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Abstract

We construct degreewise finite simplicial models of integral
Eilenberg—Mac Lane spaces using integer-wall arrangements and
finite orbit-incidence categories. A canonical lift gives an explicit
primitive integral cocycle. Compatible pointed-set operators form
a very special I'-space and a degreewise finite prespectrum rep-
resenting H7Z, with the (2-spectrum condition in its tail. Maps
into the models classify lattice torsors decorated by periodic cov-
ector flags; a common refinement relates these flags to Goncharov
hypersimplices.

Untwisted Postnikov extensions with torsion invariants pre-
serve degreewise finiteness. We give explicit square and prime-
three examples, a tower through all primes, and finite encodings
of classical cochain operations and their homotopies. A common
toric incidence presentation supports different Postnikov towers
through changes of the first face map. A general semialgebraic
replacement theorem also yields models of BG for every compact
Lie group. Applied to polarized abelian varieties, it gives finite
Heisenberg deloopings with infinite-order Postnikov invariant.

Finiteness imposes exact restrictions: simplicial self-maps act
eventually periodically on each homology group, excluding sim-
plicial doubling and ordinary addition on finite integral models.
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Matrix symmetries instead use coherent finite spans; finite matrix
subgroups admit strict actions after replacement. Separately, ge-
ometric reordering and infinite-dimensional manifold recognition
identify the original toric realizations homeomorphically with their
affine topological group models. The resulting group law is explicit
for the circle arrangement. The homotopy-theoretic machinery
and cochain operations are classical; the emphasis is their explicit
finite presentation, its geometry, and its limitations.
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1 Purpose, conventions, and main results

The motivating example is the simplicial set SC of circular orders, whose
realization is K(Z,2) [51]. Its finiteness suggests two questions. Can one
construct comparably finite models of higher integral Eilenberg—Mac Lane
spaces? Can those models retain enough cochain information to build non-
trivial Postnikov extensions? This note gives constructions addressing both
guestions and explains how classical cochain operations act on the models.
The resulting models need not be small, and no computational complexity
bound is asserted.

There is also a general existence route: finite semialgebraic carrier re-
placement applies to compact simplicial tori and to nerves of compact Lie
groups (Corollary 7.16). The toric construction adds explicit compatible
integral cocycles, pointed-set operators, and the covector interpretation. Its
orbit-incidence categories retain multiple incidence branches, so it uses the
same carrier-comparison principle with additional structure; it is not iden-
tified with the face-poset construction of that theorem. No assertion of
historical priority for bare existence is needed. Section 25.7 records a more



specific literature comparison: classical first-face twisting already gives com-
mon degreewise finite presentations with finite coefficients, while the possi-
ble contribution here concerns the explicit integral carrier geometry and its
compatible structures.

The linear part has a precise strengthening. Refinement localization or-
ganizes all integer matrices coherently (Theorem 9.8). A diagram of lattices
with finitely many objects admits a strict diagram of degreewise finite mod-
els exactly when each hom-set has finite matrix image (Theorem 9.9). The
canonical cocycles and their higher comparisons have explicit finite integer
alphabets; the latter can be evaluated from one endpoint and one carry
(Section 9.6).

This master note retains four related research strands. The finite mod-
els, spectrum, and cochain operations form the first; the topology of their
realizations forms the second. Polarized abelian varieties and Heisenberg
deloopings form the third, and the Goncharov—matroid comparison forms
the fourth. The separate companion papers develop these strands with their
own definitions and proof routes. The master retains the broader compar-
isons and verification record.

Definition 1.1. A simplicial set X is degreewtse finite if X, is a finite set for
every n > 0. A degreewise finite model of a space B is such an X together
with a weak equivalence | X| ~ B.

There may be infinitely many nondegenerate simplices altogether. Thus
“finite” in this note does not mean a finite CW complex. For each fixed r, the
skeleton sk, X is generated by finitely many nondegenerate simplices, and
its realization is a finite CW complex. This does not say that X = sk, X
for any fixed r. The toric models below have nondegenerate simplices in
arbitrarily high degrees. The models are generally not Kan complexes. This
distinction is essential: in a degreewise finite Kan complex every homotopy
group is finite, since its elements have representatives among finitely many
simplices of the corresponding degree.

The title refers to a degreewise finite simplicial prespectrum whose ge-
ometric realization represents HZ. Its addition is encoded simplicially by
finite refinement diagrams and their coherences. An ordinary continuous
abelian group law on each original one-input realization is obtained by the
geometric homeomorphism below. The suspension structure maps of the pre-
spectrum are nevertheless ordinary simplicial maps: the qualification about
crossed or twisted data concerns addition, not every map in the construc-
tion. The Q-spectrum condition holds in the tail; an unshifted 2-spectrum
for HZ cannot have a degreewise finite zeroth space (Section 21).

