A DEGREE PROBLEM FOR TWO ALGEBRAIC NUMBERS
AND THEIR SUM
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ABSTRACT. For all but one positive integer triplet (a,b,c) witha < b < ¢
and b < 6, we decide whether there are algebraic numbers «, § and
v of degrees a,b and ¢, respectively, such that « + 8+ v = 0. The
undecided case (6,6, 8) will be included in another paper. These results
imply, for example, that the sum of two algebraic numbers of degree 6
can be of degree 15 but cannot be of degree 10. We also show that if a
positive integer triplet (a,b,c) satisfies a certain triangle-like inequality
with respect to every prime number then there exist algebraic numbers
a, B, v of degrees a, b, ¢ such that a + 8+~ = 0. We also solve a similar
problem for all (a, b, ¢) with a < b < cand b < 6 by finding for which a, b, ¢
there exist number fields of degrees a and b such that their compositum
has degree c. Further, we have some results on the multiplicative version
of the first problem, asking for which triplets (a,b,c) there are algebraic
numbers «, 8 and vy of degrees a, b and ¢, respectively, such that a8~y = 1.

1. INTRODUCTION AND RESULTS

The purpose of this paper is to propose the following problem:
Find all possible triplets (a,b,c) € N3 for which there exist three algebraic
numbers «, 3, v, with degrees a,b,c (over Q), respectively, such that

a+B+v=0.

This is our abc degree problem for algebraic numbers. When such «, 3, ~
exist, we say that the triplet (a, b, c) is sum-feasible. It seems that this abc
degree problem for sums of algebraic numbers is unrelated to the famous abc
conjecture for integers proposed by Oesterlé and Masser in 1985.

Even for small values of a,b and c it is sometimes very difficult to decide
whether the triplet (a,b,c) is sum-feasible. See, for instance, the proof of
Theorem 38, where we establish that (6,6,10) is not sum-feasible. With
the methods used here we were, however, unable to settle our abc degree
problem in the case (6, 6,8). This case has now been shown elsewhere to not
be sum-feasible — see [6].
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We propose a similar problem for the compositum of fields by saying that
a triplet (a,b,c) € N® is compositum-feasible if there are number fields K
and L of degrees a and b, respectively, over the field of rationals Q such that
the degree of their compositum K L is ¢. For example, the triplet (2,2,4) is
compositum-feasible (K = Q(v/2), L = Q(v/3), KL = Q(v/2,v/3)), whereas
the triplet (2,2,5) is not compositum-feasible, since [K L : Q] cannot exceed
K :Q)- [L: Q]

Similarly, we say that a triplet (a,b,c) € N® is product-feasible if there are
algebraic numbers «, § and v of degrees (over Q) a, b and ¢, respectively,
such that a8y = 1.

Note that if a triplet (a,b,c), a < b < ¢, is sum-feasible, compositum-
feasible or product-feasible then ¢ < ab. If (a, b, c), a < b < ¢, is compositum-
feasible then a | ¢ and b | ¢. These are obvious necessary conditions. In
Section 2 we give another simple necessary condition for a triplet to be sum-
feasible, compositum-feasible or product-feasible (see Lemma 14).

These three problems are related.

Proposition 1. If the triplet (a,b,c) € N3 is compositum-feasible then it is
also sum-feasible and product-feasible.

Proof. Suppose that K and L are number fields. Then, by the primitive
element theorem, K = Q(«) and L = Q(p) for some o € K and § € L.
Furthermore, the compositum KL = Q(«, ) can be expressed as KL =
Q(a +tp) and also as KL = Q(a(t + /3)) for all but finitely many rational
numbers ¢t. See the proof of Theorem 4.6 in [16] for the case o + ¢/5. The
proof for a(t + /) is the same. Indeed, consider the field K; = Q(«(t + 3)).
Since Q C K; C Q(a, f), there are two distinct rational numbers ¢ and ¢’
for which K; = Ky. Assume without loss of generality that a(t’ + 3) # 0.
Then, as the quotient of a(t + ) and a(t’ + ) belongs to K;, we obtain
t—=t)/{t'+p)=@t+p5)/t +p5)—1¢e K, Thus f € K;. This implies
a € Ky, so that Ky = Q(«, 5).

Since [K : Q] = a, [L : Q] = b, [KL : Q] = ¢, choosing an appropriate
t € Q, in the additive case we see that the degrees of o, tf and —a — ¢ are
a, b, c, respectively. In the multiplicative case, the degrees of «, t + § and
a l(t+ B)t are a,b,c. O

The converse of Proposition 1 is false in general. Clearly, if the triplet
(a,b,c) is sum-feasible (resp. product-feasible) then for any permutation
{da’, V', '} of {a,b,c} the triplet (a/, b, ) is also sum-feasible (resp. product-
feasible). However, the compositum problem is not symmetric with respect
to a,b,c. The triplet (n,n,1), n > 1, is not compositum-feasible, since the
degree of the compositum of two number fields of degree n is divisible by
n. Meanwhile (n,n,1) is sum-feasible and product-feasible: for a = /2,
f=—a,v=0wehave a« + B+ =0, whereas o/ = V2, f/ =a/', ~ =1



gives o/#'y" = 1. The less trivial example (4,4, 6) (which is sum-feasible and
product-feasible but not compositum-feasible) follows from Proposition 29
(17) (Section 3). The reason for not being compositum-feasible is that 4
does not divide 6. We do not know of any example (a,b,c) € N3 satisfying
a | ¢, b | ¢ which is sum-feasible (or product-feasible) but is not compositum-
feasible.

We have found little in the literature directly related to our problem
apart from the ‘generic’ case (a,b,ab) which has long been known to be
compositum-feasible (and hence sum-feasible and product-feasible) - see Pro-
position 19 below. In particular, one result, due to Isaacs [11] who generalized
an earlier result of Kaplansky [15, p. 71], implies that if a has degree a (over
Q), B has degree b and ged(a, b) = 1 then a + [ has degree ab. Let us state
this result in the following symmetric form.

Proposition 2 ([11]). If the triplet (a,b,c) € N* is sum-feasible and two
particular numbers from the list a,b, c are coprime then the third number is
the product of these two.

See also [2], [7] and [8], where some conditions for the degree of o +
to be ‘maximal possible’ deg(a) - deg() are given without assumption that
deg(a) and deg(p) are coprime. (Throughout, we denote by deg(a) the
degree of an algebraic number « over Q.) In particular, it is remarked in [2,
p. 261] that the proof of Isaac’s result quoted above shows that if (a, b, ab) is
compositum-feasible then it is sum-feasible (i.e., a special case of Proposition
1).

We conjecture that

Conjecture 3. If the triplet (a,b,c) € N® is sum-feasible then it is also
product-feasible.

The converse of Conjecture 3 is false. The triplet (2,3,3) is not sum-
feasible, by Proposition 2. Hence (2,3, 3) is not compositum-feasible either.
However, (2,3, 3) is product-feasible. For example, the numbers

a=(-1-iV3)/4, pB=V2, y=(-1+iV3)/V2
have product 1 and degrees 2, 3, 3, respectively.
Conjecture 4. If the triplets (a,b,c), (a’,V/,c) € N> are sum-feasible (resp.

product-feasible, compositum-feasible) then the triplet (aa’,bb’,cc’) is also
sum-feasible (resp. product-feasible, compositum-feasible).

Some partial cases of Conjecture 4 are given in Lemma 26, Corollary 27,
Proposition 28 and Proposition 32.
The main result of this paper is the following.

Theorem 5. All the triplets (a,b,c) of positive integers with a < b < ¢,
b < 6 that are sum-feasible are given in Table 1, with one possible exception



(6,6,8). FEwvery such triplet is also compositum-feasible, except for (4,4,6),
(4,6,6), (6,6,8), (6,6,9) and (6,6, 15).

TABLE 1. Triplets (a,b,¢), a < b < ¢, b < 6, that are sum-
feasible. (Because of [6, Theorem 1], the case (6,6, 8) does not

appear.)
b\a 1 2 3 4 5 6
1 1
2 P 2.4
3 3 6 3,6,9
4 4 48 12 46,8,
12,16
5 5 10 15 20 5,10,
20,25
6 6 6,12  6,12,18 6,12,24 30 6,9,12,
15,18, 24,
30, 36

By our observation above (Proposition 1), if the triplet (a, b, ¢) is not sum-
feasible then it is not compositum-feasible. For example, there are exactly
five triplets (a, b, c), a < b < ¢, with a = b = 4 that are sum-feasible, namely
(4,4,4), (4,4,6), (4,4,8), (4,4,12) and (4,4,16). However, since 6 is not a
multiple of 4, the triplet (4,4,6) is not compositum-feasible. Taking K =
Q(v/2,v/3) and L, say, Q(v/2,v3), Q(v2,v5), Q(v/5,V/7) we see that the
triplets (4,4,4), (4,4,8), (4,4,16) are compositum-feasible. Further, taking
any quartic algebraic number « such that the Galois group of Q(«) over
Q is the full symmetric group S; and its conjugate o/ # «, we see that
Q(a) : Q] = [Q() : Q] = 4 and [Q(«, ) : Q] = 12. This shows that the
triplet (4,4, 12) is also compositum-feasible.

