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Bseaenne

Beeaenue

Jsera-pynkuus
Cs) =142 4+3 " +4 457"+, ..

OZHA M3 Ba)KHEHIIMX HE3AEMEHTApPHBIX (PYHKIMH B MaTemaTuke. .é 6Gamskue
POACTBEHHHKH: 3Ta-(PYHKLHUSA

nis) =17 =27 4+37° — 4= 45— .= (1-217)¢(5)
A3eTa-(PYHKIHUS HEYETHBIX YHCEA

M) =17 437457+ 74+, .. = (1-27°¢(5)
a Tak:Ke He3aBHCHMbIE OT HUX TPAHCIEHZEHTBI

L(s)=17" =37 457" —-77"497° —117"+...

(v) =074+ (1+0) "+ 2+0) "+ B+v) "+ (4 +v)"+. ..
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Bseaenne

Tema goknraza

MDopmyra oTpazsenus ars A3eTa-QyHKIHU
C(1—s)=2¢(s)I'(s)(2m)* cos %7‘1’3,

TaK:Ke M3BECTHAasl KaK (DYyHKIIHOHAAbHOE ypPaBHEHHE A3eTa-(DyHKIHH, SIBASETCS
OZHHM M3 BaKHEHIIMX Pe3yAbTATOB B aHAAHTHYECKOH TEOPHH YHCEA H
COBpeMeHHOM aHaAm3e. Kak B 3amazHOH, Tak H B PyCCKOS3BIYHOH AHTEpATYpE,
5TO B3aHMOOTHOIIEHHE TPaJHIHOHHO IPUIIHCHIBAETCS H3BECTHEHIIEMY
HemenkoMy MatemaTuky Depnapay Pumany (Bernhard Riemann), ogmako on

HE SABASIETCSA HH €ro aBTOPOM, HH TEM KTO €ro IEPBbIM CTPOro JOKa3aA.

I/ICTOPI/II/I 9TOro ypaBHEHHS, a4 TaK2K€ CXO02KHX C HHUM ypaBHeHI/Iﬁ, u 6yaeT )4

IIOCBAILIEH Halll CeFOZl,HﬂHIHI/Iﬁ AOKAAL.
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qapaa Jiirepa

Aeonapz diirep (Leonhard Euler)

@ 5 Mapra 1731 (E020): sbruncarenue ((2) = Zn_z C TOYHOCTBIO B 7
snakos ((2) = 1,644934 (4tob6p1 MOAy4MTH Takylo e TOYHOCTb
IPAMBIM CAO2{EHHEM, HY?KHO MPOCYMM. OKOAO 15 MHAAHOHOB YA€HOB).

o 5 Jexabps 1735 (E041): noayuenne dopmya ars ((2),((4),((6), . ..
[Tocae 1735 um ony6AukoBaHO elé HECKOABKO paboT c

AAbBTEPHATHBHBIMH METOZAMH JAOKA3aTEAbBCTBA TEX-2KeE q)OpMyJ\.

o 1735—-1748: passuTue MeToZ0B CyMMHPOBaHHS PACXOAAIINXCS PAJOB,
SAEMEHTAPHOE OINPEZEACHHE AHAANTUYECKOTO MPO/IOAZKEHHS.

o 1749/1761/1767 pabora ,3ameuanus 06 0gHOM KpPacHBOM
B3aMMOOTHOIIEHHH MEXKJy PHAZAMH COJEPKAIIMMH KaK IpsAMble, TaK H
obpaTuble cTenenu HaTypaAbHbix uucer” (E352). B neit ditrep
IIOAyYaeT TOMAECTBO

n(l—s) (28 = DI'(s) s

(01}

o) @ -hw 2

MIOAHOCTBIO SKBHUBAAEHTHOE (OPMyAe OTpazkeHUs (-(YHIIKHH.
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Kak diirepy ato yzarocn?