The main conclusions are as follows.
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1. For k > 1, a finite orbit-incidence category in each degree gives a sim-
plicial set D{® with |D{®| ~ K(Z,k + 1). A formula reading one in-
teger from a lifted flag gives a primitive cocycle cxy1 € Z’““(Dék); 7).
A bounded integer carry gives explicit compatible cochain homotopies
for its additivity and a homotopy-coherent comparison of the entire
pointed-set diagram with the standard integral cocycle diagram. Sec-
tion 5 identifies the exact structures represented on a simplicial base:
lattice torsors with compatible periodic covector flags. On finite bases,
every integral class has such a representative after sufficiently many
subdivisions. Section 6 gives a minor-compatible refinement of Gon-
charov hypersimplices by the addition arrangements, and characteris-
tic maps from integral flag cocycles with explicit transport of homo-
topies. Section 7 compares this construction with the elliptic geom-
etry of Arnoux—Marin. Divisor addition explains the additive Hopf
class on their projective tower. More directly, cyclic differences and
adjacent merges give the ordered root tori a simplicial structure. A
finite signed-wall refinement yields a very special ['-model naturally
weakly equivalent to X((,l) (Theorem 7.7). The projective symmetric
quotient and the natural root—weight isogeny require separate compar-
isons; neither is silently identified with this simplicial equivalence. For
an arbitrary complex abelian variety A, the ordered merge diagram is
the classical bar construction BA; its signed refinement gives a finite
model of K(H1(A;Z),2). The complex structure and polarization are
additional data (Section 7.4). The Poincaré line gives the exact polar-
ization correction for a merge; the theorem of the cube makes these
corrections bilinear and coherent. An external four-cocycle records the
alternating lattice pairing on two inputs, with an explicit cup-one null-
cochain on the diagonal and finite carry comparisons under changes of
marking. Its integral two-stage Postnikov space is the Betti delooping
of an algebraic Heisenberg group stack. A compact nerve built from
triangle phases, followed by a face-compatible triangulation and free de-
generacies, gives a degreewise finite model even though this invariant
has infinite order. Its nonzero Whitehead pairing prevents an infinite-
loop enhancement when the polarization form is nonzero. We describe
its principal Heisenberg 2-bundles by local line data and compute the
quotient by automorphisms of the underlying torus bundles. The al-
gebraic Heisenberg action on perfect complexes then relates the same
biextension to Fourier—Mukai duality and theta groups. The exchange
(z,y) — (y, —z) becomes a monoidal symmetry after tensoring the cen-
tral line with B;(z,y)"!. Adding edge frames represents it by a span



of degreewise finite models, whose two legs are weak equivalences. A
further finite replacement realizes the original Fourier action as a strict
Cy-action, with a one-vertex model available (Corollary 7.43). More
generally, an explicit correction line for every matrix in GLy(Z) gives a
monoidal symmetry, acting on the central band by its determinant. We
compute its composition defect for a nonsymmetric line bundle and re-
move it by integral powers of [-1]*L ® L~'. This gives a coherent weak
action on the algebraic group stack. All matrix words admit simulta-
neous finite simplicial models with strictly commuting word-face maps.
These define a homotopy coherent action after weak equivalences are
inverted (Corollary 7.41). Every individual model is degreewise finite;
the family indexed by all words is infinite. This distinction is necessary.
Finiteness of the set of n-simplices forces any simplicial self-map to act
eventually periodically on H,. Consequently the infinite-order shear on
H,(Pg) cannot be a simplicial self-map of any degreewise finite model of
this space. The same argument excludes a simplicial self-map represent-
ing multiplication by 2 on a degreewise finite K (Z, r)-model, and hence
excludes an ordinary simplicial addition on it (Section 7.19). For a finite
matrix subgroup, the word construction instead has finitely many sum-
mands in every degree. Pulling back the universal group covering gives
a strict free action; collapsing an invariant contractible subcomplex
gives a one-vertex model with the same coherent action and pointing
(Theorem 7.42). These comparisons concern homotopy coherent ac-
tions, including homotopy fixed points, without asserting equivalences
of ordinary fixed-point spaces. Together with the homology obstruction
they give an exact criterion: a subgroup of GLy(Z) admits its faithful
standard slot action on a degreewise finite model precisely when it is fi-
nite (Corollary 7.45). The derived modular action is classical; we record
the precise shift and kernel-sign comparison with Mukai, Polishchuk,
and Beauville in Section 7.16. We also compute the exact information
retained: the Whitehead pairing determines the polarization type and
is the pullback of the hyperbolic form in Orlov’s derived-equivalence cri-
terion. The group of homotopy self-equivalence classes consists exactly
of the integral isometries and anti-isometries of this pairing. Two non-
1sogenous CM elliptic curves give the same marked Postnikov space but
inequivalent derived categories. A compatible complex structure and
an Appell-Humbert semicharacter specify the missing geometric data.
The Jacobian comparison extends the projective tower and its divisor
addition to every pointed smooth projective curve. Section 8 gives de-
greewise finite symmetric flag models with explicit reordering, induced