Let p be a prime number. For a positive integer n we define the nonnegative
integer ord,(n) by

pordp(n) | n and pordp(n)—H Tn

We say that a triplet (a, b, c) satisfies the exponent triangle inequality with
respect to a prime number p if

ord,(a) + ord,(b) > ord,(c), ord,(b) + ord,(c) > ord,(a) and



ord,(a) 4 ord,(c) = ord,(b).

For example, the triplet (6,6, 10) satisfies the exponent triangle inequality
with respect to every prime number p except for p = 5.

Theorem 6. If a triplet of positive integers (a,b,c) satisfies the exponent
triangle inequality with respect to every prime number then the triplet (a, b, c)
1s sum-feasible and product-feasible.

The exponent triangle inequality condition in Theorem 6 is not necessary.
For instance, the triplet (3,3,6) is sum-feasible and product-feasible (e.g.,
if o and o/ are two distinct roots of the polynomial 2> — x — 1 then the
degrees of o and o/7! are 3, the degree of o/ /a is 6 and - /71 - (o' /) = 1),
while the exponent triangle inequality with respect to the prime number 2
is not satisfied. In fact, one can be ‘very far’ from the exponent triangle
inequality. By Proposition 29 (i) combined with Proposition 1, the triplet
(a,b,c) = (2™ +1,2™ +1,2™(2™ + 1)) is sum-feasible, whereas

ordy(c) — ordy(b) — ordy(a) =m

can be arbitrarily large.

We remark that the condition of Theorem 6 is not sufficient for a triplet
to be compositum-feasible. For example, the triplet (6,10, 15) satisfies the
exponent triangle inequality with respect to every prime number. However,
it is not compositum-feasible, because the compositum of two extensions of
Q of degrees 6 and 10 has degree divisible by lem(6, 10) = 30.

More generally, an extra condition for a triplet (a,b,c) € N* to be compo-
situm-feasible can be written as

max{ ord,(a), ord,(b)} < ord,(c)

for every prime number p. This necessary condition becomes sufficient for
triplets (a,b,c) satisfying the exponent triangle inequality with respect to
any prime number. This result can readily be written in the following form.

Theorem 7. If a triplet of positive integers (a, b, c) satisfies
max{ ord,(a), ord,(b)} < ord,(c) < ord,(a) + ord,(b) (1)
for every prime number p then the triplet (a,b, c) is compositum-feasible.

Let (a,b,c) be any triplet of positive integers. It is easy to see that
the triplet (a(abc)", b(abe)™, c(abc)™™) satisfies (1) for all primes p pro-
vided that n is large enough. Therefore Theorem 7 implies that the triplet
(a(abe)™, b(abe)™, c(abe)™™) is compositum-feasible (and hence sum-feasible
and product-feasible) for each sufficiently large n € N.

Note that for p a prime number and ¢ € N the triplet (p, ¢,t) is sum-feasible
if and only if p | t. The necessity follows from Proposition 2, the sufficiency
from the example o = —2-2/7 3 = 2V/p 4 3p/t ~» = 21/P _ 3P/t where t is a



positive integer divisible by p. In particular, for p = 2, the triplet (2,¢,¢) is
sum-feasible if and only if 2 | ¢. In case of the product we have the following
result.

Theorem 8. The triplet (2,t,t) € N? is product-feasible if and only if 2 | t
or3|t.

The paper is organized as follows. In Section 2 we prove auxiliary results
and some necessary conditions for a triplet to be sum-feasible or compositum-
feasible. Section 3 contains some explicit constructions for Table 1 as well
as the proofs of Theorems 6 and 7. In Section 4 we prove Theorem 8 and
provide impossibility proofs which are used in the proof of Theorem 5 later
on. The proof of Theorem 5 is divided into two parts. At the end of Section 3
we prove that each triplet given in Table 1 is sum-feasible. The proof that
no other triplets are sum-feasible is given at the end of Section 4.

2. LEMMAS

Lemma 9 (Part of [23, Lemma 1]). Let oy, oo, ag be distinct conjugate
algebraic numbers. Then as + ag # £2aq for all four choices of signs +.

Let aq, g, ..., a;, be the roots of a nonzero separable polynomial f(z) €
Q[z] of degree n > 2. An additive relation between oy, ag, ..., o, is a
relation of the kind

a1 + age + - - 4 apoy, € Q,
where all the a; € Q. We call this additive relation trivial if a1 = ay = ... =
(.
Recall that the Galois group G of f is 2-transitive if for any two pairs of the
roots of f, say, a, ', a # o', and oy, a;, a; # «;, there is an automorphism
o € G such that o(a) = o; and o(a/) = .

Lemma 10 (Part of Theorem 3 in [1] — see also [24]). Suppose that the Galois
group of a separable polynomial f(x) € Qx| of degree n is 2-transitive. Then
there are no nontrivial additive relations between the roots of f.

For a polynomial of prime degree we have the following.

Lemma 11 (Special case of [5, Theorem 2]). There are no nontrivial additive
relations between the roots aq, oo, . .., a, of an irreducible polynomial f(x) €

Q[x] of prime degree p.
Lemma 12 ([16, Theorem 1.12]). If K and L are number fields and K/Q is

Galois then
K:Q)[L:Q

KL :Q) = [KNL:Q




Lemma 13 ([21]). Suppose that « is a root of an irreducible polynomial
f(z) € Q[x]. Let r be the number of linear factors of f(x) over Q(«). Then
r divides the degree of f(x).

As usual, denote by lem(a, b) and ged(a, b) the least common multiple and
the greatest common divisor of positive integers a and b, respectively.

Lemma 14. Suppose that a triplet (a,b,c) is sum-feasible, product-feasible
or compositum-feasible. Then c | lem(a, b) - t for some positive integer t <
ged(a, b).

Proof. Assume that a triplet (a, b, ¢) is sum-feasible, product-feasible or com-
positum-feasible. Then there exist algebraic numbers «, 3, v or degrees a,
b, ¢, respectively, such that a + 5+ v =0 or afy =1 or Q(«, 8) = Q(7).
In either case, it is clear that the degree D of the compositum Q(«, /) is
divisible by lem(a, b), since a | D and b | D, so that D = lem(a, b) - t say.
Clearly,

D = [Q(x, 8) - Q] = [Q(a, 8) : Q(B)[Q(B) - Q] < [Q(a) : Q[Q(B) : Q] = ab.

Hence t < ab/lem(a, b) = ged(a, b). Finally, note that ¢ | D, because Q(7)
is a subfield of Q(a, f3). O

3. CONSTRUCTIONS

Let K be a number field of degree n over QQ, with O its ring of integers,
dy its discriminant, and o4, ..., 0, be the n distinct Q-invariant embeddings
of K into C. If « is an arbitrary element of K then its discriminant, which
we shall denote by dg(«), is defined by

die () = H (i(a) = oj(a))*.

It is well-known that if & € Ok then dk(«) is a rational integer which is
divisible by dg (see [20, Proposition 2.13]).

Lemma 15 ([19, Exercise 4.5.4 and solution]). If a is a root of an irreducible
polynomial x™ + ax + b € Z[x], n > 2, then

drcla) = (=12 (g (<1 0 = 1) a”)
where K = Q(«).

Lemma 16. For any positive integers n and D there exists an extension
K/Q of degree n whose discriminant dg is coprime to D.

Proof. If D =1 then one can take any number field K of degree n. If n =1
then one can take K = Q, since dg = 1. So we can assume that D > 2 and
n > 2.



Suppose that the set of primes that divide D is {p1,p2, ..., Pry q1, G2, - - -, Qs }
where p; | nand ¢; t nfor ¢ =1,...,r and j = 1,...,s. Choose a prime
number ¢ such that

q> max{pla <o Pryqiy - - 7QS}'
Eisenstein’s Criterion implies the irreducibility of the polynomial
" +qq - gsT + g

Let a be any root of this polynomial. Then, by Lemma 15, we obtain

gty (@) = (=12 g7 (0" 4 (<) = 1) gl )").
It is easy to see that the number dg(q) () is coprime to py - ... pyqi - ... - gs,
and therefore coprime to D. Hence the discriminant of the number field
K = Q(«), which is a divisor of dg(«), is coprime to D. d

Lemma 17 ([10, Theorem 87],[19, Exercise 6.5.14 and solution]). If K and
L are number fields, of degrees m and n, respectively, whose discriminants
are coprime numbers, then their compositum is a field of degree mn.

