’. It is coupled
with the definition of current f: —en.(z)v, + en.(z)v; and the fluid equations m, j(—iw + V)T ; =
eZe1(E+ve; A B). The traditional approach is to replace . and 0 in the equation on the magnetic
field to deduce the effective dielectric tensor; instead we keep this system as a first order PDE ) system.

A Fourier mode in the transverse to By direction vy is considered. The solutions write £ (z)ey,
B(z)e™, G.(x)e™, ke = w and one obtains the system

d

%EQ({I)) = aV(SL’)EQ(Z') + by(x)CB3(x)7

%(CB?,)(SC) = C,,(SL')E2(«T) - CLV(.%‘)(CB?,)(Z')

with coefficients behaving as (z — 2%)~!. Introducing y := (—cy(2))"2¢Bs(z), y is solution of

y'(x) = (— Ly B )y

Al —ap)? (z—ap)
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where R, is regular, non zero, in a complex neighborhood of zj. General solutions of this equation

are A(z)+/pu(x)Jo(A/pu(T)) + B(x)\/pu(2)Yo(A/pu(2)), where p,(z) is a stretching function and

A and B are smooth in a neighborhood of z}, which allows us to compute the energy deposited by
the magnetic field in the plasma [2].
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Method of calculating Lyapunov exponents for time series
using artificial neural networks committees
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The aim of this work is to develop a method for calculating all Lyapunov exponents from time
series with high accuracy. To achieve this goal we propose a new method for determining the local
and global Lyapunov exponents for a given time series. The method is based on the results of
studies [1, 2|. A special feature of the proposed method is the use of neural networks committee
for the approximation of a dynamic system, generating the time series. Approximation model of
a dynamical system is a trained neural network. The committees of neural networks are used to
improve the accuracy of calculation of local and global Lyapunov exponents. In order to test the
proposed method, we used time series that have been generated by the chaotic logistic map, Henon
map and the X-component of the Lorenz system. As a result of numerical experiments we have
shown that for the model time series the proposed method determines all the Lyapunov exponents
of listed above dynamic systems with good accuracy. We have also considered the examples of real
world time series such as physical, financial and electroencephalogram examples.
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Caustics, focal points, and tsunami wave problems
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We discuss the role of caustics and focal points in tsunami wave propagation and the run-up
problem. We assume that tsunami waves in the open ocean are described by solutions of the linearized
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2D shallow water equations with spatially localized sources. We show that the initial perturbation
contains a focal point appearing in the asymptotic solution from the very beginning. Then focal
space-time caustics can appear over underwater banks and ridges, thus producing nonstationary
trapped waves propagating in the form of wave trains. We show that the coastline in linear theory
is a caustic of a special type as well, and hence the behavior of the asymptotic solution near the
coastline is related to these type of objects. The passage to the nonlinear run-up problem is based on
the Carrier—Greenspan transform, which allows one to compute the uprush distance on the beach. All
these results are described by several closed-form analytical expressions and illustrated by pictures
based on these expressions. No special prior knowledge is needed for understanding the talk.

Let us say several words about the method for constructing asymptotic solutions of the linearized
2D shallow water equations with spatially localized sources. It is based on a modification of Maslov’s
canonical operator and, in spite of the fairly complicated original constructions, produces simple,
efficient formulas for the waves and vortices propagating in a basin with a nonuniform bottom. The
final formulas include minimum reasonable physical information about the problem and take into
account the presence of focal points and caustics and the degeneration of the depth function on the
coastline, which corresponds to the well-known run-up problem. As we said above, the coastline is
viewed as a caustic of a special type, and the construction of Maslov’s canonical operator near this
line is based on the Fock quantization of appropriate classical canonical transformations. It is these
formulas given by the method that describe how nonstationary waves trapped by underwater banks
and ridges are generated, in what way the curvature of the Earth surface affects the wave amplitude,
why and where the wave profiles are influenced by weak dispersion effects caused by “standard water
dispersion” as well as by the dispersion due to rapidly oscillating parts of the bottom, what the
linear run-up effects look like, etc. Then we use the Carrier—-Greenspan transformation for nonlinear
shallow water equations to generalize the 1D Pelinovskii-Mazova formulas for the long-wave uprush
to the 2D case and present formulas relating the initial source characteristics to the uprush distance
on the beach.

The talk is based on joint research with J. Briining, V. Grushin, D. Lozhnikov, D. Minenkov,
V. Nazaikinskii, S. Sekerzh-Zenkovich, S. Sergeev, A. Shafarevich, B. Tirozzi, A. Tolchennikov, T. Tu-
dorovskii, C. Vargas, and B. Volkov. The research was supported by RFBR grants nos. 05-01-00968,
08-01-00726, 11-01-00973, and 14-01-00521 (Russia), DFG project SFB 647/3 (Germany), and the
RITMARE program of CINFAI (Italy).
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We consider a system of linear PDE describing a cold plasma in a toroidal domain in three-
dimensional space. This system simulates the passage of a laser beam through the TOKAMAK, it
consists of 9 equations for the electric field and the velocities of electrons and ions in a given magnetic
field.

Asymptotic solutions describing high-frequency Gaussian beams are constructed with the help of
the Maslov complex germ theory in a fairly effective form. The solutions of the system are localized
in the neighborhood of the beam passing through the toroidal domain (the camera). The equations
for a ray take into account the density of particles in the camera and do not “feel” the presence
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of the magnetic field because of the high frequency of the Gaussian beam; the dependence on the
magnetic field is contained in the amplitude of the electric field. Before the TOKAMAK camera the
amplitude of the Gaussian beam is the same as in free space, but after the camera the amplitude
vector rotates under the influence of the magnetic field, and the formula for the angle of rotation is
given explicitly. Using the asymptotic formulas for the Gaussian beams and the Radon transform

we also construct the analytical-numerical algorithm to analyze the parameters of the magnetic field
in the TOKAMAK.
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Fig. 1: The ray and the vector-amplitude before and after toroidal domain.

This work was supported by RFBR (grants No. 14-01-00521, No. 16-31-00442).

Homogenization in the Cauchy problem for a wave equation
with rapidly varying coefficients

Dobrokhotov S.Yu.!?, Nazaikinskii V.E.!2, Tirozzi B.3

LA Ishlinsky Institute for Problems in Mechanics of Russian Academy of Sciences, Moscow, Russia
*Moscow Institute of Physics and Technology (Technical University), Dolgoprudny, Russia

3Centro Ricerche Enea, Frascati, Rome, Italy
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We say that a smooth function f(z,e) of z € R™ arbitrarily depending on the small parameter
e > 0 is averageable if |09 f(x, )| < Cpe™l®l Ja| =0,1,2,..., as e — 0 and the convolution

(% * fl@,e) = | flz =" e)p(§) d¢,

R'I’L

together with all of its z-derivatives, is uniformly bounded as ¢ — 0 for any function ¢(x) in the
Schwartz class S(R") of rapidly decaying function and any v € (0,1). We define the average f of an
averageable function f as f = ¢ * f for arbitrary v € (0,1) and ¢ € S(R™) such that

gl

/ o(x)dr =1, / r%p(z)dr =0 for |a| > 0;

this is well-defined (more precisely, independent modulo O(e*) of the specific choice of ¢ and 7).
Consider the Cauchy problem for the wave equation with localized initial data

uy — (V, CZ(ZC, 9,e)Viu =0, Ulp—g = hl_"/2V<%), Ut)t=o = 0, (1)

where V(y) € S(R"), (z,0,¢) = c3(x) + §f(z,¢), the function c(z) > C > 0 is bounded together
with all derivatives, f(z,e) belongs to an algebra of averageable functions, and the small parameters
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g, 0, and h are related by h ~ § ~ /e. The initial data in (1) are normalized in such a way that the
energy integral of the solution, which is equivalent to ||0,ull7, ) [0ull7, (R 18 of the order of 1
as h — 0. Along with problem (1), consider the homogenized problem

Vi — <V>EZ(ZE1 57 €)V>U = Oa v|t:0 - hl_n/2v<%)> vt’tzo = 07 <2)

where 7% (v, 6,¢) = c2(x) + §f(x,¢), which can be solved asymptotically by known methods (see the
survey [1]).

Theorem. Let u and v be the solutions of problems (1) and (2), respectively. Then
v = vllwiwey + e — vil| Lo me) = O(0'")

locally uniformly with respect to t for any k > 0.

We will discuss classes of averageable functions, the relations between this result and other
approaches to homogenization (see the references in [1, 2|), various generalizations, and possi-
ble applications to modeling tsunami wave propagation. A preliminary version of the result was
announced in [2|. The research was supported by RFBR project 14-01-00521 and the CINFAI-
RITMARE project.
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Homogenization of hyperbolic-type equations

Dorodnyi M.A., Suslina T.A.
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In Ly(R% C"), we consider a selfadjoint strongly elliptic operator A., ¢ > 0, given by the differ-
ential expression b(D)*g(x/e)b(D). Here g(x) is a periodic bounded and positive definite (m x m)-
matrix-valued function, and b(D) = Zld:l biD; is a first order differential operator. It is assumed
that b, [ = 1,...,d, are constant (m X n)-matrices, m > n, and the symbol b(£) has maximal rank.

We study the behavior of the operator cos(tA;/ 2), t € R, for small €. It is proved that, as
e — 0, cos(tA;/ %) converges to cos(t(A°)Y/2) in the norm of operators acting from the Sobolev space
H*(R4; C") (with a suitable s) to Ly(R%; C"). Here AY = b(D)*¢°b(D) is the effective operator. In [1],
the following sharp order error estimate was obtained:

| cos(tAL2) = cos(t(A°) /)| 2 rety—s Loy < (Cr + Calt))e. (1)

Also, by interpolation, || cos(tAY?) — cos(t(A°)Y2)|| ez, = O(%/?) for 0 < s < 2.

Now we obtain more subtle results [2|. From one hand, we confirm that (1) is sharp: in the
general case the estimate || cos(tAY?) — cos(t(A")Y2)|| g ey 1o ey = O(€) is not true if s < 2. The
supporting examples are given.

From the other hand, we distinguish conditions on the operator under which the result can be
improved:

 cos(tAY2) = cos(t(A") ) | psaquay s aguey < (G + Calte,

and then also || cos(tAY?) = cos(t(AY)Y2)|| o, = O(e273) for 0 < s < 3/2. In particular, this is
the case for the scalar elliptic operator A, = —div g(x/¢)V, where the matrix g(x) has real entries.
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The results are applied to study the behavior of the solution v.(x,t) of the Cauchy problem for
the hyperbolic-type equation 9?v. = —A.v.. Applications to the acoustics equation and the system
of elasticity theory are given.

Similar results for the Schrodinger-type equations have been obtained in [3]. We develop the
approach of [1] and [3]. The method is based on the scaling transformation, the Floquet-Bloch
theory and the analytic perturbation theory.
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Averaged equations of higher order for microinhomogeneous media
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Dynamic processes in periodic inhomogeneous anisotropic elastic media as well as in thin plates
and bars are considered. The ratio € of the medium inhomogeneity scale or the thickness of plates and
bars to the typical wave length is supposed to be small. The mathematical homogenization method
based on two-scale asymptotic expansions on ¢ is used to derive the averaged effective equations [1].
Commonly, the averaged equations in zeroth approximaton on € only are derived. However, the
equations of higher order of accuracy on ¢ are also needed, e.g., to describe dispersion of waves
in microinhomogeneous media, to take into account the scale effect, i.e., the dependence on the
inhomogeneity scale, to study processes in narrow domains, e.g., the structure of shock waves in
composites, to calculate the coefficients of models in couple-stress elasticity by information of the
medium structure and to study rather short waves and processes in relatively thick plates and bars.
In this paper various asymptotically equivalent versions of the higher order effective equations are
derived and investigated.
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The numerical solution of the problem of electromagnetic wave
diffraction by a system of free located bodies screens and wires
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Department of Mathematics and Supercomputer Modeling, Penza State University, 40, Krasnaya
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The three-dimensional vector problem of electromagnetic wave diffraction by systems of free
located bodies, screens and wires is considered. The original boundary value problem for Maxwell’s
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equations is reduced to a system of integro-differential equations. The system of linear algebraic
equations is obtained using the Galerkin method with compactly supported basis functions. The
subhierarchical method is applied to solve the diffraction problem by scatterers of irregular shapes.
Several results are presented.

Bound state for dielectric waveguide with locally perturbed core

Faleeva M..P., Popov LY.
ITMO University, Kronverkskiy, 49, Saint Petersburg 197101, Russia
e-mails: faleeva.masha@gmail.com, popov1955Q@gmail.com

Optical fibers with high contrast in permittivity are widely used (see, e.g., [1, 2, 3, 4]). We consider
a cylindrical dielectric waveguide (permittivity € = ¢; > 1 with a core (permittivity € = €5 > €;) in a
vacuum (permittivity e = 1). The core has single small gap filled with a material with permittivity
€ = €). Analysis of electromagnetic waves reduces to the investigation of the scalar equation for the
electric field. We show that a bound state below the bottom of the continuous spectrum exists for
the system. Variational approach is used. We construct the trial function and obtain the necessary
estimate. The technique is analogous to that in [4].
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Complex WKB method for difference equations in unbounded domains
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In the complex plane, we consider the difference Schréodinger equation

W(z+h)+Y(z—h)+v(2)Y(z) = EY(z), z€C, (1)

where h > 0 and E € C are parameters, and v is a trigonometric polynomial, i.e., v(z) = Y ,_ cpe*,
m,n >0, ¢,,c_p # 0.

If v = 2 cos z, equation (1) is called Harper equation. This equation appeared as a model to study
the spectrum of a Bloch electron in a crystal placed in a weak constant magnetic field. V. Buslaev
and A. Fedotov studied quasiclassical asymptotics of solutions of Harper equation on the complex
plane (see [1]). It turns out that solutions have the standard quasiclassical behavior for sufficiently
small h on certain canonical domains on the complex plane.

We generalize their result to the case where the potential v is a trigonometric polynomial and
provide a relatively simple proof of the main theorem of the method.
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On difference equations with meromorphic coefficients

A. Fedotov
St. Petersburg State University, 3, Ulyanovskaya st., St. Petersburg, 198504, Russian Federation
e-mails: fedotov.s@mail.ru, a.fedotov@spbu.ru

In the complex plane, consider a difference Schrédinger equation of the form
Y(z+h)+Y(z—h)+v(2)Y(z) = EY(z) z€C, (1)

where v is a periodic entire or meromorphic function, and h is a positive constant. Such equations
arise in particular in the framework of Sommerfeld—-Malyuzhinets method and in solid state physics.
There are solutions to (1) playing a very important role in applications. These are its minimal
solutions. If v is entire, they are entire solutions growing as slowly as possible simultaneously as
Imz — +oo. If v is meromorphic, then, in addition, the set of the poles of a minimal solution
has to be the smallest possible. The minimal entire solutions were first introduced and studied by
V. Buslaev and A. Fedotov in the case where v is a trigonometric polynomial. For v(z) = cot(mz),
A. Fedotov and F. Sandomirski have constructed minimal meromorphic solutions. Now, we turn to
the case, where that v has a finite number of poles on its period, and tends to constant limits as
Im z — +00. We plan to discuss briefly applications of our results to physical problems.

On the reflection coefficient for the Stark—Wannier equation

A. Fedotov
St. Petersburg State University, 3, Ulyanovskaya st., St. Petersburg, 198504, Russian Federation
e-mails: fedotov.s@mail.ru, a.fedotov@spbu.ru

One of the models for an electron in a crystal placed in a constant electric field is the Stark—
Wannier equation
=" (@) + (v(z) — ex)¥(z) = EY(x), x€R, (1)
where v is a periodic potential describing the internal field of the cristal, € is a parameter proportional
to the electric field, and E the energy of the electron. For this equation, in a natural way, one can
define a reflection coefficient r. It appears to be e-periodic in E, and its zeros are the well-known
Stark—Wannier resonances. They are located in the lower half-plane of the complex plane. We
describe the asymptotics of the Fourier coefficients r,, of  as n — +o00. This allows us to study the
asymptotics of the resonances far from the real axis.
The talk is based on a joint work with F. Klopp.

The energy flux analysis of the “shell” type waves in the infinite
cylindrical shell filled with acoustical fluid

Filippenko G.V.

Institute for Problems in Mechanical Engineering, V.O., Bolshoj pr., 61, St.Petersburg, 199178,
Russia

e-mails: g.filippenko@gmail.com, g.filippenko@spbu.ru

The problem of oscillations of the systems containing pipelines filled with the liquid is one of the
actual problems of modern techniques. It is important to estimate the parameters of vibrations and
acoustical fields of such objects in order to provide the construction from damaging, but calculation
of these complicated systems demands major computing resources. Therefore the consideration of
simple model problems which have exact analytical solution [1] is actual. On these models it is
possible to analytically explore main effects and also to use them as the test problems for computing
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packages. The problem of joint oscillations of infinite thin cylindrical shell with ideal acoustical fluid
inside it is considered. The “shell” type waves are explored. The propagating waves and energy
flux are analyzed in the system shell-liquid. The comparison of different mechanisms of energy
transmission in the shell and input of the energy flux in the water is fulfilled.
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New approach to the connection problem for general Heun’s functions

Plamen Fiziev
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New geometrical approach to the connection problem of local solutions to the general Heun
equation is developed and described in details.

The mathematical model of a longitudinal deformation wave propagation
in multilayered structures

Garbuzov F.E., Gula I.A., Samsonov A.M., Semenov A.A.

The Ioffe Physical Technical Institute of the Russian Academy of Sciences, 26, Polytekhnicheskaya st.,
St. Petersburg, 194021 Russia
e-mail: gula@mail.ioffe.ru

Since the 1960-70th the study of strain wave motion in non-homogeneous solids has taken con-
siderable attention. Among aims are the possibility to estimate the elastic properties of composite
materials, a determination of wave parameters in one layer using known wave parameters from an-
other one etc.

In [1] the authors developed linear theory of longitudinal wave propagation in a two-layered
cylinder made of different materials. The model is represented by two governing equations:

pFy(x,t) =mFp(x,t),
tht(wvt) - mex(l‘,t) = AFxmxm(x;t)a

where p, m, A are constants, depending on physical properties of both layers, and F'(x,t) and G(z, )
are unknown functions, through which displacement fields are determined.

The model for nonlinear strain wave propagation in periodic composites was derived in [2]. The
authors considered a composite consisting of an infinite number of layers. Corresponding power
expansions for displacements:

ut) = Ug(z,t) + 2 Ui (z, 1), v =y Vi(x,t) + ° Vi(x, 1), (1)
u(z) = Qo(l',t) + (y - hl - h2)2 Ql(l',t), 1)(2) = (y — hl — hg) Wg(l’,t) + (y - hl - h2)3 Wl(l',t),
where ) and v are displacements along x and y axes in i-th layer, are hypothetical and are

thought to be hardly applicable to the structures, consisting of a finite number of layers. The power
expansions (1) are illustrated schematically in Fig. 1.
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Fig. 1: Geometrical interpretation of power expansions (1) for displacements: the lateral one
is to the left, the transversal one —to the right.

We developed mathematical models to describe propagation of nonlinear longitudinal deformation
waves in three-layered rod with rectangular cross-section, two-layered cylindrical rod and three-
layered semi-infinite plate. The refinements allow us to describe the waves in composites made of
several layers and obtain the strain distribution.
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Trapped modes of oscillation and localized buckling of a tectonic plate
as a possible reason of an earthquake
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We suggest a mechanical model describing buckling of a tectonic plate due to non-stationary
longitudinal wave of compression that propagates along the plate. For low frequencies the interaction
of a tectonic plate with its environment can be approximately described by means of the Winkler
elastic foundation. Introducing the inhomogeneous Winkler foundation with weakened zone can lead
to the existence of trapped modes of transversal oscillation in this mechanical system, and makes
possible the localized buckling of the plate [1]. Such an instability can be considered as a possible
reason of an earthquake. To describe this mechanism of an earthquake we need a coupled model that
can describe both transversal and longitudinal motions of a tectonic plate.

At the beginning, to construct such a model we restrict ourselves with one-dimensional case and
use the non-linear equations of the theory of elastic rods. In the framework of the model we deal
with a straight extensible rod, while the shear deformations and the rotational inertia are neglected.
The coupled nonlinear equations for longitudinal and transversal motions of the rod are derived. For
the case, when the rod is subjected to the slowly varying in time longitudinal load, we proceed with
the asymptotic reduction of the nonlinear equations. Finally, we obtain a problem on the evolution
of a trapped mode of transversal oscillation in a weakly non-stationary system. If the frequency of
the localized oscillation approaches zero, the amplitude of the oscillation can be a growing quantity.
This is true for the solution of ODE describing oscillation of a one degree of freedom system with
slowly varying stiffness (recall the Liouville-Green approximation). Nevertheless, we demonstrate
that this classical result cannot be directly applied to a system with a trapped mode of oscillation.

To consider the evolution of a trapped mode we plan to use the asymptotic approach proposed in
study [2].
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The further increasing of the longitudinal load results in the localized buckling of the tectonic
plate that causes an earthquake.

We expect that the proposed model can explain the known experimental fact that ultra-low-
frequency seismic pulses are registered before powerful earthquakes [3]. In [4] this was explained
by beating between an oscillation eigenmode of a whole tectonic plate and a local eigenmode of an
active zone.
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Resonant states for quantum ring with two infinite leads
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Department of Higher Mathematics, ITMO University, Saint Petersburg 197101, Russia
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Quantum graph is a widely used model of nanosystem [1-4|. If the graph I' consists of finite
number of edges of finite lengths, then the Hamiltonian has purely discrete spectrum and the eigen-
functions are complete in Ly(I"). If T' contains semi-infinite edges, one has non-empty continuous
spectrum and resonances generated by the eigenvalues of the Hamiltonian of finite graph. For many
applications, it is important to know a space in which the resonant states form a complete system.
In this paper we determine this space for a graph with two infinite leads and a loop (Fig. 1) using

Sz.-Nagy model [5].
Q
Q2 inc V;ncmv:mt Q out
o,/

Fig. 1: Quantum graph I' consisting of edges Qine, Qout, 21, 2. 1 and €2y represent the 1D
ring connected to lead €2;,. via the vertex V;,. and to lead Q.. via V.

We are interested in scattering of a wave with wavevector k incoming from the left lead to the right
one. At vertices Vi, Vour we impose Dirichlet boundary conditions for wavefunctions and d-coupling
boundary conditions with the coupling constant a for wavefunction’s derivative. After solving the
system of equations, we obtain a closed-form expression for the S-matrix determinant:

((a® — 5k?) cos(kd) sin(kd) — 4ak sin?(kd) + 2ak) + i(2ak cos(kd) sin(kd) — 4k? sin?(kd) + 2k?)

det S =
¢ ((a% — 5k2) cos(kd) sin(kd) — 4ak sin®(kd) + 2ak) —i(2ak cos(kd) sin(kd) — 4k2 sin®(kd) + 2k?)

To establish the completeness, we have to prove that S is a Blaschke-Potapov product [6], that is,
h{nOfL log |det S(k)| % = 0, where L, is the image of the curve || = r (r < 1) under the map
r—1— r

k= 1% Substituting det .S, which we calculated above, and estimating the integral, one obtains

the desired result.

This work was partially financially supported by the Government of the Russian Federation (grant
074-U01), by Ministry of Science and Education of the Russian Federation (GOSZADANIE 2014,/190,
Projects No. 14.750.31.0031 and No. 1.754.2014/K), by grant MK-5001.2015.1 of the President of the
Russian Federation and DFG Grant NE 1439/3-1.
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Guided waves and energy flows in the coupled structure:
monopole source — acoustic liquid — immersed laminate plate
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Numerous technical applications ranging from the vibration isolation and noise control to the
acoustic stealth of submarines assume the investigation of acoustic wave interaction with an elastic
plate immersed in acoustic fluid (water or air). By now this classical problem of structural acoustic
is well studied. However, it is still complicated to simulate wave processes in such fluid-loaded struc-
tures with a strict accounting for the wave source in a coupled source-structure problem. Especially,
if a composite plate of complex anisotropic elastic properties is under investigation. Contemporary
commercial finite-element packages are ample for such a simulation, but their use is often too ex-
pensive and so cannot provide fast parametric analysis required for the optimization of design and
technology respects. More suitable for this purpose are semi-analytical solutions based on the Green’s
function of the source-fluid-plate structure as a whole.

The present work aims at the simulation and study of wave processes inherent to non-contact
non-destructive testing (NDT') of laminate composite structures using air-coupled transducers. This
is a cheaper practical alternative to the laser Doppler vibrometry that is, nevertheless, feasible and
to control material properties of the plate and to detect flaws. Unlike the acoustic microscopy that
utilizes bulk waves directly reflected from the plate, the air-coupled inspection of large structural areas
is based on the generation of guide waves (GW) in the plate by incident ultrasound signals coming
from the transducer and detection of acoustic waves re-radiated in the course of GW propagation
over the plate. Hence, the questions of optimal GW excitation and source energy distribution among
the incident and scattered waves are of prime concern.

Explicit integral representations for the generated and scattered wave fields have been derived
using the Fourier transform technique. In the far-field, the bulk and guided waves are described by
asymptotic representations obtained from those integrals using the stationary phase method and the
residue technique. These representations make it possible to evaluate wave energy fluxes in the time-
harmonic wave field generated by a given source. As a control of the numerical results, the energy
balance has been calculated in the frequency range considered by comparing the source power with
the amount of energy going away to infinity through the sphere surface of various radii. Numerical
results obtained for the sources located at different distances from the plates of various material
parameters have shown optimal frequency ranges for the generation of required GWs.