reorientation, and integer correction formulas. A two-triangle circle
product exhibits the geometric mechanism at one torus level. A con-
sequence of the classical crossed-group classification also sets a precise
limit: a degreewise finite crossed simplicial group has finite homotopy
groups in degrees at least two, so the higher integral models require
a broader structure. Section 9 supplies a strict composition law for
maps with refinement data. Finite families of integer coefficient vectors
extend it simultaneously to all simplicial degrees: addition, inversion,
duplication and every integer matrix have explicit finite simplicial span
representatives. Their refinement comparisons prove the abelian identi-
ties in the homotopy category. Proposition 8.10 shows that the current
carrier fold is not open for any k > 1, so even an arbitrary product
homeomorphism cannot turn it into a topological group law. A con-
struction with exact multiplication would have to change the fold or
its presentation. Theorem 8.17 also excludes strictly natural ordinary
row triangulations with finitely many vertices at the circle level when
k > 2. Section 10 gives the positive geometric replacement. A single
convex formula supplies every higher comparison between carrier maps
and affine maps. The transported affine endpoint has exact products
and addition after changing the vertex operators on the row polyhedra.
Inspired by Semidetnov’s operadic organization [72], a finite operad of
subset families records the refinement choices. Its product with the
standard Barratt—Eccles operad is F,, and has an explicit count in ev-
ery arity and nerve degree. It organizes operation roofs, rather than
a strict unital ordinary simplicial action on D(()k). Section 11 obtains
an actual homeomorphism first after a universal degreewise finite en-
largement, and then for the original one-input model. The explicit
contractible factor C' = [],-, A[n]/Af has realization R*. We prove
that the affine torus realization is an R*-manifold and apply Sakai’s
classical classification to obtain |Dék) x C| = \Agk)|. Thus the enlarged
finite model realizes a genuine topological abelian group. Heisey’s form
of the classification theorem [37] lets these homeomorphisms preserve
the canonical integral classes. They transport all integer matrices with
strict composition, in the homotopy classes of the earlier finite roofs
(Theorem 11.6). Using a tail of this product postpones the enlargement
beyond any prescribed finite skeleton. For the original diagonal, Propo-
sition 11.9 constructs arbitrarily high-dimensional transverse disks over
each open simplex. Degeneracies already agree with their affine coun-
terparts; face attachments require the further argument below. Every
lifted row face-map fibre is contractible, including fibres over nontrivial
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barycentric flags; the quotient row maps are quasifibrations with the
expected torus fibres. Theorem 11.16 identifies the stable nerve over
one fixed carrier with R*. Corollary 11.18 then provides a connectivity
bound tending to infinity for £ > 2 even after every proper row degen-
eracy is removed. The crossed action in Proposition 8.7 gives a further,
global argument: repeated small interval shuffles fill the actual links
away from the canonical basepoint. Thus Theorem 11.27 proves that
\D(()k)\ \ {*} is an R*®-manifold. With an anchor retained, the exact join
in Theorem 11.21 gives | Decy Q| = R* for k£ > 2. Proposition 11.22
identifies the actual zero fibre of anchor deletion with the preceding
model. Theorem 11.31 also identifies the total space of the universal
lattice torsor with R*. The basepoint link is an R*-manifold, and
its contractibility is equivalent to the desired homeomorphism (Corol-
lary 11.30). Theorem 11.33 proves local control of anchor deletion over
every open set. A fixed nonzero tag moves the entire zero fibre off
itself, proving contractibility of the link and hence the original homeo-
morphism for £ > 2 (Theorem 11.36). Proposition 11.38 handles k =1
by an explicit formula depending on the realization weights. Corol-
lary 11.39 therefore gives a continuous abelian law on every original
one-input realization, preserving the integral marking. A finite formula
in higher degrees and compatibility with the given multi-input carrier
folds remain separate issues.

. If X is degreewise finite and k € H*''(|X|;Z) has finite order, ¢t > 1,
then hofib(x : | X| — K(Z,t+1)) has an explicit degreewise finite model.
The construction includes a cochain trivializing the pulled-back class.
Coefficients are constant throughout.

. In particular, for the fundamental class u € H3(K(Z,3);Z), we con-
struct a finite model of hofib(u?) with its actual nonzero k-invariant,
not only its homotopy groups. Those groups are m3 = Z and 75 = Z.
The next invariant B;P!psu has exact order three on this space and
adds m; = Z. More generally, there is a degreewise finite model with
m3 = 7 and mypy1 = Z for every prime p, no other positive homotopy
groups, and a nonzero order-p invariant at each added stage.