Lemma 18 (Part of [10, Theorem 88]). If K and L are number fields of
degrees m and n, respectively, with coprime discriminants dx and dy, re-
spectively, then the discriminant of their compositum KL is djd}".

Proposition 19. For any positive integers a and b the triplet (a,b,ab) is
compositum-feasible and hence both sum-feasible and product-feasible.

Proof. Let K be a number field of degree a. By Lemma 16, there exists
an extension L/Q of degree b whose discriminant dj, is coprime to dg. By

Lemma 17, we have [KL : Q] = ab, and hence (a,b,ab) is compositum-
feasible. By Proposition 1, the triplet (a,b,ab) is both sum-feasible and
product-feasible. O

Lemma 20. Suppose that o and (8 are algebraic numbers and that B is of

the same degree d over Q and over Q(«). Then for any conjugate o of a the
degree of B over Q(<) is d.

Proof. Assume that  has degree n, 1 < n < d, over the field Q(a/), where
o' is a conjugate of a. Then [ is a root of a polynomial P of degree n
with coefficients in Q(«’). Take an automorphism o of the Galois group of
Q(a, )/Q which maps ' to . It maps P to a polynomial of degree n with
coefficients in Q(«) whose root is o(5). So the conjugate 5" = o () of 8 over
Q has degree at most n over Q(«), a contradiction. O

Proposition 21. Suppose that « and 5 are algebraic numbers of degrees m
and n over Q, respectively. Let oy = i, g, . .., a;y, be the distinct conjugates
of a, and let 1 = B, Ba, ..., Bn be the distinct conjugates of 5. If 8 is of
degree n over Q(«) then all the numbers a; + B; (resp. a;f;), 1 < i < m,
1 < 7 < n, are conjugate over Q (although not necessarily distinct).



Proof. Since (3 is of degree n over Q(«), for any j, 1 < j < n, there exists an
automorphism of the Galois group of Q(a, 8)/Q which fixes a and maps
to ;. Hence all the numbers o + 3; (resp. af;), 1 < j < n, are conjugate
over Q.

Note that [Q(«, 5) : Q] = [Q(«) : Q] [Q(«, 5) : Q(«v)] = mn, and therefore
a is of degree m over Q(f). By Lemma 20, « is of degree m over Q(f;) for
any j, 1 <7 < n. Now fix j, 1 <7 < n. For any i, 1 <1 < m, there exists
an automorphism of the Galois group of Q(«, #)/Q which fixes §; and maps
a to o;. Hence all mn numbers «o; + 3; (resp. «;3;), where 1 < i < m and
1 < j < n, are conjugate over Q. U

Lemma 22. Suppose that p is a prime number and u,v,w are nonnegative
integers such that max(u,v) < w < u + v. Then for any positive integer D
there exist number fields K and L of degrees p* and p°, respectively, such
that the degree of the compositum KL is p* and the discriminant dgy, of KL
18 coprime to D.

Proof. Set C =u+v—w, A=w—vand B=w—u,sothat A>0, B >0,
C > 0. By Lemma 16, there exist number fields K, L; and M of degrees
pY, p? and p?, respectively, such that

ged(dg,, D) =1,
ng(dLl, D- dK1> = ]_,
ng(dM, D- dK1 . dLl) =1.

Then, by Lemma 17, we have
[KiLy: Q] =p° - p* =p",
[K\M = Q] = p© - pP =p",
[K1LiM = Q) =p© - p-pP =p*.

Put K = K1L; and L = K; M. Lemma 18 implies that the discriminant dg,
of the number field KL = K7L, M is coprime to D. ]

Note that in Proposition 1 the algebraic numbers «, § and the rational
number ¢ can be chosen so that a is not a conjugate of —a, t + 3 is not a
conjugate of —t — 3 and a~'(t + 3)~! is not a conjugate of —a~1(t + 3)71.
Combining this argument with Lemma 22, by choosing an appropriate «a, 3
and t € Q in the multiplicative case, we obtain the following.

Corollary 23. Suppose that p is a prime number and u,v,w are nonnegative
integers such that max(u,v) < w < u + v. Then for any positive integer D
there exist algebraic numbers o, 3, v of degrees p*, p*, p* such that a+ G+~ =
0 (resp. affy = 1) and the discriminant dg,p) of the number field Q(«, )
18 coprime to D.



Furthermore, in the multiplicative case, afy = 1, the numbers o, 5 and
can be chosen so that —a is not a conjugate of o, —( is not a conjugate of
B and —v is not a conjugate of ~y.

Note that one can also give an explicit construction illustrating Lemma 22
and Corollary 23 assuming that p does not divide D. Take w distinct prime
numbers pq,...,p, and v distinct prime numbers ¢y, ..., q, so that the first
C' =u+v—w (where w in the range max(u,v) < w < u + v) numbers in
those sets are the same

br=4q1,-..,Pc = 4qc,
ie.,

{p17p27 s qu} N {(haQZ, s 7Q’U} = {p17p2) s 7pC}'

Assume that the prime numbers p; (1 < ¢ < u) and ¢; (1 < ¢ < v) are all
greater than p and D and that p does not divide D. Set

K=Qp"”,....pY"), L=Qq,...,¢"").
Then

1
KL = Q(pi/pa e ’pql/p’ qc/-fla s 7q5/p)

Clearly, K is of degree p*, L is of degree p’ and KL is of degree pp’~¢ = p¥
with discriminant coprime to D.
To illustrate Corollary 23 we can take

a=p - 4p" B=aq"+ -+,
and
1 1 1 1

for the sum and
a=E"+1). 7+, B=(@" ). @+, y= ()
for the product. In both cases, deg(a) = p¥, deg(3) = p*, deg(y) = p“p*~¢ =

w

p.

Lemma 24. Suppose that o, B, 7, 0, p and v are algebraic numbers of degrees
a, b, ¢, a', V' and ¢, respectively, such that o« + +~v =0 (resp. afy =1)
and 6 + p+v =0 (resp. ouv = 1 and, in addition, § is not a conjugate of
—0, i is not a conjugate of —p, v is not a conjugate of —v). If

ged(dga), does)) = ged(da(s), da) = ged(do(y), dow)) =1

then the triplet (aa’,bb’, cc’) is sum-feasible (resp. product-feasible).
Proof. Let us first deal with the additive case when
a+fB+y=0+pu+v=0.

10



Since ged(dg(a), dgs)) = 1, by Lemma 17, we obtain [Q(«,0) : Q] = aa’. We
claim that

Q(a,6) = Q(a+9). @)
Indeed, let aq, s, ..., a, and 01, 09, . .., 4 be all the distinct conjugates of «
and &, respectively. Without loss of generality we may assume that a,a’ > 2,
since otherwise (2) automatically holds.

By Proposition 21, all the numbers a; +6;, 1 <@ < a, 1 < j < d, are
conjugate. Suppose that Q(a,d) # Q(a + 6). Then a; + §; = oy + §; with
certain 7 # k and j # l. So a; — a = & — d;. The difference of two distinct
conjugates of an algebraic number of degree at least two is irrational, e.g., by
trace consideration or by Hilbert’s theorem 90. (See [9] for the description of
all algebraic numbers expressible as the difference of two conjugate numbers.)
Therefore,

I = @(a>Gal N Q(é)Gal 7£ Q, (3)
where K% denotes the Galois closure of the number field K.

Since L = Q(a)% N Q(6)“ # Q, by Minkowski’s theorem, we must have
|dz| > 1. However, the discriminants of the fields Q(a)% and Q()%a! are
both divisible by dr,, which is impossible in view of ged(dg(a), dg(s)) = 1. (For
any prime number p we have p | dg if and only if p | dgca; see [20, p. 159].)
This proves (2).

Analogously, we obtain [Q(5, ) : Q] = bb" and Q(8, ) = Q(S + ). Also,
[Q(v,v) : Q] = ¢ and Q(v,v) = Q(vy + v). Hence

deg(a + ) = [Q(, 0) : Q] = ad’, (4)
deg(f 4 p) = [Q(B, ) : Q] = bV, (5)
deg(y +v) = [Q(v,v) : Q] = ¢ (6)

and (a+d) + (8 + u) + (v +v) = 0. This completes the proof of additive
version of the lemma.

To prove the multiplicative version, where affy = dur = 1, we first claim
that

Q(e, 6) = Q(ad). (7)

As above, let a1, as,...,a, and 01,09, ...,d, be all the distinct conjugates
of a and 6, respectively. We may also assume that a,a’ > 2, since otherwise
(7) certainly holds.