The work is supported by the Ministry of Education and Science of the Russian Federation
(Project No. 1.189.2014K).
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Owning to the possible advantages in a broad range of engineering applications, the wave propaga-
tion phenomena in periodic composites or phononic crystals are intensively studied in last decades [1].
In-plane wave propagation in layered piezoelectric phononic crystals composed of functionally graded
interlayers arisen from the solid diffusion is considered in the present work. Wave transmission and
band-gaps due to the material gradation and incident wave-field are investigated. A classification of
band-gaps in layered piezoelectric functionally graded phononic crystals is proposed. The classifica-
tion relies on the analysis of the eigenvalues of the transfer matrix for a unit-cell and the asymptotics
derived for the transmission coefficient in the same manner as in [2]. Wave-fields, low transmission
pass-bands and band-gaps are studied. The so-called low transmission pass-bands are introduced in
order to identify frequency ranges, in which the wave transmission is sufficiently low for engineering
applications, but it does not tend to zero exponentially as the number of the unit-cells tends to infin-
ity. The influence of the driving parameters for electrodes on band-gaps and pass-bands is analyzed
and discussed.

This work is supported by the Russian Foundation for Basic Research (Project 16-51-53043) and
the grant of the President of the Russian Federation (MK-7154.2015.1).

Fig. 1: Geometry of the problem considered.
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Numerical simulation of Lamb wave excitation by the partially debonded
rectangular strip-like piezoelectric actuator based on the integral
approach and hp-FEM
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A two-dimensional coupled mathematical model for the dynamic behaviour of a rectangular piezo-
electric actuator attached at the surface of an elastic layer is presented, see Fig. 1. Two contact prob-
lems are studied: perfect/imperfect contact between bottom of the actuator and the layer (Sq = )
and partially debonded actuator (S; # (). A solution is constructed in a frequency domain, and
then Laplace transform is used to obtain a non-stationary solution. Lamb wave propagation in the
elastic layer is described by integral representations based on the integral approach [1]. The solution
is obtained in the form of convolution of the Fourier transforms of Green’s matrix and the surface
load. Stress functions defined at S, are determined as a solution of the coupled problem taking into
account interaction between the layer and the piezoelectric actuator with given electric potentials
V1 and V5 at the top and bottom surfaces. All other external boundaries of the actuator and the
layer (except for S.) are assumed free of normal and tangential stresses. The dynamic behavior of
the piezoelectric sensor is simulated using the high precision finite element method also called the
spectral element method [2]. Coupling between the piezoelectric actuator and the elastic layer is
given by spring boundary conditions [3| used to simulate perfect and imperfect contact. In order to
verify the developed coupled model an experiment has been conducted. An experimental setup with
elongated rectangular perfectly glued and debonded piezoelectric actuator attached at the surface
of an aluminum plate has been used. Velocities of Lamb waves at the top of the elastic layer have
been measured by a laser Doppler vibrometer on the surfaces of the plate. A good correspondence
between numerical and experimental results are shown.

The work is supported by the Russian Foundation for Basic Research (Projects 14-08-00370 and
16-51-53043).
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Fig. 1: Geometry of the problem considered.

References

[1] E.V. Glushkov, N. V. Glushkova Journal of Computational Acoustics, 9(3), 889-898 (2001).
[2] R. Schulte, C.-P. Fritzen, AIP Conference Proceedings, 1281, 1753-1756 (2010).

[3] M. V. Golub, O.V. Doroshenko, A. Bostrém, International Journal of Solids and Structures, 81,
141-150 (2016).



DAYS on DIFFRACTION 2016 59

Generalization of energy balance for diffraction
by randomly rough lossy 2D surfaces
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Some surfaces are deterministic, e.g., perfect gratings, and some are random, e.g., polished mir-
rors. Some surfaces are 1D, e.g., one-periodic (classical) gratings or vicinal crystal surfaces, but
most are 2D, e.g., bi-periodic gratings (bigratings), ocean surfaces or surfaces with atomic scale
roughness. Any complex diffraction structure, e.g., butterfly wings or coronas can be represented
as a combination of the described above types. There are two classical and equivalent approaches
in electromagnetics, with some restrictions in each of them, to model rigorously —with rigorous
boundary conditions (boundary-continuous tangential components of the full field) and radiation
conditions — randomly-rough 1D and 2D surfaces. The most general and time consuming one is to
use large surface lengths of many wavelengths. In this approach some window functions and tapered
(narrowing) beams can be used to restrict the illuminated range and avoid numerical difficulties
at endpoints. The second widely-explored approach is to use periodic boundary conditions (quasi-
periodicity of Floquet—Bloch modes). This method uses an infinite beam (plane wave) and assumes
that the random rough surface lengths repeats itself for given large periods having some numbers
of random asperities. That means using infinite grating samples and their periodicity together with
intensive Monte-Carlo simulations. From the theoretical and numerical reasons we thought it con-
venient to use the large-periods-grating model. So one uses the model in which an uneven surface
is represented by a bigrating with large periods of d,, d, in perpendicular planes, which include
appropriate numbers of random asperities with correlation lengths of &, £, respectively. We analyze
a complex structure which, while being the bigrating from a mathematical viewpoint, is actually the
rough surface for d,, d, > &;,&,. It &, &, about a wavelength A and the number of orders is large, the
continuous angular distribution of the energy reflected or transmitted from randomly rough bound-
aries can be described by a discrete distribution 7, ,, in orders (n,m) € Z?* of a bigrating, similar to
[1] for classical gratings. Here the author describes an approach applicable for general 2D surfaces
that generalizes the methods [1, 2] developed to study the scattering intensity (diffraction efficiency),
absorption and energy balance of 1D rough surfaces and perfect bigratings.

A study of the scattering intensity starts with obtaining any statistical realizations of profile
boundaries of the structure to be analyzed, after which one calculates the differential reflection
coefficient (DRC) ¢ (analogous of a bistatic scattering coefficient) for each realization. For \/d < 1
the discrete order efficiencies is an approximation of DRC for a continuum of scattered angles 6, ¢
in the upper, +, and lower (if exist), —, mediums. Then, DRCs are averaged out over all realizations

to obtain a mean DRC:
w/2
—7/2 —7r/2

'Yn m>0

where 722 = ki — ol — B}, an = a4 2wn/dy, B = B+ 2mm/d, and k = 27/X. By selecting
large enough samples and numbers of sampling points, one comes eventually to properly averaged
properties of the rough surface; however, this approach does not involve approximations, including
averaging by the Monte Carlo method [3,4]. In the lossy case, one needs an independently calcu-
lated absorption quantity A, that is especially important in the x-ray and EUV ranges and also for
plasmonics and metamaterials applications, where absorption plays a predominant role. For a study
of the absorption one follows the similar procedure starting from one realization of A, e.g., by direct

calculus of Ay using a surface integral for the Poynting vector component over the closed grating
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region 0f2, to end with Ay averaged out over all realizations to obtain a mean value [1]

Lz Jut/et —
A=2°VZ 7 /e <Re/ E x Hnds>, (2)
a0

d,d, cost

where n refers to the exterior unit vector normal to the surface 02 enclosing €2, Z, is the vacuum
impedance, # is the incidence angle and €, u are electric and magnetic permittivities, respectively.
Finally, the generalization of the normalized energy balance for rough lossy 2D surfaces can be
represented as

> o tA=1 (3)

v$m>0

Besides being physically meaningful (3) is very useful as one of numerical accuracy tests for compu-
tational codes.
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Genetic networks can learn fitness landscape
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We consider evolution of a large population, where fitness of each organism is defined by many
phenotypical traits. These traits result from expression of many morphogenes. In turn, we assume
that the morphogene expression is controlled by a number of morphogenes and by a gene regulatory
network with a memory, which creates a feedback between that morphogenes and other genes. Under
general assumptions on the fitness we prove that organisms having such a regulation are capable,
to some extent, to recognize the fitness landscape. This fact leads to acceleration of evolution the
number of mutations necessary for adaptation decreases. However, this acceleration leads to an
additional risk since learning procedure can produce errors. Finally evolution acceleration reminds
races on a rugged highway: when you speed up, you have more chances to crash. Results can be used
to explain recent experimental data on anticipation of environment changes by some organisms.
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Oblique incidence and propagation of intense acoustic beams
in a fluid layer with bubbles
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Lomonosov’s Moscow State University, Physical Faculty, Department of Acoustics, Russia, 119991,
Moscow, Leninskie gori

e-mail: vgusev@bk.ru

The problem of the high intensity bounded acoustical beam fall at large angle to the boundary
of the liquid layer with bubbles is studied. Usually bounded beams are described by evolutions
equations such as Khokhlov—Zabolotskaya equation and its modifications. But these equations are
set up for normal propagation with regard to initial plane. When the wave falls at some not small
angle it is necessary to set up new evolution equation. The standard method to be applied is the
Taylor expansion for spatial spectrum of wave. But this approach allows to derive evolution equation
which is good enough only for relatively small angles. For larger angles it can be used only for waves
with narrow spatial spectrum so the larger angle of incidence the more narrow spectrum we can
consider. In this work the another approach is developed. The new approximation of the spatial
spectrum of wave is based on quality coincidence with exact one as a whole and fulfillment of some
conditions. As a result new evolution equation for the oblique propagation of nonlinear acoustic
beams is set up. This equation is generalized for description of acoustic beams in the liquid layer
with bubbles. The wave profile distortion and transversal wave form of beam in such medium is
obtained. This work was supported by Russian Science Foundation (project 14-22-00042).

GaAs-based high index contrast photonic crystal surface emitting lasers
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In this article, we experimentally and numerically discussed the optical characteristics of a deeply-
etched InGaAs/GaAs photonic crystal surface emitting layers (PCSELSs) with different air hole filling
factors (FFs). There are a lot of works about the optical characteristics of photonic crystal with high
index contrast in the literature [1,2]. In addition, the feature of quality factor as a function of filling
factor have been discussed by FDTD calculation [3,4]|. However, emission features of PCSELs with
smaller and larger filling factors appear particular phenomena.

The epitaxial wafer was grown by molecular beam epitaxy (MBE) which include GaAs substrate,
AlGaAs etching stop layer, 3 pairs of InGaAs/GaAs multiple quantum wells (MQWs), AlGaAs
cladding layer and GaAs layer. The PC pattern with square lattice was fabricated by E-beam
lithography. The photonic bands for different guided modes calculated by the plane wave expand
method (PWEM) and the operating frequency near at I' point was picked out to meet the Bragg’s
condition. The targeted lasing wavelength and lattice constant were set to 950 nm and 285 nm,
respectively. Moreover, air hole filling factors of 0.17 and 0.49 are also included.

In measurement, the out coupling of different guided modes was observed by the angular-resolved
photoluminescence system. For FF =0.17, both TEj; and TE; guided modes were observed for below
the threshold condition. when incident pumping power increased above the threshold condition, the
lasing mode was dominated by the TEy mode. Interestingly, for FF = 0.49, room temperature lasing
characteristics show that the lasing wavelength would jump from 950 nm to 880 nm when the filling
factor increased to 0.49 because the lasing mode was then changed to the higher order guided mode.
High index contrast photonic crystals with deeper and larger air holes were more favorable for higher
order guided modes and the output emission is highly influenced by out coupling effect.
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The overall concluded that further systematic studies of etching depth and filling factor of air
holes could be achieved for improving the development of laser devices in the future.
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High-index contrast gratings (HCGs) which composed of a thin planar higher refractive index
layer surrounded by distinct lower refractive index substances [1] bring about a large stopband
reflected spectra, polarization control and light mass for fast tuning of cavity modes; moreover, these
structures are being widely used in several applications [2-5]. To compare with the distributed Bragg
reflectors (DBRs) structure, HCG is employed the destructive interference in the in-plane direction.
These gratings also can have superior performance with polarization-independent to that of DBRs.

In this study, here we report the realization of a novel hybrid silicon-compatible two-dimension
grating reflectors, which could enhance the laser properties and perform the much lower cost of the
integrated optoelectronic device. The optimized realistic nanoscale fabricated structure in details
with various geometry-dependent designs was employed to prove the structural parameters inclusive
of grating periods and duty-cycles by utilizing three-dimension computer-aided software. Based
on the optimized calculated results, the optimized structure was obtained high-quality stopband
spectra with reflectivity greater than 90%. The HCG designed reflector with a highly reflective
stopband of over 200 nm through the monochromator system to record the reflectivity spectra was
fabricated on a SOI wafer with a 220 nm silicon layer by electron-beam lithography and inductively
coupled plasma process. The measured result was almost in good agreement with calculated one. We
believe this accomplishment should have an influence on several photonic devices operating in the
telecommunication wavelength range or even visible-infrared region of the light sources and fruitful
contribution to the integrated blue-violet HCG VCSELSs in the near future.
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Asymptotic estimate of the 2011 tsunami source parameters on the basis
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For the 2011 Tohoku tsunami, we consider a very simple four-parameter model in which the
tsunami wave propagation is described in the linear approximation by the wave equation

(%, 1) = g(DX)na(x, 1))z — g(D(X)ny (%, 1))y = 0 (1)

for the free surface elevation n(x,t) (where D(x) is the depth at the point x = (z,y) and ¢ is the
free fall acceleration) and the tsunami is generated according to the piston model with initial data

0(x,0) = A(L+ (z — 20)*/R* + (y —y0)*/B*) >, mi(x,0) = 0. (2)

We compute the epicenter coordinates (g, 3) in the geometric optics approximation from the leading
crest wave arrival times at the DART 21418 station and the South Iwate GPS Buoy, use Maslov’s
canonical operator method [1, 2| for the approximate solution of problem (1), (2), and finally find the
characteristic radius R and the free surface elevation A at the epicenter from the condition of best fit
with the mareogram produced by the DART 21418 station. It turns out that the resulting solution
fits very well with the mareogram produced by the South Iwate GPS Buoy. (See the figure. Only
the leading crest wave is taken into account in both cases, because the dispersion-free equation (1)
cannot adequately describe tail oscillations.) In the talk, we discuss the advantages and drawbacks of
our model, make comparison with other studies, and outline possible implications and applications.
This study continues the research in [3|, where a very coarse constant-depth model with the same
four-parameter source (2) was used. The talk is based on the paper [4].
The research was supported by RFBR project 14-01-00521.
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Fig. 1: (see [4]) Mareograms for DART 21418 (left) and South Iwate GPS buoy (right), shown
by dotted lines. Solid lines depict the mareograms produced by the model.
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We present fifteen possible choices for the coordinate transformation that provide energy-inde-
pendent potentials that are proportional to an energy-independent continuous parameter and have
a shape independent of that parameter and for which the one-dimensional Schrédinger equation is
solved in terms of the single-confluent Heun functions. Because of the symmetry of the confluent
Heun equation with respect to the transposition of its regular singularities only nine of the potentials
are independent [1]. No confluent Heun potential can in general be transformed into another one by
specifications of the involved parameters.

Five of the independent potentials present distinct generalizations of either a hypergeometric or a
confluent hypergeometric classical potential, one potential possesses sub-cases of both hypergeometric
types, and three others possess particular five-parametric conditionally integrable confluent hyper-
geometric sub-potentials. We present an explicit solution for one of the latter potentials belonging
to the confluent Heun Lambert-W potential.

We show that there are other exactly or conditionally integrable sub-potentials the solution for
which is written in terms of simpler special functions. However, these are solutions of different
structure. For instance, there are sub-potentials for which each of the two fundamental solutions of
the Schrodinger equation is written in terms of irreducible combinations of hypergeometric functions
[2-4]. Several such potentials are derived with the use of extended Heun equations [5]. A comple-
mentary approach is the termination of the hypergeometric series expansions of the solutions of the
Heun equations (e.g., [6]).
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We introduce a hierarchy of exactly and conditionally exactly solvable potentials for which the
solution of the one-dimensional Schrodinger equation is written in terms of the confluent hyperge-
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ometric functions. The presented potentials belong to the bi-confluent family of the Heun class of
potentials. This family is distinguished in that it includes four of the five presently known exactly
solvable confluent hypergeometric potentials that are proportional to an energy-independent param-
eter and have a shape that is independent of that parameter. Three of these four potentials are
the classical ones — the harmonic oscillator (plus inverse square) [1|, the Coulomb (plus inverse
square) [1] and the Morse [2] potentials. The fourth one is the inverse square root potential reported
very recently [3]. The hierarchy we introduce possesses several conditionally exactly solvable poten-
tials including the two well-known Stillinger ones [4] as well as many quasi-exactly solvable ones.
Apart from the general interest, the presented list includes several particular potentials that deserve
a detailed examination because of their relevance to the modern trends such as the applications
in graphene systems and the Dirac equation. The approach we apply for deriving the presented
hierarchy can be extended to other Heun equations, e.g. to the general Heun equation [5, 6].
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Confluent Heun equation with single added apparent singularity:
elementary, gauge and integral symmetries
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Confluent Heun equation with single added apparent singularity (CHE1AP) is under considera-
tion. This equation is a natural bridge between linear and nonlinear special functions of mathematical
physics. It can be generated at reduction of different systems of linear differential equations. These
generating systems can be exploited for the deducing of the gauge symmetries and Euler, Laplace
and hypergeometric integral symmetries for the solutions of CHE1AP and corresponding symmetries
of the monodromy group.

On the problem of propagation of MHD waves
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The system of nonlinear partial differential equations describing the dynamics of a rotating layer
of an ideal conducting incompressible fluid is difficult to investigate because of its vector character.
Therefore, it is natural to try to reduce it to equivalent scalar equations for auxiliary functions.
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We consider the nonlinear system of partial differential equations that model perturbations in a
layer of an ideal conducting rotating fluid bounded by spatially and temporally varying surfaces with
allowance for inertial forces and diffusions of magnetic field. The purpose of this study is to reduce
this system to a scalar equation and to construct analytical solutions to the corresponding boundary
value problems.

The accounting of diffusive members is necessary when studying dynamics of waves of more local
character, i.e., when the horizontal scale of change of hydromagnetic sizes much less than a radius
of a considered layer, and also at very great time scales. It would be desirable to see influence of
diffusion of a magnetic field on its generation. Whether there will be able to be a magnetic field as
much as long time and whether it will exist at shutdown of an inoculating field.

The motion of a conducting fluid in a magnetic field causes electric currents. These currents
change the magnetic field. At the same time, the forces acting on the currents in the magnetic field
can change the character of the fluid motion. Hence, hydrodynamic motion and electromagnetic
phenomena are interrelated. This relation is described by the joint system of field equations and
the equations of motion of a fluid. According to the works by the well-known Swedish physicist and
astrophysicist G. Alfven, the interrelation between electromagnetic and hydrodynamic phenomena
strengthens as the linear scale of a phenomenon increases. For large-scale phenomena, this inter-
relation can be rather strong. For example, this is true of star interiors and the Earth’s liquid
core.

In this study, we assume that the boundaries of the layer are not stationary but vary in space
and time. Furthermore, the inertial forces are taken into account in the equation of motion.
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In this talk we will discuss the modelling of nonlinear waves in inhomogeneous layered elastic bars
with different types of bonding between the layers. In particular, we model the dynamics of a long
longitudinal strain solitary wave in a symmetric perfectly bonded layered bar with delamination [1].
The previously developed analytical approach [2|, based on matching two asymptotic multiple-scale
expansions and the integrability theory of the KdV equation by the Inverse Scattering Transform, is
used to develop an effective semi-analytical numerical approach for these types of problems. We also
employ a direct finite-difference method and compare the numerical results with each other, and with
the analytical predictions. The numerical modelling confirms that delamination causes fission of an
incident solitary wave and, thus, can be used to detect the defect (see also [2, 3]). We then extend
our approaches to the modelling of the waves in a layered bar with a soft bonding layer, described
by a system of coupled Boussinesq equations [4].
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Fock—Leontovich parabolic equation method on prolongated bodies
with Neumann boundary conditions
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We consider a diffraction problem where the scatterer is a strictly convex and prolongated body of
revolution. The incident plane wave radiates along the revolution axis. The wave field is constructed
in the vicinity of the shadow-light (penumbra, Fock’s region) zone and in the shadow zone.

Fock’s zone plays a crucial role in calculating a diffraction field, because it works as an origin of
the field for the shadow region and in the vicinity of the creeping rays cone. Moreover the diffracted
field can be described in terms of the Ray Method in the lighted part of a scatterer in case of the
both curvature radii of the surface are much greater then the incident wavelength.

Shortwave diffraction by prolate bodies of revolution.
Results of numerical experiments

Kirpichnikova N.Ya., Popov M.M., Semtchenok N.N.
Steklov Mathematical Institute, Saint-Petersburg, Fontanka 27
e-mails: nkirp@pdmi.ras.ru, mpopov@pdmi.ras.ru, semtchenok@gmail.com

In our previous papers [1, 2| we suggested and developed a new approach to shortwave diffraction
by prolate convex bodies of revolution (axis-symmetrical case). It is based on the method of match-
ing of local asymptotics ascending actually from papers by B. A. Fock [3| and also on the method of
two-scaled asymptotic expansions. The oblongness of the scatterer is characterized by the parameter
A= p—”t, where p is the curvature radius along the geodesics (meridians), and p; represents a cur-
vature radius in the transversal direction (latitudes). It appears in the diffraction problems under
consideration as an additional large parameter with respect to large Fock parameter M = (%)1/ 3,
where k is the wave number.

In the asymptotic formulae for the diffracted wave field it appears in the following combination
K= % Thus for strongly elongated bodies when k = O(1) as M — oo, it compensates influence of
Fock parameter in corresponding terms of asymptotics and Leontovich—Fock method fails. Exactly
for this case we suggest and use the new boundary layer in the vicinity of of the light-shadow zone,
see [4].

In order to examine influence of the oblongness of a scatterer on the diffracted wave field and to
compare our approach with ones available in the literature, we carried out numerical experiments.

In this report we demonstrate results of those experiments.

The research was supported by RFBR grant 14-01-00535-a.
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Optical-force-induced dynamics of Mie scatterers
in Laguerre—Gaussian beams and near-field structures
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Using a T-matrix approach in the form described in [1, 2| we study the light scattering problem
for optically isotropic spherical scatterers illuminated with Laguerre-Gaussian (LG) beams. Our
method uses the remodelling procedure in which the far-field matching method [2] is combined with
the results for nonparaxial propagation of LG beams. Scattering of such beams can be described
in terms of the far-field angular distributions that determine the outgoing parts of the incident and
scattered waves [3|. In particular, these distributions give the differential cross-sections and the
optical (radiation) force acting upon the Mie scatterer.

The theoretical results are used to analyze the optical-force-induced dynamics of the scatterer near
the trapping points represented by the equilibrium (zero-force) positions. The regimes of linearized
dynamics are described in terms of the stiffness matrix spectrum and the damping constant of the
ambient medium. For non-vortex LG beams characterized by vanishing azimuthal mode number,
mrg = 0, the stiffness matrix is symmetric and hence the dynamics being locally conservative appears
to be essentially independent of the ambient medium. The latter is no longer the case when the LG
beams are purely azimuthal and represent optical vortex beams. For such beams, the dynamics in
the transverse plane is non-conservative, so that the dynamical regimes governed by the ambient
madium may take place.

The optical field in the near-field region is analyzed for the purely azimuthal LG beams. It is
shown that the morphology of photonic nanojets significantly varies depending the mode number and
the scatterer characteristics. The cases of negative index metamaterial and metallic Mie scatterers
are discussed. The near-field structure of optical vortices associated with the components of the
electric field being highly sensitive to the mode number is found to be determined by the twofold
rotational symmetry.

A.D. K. acknowledges partial financial support from the Government of the Russian Federation
(Grant No. 074-U01), from the Ministry of Education and Science of the Russian Federation (Grant

No. GOSZADANIE 2014/190, Project No. 14.Z250.31.0031, and ZADANIE Grant No. 1.754.2014/K),
through a grant from the Russian Foundation for Basic Research, and through a grant from the
President of Russia (Grant No. MK-2736.2015.2).
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Self-action features of nonparaxial optical pulses
in a medium with cubic nonlinearity

Kislin D.A., Kozlov S.A.
ITMO University, St. Petersburg, Russia
e-mails: kislin.dmitriy@gmail.com, kozlov@mail.ifmo.ru

In this paper, we show main effects simulated by the system of spectral equations describing the
diffraction dynamics of TM polarized nonparaxial waves in a dielectric media with inertialless cubic
nonlinearity in the form

azgx 2 2 o Enl 2 2 . a(I)z

g (K = e =~ (0 - )0+ T 0), "
892 . o Enl . aq)z

9z T kege = n2(w) <ka(1)m * E)’

where g, , are the Cartesian components of the radiation spectrum; w, k, are the frequencies of
temporal and spatial spectra, respectively; n(w) is the frequency-dependent refractive index of the
medium; k(w) = wn(w)/c is the wave number; ¢ is the speed of light in vacuum; €, is the nonlinear
susceptibility; z is the direction of radiation propagation,

@, = F|F7 (o] + F~' g2 'lg.]].

b, =F [2F‘1 [%] Fgol P~ ge] + (FHga]* + 3F " [g:]?) (_ikrF_l[gr])} :
whereas I, F'~! are the operators of direct and inverse Fourier transform.

Present work covers a range of effects arising in longitudinal and transverse components in the
nonparaxial beam. The figures below show simulation result of the longitudinal component dynamics
of initially a one-cycle TM polarized terahertz wave (central wavelength is 0.3 mm) in a crystal of
lithium niobate (Ng = 4.73, a = 2.22- 1073 scm?, ny = 5.4 - 10712 ecm? /W, [ = 1.0 - 10 W/cm?)
with a nonlinear additive to the refractive index An,; = 1072. The beam variance can not be ignored
in such case for the one-period beam where the carrier frequency is 1 THz. its power of influence
becomes comparable to the non-linear effects.