. For finite abelian A and degreewise finite X, the mapping space into
KC(A,t) is degreewise finite and Kan, with homotopy groups H!™*(X; A).
Finite-coefficient operations compose in a simplicial category of such
mapping spaces. Each known universal relation gives a natural homo-
topy by finite linear algebra, and the inherited cochain operad action
retains its specified coherences. Postcomposing with a strict Bockstein
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map transports these families to finite integral targets. For Sg? on
degree-three inputs, short carry corrections give the additive homotopy
and its associator on the actual finite resolved products. Sections 22.2—
22.4 give local generators and finite recursions for the higher diagonals,
including an all-degree binary comparison proof.

5. The arrangements also form a very special I'-space. Its associated spec-
trum is B2 HZ; reindexing supplies a degreewise finite prespectrum for
H7., with the Q2-spectrum condition in its tail.

Sections 3-23 contain the main argument. The appendices retain com-
parisons with circular orders, an interval bar construction, and the earlier
binary cocycle candidate. None of the unresolved assertions about that
candidate is used in the main results.

1.1 Cochains and their simplicial models

Write [n] = {0,...,n} with its usual order and let A[n] be the standard
simplicial n-simplex. For an abelian group A, C"(A[n]; A) denotes normal-
ized cochains: functions on the strictly increasing (r + 1)-tuples of vertices,
extended by zero to tuples with repeated vertices. The differential is

r+1

(6a)(t0- - .ir1) = Y (=1Va(Go.. .15 irs1).

§=0

Its kernel is Z"(A[n]; A). Monotone vertex maps act by pullback, so these

groups form simplicial abelian groups as n varies. For r > 1 the standard
cocycle model is

K(A,r)n=2Z"(Aln]; 4),  [K(4 1)~ K(Ar).

We distinguish this standard model, denoted IC, from the finite toric models
D(()k). The former is infinite in degree r when A = Z.
A normalized cocycle z € Z"(X; A) determines a simplicial map

Z: X — K(A4,r), Z(z) = z*2.

Similarly an arbitrary cochain determines a map to C"(Afe]; A). These are
the standard cochain—map correspondences [43, Sections 23-24|. We often
write z(z) for £*z, a cochain on the whole simplex, not just one numerical
evaluation.

For integral cochains of degrees p and g, the cup product is

(a~b)(10...1%p+q) = a(t0-..%p)b(%p ... Tpsq)-

12



Reduction modulo an integer m > 2 is denoted p,, or an overline. All
homotopy fibres are taken over the zero basepoint. We put (:‘) = 0 when
n<r.

2 A finite cochain resolution

The finite toric models constructed below need not satisfy the Kan horn-
filling condition. Consequently an ordinary pullback of maps between them
need not be a homotopy pullback. For operations that factor through a
finite coefficient group, there is a useful way around this problem: keep the
finite toric inputs and perform the pullback against a finite Kan resolution
of the intermediate target.

Use the conventions of Section 1.1.

Fix an integer ¢t > 1 and put

K(At)n=Z(An); 4),  E(A 1) =C"H(A[n]; A).

Monotone vertex maps act by pullback, with zero assigned whenever a face
becomes degenerate. Thus these are simplicial abelian groups, and cobound-
ary defines a simplicial homomorphism.

Lemma 2.1. The map
d:E(A L) — K(A4,1)

1s a surjective Kan fibration with contractible total space and kernel
K(A,t—1), interpreted as the constant group A whent=1. If A=7Z/m,
where m > 2, both its source and target are degreewise finite. Their
s1zes are

n+1)

E@Z/m, 1)l = m"), K2 /m, )a] = m(D).

Proof. Every positive-degree cocycle on a simplex has a cone primitive, so §
1s surjective in every degree. More explicitly, for a t-cocycle z, its primitive
takes the value 2(0, %g,...,%;_1) on a face avoiding vertex zero and takes the
value zero on a face containing vertex zero. Simplicial abelian groups are
Kan complexes, and a degreewise surjective homomorphism between them
is a Kan fibration [43].

The total space is contractible. One way to see this is to prepend a new
vertex and extend a cochain by zero on every face containing that vertex.
This supplies an extra degeneracy contracting £(A4,t) to zero. Equivalently,

13



its normalized chain complex has one copy of A in degrees t — 1 and ¢, with
differential an isomorphism. Its kernel under ¢ is precisely the cocycle group
in degree t — 1.

There are ("1') nondegenerate (t — 1)-faces of A[n]. A t-cocycle is freely
specified by its (’Z) anchor values on faces containing vertex zero. These
observations give the two cardinalities. No field assumption on Z/m is
used. ]

The lemma is useful even when the input is not Kan. For any map
a:W — K(Z/m,t), the ordinary pullback

w XIC(Z/m,t) £(Z/m, t)

computes hofib(a). Indeed, the displayed resolution replaces the basepoint
of the Kan target by a contractible Kan complex mapping to it by a fibration.
To check independence of the fibrancy of W, replace W by a Kan complex
over the target. Right properness of simplicial sets says that pulling this
weak equivalence back along the fibration preserves it. Thus the finite input
itself can be used in the formula.