Suppose that Q(a, ) # Q(ad). Then «;0; = aid; with some ¢ # k and
Jj # 1. So a;/ay, = 6;/6;. We shall prove that in this case (3) also holds.
Indeed, observe that the quotient of two distinct conjugate algebraic numbers
is rational if and only if it is a root of unity. The only such number distinct
from 1 is —1. So ¢;/0; € Q if and only if 6, = —d; which is impossible, by
our extra assumption that J is not a conjugate of —). Now, exactly the same
argument as above leads to a contradiction and completes the proof of (7).
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Next, by the same argument, we must have [Q(5,u) @ Q] = b0 and

Q8. 1) = Q(B) and also [Q(1,) : Q] = e and Q(y,v) = Qyv). Hence,
instead of (4)—(6), we obtain

deg(ad) = [Q(e,9) : Q] = ad’,
deg(Bp) = [Q(B, 1) : Q] = bV,

deg(yv) = [Q(v,v) : Q
and (ad) - (Bu) - (yv) = L. O

I
o
Q\

Remark 25. In fact, if o, 8, 7, 0, p and v are algebraic numbers of degrees
a, b, ¢, a’, b and ¢, respectively, such that a + f+vy=0and d+pu+v =0
and if

[Q(a,0)] = ad’, [Q(B,p)] =00 and [Q(y,v)] = cc
then there is a rational number ¢ such that
deg(a +t0) = aa’, deg(f+tp) =00 and deg(y+tv)=cc.
Since (a+1t0)+ (B+tp)+ (y+tv) = 0, the triplet (aa’, bV, c¢c’) is sum-feasible.

Lemma 26. Suppose that K1, Ly, Ky, Ly are number fields of degrees ay,
by, as, by, respectively. Let ¢ = [K1Ly : Q] and co = [KsLs : Q], and
suppose that the discriminant dg, 1, of the compositum KLy is coprime to the
discriminant d, 1, of KoLo. Then the triplet (ajas, biby, c1¢2) is compositum-

feasible.

Proof. 1t is well-known that if K is a subfield of a number field L then dg
divides dj, (see, e.g., [20, Proposition 2.16]). So the discriminant of any
subfield of KiL; is coprime to the discriminant of any subfield of KjL,.
Hence, by Lemma 17, we have

[K1K2 : @] = a1a2,

[L1Ly : Q] = biby,
[KlLlKQLQ . Q] = C1Ca.

Here K1L,K5Lo is the compositum of K7L, and K5L, which coincides with
the compositum of K7K, and L Ls. Therefore the triplet (ajaz, biba, ¢1co) is
compositum-feasible. Il

Corollary 27. Suppose that p is a prime number and u,v,w are nonnegative
integers such that max(u,v) < w < u + v, and that the triplet (a,b,c) € N3
is compositum-feasible. Then the triplet (ap®,bp’,cp™) is also compositum-
feasible.
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Proof. Since the triplet (a,b,c) is compositum-feasible, there exist number
fields K7 and Lq of degrees a and b, respectively, such that the degree of the
compositum K;L; is c. By Lemma 22 with D = dg, ,, there exist number
fields K5 and Lo of degrees p* and p", respectively, such that the degree of
the compositum KyLs is p* and the discriminant dg,, of KyLs is coprime
to the discriminant dg,, of KiL;. Then Lemma 26 implies that the triplet
(ap™, bp¥, cp®) is compositum-feasible. O

Proof of Theorem 6. Let p; < py < --+ < ps be the primes dividing the
product abe. Only p; can be even. Assume that the exponents of p; in a, b, ¢
are u; = 0,v; = 0, w; > 0, respectively, so that

s s s

U; V5 w;

a=]Iwr o=]ler e=11n"
i=1 i=1 i=1

We start with p; and, by Corollary 23 with D = D; = 1, construct the
numbers ay, 51,71 of degrees pi*, pi*, pi*, respectively, such that oy +6;+v =
0 (resp. 18171 = 1). Set Dy = dg(ay,5,). By Corollary 23 with D = D, and
Lemma 24, there exist algebraic numbers s, 82,72 of degrees p5*, ps?, ps?,
respectively, such that as + f2 + 72 = 0 (resp. agf272 = 1). Moreover,
since ps is odd, ag, B2, 72 are of odd degree (so the multiplicative version of
Lemma 24 is applicable) and the degrees of aj + ag, 81 + B2, 71 + 72 (resp.

uy, U2 V1, V2 w1 W2

araz, P12, 2) are pY'py?, pi'py’, py'py”, respectively. Next, selecting
D; = dg(a, 81,....001,8,_1) for i = 3,..., s and continuing step-by-step in this
fashion (by Corollary 23 with D = D; at ith step and Lemma 24) we will
end up with the numbers

Oé:Oé1+"‘+OéS, /3:51_|_+ﬁs7 7:#}/1++f}/8

(resp. @ = ai...ay, B = Pi...06s, v = 7...7s) of degrees [[_; pj* = a,
I p =0, T, pi" = c, respectively, satisfying o + 8 + v = 0 (resp.
afy=1.) O
Proof of Theorem 7. Assume that the inequality

max{ ord,(a), ord,(b)} < ord,(c)

holds for every prime number p. Now, as above, repeated application of Corol-
lary 27 (for primes dividing ¢) implies that the triplet (a, b, ¢) is compositum-
feasible. 0

As a consequence of Corollary 23 and Lemma 24, we also state the following
proposition (which is a partial case of Conjecture 4).

Proposition 28. Suppose that the triplet (a,b,c) € N? satisfies the exponent
triangle inequality with respect to any prime number. Then for any sum-
feasible (resp. product-feasible) triplet (a’,V', ') € N3 the triplet (aa’, bV, cc)
is also sum-feasible (resp. product-feasible).
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Proof. Suppose that the triplet (a’, b, ) is product-feasible. We can start
with the triplet o/, 5',+" of degrees o', ¥, ¢ such that o5’y = 1 and with
D = dg(w py- Then, as above, we apply Corollary 23 and Lemma 24 for each
prime dividing abc. The proof in the additive case is the same except that
in this case we do not need to use the second part of Corollary 23. U

Proposition 29. Suppose that n > 2 is a positive integer.
(1) The triplets (n,n,n) and (n,n,n(n — 1)) are compositum-feasible.
(13) The triplet (n,n,n(n—1)/2) is sum-feasible and product-feasible, but
if n is even then it 1s not compositum-feasible.
(131) The triplet (n,n,2n) is compositum-feasible.

Proof. (1) Take K to be an arbitrary number field of degree n over Q. Then
the compositum KK = K also has degree n. Therefore the triplet (n,n,n)
is compositum-feasible for every n € N.

Let o and o/ be two distinct conjugate algebraic numbers of degree n such
that the Galois group of their minimal polynomial is the symmetric group
Sy,. We claim that the degree of o over Q(a) equals n — 1. Indeed, we have
Q(a, ) : Q] = [Q(a) : Q] - [Q(er, ) : Q(v)] < n(n — 1). On the other
hand, if the degree of o/ over the field Q(«) were less than n — 1 then the
degree of the splitting field of the minimal polynomial of « is less than n!, a
contradiction. So [Q(«, ') : Q] = n(n — 1), and therefore (n,n,n(n — 1)) is
compositum-feasible. Of course, combining this with Proposition 1, we also
have that the triplets (n,n,n), n € N, and (n,n,n(n — 1)), n > 2, are both
sum-feasible and product-feasible.

(77) Let a be an algebraic number of degree n such that the Galois group
of its minimal polynomial is S,,. Let a1 = o, am, .. ., a,, be distinct conjugates
of a over Q. Consider the following set

A={o+o;|i,j=1,2...n i<j}

Each element of A is a conjugate of a1 +aw, because S, is 2-transitive. If two
numbers of A, say a; + «; and oy, + oy with either ¢ # k or j # [, were equal,
then we would have a nontrivial additive relation between the conjugates of
«, which is impossible in view of Lemma 10. So the set A contains exactly
n(n — 1)/2 distinct numbers, and therefore the triplet (n,n,n(n — 1)/2) is
sum-feasible.

For the product we cannot use Lemma 10 directly. Nevertheless, by the
same argument, considering the set

Alz{oziozj|i,j:1,2,...n, ’L<]}

we will deduce that the triplet (n,n,n(n —1)/2) is product-feasible. Indeed,
assume that a;a; = gy, where {i,5} # {k,l}. We have an immediate
contradiction, unless the list a;, aj, ag, oy contains four distinct numbers. In
this latter case, we must have n > 4. Since the Galois group of Q(«) over
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Q contains the transposition (4,1), from a;a; = oy we obtain aya; = g
Thus o? = of. Since a; # o, this implies a; = —qy, which is impossible by
Lemma 10.

Note that if a triplet (a,b,c) is compositum-feasible then a | ¢ and b | c.
However, n does not divide n(n — 1)/2 for even n > 2. Hence for n even the
triplet (n,n,n(n — 1)/2) is not compositum-feasible.