Figures show that the nonlinear medium gives rise to two special major effect in the longitudinal
component of the electric field. The wavelength increases significantly approximately one and a half
to two times and half periods of the pulse is modulated in intensity and spatial width.
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Fig. 1: (a) dependence of the longitudinal component of the electric field on the transverse
coordinate z and time ¢ at the input of the medium z = 0.01 mm and (b) its output z = 2 mm.
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Simulation of Josephson antenna in 3D space

Klushin A.M.!, Kurin V.V."2, Shereshevskii I.A.""?, Vdovicheva N.K.!
"nstitute for Physics of Microstructures RAS, 603950, GSP-105, Russia
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e-mail: ilya@ipmras.ru

We present the mathematical model and algorithm for simulation of active Josephson antenna,
which consists of a few lumped Josephson junctions, connected by perfectly conducting wires of
different radius’s with the source of a.c. bias current and placed on dielectric substrate. First we
discuss some problems, connected with the formulation of mathematical models of the considered
system. We suggest a system of equations which contains the discrete model of Maxwell equations,
known as Yee scheme [2, 3], the equations for the dynamics of lumped Josephson junctions biased by
a.c. current, and conditions which connect current and voltage on the junctions with electromagnetic
field in the waveguide. We use so-called Perfectly Matched Layer boundary conditions |2, 4] to avoid
the reflection of electromagnetic waves at the artificial boundary of calculating domain. To simulate
the dynamic of electromagnetic field we use the known FDTD explicit method [2| and semi-implicit
scheme for the Josephson equations. We also discuss the implementation of suggested algorithm. We
present the current-voltage characteristics of junctions and calculate the 3D antenna diagram at the
Josephson frequency using near-to-far field transformation [1, 2|.
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Noncollinear interaction of few-cycle optical waves
in dispersive nonlinear medium
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Analysis of the interaction of intense light waves propagating in an optical medium at an angle
to each other is a classic problem of nonlinear optics [1]. Usually it is solved for the case of quasi-
monochromatic radiation [2]. In the present work, we consider a self-consistent problem of a non-
collinear interaction of two few-cycle waves in a nonlinear dispersive optical medium. We used the
spectral method of describing the dynamics of radiation [3]:

g W €n1

k() — K g =

gw—u', ky — K, 2)

WK — K 2)g(w” K 2)de! A, dw” dE”. (1)

where ¢ is a spectral density of the radiation, w and k, are the angular and spatial frequencies,
respectively, k(w) = wn(w)/c is the wave number, n(w) = Ny + acw? is the refractive index, e, is the
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dielectric permittivity, ¢ is the speed of light in vacuum, z is the spatial coordinate along which one
of the waves propagates.

The primary wave with a fixed intensity serves as a source for the third-harmonic generation
(THG); the other wave with a varying intensity (acting wave) interacts with the primary wave and
influences the conversion efficiency of the THG process. We show that, similar to the case of quasi-
monochromatic radiation, for the few-cycle waves, propagating and interacting in isotropic dielectric
media with an instantaneous third-order nonlinearity, there is no energy redistribution between the
interacting incoming waves. Nevertheless, the interaction between the incoming waves could lead to
a significant enhancement of the third-harmonic generation in the primary wave. The interaction
with the acting wave accompanied by a spectral broadening and reshaping (see fugure).
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Figure. The spectrum of the third harmonic of the primary wave (by dashed line is shown
spectrum without the interaction).
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Wiener—Hopf analysis of the radar cross section of a finite parallel-plate
waveguide with four-layer material loading

Kazuya Kobayashi
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The analysis of electromagnetic scattering by open-ended metallic waveguide cavities is an im-
portant subject in the prediction and reduction of the radar cross section (RCS) of a target. This
problem serves as a simple model of duct structures such as jet engine intakes of aircrafts and cracks
occurring on surfaces of general complicated bodies. Some of the diffraction problems involving
two- and three-dimensional cavities have been analyzed thus far based on high-frequency techniques
and numerical methods. It appears, however, that the solutions due to these approaches are not
uniformly valid for arbitrary dimensions of the cavity. Therefore it is desirable to overcome the
drawbacks of the previous works to obtain solutions which are uniformly valid in arbitrary cavity
dimensions. The Wiener-Hopf technique is known as a powerful, rigorous approach for analyzing
scattering and diffraction problems involving canonical geometries. In this paper, we shall consider a
finite parallel-plate waveguide with four-layer material loading as a geometry that can form cavities,
and analyze the plane wave diffraction rigorously using the Wiener—Hopf technique. Both E and H
polarizations are considered.

Introducing the Fourier transform of the scattered field and applying boundary conditions in the
transform domain, the problem is formulated in terms of the simultaneous Wiener-Hopf equations.
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The Wiener—Hopf equations are solved via the factorization and decomposition procedure leading
to the exact solution. However, this solution is formal since infinite series with unknown coeffi-
cients and infinite branch-cut integrals with unknown integrands are involved. For the infinite series
with unknown coefficients, we shall derive approximate expressions by taking into account the edge
condition. For the branch-cut integrals with unknown integrands, we assume that the waveguide
length is large compared with the wavelength and apply a rigorous asymptotics. This procedure
yields high-frequency asymptotic expressions of the branch-cut integrals. Based on these results, an
approximate solution of the Wiener—Hopf equations, efficient for numerical computation, is explicitly
derived, which involves a numerical solution of appropriate matrix equations. The scattered field in
the real space is evaluated by taking the inverse Fourier transform and applying the saddle point
method. Representative numerical examples of the RCS are shown for various physical parameters,
and the far field scattering characteristics of the waveguide are discussed in detail. The results
presented here are valid over a broad frequency range and can be used as a reference solution for
validating other analysis methods such as high-frequency techniques and numerical methods.

Multiplicity of solutions of the Dirichlet problem with fractional
p-Laplacian in spherical annulus

Kolonitskii S.B.

Saint-Petersburg State University
e-mail: sergey.kolonitskii@gmail.com

Let n > 2, Qg = Br4+1(0) \ Bg-1(0) C R™ and consider the problem
(—A)su =u'"? in Qp; u=0in R"\ Qp. (1)

Here p € (1,00), q € (p,p*®), where p** = nf—ﬂp for n > sp, p** = +o0o for n < sp and

(—A)su(x) =9 lim ’u<$) B u<y)|p72(u<$) — u(y))d

P Yy
e=0+ Jrn\ B, (2) |z — y|nrep

is the fractional p-Laplacian (see, e.g. [2|). Let G be a finite subgroup of O(n). The set M on the
unit sphere is a locally minimal set if

e there exists such C' > 0 that for any z € M #Gz = C,
e there exists such an open set V' O M and v > 0 that for any x € V \ M #Gx > C + .
By adapting the concentration-compactness approach (see, e.g. [1]) to quasilinear fractional-derivative

setting the following theorems are proved:

Theorem 1. Let G be a finite subgroup of O(n) and let M be a G-invariant locally minimal set.
Then

1. the boundary problem (1) has a weak G-invariant positive solution ugg;

2. lurglly concentrates in the neighbourhood of R- M as R — oo.

Theorem 2. Let N > 0. Then there exists such Ry = Ro(n,p,q, s, K) such that:
1. the boundary problem (1) has at least N weak positive solutions ugy, ..., UrN;

2. for any R > Ry and any 1 < 1,j < N the solutions ugr; and ug; are not rotationally equivalent,
i. e. there exists no such rotation g € O(n) that ug,(xr) = ug;(gz).
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Resonances of fourth order operators

E. Korotyaev, A. Badanin
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There are a lot of results about resonances for second order operators. In our talk we consider
resonances for fourth order ordinary differential operator with compactly supported coefficients on
the half-line and the line. We determine a resonance as a pole of a perturbed resolvent on the non-
physical sheets of the Riemann surface. We determine asymptotics of counting function of resonances
in complex discs at large radius. Moreover, we obtain different properties of the resonances and in
particular we express the trace formula in terms of resonances only.

Furthermore, we consider the resonances for Euler-Bernoulli operators Eu = (1/b)(au”)”. We
show the following results. Let the coefficients a, b be positive and constants outside finite interval.
Then the operator F has a finite number of resonances iff a, b are constants everywhere.

A method of diagnostics of layered biological tissues

Kovtanyuk A.E., Prokhorov I.V., Chebotarev A.Yu.

Institute for Applied Mathematics, FEB RAS, 7 Radio st., 690041 Vladivostok, Russia
Far Eastern Federal University, 8 Sukhanova st., 690950 Vladivostok, Russia

e-mails: kovtanyuk.ae@dvfu.ru, prh@iam.dvo.ru, cheb@iam.dvo.ru

Imaging of biological tissue to detect tumors and other inclusions can be carried out by deter-
mining the refraction indices of the medium. The problem of optical diagnostics of layered biological
medium is studied by methods of the radiation transfer theory. The polarized radiation transfer
equation with generalized matching conditions is chosen as a basic mathematical model [1]. This
problem can be considered as a problem of the diffraction type.

The problem of determination of the refraction indices of a multilayered medium by the measure-
ment of outgoing radiation is examined. The solution of the posed problem is based on the use of
the total internal reflection phenomena arising at boundaries of layers. Also, polarization properties
of radiation flux are taken into account. To solve this problem, smoothness properties of the solution
of the boundary-value problem for the polarized radiation transfer equation are used. In particular,
the proposed formulas determining the refraction indices are based on singularities of the deriva-
tive of the outgoing radiation at certain values of the angular variable. The numerical experiments
corresponding to imaging of human skin were performed. The efficiency of the proposed method of
reconstruction was shown.
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Boundary layers and normal mode parameters in a system
with double-diffusive convection at large Rayleigh numbers
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We consider two-dimensional double-diffusive convection [1] in a horizontally infinite layer of water
at large Rayleigh numbers. Governing equations in this case are the equations of hydrodynamics of
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the liquid mixture in the gravity field, which can be written in a singular disturbed form:

A =w,
(0 — o€ A)w + (0,6 — (1 = N?)00) = —J (¢, w)
(0 — D)0 — 0pp = = J(,60),
(0, — TEA)E — Dpp = =T (1, €) .

(1)

Here we have introduced small parameter € = 1/(0Rg)'/* (Rr and Rg are the Rayleigh numbers),
buoyancy frequency N = (1 — Ry/Rg)'/2. Vector of the dependent variables 3(t,, 2) = (w, 1,0, &)
describes variations of the state of the liquid relative to the basic state with zero velocity field and
linear vertical profiles of the temperature and (for example) salinity.

To investigate linear stability problem for system (1) we omit nonlinear terms in the right parts

sin kx .
, where k is
cos kx

horizontal wave number. Then for ®(z) = (W, ¥, ©, E) we have system (A, = 82 — k?)

and seck solution in the form of normal convective mode @(z, z,t) = ®(z)eM {

AgU(2) =W (2), (A—0aeA))W(z)—Kk[Z(z) — (1 -N?*O(z)] =0, 5
(A —€A0)O(2) —k¥(2) =0, (A—7A0)Z(2) —kV¥(2) =0, 2)
with boundary conditions ¥ =0, ,W + a;W =0, 0,0 + 4,0 =0, 9,.=Z+ az= =0 at z = £1/2.

According to multiscale expansions method introduce quick variable n = z / €, prolonged derlvatlve
9. — 0. + €19, and express variables ® and X as series in e & = 3°° €*®,(2,7), A = D00 €”
Substitute it in system (2) and collect terms at the same powers in €. Equations at e 2 and e~! lead
to ®y depends only on z, equations at € lead to the internal wave solution for ®o: ®y(z) = A cos(rz),
Ao = iw, where w? = N2k?/(k? + 7?). Thus traveling waves of double-diffusive convection at large
Rayleigh numbers look like usual internal waves with constant buoyancy frequency N. The explored
system looses stability via the Hopf bifurcation with frequency w.

Equations at €! give formulas for the double-diffusive boundary layers of the form B cosh (77\/@),
also Ay = 0. Thus one can see, that boundary layers thickness h,, is of the order of €. It can be
estimates as h,, ~ (7/13)(6T/h)~"/* through the temperature difference §T and the thickness h of
convective layer. In real situations often h,, ~ 1-2 cm. Equations at €2 define \y:

k2 + 72 1—7
=TT ~ N,
T +J)(1+a )

This value describes increment of the traveling convective waves. When N? is less than N =
(1-7)/(1+ o), the mode amplitude increases.

In this work we obtain asymptotic estimates for boundary layers and increment parameters for
general type boundary conditions at large Rayleigh numbers, usual for oceanography.
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Age-structured population model on several patches

Vladimir Kozlov
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We consider an age-structured population that lives on NV patches in variable environments. The
balance law is obtained from the age-structured logistic equation by adding the dispersion term. In
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this way for the part of population that lives on patch k, where 1 < k < N, we have the following
balance equation:

8nka(?’ 2 + 8n;€a(2, 2 = —ug(a, t)ng(a,t) (1 + Z’;EZ: i))) + ;ij(a,t)nj(a,t), (1)

where ng(a, t) is the number of individuals in the age class a at time ¢ in the kth patch. The boundary
and initial conditions are

nk(O,t):/ mg(a, t)ng(a,t)da, for ¢t >0, and ng(a,0)= fi(a), for a >0, (2)
0

where my(a,t) and pg(a,t) are the birth and the death rate of population on patch k of age a at
time ¢, fr(a) is the initial distribution of population in age classes on patch k, Ly (a,t) is the carrying
capacity of age-class a at time ¢ on patch k. For j # k nonnegative coeflicients Dy;(a,t) represent
dispersion i.e. a proportion of population ng(a,t) that from patch j goes to patch k. Contrary to
this, coefficient Dyi(a,t) < 0 describe a proportion of population ng(a,t) that leaves patch k.

We prove that the model (1)—(2) has a unique non-negative solution. We study the behaviour of
solution for large time in three cases:

(i) Coefficients of the problem are time independent;

(ii) Coeflicients of the problem are time periodic functions;

(iii) Arbitrary coefficients.

In the cases (i) and (ii) we introduce a so called net reproductive number and characteristic
equation, which is a fixed point equation for positive vectors in the case (i) and for positive periodic
functions in the case (ii). We show that if the net reproductive number is less than or equal to 1
then populations in all patches vanish as time tends to infinity. If the net reproductive number is
greater than 1 then the new born population distribution tends to the fixed point of the characteristic
equation. In the case (iii) we present two sides estimates for the population distribution function.
Biological interpretation of the results obtained is given.

This is a joint work with Sonja Radosavljevic, Vladimir Tkachev and Uno Wennergren (Link6ping
University).

Hamiltonian methods for complex food webs

V. Kozlov!, U. Wennergren?, S. Vakulenko?

Linkoping University, Math Dept.; 2Linkoping University Ecological. Dept.; 3IPME RAS and ITMO
University
e-mail: vakulenfr@mail.ru

In this paper we show that catastrophic events in complex food webs can be studied by methods
of mechanics and physics. In particular, there are possible soliton and kink solutions, which can
describe ecological catastrophes, chaos and quasiperiodic oscillations. Moreover, we state results on
global stability of random foodwebs.

On electromagnetic forces and works, connected with it

Krasnov I.P.

Krylov State Research Centre, Saint Petersburg, Russia
e-mail: 13349@yandex.ru

The problem associated with determination of forces acting on substance and works, connected
with this forces, is not still finally solved in classical electrodynamics |1, 2, 3]. One can consider the
possibility construction of solution of this problem on the basis of examing the integrals of Maxwell’s



76 DAYS on DIFFRACTION 2016

equations that connected with the energy-momentum tensors. For this purpose Maxwell’s equations
are used in general form:

rot H = 12D + lj, divD =p, rotE = —EQB, divB=0; D=E+P, B=H+J. (1)
c ot c c ot

This equations permit four versions of description of electromagnetic fields, and correspondingly four
formulation of Maxwell’s equations, that connected with the choice of the couple of vectors of the
field among four couples: E and H, D and B, D and H, E and B. Each version has its own form
of expression for the densities of electromagnetic forces f and works f, produced by f in unit of time
and own energy-momentum tensor [4, 5].

The values f and fy form the 4-vector in Minkowsky space, that is equal to the 4-divergence of
energy-momentum tensor T,z [4, 5]

(f+ZfO)Efa: 0

Dz
Formulae (2) is different for each couple of vectors of the field. The region V, that contains the

substance, consist of n > 2 bodies occupying regions Vj, with the boundaries Sk, (k < n). Main result
is obtained by integration of formulae (2) over the region Vj, for each version:

Tos, X3 = (x +ict). (2)

Fk(E,H)+13/ [E,H]dv—Fk(D,B)+1Q/ [D,B]dv—Fk<D,H)+13/ D, H] dV
cot Jy, cot Jy. cot Jy,
1 1 _
=F, (E,B)—FE%/ [E,B]dV—CI)kE/ <n§ (E2+H2) —E_E;—H_H;) av: (3)
Vi Sk

10 [ 1 10 [ 1
0 = L2 2 _ 50 2 2 (2 2 _ 50
Fk(E,H)JrCat/VkQ(E + H?) AV Fk(D,B)+Cat/‘/k2(D + B?) dV = F (D, H) (4)
10 [ 1

lg 1 2 2 _ 0 __/_ 2 2 _ o:/ _ _
+c@t/vk2(D + H?) dV = F (B, B) + - — vk2<E +BY)dV = ®) = Sk(n,[E JH]) dS,

where F; are the electromagnetic forces caused by the density f and by Maxwell‘s stress-tensor
Top (o, B < 3), FY are the works, produced by Fy in unit of time.
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Application of ch, , atomic basis to numerical simulation
of wave propagation problem
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Recently, a family ch,, of infinitely differentiable finite functions [1]-[5] on the basis of atomic
functions [1]-[6] have been introduced and applied [2] to numerical solution of a hyperbolic linear
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scalar equation. It has been noticed that the advantage of the resulting scheme is that the algorithm
is very simple and it is very easy to implement. In fact, proposed technique include interpolation
process over grid points.

On the other hand, it seems to be an open question how to spread such approach on linear vector
problems. From such a point of view, let us consider a linear wave propagation problem |7] in general

form

OP+ KV -v=0,

OV + p VP = 0. (1)
Here, P is a pressure, k is bulk modulus, V = (ax, 8y), v is particle velocity, and p is a density.
Eq. (1) correspond to the characteristic equations that describe the acoustic wave propagation in
two-dimensional space. First equation is a continuity equation and second one is the equation of
motion in an acoustic medium.

It is considered how the proposed approach could be adopted for such a problem. The usage

of family ch,, function provides a good noise immunity of the computational scheme, as well as a
reasonable calculation speed.
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Efficient construction of transmutations and a new representation for
solutions of Sturm—Liouville equations, uniform with respect to the
spectral parameter

Vladislav V. Kravchenko
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Let g € C[—b,b] be a complex valued function. Consider the Sturm-Liouville equation

Ay = y" —q(2)y = —w’y. (1)

It is well known (see, e.g., [2]) that there exists a Volterra integral operator T called the transmutation
(or transformation) operator defined on C[—b, b] by the formula

Tu(x) = u(z) + /_x K(x,t)u(t)dt

such that for any u € C?[—b, ] the following equality is valid
ATu = Tu"

and hence any solution of (1) can be written as y = T'[u] where u(z) = ¢1 coswx + ¢o sinwx with ¢
and ¢y being arbitrary constants.
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The transmutation kernel K is a solution of a certain Goursat problem for the hyperbolic equation

(;—; - q(x)) K(x,t) = g—;K(x,t).

In the talk I present an exact representation for K in the form of a Fourier-Legendre series
with explicit formulas for the coefficients. As a corollary of this result, a new representation of
solutions to equation (1) is obtained. For every z the solution is represented as a Neumann series of
Bessel functions depending on the spectral parameter w. Due to the fact that the representation is
obtained using the corresponding transmutation operator, a partial sum of the series approximates
the solution uniformly with respect to w which makes it especially convenient for the approximate
solution of spectral problems. The numerical method based on the proposed approach allows one to
compute large sets of eigendata with a nondeteriorating accuracy. The talk is based on [1].
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Analysis of graded-index optical fibers
by the spectral parameter power series method
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In this work an approach for analysis of optical fibers with inhomogeneous refractive index profiles
was introduced based on the recently developed SPPS (Spectral Parameter Power Series) Method
(|1, 2]). A new technique has been created for solving the associated linear differential equations and
spectral problems. The computation of the guided modes for different kinds of fibers is done through
the characteristic equation of the eigenvalue problem obtained in an analytical form in terms of SPPS.
Consideration of the approximate characteristic equation obtained from the truncated series gives us
an efficient numerical method for solving the problem. The results have been compared with those
of other available techniques revealing clear advantages for the SPPS approach, in particular, with
regards to accuracy. Based on the solution of the eigenvalue problem, the group velocity, dispersion
coefficient, group index and other relevant parameters of the fibers are computed.

References

[1] V. V. Kravchenko, A representation for solutions of the Sturm-Liouville equation, Complex Var.
Elliptic Equ., 53, pp. 775789, 2008.

[2] V.V. Kravchenko, R. M. Porter, Spectral parameter power series for Sturm-Liouville problems,
Math. Methods Appl. Sci., 33, pp. 459468, 2010.



DAYS on DIFFRACTION 2016 79

Electrodynamic characteristics of a loop antenna located
on the surface of a uniaxial anisotropic cylinder
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Radiation from loop antennas in anisotropic and gyrotropic homogeneous media has received
much careful study (see, e.g., [1] and references therein). The electrodynamic characteristics of a
loop antenna excited by a time-harmonic given voltage and located on the surface of a magnetized
plasma column in free space have recently been considered in |2, 3|. In this work, we study the
current distribution and input impedance of a strip loop antenna located on the surface of a uniax-
ial anisotropic cylinder surrounded by a homogeneous isotropic background medium. The interest
in this problem is stimulated by various practical applications such as the radiation from a loop
antenna in the presence of a strongly magnetized plasma column or a cylinder filled with uniaxial
metamaterial.

We consider an antenna having the form of an infinitesimally thin, perfectly conducting narrow
strip, which is coiled into a circular loop. The antenna is located coaxially on the surface of a
uniform uniaxial anisotropic cylinder aligned with the anisotropy axis and placed in an isotropic
medium. The medium inside the cylinder is described by a dielectric tensor with nonzero frequency-
dependent diagonal elements and zero off-diagonal elements. The antenna current is excited by a
time-harmonic external voltage creating an electric field with the only azimuthal component in a
narrow gap of the strip. We employ Fourier series expansions with respect to the azimuthal angle
for both an unknown antenna current and the voltage supplied to the antenna. Using the boundary
conditions for the tangential components of the electromagnetic field on the cylinder surface and
the antenna surface, we derive singular integral equations for the angular harmonics of the surface
current density.

We solve the obtained integral equations in the case of a hyperbolic metamaterial for which
the diagonal elements of the dielectric tensor have opposite signs. On the basis of the solutions
of these equations, it is shown that the current distribution and input impedance of the antenna
are significantly influenced by the presence of an infinite number of propagating quasielectrostatic
eigenmodes that are guided by a such cylinder. The radiation characteristics of the considered
antenna have been studied analytically and numerically, and the results of their calculation will be
reported in cases of interest.

This work was supported by the Russian Science Foundation (project No. 14-12-00510) and the
Government of the Russian Federation (project No. 14.B25.31.0008).
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On the infinitely many electromagnetic TE eigenmodes in a plane layered
waveguide filled with nonlinear medium: analytical results

Kurseeva V.Yu., Valovik D.V.
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We consider the propagation of a monochromatic TE wave Ee=®! He~ ™! of the form
E = (0,E,(x)e"%,0)", H = (H,(z)e"*,0,H,(2)e"*)T, (1)
along the boundaries of the double-layer dielectric waveguide X = ¥; U ¥y, where
Y= {(z,y,2) ER*: 0< 2 < by}, o= {(v,y,2) ER®: hy <z < hy + hy}

and E, H are the complex amplitudes; w is a circular frequency; ( - )" is the transposition operation;
7 is an unknown (real) propagation constant; E,, H,, H, are unknown functions,

The waveguide ¥ is located in the Cartesian coordinate system Ozyz. In the half-space x < 0
the permittivity is constant and equal to e, > 0. At the boundary x = hy + hy the waveguide has a
perfectly conducted wall. In the layers the permittivity is described by the formula

Jea+wlEP, 0<z < hy,
g2+ az|EX, hy <z < hy+ ho,

where €1, €9, 1, g are real positive constants. We assume that €, > ¢, where g is the permittivity
of free space, and €5 < €1 < €5. There are no sources in the entire space. Everywhere = p19, where
1o is the magnetic permeability of free space.

Complex amplitudes (1) satisfy Maxwell’s equations

rot H = —iweE,
(2)

rot E = iwpH;

the continuity condition for the tangential components of the field at the boundaries x = 0 and
x = hy, and the radiation condition at infinity: the electromagnetic field decays as O(|z|™!) when
x — oo. The tangential components of E vanishes at the x = hy + hs.

A rigorous analytical approach is suggested. It is proved that under some restrictions there exists
an infinite number of propagation constants and guided modes, whereas the corresponding linear
problem has only a finite number of solutions. It is shown that perturbation methods do not allow
one to determine new propagation constants. Numerical results are also presented, comparison with
the linear cases is given. Results for similar problems see in [1, 2, 3, 4].
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Existence of complex waves in Goubau line: mathematical aspects
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In this work we investigate a homogeneous Goubau line (GL) covered with a lossy dielectric. A
systematic study is made of the dispersion equation Fg = 0 for symmetric waves in the complex
domain with respect to the problem parameters. We present a mathematical proof of the existence
of radially symmetric complex waves using continuation with respect to the imaginary part of the
permittivity of the dielectric cover ¢ = Je and reduction to the Cauchy problem

dy/dt = —(0Fg/0t)/(0FG/0v);  ~7(0) = Ym, (1)

where 7 = v(t) denotes the longitudinal wavenumber of the running symmetric wave. Using the
technique developed in [1, 2] we prove [3] that Cauchy problem (1) is uniquely solvable. This implies
that complex zeros of Fz = F(7,t) constitute regular perturbations of its real zeros ~,. Also, we
calculate linear approximations of complex zeros of F(7,t) in the form of segments of Taylor series.