™ —2" 43" —4m 45" — 6"+ 7" —8M+. .. ®

1 1 1 1 1 1 1 1

T T TR TR T TR TR >
Si’u\ep ITUIIET: ,,MOH OCHOBHas 3aJa4da COCTOHT B TOM 4YTO Obl II0OKa3aTb, 4YTO
HECMOTPSI Ha TO 4YTO 3THU PsIAbl HMEIOT COBEPIIEHHO PA3AHYHYIO IPHPOAY, HX
CyMMbI, TEM HE€ MEHEE, HAXOAATCA B YAUBUTEADHO KPAaCHBOM
B3aMMOOTHOIIIEHHH MeKJAy C000I0, TaKOM, YTO €CAH BO3MOXKHO IMPHUIATh 0JHOH
H3 HUX KOHKPETHOE 3HAa4Y€HHE, TO U3 HEro MOzKHO IIOAYYHTb 3Ha4€HHE ,Zl,pyI‘Oﬁ
CyMMBbI. ﬂ,pyrHMH CAOBaMH, s IIOKaxKy 4TO 3Hasi CyMMY IIEDBOrO psifa AAs

NMPOU3BOABHOIO apryMeHTa m, MO2KHO IOACYHTATbhb CyMMY BTOPOro psafga LA

aprymenta n = m + 1.7
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Kak diirepy ato yzarocn?

Jlaree Ditrep BBOAUT MOHATHE aHAAMTHHYECKOro TpozoArzkenus: ,OueBuzHo,
4TO AASL PAZOB IEPBOrO BH/A, YAEHbI KOTOPBIX BCE BPeMsi BO3PACTAIOT,
JAOCTAaTOYHO TPYZAHO C(HOPMHPOBATH MPEACTABAEHHE 06 MX CymMe, H60 MOz HeH
06BIKHOBEHHO MOHHMAIOT TO 3HAYeHHE K KOTOPOMY TeM GOAbIIe
HPUBAMKAIOTCS, YeM 6OAbllee CyMMHPYIOT YAEHOB PsiJa . . . y MeHs yace
6blAa OKasHs 3aMETHTb 4TO CAOBY CyMMa Heo6XOZHMO IPUAATb Hoaee
IIMPOKOEe TOAKOBAaHHE M IIOHHMATb I10J HHUM Jpo6b, AHGO HHOE aHAANTHYECKOEe
BbIpazkeHHe, KOTOpoe, OyAydH pa3sAO:KEHHBIM B COOTBETCTBHH C TPHUHIIUIIAMH
aHaAM3a, ZaCT TOT CaMblil pAZ 4blo cymmy Mbl mmeM. |locae Toro kak mbi
YCTaHOBHAH TaKO€ 3HA4€HHE AAS CAOBA CYMMQ, CTAHOBHTbCSA MOHSATHO YTO
cymma psga 1 —2+3—4+5—6-+... paBuserca noromy %, 4TO pAJ ITOT

”

MOPOKAEH APO6BIO ﬁ, 4ybé 3HAaYEeHHEe, Oe3 COMHEHHUS, eCTb %
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Braaa Aeonapaa Jiirepa

Kak diirepy ato yzarocn?

Ofirep ykasbiBaeT Ha moAydennble uM B 1735 rozy opmyAb:

t 1 1 1 1 A .
I=ptm—gta gt T AT
t 1 1 1 1 =1 _
Immtsm @t @t = B

U T. A., C KOTOPbIMH Mbl CE€rogHsad 3HaKOMbl B BHZE
2n) = [(22""1=1)/(2n)!] - |Bg,| - 7"
n(2n) = [( )/ (Zn)t] - |Boa| - 7

rae By, — uncara Depuyaru. Diirep zaét koap@. cnpaBa BIAOTb A0 34-oro
aucaa Depuyaru, mpuuém Bce uudpor Bepunr. Jasi HarasanoctH, nocaeanee
I0ZICYUTAHHOE MM HHCAO:

R — 151628 697 551
12130454 581433748587 292 890 625
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Kak diirepy ato yzarocn?

Jaree Ditaep mumert: ,,OzHako U cymmbr pszoB mepsoro Buza (), MpH

HedeTHBIX m, Takxxe saBucar ot uucer A, B, C, D, ..., a ux cymmn! npu
4ETHBIX M, KaKk MbI yxe Buzeru, pasuol nyao (t.e. ((—2n) =0, n € N).
UYro 6b g0Ka3aTh 3TO, MPUAETCSA MPUOGErHYTbh K OZHOMY OYeHb OCOGEHHOMY

METOZY, KOTOPbIH 51 paHbIIE yzKe H3AaraA: METOAY PasbiCKaHHs CYyMM Psi/IOB
no o6IIemMy 4AeHy.