(27i) If n is even then the triplet (n,n,2n) is compositum-feasible, by The-
orem 7.

Now suppose that n > 1 is odd. Let p > 2 be a prime number dividing n.
Proposition 5.5.2 of [13] implies that the dihedral group D, can be realized
as a Galois group of a number field over Q, i.e., there exists a number field L
of degree 2p over Q whose Galois group is isomorphic to the dihedral group
D, (also see [14, 18]). Let H be a subgroup of D,, of order 2 and let K C L be
the fixed field of H. By the primitive element theorem, K = Q(6) for some
algebraic number 0 of degree p. The extension K/Q is not Galois, because
H is not a normal subgroup of D,. So there is a conjugate ¢’ of 6 such that
L =Q(0,8). Therefore, the triplet (p, p,2p) is compositum-feasible.

Let p1,p2,...,pr be the set of primes (not necessarily distinct) dividing
n/p, so that n/p = pips - ... pg. Since the triplet (p, p, 2p) is compositum-
feasible, by Corollary 27, the triplet (pp1,pp1,2pp1) is also compositum-
feasible. Now, the repeated application of Corollary 27 (for prime numbers

P2, D3, - - -, i) implies that the triplet (pp;-...-px, PP1-- - Dk, 20P1°- - Dk) =
(n,n,2n) is compositum-feasible. O

Proposition 29 can be generalized as follows. Let 6, 05, ..., 6, be distinct
conjugate algebraic numbers of degree n > 2 (over Q) such that the Galois
group of their minimal polynomial is the full symmetric group S,,. We shall
say that the triplet (a,b,c) € N? is symmetrically generated if there exist
algebraic numbers «, 5 and 7 of degrees a, b and ¢, respectively, such that
a+ 8+ =0 and both a and § (and hence v too) are linear forms in
conjugates of 6 (of degree n with Galois group S,,), i.e., there exist z;, y; € Z,
t=1,2,...,n, such that

(67 :.1'1(91 +3§'292 + ... —|—xn¢9n,

B =101 + y20s + ... + yp0,.

Suppose that a is a linear form in conjugates of 6, i.e., there exists a
function f: {1,2,...,n} — Z such that

a=f(1)-01+ f(2)-Os+...+ f(n) 0,
Let
Af: {f(l)vf(2>77f(n)}\{0}7 my = ’Af‘>

and for j € Ay let k; be the number of indices ¢ in {1,2,...,n} for which
f(i) =j. If Ay = 0 then o = 0, and therefore deg(a)) = 1. Suppose that
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Ap # (. Then in view of Lemma 10 it is easy to see that the degree of «

(over Q) is
n-(n—l)-...-(n—mf—l—l)'

deg(a) = HjeAf k|

Similarly, writing

B=9g(1) -0 +g(2)-O+...+g(n) 0,

(8)

and

where h(x) = —f(x) — g(z), we find that
n-(n—1)-...-(n—my+1)
deg(ﬁ) - HjeAg k], (9)
and . .
deg(y) = = )HjeAffz B Mt 1) (10)

The triplet (deg(ca),deg(5),deg(7)) given in (8)—(10) is symmetrically gen-
erated for any functions f,¢g:{1,2,...,n} — Z.

Consider an example with o = 6, and § = 6;. Then a and g are both
of degree n while the degree of v = —(a + ) = —6; — 05 is n(n — 1)/2.
Analogously, = 6; and 8 = 205 are both of degree n while the degree of
v =—(a+p) = —0; — 2605 is n(n —1). So both triplets (n,n,n(n—1)/2) and
(n,n,n(n — 1)) are symmetrically generated (see Proposition 29).

In order to get some new symmetrically generated triplets let us fix¢, 7 € N
satisfying 7 + 7 < n and take

a=z10+- - +z0;, B=xi10ip1+ -+ 20, 7=—(a+08).

Selecting x; = 9 = -+ = ;4; = 1 we find that the triplet
n n n
(G)-G)-(20)
is symmetrically generated. Selecting x, = k for £k =1,...,i + 7 we deduce

that the triplet
n n n
At gt o), G
QORI ORI )
is symmetrically generated.

Lemma 30 ([3]). Suppose that v is a root of an irreducible trinomial f(z) =
" +ax+b € Zx]. Let A(f) be the discriminant of f, i.e.,

A() = (=102 (=t (<) (0 — 1))

If ged(n, a) = ged(a(n —1),b) =1 and |A(f)| is not the square of an integer
then the Galois group of f is the full symmetric group S,.
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Proposition 31. For any positive integers n > 1 and D there exists a num-
ber field K of degree n (over Q) whose normal closure L has Galois group
isomorphic to the full symmetric group S, and whose discriminant dy, of L/Q
18 coprime to D.

Proof. Suppose that the set of primes that divide D is

{pbp?) <oy Pryq1,42, - - 7QS}7

where p; [ nand gjfnfori=1,...,rand j=1,...,s. Set a = q1¢a. .. ¢s if
s > 1 and a = 1 otherwise. Consider the polynomial

f(x) =a" +ax +q € Z[x),

where ¢ is a sufficiently large prime number.

Note that this condition guarantees the irreducibility of f(x) over Q.
Indeed, assume that f(z) is reducible over Q, so f(z) = wu(z)v(x) with
u(x),v(x) € Zlx], deg(u),deg(v) > 1. Since ¢ is a prime number we have
either u(0) = +1 or v(0) = £1. So f(x) has a root zy such that |zo| < 1.
But then

¢ =|—axo—ag| <laf - |zo| + [xo|" <a+ 1< gz .. qs + 1,

which is false for ¢ sufficiently large.
By Lemma 15 and the choice of a and ¢, the discriminant

A(f) = (=12 (g (1) o — 1))

of f(x) is coprime to D. Suppose that « is a root of f(x) and K = Q(«). It is
well known that the discriminant dx of K divides A(f) (see Proposition 2.13
in [20]). Therefore, dg is also coprime to D.
It remains to show that there exists a prime ¢ for which the Galois group
of the normal closure of K is isomorphic to the full symmetric group S,,.
Clearly, if n = 2 then the extension K/Q is normal and its Galois group
is S5. Suppose that n = 3. Then

|A(f)] = 27¢* + 4a® = 3 (mod 4),

because ¢ is odd. Hence |A(f)| is not the square of an integer. Now,
Lemma 30 implies that the Galois group of the polynomial f(x) (and hence
the Galois group of the normal closure of K) is Ss.

Assume that n > 4. We claim that for each sufficiently large prime number
q the Galois group of the normal closure of K is isomorphic to the full
symmetric group S,. Let us check the the conditions of Lemma 30. Clearly
the condition

ged(n,a) = ged(a(n —1),q) =1

of Lemma 30 is satisfied for ¢ sufficiently large. So it remains only to prove
that for each sufficiently large ¢ the number

IA(f) =n"g"" + (=) (n—1)"""a"
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is not the square of an integer.
Consider the curve

y? = Az""' + B, (11)

where A =n" and B = (—=1)""}(n — 1)"*a". The polynomial Az""' + B €
Z[z] is separable, and therefore the genus of the curve (11) is at least 1. By
a well-known theorem of Siegel (see [22]), the curve (11) has a finite number
of integer points. If the curve (11) does have integer solutions, let (z1,y;) be
the one with largest |x1|. Set x; = 1 if the curve (11) has no integer solutions.
Then for any positive integer ¢ > x; the number |A(f)| is not the square of
an integer. Now, selecting a sufficiently large prime number ¢ we see that
the conditions of Lemma 30 are satisfied. So there exists a number field
K = Q(«) of degree n whose normal closure L has Galois group isomorphic
to S, and the discriminant dx of K/Q is coprime to D.

Finally, as we already observed above, by [20, p. 159], if p is a prime
number then p | d if and only if p | dy. Hence dj, is coprime to D. O

In addition to Proposition 28 we obtain one more special case of Conjec-
ture 4 (see Section 1).

Proposition 32. Suppose that the triplet (a,b,c) € N? is sum-feasible. Then
for any symmetrically generated triplet (a',b', ') € N? the triplet (aa’, bV, cc)
18 also sum-feasible.

Proof. Fix any algebraic numbers «, 3,y of degrees a, b, ¢ such that a+5+v =
0. Suppose that D is the discriminant of the field Q(«, 8,7) = Q(«, ).
Since the triplet (o', V', ¢’) is symmetrically generated, there is an n € N and
algebraic numbers o/, f', 7" of degrees a’, ', ¢ such that o/ + ' ++' =0 and
o/ and " are linear forms in conjugates of an algebraic number 6 of degree
n > 2 whose Galois group is 5,.