3 Finite categories from integer walls

Let T = R/Z and use normalized cochains. For & > 1 set

AW = z8(A[n); T) 2 T().

)

Anchor coordinates are 6 ; for k-element subsets I C {1,...,n}. Every face
evaluation 6z is an integral linear combination of these coordinates. For a
finite pointed set S, write S° = S\ {x} and

AP(S) = (AT, d=|s] @

On its anchor cover R?, use precisely the walls

bup:=) 03€Z,  @+UCS". (1)

seU

The face index F' runs through all nondegenerate k-faces. Write 7’5,2’“)(5 ) for
the face poset of this periodic arrangement and L = Z¢ for its translation
lattice.

14



Proposition 3.1. There s a finite category
ci(8) = P(S)/L

whose objects are face orbits and whose arrows are translation orbits of
incidences F < G. It satisfies

NCP(S) = (N,PP(S))/L,  |NCH(S)| =T

The displayed homeomorphism 1s a levelwise geometric one; naturality
under carrier functors is not asserted for it.

Proof. The anchor walls occur in (1). Each face closure is a bounded convex
polytope with width at most one in every anchor coordinate. Therefore the
lattice acts freely on faces. To compose two orbit incidences, translate their
middle lifts to agree. The translation is unique, so composition is well
defined and associative. Nonidentity arrows strictly raise dimension.

Only finitely many face orbits meet a compact fundamental cube. Fixing
a representative G of a target orbit, every incoming arrow has a unique
representative ending at G. These are exactly the nonempty faces of G, so
there are finitely many arrows. The same unique-lift argument works for an
entire composable chain once its final lift is chosen. This proves the nerve
formula. Equivariant barycentric subdivision of the cover polytopes gives

|N 73\ >~ R4 quotienting gives the last assertion. []
Y
A
2/‘ 901 =T
0oz =y
1 912 =YyY—x
Integer walls
o and the flag
2
v p Fo<Fi < By
F¢ F, 71 2

Figure 1: The lifted arrangement for one input, £ = 1, and vertex degree
two. The square is an anchor fundamental domain; the dots are lattice
points. The shaded open triangle is F» = {0 < y < z < 1}, its lower open
edge is F, and its initial vertex is Fy. All three families of integer walls are
visible.
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Why the arrows matter. The integer-wall circle has one vertex v, one open
edge e, and two different arrows v =3 e. Its nerve realizes a circle. Replacing
this category by the orbit poset loses one endpoint incidence and produces
an interval. Toric face categories with this incidence information are stan-
dard; see [14, Definition 7, Proposition 1.2, Lemma 3.3|. Our use concerns
the cell structure of the real torus itself, not the complement of a complex
toric arrangement.

v Orbit incidence category

: Hom(v, e) = {a, b}

Figure 2: One vertex and one open edge still have two endpoint incidences.
The two endpoint branches at v become the distinct arrows a,b : v =3 e.
Their nerve retains the circle. Replacing the orbit incidence category by the
two-element orbit poset identifies these arrows and leaves an interval.

3.1 Simplicial and pointed-set operators

Monotone vertex pullbacks and pointed-set fibre sums lift to integer linear
maps. Every target character pulls back to a source character or zero. Thus
an open source face maps into one unique open target face. Its carrier defines
a functor on cover face posets and then on the quotient categories. Carriers
compose strictly: the image of a nonempty face lies in the open carrier
obtained in two stages, so this is also the unique carrier of the composite.
The simplicial and pointed-set directions commute.

Here N,C denotes the nerve: its elements are strings of ¢ composable ar-
rows, including identities. The nerve and vertex directions commute, giving
a bisimplicial set. Its diagonal provides the finite models used throughout
the note:

Definition 3.2. For each finite pointed set S, define
k k k
X5 (S)n = NaCP(S), DY = X57(1).

A face acts simultaneously in the nerve and vertex directions; the same
convention applies to degeneracies. The subscript 0 records the cut at zero
modulo one, or equivalently at the integer walls on the real cover. The

basepoint is the constant flag at the zero cell. In particular Xék)(0+) = x.
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Proposition 3.1 makes every set in this definition finite. The next section
identifies the homotopy type and gives its fundamental integral cocycle. No
binary-cocycle conjecture is needed for this identification.

4 Canonical integral generators

The face categories carry an explicit integral cocycle representing their fun-
damental class. The construction also gives a direct proof of the homotopy
type, without choosing barycentres naturally.

Fix k> 1, put D = D(()k), and write

V, = Z*(A[n]; R), L, = Z*(A[n]; Z).

The anchor coordinates identify these with R() and Z(Z), respectively. Re-
tain the lifted face posets and form the simplicial set

B, = NB®(1,),

The quotient map p : D — D is a torsor for L in each simplicial degree.
Indeed, an orbit flag lifts uniquely after choosing any one of its lifted cells.
In particular, the fibre over the degenerate basepoint is the simplicial abelian
group L.