[Tocre atoro, Diirep moryuaer (opmyry

1_2n—1+3n—1 _4n—1+5n—1 _6n—1+‘ .
1— 271374745 "—6"F. ..

123 (= 1) (20— 1)
B (21 —1)n

-N

”
Omn cocraBaser Tabauny aAs ,koa@@uuuenta’ N u s3amedaeT 4TO Aydire

BCEro ZIAsl €ro POAH MOAXOAUT COS %
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Kak diirepy ato yzarocn?

B KOHLIE KOHLOB, 3ﬁj\ep numer: ,[lo sToi [IPUYHHE, 1 OCMEAIOCh
MPEJIONOKHUTDb, YTO KaKUM Obl HH ObIA aprymeHT n, CAeaylollee paBeHCTBO
BCerga MMEET MECTO:
1— 2n—1 + 3n—1 o 4n—1 + 5n—1 o 6n—1+
1—2"+3"—4n4+5n_6nt...

—1:2:3--(a—1)(2"=1) 7
COS —

(2-1—1)r 2

STO MOE NPEATIONO2KEHHE MOZKET KOHEYHO-:KE€ IOKa3aTbCsA CAHIIKOM CMEADBIM,

HO OHO HaXOJUTCS B COTAACHH CO CAy4YasiMH KOrJla n €CTb YHCAO LEAOe
MOAOKHTEABHOE GOAbIIEe eJMHUObI, M s JOKaXy, YTO OHO TaK2Ke OCTAETCsi
BepubpiM ipu n = 1 u n = 0. Barem, s mokaxy, 4TO TO IPEANOAOKEHHE
sIBAsieTCsI 0OOCHOBAHHBIM M B TeX CAy4asiX Korga n 6yzeT mpocTo
MOAO2KHTEABHBIM YHCAOM, H OOAee TOro, 4To OHO 6yZeT TaKOBbIM H B CAydae
OTPHULIATEABHBIX N. B KOHIE KOHWOB, = nozl,po6Ho pasbepy HECKOABKO CAy4aeB

Korza n HpHHPIMaeT ﬂ,pO6HbIe BHa'{eHHH
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Braaa Aeonapaa Jiirepa

Kak diirepy ato yzarocn?

[Tpuuém mog 1-2-3---(n — 1) Diirep nouumaer ne 6yksarbHOe
NPOM3BE/IEHHE, & UMEHHO | -(DyHKIIHMIO, YTO MPSIMO CAEAYET U3 €rO
BBIYMCAEHHH. DHUAEp IIPOBEPHET CBOM PE3YABTATbI JAAS APOOHBIX 3HAUYEHHH C
TouHOCTBIO B 4—0 3HAKOB M 3aKAIOHAET 4TO HeT 6OAEe HUKAKOrO COMHEHHS

4TO €ro TOKJECTBO BEPHO.
M sto emé ne scé!

Oiirep Tak:xke AUPDHEPEHIUPYET POPMYAY OTpPaKEHHs, MOAYYAET TO2iAECTBO

AAST n/(n), a TaK:ke 3Ha4eHHe 77/(0) =1 %W. B sakaouenun o mumer uto

HOAYYHA H TOJ06HOE ypaBHeHHEe AAA L-(yHKIuu

-3t togly 0 1.2.3...(a=1)2" mn
1—3 4574 .. " 2

uan, uto 1o e, L(1 —n) = L(n)I'(n) 27" sin %, rZe n Ab6oe YHCAO, H

TaKKe H3y4daeT e€ NepPBYI0 MPOH3BOJAHYIO.
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Bxaaa Kapaa Maabmcrena

Kapa Maabmcren (Carl/Karl Malmsten)

[IIseackuit matematux (1814—1886) us r. Yncara. B 26 rer — Jlouenr, B
28 — Ilpogeccop, B 30 — Akazemux yncarnckoit AH. B 1842 nmy6auxyer
npopbiBHYI0 paboTy ,HoBble Teopembl 06 ompezeréHHBIX MHTerpaiax,

CyMMHPOBaHUH PSZOB U MpeobpPa3s0BAHUU OZHHUX B APyrHe , B KOTOPOH

@ crporo gokasbiBaeT 2-yio gopmyAy Jiiaepa u moayuaer emé 1 popmyay

OTpazkeHUsl AAs M(s) =15—2"54+45 554758354, .