By Proposition 31, there is a number field K of degree n (over Q) whose
normal closure L has the Galois group isomorphic to the full symmetric group
S, and the discriminant dy, of L is coprime to D. We can take K = Q(6)
and then select o, 5',~" of degrees a’, b, ¢’ as linear forms in conjugates of 6.
Applying Lemmas 17 and 24, we find that the degrees of a + o/, 8+ ' and
v+~ are ad’, bb' and cc’, respectively, whereas their sum is zero. O

Proof of Theorem 5 (constructions). We first prove that the triplets displayed
in Table 1 are compositum-feasible except for
(4,4,6), (4,6,6), (6,6,8), (6,6,9), (6,6,15).

There are 40 such triplets. Then we show that the triplets (4,4, 6), (4,6,6),
(6,6,9) and (6,6, 15) are sum-feasible. (The triplet (6,6, 8) is left undecided
here, but it is shown to be not sum feasible in [6].) The proof that no other
triplets are sum-feasible is given at the end of the next section.
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Theorem 7 shows that the following 33 triplets, given in Table 2, are
compositum-feasible.

TABLE 2. Compositum-feasible triplets from Theorem 7.

b\ a 1 2 3 4 5 6
1 1
2 2 2,4
3 3 6 3,9
4 4 4,8 12 4,8,16
5 5 10 15 20 5,25
6 6 6,12 6,18 12,24 30 6,12,18,
36

The triplets (3,3,6), (4,4,12), (5,5,20) and (6,6,30) are compositum-
feasible, by Proposition 29. Since the triplet (3,3, 6) is compositum-feasible,
Corollary 27 implies that the triplets (3,6,12) and (6,6,24) are both com-
positum-feasible. The triplet (5,5,10) is compositum-feasible, by Proposi-
tion 29 (i27). This gives 33 +4 + 2+ 1 = 40 compositum-feasible triplets.

So all the triplets of Table 1 are compositum-feasible except for

(4,4,6), (4,6,6), (6,6,8), (6,6,9), (6,6,15).

(If a t ¢ or b1 ¢ then the triplet (a,b,c) is not compositum-feasible.) This
completes the proof of the compositum part of Theorem 5.

For the sum-feasible part of Theorem 5, note that, by Proposition 1, if
the triplet is compositum-feasible then it is sum-feasible as well. So all the
triplets of Table 1, except possibly

(4,4,6), (4,6,6), (6,6,8), (6,6,9), (6,6,15),
are sum-feasible. It remains to show that the triplets
(4,4,6), (4,6,6), (6,6,9), (6,6,15)

are sum-feasible, the triplet (6, 6, 8) being left undecided. Indeed, the triplets
(4,4,6) and (6,6,15) are sum-feasible, by Proposition 29 (i), while the
triplets (4,6,6) and (6,6,9) are sum-feasible, by Theorem 6. O

The proof that the remaining triplets (those not in Table 1) are not sum-
feasible is given at the end of the next section.
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4. IMPOSSIBILITY PROOFS

We first prove Theorem 8. Then we show that the four special cases from
the set
S =1{(3,6,9),(4,6,8),(5,5,15),(6,6,10)} (12)
are not sum-feasible. At the end of the section we will complete the proof of
Theorem 5 by showing that each triplet (a,b,¢), a < b < ¢, b < 6 that is not
in Table 1 is not sum-feasible.

Proof of Theorem 8. Let t = 2n, where n € N, and put a = /—1 and
= 4/2. Then of is conjugate to §, and so of degree t. Hence the triplet
(2,2n,2n) is product-feasible. Similarly, for t = 3n, o = e*™/3 and § = /2,
aff is again conjugate to 3, and so of degree t. Hence the triplet (2,3n,3n)
is product-feasible.

Suppose next that ¢ is a positive integer that is not divisible by 2 or by 3.
Assume that the triplet (2, ¢,¢) is product-feasible. Clearly ¢t > 1. Then there
exist three algebraic numbers «, § and 7 of degrees 2, t and t, respectively,
such that a8 = v. The degree [Q(«, §) : Q] is divisible by 2 and by ¢, because
Q(«) and Q(B) are the subfields of Q(«, ). On the other hand,

[Q(a, 8) : Q] = [Q(a, ) - Qa)] - [Q(a) : Q] < [Q(e) - Q] - [Q(B) - Q] = 2t.
So [Q(a, B) : Q] = 2t and we have the following diagram.

Q(a)
Q) —2—Q(a, )
Q)

Let 51 = 8, B2, ..., By be the distinct conjugates of 3 over Q. ;From
the diagram we see that § is of degree t over Q(«). Hence for every j €
{1,2,...,t} there exists an automorphism o; in the Galois group of the
normal closure of Q(«, ,7) = Q(«, ) over Q which fixes a and sends = /3
to B;. On applying 0;, j = 1,...t, to o = v we obtain

0551 =7,
afy = 72, (13)
aﬁt = ’}/tv

where 7; = 0;(7), 1 < j < t. Then all the conjugates v;, 1 < j < ¢,
are distinct. (If 7, = 7; with ¢ # j then (13) implies 5; = f;, which is
not the case.) On multiplying together all the equalities in (13) we obtain
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a' = r € Q, because the numbers 3,35 - ... 3; and 717, - ... 7; are absolute
norms of 3 and ~, respectively. It follows that the quadratic algebraic number
a is a root of a polynomial p(z) = 2 — r for some r € Q. Let § = r'/* be
the real root of p(z) (recall that ¢ is odd and > 1) and let ¢ = ¢>™/* be the
primitive tth root of unity. Then all the roots of p(x) are

6, Oc, 9%, ..., 971
Let o/ # a be the (only) conjugate of « over Q. Then o’ also is a root of
p(z). So a = 0¥ and o/ = 0! with certain k,1 € {0,1,...,t — 1}, k # L.
We claim that [ = ¢ — k. Indeed, note that aa/ = §%<**' € Q. Since 62 is

real, so is e¥*!. Hence ef*! = +1. This yields k + | € {t/2,t,3t/2}, since
0 < k+1 < 2t. Therefore, k 4+ 1 = t, because t is odd. This implies

a=0 o =07F =07,
It follows that o + o/ = 0(e¥ + e7%) € Q and aa/ = 6 € Q. Combining
this with §' € Q, where t is odd, we deduce that § € Q. Hence ¥ + 7% =

(a+a’)/0 € Q. The number ¥ 4+ &% = 2 cos(27k/t) is an algebraic integer,
so it must be a rational integer. Consequently,
e 4 e7% = 2cos(2mk/t) € {0, 1, £2}.
(See also [12] and [25].)
If 2cos(2wk/t) = 0 then 2rwk/t = w/2 + ws for some s € Z. This yields
4k = t(2s+1) which is impossible, because t is odd. Next, 2 cos(27k/t) = £1
implies that ¢ is divisible by 3, which is not the case. Finally, if 2 cos(27k/t) =

+2 then 27k/t = 7s for some s € Z. So e = 7% = (—1)*, and therefore
a = 0¥ = 0e7% = o/, a contradiction. O

Now, step by step, we give all necessary impossibility proofs for Theorem 5.

Theorem 33. The triplet (3,6,9) is not sum-feasible.

Proof. Suppose that (3,6,9) is sum-feasible. Then there exist algebraic num-
bers a, 3, v of degrees 3,6, 9, respectively, such that a4+~ = 0. The degree
of Q(«v, B) over Q is divisible by 9, because Q(v) = Q(« + ) is a subfield of
Q(«, 8). Similarly, [Q(«, 8) : Q] is divisible by 6, because Q(5) C Q(a, f).
On the other hand, [Q(«, ) : Q] < [Q(«) : Q] - [Q(B) : Q] = 18. Hence
[Q(a, B) : Q] = 18 and we have the following diagram.

Q)
/9 \
QL0 —2—Qa,f)
Q(p)
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Let aq, as, ag be the distinct conjugates of a over Q, and let £y, 52, B3,
B4, Bs, Pe be the distinct conjugates of 8 over Q. By the diagram, f is
of degree 6 over Q(«). Proposition 21 implies that all 18 (not necessarily
distinct) numbers o; + 3, 1 <4 < 3, 1 < j < 6, are conjugate over Q. Put

[y = {ai + B1, i + Bo, i + B3, + Ba, i + Bs, i + Bs}, i =1,2,3.