Integer parts of open cells. For an open lifted cell F' and a face character
07, the integer part of 6, is constant on F': its values either equal an integer
or lie between two consecutive integers. Denote this integer by |6;|#]. This
notation always uses the open cell. An endpoint in its closure may have a
different integer part.

Every orbit cell has a unique lift whose anchor coordinates lie in [0, 1).
Call it the canonical lift. A monotone vertex map preserving 0 sends each
target anchor character to a source anchor character or to zero. Its carrier
therefore sends canonical open-cell lifts to canonical open-cell lifts, even if
the image has lower dimension.

Theorem 4.1. For a (k + 1)-stmplex ¢ = (Cy — C1 — -+ — Ciy1) of D,
lift the flag by making its first cell canonical, and denote its first two
lifted cells by Fy < Fy. Then

Ck+1($) = L91,...,k+1|F1J (2)

defines a mnormalized integral cocycle. Its associated simplicial map to
the standard cocycle model

Xe: D — K(Z,k+ 1), K(Z,k + 1), = Z"(A[n]; Z),
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15 a weak equivalence. In particular cyi1 1S a primaitive generator of
H*Y(|D|; Z).

Proof. Define an integral k-cochain on the lifted simplicial set by

a(Fy <--- < Fy) = Leo,...,k

R

It is normalized: on a degenerate k-simplex the full face character pulls back
to zero. This checks every degeneracy, including sg.
Translation by A € Lj gives

a(A+e) =a(e)+ A(0,...,k).

Consequently, for e € Ekﬂ and A € Ly,

k+1

(6a)(A+€) — (6a)(e) = > (=1)°A(0,...,%,...,k+1) =0.

=0
Thus da descends to a unique cochain ¢ on D, with
pc = da. (3)

Surjectivity of p in every degree implies c = 0. The cochain ¢ is normal-
ized as well: a degenerate simplex of D has a degenerate lift, on which da
vanishes.

To compute c(z), use the flag whose first cell is canonical. For 7 > 0, the
diagonal face d; retains the first nerve object and restricts along a vertex
map preserving 0. Its contribution to da is therefore zero. The face dj starts
at the restriction of Fi, and its full character is 6; _j;;. This proves (2),
including its sign. Notice that the specified incidence Cy — C; determines
the lift of F; the two cell orbits alone need not determine the answer.

It remains to prove primitivity. Let

E(Z,k+ 1), = C*(An]; Z).
This is a contractible simplicial abelian group, and
0:E(Z,k+1) — K(Z,k+ 1)

i1s a surjective Kan fibration with kernel L. For example, the normalized
complex of £(Z, k + 1) has two nonzero terms, both Z, in degrees k + 1 and
k, with differential the identity.
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Evaluation of a on all faces defines a simplicial map @ : D—=¢& (Z,k+1).
Equation (3) gives a commutative square

D % ez,k+1)
pl ls
D X5 K(Z,k+1).

This square is a pullback. Over any =z € D,, both its proposed fibres are
torsors for L,, and
a(A+e)=X+1a(e).

Hence @ gives a bijection between those fibres. In particular p is a Kan
fibration; no Kan condition on D has been assumed.

Finally, D is contractible. For each fixed n, |N 73,Sk)(1+)\ is the barycentric
subdivision of V,,, hence contractible. The diagonal theorem for bisimplicial
sets therefore makes D — * a weak equivalence. In the displayed square
both total spaces are contractible and the map on the fibre L is the identity.
Realization takes these Kan fibrations to Serre fibrations [63] and preserves
their fibre squares. Their homotopy exact sequences show that x. is a weak
equivalence. This proves the assertion about the integral generator. ]

Finite arity and the Segal maps. The same argument applies coordi-
natewise to any finite pointed set S, with coefficients Z°° and lattice
Z*(Ale]; Z57). The lifted total simplicial set is again contractible. The
based-set maps act naturally on these covers and lattices by summing
over fibres. In particular, the joint coordinate projection compares the
lifted cover of Xék)(S) with the product of the lifted one-input covers. It
is the identity on their identified lattice fibres, and both total spaces are
contractible. Its base map

xM(s) — (D)¥

is therefore a weak equivalence. This proves the Segal property directly and
identifies the induced maps on 7 ; with the prescribed sums. Together with
the strict pointed-set functoriality and connectedness of |D(()k) |, it proves that
Xék) is very special. The argument requires no natural choice of barycentric

subdivision homeomorphisms.

Theorem 4.2. For every k > 1, the pointed-set diagram Xék) 1s degreewrse

finite and very special, and
X$U(8)| =~ K (2%, k + 1),
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In particular |Dék)| ~ K(Z,k + 1), with the explicit primitive cocycle of
Theorem 4.1.