9 BBOJHUT o603HavYeHHE apryMeHTa § A L-pHZI,OB, CTaBLIE€E IIOTOM
KAaCCH4YE€CKHM.

o moayuaer psg Dypbe rorapudma I'-pynxuun

9 cyMTaeT psAA oYeHb TPyAHbIX Inln—unTerparos
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fm BNl du, . .'bmn f 1
¥ T —ﬂu.u-ﬁ‘ I 1 2 Cﬂgﬂ ;4 _:"
0 .e e Cos: (.r) -2y +y (Lugi)-
_ T
N m,?r N —
Hinc purru, 8i a=——=— et ¢ ™_—y ponitur, unde ﬁt
n dy
L Lug dﬂ——q_r gt transformatione facta, eruituy
1 Mm=1 -m-1 a7
(Y= i
. n -1 1 s AL
T 4T (Leg)
y: )
ot ol 1=5 ." mm" . ! . 1(32)
(=) . Sin— I




et pro m=—/'1 : | ~ ' MBI )

f‘.__

2 + a(n~1) $
AN u"Hf e Vi (Log =)
: ' | Y

Hn-2

Yy Ay - 8

- it TR e —

R i
H

N

B il ol T +(33)
i (“;) LSIHE 1 dy s
sy 0 LA
o) " abayCnt L gy
Appellemus = A
(Lo 1)3-1
G(.I') — ALY dy
| o 1+y+y=
- (L l)‘_]'
( 1\ 1408 —
G(s) = : —dy.




Posito n==3, et mutato %3 in y, formula (33) dabit

1=5 '
(3;) Sin =

=GOy 1 e
FCHE-% I(s) | ] ot

: G(l—-.f') ——

atque ex eadem pro n==2 immediate culli'gitur 4

)

O1—)=—=m @) |
Cus—;-l"c:f) - T |

L 3 iy 4
Ecce' simplices et notande equationes, qu funetiones G (s),
G (s) earm_ilqne complementarias G (1—), G(

1-—-—:) inter se &



unde formule (34) et (35) has relationes 'suppeditant -

A AU PP I A
2 1S
ST i 4 {
Cos —1I1(1-s) 1 1 TR Y
¥ T B PR 41_‘—51_.+:—ete.}
Ee) Wind, 08 T did
«+.(36)
T ] 1
1*7_;+g;:7':+i_—“+ew' grrve g
L 9 /
Tl
Los-—;]‘(l-{) L %
— e --{1— +———-———-—-+eto} { {
o =8 1=s



2

T 27

(Coska)® I'h -—)

FE T AR
2’(—1)' : -——g— nLog{

=1 A

} ——(C4Log2),

unde summam hujusce seriei
SinaLog1 Sin2aLog 2 Sin3alog3 Sin 4aLog %

ko Ny ¥ : 3
5 — . + & — 1 -+ ete.

o
per I' possumus exprimere.




'gfz ) i Cos(i+ z)1/z]Lo,g(21+ 1) o

=0 s + 1 ol §
= ZLog {I‘(i—[- -f-)l"(i-—- -—'i)} 4+ ZLogCosia +k

; § B MY aml N 4y 4 ok

exsistente, & constante arbitraria; quee ut determinetur, ponamus

a==0, unde (vid. §. 25 Ex. 1), reductione facta, sequitur

Criy o ( 3w o

7!‘ i
lf__.——-ZCm—z-Log2-—ZL0gng i

‘ubi C constans illa Euleri est. ~Substitute hoc ipsius /4 valora,



atque ex. formula (6) accipies

e L L Nt = L Sinta

| f : (x-i-u]/ 1) +(.’Jﬂ' HV 1)ﬂ A ....2}'(—1) 1 i (30)
0 f“e“""“ by = )

Est vero cognita relatio -

Sinﬂ l:ﬂ 1 1 1-.'[

f e ~1) y Sinia,
i Sy —{—'ay CﬂSﬂ —{-y s il
§=1

que, si utnmque multiplicetur per y (Lug-—) dy, mtegxatm—

ne 'inter y"—'ﬂ et y.""'_"l instituta, dabit

.S.in hf‘ Y (L“ﬂ'"}' dy :_"_""T_;l), 151[‘! 10t
r(j') 0 1+2y ﬂSﬂ"'{‘J =34 r (‘x+z :