As we find out introduction of a small imaginary part of the permittivity of the GL makes it
possible to study certain anomalous behavior and regimes of complex eigenwaves. We show in par-
ticular that longitudinal wavenumbers of complex waves are regular perturbations of the propagation
constants of eigenwaves of lossless GL, weakly depend on the imaginary part of permittivity of the
cover, and that attenuation in GL is low at higher losses. This reveals a new property of lossy GLs.

Generally, the developed mathematical technique applied for the study of GLs covered with lossy
dielectric is the first and necessary step to the analysis of complex waves in open metal-dielectric
waveguides.
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Scattering of a surface wave on a controlled inhomogeneity
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Manipulating of an electromagnetic radiation is one of the most actual problems of electrodynam-
ics. Many devices such as optical filters, blockers, beam-splitters, spatial light modulators, etc., have
been proposed [1-3]. Spatial light modulators are used for spatial modulation of an incident plane
wave transmittance, which means it is practically an amplitude-phase lattice. The most widespread
spatial modulator is a matrix which elements are Fabri-Perot resonators [3]. The central layer of the
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element is made of electrooptical crystal and thus may be operated by external static electric field,
which results in Fabri-Perot modes shifting. If this shift exceeds mode width then one can switch on
or switch off the element of the matrix. That makes a pixel of an image. Let a light beam incident
on that matrix. The transmitted light will give an image on a screen.

The size of elements is limited due to restriction on Fabri-Perot resonator quality factor and
cannot be less than several wavelengths. In order to create a controlled subwavelength element we
propose to use a nearfield scattering. Let us consider a layer of an electrooptical material deposited on
a surface of a photonic crystal. The surface wave is excited on the boundary between an electrooptical
material and a photonic crystal. Propagation of surface wave on PC boundary is very sensitive to
changes of dielectric permittivity of surrounding medium [4]; therefore we expect that we will be
able to operate scattering even at minor changes of system parameters. Control of surface wave
propagation is carried out by a subwavelength electrodes grid injected into an electrooptical layer.

We have shown that applying voltage to electrodes in this system allows changing of a dielectric
permittivity in a certain point of an electrooptical layer in a controlled way. Such inhomogeneities
of a dielectric permittivity are subwavelength. That allows to control surface wave scattering and
its radiation outside the system at each cell of a spatial modulator. We have shown that scattered
field intensity in its maximum is 25 times more than incidence field intensity. The scattering on a
dielectric permittivity is stronger than scattering on surface defects.
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On the Benjamin—Lighthill conjecture for water waves with vorticity
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We analyse the nonlinear problem of steady gravity-driven waves on the free surface of a two-
dimensional flow of an incompressible fluid (say, water). The flow is assumed to be unidirectional of
finite depth and the water motion is supposed to be rotational with a Lipschitz continuous vorticity
distribution. We verify the Benjamin-Lighthill conjecture for flows whose Bernoulli’s constant is
close to the critical one. For this purpose it is shown that every wave, whose slope is bounded by a
fixed constant, is either a Stokes or a solitary wave. It is proved that the whole set of these waves is
uniquely (up to translation) parametrised by the flow force which varies between its values for the
supercritical and subcritical shear flows of constant depth. There exists another parametrisation for
waves; it involves wave heights varying between the constant depth of the subcritical shear flow and
the solitary wave height.

These results are obtained in collaboration with Vladimir Kozlov and Evgeniy Lokharu (Link6ping
University, Sweden).
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Freely floating bodies trapping time-harmonic waves
in water covered by brash ice
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We study a mechanical system consisting of infinitely deep water covered by brash ice and surface-
piercing bodies floating freely. The water is assumed to be inviscid and incompressible and the coupled
motion is of small amplitude. The corresponding linear setting for time-harmonic oscillations reduces
to a spectral problem whose parameter is the frequency of oscillations. A constant that characterizes
the brash ice divides the set of frequencies into two subsets where the problem has essentially different
properties. For every frequency belonging to the finite interval adjacent to zero, we prove that the
total energy of motion is finite and the equipartition of energy holds for the whole system. For
every frequency from this interval, we prove the existence of structures supporting trapped modes
and consisting of arbitrary finite number of bodies. The structures are constructed by virtue of the
semi-inverse procedure and it can be done so that any subset of bodies is motionless whence other
bodies are heaving at the same frequency as water.

Application of the modified method of discrete sources to the solution
of the problem of a flow of a compact body and periodically rough surface

A.G. Kyurkchan, S.A. Manenkov

Moscow Technical University of Communication and Informatics, Aviamotornaya Street 8A, 111024,
Moscow, Russia
e-mail: mail44471@mail.ru

The problem of a flow by a stream of incompressible liquid of motionless compact body and
periodically rough surface is considered. As it is known the problem of the flow is reduced to the
solution of the Laplace equation with a Neumann boundary condition on the rough surface or the
body border [1]. The method of conformal mapping is applied to the solution of similar problems
earlier [1|. This method is applied to the problem of the flow of a circular cylinder, a thin plate, etc.
Thus, the method of conformal mapping is applicable in the case of the solution of the problem of
the flow of the simple geometry bodies. In more difficult cases use of other approaches is required.
In the present work for the solution of the problem of the flow of compact body and periodically
rough surface the modified method of discrete sources (MMDS) which is successfully applied earlier
to the solution of the problems connected with the solution of the equations of Maxwell, Helmholtz’s
equations and Laplace’s equation is used [2-5]. In the latter case the electrostatic problem for a body
of revolution is considered.

MMDS is based on two ideas. First, the integral equation to which the initial boundary problem
is reduced, has the solution corresponding to the initial problem if and only if the auxiliary surface on
which the unknown function is distributed, covers the set of singularities of analytical continuation of
the field inside the area occupied by the body. Secondly, the choice of the auxiliary surface should be
made by means of analytical deformation of the boundary of the body [2-5]. In this work the problem
of the flow is reduced to the solution of the integral equation of the first kind, relative some unknown
function distributed on the auxiliary surface which is taken by the way stated above. The integral
equation is solved by the collocation method. The numerical results given in the paper belong to
the problem of the flow of the sinusoidal surface and the surface in the form of the cycloid as well as
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the Chebyshev particle. We have plotted the lines of fluid flow and the curves of distribution of the
pressure versus the distance from the body.
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Superresolution based on interpolation and extrapolation
of received signals
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Increasing angular resolution is the important way of radar development. We consider the problem
of obtaining the angular superresolution using smart antennas. Forming radio images with super-
resolution reduced to the solution of inverse problems on the basis of Fredholm integral equations.
The signals received by each radiator of the smart antennas can be recorded digitally. This makes
it possible combined digital processing of all the information received. The new signal processing
method is based on the interpolation and extrapolation of the signals received by each element of
the smart antennas. Extrapolation of the signals beyond the real aperture enables you to create syn-
thesized aperture much larger size. Thus it becomes possible to obtain a synthesized the receiving
narrow beam that provides superresolution. The quality of the extrapolation depends on the number
and density of distribution the initial points of extrapolated function. To increase the number of
initial points within the real aperture proposed to interpolate the received antenna array signals.
Interpolation allows obtaining continuous distribution of the received signal at the location of the
antenna array. As a result, the accuracy of angular measurements and angular resolution increases.

The algorithm without the interpolation predicts the values of the signals for the aperture array
5-10 times higher than the original one with a negligible error. Numerical studies have shown that
the Rayleigh criterion in this problem is exceeded by 4-7 times. More complex algorithm with the
interpolation predicts the values of the signals for the aperture array 8-10 and even more — up to
20 times higher than the original one.

An important characteristic of solutions is a minimal signal/noise ratio (SNR) with which a
superresolution image reconstruction is still possible. Stability of solutions and quality of image
reconstruction were examined using a mathematical model. The results of numerical studies show
that the angular resolution is increased 5-12 times under SNR 12-13 dB, which is lower than that
achieved by the known methods.
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The proposed new method of signal processing based on digital aperture synthesis significantly
improves the accuracy of angle measurements and provides a stable restoration of detailed images of
the objects with superresolution in the presence of small distortions.

Bidirectional adiabatic light transfer in coupled waveguides

Liu T., Solntsev A.S., Neshev D.N., Sukhorukov A.A.

Nonlinear Physics Centre and Centre for Ultrahigh Bandwidth Devices for Optical Systems, Research
School of Physics and Engineering, Australian National University, Canberra, ACT 2601, Australia
e-mail: alexander.solntsev@anu.edu.au

Boes A., Mitchell A.

Centre for Ultrahigh Bandwidth Devices for Optical Systems, School of Engineering, RMIT Univer-
sity, Melbourne, VIC 3001, Australia

The analogy between quantum systems and optical waveguide structures make the latter not only
a favorable tool for emulating quantum phenomena but also a powerful platform for the development
of photonic devices. One of such quantum-inspired photonic devices is the adiabatic three-waveguide
coupler, which is a reminiscent of the celebrated Stimulated Raman Adiabatic Passage technique
(STIRAP) [1]. This adiabatic process is inherently tolerant to variations of structure parameters
and exhibits broadband coupling, based on so-called dark state switching, see Fig. 1(a) [2].
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Fig. 1: (a) The scheme of the 3-waveguide structure showing dark- and bright-state coupling.
(b) Experimental broadband dark- and bright-state coupling ratio, inserts show output modes.

We propose and demonstrate a novel type of optical waveguide couplers consisting of three adia-
batically coupled waveguides arranged in a unique N-shaped geometry. Unlike conventional adiabatic
three-waveguide couplers mimicking STIRAP which utilize solely the dark state and thus work only
in one direction, in our newly designed structure, nearly complete bidirectional light transfer between
two waveguides can be achieved through a dark state and a bright state of the system respectively
[see Fig. 1(a)]. Such N-type adiabatic waveguide coupler exhibits high coupling ratios in both direc-
tions over a wide wavelength range [see Fig. 1(b)]. Our results may shed new light on the design of
integrated photonic devices for both classical and quantum applications [3].
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Semiclassical quantization rules for a periodic orbit of hyperbolic type
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We consider semi-excited resonances for a Pseudo-Differential Operator H(x, hD,;h) on L*(M)
induced by a periodic orbit of hyperbolic type at energy E = 0, as arises when M = R" and
H(xz,hD,;h) is Schrodinger operator with AC Stark effect, or H(z,hD,;h) is the geodesic flow
on an axially symmetric manifold M, extending Poincaré example of Lagrangian systems with 2
degree of freedom. We generalize the framework of [GeSj|, in the sense that we allow for hyperbolic
and elliptic eigenvalues of Poincaré map, and look for (excited) resonances with imaginary part of
magnitude A®, with 0 < s < 1.

It is known [NoSjZw|, [FaLoRo| that these resonances are given by the zeroes of a determinant
associated with Poincaré map. We make here this result more precise, in providing a first order
asymptotics of Bohr-Sommerfeld quantization rule in terms of the (real) longitudinal and (complex)
transverse quantum numbers, including the action integral, the sub-principal 1-form and Gelfand—
Lidskii index.

To this aim we bring the operator to its Birkhoff normal form microlocally near the periodic
orbit, and construct Poisson operator as an oscillatory integral that assigns to a transverse data
a semi-classical distribution (of WKB type) in the microlocal kernel of H — E. The fibre bundle
K (E) of such WKB solutions is endowed with Hermitian structure by means of the “flux norm”
introduced by Helffer and Sjostrand. This allows to build up the monodromy operator M(FE) as a
h-FIO microlocalized on a Poincare section, which is unitary for real energies. Breaking this unitarity
according to the usual procedure of “complex scaling”, we disclose discrete spectrum E on the second
sheet in energy complex plane, which is precisely the set of resonances of H near 0. The residue
of the phase function defining M(E) modulo exact forms gives the generalized action integral and
we obtain the quantization condition by expressing that Kj(F) should be trivial whenever E is a
resonance.
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Wide bandgap materials have been attracted much attention due to their potential for develop-
ment of optoelectronic devices in the wide wavelength region, especially ranging from UV to visible
bands. In addition, the excellent exciton features in GaN-based or ZnO-based materials enables them



DAYS on DIFFRACTION 2016 87

to be applied in high efficiency light emitting devices. On the other hand, one and two dimensional
photonic crystal incorporated of periodic structures with its unique optical properties, have been
widely adopted to many optoelectronic devices including light emitting diodes (LEDs) and photonic
crystal (PC) lasers [1-4]. These wide-bandgap optoelectronics with micro or nano-scale architectures
are developed rapidly due to the recent advances in processing and manufacturing technology.

One dimensional (1D) PC have been utilized on various functional devices by using the focused
ion beam (FIB), e-beam lithography and inductively coupled plasma (ICP) dry etching. In recent
years, sub-wavelength high contrast gratings (HCG) as being one form of the 1D PC have been
widely investigated owing to their advantageous optical properties. By changing of HCG parameters
such as grating period, height and width, high reflectivity reflectors with broad stopband width and
specific polarization characteristics could be obtained and are useful for many applications. Based on
the superior properties, HCGs not only serve as high reflectivity reflectors for vertical cavity surface-
emitting lasers (VCSELs) but also provide unique characteristics including polarization selection,
wavelength tuning and fast modulation speed. We have demonstrated GaN-based high contrast
grating (HCG) as an optical reflector in blue region [5] and GaN-based HCG surface-emitting lasers
[6], which have the great potential for accomplishment of low threshold, high power short wavelength
coherent light sources in the near future.
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Fig. 1: (a) GaN-based high contrast grating reflector and (b) surface emitting lasers.

For two dimensional (2D) PC structures, two kinds of 2D PC lasers such as band-edge lasers
and defect type lasers have been proposed and investigated during the past decade. In this part, we
have demonstrated the GaN-based band-edge PC lasers, so called photonic crystal surface emitting
lasers (PCSELs) operated at room temperature [7]. The laser characteristics of PCSELSs at different
band-edge modes and with different lattice types have been fabricated and analyzed. And their
characteristics are calculated by the multiple scattering method. For defect type PC lasers, owing
to the photonic band gap effect in the in-plane direction and total internal reflection in the vertical
direction to the thin membrane, highly localized laser oscillations usually can be observed in the
defect cavities to achieve small modal volume with a high quality factor and strong-coupling effect.
We have fabricated the high Q@ GaN-based non-polar defect nanocavity [8] and observed localized
lasing mode in GaN-based quasi-periodic nanopillars [9].
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Fig. 2: (a) GaN-based PCSEL (b) Non-polar GaN-based H1 defect type PC lasers and (c)
GaN Quasi Periodic nanopillar lasers.
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Eigenoscillations in a water-wave problem
for an infinite pool of special form
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In the framework of the assumptions of the linearized theory of small-amplitude water waves the
eigenfunctions of the point spectrum are studied for the boundary-value problems in an infinite do-
main. Special type of the 3D infinite water pool characterised by cone-shaped bottom and bounded
in the asimuthal directions is considered. By means of the incomplete separation of variables, ex-
ploiting the Mellin transform, we reduce construction of the eigenmodes to the study and solution of
the problems for some functional difference equations with meromorphic coefficients. The behaviour
of the eigenmodes at a singular point of the boundary and the rate of their decay at infinity are also
discussed.
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Fig. 1: An infinite pool with the conical bottom B and vertical walls B_.

Calculation of interference pattern after diffraction of two interfering
image-carrying beams by acoustic wave in uniaxial crystal
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Acousto-optic (AO) image filtration is based on the diffraction of image-carrying light beam by
an acoustic wave [1|. Because of rather high spectral and spatial resolution, random spectral access,
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programmability and other advantages, AO tunable filters (AOTFs) are widely used for spectral
imaging in microscopy, endoscopy and remote sensing. Recently, imaging AOTFs are being in use
in optical coherence tomography [2| and profilometry [3] for simultaneous spectral filtration of two
interfering light beams. Up to now, the efficiency of such approach has been demonstrated only
experimentally. In this paper, we show the calculation of interference pattern after diffraction of two
interfering image-carrying light beams by an acoustic wave in uniaxial crystal and its comparison to
the experimental data.

If the intensities of two interfering beams are equal (Iy = I; = I5), the following equation can be
used to calculate the interference pattern [4]:

I~ 2[0{1 +exp [—(%)1 cos {?A} }

where A is path-length difference between the beams, )\ is wavelength, I. = \?/d) is coherence
length, 0\ is spectral channel width, which for an AOTF can be approximately calculated as 6\ =
aX?/(mLAn), a denotes coefficient depending on the configuration of AO interaction, L is length of
AO interaction, An = n., —n, is difference in refractive indices for extraordinary and ordinary waves
in the crystal.

We used a wide-angle non-collinear imaging AOTF made of TeO, uniaxial crystal, placed in
the output channel of Michelson interferometer for spectral filtration of light from a low-coherence
wideband light source. The AOTF has a tuning range of 450-750 nm and spectral resolution o\ of
2.5 nm (at A = 532 nm). Fig. 1 shows the real and calculated interference patterns at A = 532 nm
obtained experimentally from a test-object (grating with 100 pm period and 9.7 pm depth).

9,7um

100 #m

Fig. 1: (a) test-object, (b) experimental data, (c) calculated pattern.
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Abnormal spatial nanogratings formation by long pulse durations laser
radiation on condensed matter surfaces
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In experiments with laser-matter interaction of ultrashort pulse durations (UPD) the formation
of the gratings (§) of normal orientation (§||E, d < A) and abnormal one (7 L E, d << \) have
been observed [1|. Here d is the period of grating and \ is the laser radiation wavelength. The origin
of their formation has been suggested based on the channel (wedge) surface plasmon polaritons
excitation and participation in interference [1] in framework of universal polariton model. Here we
consider the residual gratings resulted after irradiated zone was cooling-down. The spatial periods
of abnormal gratings usually are as small as d ~ A/10. There is an opinion that abnormal grating
formation is the peculiarity of UPD regime. One of the physical restrictions for such small scale
grating production is their thermal smoothing. The rough inequality governing their survival after
long-pulse duration irradiation is

0> 0= ar, 1)
where a is temperature conductivity, ¢ is the heat diffusion length, 7 is the duration of laser pulse.
Here we consider one more cause which hinder from heat diffusion length according to inequality (1)
due to non-Gaussian processes of heat transfer [2] along the direction of forming grating. This is
due to phonons [3| and electrons scattering on temporal grating of small period. The estimations of
heat diffusion reduction for such cases were made. An experimental examples illustrating abnormal
oriented nanograting formation under the interaction of normally incident nanosecond pulses of linear
polarized laser radiation with metals, semiconductors, and dielectrics for regimes near the melting
or ablation material thresholds were listed. For these cases the inequality (1) is not valid.

At the excess number of laser pulses (the final stage of abnormal grating formation) the local
bumps of abnormal gratings on the ridges of the main resonance relief are transformed into the
nanoconical-shaped gratings. The height of the cone depends on the wavelength of laser radiation
(and the abnormal grating period) and the radius of curvature of cone’s tip was near 1+4 nm.
The surface density of so self-assembled nanostructures may be equaled to (dod)~! &~ 10'° cm~=2 for
A ~ 250 nm.

Hence the abnormal grating formation was theoretically predicted and confirmed by experiments
with linear polarized laser radiation of nanosecond duration.
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The minimal autonomous blocks (MAB) method has large potential in solving wide range of
problems of applied electrodynamics and acoustics [1-4|. There exist several techniques for its im-
plementation: recompositional, iterative and hybrid algorithms.
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A multichannel scattering matrices formalism for spatial domains of different wave sizes and
shapes is successfully used for solving important applied problems such as description of meta-
materials and composites characteristics; estimation of radiolocating and acoustic perceptibility of
objects, including invisibility and imitation; description of absorbing coatings and frequency-selective
surfaces characteristics for arbitrary irradiation modes; modeling of systems with multiscale inner
structure organization. Algorithms of metamaterials and composites synthesis can be constructed
on the basis of multichannel scattering matrices. For calculation of these matrices, the MAB method
involves the use of recompositional algorithm. It has a high computational complexity limiting the
size of domains wave properties of which are described by multichannel matrices.

A technique of multichannel scattering matrices calculation based on solving systems of linear
algebraic equations with sparse matrices is proposed. Its implementation includes the following steps:
— decomposition of the investigated domain into a system of blocks;

— scattering matrices calculation for blocks with different sizes and material parameters;

— solution of the system of linear algebraic equations with sparse matrix; right-hand sides of the
system are formed by sequential excitation of all outer channels at the boundary of the domain;

— formation of multichannel scattering matrix from the solutions of the system derived at the previous
step.

A comparative analysis of accuracy and computational efficiency of the technique proposed and
the recompositional algorithm is carried out.

The peculiarities of using the proposed technique in problems of multivariant analysis and syn-
thesis are considered.
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Spatiotemporal optical solitons or light bullets are well investigated for media with either cubic or
quadratic nonlinearities [1|. However, most of the results for solitons in quadratic media were obtained
by numerical simulations. Analytical methods were used mostly to derive different approximate
solutions [2, 3] or to estimate parameters of solitons and to analyze their stability [4].

In the present work an investigation of coupled spatiotemporal solitons in a medium with quadratic
nonlinearity is based on the application of aberrationless approximation [5]. We solve the following
system of nonlinear equations for complex amplitudes of harmonics A; and As:

8141 . C 82141 @82141
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We search the solution in the form
Ay = (Eor /N far fr) expl=2?[(al f2)) — 72/ (T2 f2) — ihn]; (3)
Ay = (Eoa/\/ farfrs) expl=2? /(a3 f2,) — 72/ (T5 f2) — iahs)]. (4)

Substituting (3)—(4) into (1)—(2) we derive a system of ordinary differential equations for bullet width
f+ and pulse duration f.. Then we compare the numerical solution of this aberrationless system with
the numerical solution of the original system (1)—(2). In particular, to verify our results we used the
known approximate soliton solution given in [3]. We demonstrated that optical bullet consisted of
two coupled wave pulses propagates about 10-15 diffraction lengths.
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Fig. 1: The soliton width f, and pulse duration f, versus propagation distance: comparison
of numerical simulation (solid) and aberrationless (dashed) approach.
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The problem of internal wave generation by incident flow interacting with an uneven bottom is
considered.

The full Euler equations for the numerical simulation of this process are used. The full-conservative
numerical method of the second order is used to solve the problem under consideration. Three types
of liquid stratification increasing with depth are proposed: 1. exponential growth, 2. linear increase,
3. piecewise linear increase.
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Characteristics of internal waves depending on the flow velocity are studied. The flow function,
the density, the horizontal and vertical velocity as the functions of time are simulated and examined.

The dynamics of vortex structures arising from the flow over the seamount is also studied.

Some conclusions about the effect of the type of stratification of the liquid on the transformation
of internal waves are derived.
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On Bogoliubov —de Gennes equation for Kitaev chain
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We discuss the properties of simple model of “p-wave” superconducting wire [4] is known as Kitaev
chain [1]. This system is described by the discrete self-consistent Bogoliubov—de Gennes equation.
This equation is usually solved numerically by iteration procedure. To avoid the calculation of
spectrum of big matrix at the each iteration step, we use the method of calculation of operator
function [5] suggested in the series of work, see e. g., [2]. We have founded numerically that there exist
several solutions of considered equation at given values of parameters. This may have an essential
effect on behaviour of physical system contained “p-wave” superconducting wires. We present some
analytic results on the existence of solutions based on the abstract fixed point theorems [3]. We also
analyse some common properties of the solutions, in particular, free energy [4].
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When dealing with propagation phenomena of acoustic or seismic waves, second-order linear wave
equations provide a physical model widely used in the applications. The method of lines is a popular



94 DAYS on DIFFRACTION 2016

simulation technique. There, the partial differential equation (PDE) is discretized in space first,
followed by a time-stepping scheme solving the resulting ordinary differential equation.

The convergence order of this method strongly depends on the regularity of the solution. When
dealing with a PDE posed on a polygonal domain or in the presence of piecewise smooth (material-
dependent) coefficients, the solution exhibits strongly singular behaviour in the neighbourhood of an
isolated point set (see [1]), implying very slow convergence of the Finite Element method on quasi-
uniform meshes. This is an intrinsic defect of polynomial approximations on uniform meshes and
cannot be improved without significant changes to the underlying mesh and/or the choice of ansatz
function.

In |2] and [3], the authors have proved that optimal convergence rates can be restored using locally
refined mesh families. The presented results hold for the h-version of the Finite Element Method in
polygonal domains and with arbitrarily high local polynomial degree. They are applicable to acoustic
and elastic wave equations in homogeneous media, and the acoustic wave equation in the presence
of piecewise smooth wavespeeds.
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Fig. 1: Results of convergence tests using piecewise linear Finite Elements. The angle
a € (0,27) denotes the interior opening angle of a polygonal corner in the domain. Due to
insufficient regularity of the solution u, uniform meshes cannot approximate u with optimal
convergence rates. In both cases, local refinement towards the polygonal corner is necessary
to restore full convergence rates.
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Guaranteed estimation of solutions to Helmholtz problems
from pointwise noisy observations
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We study the optimal reconstruction (estimation) of values of linear continuous functionals defined
on solutions to the exterior or interior Helmholtz problems from pointwise noisy observations of the
form

vi=o(r)+& i=1,...,N,

where ¢(z) is the unknown solution of the Helmholtz problem, z;, i = 1,..., N, is a given system
of points belonging to the considered domain, and &; are estimation errors that are realizations of
random variables & = &;(w) with zero expectations, E¢; = 0, and finite second moments E|&;|?. We
assume that right-hand sides of the Helmholtz equation and the boundary data are not known, as
well as the second moments of random noises in observations; the only available information is that
they belong to given bounded sets in the appropriate functional spaces.

For linear (with respect to observations) estimation methods, this formulation leads to the ne-
cessity of introducing minimax statements of estimation problems when optimal estimates of the
aforementioned functionals are defined as the estimates for which the dispersion of the estimation
error calculated for the “worst” implementation of perturbations takes its minimal value. Such esti-
mates are called guaranteed or minimax estimates (see [1, 2|).

We develop constructive methods for finding these estimates and the estimation errors which are
expressed in terms of solutions to systems of special variational equations.