Clearly, |T';] = 6 for i = 1,2,3, because all six elements of the set I'; are
distinct.
We next claim that |I'y N T'y| = 3. Indeed, if [I'; N Ty < 3 then
|F1 UF2| = |F1| + |F2| — IFI ﬂF2| =12 — |F1 ﬂF2| >9

which is impossible, because v = —(a + () is of degree 9 over Q.
On the other hand, if |[I'y N I'y] > 4 then there exist distinct indices

J1,J2, 73, J4 and distinct indices ky, ko, k3, k4 such that
ay + B, = o + B, (14)
a1 + B, = az + By, (15)
o1 + /ng =g+ 6k337
(071 + 5]4 = Q2 + /Bk47

and {jl; jQ, j37j4, k?l, :I{Zg, l{fg, ]{?4} - {1, 2, 3, 47 5, 6} Evidently,

{jlaj27j37j4} N {kh k27 k37 k4} # @

Assume without loss of generality that j; = ks (j1 = k1 would imply oy = ag,
which is not the case). Subtracting (15) from (14) we get

26]'1 = 6’61 + sz' (16)

If k1 = jo then j; = k;y and (14) implies aq = ap, which is impossible. So 3;,,

Bk, Bj, are distinct conjugates. But then (16) contradicts Lemma 9. This
proves the inequality

DNy <3 (17)

and so completes the proof of [I'y NT'y| = 3. Analogously, |I'y NT'3| = 3 and
Ty N T = 3.

Since |I'; N T'y| = 3, after re-indexing the numbers 1, 52, 53, B4, Bs, B, if
necessary, we can write

oy + = o + By, (18)
ay + Py = oo + By, (19)
ay + 3 = ag + Bj,. (20)

The indices 71, j2,J3 in these equations are distinct. We claim that the
set {Jj1,Je2,J3} coincides with {4,5,6}. Indeed, assume the contrary, i.e.,
{j1, 72,73} N {1,2,3} # 0. Then without loss of generality we can assume
that j; = 2. Then (18) implies a3 — as = fo — 1, whereas (19) implies
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ar — ay = B, — Ba. So B2 — 1 = Bj, — Pa, and therefore 28, = 1 + 5,
contradicting Lemma 9.

Now, since {j1,J2, 73} = {4, 5,6}, after re-indexing the numbers 54, 85, G5
, if necessary, we obtain

o + 1 = ag + By,
ay + B = ag + B, (21)
ay + B3 = ag + Bs.

Similarly, since |I'; N T's| = 3, we must have
ar+ Bi, = az + By,
(03] + 5@ = (3 + ﬁjz, (22)
ay + Biy = az + B,
Wlth {?:1, ig, ig, jl,jg,jg} = {1, 2, 3, 4, 5, 6} We claim that {il, ig, 23} = {4, 5, 6}
Indeed, if, say i; € {1,2,3} then ay + 5;, € I'y N’y NT's. However, this is
impossible, because
|ITyNTeNDs| = [TUl Ul | — || = |To|— D3|+ |y N |+ N |+ TNy
=9-6-6—-6+3+3+3=0.
So i1 € {4,5,6}. Analogously, iy, i3 € {4,5,6}, so that {i,is,i3} = {4,5,6}.
Consequently, {71, 72,73} = {1,2,3} and, after rearranging the equalities in
(22), we obtain
a1+ s = az + By,
a1+ B5 = az + By, (23)
a1+ B = a3 + B,
where {ki, ko, k3} = {1, 2, 3}.
Finally, by adding all six equalities in (21) and (23), we obtain

6 6
60£1 +Zﬁz :3a2+3a3+z&-.
i=1 =1

Thus 2a7 = as + a3, which contradicts Lemma 9. O

Remark 34. Recall that the triplet (3,2,3) is product-feasible (see Section 1
and Theorem 8). The triplet (1,3, 3) satisfies the exponent triangle inequality
with respect to any prime number. Hence (3,6,9) = (3,2,3) - (1,3,3) is
product-feasible, by Proposition 28. Since 6 does not divide 9, the triplet
(3,6,9) is not compositum-feasible.

Theorem 35. The triplet (4,6,8) is not sum-feasible.

Proof. Suppose that (4,6,8) is sum-feasible, so that there exist algebraic
numbers «, 3, v of degrees 4, 6, 8, respectively, such that o+ -+~ = 0. The
degree of Q(«, 3) over Q is divisible by 8, because Q(v) = Q(a + f) is a
subfield of Q(«, 8). Similarly, [Q(«, 8) : Q] is divisible by 6, because Q(5) C
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Q(a, B). On the other hand, [Q(«, ) : Q] < [Q(«) : Q] - [Q(B) : Q] = 24.
Hence [Q(a, f) : Q] = 24 and we have the following diagram.

Qo)
/8 \
Q) ——Qla, )
Q)

Let a1, as, asz, ay be the distinct conjugates of o over Q. Similarly, let Sy,
Ba, B3, B4, Bs, Bg be the distinct conjugates of 5 over Q. By the diagram, (8
is of degree 6 over Q(«). By Proposition 21, all 24 (not necessarily distinct)
numbers o; + 3;, 1 <1 <4, 1 < j <6, are conjugate over Q. Set

Ui ={a; + b1, + Bo, i + B3, i + Ba, 0 + B, 05 + Be}, 1 =1,2,3,4.

We have |’ UT, UT'3UTy| = 8, because the number o+ 8 = —+ is of degree
8 over Q.
If |P1 N F2| < 3 then

8:’F1UF2UF3UF4‘>|F1UF2‘:

Ty +|To| = |TiNTe] > 64+6—3=09,

a contradiction. Hence |I'; N T'y| > 4. However, then we get a contradiction
in exactly the same way as in the proof of Theorem 33. (See the proof of
inequality (17); the degree of 5 over Q is 6 as in Theorem 33, and we only
use two distinct conjugates of «, i.e., a; and as.) O

Theorem 36. The triplet (5,5,15) is not compositum-feasible.

Proof. 1t is known (see [4, p. 60]) that the Galois group of the splitting field
of an irreducible polynomial of degree 5 is one of the following:

GROUP GENERATORS ORDER
Ss (12345), (12) 120
As (12345), (123) 60

AGL;(5) (12345), (2354) 20

ASL;(5) (12345), (25)(34) 10
Cs (12345) 5
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Assume the contrary, i.e., that the triplet (5,5, 15) is compositum-feasible.
Then there exist algebraic numbers a and  such that [Q(«) : Q] = [Q(5) :
Q] =5 and [Q(a, B) : Q] = 15.

Denote by K and L the Galois closures of Q(«) and Q(8) over Q, re-
spectively. If neither the Galois group of K nor the Galois group of L is in
{45, S5} then both numbers [K : Q] and [L : Q] are in {5, 10,20}. Then, by
Lemma 12, the degree of the compositum

(K :Q]-[L:Q]
[KNL:QJ

KL:Q] =

is not divisible by 3. This is impossible, because the compositum KL has
a subfield Q(a, B) of degree 15 over Q. So either K/Q or L/Q has Galois
group in {4s, S5 }.

Assume without loss of generality that the Galois group of K/Q is Aj or
S5. Now [Q(a, B) : Q] = 15 implies that « is cubic over Q(f) and § is cubic
over Q(«a). Let P(x) € Q[z] be the minimal polynomial of a over Q. We have
two possibilities:

(a) Two conjugates of « lie in Q(5), i.e.,
P(z) = (z — ) (x — ")(2" + az® + bz + ¢),

where o/, o € Q(f) and 2* + az® + bxr + ¢ € Q(B)[z] is irreducible

over Q(5).
(b) No conjugate of o belongs to Q(5), i.e.,

P(x) = (2* + ax + b)(2* + ca® + dx + e),

where both polynomials 22 +az +b € Q(8)[z] and 2+ cx® +dr+e €
Q(p)[z] are irreducible over Q(f).

Assume that (a) holds. Then o/ = f(f) for a certain polynomial f(x) €
Q[z]. So Q(B) has a subfield Q(a/) = Q(f(/5)) which is of degree 5 over Q.
Thus Q(«’) = Q(B). Then P(zx) has exactly two linear factors over Q(a/),
contradicting Lemma 13.

Suppose now that (b) holds. Denote the Galois group of K/Q by G.
Recall that G = A5 or S5. Assume that G acts on the set {ay, as, as, ay, a5}
of distinct conjugates of « as follows: if 7 is a permutation of G then 7(¢;) =
gy J=1,2,3,4, 5.

Suppose that o/ and o, o/ # ", are the conjugates of a that are quadratic
over Q(3). Then o + o € Q(f) and there exists a polynomial f(x) € Q[z]
such that o/ +«” = f(f). Since A5 and S are both 2-transitive groups, there
exists 7 € G such that 7(o/) = oy and 7(") = ay. Then

ar +ax = f(B), (24)
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where §; = 7(/) is a conjugate of § over Q. On applying the automorphisms
id, (23)(45), (24)(35), (25)(34), (123), (124) € A5 C G to (24) we obtain

ay + ay = f(B),

o)+ ag = f%ﬁz}
ay +ay = f(Bs),
ar + a5 = f(Ba), (25)
Qg + a3 = f(ﬁ5>7

s + aq = f(B),

where (1, B2, 03, B4, B5, B¢ are some conjugates of 3. Since (8 is of degree 5
over Q then 5; = (; for some i # j. Then ith and jth lines of (25) imply that
there is a nontrivial additive relation connecting at most 4 conjugates of a,
contradicting Lemma 11. O

Corollary 37. The triplet (5,5,15) is neither sum-feasible nor product-
feasible.