Bxaaa Kapaa Maabmcrena

Kapa Maabmcren (Carl/Karl Malmsten)

. ”
1846 — Bropas pabora ,O HekOTOPBHIX OMpeAEAEHHBIX HHTErpaiax M psgax
B KOTOPOH

@ moayuaer okoro 10 QyHKIMOHAABHBIX ypaBHEHHE ZAS Pa3AMYHBIX
L-psizoB u ynomunaer BkAaz JHAepa.

o paccmatpuBaer (-@ynkuuio ['ypeuna u Aepxa, sagoaro ao ['ypsuma u
ANepxa, u moryuaer mogobubie opmyAbr U gasi Hux (HO He B 06mem
BHZE).

® paccMaTpHBaeT AOTrapU(MHUYECKHE MMPOM3BOZHbBIE (PYHKIHOHAABHBIX

ypaBuenudi u 1-yio mpoussoanyio nekoropnix L-pszos
@ noaydaet QopmyAy orpazienus ars 1-o#t nocrosuuoli CTuabTbeca

n—1
T <E> - (1 — E) = 271'2 sin 2mml . 1nf(l> — 7(y + In27n) ctg mr
n n n n n

=1

BCB PE3YADTATHI IIOIIAZAKT B 3abBeHHE U IPUIIUCBIBAIOTCA AJAAM KOTOPDIE
HUX IOAYYHAHU 3HAYHUTEADHO IIO32KE. MaJ\bMCTeH YXOAUT U3 MAaTEMATHKHU B

konue 50-pix rogos u ymupaer B 1886 roay.
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g% — o= ([ i=n—1 1 1 _
44. f; e — e " ys = I(1=s) S [((2;+1)ar—a}"5 (E‘Za’+1)w+a)1*‘J'

Jam vero, exsistente 1dentlcu mﬂdﬁ

2

Sina . S(-‘—i-)"l i-1 Sm ‘a4 (=1)". y“(Sln{n+l)a+y Sin na)

L
44;. 142y Cosa4y® i=1 1 142y Cosa+43°

habebimus eliam

. ! Sina . dy
45. .._/;'I—l-.iyﬂusm-p-y" (l l)l-s

" "

i=n Sinia

= I'(s) . S(=1)"'—— + (-—-—l) (F¥V(n) Sm (n+1)ﬂ + ¥ (n+1) Sin na),

=1 _

ubi brevitatis causa pnsmmus

"(log )" dy
y 1.¢ -1 0.I'(s)
WV (n) = f 14+2yCosa+y* —, = 0. /;’ y"(log h) — (m+ 1)’
exsistente 1 > © > 0. Facile igitur apparet esse.
lim VV(H)" . (=]
unde ex (45.) obtinebitur < .0 g
Sina dy '_m_ I ?EIE
16. ./ 142y Cosa+y® (mg_l_}l =T ‘gf b~ |
)

Substitutis vero in (29.) valoribus, quos fnrml:llae (44. et 48) praebent, hanc
notandam inter duas series infinitas relationem habemus, si s in 1 —s mutatur:



1. Malmstén, de integralibus definitis. 17

47 (i—a)y  (m1ay © @n—a)  @rta)y © Gr—ay  OGriay T elC

1 Sing Sin2¢ _Sinda  Sinda _ Sinb5a
— Sinlsm.I'(s) l | 21—s + 3= = T Bi— — € tc.{

et si® — a loco @ ponimus:

T o+ L, 1 r .1 1
48 a; - (Qﬂ_ﬂ).r (21-[—(3}“ {45.:_@): [4ﬂ:+ﬂ)t (ﬁ_ﬂ,’——ﬂ)’ =+ elc.
' 1 I Sing . Sin2z _Sin3a _Sinda _Sinba

~ Singsm.I'(s) 11—3 “Qi—s + 31— + 41— + Bi-s -+ etc.]