In particular, we find the representations for the guaranteed estimates of linear functionals from
the unknown solutions to the Helmholtz problems which are expressed via solutions of certain systems
of variational equations independent of the specific form of the functionals involved in the problem
formulations. The latter implies that the solutions of the obtained variational equations can be taken
as good estimates for the unknown solutions of the Helmholtz problems under consideration.

In the case of domains for which the Green functions of the corresponding Helmholtz problems
are known in the explicit form, we reduce the solution of the estimation problems to solving some
systems of linear algebraic equations.
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Transmission conditions in a one-dimensional model of bifurcating arteria
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This work was done in cooperation with V.A. Kozlov (Linképing University, Sweden).

Development of adequate one-dimensional models of circulatory blood system meets several se-
rious obstacles and we will discuss one very particular question related to bifurcation nodes of the
arterial tree. Although the blood vessel walls are strongly elastic [1] and blood is a viscoelastic
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liquid [2|, we consider the Stokes (or Navier-Stokes) equations in a junction of three (o = 0, %)
thin, of radius h, finite tubes with rigid walls meeting each other inside a small, of diameter O(h),
node. Neglecting the elastic properties of walls for a while, see discussion of those in [3], we employ
the standard Reynolds one-dimensional model of flow in the tubes, that is, a second-order ordinary
differential equation on the intervals T, = (0, L,) 3 2z,. The necessary transmission conditions at the
junction point with the local coordinates z, = 0 are found with the help of the method of matched
asymptotic expansions and by means of the pressure drop matrix [4] describing the boundary layer
phenomenon in the vicinity of the three-dimensional bifurcation node of the arteria. As a result, we
obtain transmission conditions which provide the error estimate of order e=%* § > 0, but differ from
the classical Kirchhoff conditions supporting only a poor proximity order h. At the same time, based
on the concept [5] of one-dimensional asymptotic images of thin spacial objects, we introduce the
effective length L" = L, + hl, of vessels such that solving the Reynolds equations in the intervals
T = (0, L") with the Kirchhoff transmission conditions keeps the same approximation order e=%/*.
The length increments hl, are expressed in terms of the above-mentioned matrix of pressure drops
and a computational scheme for this matrix will be discussed as well.
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Acoustic reflectance probes the inner ear
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Sound travels through an acoustic waveguide as a plane wave if (and only if) the waveguide
has a uniform cross section. Any deviation in the cross-sectional area of the waveguide generates
a reflection that travels back from the location of that deviation toward the origin of the sound.
Acoustic reflectance is defined as the ratio of the reflected pressure wave to the forward pressure
wave when expressed as complex functions of frequency. An inverse Fourier transform of reflectance
renders time-domain reflectance, which is equivalent to an impulse response that describes acoustic
reflections as a continuous function of time. When a miniature sound source and microphone are
placed in a human ear canal, measurements of reflectance can provide clinically-useful information.
Most of the sound energy that is delivered to an ear canal is reflected by the eardrum. The sound
reflected from the eardrum contains information about the status of the middle ear (see Fig. 1A).
Ear-canal reflectance is currently used in audiology clinics to diagnose middle-ear pathologies. Time-
domain reflectance (see Fig. 1B) may be used to estimate the cross-sectional area of the ear canal
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by solving a mathematical inverse problem [1|. Finally, ear-canal reflectance includes a very small
component due to reflections from beyond the middle ear, from the portion of the inner ear that
is called the cochlea. Cochlear reflectance [2] has the potential to aid in the clinical evaluation of
inner-ear status. Current research is further developing methods to exploit the information about
the status of all three portions ear (i.e., ear-canal, middle ear, and cochlea) that is contained in

measurements of ear-canal reflectance.
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Fig. 1: Ear-canal reflectance measurement in the frequency domain (A) and time-domain (B).
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Asymptotic analysis of the non-steady Navier—Stokes equations
in thin structures
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Thin structures are some finite unions of thin rectangles (in 2D settings) or cylinders (in 3D set-
tings) depending on small parameter epsilon < 1 that is, the ratio of the thickness of the rectangle
(cylinder) to its length. We consider the non-steady Navier—Stokes equations in thin structures with
the no-slip boundary condition at the lateral boundary and with the inflow and outflow conditions
with the given velocity of order one. The steady state Navier—Stokes equations in thin structures were
considered in [1-3]. The asymptotic expansion of the solution is constructed. The error estimates for
high order asymptotic approximations are proved. Asymptotic analysis is applied for an asymptoti-
cally exact condition of junction of 1D and 2D (or 3D) models. These results are presented in [4-8].
The present work is supported by the grant number 14-11-00306 of Russian Scientific Foundation
executed in Moscow Power Energy Institute (Technical University).
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Homogenization of “double porosity” models for fourth order equations.
Spectral problems

Svetlana Pastukhova

Moscow Technolological University (MIREA)
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We study in R? a fourth order operator A, = D*a*(z)D, where Dy = V3p = {aji;: di_isa
matrix of second order derivatives and D* = V*V* = divdiv is conjugate to D. We assume that
af(x) = e*a(%) on F. and af(z) = a(%) on R?\ F., where a(y) is 1-periodic tensor acting in a space
of symmetric matrices and is subordinate to conditions of ellipticity. Here, e€(0,1), F. = €F is a
contraction of 1-periodic set F', R? is endowed with Lebesgue measure dx. So, the space R? is divided
into soft and stiff phases, F. being a soft one.

Other “double porosity” models for fourth order equations can be considered, they correspond to
measures on R? which are singular with respect to the measure dz. These are models on a singular
network or in the space reinforced with a singular network.

We find the limit operator A = lim. o A. in the sense of so-called strong two-scale resolvent
convergence. We investigate the spectrum of the limit operator. Thereby, we prove in this way some
spectral properties of the initial operator A., among them band-gap structure of the spectrum.

Long waves above the deformable bottom

Peregudin S.I.

Saint Petersburg State University, 7/9 litera A, Universitetskaya emb., St Petersburg, 199034 Russia
e-mail: peregudinsi@yandex.ru

Kholodova S.E.

National Research University ITMO, 49 Kronverksky Pr. St. Petersburg, 197101 Russia
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We consider the problem of motion of two layers of an ideal heavy incompressible fluid above
the deformable bottom and simulate the media as a three-layer one — two layers over non-uniform
liquid soil. The lower liquid has a density p;, the upper — p,. Waves are formed on the interface
between the upper layer — the air (free surface) and in the section of water surface layers. At motion
of the lower layer, liquid react with the soil particles of the bottom layer and they are set to move.
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The motion of an ideal incompressible homogeneous fluid in a layer is described by the equa-
tions [1]

Ip; : dv;
a—;+Vj'VPj:0> divv; =0, de—t]:gpj—ija g =1(0,0,—g)
with appropriate boundary conditions on the surface intersection liquid — ground
In On  0Q.  0Q
_ . v = , — Y — O, = —H, ) 7t )
ge TV NI =L e Ty 2= —Ho+n@y1)
at the interface of liquid media
0
%Jerh'Vﬁ:wj, P1 = D2, z=1m(z,y,t)
and on the free surface
0
%erwvnz:wz, D2 = Pa, z = Hy+na(z,9,1).

The problem is to determine the function v;, p;, p;, satisfying the equation of motion and the
boundary conditions. If this problem is solved, then profiles of the free surface and the interfaces
may be determined from boundary conditions.

Assuming the motion of the fluid in each layer is potential and using long-wave approximation,
we can obtain specific problems in the case of small-amplitude waves, such as linear model without
dispersion and with dispersion, non-linear model without dispersion. In the first case we have

Ct(wvt) - nt(xat) + H()wm(l',t) = 07
Co(z,t) + wy(z,t) =0,
Gz, t) + Kwy(z,t) =0

and converted into the wave equation for the vertical velocity w(z,t).
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Asymptotic study of two-scale electromagnetic field
in layered periodic structure
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The propagation of monochromatic electromagnetic field in the dielectric layered periodic medium
is studied by the method of two-scale asymptotic expansions. The frequency of the field is assumed
to be close to the frequency of the stationary point of the dispersion surface. It is established that
the principal term of expansion is a linear combination of two differently polarized Floquet—Bloch
solutions with slowly varying envelopes. The envelopes are governed by a system of either hyperbolic
or elliptic equations. The type of equations is determined by the type of the stationary point. The
equations are independent only in the planar case. All the terms of the asymptotic expansion are
found.
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New type of semiclassical asymptotics eigenstates near the boundaries
of spectral clusters for Schrodinger-type operators

Pereskokov A.V.

National Research University “Moscow Power Engineering Institute”, Krasnokazarmennaya 14,
Moscow, 111250 Russia

e-mail: pereskokov62@mail.ru

We consider the eigenvalue problem for a two-dimensional perturbed oscillator in L?(IR?)

BF PN dta
<—? (8—qf + 8—q§) + 5 + €V) Y=\, ||| 22y = 1, (1)

where V' (g1, ¢2) is an arbitrary polynomial of degree 4 and /& > 0, £ > 0 are small parameters with
e < h. In [1], an example of problem (1) was used to propose a method for finding a series of asymp-
totic eigenvalues near the boundaries of spectral clusters which are formed around the eigenvalues of
the unperturbed equation (at € = 0). This method is based on a new integral representation.

Applying the operator averaging and coherent transformation to problem (1) on the I-th irre-
ducible representation of the algebra of symmetries of the unperturbed operator, we obtain the
eigenvalue problem in the space P, of polynomials of degree less than or equal to £. Here the number
¢ is of the order of h~!. The desired polynomial satisfies a second-order differential equation. We
first study the multiple-point spectral problem in the class of antiholomorphic functions with zero
characteristic exponents at finite singular points. Further, we obtain the asymptotics of the desired
polynomial by using the operation of projection on the space P,.

In the subsequent papers [2, 3], this method was used to obtain asymptotics of a series of eigen-
values of the hydrogen atom in a magnetic field near the lower boundaries of spectral clusters and
series of asymptotic eigenvalues of the Hartree-type operator near the boundaries of spectral clusters.
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On sound propagation in a shallow-water acoustical waveguide
with variable bottom slope
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Sound propagation in the cross-slope direction in a shallow-water acoustical waveguide with tilted
bottom is considered. The bottom slope angle that is varying with range is assumed to be small.
The modal expansion is used to reduce the problem to the coupled system of elliptic equations for
the mode amplitudes. For sufficiently small bottom tilt angles the adiabaticity assumption can be
used to uncouple the system.

Each elliptic equation of the uncoupled system is approximated via the narrow-angle parabolic
equation (known as mode parabolic equation in this context). For the cross-slope propagation the
mode parabolic equations can be solved analytically using the technique of Wei and Norman [1].
Similar adiabatic approximation was studied in the work [2]|, and it was shown that it is sufficiently
accurate for the case of the propagation in a 3D wedge (i. e. for constant bottom slope).
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The properties and features of the obtained solution are studied, and the numerical example is
presented.
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Spectral asymptotics in some problems with integral constraints
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We discuss the asymptotics of eigenvalues of the boundary value problem
1
(=1PuP)(t) = APy (t) + P, o, (1), / thu(t)dt =0, i=0...n—1, (1)
0

where n,p € N, n > 2p, and P,_s,(t) is a polynomial of degree less than (n — 2p) with unknown
coefficients.
We reduce this problem to the following eigenvalue problem:

(1P (1) = u Py =), y(0) =y (1) =0, j=0..n—1. (2)

Note that the smallest eigenvalue of the problem (2) gives the sharp constant in the embedding

theorem I/?/S(O, 1) — MO/;L‘P(O, 1).
The obtained results are applied to the problem of small ball deviations in Lo-norm for some
Gaussian processes.

The work is supported by RFBR grant (No 16-01-00258a).

Electromagnetic waveguides with several cylindrical ends and
non-homogeneous filling
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A waveguide occupies a 3D domain G coinciding, outside a large ball, with the union of finitely
many semicylinders II", = {(y",t") : y" € Q",¢" > 0}, r =1,...,T. A dielectric permittivity ¢ and
a magnetic permeability p are matrix-valued functions in G that are smooth and positive definite.
For v = (y",t") € II', and t" — +o0, the matrices e(y",¢") and u(y", ") tend, at exponential rate, to
e"(y") and p"(y"), respectively; the €” and p” can be arbitrary matrix-valued functions being smooth
and positive definite on Q.

In such a waveguide we consider the stationary Maxwell system with a real spectral parameter
and conductive boundary conditions. We propose and justify a well-posed statement of the boundary
value problem with intrinsic radiation conditions and describe asymptotics of solutions to the problem
at infinity. Moreover, on the problem continuous spectrum we introduce a scattering matrix and prove
that it is unitary.

To establish the results we extend the Maxwell system to an elliptic boundary value problem.
The solution of the elliptic problem with a right-hand-side, subject to some compatibility conditions,
provides a solution to the original problem. The scattering matrix of the elliptic problem turns out
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to be block-diagonal and one of its blocks plays the role of the scattering matrix for the original
Maxwell system.

The results generalize and develop those in [1], where empty electromagnetic waveguides were
considered.
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We consider an microscopic optical system in which the optical vortex is embedded within the
Gaussian beam and focused to the observation/sample plane (Fig. 1). Additionally, optical vortex
can be shifted inside the beam allowing fine scanning of the sample. We provide the analytical
solution of the whole path of the beam in such system-from the vortex lens to the observation plane
situated on the CCD camera. The calculations are performed step by step from one optical element
to the next. We show that at each step, the expression for light complex amplitude has the same
form with only four coefficients modified. We also derive a simple expression for the vortex trajectory
for small vortex displacements. The analytical solutions are verified by the experimental results.
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= 7 mimor scanning of the sample inserted into the ob-
incident servation plane. The vortex trajectory, mag-
laser nified by the magnifying unit is observed on
the CCD camera.
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Experimental implementation of microwave subsurface holography
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Attempts of subsurface object visualization by means of microwave holography started in the 60-
ies of the last century. Those times, possibilities of measurement and computation were not enough
to perform this task. Recently a substantial progress was made in the problem of radio-frequency
wave monitoring of closed rooms and identification of moving objects [1]. This work is aimed at
another important practical problem — visualization of subsurface environment and embedded con-
trast objects. Here, a number of basic difficulties are encountered: unfavorable relationship between
the wavelength, object dimensions, probing range and antenna array aperture; EM wave attenuation
in subsurface matter, and strongly interfering interface reflection. These problems are partially mit-
igated by scanning the material surface with a combined microwave transceiver [2]. However, this
method essentially hinders and complicates the process of subsurface RF-vision and limits the range
of practical applications.

In this work, we apply another scheme of registration and processing of the subsurface prob-
ing data. The object of interest, embedded in a dielectric half-space, is illuminated from outside
with harmonic microwave radiation. The amplitude and phase distribution of the scattered signal
is captured by a multi-element receiver array separated from the material surface. Imaging of the
scattering object is performed via mathematical wave front inversion using “anti-Kirchhoff” approx-
imation. The synthetic aperture approach allowing one to radically increase spatial resolution was
described in our previous paper [3]. Here, we outline the generalization to the case of a stratified
non-uniform medium, experimental implementation of subsurface imaging, and an efficient method
of eliminating the interfering reflections from the material boundary. The numerical examples given
below illustrate the main moments of localization and visualization of a buried test object (metallic
stencil of letter “R”).
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Fig. 1: Attempt of direct object reconstruction from the primary digital hologram; Fig. 2: Localiza-
tion of the interfering source image in the specular reflection plane z = 80 cm; Fig. 3: Cleared image
in the object plane z = 50 cm; Fig. 4: Image improvement by energy summation of inverted wave
fields with different source positions.

Experimental images were obtained with a prototype of subsurface holographic radar provided

by JSC VNIISMI.
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Influence of dispersion and structure molecules on time relaxation

Evelina V. Prozorova
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The influence of the angular momentum and the delay are investigated in the mechanics for: the
interaction of many-particles, kinetic theory, the structural of molecules. Attention is drawn to the
delay process, which is important in describing the discrete space. The analysis of the recording of
the Lagrangian function for the collective interaction of the particles with the change of the center
of inertia of the moving particles and the effect influence angular momentum are made. Elementary
volume can rotate around the axis of inertia or to be involved in the rotational movement. In both
cases the flow density varies across the border on the value %. (r' —r) 4+ ... by the rotation of
the elementary volume. For rarefied gas the second term (on space) in integral of collision of the
Boltzmann equation is taken into account to calculate the self-diffusion and thermo-diffusion that
was foretold by S. Vallander. It should be noted that for the kinetic theory (the Boltzmann equation)
the law of conservation of angular momentum does not hold. Macroscopic parameters are determined
in the equilibrium function of the Chapman—Enskog distribution in which used parameters of the
Euler equations. From this implies for the Chapman—Enskog distribution function formally we have
values (density, linear moment and energy) with the first-order error. This fact was noted by Hilbert
without further use and correction. The Boltzmann equation is invariant with respect to the choice
of macro parameters. Therefore, the coincidence of the Navier—Stokes equations and the construction
is of formal nature, order of approximation for the parameters in a locally equilibrium distribution
function different. The Hilbert paradox was being solved. To solve this problem the iteration
procedure was suggested. The new stress tensor is obtained for the molecules with their rotations
and oscillations. Delay effect is due to the nature of the definition of derivative as the limit, while
rarefied gas is discrete with large distances among molecules. It turns out that for recording the time
derivative in the final terms we take into account only the high-speed components, as slow collisions
do not have time to occur. Therefore there is a need on a second term of a Taylor series for inclusion
in the work of the other component or to use the mean value of the time derivative, i.e. we have to
take averages over time for all the terms in the equations, averages in space due to the withdrawal are
defined. For the compound molecules is obtained the equal relaxation time and delay of interaction
molecules in rarefied gas. This situation is typical for discrete environment because the transition
from discrete to continuous environment is a key to the issue of mechanics. Summary records of all
effects lead to a cumbersome system of equations and therefore require the selection of main effects in
a particular situation. Study is continued of the problem of Faulkner—Scan with a constant vorticity
at the outer edge of the boundary layer and with changing the vorticity. The emergence of “banded”
structures revealed under certain conditions of flow at the outer edge.

Mathematical model of the flow of compressible material
in cylindrical channel with variable cross section

Pryanishnikova E.A.!, Belyaeva N.A.!, Stolin A.M.?, Stelmakh L.S.?

ISyktyvkar State University named after Pitirim Sorokin, Syktyvkar, 167000 Russia

2Institute of Structural Macrokinetics and Material Science of Russian Academy of Science, Chernogo-
lovka, 142432 Russia

e-mails: pryaysh@inbox.ru, belyaevana®mail.ru, amstolin@ism.ac.ru, stelm@ism.ac.ru

The flow of compressible material in cylindrical channel with variable cross section under the
effect of one-sided pressure is considered. The movement is completely described by the equations

% +div(p V) =0, (1)
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p<? - @) + div(IT) = 0, 2)

di
1= [—p + (5 - %u) div(?)} I+ 2u@, 3)

where (1) is the continuity equation for density of the material p, flow velocity 7, (2) are Navier—
Stokes equations, II is the stress tensor, (3) is Newton’s law of viscosity, u, are the dynamic and
volume viscosity, respectively.

To solve the system (1)—(2) the method of averaging over the radius of the cross section is applied
by using the formula .

)= 5 [ ritar (@)
0

The averaged system is solved numerically using the method of finite difference schemes. The
influence of friction and slip velocity on the side of the boundary surface in the behavior parameters
(density, components of stress tensor, components of velocity) of the moving material. The analysis of
numerical solutions, the comparison with the results of experimental studies [1, 2] is conducted. The
dependence of the slip velocity from the average velocity at the inlet of the channel is approximated
by a cubic polynomial. The resulting functional dependence of slip velocity and friction can be used
to describe the flow of viscous and visco-elastic materials.
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Diffraction spectrum change in few-cycle wave structure

Puzyrev D.N., Kozlov S.A.
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Paper reports the theoretical analysis of spectral structure features of paraxial few-cycle initially
Gaussian beams at their diffraction in the air. Based on the analytical expressions it is shown that
frequency of the maximum spectral density increases on the beams axis as more as less is number of
oscillation in the wave packet. For initially one cycle beam it multiplies by 1.4 times. Ratio of value
on the axis to the value on the periphery the frequency of the maximum spectral density depends on
initial number of oscillation in wave packet with generally monotonically change.

Based on the Helmholtz equation solution for propagation of spectral component of paraxial wave
with arbitrary initial temporal profile in homogeneous and isotropic medium spatial distribution of
frequency of the maximum spectral density in diffracted originally Gaussian beam is derived:

32202 (22 + 42
24 12)° - 2-1) — (222 L2
(1)
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x, Yy, z are coordinates of Cartesian axes, p is the radial transverse width at waist of beam, L is the
Rayleigh distance for frequency of the maximum spectral density wg at z = 0, N is the number of
oscillation in initial wave packet.

The initial spatial-temporal distribution of the electric field strength on radiation source was used
in the form

E(t,z,y) = (_1)2NE0 exp (—%) Hon 1 <%> exp <—%> ; (2)

where t is time, FEj is the initial amplitude of electric field strength of wave and H,, is the Hermite
polynomials

Fig. 1a shows spatial distribution of the frequency of the maximum spectral density for initial
one-cycle beam. Fig. 1b and fig. 1c present changes of the frequency of the maximum spectral density
on beams axis and at distance p from axis for different number of oscillation in initial wave packet. In
figures p = 0.3 mm, frequency of the maximum spectral density at source of radiation is wy = 1 THz,

R= /22 + %

i j‘; (b)
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Fig. 1: Spatial distribution of the frequency of the maximum spectral density for initial one-
cycle beam (a). Dynamic of the frequency of the maximum spectral density on the beam
axis (b) and on the distance p from the beam axis. Normalization was performed by value of
frequency on beam axis in far field region of diffraction (a,c) and by value of frequency on
radiation source (b).
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Effective methods of numerical estimates of acoustic fields
in the stratified ocean generated by moving airborne sources
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The underwater acoustic wave propagation in the stratified ocean produced by moving airborne
sources is investigated. We construct the asymptotics of the acoustic pressure in the ocean on large
horizontal distances between a moving in the air source and a receiver located in the ocean. Our
study is based on the representation of the acoustic field P(t,x, z) generated by a moving airborne
source of the form of a time-frequency integral

1 . .
P(t,x,z) = oy //R2 a(T)g(w,x — x0(7),2, 20(7)) =770 duydr, (1)

where g(w, X, z, z9) is the Green function of the stationary problem (see for instance |2, 3]).
For the numerical implementations we use the method of spectral parameter power series (SPPS
method). This method is an effective tool of solutions of some problems of Mathematical Physics
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reduced to the solution of the spectral Sturm-Liouville problem (see for instance [1| and references
cited there). Note also our previous papers [4, 5| devoted to the application of the SPPS method
for the numerical study of underwater waves propagation in the ocean generated by underwater
stationary and moving sources.

In the talk we present the asymptotic constructions of the acoustic fields in the ocean generated
by an airborne moving source, give formulas for modes frequency and time Doppler effects. We
illustrate these results by calculations for some practical example.
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On spectral asymptotics of the tensor product of operators
with almost regular marginal asymptotics

Rastegaev N.V.
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Operators with almost power spectral asymptotics naturally arise, for example, when considering
an ordinary differential operator with singular self-similar weight. The asymptotic of eigenvalue
counting function in that case takes the form

NA) = AP (s(In )) + o(1)), A — 400,

where s is a positive continuous periodic function, dependent on the choice of the weight. Some
properties of function s are described in [1, 2| (in particular, the fine structure of s is established for
certain classes of weights). For the sake of generality we also consider almost regular asymptotics of
the form

N = AP p(\) - (s(InX) 4 o(1)), A — +o00,

where ¢ is a slowly varying function.

As a part of the currently intensive development of the theory of small deviations of Gaussian
random functions, tensor products of compact operators with almost regular marginal asymptotics
containing periodic functions are considered for asymptotic analysis. We extend for this case the
mode of proof developed in [3].

We infer that the same asymptotic behavior persists for the tensor product. It is also almost
regular containing a periodic function. If the asymptotics of the operators are of different powers, it
will resemble the stronger of two, with a difference only in the periodic term. If the powers coincide,



108 DAYS on DIFFRACTION 2016

the slowly varying function will be the convolution of the original ones (in the case, when slowly
varying functions are constant, it means the emergence of a logarithmic term). We establish the
cases, where new periodic function could be shown to be non-degenerate under certain circumstances.
We also establish cases, where it is guaranteed to degenerate into constant.

Author was supported by RFBR grant 16-01-00258a and by “Native towns”, a social investment
program of PJSC “Gazprom Neft”.
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Integral representation of spiral light beams

Evgeniya V. Razueva, Eugeny G. Abramochkin

Lebedev Physical Institute, Samara, 443011, Russia
e-mail: dev@fian.smr.ru

Spiral light beams are paraxial wave fields whose intensity retain its shape up to scale and rotation
during propagation of the field in free space. Various aspects of spiral beam theory are presented
and discussed in [1|. In particular, it has been proven that rotation of a spiral beam is determined
by the function #(z) = 6parctan z, where 6, is an arbitrary real number. Then the total rotation
angle of the field intensity during propagation is

O(+oo) —0(0) = 21

and the rotation velocity goes to zero when z goes to infinity:

) e
dz 1+22°
The most famous spiral beams are
1 2?2 + 92 T+ 1y
Flay.2) = (=) !
(@.y.2) = o e\ e (1)

where f(z) is an arbitrary entire analytic function such that F(z,y,0) € Lo(R?). In this case, the
rotation parameter is #p = —1. During the propagation of such beam its intensity rotates over
/2 radians. These beams turned out to be useful for the creation of high-efficiency diffraction
phase elements, which allow obtaining the intensity distribution in focusing plane in the shape of a
predefined planar curve.