Proof. Finiteness follows from Proposition 3.1. The preceding pullback
proof and its coordinatewise version give the asserted homotopy types and
the Segal equivalences. The one-input realization is connected, so its compo-
nent monoid is the trivial group. This is the very-special condition, recalled
in Section 21. ]

5 What the models represent: periodic covector
flags

The finite models have an interpretation in terms of specific realizable affine
oriented matroids. On a fixed simplicial base, their maps classify structured
torsors decorated by covector flags. After passing to homotopy, the decora-
tion leaves the usual integral cohomology class. We give both statements
precisely; they have different meanings of classification.

5.1 The periodic affine oriented matroids

Fix k£ > 1 and write D = D(()k). In degree g put

V-2 0GR,  L-2edn  E-(7)xz

Here (/%) denotes the set of (k -+ 1)-element subsets, written in increasing
order. The walls are 6;(z) = m, for (J,m) € E,. For z € V, define the sign

vector
Xo(J,m) = sgn(6,(z) —m). (4)

Two points have the same sign vector exactly when they lie in the same
open face of the arrangement. The covector order is

X<Y << X(J,m)e{0,Y(Jm)} forevery (J,m).

It is precisely the face-incidence order used to construct ﬁék) (1;). Thus
the face poset can be read entirely from sign vectors, including its lower-
dimensional collision strata.

There are finitely many wall directions and their levels are integers. The
arrangement is locally finite, and its faces have bounded closures because
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the anchor-coordinate walls already bound them. In the terminology of
Delucchi-Knauer [15, Sections 1.2 and 5], this is a realizable finitary affine
oriented matroid with a sliding lattice action. On sign vectors the action is
explicitly
(AX)(J,m) = X(J,m —8;(N)), A€ Ly.

The lattice acts freely on faces. Its quotient must be taken as the incidence
category c,S'“)(1+), retaining different incidence branches, rather than just the
poset of face orbits. For example, a circle with one vertex and one open edge
has two distinct arrows from the vertex to the edge. Identifying these arrows
would lose the circle’s homotopy type. The terminology above concerns this
realizable periodic arrangement; we need no general axiomatization of toric
oriented matroids.

Proposition 5.1. The linear matroid of the wall normals 0; € V' s the
simplicial boundary matroird represented by the columns of

O : Ck(Alg; R) — Ci_1(Alg]; R).

Its rank 1s (Z) Whith the increasing orientations of the faces, this iden-
tification also preserves the oriented matroid.

Proof. Since k > 1, the map & : C*"1(Alg];R) — V is surjective. Its dual
is injective and sends each 6; to the vector 8x[J], because

6,(55) = b(8[J)).

It therefore preserves all linear dependencies and their signs. The anchor

coordinates give dim V, = ({). ]

For k = 1, write 6;; = t; — t; with {; = 0. The normal matroid is
the graphic matroid of the complete graph on ¢ + 1 vertices. Modulo the
integer lattice, the maximal chambers describe circular orders of g+1 distinct
labelled points; lower faces allow collisions. For k = 2, the normals are the
triangle columns of 0,. The tetrahedral boundary relations generate the
space of dependencies, but need not be all its minimal dependencies. The
higher models thus replace the graphic normal configuration by simplicial
boundary configurations.

5.2 Exact classification on a simplicial base

The following is a definition of the structures represented here, not a claim
that arbitrary oriented-matroid bundles have these classifying spaces. Write
L = K(Z, k) and retain the lifted flag space p: D — D of Section 4.
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For a monotone map « : [r] — [g], cocycle pullback o* : V; — V. sends an
open face into a unique open face, its carrier, denoted p,F. These carriers
preserve incidence and compose strictly. Indeed, every target face character
pulls back to a source face character or to zero. They also satisfy

Pa(F + A) = po F + ™.

Definition 5.2. A periodic covector-flag system on a simplicial set B assigns
to every o € B, a simultaneous Lg-orbit of weak flags of lifted faces,

F(o)=[Fy <--- < Fyl.
For every o : [r] — [q] this assignment must satisfy
F(a'0) = [paFao) < -+ < paliam)- (5)

Repeated entries are allowed. The common lifted flag records the incidence
branches as well as the face orbits.

An equivalent description uses structured torsors, making the bundle
interpretation explicit. Over each o € B, take an L,-torsor T;: a nonempty
set with a free transitive L,-action. For t € T, specify a weak flag Fy(t) <
.-+ < Fy(t), subject to

Fi(t+ ) = Fi(t) + A

For every a : [r] — [q] give a restriction R, : T, — Tu+y, functorial in a,
such that

Ry(t 4+ A) = Ry(t) + o™,
Fj(Rat) = paFa((t)  (0<7 <)

In simplicial language, these data are a degreewise principal L-torsor P — B
together with an L-equivariant simplicial map ¢ : P — D.

Theorem 5.3. For every simplicial set B there are natural bijections

Homgset (B, D) = {periodic covector-flag systems on B}
~{(P—B,®: P— D)} =.