Hinc si s =} facimus fit utique

|| 1 + 1 _ 1 " 1 . 1
Vo—a) ~ V(nta) © VEa—a)  V@Bata) = VOr—a)  V(ara) T &
V 2 Sm a Sin2a + Sin3a  Sinda 4+ Sin5a
{ /2 V3 V4 V5 T etc.}

19 1 1 1 1 1

Vﬂ V(E"!:‘-ﬂ) + V[fzﬂi-]-ﬂ) V(dﬂ-’ﬂ-ﬂi] + V(‘lﬂ-'+ﬁ) V{‘jﬂ“—'ﬁ} -+ etc.
/2 Slna Sin2¢ = Sin3a . Sinda _ Sinba
] ¥ V2 + V3 + 7. + V5 -+ etc.

Ponamus in (47. et 48.), a esse In ratione commensurabili ad =, i e.

m:T . . . -
@ = — (m < n num. integr.); facile tunc obtinebitur



18 1. Malmstén, de integralibus definitis.
1 1 1 1 1
52- lJ 2, + 45 + 7, — Etc- faes

_ (Gn).Sinjn | 1 l 1 1

~ Singsn.I(s) = — ais + = — 5+ s — et
Formulas (51. et 52.) memini (ni fallor) me vidisse ab Eulero alicubi per
inductionem inventas, omni demonstratione carentes; neque apud quemquam

alium demonstrationem earum invenimus, quamquam formd sud attentione
Geometrarum digna videantur.
Ez. 3. Exsistentibus in posteriore formularum (50.) m =1, n =3,

posito brevitatis causa

1 1 1 1 1 11
f{*s)"ls T ity i tig — et

1 1 1 .1 .1 1 1
sO=T+F—F —F+ T+ E ig i+ e

fit utique
(3m)*.Sinix

JG) = ginigm i+ @1 —5)

Cum autem sit

1 1
$(s) = f(s) + 2 {1 — 5 + } — 5 + etc]
atque etiam
1 1
p(s) =f(s) + 27 f(s5) — 27 3* — g+ 55— 5+ et

unde facile prodit



Ex formulis (34. et 335.) logarithmando obtinebimus
log G (1—5) — log G (s) = (1—s) log 3= + log Sin }m — log Gos jsm — log I'(
log G,(1—s) — log G,(s)= (1—s) log 1w — log Cos ;s — log F(,s)

unde si brevitatis causa ponimus

1
s (log —-—) lﬂg (lng —) dy
(ry oo [ y

-

26,05 ! (log -jy—) . Ing (log ;—).dy
E(S) = = J, — 15 5
differentiando habebimus has novas relationes |
FCE) F(l_‘g ' | / 1 1
37 G () + G(l—-.g; — lngi sw 4+ Z'(s) — i Tlang “1'.5'11:,. |

) | Fy(1—-9)
e T 6,a=s

: d.log I :
st cum Legendre i ) per Z"(.s*) signamus.

= log e 4 Z'(s) — 37 Tang 3sm,




1. Malmstén, de iniegralibus definitis. 19

(‘“) Slll— 1 (in)

P (s) = Sinlsm. I"[s} F(1—>s) Sln sw. I'(s)" PP —s),

— Slll —
(7)sm3 LChy
P(s) = Sin sz . ['(s) * —s) + Singsw, I'(s) * (1—s),

unde addendo, cum sit

P(s) + Pls) = F(s),

erit
2. (I Slﬂ—
54. F(s) = Singsm, I (.s')  F(1—s5).
§. 6.
Differentiemus jam formulam (44.) respectu s tamquam variabilis; tum
erit ® POl . p—aU
f Em‘ E_q;. - log u. du
g €T =—2¢€
— e — g=a (i "o 10g((2i+Dr-a) log ((2i+1)n4a)
Z'(1—s) f ol p=nth * S I(1-s). S [({23-|-1_)5".E—ﬂ}1_’ ((2f-+l)n+ﬂ}‘_T]’

unde pro s = 0, exsistente

Z(1)=—C et ‘f; Z— —° . du = Tang }a,

habebimus

-
e Te =S - g -y - - - e -



L

fit denique ex formulis (7.) citatis

log(n—m)  log(n+m) + log (3n—m)