The natural question occurs: Is it possible to find an analytic expression, which is similar to
Eq. (1) but for spiral beams with a large value of 6,7 Such beams, whose intensity rotates with a
large velocity are a subject of interest in optical microscopy [2].
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When the rotation parameter 6 is an integer, 6, # 0, we obtain the following integral represen-
tation of corresponding spiral beam:

F(z,y,0) = exp(a® + ¢*) //Rz exp(—€% — n* + 2V2i(z€ + yn)) F(W)dE dn, (2)

where W is determined by the value of 6j:
if 6y = £2N, then W = (&2 +n?)?V (€ Fin)?,
if 6 =+(2N +1), then W = (&+n*)N(¢Fin).

Here, as above, f(z) is an arbitrary entire analytic function that does not destroy the square
integrability of the function F(z,y,0). If 6y = —1, then Eq. (2) is reduced to Eq. (1) easily.
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Phase-shifting exposure in photolithography
using a Gaussian beam of an odd order
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Every stage of photolithography is accompanied by agents deforming the prototype mask pattern.
One of them is the diffraction of radiation at its propagation through a mask [1], that is one of the
principal phenomena, limiting minimal dimensions of image elements in photolithography. One of
the methods to increase resolution and to decrease dimensions in photolithography is utilizing of
phase-shifting masks. There are several methods of phase-shifting mask realization, which differ
by configuration of elements in the masking layer [1]. The more simple technique for improving of
resolution is exposure with the off-axis illumination. In this case, the phase shift is provided by
specific choice of the angle of incidence, when adjacent lines are illuminated by rays with opposite
phases. This work is devoted to consideration of the phase-shifting exposure technique using a
Gaussian beam of an odd order. As an example, a two-dimensional Gaussian beam of the first order
is used. We consider the most simple mathematical model of the wave diffraction by an opaque
screen with two parallel slits placed in the plane z = 0. The diffraction field is computed at the
distance z = h from a screen using the Rayleigh—Zommerfeld formula:

v = [ Cd {u ©) %—ﬂwd& I [v ©) %—?Lodé, V() =22 e (—%)

G620 = 518 (-0 + (= 07) . u) = vto)

1 , 1.5 , 1.5 ,

U(x)0.5— = U(x)
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The graphs represent the results of field amplitude computation at the following values of param-
eters (in the wavelengths) n = 13, d = 3, h = 130, p = 9, when a phase-shifting mask is exposed
by a plane wave (the second graph), a simple mask is also exposed by a plane wave (the first graph)
and by a Gaussian beam (the third graph).

As one can see from the first graph, diffraction causes the interference of light fluxes in gaps
between elements and the confluence of topological details. Resolution of those is achieved by using
a phase-shifting mask or by utilizing a Gaussian beam of an odd order, as the second and third
graphs demonstrate.
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Approximate approach to description of evolution of plane nonlinear
elastic wave with different types of initial profile
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Let nonlinearity of deformation of the wave propagation medium is described by the Murnaghan’s
elastic potential [1]. Choose the model, in which the potential is presented by only the second and
third powers of the displacements gradients, and assume that displacements depend only on one
spatial coordinate x; and time ¢. Then the form of potential simplifies and the nonlinear wave
equations for plane waves can be written in the simple form too. The equation for longitudinal wave
is as follows [1]:

pury — (A +2p)ur 11 = Nyug 1w g + No(ugiiua g + ug11us ), (1)
Ny =[B(A+2u) +2(A+3B+C)], No=A+2u+(1/2)A+ B,

where \, i, A, B, C are the elastic constants. Restrict further an analysis to the problem, when only
the longitudinal wave is initially excited in a material [1]. Then equation (1) is simplified

pUL L — <CL)2U1,11 = (Nl/p)Nlul,llul,la (2)
where ¢, = /(A + 2u)/p is the velocity of linear P-wave. Represent equation (2) in the form
ury — (14 aury)(e)?urn =0, a=[Ni/(A+2p)]. (3)

Let the wave initial profile is described by the sufficiently smooth function u(zy,t = 0) = F'(z1)
and the wave propagates in the form w(x;,t) = F(z1 — vt), v = /1 — auycp. Suppose the initial
wave profile in the form of three functions: 1. F(z;) = coskpx; or F(z;) = e %1 (harmonic wave);
2. F(xy) = e~ (®)*/2 (solitary wave); 3. F(z;) = Woo(az)). Assume further

lau; | < 1 (4)
and represent the wave in the form
u(zy,t) = Flog — et — (1/2)oug 1t). (5)

Denote the wave phase with the constant phase velocity by ¢ = x; — Ct and the additional small
parameter by § = —(1/2)acpu; t. Represent now the solution (5) in the form of the Taylor series
and restrict an analysis be the two first members owing the smallness §. Then relation (5) with



DAYS on DIFFRACTION 2016 111

allowance for uy 1(z1,t) & Fip(0 + 5)09/51 = F,(0+0)(1—(1/2)acruii1t) = Fi, can be written in the
form
uy1(71,t) = F(o) — (1/2)acpt[F (0))*. (6)

The approximate representation of solution (6) has the general character. For different concrete
functions (6) describes the nonlinear wave phenomenon — an appearance of the second harmonic or
the similar new constituents and distortion of the wave initial profile. The numerical analysis that is
realized for the mentioned above three types of waves, three kinds of metallic materials (aluminum,
copper, steel) and certain range of changing the wave parameters (wave length or the wave bottom,
maximal amplitude of initial profile showed that the proposed approximate approach describes the
essential distortion of initial profile.

The pictures show an example of distortion for the wave with profile of Gauss function (bell-
shaped wave).
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Magnetic Schrodinger operators on periodic discrete graphs
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We consider magnetic Schrodinger operators with periodic magnetic and electric potentials on
periodic discrete graphs. The spectrum of the operators consists of an absolutely continuous part
(a union of a finite number of non-degenerate bands) plus a finite number of flat bands, i. e., eigen-
values of infinite multiplicity. We estimate the Lebesgue measure of the spectrum in terms of the
Betti numbers and show that these estimates become identities for specific graphs. We estimate a
variation of the spectrum of the Schrédinger operators under a perturbation by a magnetic field in
terms of magnetic fluxes. The proof is based on Floquet theory and a precise representation of fiber
magnetic Schrodinger operators constructed in the paper.
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FFT techniques for numerical solution of volume singular integral
equations of electromagnetics
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We consider two family of problems of electromagnetics: (i) the medium in a finite 3D domain @
is characterized by a dielectric permittivity tensor function and constant outside @), the permeability
is constant everywhere; (ii) the same domain @ lies over perfectly conducting plane. The problem
is to find electromagnetic field excited in the medium by an external field. These problems can be
reduced to the volume singular integral equations (VSIEs) with respect of electric field in domain Q.

To solve the integral equation numerically, one reduce it to a system of linear algebraic equations
(SLAE). It is clear that we must apply only iteration methods. Number 7" of arithmetic operations
that guarantees the required accuracy of solution and memory volume M required for the implemen-
tation of the algorithm are the main efficiency criteria for any numerical algorithm. Multiplication of
matrix SLAE by vector is the most laborious operation of the iteration method. Taking into account
that the kernels of VSIEs depend only on the difference and sum of arguments and using regular grid
we reduce integral equations to SLAE with matrix having properties of symmetry. Then memory
volume M is proportionally the dimension of SLAE. Further using FFT techniques we construct fast
algorithm for the multiplication of matrix SLAE by vector. Thus we can solve SLAE with matrix of
huge dimension.

Stability of inverse coefficient problems’ solutions for semilinear equations

Saritskaya Zh.Yu.

Far Eastern Federal University, 8 Sukhanova St., Vladivostok, Russia
e-mail: zhsar@icloud.com

The stationary nonlinear convection—diffusion-reaction equation is studied in the bounded domain
Q C R? as a semilinear elliptic model

MMy +u-Veo+k(p,x)p=f in Q (1)
with mixed-boundary conditions
p=0 on I'p, —Xdp/On+ a(p,x)p=x on ['y. (2)

Here I'p and I' y are open segments of the boundary 052, such as 9Q = I'p UT v, ¢ is a concentration
of polluting substance, u is a given vector of velocity, f is a volume density of external sources of
substance, A is a constant diffusion coefficient, function k& = k(¢,x) means a reaction coefficient,
function «, given on I'y, has the meaning of a mass-transfer coefficient.

Under the assumption that the mentioned coefficients depend nonlinearly and rather commonly
either on the solution ¢ of the problem (1), (2), or on the spatial variable x € Q, global solvability
of the problem(1), (2) and local uniqueness of its solution are proved.

The identification problem for function (x), which is multiplicatively included in reaction coef-
ficient k(p,x) = B(x)k(p), conducted with the help of the additional information about substance’s
concentration in some subdomain ) C €2, can be interpreted as one of the examples of inverse co-
efficient problems. The stated inverse problem can be reduced to the corresponding multiplicative
control problem. In the common case its solvability is proved, and for particular functions l%((p)
stability estimates are obtained for its solutions regarding to disturbances of cost fucntional and of
the given functions from model (1), (2). See [1] about such problems’ studying.
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See [2, 3| about similar coefficient problems of acoustics and electromagnetics, such as identifica-
tion problems of refraction coefficient and boundary impedance. The method of studying nonlinear
boundary value and extremal problems, which was developed in this paper, can be applied to com-
plicated nonlinear acoustics and electromagnetics models, in which main coefficients can depend
on not only spatial variables as in [2, 3|, but also on acoustic pressure and electromagnetic field
correspondingly.

This work was supported by the Russian Foundation for Basic Research (project no. 16-01-
00365 A).
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Acoustical imaging in semi-geodesic coordinates
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The wave equation in two-dimensional Euclidian space with variable velocity is considered (Mar-
mousi model). A set of sources is located at the part of the boundary of lower half space. First we
solve the forward problem. Then the obtained synthetic data (inverse data) are used for model’s
imaging in semi-geodesic coordinates under assumption that the velocity is unknown. The imaging is
based on the Boundary Control method: from the inverse data we obtain the waves in semi-geodesic
coordinates and then use some imaging condition.

Formulas of van Vleck type for the Cauchy problem for differential and
pseudodifferential equations in the one-dimensional case

Sergeev S.A.

Institute for Problems in Mechanics of the Russian Academy of Sciences, Moscow, Russia;
Moscow Institute for Physics and Technology (Technical University), Dolgoprudny, Russia
e-mail: sergeevsel@yandex.ru

Consider the pseudodifferential equation

thuy = L (w, —ih%) u, reR, t>0, (1)

with symbol L(z, p), where h is a small parameter. For this equation, we pose the Cauchy problem

with localized initial data
T—
oo =V (57)). )

Using Maslov’s canonical operator, we construct an asymptotic solution of the Cauchy problem (1), (2).
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This formula resembles the van Vleck formula, but in some examples (e. g., the linearized Korte-
weg —de Vries equation) for small time it can be expressed via the Airy function.

Further, if the Fourier transform of the initial function tends to unity as h — 0, then we obtain
the Green function of the Cauchy problem (1), (2).
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The Laplacian on a homogeneous tree with general matching conditions.
The wave equation
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In the present work we study the spectral properties of the Laplacian with general matching
conditions on a homogeneous rooted metric tree I' with the branching number b. Along with this
problem we consider the Cauchy problem for the wave equation on I'.

In the paper [1] the Laplacian was represented by a family of the operators —% on edges of this
tree, complemented by the Kirchhoff matching conditions at vertices. We consider general matching
conditions: namely, for every vertex v

I DO D B
fle) =S f(e)) = Zf(eD) = . = _f(el),

fller) = 2(fley) + fe]) + oo + f(el)).

Here v > 1 is a real constant, e is the edge terminating at v, e, ..., > are edges emanating from v.

We obtain the spectrum of the Laplacian. Also we find the solution of the Cauchy problem and
study the behaviour of the wave energy in case time tends to infinity. We show that the share of the
energy remains at the initial section of the graph.
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Dispersion diagrams and first arriving signals in layered waveguides
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Consider a layered 2D acoustic waveguide, which is homogenous in the x—direction and has a
sandwich structure in the y-direction. The media constituting the waveguide can be elastic, liquid or
gaseous. Waves in such a waveguide are described by a dispersion diagram in the (k,w) coordinates
(k is the wavenumber in the z-direction, w is the temporal circular frequency). Usually the dispersion
diagram is a graph consisting of several branches (curves). Each point of the dispersion diagram is
characterized by phase velocity and group velocity.
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It is known empirically that one can observe the first arriving signal (FAS) propagating with
the velocity of the fastest medium in the structure of the waveguide. In the case of a single elastic
isotropic medium the velocity of the FAS is close to the velocity of the longitudinal waves. In some
cases the velocity of the FAS is bigger than any of the group velocities provided by the dispersion
diagram. The FAS pulse decays with propagation distance unlike the pulses corresponding to usual
modal pulses.

In the talk it is shown that FAS is related to pseudo-branches of the dispersion curve. An example
of the pseudo-branch is shown in the figure. The pseudo-branch is composed of fragments of branches
of the dispersion curve. One can approximate the pseudo-branch by a linearly transformed tangent
function and estimate the integral describing the transient wave in the waveguide. As the result, one
can obtain the velocity and the decay of FAS.
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Fig. 1: A pseudo-branch.
The formulae obtained in the talk are compared with results of numerical modeling.

The work is supported by Russian Scientific school grant 7062.2016.2 and the Russian Foundation
for Basic Research grant 14-02-00573.

Diffraction by an impedance strip in parabolic approximation
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A 2D stationary problem of acoustic wave scattering by a segment bearing impedance boundary
conditions is considered (see Fig. 1). The impedances of the sides are assumed to be equal. Consid-
eration is held in parabolic approximation which is applicable in case of diffraction of high-frequency
grazing wave [1]. As it is known, the scattered field u* can be represented as

ko
2mir

uw*(r,0) = S(6,6™) ekor 4 o(eikor(kor)_lﬂ). (1)

Here 0 = arctan(y/z), r = /22 + 2, ko is a wave number, S(6, ™) is the directivity of the scattered
field.

(—a,0) (a,0)

Fig. 1: Geometry of the problem.
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A simple expression in a single quadratures is derived for the directivity in parabolic approxima-
tion:

iny . (Qin)Z + 92 in n + ,L‘kogin in
5(9, 0 ) = exp {Zkoa# ( Y( 9, 0 ) WY( 9, 0 )
n— ikoein

—Y (0, —0™) — .
(6, ) 1+ tkof™m

. 2n , 2n .
Y(0,0") + —————=Y (in/ko, —0) + ———=Y (—in/ko, 0 2
(6,67 + oY /o, =6) + Y (—infho,6)) (2)

where

1 : [ koa , [ koa
Y (6y,6,) = STkl — 2 (exp{—lkgaef}erfc (91 %) — exp{ —ikoaf3 yerfc (92 %)) . (3)

erfc(z) is the complementary error function, n is impedance of the strip, a is a half-width of the
segment.

References

[1] S.N. Vlasov, V.1. Talanov, Radiophys. and Quantum FElectronics, 38, 1-12 (1995).

Application of semi-analytical finite element method (SAFE)
to inversion of acoustic logging data in non-cylindrical boreholes
in anisotropic formation
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Conventional processing algorithms for acoustic cross-dipole and logging-while-drilling measure-
ments are largely based on propagation analysis of guided modes in a borehole. The development
of oilfield technologies increases the relevance of such measurements in formations with complex
anisotropy or geological structure. However, there is no common approach for inversion of formation
parameters considering these effects.

Assuming the homogeneity of formation and borehole geometry along axial direction z, the direct
problem of elastic waves propagation reduces to a set of two-dimensional problems in (r, #)-plane.
Using standard finite element discretization in frequency domain each of 2D problems transforms to
a generalized eigenvalue problem and is solved numerically. The considered approach is referred as
semi-analytical finite element method [1].

In this study logging measurements are approximated with sum of a finite number of numerically
obtained eigenfunctions. The high-accurate 3D simulations by spectral element method [2] are taken
as reference logging data. The chosen approximation by small number of eigenfunctions is proved to
be valid for fluid-filled boreholes with non-cylindrical cross-section in typical transversely anisotropic
formations.

The residual of approximated and initial solution is shown to be sensitive to both compressional
and shear wave velocities and Thomsen anisotropic parameters (e,6). The gradient of the residual
can be calculated with a adjoint-state method [3] and used for the solution of inverse problem. The
key feature of the proposed inverse problem formulation is the simultaneous analysis of data from all
receivers both along borehole axis and in cross-sectional plane.

The residual functional between approximated and reference solutions is shown to be sensitive
to both compressional and shear wave velocities and Thomsen anisotropic parameters (e,d) when
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the data collected from all receivers both along borehole axis and in cross-sectional plane is used.
Therefore a conventional inverse problem approach is formulated. The gradient of the functional is
evaluated with adjoint-state method [3]. The key feature of the proposed inverse problem formulation
is a usage of a small number of eigenfunctions for good approximation accuracy in considered typical
formations.
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Tunneling of Gaussian light pulses in chirped Bragg grating
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Reflective properties of chirped Bragg gratings (CBG) allow effectively compress and stretch light
pulses. Tunneling which also takes place in such structures can be considered as a side effect while
using chirped gratings as devices with negative dispersion. This phenomenon is of an independent
interest, for example, for the finding of the traversal time of Gaussian pulses (or group delay) through
a chirped periodic structure in the forbidden gap.

Special properties of tunneling in the present paper are studied with the help of numerical methods
on the basis of a two component dielectric structure. The period of the structure changes linearly
d(z) = dyta(z— Ly /2), where dj is the period in the center of the grating, « is the chirp parameter,
L, is the grating length. Period variation leads to a deviation of a local Bragg wavelength (A (2) =
2n0d(2), ng is the mean refractive index of the CBG). Hence, different spectral components of an
incident pulse reflect back from different points of the CBG. Such behavior results in the frequency
modulation of a reflected pulse.

Spatial size of the photonic barrier in the CBG is important for the transmitted pulse. Its value
is determined by L. = 2k/f3, where £ is a coupling constant, 3 = —an/d3 [1]. The output pulse
is not modulated since optical paths of various spectral components before and after the photonic
barrier in CBG are equal to each other.

Profiles of transmitted pulses with different durations are calculated. It was shown that minimal
losses related to tunneling in schemes of stretching and compressing take place when the value kL,
is large enough.

Group delays of narrow band pulses are calculated as d¢y,./dw, where ¢y, is a phase of a trans-
mission coefficient. Our simulations show that the phase is distorted in the forbidden gap. That is
why group delay has a lower value compared to the propagating time in a homogeneous medium.
Note that the group delay of narrow band pulses also saturates with the increasing of the photonic
barrier as well as in a Bragg grating without chirp [2].
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Ultrashort optical pulses in germanene in the 3D case
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In recent years, increasing effort has been devoted to studying nonlinear propagation of ultrashort
optical pulses in different materials. This interest is associated with the prospects of using nonlinear
optical effects in practical applications [1|. Here, we consider the dynamics of electromagnetic pulses
propagating in germanene in three-dimensional case. Germanene is rather new material. It is a
single layer of germanium atoms like graphene is a monolayer of carbon atoms. It should be noted
that the magnitude of the spin-orbit coupling is significantly larger in germanene then in graphene
and silicone, and can not be neglected as it is a materials property. At the same time there are
open issues related to going beyond the one-dimensional approximation. Taking into account these
circumstances, it is important to study the evolution of 3D ultrashort optical pulses in germanene,
which is expected to reveal new effects with a broad range of practical applications.

In a long-wavelength approximation, a Hamiltonian for germanene can be written as:

H =v(&kyo, + kyoy) — 0.56AsoT,0, + 0.5A 0, (1)

where £ is the sign of the valley for two Dirac dots, v is the Dirac electron velocity, (k,, k,) is the
quasi-momentum of electrons, Agp is the spin—orbit gap width, A, is the potential on a lattice site,
and A, = F.d, E. is the electric field strength, d is the distance between two sublattice planes, o;, 7;
are the Pauli matrices.

The eigenvalues of matrix form of Hamiltonian allow us to define the current density of electrons
in germanene. The Maxwell equations in cylindrical coordinates can be written as:
10 ([ 0A PA  10%A
=——|r— — + == +4nj(A 2
" r@r(@r)+8z2+r26¢2+ i(4); )
where A is the vector-potential, j is the current density in germanene. Evolution of ultrashort optical
pulses (consist of two electric field oscillations) is presented in Figure 1.
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Fig. 1: The intensity of 3D optical pulse at the different times: a) t = 0s; b) t = 3.0x 10713 s;
c)t=>5.0x10"1s.

This study was supported by the Ministry of Education and Science of the Russian Federation,
project no. MK-4562.2016.2.
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Estimates for the singular numbers
of the sandwiched Airy transformation
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In Ly(R) we consider the unitary integral Airy transformation 7" defined by
Tu(zx) := / Ai(y — z)u(y)dy, u € La(R) N Li(R).
R

Here Ai(z) = % fooo cos(% + zt) dt, z € R, is the Airy function. We study the compactness conditions
and estimates for the singular numbers of the operator fT'g for suitable functions f, g € Laoc(R). The
results of such type can be useful for investigation of the spectrum of the Stark operator H = —% +x
perturbed by a decaying potential.

More precisely, we discuss conditions ensuring that the operator f1'¢g belongs to the standard
S,-class or to the Lorentz class S,,. For p > 2 these conditions were established in [1]. This talk
concerns the case where p € (0,2) and ¢ € (0,400]. In particular, we discuss the conditions ensuring

that the operator f7T'g belongs to the trace class.
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Nodal count theorem for quantum tree graphs with d-coupling
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The Courant theorem provides an upper bound for the number of nodal domains of eigenfunc-
tions of a wide class of Laplacian-type operators (see, e.g. [1]). In particular, it holds for generic
eigenfunctions of a quantum graph. The theorem states that after ordering the eigenvalues as a
non-decreasing sequence the number v,, of nodal domains of the n'" eigenfunction is bounded from
above by n. Here we obtain the analogous theorem for special type quantum graphs. A quantum
tree with the Schrodinger operator defined at the edges and d-type coupling conditions is suggested.

Let I" be a quantum tree, V(I') is a set of its vertices and E(I') is a set of its edges. We assume
the following equation at the edges:

(H = M)u(z) = —u"(z) = (A — q(=))u(z) = 0. (1)

We deal with the Dirichlet boundary condition at the boundary vertices of the graph and J-type
coupling at the internal graph vertices:

S = Ba), B>0, @ V(D) )

where u is continuous on I', V(I") is a set of vertices of I', E, is a set of edges containing vertex v,
;7“(1)) is a derivative of the solution at the vertex v of the edge e in the outgoing direction from the
vertex, 53,, B8, > 0, are some real positive numbers.
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Theorem. Let the following conditions take place:

yo(x), y1 (), .oy yr(), ... (3)
where yo(z),y1(z), ..., yr(x), ... are the eigenfuctions;

ng<ng <..<ng<.. (4)
where ng, n1, ng, ... are the number of zeroes;

Ao <AL <o <A <. (5)

where Ao, A1, ..., Ak, ... are the eigenvalues. Then the y;(z) has exactly k zeroes, i.e. ny = k in the
inequality (4).

To prove the Theorem authors used already obtained in previous works the Molchanov-type
condition that guarantees the discreteness of the spectrum [2] and had to prove some properties
about the behavior of eigenfunctions.
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Gaussian beam in a gradual transition from a waveguide
to an antiwaveguide
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From time immemorial, propagation of paraxial Gaussian beams has attracted attention of re-
searchers working in different areas of the theory of diffraction (see, e.g., [1, 2|). For optics, of
particular interest is the propagation of beams in axisymmetric structures with a straight axis. We
are concerned with high-frequency beams in a structure with a smooth refraction index described by
n(z,y,z) = ng — na(z)(z? + y*)/2, where na(z) > 0 as z < 0 (which corresponds to a waveguide),
and n2(2) < 0 as z > 0 (which corresponds to an antiwaveguide).

The parabolic equation for the amplitude U reads as follows:

2iknoU, + Uy + Uy, — K*ngna(2)(2* + y*)U = 0, (1)

where k is the wavenumber in vacuum, which can be regarded as a formal large parameter. The
fundamental mode has the form

U = a(z) exp{ik(a® +y*)/2q(2) }, (2)

where a(z) and ¢(z) can be described in an explicit form (see, e.g., [2]).

As shown in [3], a mode transversely localized at some z = zq (that is, Im ¢(z¢) < 0) remains such
for all values of z. In particular, a mode localized in a waveguide is also localized after a transition
to an antiwaveguide. We numerically simulated wavefields in a vicinity of the transition point z = 0.
By analogy with [4], we considered higher-order modes as well.



DAYS on DIFFRACTION 2016 121

Fig. 1: Half-width of the fundamental mode.
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Mathematical and numerical analysis of the spectral characteristics
of dielectric microcavities with active regions
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We study electromagnetic fields and emission thresholds of two-dimensional dielectric micro-
cavities solving the lasing eigenvalue problem (LEP) proposed in [1]. We solve the LEP for micro-
cavities of arbitrary shape with active regions. Namely, we propose a new convenient formulation of
the LEP as a nonlinear spectral problem for a Fredholm holomorphic operator-valued function, which
includes weakly singular integral operators. On the base of the new formulation of the problem we
investigate the qualitative properties of the characteristic set: the localization on the corresponding
Riemann surface, the discreteness, the dependence of the characteristic values (eigenfrequencies) on
the threshold gain and nonspectral parameters.

We reduce the original problem to the system of Muller boundary integral equations, which we
solve numerically by the Nystrom method [2]. We prove a theorem on convergence of the Nystrom
method. We get the following results. If there exists a solution to the set problem, then there
exists a sequence of eigenvalues of the Nystrom method matrix, converging to the exact solution as
a number of grid points increases. On the other hand, if there exists a converging sequence of the
above mentioned eigenvalues, then it converges to the exact problem solution.