Proof. Suppose that (5,5, 15) is either sum-feasible or product-feasible, with
algebraic numbers «, 3, v of degrees 5,5,15, respectively, such that « +
S+~ = 0or afy = 1. In both cases, the degree of Q(«, ) over Q is
divisible by 15, because Q(v) is a subfield of Q(«a, 3). On the other hand,
Q.8 : Q < [Qa) : Q- [QB) : Q] = 25. So [Q(a,B) : Q] = 15,
contradicting Theorem 36. U

Theorem 38. The triplet (6,6,10) is not sum-feasible.

Proof. Suppose that (6,6, 10) is sum-feasible, with algebraic numbers «, £,
~ of degrees 6,6, 10, respectively, such that a + 8 4+ v = 0. The degree of
Q(a, ) over Q is divisible by 10, because Q(v) = Q(a + ) is a subfield of
Q(a, ). Similarly, [Q(«, ) : Q] is divisible by 6, because Q(a) C Q(«, 3).
Hence [Q(a, B) : Q] is divisible by 30. On the other hand, [Q(«, ) : Q] <
Q(a) : Q] - [Q(B) : Q] = 36. Consequently, [Q(«, ) : Q] = 30 and we have

the following diagram.
Q(e) \
/ 5
QT—"—Q() ———— Q)
\ /
Q(B)

We see that 3 is of degree 5 over Q(«v). Hence /3 has exactly one conjugate,
say, (1, which lies in Q(«). So 51 = f(«) for certain polynomial f(z) € Qx]
of degree at most 4. Let 1, B2, B3, B, b5, P be all the distinct conjugates
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of 8 over Q. For every j = 1,2,...,6 there exists an automorphism o; of
the Galois group of Q(«, 5)/Q which sends f; to f;. On applying o; to
p1 = f(a) we obtain ; = f(e;), 7 =1,2,...,6. Here oy = v, g, a3, i, 5,
ag are the (distinct) conjugates of o. Assume without loss of generality that
B = 2= f(az). Then —y = a1 + f(az).

The number field Q(ay) has a subfield Q(f(az2)) = Q(B2) of degree 6
over Q. Therefore, Q(f) = Q(f(a2)) = Q(c2) and we obtain the following
diagram.

@(041)

f

Q
o

Q= Qlag + flon) ——— Q(a, )

/

@(042)

Similarly, Q(58;) = Q(f(ey)) = Q(e;) for j = 1,2,...,6. We claim that
each o is of degree 5 over every Q(a;), j € {1,2,...,6} \ {i}. Indeed, fix
J €42,3,4,5,6}. Since ay is of degree 5 over Q(ay) (see the last diagram),
the number «; is conjugate to ay over the field Q(ay). Hence there exists an
automorphism o of the Galois group of Q(a, 3)/Q which fixes «; and sends
ay to . Thus o(—v) = o(aq + f(ag)) = a1 + f(ey) is a conjugate of —.
It follows that ay + f(«;) is of degree 10 over Q, and therefore we have the
following diagram. (Recall that, as above, Q(5;) = Q(f(a;)) = Q(«;).)

Q(a1)
6 \

QT— Qo + flay)) ——— Q(au, )

/

Q(ay)

Now, we see that a;y is of degree 5 over Q(¢;) and all the numbers in
{on,az,...,a6} \ {o} are conjugate to a; over Q(a;). Therefore, each «y,
ie{1,2,...,6}\{j}, is of degree 5 over Q(c;). Consequently, all the numbers
a; + f(ay), where i # j, are conjugate over Q.



Consider the following table of numbers which are conjugate to a; +

flaz) = —7.

ay + f(a)

ar + flaz) oz + f(as)

a4 flag) ax+ flou) as+ flag) (26)
ay + flas) ax+ flas) az+ flas) as+ f(as)

ay + flag) ax+ flag) az+ flag) s+ flas) as+ f(as).

The table contains 15 numbers, while the degree of —v over QQ is 10. Hence

aq + flap) = ac + fla) (27)

with certain a < b, ¢ < t and either a # c or b # t (because deg f < 4). We
claim that @ # ¢ and b # t. Indeed, if b = t then a, = «a., and therefore
a = ¢, which is impossible. Similarly, if @ = ¢ then f(a) = f(oy) which
implies 8, = f;, and hence b = ¢, a contradiction. So a # ¢ and b # t.
Assume without loss of generality that a < ¢. Then a < ¢ < t, and therefore
t ¢ {a,b,c}.

Consider the Galois group G of the normal closure of Q(ay) over Q as
acting as a subgroup of Sg on the set of indices {1,2,3,4,5,6}, i.e., if 0 €
G then o(a;) = as(), j = 1,2,3,4,5,6. The order of G is divisible by 5,
because [Q(ay,as) : Q] = 30. By Cauchy’s Theorem (see, e.g., [17, Section
40, Theorem 2]), there exists an automorphism 7 € G of order 5 in G.
numbers iy, is, i3, 14,45 € {1,2,3,4,5,6}. Assume without loss of generality
that 6 ¢ {i1, 12,13, 14,5 }. There exists an automorphism o in G which maps
a; to ag. On applying o to (27) we obtain

ai + flag) = o + f(og) (28)
with 4, j, k € {1,2,3,4,5}. Now, from (28) and 7(ag) = o we deduce that
arp) + flarg) = arg + flas)

) :
Qr2(4) + f(O./ (])) = Qr2) + f(a6)7 (29)
ars) + flamg) = amsm + flas),
Olra () —l—f( 74(])) = Qi) +f(a6).
The orbits
{i, (), (), 7°@), ')},
{. (), T0), 73(.7')> 4(])
{k, 7(k), 7°(k), 7°(k), 7'(k)
coincide with the set {1,2,3,4,5}, because {4, j,k} C {i1,1%2,13,1%4,15}. Thus
adding (28) and all four equalities of (29) we find that

5 5 5
Yoait Y fla) =) ai+5f(as),
=1 =1 =1

2
}
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and hence

685 = 6f(c) = flar) + flaz) + flas) + flaa) + flas) + f(as)
=01+ B+ P+ Bs+ Bs+ B € Q,

a contradiction. O

Proof of Theorem 5(impossibility). Recall that if a triplet (a,b,c) € N is
sum-feasible then ¢ < ab. Denote by A the set of triplets (a, b, ¢) of positive
integers satisfying a<b<c b<6andc<ab The set A contains

6 6
Zab—bJrl Zzﬁm /2 =b(b—1)) Zb —b+2)
b=1 b=1

b=1 a=1
(248424 + 56+ 110 + 192) = 196

[\Dlr—t

1
2
triplets.

Let T be the set of triplets given in the Table 1. It contains 45 triplets
(including (6,6, 8)). At the end of the previous section we showed that each
triplet in T, except perhaps for (6,6,8), is sum-feasible. So it remains to
prove that none of the 196 — 45 = 151 triplets in .4 \ 7 is sum-feasible.

We first distinguish the set of 4 special triplets S defined in (12). The
triplets of this set (3,6,9), (4,6,8), (5,5,15) and (6,6,10) are not sum-
feasible by Theorem 33, Theorem 35, Corollary 37 and Theorem 38, re-
spectively.

So we are left with the set A\ (7 US) consisting of 151 — 4 = 147 triplets.
We next show that each triplet from the set A\ (T US) is not sum-feasible
either by Proposition 2 or by Lemma 14. Those triplets in A\ (7 US) that
are not sum-feasible by Proposition 2 are given in Table 3. In each case, the
triplet contains a pair of coprime numbers but the third number is not their
product.

There are exactly 124 triplets in Table 3. It remains to check the ‘surviving’
147 — 124 = 23 triplets that are in A\ (7 US) but not in Table 3. These are
listed in Table 4.

One can easily check that each of those triplets is not sum-feasible, by
Lemma 14. U

Remark 39. Recall that triplet (3,3,2) is product-feasible (see Section 1).
The triplet (2,2,4) satisfies the exponent triangle inequality with respect to
any prime number. Hence the triplet (6,6,8) = (3,3,2) - (2,2,4) is product-
feasible, by Proposition 28.
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TABLE 3. Triplets that are not sum-feasible by Proposition 2.

TABLE 4. The 23 triplets that are not sum-feasible by Lemma 14.

(2,6,8) (2,6,10)

(2,4,6)

(4,4,10) (4,4,14) (4,6,10) (4,6,14) (4,6,16) (4,6,18) (4,6,20) (4,6,22)

(3,6,15)
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