N— 1T -1 Jn—m

|

T mT |
— 3, . Tang 5 (C+log2m) —

__log(3n4m)  log(5n—m)

dnq—m

j'E t=ri—1
S(.....l}t—l Sin = T lng

3
"z,
55 (m 4 n = num, imp.)
| log(n—m) __ log(ntm) , log(Bn—m)  logBnim) , log(5n—m)
N—1m n4-m 3n—m 3n4m Ba—m elc.
' n~—i
=i(n—1) r{ —
— Tang 5 {:C+lng T) — — S _1)1-1 Sin 'ﬂ"f log (2:'
r(3)

(m 4 n = num. par),

atque si » — m loco m ponimus,

[P

logm  log (En—msf:_]- + log (2n+4-m)

1 2n—m 2n-4m

_——
=

Eﬂﬂﬂtang 5 5 (C +log 2m) + E S Sin ? log

log (4n—m) _,_log(4n+m)

m = num. 1mp.
56 ( p)

logm __ 10g(2n—m) _ log(2n+m)

m 2n—m 2n-4-m

= Cﬂtang o (C+lng ) -+ E

dn—m 4ﬂ+m—_ etc.
ot e ()
=] =
r(?n
log(4n—m) _ log(dn4m)
dn—m + dngm etc.
41
T I 4 (.5
S . Sin - log ——
=1 r(;)

(m = num. par).

Ex. 1. Posito n=2, m=1, fit
locl loed looh loo'7

}



Kunkeanna

BI‘U\&,ZL ]_]_I]\éMI/IJ\bXH, KI/IHKGJ\I/IH& H JPYTUuX

[Tocre pabor MarbmcTena, 3agaya HaXo:KAeHHSI (PYHKIHOHAABHBIX ypaBHEHHH
aArs pacripoctpanennbix L-psizos ceeaena a0 cryaenueckoro yposas. Ceou
pemenusi mybaukyor uan npegraraior: Ockap [LIaémuanx (Oskar Xavier
Schlomilch), Mepaunang iisenmreiin (Ferdinand Gotthold Max

Eisenstein), Tomac Kaaysen (Thomas Clausen), ...

[Tpu sTOoM HuKTO He ymomuHaeT Diiaepa. . .
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Uebungsaufgaben fiir Schiller.

Lehrsatz

= dem Hetrn Professer Dr. Schlomileh un der Universitéit zu Jena.

Die unendliche Reihe

1 1 1 1
S Tl Tl Tl TR

mvergirt bekanntlich fiir jedes positive von Null verschiedene s.
ennen wir f(s) ihre Summe, so findet zwischen den Summen
(s) und f(1—s) die bemerkenswerthe Relation

f(1—s) 2\¢ . ST
@ =(;) I'(s) sin 5

att, wobei s als positiver &ichter Bruch vorausgesetzt wird. Fiir
: wird f(s)=/f(1—s) und man hat dann

=2
1= G)i I‘G)‘l/?oder PG-) -4/,

ie man ausserdem schon weiss.




rémuabxa, Knukeauna n apyrux

['epman Kunkeann (Hermann Kinkelin)

[IIgefinapckuit MmatemaTuk us Depna, ['epman Kunkeaun (1832—1913) B
1858 roay, 6 Hosbps, npeacrasaser csoro pabory ,,O HexorTopbix
6eCKOHEYHbIX pPAZaxX , e IMOAydaeT APYTHM CIIOCO60OM NPAKTHYECKH TaKHe-2Ke
ob6mupHbie pesyAbrathl kKak ¥ Maabmcren. B wactHocTH, oH nmoayuaer u

()YHKIIMOHAaAbHbIE ypaBHEHHE JAsl A3eTa U 9Ta (PyHKUHUH.

Ipun.: 8 1859 zoxasameavcmso mozo-xe pesyavmama nybauxyemcs u Pumariom,

KOMOpbll 8 JaabHelileM No CMPAHHOMY cmeyeHulo obcmosmeascme u byaem

cyumamsCsa €0 asmopom.
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(.

" Nr. 419 und 4%0.

(NB. Auf pag. 57 lese man Nr. 415 und 416, atatt blos
Nr 415).

-

llermann Illnkelln.

Ueber einige unendliche ‘Relhen.
(Vorgetragen den 6. November 1858.)