We propose a new computer implementation of the Nystrom method and calculate the spectral
characteristics of new types of microcavities with active regions, having the following important for
applications properties: the low thresholds of lasing and the sparseness of spectrum.
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Impact of conical points on the object’s scattered field
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The problem of scattering of acoustic, elastic, and electromagnetic waves from cavities or inclu-
sions, whose dimensions are significantly smaller than the wavelength (so-called long-wave or Rayleigh
approximation), is among the classical questions in wave theory. In the literature, only the cases
with known analytical solutions of the corresponding dynamic problem have been usually studied.
At the same time, the behavior of the long-wave asymptotic is determined from expressions repre-
senting this explicit solution. Of the many possible approaches to solve this problem in a general
case, we consider only two. In the first one [1], two kinds of asymptotic expansions are employed.
The wave field near the scatterer can be represented by the series whose coefficients are the result
of consistent solutions of static problems. In turn, at long distances, the field is represented as an
expansion in multipoles. The second approach is based on the derivation of the integral equation for
the field in question and its solution by the method of successive approximations [2|. It is possible to
conclude from the results of these studies that in the main approximation the scattered field at large
distances is similar to the field of a point source placed at the inclusion location. The amplitude of
this source is determined only by its volume. In this paper we use a combined method when the
short-range solution is constructed by the method of [1] and an integral equation is used at the large
distances. The spindle-like body (see Fig. 1) was treated as a scatterer for a model demonstration.
The solution of the static problems is sought in the bispherical coordinate system as the Mehler—Fock
integral. The field continuity conditions at the interface of the spindle lead to a difference equation
for integrands that can be solved with the help of the Fourier transform.

The reported study was funded by RFBR, according to the research project No. 16-32-60189
mol _a_dk.

Fig. 1: The schematic representation of the spindle-like body.
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Homogenization of high-order elliptic equations
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In Ly(R% C"), we consider a selfadjoint strongly elliptic operator A., ¢ > 0, given by the differ-
ential expression b(D)*g(x/e)b(D). Here g(x) is a periodic bounded and positive definite (m x m)-
matrix-valued function, (D) = Zm‘:p b, D is a differential operator of order p, and b, are constant
(m x n)-matrices. It is assumed that m > n and that the symbol b(¢) has rank n for any 0 # & € R%.
The precise definition of A, is given in terms of the quadratic form. We study the behavior of the
resolvent (A. — ¢I)7!, where ¢ = [¢|e?? € C\ R, for small . It is proved that, as ¢ — 0, the
operator (A. — ¢I)™! converges in the Ly-operator norm to the resolvent of the effective operator
A% = b(D)*g° (D). Here ¢° is the so called effective matrix. In [1], the following error estimate for
0 < e <1 was obtained:

I(A: = CD)™ = (A% = CI) Ml (rays amey < Cal)elg] 22, (1)

Also, in [1] approximation of the resolvent in the norm of operators acting from Lo(R% C") to
the Sobolev space HP(R%; C") was obtained:

1(Ae = ¢D) ™ = (A° = ()72 = &K (& Q)| yray s mvrty < Cal)e([¢] Y2 [ 7V/2H2). (2)

Here the operator K(g;() is a corrector; it contains rapidly oscillating coefficients and so depends
on ¢; herewith, || K (g;()||1,u» = O(¢7P). Estimates (1) and (2) are order-sharp for small e. The
constants C(p), Cs(p) are uniformly bounded in any sector ¢y < ¢ < 2w — o with ¢ > 0.

Now, let O C R? be a bounded domain with sufficiently smooth boundary. By Ap. we denote
the operator in Ly(O;C") given by the expression b(D)*g(x/e)b(D) with the Dirichlet boundary
condition. The precise definition of Ap. is given in terms of the quadratic form. Let A9 be the
effective operator given by b(D)*¢°b(D) with the Dirichlet condition. In [2], the following error
estimates are proved for 0 < ¢ < g¢ (g9 is sufficiently small) and ¢ € C\ Ry, [¢| > 1:

I(Ape = ¢I) ™ = (AD = CI) Mooy 1a(0) < Csle) (el + %) (3)
[(Ape — ¢I)™" = (AY = ()" = e?Kp(e; Ol nao)»meo) < Calp) (21172 1) . (4)

Here Kp(e;() is the corresponding corrector. Estimate (3) is order-sharp for small e. The order
of estimate (4) is worse than the order of (2) because of the boundary layer effect. The constants
C3(p), Cy(p) are uniformly bounded in any sector ¢y < ¢ < 21 — o with ¢ > 0.

The analogs of (3), (4) for ( € C\ Ry, |(] < 1, are also obtained, but the behavior of the
right-hand sides with respect to ( is different from (3), (4).
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Weak shear modulus in the acoustic mode parabolic equation
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Adiabatic acoustic mode parabolic equations appeared as a convenient tool for solving three-
dimensional problems of ocean acoustics. Here by the multi-scale expansions method [1] we derive
an elastic mode parabolic equation, which takes into account the effects of a weak elasticity on the
acoustic field. As a small parameter a ratio of a typical wavelength to a typical size of horizontal
inhomogeneities is chosen. The shear modulus is of the order of the small parameter.

We postulate the following expansions of the parameters of elasticity and the dependent variables
(velocity) A = Ao(X, 2) + e (X, Y, 2), p = e (X, Y, 2), % = (X, 2) + en(X,)Y, 2), (u,v,w) =

((uo + eur + ...), (€29 + €20, +...), (wo + €w; + ...))el? /<. Stress tensor of the elasticity with
the elasticity equations are:
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Without loss of generality we consider the only interface surface z = hy.
With all this we expand the equations of elasticity. The solvability condition at the O(e!) in the
case of piecewise constant 7 is the parabolic equation for amplitude A,, of the mode with number m:

QikmAmX + ikmxAm + Amyy + OémAm = 0 y (1)

where «,, is given by the formula
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Here point of interface z = hy is excluded from the integrals. Thus, in the case of low shear
velocities, the problem reduces to the acoustic case with the correction in the form of three members,
depending on pu. To illustrate the efficiency of our equation, we performed a numerical simulation of
sound propagation, which shows that the elastic mode parabolic equation (1), despite the relatively
small account of the shear modulus has the solution substantially different from the purely acoustic
case.

The derived equation can be effectively used in seismoacoustics propagation problems, when the
influence of elastic effects is essential.

References

[1] A.H. Nayfeh, Perturbation methods, John Wiley and Sons, New York, London, Sydney, Toronto
(1973).



DAYS on DIFFRACTION 2016 125

Light scattering from smectic C* film
with anisotropic electrostatic interaction
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This talk is devoted to description of light scattering from the thin freely standing smectic C*
(Sm-C*) film or from the Sm-C* cell. Smectic C* liquid crystals are interesting due to them unusual
physical properties and its possible practical applications [1]. The Sm-C* liquid crystals are formed
by monomolecular layers composed by elongated molecules which are inclined relative to the normal
to the layer. The averaged direction of preferred molecule orientation is given by the vector director
n, which is inclined at an angle # relative to the normal N to the smectic layers. At fixed temperature
the angle 6 is constant throughout the liquid crystal and each layer in Sm-C* can be regarded as two-
dimensional liquid. All these properties are usual for the smectic C liquid crystals, but the symbol
“*” means that the Sm-C* is formed by chiral molecules and additionally possesses spontaneous
polarization. The polarization vector P in each point of liquid crystal is perpendicular both to the
normal N, and the director n. In a bulk Sm-C* when passing from layer to layer the vector P rotates
around the normal N on definite angle, the same for all layers. The number of layers over which the
vector P obey the full rotation can vary from several to thousand layers in different Sm-C*. The
director n also uniformly rotates when passing from layer to layer forming a helical structure.

In thin free standing Sm-C* film or in thin cell the constant direction of polarization vector P
can be achieved by an external electric field or by small film thickness. These systems are considered
here. The main contribution to the light scattering intensity arises from the director n fluctuations
which results in fluctuations of permittivity tensor £,5. The provided calculations were based on the
free energy of the film with taken into account not only the elastic energy and the interaction with
weak external electric field, but also the anisotropic Coulomb interaction of polarization charges
arising with the density p = —divP from the fluctuations of the polarization vector P. For the
correlation function of the director fluctuations it was obtained integro-differential equation which
was solved by transformation to the system of differential equations. The angular dependencies of
the light scattering intensity for various values of spontaneous polarization were calculated from
the correlation function of director fluctuations. It was shown that the obtained results sufficiently
depend on the anisotropy of the Coulomb interaction of polarization charges.
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Spacetime triangle diagram technique for sectoral horn waveguides
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Providing inherently causal solutions directly in the spacetime domain, the STTD (spacetime
triangle diagram) technique has been successfully applied to solve a wide range of electromagnetic
and scalar problems of wave motion. At the moment, the STTD methodology is developed for
numerous models resulting in the wave and wave-like hyperbolic partial differential equations written
in the Cartesian, cylindrical, and spherical coordinate systems |[1]-[3]|. In 2012, specific STTDs were
constructed for the elliptic cylinder coordinate system [4], enabling the general solution to the causal
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inhomogeneous problem of wave propagation in an elliptical waveguide to be found as an expansion
in terms of transient Mathieu modes.

Based on preliminary theoretical considerations made by Borisov [1], the present study describes
extension of the STTD technique to another practically important case (see, e.g., [5]) of the sectoral
horn waveguide constrained top and bottom by two parallel planes (see Fig. 1).

Fig. 1: Schematic representation of the sectoral horn waveguide.

The adopted methodology has the following specificity: (1) the consideration is carried out in
the cylindrical (rather than spherical) coordinates (p,p,z), (2) the unseparated spatial variable
is untraditional (coordinate p rather than z), (3) the model geometry does not possess angular
symmetry, so the coordinate ¢ must be explicitly separated for any source configuration.

The modal expansions must match boundary conditions imposed on the lateral and top/bottom
walls of the horn. Instantiation of these conditions depends on the physical meaning of the wavefunc-
tion, which may be an acoustic wave or an electromagnetic parameter resulted from some scalarization
procedure.
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Asymptotic distribution of the spectrum of some symmetric polynomials
of unitary invariant random matrix ensembles
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We consider the ensemble of n x n random matrices
H, = (A, +UB,U,)(A, + U:B,U,)

where A,, and B,, are hermitian random (or non-random), having the limiting Normalized Counting
Measure (NCM) of eigenvalues, U, is unitary, uniformly distributed over U(n), and A,,, B, and U,
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are mutually independent. By using the technique described in [1]|, we establish the convergence of
NCM of ensemble H,, to the non-random limit and find the limiting NCM via its Stieltjes transform.
The later is the unique solution of some system of functional equations written in terms of the Stietjes
transforms of the limiting NCM of A, and B,. We compare this result with the previous results
obtained in [2| for the ensembles of commutator i(A,U}B,U, — U;B,U,A,) and anticommutator

(A UB,U, + UrB,U,A,).
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The finite difference methods of computation of X-rays propagation
through a system of many lenses
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The propagation of X-ray waves through an optical system consisting of many beryllium X-
ray refractive lenses is considered. In order to calculate the propagation of electromagnetic in the
optical system, two differential equations are considered. First equation for an electric field of a
monochromatic wave and the second equation derived for complex phase of the same electric field.
For solving the problems, finite-difference methods are suggested and investigated.

It is shown that very small steps of the difference grid are necessary for reliable computation
of propagation of X-ray waves through the system of lenses, when the first equation is used. The
reason of such a result is that the electric field of the wave after passing through many lenses is
a quickly oscillating function of coordinates. It is shown that much larger steps may be utilized if
the second equation is used, because the phase of electric field after passing through many lenses is
quickly increasing, but not oscillating function. We suggest and recommend using the equation for
a phase function instead of the equation for an electric field. The error of simulation obtained for
both equations is estimated mathematically and investigated.

Interaction of nonsymmetric electromagnetic waves
guided by an anisotropic cylinder
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Electromagnetic waves guided by cylindrical structures aligned with the gyrotropic axis have
received much careful study (see, e.g., [1] and references therein). Parametric instability of axisym-
metric waves guided by anisotropic cylinder in free space have been considered in |2, 3]. Here we
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study the interaction of nonsymmetric waves guided by uniform anisotropic cylinder in the presence
of an external electromagnetic wave. The interest in this problem is motivated by many practical
applications ranging from ionospheric research to laboratory plasma experiments.

We consider the waves guided by an anisotropic infinitely extended cylinder filled with uni-
form magnetized plasma or a metamaterial. The cylinder is aligned with an anisotropic axis and
surrounded by homogeneous isotropic medium. The medium inside the cylinder is described by a
dielectric tensor with nonzero off-diagonal elements. The elements of the tensor are functions of
frequency. The dispersion characteristics of guided waves whose fields depend on the azimuthal
angle are analyzed. The instability of the guided waves propagating in the negative and positive
directions of the z axis may be observed if the space-time and polarization conditions between the
intense time-harmonic external electromagnetic field and the waves supported by cylinder take place.
The equations for the amplitudes of interacted waves are obtained from the hydrodynamic and the
Maxwell’s equations. The expression for the instability increment of guided waves is found in the
approximation of a week nonlinearity. For the some practically interesting cases the results of the
numerical calculations will be reported.

References

[1] I.G. Kondrat’ev, A. V. Kudrin, T. M. Zaboronkova, Electrodynamics of Density Ducts in Magne-
tized Plasmas, Gordon and Breach, Amsterdam (1999).

[2] N.F. Yashina, T. M. Zaboronkova, Proceedings of the International Conference Days on Diffrac-
tion 2009, 202-205 (2009).

[3] N.F. Yashina, T. M. Zaboronkova, Transactions of N. Novgorod State Technical University n.a.
Alekseev, 2(109), 155-161 (2015).

Electromagnetic guided waves on infinite periodic linear arrays
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Guided modes propagating along periodic structures have received considerable attention and,
depending on the physical contexts, are known variously as edge waves [1], Rayleigh-Bloch surface
waves [2|, array-guided surface waves [3] or bound states. Most of this work has focused on two-
dimensional problems. There have been previous studies of electromagnetic surface waves guided by
periodic arrays, but these have concentrated on cases of spherical scatterers where the spheres can
be modelled by some combination of electric and magnetic dipoles, see for example [4]. It is worth
to mention an another example of guided electromagnetic waves propagating along one-dimensional
arrays of dielectric spheres that was studied recently in [5] on the basis of a rigorous analysis of a
wave field superposition of vector spherical wave functions.

In the paper guided electromagnetic waves propagating along one-dimensional periodic arrays of
thin metallic conductors are studied semi-analytically. The conductors are assumed to be perfectly
conducting, and their length is of the order of the wavelength. The approach makes extensive use of
a well-known numerical analysis of method of integral equations in two different forms of Pocklington
and Hallen integral formulations to make a comparison between results. An approximation being
used in the analysis is based on the assumption of presence of low parameter, i.e. that the ratio
conductor radius to wavelength is much less than one. The quasi-periodic wave field is constructed
as a superposition of wave fields generated by linear electric currents that satisfies the boundary
conditions on the surfaces of the conductors leading to an infinite system of real linear algebraic
equations. The vanishing of the determinant of the associated infinite matrix provides the condition
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for surface waves to exist and these are determined numerically. Our numerical analysis is based on
the accurate and efficient computation of lattice sums.

The work described here is a complete analysis, based on the full Maxwell equations, of traveling
electromagnetic waves propagating along linear arrays of thin metallic conductors in the absence of
any incident field. We also demonstrate that a suitable truncation of the full system is precisely
equivalent to the dipole approximation that has been used previously by other authors. Our goal is
to provide a thorough study of the modes that can exist. The problem is a natural extension of the
equivalent electromagnetic problem [5] and, as in that case, there is a cut-off frequency below which
waves cannot radiate energy away from the array. The modes that we seek have frequencies below
this cut-off and decay exponentially as one moves away from the array.
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A fractal graph model of capillary type systems
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This work was done in cooperation with V. A. Kozlov (Link6ping University, Sweden) and S. A. Na-
zarov (St. Petersburg State University and Institute for Problems in Mechanical Engineering,
St. Petersburg, Russia).

The capillary system is modelled by a fractal graph attached to a blood vessel. It is supplied with
differential equations obtained from three-dimensional model by the dimension-reduction procedure.
The geometry and physical parameters of this system are described by a finite number of scaling
parameters which allows for system to have self-reproducing solutions, solutions which are determined
by theirs values on a certain finite piece of the fractal graph and are continued on the remaining
part by using these scaling factors. We describe all self-reproducing solutions and, as a result we
obtain a connection between the pressure and the flux at the junction point between the capillary
system and blood vessel. This connection gives an artificial boundary condition at the junction in
the blood vessel and allows to solve the problem for the flow in the blood vessel without solving it
in the capillary system.

The present work is supported by Linkéoping University and RFBR grant 15-31-20600 mol-a-ved.
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Guided modes and surface plasmon exploration
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Optical excitation of guided modes and surface plasmon has been used for characterization ne-
matic liquid crystal layer. In this theoretical study we apply this method, for the first time to our
knowledge, to explore cholesteric liquid crystal layer. A series of guided modes and surface plasmon
are excited at the condition of attenuated total reflection. The structure we consider consists in
prism with a thin gold layer, the liquid crystal layer and a glass substrate. The prism has the highest
refractive index, whereas the substrate — the lowest. The liquid crystal is uniaxial and specified
by the permittivities parallel and perpendicular to the director. The theoretical study is performed
with a general anisotropic multilayer modeling program.

The structure we consider has two main differences, compared with the nematic liquid crystal
cell: 1) the twist angle is a function of layer’s thickness; ii) the pitch of the helical structure defines
how the wavelength “sees” the refractive index profile of the liquid crystal layer. Bearing in mind
these special features we propose a new definition of the critical angles for extraordinary modes.
We propose to use “effective critical angle” defined in terms of ratio pitch/wavelength. The effective
critical angle explains very well the dependence of number of guided modes on tilt angle and on
pitch.

The plasmon, excited on the surface gold/liquid crystal, depends on the director tilt and pitch
of helical structure. On purpose to explain these dependences we introduce “effective refractive
index” defined again in terms of ratio pitch/wavelength. Thereby a coupling plasmon-guided mode
is explained. A theoretical comparison with different modeling methods confirms the correctness of
our approach.

Our study shows that the guided modes structure in cholesteric liquid crystal layer and plasmon,
excited on the boundary metal/liquid crystal are very sensitive to the cholesteric liquid crystal
structure and can be used for exploration of anisotropic liquid-crystal layers.

Wave propagation in a floating elastic plate with a periodic support
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We consider a thin elastic plate floating on the surface of an ideal incompressible fluid. The plate
is movably clamped along infinitely long parallel straight-lines periodically spaced in the horizontal
coordinate with an equal separation. Time-harmonic flexural-gravitational waves propagating with-
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out attenuation along the interface between the fluid and the plate are studied. The passing and
stopping bands having been found under a thin fluid layer approximation are shown in Fig. 1.
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Fig. 1: The passing (P) and stopping (S) bands in relation to the frequency w and the spacing
7o/ between the movable clamps (A is the wave length). The plate density p = 917 kg/m?,
the Young’s module E = 4.2 - 10 N/m?, the Poisson ratio v = 0.3, the thickness of the plate
h = 1.6 m, the thickness of the fluid layer h; = 50 m, the density of the fluid p; = 1000 kg/m?.
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Phase microscopy is one of the most dynamically developing areas of optical microscopy. A
number of features makes it promising to work with transparent biological objects (as living cells are),
especially the possibility to determine the index of refraction of its internal structures in the phase
image. Extracting this information and presentation in an easy to use form is an urgent task of phase
microscopy. For this purpose, it can be used the following approach: the object is associated with the
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optical model, for which the parameters of an object are determined. To determine the parameters of
the internal structures of T-lymphocytes, the following method is used: T-lymphocytes are associated
with a model objects, consisting of concentric spherical layers corresponding to the outer cytoplasm,
dense cytoplasm, nucleus and nucleolus. Thus, from the phase image of T-lymphocytes can be
obtained square, phase height and phasevolume of the organelles, the average refractive indices of
the organelles, and a number of parameters that characterize the cell as a whole: the degree of
cell energization, nuclear-cytoplasmic ratio, the degree of compaction of chromatin in the nucleus,
cytoplasm density. The effectiveness of the methodology is illustrated by experimental results (CD4+
and CD8+ T-lymphocytes of donors and patients with multiple sclerosis).
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In recent years significant research has focused on design of invisibility cloaking devices for ma-
terial bodies. Beginning with pioneering papers |1, 2] the large number of publications was devoted
to developing different methods of solving the cloaking problems. It should be emphasized that the
technical realization of solutions obtained in these papers is connected with substantial difficulties.
One of approaches of overcoming these difficulties consists of replacing the exact cloaking problem
by approximate cloaking problem for which solutions admit simple technical realization. Another
approach is based on using the optimization method of solving inverse problems. This method was
applied in papers [3, 4] devoted to numerical analysis of 2D cloaking problems and in [5, 6] when
studying impedance cloaking problems. The approach is based on introducing the cost functional
under minimization which adequately corresponds to inverse problem of constructing a device for
approximate cloaking. As a result initial cloaking problem is reduced to study of respective control
problem using well known methods of theory of extremum problems. Optimization method is applied
and in this paper for theoretical analysis of cloaking problems. More precisely: we consider control
problems for the 2D electromagnetic field model describing scattering TM-polarized electromagnetic
waves in unbounded homogeneous medium containing an inhomogeneous permeable obstacle with
the boundary partially coated for masking. These problems are associated with solving cloaking
problems for respective scattering model. Two functional parameters: variable refraction index and
surface conductivity of the coated part of the boundary play the role of controls. Solvability of con-
trol problems is proved, the optimality system which describes the necessary conditions of extremum
is derived, uniqueness and stability of optimal solutions are established, numerical algorithms based
on analysis of optimality system are proposed. The similar results are obtained while theoretical
analysis of acoustic cloaking problems in which the cloaking effect is achieved due choice of variable
parameters of inhomogeneous isotropic liquid medium filling the acoustic cloaking shell.

This work was financially supported by the Russian Science Foundation (project no 14-11-00079)
and Program of Fundamental Research of Far Eastern Branch of Russian Academy of Sciences “Far
East” (project no 15-1-4-036).
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The concept of quantum neural computation was first formulated by S. Kak in 1995 [1]| as a
model for animal intelligence, although the functioning model of brain as a quantum neural network
(QNN) was given earlier in [2|. Later the concept of QNN have been developed by many authors,
see [3] for a review. It was shaped into mathematical model of an artificial neural network, where
each neuron is fed by a quantum state with certain phase and amplitude, rather than by a classical
signal. The first commercial implementation of a scalable hardware for QNN was built on SQUID-
based Hopfield network by D-wave Systems Ltd. [4]. The drawback of SQUID-based QNN is its low
working temperature in the mK range, which demands kWs of power for cooling. As alternative
elements of QNN, which may substitute SQUIDs in future, the quantum dot (QD) arrays have
been considered since 2000 [5]. The advantages of QDs, as prospective QNN elements, as well as for
quantum information processing in general, are the high working temperature (up to ~ 10* K range),
the acceptability of optical input signals, reliable output readout, fine tuning of QD parameters by
external fields, and high density of QDs on substrate, if compared to SQUIDs.

In this paper we review some of our developments in simulation of QD based QNN [6], as well as
other current developments aimed to n silico implementation of QNN working at room temperatures,
and also the mathematical problems that can be efficiently solved by such devices due to inherent
quantum parallelism.
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In this talk we discuss an outstanding potential of water as a cheap and ecological high-refractive-
index material for creating tunable all-dielectric [1] microwave structures and metamaterials. Water
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being a dielectric liquid with large permittivity depending on temperature, however, has not been
considered as a building material for microwave metamaterial until recently [2, 3]. We suggest var-
ious types of tuning transmission by mechanical compression or stretching, rotation and heating
metamaterial’s constitutive elements (Fig. 1). Numerical simulations are supported by transmission
measurements in microwave range. The proposed water-based metamaterials can find applications
not only as inexpensive and bio-friendly microwave devices, but also in optical and terahertz meta-
materials prototyping and educational lab equipment.
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Fig. 1: (a) Example of tuning transmittance through a single layer of spherical water-filled
cavities of the radius 2.2 cm arranged in a square lattice with the period 7.5 cm by changing
their temperature from 0 to 100° C. Mechanical tunability can be achieved by compression or
stretching (b) as well as rotation (c) of the metamaterials constitutive elements.
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Substrate-mediated antireflective properties of silicon nanoparticle array
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We theoretically study silicon metasurfaces on the dielectric substrates with different permittiv-
ities |Fig. 1] and show that such system demonstrates broadband zero reflectance for wavelengths
between the electric and magnetic dipole resonances. It originates from the destructive interfer-
ence between the wave reflected from the substrate and the waves scattered by induced electric and
magnetic dipole moments of the nanoparticles [1]. We show that this condition is satisfied for the
wavelength between electric and magnetic dipole resonances, when their moments are shifted in phase
by 7. The anti-phase Kerker condition is opposite to more common in-phase condition, which results
in strong forward scattering from metasurface, when electric and magnetic dipoles are in-phase.

The cumulative reflection of almost independent nanoparticle scatterers provides the antire-
flectance effect and makes it tolerant with respect to inter-particle distance distortions. In particular,
we design the structure with disordered array of nanospheres and numerically demonstrated a broad-
band reflection suppression: the reflectance is less than 10% at 300-650 nm wavelength range, which
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is better than standard quarter-wavelength layer of silicon nitride |Fig. 1(d)|]. The main mechanism,
namely the possibility of destructive interference between substrate-reflected and multipole-scattered
waves, can be used to suppress reflection in either narrow or broad spectral bands [2].
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Fig. 1: (a) Decomposition of the structure into the metasurface: nanoparticle array and the
substrate. (b), (¢) Artistic view of vector diagrams depicting electric field of the incident wave
Ey and reflected field E7 for two different cases: (b) perfect match of reflected waves and near-
zero reflectance and (c) non-zero reflectance. (d) Reflectance spectrum for disordered array of
silicon nanospheres on top of Si substrate in comparison to reflectance from bare Si substrate
and from 55-nm-thick SizNy layer on top of the Si substrate. Inset: top view on simulation
domain with 49 nanospheres of radiuses R = 50-80 nm. 55-nm-thick SisNy layer is chosen as
an optimal single-layer antireflective coating that provides reflectance minimum at wavelength
470 nm and matches reflection minimum of nanoparticle array under consideration.
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Experimental characterization of microwave self-complimentary
metasurfaces for linear-to-circular polarization transform
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Metasurfaces are artificial electromagnetic boundaries usually implemented as two-dimensional
periodic arrays of engineered inclusions with sub-wavelength periodicity. Due to the capability to
control electromagnetic field distributions electrically thin metasurfaces have recently become use-
ful tools performing various manipulations with an incident wave front [1]. Therefore, design and
characterization techniques for metasurfaces are of a high importance.

It was found by the authors that the transformation of a linearly-polarized plane wave into a
circularly-polarized one can be easily achieved employing a broad class of self-complimentary metasur-
faces with a negligible thickness [2|. Self-complimentary metasurfaces are thin metal sheets patterned
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in such a way that these structures are identical to their complements (the inverse patterns), except
for some translation smaller than the periodicity. The particular symmetry of self-complimentary
patterns ensures linear-to-circular polarization conversion, which significantly simplifies the design of
thin polarizers as compared to previous approaches. Advantageously, these self-complimentary po-
larization transformers require only a single patterned metal sheet. Therefore, the proposed design
technique is unique for microwave, submillimeter and terahertz applications. In the microwave range
self-complimentary metasurfaces can be realized by printing a periodic metal pattern on a dielectric
substrate. By engineering the shape of the pattern’s unit cells it is possible to obtain a required
bandwidth, i.e. to make the polarization transform narrow- or wideband.

In this work we compare several practical designs of self-complimentary metasurfaces having dif-
ferent frequency responses and show their experimentally realized polarization transform properties.
We stress on the influence of manufacturing constraints on their performance. Also we discuss the
principles of their correct experimental characterization in the microwave range by measurements of
complex reflection and transmission coefficients in an anechoic chamber (see Fig. 1).

nit cell shapes

Metasurface

Fig. 1: Microwave experimental characterization (left) and various unit-cell designs (right)
of self-complimentary metasurfaces.
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surface states in anisotropic metasurface

D.A. Baranov!, R. Malureanu?, O. Takayma?, A.K. Samusev!, I.V. Iorsh!, A.A. Bogdanov',
A.V. Lavrinenko!

TMO University, 197101, St. Petersburg, Russia

2Technical University of Denmark, 2800 Kgs. Lyngby, Denmark

e-mail: dbaranov@metalab.ifmo.ru

Significant advance in the field of nanophotonics has been achieved with the help of meta-
materials — artificially created composite structures, whose electromagnetic properties drastically
differ from the properties of the natural materials. Engineereing of the metamaterials allows one
to control their optical properties. A compatible with modern planar fabrication two-dimensional
analogue of a metamaterial is a metasurface, i.e. planar periodic structure with controllable elec-
tromagnetic properties in a predefined frequency band. Along with unprecedented control over
propagation of bulk optical waves, metasurfaces can support surface waves [1].
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In this work we have observed experimentally hybrid localized waves predicted and described
in Ref. [2]. The dispersion relaton derived in that work predicts the existence of unusual localized
modes with hybrid polarization, which are surface-plasmon-like surface waves.

The considered metasurface consisted of a periodic array of gold nanocylinders on the fused
silica substrate. Finite-difference time domain simulation technique was applied to optimize the
anisotropic metasurface. The choosen method allows for reconstruction of the entire eigenspectrum
of the structure in desired spectral range.

Solving eigenvalue-like problem for a unit cell, excited by randomly distributed point dipoles
we have reconstructed the entire dispersion diagram in visible/near-infrared band and found the
dispersion branches corresponding to the hybrid localized waves.

The fabricated optimized metasurface is a square periodic array of nanocylinders with an elliptical
base covered by 200 nm layer of the photoresist with the index of refraction matched to one of SiOs.

Using the hemi-cylindrical high-index prism we have measured the angular dependence of atten-
uated total internal reflection spectra of the high-index prism with coupled metasurface (so called,
Otto geometry), which is a common method of surface waves observation.

We have performed the measurements in both TE and TM polarizations and both main directions
of a metasurface unit cell. After, we have partially reconstructed the dispersion diagrams of localized
surface states along two main axis. As the experimental results fitted well the dispersion diagram
calculated by FDTD we were enabled to reconstruct the isofrequency contours of the anisotropic
metasurface and have shown that the topoligacal transition occurs at certain wavelength.

Our experimental results confirm that the anisotropic resonant metasurface supports both TE-
and TM-polarized surface waves. We also observe a topological transition from elliptic to hyperbolic
regime at certain wavelength. We believe that our results open new ways for application of hyperbolic
metasurfaces in optical and optoelectronic devices.
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Nonradiating current configurations attract attention of physicists and engineers for many years as
possible systems for effective cloaking and camouflage. One intriguing example of such a nonradiating
source is known as ‘anapole’. Recently, an anapole was suggested as a classical model of elementary
particles describing dark matter in the Universe. The electrodynamics analogue of the anapole is a
composition of electric and toroid dipole moments. The classical analogue of a stationary anapole
is the toroidal nanoparticle. Toroidal moment irradiation can destructively interfere with the dipole
one with total suppressing of far-field radiation [1,2]. Recently it was shown that in dielectric
nanocylinders anapole modes could be excited in the visible range [1].
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Here we demonstrate that TiOs nanoparticles can exhibit a radiationless anapole mode in mi-
crowave range. We achieve the spectral overlapping of the toroidal and electric dipole modes through
a geometry tuning, and observe a highly pronounced dip in the far-field scattering accompanied by
the specific near-field distribution associated with the anapole mode. Possibility of toroidal and elec-
tric dipole modes overlapping at the resonant frequency with total suppressing of scattering spectral
resonances is also considered.

The anapole physics provides a unique playground for the study of electromagnetic properties of
nontrivial excitations of complex fields.
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Time resolved ultrafast surface plasmon-polaritons
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We present studies on ultrafast interactions of multiple coherently excited surface plasmon-
polaritons (SPPs) in waveguiding systems and on plane metal films. SPPs are excited by local
scattering of laser light on surface nanostructures consisting of polymeric or metallic ridges [1].
SPP interaction and scattering effects are investigated by temporally resolved leakage radiation mi-
croscopy. This technique enables to visualize and measure time resolved behavior of propagation
effects, as the Gouy phase shift along a 2D Gaussian focus [2]. Further 2D scattering effects of
dielectric nanoparticles, generated with laser induced transfer [3,4], on plane metal films are pre-
sented. In addition, we demonstrate ultrafast interactions of coherently excited SPPs and light beams
in complex dielectric waveguides [5|. Coherent control of SPP and light interactions further allow
for the construction of ultrafast low-power SPP switches and all-optical gate structures [6]. These
structures were investigated experimentally regarding their efficiency depending on their geometrical
properties. The measurement results have been compared with FDTD simulations of the same struc-
tures and were used to design novel plasmonic half adders which functionality has been demonstrated
experimentally [6].
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of spherical and cylindrical spasers

Benimetskiy F.A.! Plekhanov A.I.', Kuchyanov A.S.!, Parkhomenko R.G.2, Basova T.V.?
"Unstitute of Automation and Electrometry, 1 Acad. Koptug Ave., Novosibirsk, Russia, 630090
2Institute of Inorganic Chemistry, 3 Acad. Lavrentiev Ave., Novosibirsk, Russia, 630090
e-mail: benimetskiy@iae.nsk.su

Over the last decade, nanophotonics is undergoing rapid development. One of the main directions
in the field of nanophotonics is the development of new classes of plasmonic structures and meta-
materials as potential building blocks for advanced optical technologies, including processing, sharing
and storing data, to create a new generation of cheap sensors with high sensitivity, the development of
imaging techniques with nanoscale resolution, new concepts of energy conversion, including improved
solar panels, as well as being for possible use in biomedical applications. One of the most promising
areas of research is nano-sized optical light sources, allowing to overcome the diffraction limit. These
sources are plasmonic nanolasers, known as Spaser (acronym for Surface Plasmon Amplification by
Stimulated Emission of Radiation).

The spaser concept was first proposed by Mark Stockman and David Bergman in 200 [1]. Spasers
have been proposed as a near-field generator and amplifier of nano-localized optical fields. And these
nano-optical devises based on the surface plasmons (SP) when the free surface electrons collectively
oscillate, driven by light. These oscillations display localized (localized surface plasmons, LSP) and
propagating type (surface plasmon polaritons, SPP). Spasers have been realized for LSP |2] and SPP
[3] themselves. In this feature article, we review mainly our studies on spaser which consists of a
metal nano-particle, which plays the role of a laser resonator, and the active medium, which is the
energy donor for the localized surface plasmons. Spasers due to the unique properties have many
potential practical applications such as ultrasensitive detection, spectroscopy of chemical. They are
potentially able to be a novel versatile biomedical tool [4], etc.

We have fabricated spherical and cylindrical spasers with gold core and silica dye-embedded shell
and characterized them with the use of transmission electron microscopy, confocal microscopy and
thermogravimetry. We have studied the stimulated emission of spherical and cylindrical spasers with
the different aspect ratio, which allowed to significantly expand the spectral range of the spasing. We
have shown that the stimulated emission threshold was about 250 kW /cm? for spherical spasers and
some less for cylindrical ones. The spasing signature can be also seen from the concurrent onset of
the line width narrowing plateau and the nonlinear kink of the “S”™-shape L-L plot shows the output
power of the spasing mode as a function of pump power. In addition, emission dynamics obtained
for spherical spasers at a wavelength of 526 nm showed that the pulse is shortened at excess pumped
critical threshold.

This work was supported by RFBR 15-03-03833 and 16-32-00710 mol _a.
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Silicon: an interesting material for optical antennas
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The spontaneous emission of quantum emitters can be manipulated with optical antennas made of
sub-wavelength photonics resonators. Most of the optical antennas are composed of noble metals like
gold that can host localized surface plasmons. Recently, we synthesized, characterized and modeled
DNA-templated 60 and 80 nm diameter gold nanoparticle dimers linked with a single fluorophore.
These single photon sources feature emission lifetimes below 10 ps and typical quantum yields in a
45 =+ 70% range [1].

Besides metallic nanostructures, dielectric particles host electromagnetic resonances, called mor-
phologic or Mie resonances, that can yield to the same near field enhancements than those observed
at the vicinity of plasmonic particles [2]. In the visible spectrum, the electric and magnetic low order
Mie modes hosted by silicon particles can be used to enhance the electric or magnetic decay rates
of quantum emitters [2]. In this context, quantifying the Purcell factor and the effective volume of
such cavities is of high interest. We used the latest advances on this field of research [4] to derive
the Purcell factor and the effective volume of a normal mode of spherical resonators [5]. Thanks to
this numerical tool, we can calculate the averaged Purcell factor of a silicon particle homogeneously
doped by quantum emitters with a random orientation of emission.

We also show that spherical silicon resonators are interesting to tailor the chirality of single
emitters. In particular, dielectric optical antennas that host electric and magnetic resonances over-
perform those made of plasmonic materials. In particular, the chirality of the field emitted by the
antenna can exceed the initial chirality emitted by the molecule. Thanks to the Mie theory formalism
in the helicity basis, we show that the interplay between electric and magnetic modes of the resonator
is required to tailor the chirality of light [6].
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Numerical 2D simulation method based on the solution of Maxwell’s equations shows that the
ordered wire structure (Fig. 1 left) [1,2] under certain conditions shows the properties of left media,
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i. e. its external electrodynamic characteristics (reflection, absorption, and refraction) are similar to
the characteristics of a homogeneous medium with simultaneously negative permeability. They had
developed method (PMC/PEC Boundary Conditions method) for determining permeabilities in the
investigated composite structure. It is shown that in a wide frequency range effective permeability
are simultaneously negative and the investigated structure in this area showing the effects of the left
media, such as the slab of wire structure under certain conditions is can focusing electromagnetic
radiation (Fig. 1 right) i.e. it expresses the properties of the so-called Veselago lens.
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Fig. 1: 2D wire structure model (left) and a 2D picture of propagation of electromagnetic
waves through a slab of wire structure. The color change corresponds to a change in the
intensity of the electric field along OY (Ey).
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Placed along propagation direction metastructure ferrite/array of resonant element shows uni-
directional propagation of microwaves and acquires unique functionalities when regime of coupled
ferromagnetic resonance (FMR) in ferrite and resonance in conductive elements is formed [1-5].

Here nonreciprocal effects in metastructure “ferrite plate/array of twice split rings loaded with a
pair of varactors” are investigated by experiment and theory at microwaves. Metastructure shows
two frequency bands of unidirectional microwave propagation which can be voltage controlled in
the case when coupled ferromagnetic resonance in ferrite and resonance in split rings are formed.
Mechanism of control is considered.
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Here we describe the model of an exciton-polariton condensate formed in an incoherently pumped
semiconductor microcavity coupled to an exciton reservoir in the strong coupling regime. We develop
a mean-field model for coupled three spatial harmonics (TSH) and clarify fundamental features of
noneequilibrium exciton-polariton condensates trapped in one-dimensional periodic potentials both
in the center and at the boundaries of Brillouin zone. This simplified TSH model is a very convenient
tool for obtaining important analytical relations for polaritonic eigenstates and band-structures of
weak-contrast polaritonic lattices. Here we give a numerical analysis of different regimes of both
relaxation and oscillatory dynamics governed by the Bloch eigenstates of coherent exciton polaritons
trapped in the periodic lattice. In particular, we study the dynamics of condensate oscillations in the
middle (‘zero-momentum state’) and at the boundaries (‘r-states’) of the Brillouin zone separately.
We also prove the existence and stability of the obtained nonlinear oscillations within the frame of
the more general open-dissipative Gross—Pitaevskii model with external periodic potential. We have
performed numerical modeling of m-state oscillations for different system parameters within the frame
of the original GP model. The strong influence of dissipative effects is dicussed and the feedback
induced by the inhomogeneity of the incoherent reservoir on the dynamics of coherent polaritons.
The calculations demonstrate a perfect agreement between the results obtained in both models [1].

References

[1] X. Ma, I. Yu. Chestnov, M. V. Charukhchyan, A.P. Alodjants, O. A. Egorov, Physical Review B,
91, 214301 (2015).

Quantum nanoparticles doped waveguide for light propagation
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The unique optical properties of quantum nanoparticles doped polymer can have huge advantage
in photonic applications [1]. In this research, we investigated different methods to acquire quantum
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nanoparticles into photo curable polymers followed by producing waveguide structures (shown in
Fig. 1) using photo lithography technique. Comparative studies of different quantum nanoparticles,
such as dots, rods and plates were conducted. The optical properties were evaluated based on the
concentration of the quantum nanoparticles and structural parameters of the polymers. Simultane-
ously, Rhodamine B was embedded into polymer for comparison [2|. Furthermore, lasing potential
of the doped polymers was evaluated.

Fig. 2: Fluorescence of doped Ormocer.

Fig. 1: SEM image of doped Ormocer.
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Ag-based surface plasmon polariton nanolaser
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The bottleneck of realizing a semiconductor laser with a size nearby/below the nano scale is
the diffraction law, which limits the spatial resolution of light focusing in a conventional cavity to
the scale of light wavelength by (A\/2n)3. In last decade, this fundamental limit could be reached to
wavelength scale or further smaller by using photonic crystal defect cavities [1]|, metal-clad cavities [2]
and nanowire (NW) cavities [3]. These lasers, however, require the cavity size in the order of few
(A/n)? to sustain a proper mode profile with a reasonable cavity Q value. On view of this, surface
plasmons provide another concept to localizing light into subwavelength scale. In 2009, Oulton et al.
successfully demonstrated the first NW-based plasmonic laser by using the SIM structure, which is
composited by CdS NW and silver [4]. Recently, Lu et al. demonstrated InGaN NW plasmonic laser
using a high quality epitaxial Ag film [5]. The aforementioned results are all locate at visible region,
so far, there has no UV plasmonic nanolaser being demonstrated yet. With this concern, ZnO is an
appropriate material for UV plasmonic lasing since it exhibits wide-direct-bandgap around 3.37 eV
and robust excitonic behaviors such as large exciton binding energy and oscillator strength. These
two properties make ZnO a very promising material system to probe the novel photonic devices in
the blue/UV region, especially the ultra-low threshold laser. In this letter, we theoretically and
experimentally demonstrate the laser action of surface plasmon polaritons by placing ZnO nanowires
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on a high-quality Ag film with a thin SiO, spacer layer based on the semiconductor-insulator-metal
(SIM) structure. The truly sub-wavelength-scale plasmonic laser device in blue/UV was realized.
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As it has been shown in [1, 2|, a spaser consisting of a plamonic nanoparticle and two-level system
(TLS) may exhibit the Rabi oscillations after pulse excitation. Real quantum systems utilized for
lasing and spasing should be typically described by means of either three-level or four-level schemes.
Often these schemes are reduced to equivalent two-level scheme [3]. However, it seems that the Rabi
oscillations predicted for TLS could not be observed for four-level system (FLS) due to the mismatch
between the excitation and laser transition frequencies of FLS. Thus, in some cases the common
transition from FLS system to TLS may be not quite correct.

We have shown that the Maxwell-Bloch equations for FLS can be reduced to two different systems
of equations for TLS. These systems describe strong and weak coupling regimes. In addition, we
show that in the case of strong coupling regime the Rabi oscillations predicted for TLS occur in FLS
as well.
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Full control of the Ay mode in a plate
using a locally resonant metamaterial
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In this talk, the exotic dispersion properties that characterize a locally resonant metamaterial
for flexural waves (Ap mode) in thin plates are in deep analysed [1]. A collection of closely spaced
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aluminium rods attached to an aluminium plate (Fig. la) gives rise to bandgaps, slow waves and
anisotropy [2]. The occurrence of these particular states is theoretically predicted either by homoge-
nization or by applying Bloch theory on the irreducible Brillouin zone. Results from 3D time domain
numerical simulations and laboratory experiments are shown to visually explore the most interesting
regions of the dispersion curve in the 1-10 kHz frequency range (Fig. 1b). Two applicative examples
of this metamaterial, aimed at controlling the propagation of the Ay mode, are proposed. In the first,
the slow wave branch of the dispersion curve (Fig. 1b), occurring right before the bandgap, is used
to build a resonant metalens for flexural waves. The metalens is made of a circular cluster of closely
spaced rods whose length depends on the distance from the center of the cluster and ultimately on the
effective refraction index of the lens. Results from numerical simulations are shown for the Luneburg
(Fig. 1c) and Maxwell lens type [3]. Both can be used to steer waves in particular directions. In
the second examples, the height of the rods that compose the metamaterial increases progressively
along one direction, thus realizing a wedge-shaped resonator cluster. The wedge spatially segregates
(like an elastic rainbow) different frequency components of the incoming wavefield. When the waves
are trapped their amplitude is drastically increased, a condition that could ease their absorption and
hence the damping of vibrations in plates.
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Fig. 1: (a) The numerical model of the metamaterial made with aluminium rods on a plate.
(b) Dispersion curves of the metamaterial and bare plate in (a). (c) The Luneburg metalens
obtained with a radially varying rods length profile.
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Magneto-optical (MO) waveguides and photonic crystals (PCs) are widely used in modern in-
tegrated optics [1| and magneto-photonics [2]. Recently the hybrid plasmonic waveguide modes
localized in Bragg mirrors of the magnetophotonic crystal giving rise to MO effects are reported
[3]. Combined structures based on MO waveguide and PCs can open new opportunities in possible
application. In this communication, we present the results of theoretical study of waveguide prop-
erties of a heterostructure composed of MO yttrium-iron garnet (YIG) film on the SiOy substrate
covered by one-dimensional (1D) dielectric PC on base of gadolinium-gallium garnet (GGG) and
titanium oxide TiOy: (SiO2/YIG/(GGG/TiOs)Y /vacuum) |Fig. 1(a)]. We investigate the influence
of the geometrical parameters of the system (the YIG layer thickness L, the GGG and TiO layers
thicknesses d; and dz) on the spectra of TE- and TM-modes. For the numerical calculations we take
into account the refractive indices dispersion for all constituent media of the considered waveguide
system and bigyrotropic properties of YIG in the near IR regime. We show the evolution of the
dispersion curves with increase of the number of the PC’s unit cells N. Presence of the dielectric
periodic covering on top of the YIG layer leads to appearance of the gaps in the spectra of TE- and
TM-modes |Figs. 1(b) and 1(c)] and the systems of minigaps. As well numerous degeneracy points
(where TE- and TM-mode can coexist) appear in the spectra [Fig. 1(d)] with increasing N.
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Fig. 1: (a) Schematic of the MO waveguide structure under consideration. The thick arrow
shows the magnetization direction in the YIG layer. Dispersion curves for TE- (b) and TM-
polarized modes (c) for the structure with N = 7 bilayers, L = 2.0 pm and d; = dy = 0.5 pm.
The black and green lines show the refractive index dispersion for GGG and YIG, respectively.
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Goos—Hanchen shift of a light beam upon reflection from a magnetic film
on a non-magnetic substrate: effect of misfit strain
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The Goos-Hénchen shift (GHS) is an optical phenomenon, in which the reflected light beam
exhibit a lateral shift from the position predicted by geometrical optics [1|. The amplitude of the
GHS depends upon such parameters as the incidence angle, wavelength and state of polarization of
the incident light, but it also strongly depends on the nature and anisotropy of the media forming the
interface. The quality of the interfaces encountered by light can also be of importance. Indeed, it is
well known that elastic strain takes place in the vicinity of interfaces in layered structures due to the
crystalline lattice misfit between the neighboring materials [2]. As a consequence, atomic alignment
on each side of the geometric interfaces is altered, and the thickness of the resulting deformed layers
can reach values up to a few hundred angstréms. Such crystalline deformations near interfaces are
known to affect the optical properties, notably the reflectivity, of the multilayers via the photoelastic
interaction. The effect of interfacial strain on the transmittivity of a dielectric photonic crystal has
been studied in [3].

In this Communication, we theoretically study the influence of the misfit strain on the GHS
experienced by a near-infrared light upon reflection from the surface of a dielectric bilayer consisting
of a magnetic yttrium-iron garnet film epitaxially grown on a non-magnetic gadolinium-gallium garnet
substrate. We show that the mechanical strain near the geometrical film/substrate interface can be
significant, and the GHS can reach values from a few tens to hundreds of incident light wavelengths
at incidence angles close to the normal incidence, as well as at the pseudo-Brewster angle [4]. We
demonstrate that the largest GHS, observed at small incidence angles, where the half-wave condition
for both layers is nearly satisfied, is entirely induced by strain. If the half-wave condition is satisfied
for an oblique incidence angle, the reflection coefficient turns to zero in the absence of strain, resulting
in a large GHS near this incidence angle. In this case, unlike what is obtained at the pseudo-Brewster
angle, the impact of strain is large and strain-induced contributions to the reflection coefficient and
its phase result in a broadening of the GHS peak. For a TM-polarized incident wave, the variation of
the GHS upon magnetization reversal (in the transverse magneto-optical configuration) is found to
be only noticeable around the pseudo-Brewster angle for the unstrained structure, and around that
angle and near normal incidence when strain is taken into account. No noticeable dependence of the
GHS upon magnetization was observed for a TE-polarized wave.
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When a light beam impinges on an optical system, the reflected beam can exhibit a lateral shift
relatively to the position predicted by geometric optics for ideal light rays — that is the Goos—
Hénchen shift (GHS) [1]. In magneto-optical materials, the GHS can reach values up to several
tens of light wavelengths [2]. Thus, the GHS should be taken into account for the precise design
of integrated optical or magneto-optical devices. Furthermore, it is well-known that certain classes
of magnetic materials possess magneto-electric (ME) properties [3|, which result in the induction
of a magnetization by an electric field or the induction of a dielectric polarization by a magnetic
field. It has been shown that the linear ME interaction modifies the complex reflectivity of a mag-
netic/dielectric bilayer [4]. Thus the ME properties can also be expected to influence the GHS of
light reflected from such a system.

In this Communication, we investigate theoretically the GHS upon light reflection from a three-
component ME heterostructure consisting of an electro-optic slab deposited on a magnetic film,
itself grown on a nonmagnetic dielectric substrate. External static magnetic and electric fields can
be applied to the system in order to tune its optical characteristics. Our results show that the
linear ME interaction in the magnetic slab leads to an about sixfold increase of the cross-polarized
contribution to the GHS even in the absence of any applied electric field. However, the ME interaction
alone is not strong enough to provide essential changes to the GHS when the external electric field is
applied to the system without the electro-optic film. The latter, when present, enhances the influence
of the electric field on the GHS. The amplitude of the GHS decreases when the magnitude of the
applied electric field increases, and its angular position (in terms of incidence angle) can be shifted
when the electric field is neither parallel to the plane of incidence of light nor perpendicular to it. On
the other hand, inverting the direction of the external magnetic field, and thus reversing the initial
magnetization of the magnetic film, inverts the direction of the GHS but non-symmetrically modifies
its amplitude. Neglecting the ME interaction in the magnetic layer in the calculations, however,
does not lead to noticeable change of the GHS, which means that the ME effect plays an essential
part in the behaviour of the GHS upon magnetization reversal. As our results show, a well-chosen
combination of applied electric and magnetic fields (amplitude and direction) makes it possible to use
this interplay in order to efficiently control (enhance or reduce) the GHS in the ME heterostructure.
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In this paper we present the result of measurement of the shear properties of liquid crystal mixed
with various nanoparticles. Effective viscosity of the liquid crystal mixed with nanoparticles was
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