. | .. .
Bekanntlich convergirt die Reihe

'- 1 1 1 eee

1) it ot gt in inf.,,
wo 8 eine poaitwa Zahl bedeutet, nur dann, wenn s>1
ist; sonst aber ist sie divergent. Man kaon sich nuan

die Aufgabe stellen, iliren Grenzwerth anzugeben fur

s_1, wenn sie blos bis zu einem gewissen Ghﬂd?, wo-

bei k in’s Unendliche wachsend gedacht ist, fortgefuhrt
wird. Um zu diesem Ziele zu gelangen, diene die Formel
fiir die angeniherte Berechnung bestimmter Integrale
(Raabe Integralrechnung Bd. [. Nr. 223).




2I(1--8)~ _82( Sin27x = Sindax  Sin6ax
(2_?!)1—4 00521 118 + 21_4 + 31..3 + ‘

und durch Umsetzen von x in 1 —x

0'(1 —x,a):c.

__211—s8)q. 87 ( Cos22x = Cosdax Cosbax =
(z,u)t—'s‘“zf st g tgEe T {

2I1—s), 8z (Sin22x ., Sindsx A Sinbax )
""—[2,1)1—- 0032 11-* + Q-8 + 38 +.....~H.LIs

Diese mit 33) durch Addition und Subtraction verbun.
den, giebt

Cote Cate sttt
. 411 —E}Sin—2'—
w |

Ep2ox ) Dot po i 268) = 01 %18) (9.4 14
4 (1—s)Cos——r




oder mit Zuziehung von 7) und 20)
@2 + 2 Ui ST —29c,.

| (za)t—
oder
o  2T(1—s)Sin 5
Ci1_, _ (2 :’I) - |
oder auch
C: __ (2)
39) 81

“ 2r(s)Cos

oder mit Zuziehung von 7)

{1 1
= te 7t 22  a

1 | 1 21
1 21—s+31—--~5 41-—a+ *e

36) N.

21'[3]005325 |
Eine andere iihnliche, schon von Schlémilch angegebene

Relation kann aus 34) unter der Annahme, dass x::-i—i,

gewonnen werden. Es wird nimlich alsdann



Bxaaa Llrémuabxa, Kuukeauna n apyrux

Azoabd ['ypeun (Adolf Hurwitz)

Hewmenkuit matematuk us Xuangecxaiima, Azornd ['ypsun (1859—1919) s

1881 o6061maeT npeabizymKe pesyAbTaTbl U MOAYYaeT (PYHKIIHMOHAAbHOE

ypaBHEHHE

((at) - B S (1) (o)

=1

r=1,2,...,m, popMyra, KOTOpas NMPAKTHIECKH IPSAMO CAEAYET U3

pesyabratoB Maabmcrena 1846 roza.

3au\yrﬂ MaJ\bMCTeHa I103:2K€ 6yl[,yT HYaCTHYHO BOCCTaHOBAEHbDbI .}\erOM,

Xapau, Jyrxoii u Bamum moxopubiM cayroi.

B Baarymun (o) Hcropus gynky. ypasuenus C-QyHKIHH C.—TITerep6ypr, 1/3/2018
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baarogapro

3a BHUMaHue!
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Hcrounuxn ungop:

ZJlokraz moOArOTOBAEH 1O MOTHBaM ABYX CTaTeH aBTOpa

@ [a. V. Blagouchine, Rediscovery of Malmsten’s integrals, their evaluation by

contour integration methods and some related results, Ramanujan J., 35

(2014), 21—110. Addendum: 42 (2017), 777—781.

@ [a. V. Blagouchine, A theorem for the closed-form evaluation of the first
generalized Stieltjes constant at rational arguments and some related
summations, . Number Theory, 148 (2015), 537—592. Erratum: 151 (2015),
276-2717.

Bropas pabora kacaercs Toabko cratbu Manbmctena 1846, B Toit eé wactu uTo

saTparuBaeT pesyabraTbl Vaibmcrena ais C-pyukuun ['ypsuna u Aepxa, ais ux

1-o#i npousBoanolt u ars PopmyAabl orpaxenus 1-oii nocrosmuoit Ctuatbeca 1.

Ecau Bor :enaere octaBuTh Kako#-HHOYZb OT3bIB aBTOPY, TO C HHM MO2KHO

CBA3AaThCA

iaroslav.blagouchine @univ-tln.fr
iaroslav.blagouchine @pdmi.ras.ru

https: //iBlagouchine.perso.centrale-marseille.fr /
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