The 1somorphisms 1n the last line are L-equivariant maps over B pre-
serving the decoration $.
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Proof. A chain in the orbit-incidence category lifts uniquely after choosing
one of its lifted cells. Thus D, is exactly the set of simultaneous lattice
orbits of the displayed flags. The simplicial-map identities are (5), proving
the first bijection.

Given f: B— D, form P = B x p D with its projection to D. Conversely,
an equivariant ® descends to a simplicial map f : B = P/L — D. The
resulting map

P— BxpD, t+ (7(t),3())

1s an equivariant map between nonempty torsors over each simplex, and
hence an isomorphism. These constructions are inverse. ]

This also gives a presheaf formulation. On the simplex category A/B,
the groups L£5(0) = Lgim s form a presheaf under cocycle pullback. The sets
T, form a torsor presheaf for Lz, with the specified covector-flag decoration.
This is a precise version of the proposed simplicial gluing data. It is gen-
erally not a locally constant local system: the ranks vary with the simplex
dimension, and the restriction homomorphisms need not be isomorphisms.
No choice of a sheaf topology is needed for the statement.

5.3 The underlying higher bundle and its class

Set G, = |K(Z, k)|, a topological abelian group of homotopy type K(Z, k).
The realization
p| + |D] — | D]

1s a numerable locally trivial principal Gi-bundle. One way to check the
point-set assertion is to view the simplicial sets as simplicial discrete spaces.
Each level of p is a trivial principal L,-bundle, and the base is proper because
its degeneracies are injections of discrete spaces. The required levelwise
fibrancy over a point is automatic. The realization theorem of Roberts—
Stevenson [66, Theorem 2] then applies. It also applies to every pullback
P — B above; realization identifies it with the pullback of |p| along |f].

The total space \5| is contractible by the proof of Theorem 4.1. Thus this
is a universal principal Gi-bundle, and the characteristic class of a decorated
bundle classified by f is

Frlees1] € HY(|Bf; Z2).

The identity p*cr.1 = da supplies its explicit universal cochain trivialization.
For k = 1 these bundles have the same homotopy classification as circle
bundles. For k = 2 they have the H?* classification of U(1)-gerbes; on smooth
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manifolds this is the stable classification of bundle gerbes by the Dixmier—
Douady class [55, 66]. These are comparisons of classification theories: G
has the homotopy type of a circle, and is not being identified with that
particular topological group.

The finite object here is the base of the universal bundle, degree by
degree. Its lattice cover D is not degreewise finite. We have not constructed
minimally triangulated higher-dimensional fibres. Likewise, although the
k = 1 chambers recover circular-order data, the full model Dél) includes
collision faces and flags. The theorem above does not identify it with SC or

with the literal minimal circle-bundle classification of [51].

Proposition 5.4. The derived classification is
[B’ D]Ho(sSet) = Hk+1(|B|) Z)

If B has finitely many mondegenerate simplices, every such class 1s
represented by a periodic covector-flag system on Sd" B for some r > 0.

Proof. The weak equivalence . proves the first assertion. For the second,
use the fibrant replacement D — Ex*® D. A representing map B — Ex* D
factors through Ex" D because B is finite. Subdivision adjunction gives a
map Sd" B — D; the last-vertex weak equivalence Sd" B — B identifies
its characteristic class with the prescribed one. These are the standard
subdivision and extension constructions [42]. O

This does not assert that strict flag systems on the original B, modulo a
naive simplicial homotopy, give every cohomology class. For finite B there
are only finitely many maps B — D, whereas a finite simplicial sphere can
have H*"!(|B|;Z) = 7Z. The amount of subdivision may depend on the class.
If a precise equivalence relation on refined systems is desired, use adjunction
to regard them as maps B — Ex" D, and identify two when their images
are simplicially homotopic in a common later extension stage. Finiteness of
B x A[1l] makes this the derived classification above. This convention does
not assume that subdivision preserves products.

The next section compares these periodic covector flags with the hyper-
simplicial Goncharov flags of the UOM bi-Grassmannian. It separates a
direct polyhedral refinement from the characteristic maps that require a
specified integral cocycle.
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6 Goncharov flags: hypersimplicial refinement and
characteristic maps

There are two precise connections with the UOM bi-Grassmannian. First,
the arrangements used for crossed addition give a canonical subdivision of
its hypersimplices, compatible with every minor face. Second, integral co-
cycles evaluated on Goncharov flags give characteristic maps to the finite
Eilenberg—Mac Lane models. These maps transport specified cochain homo-
topies and stabilization corrections. Neither construction identifies the two
flag spaces.

6.1 The oriented-matroid Goncharov flags

We retain the term used in the companion UOM notes [77, section on con-
figurations and flags]. Fix N > 1. The hypersimplicial decomposition of

’ﬁ:{teRg‘;l:Ziti:N}

is obtained by cutting at integer coordinate values. A full-dimensional cube
slice has the form

(@+[0,1™")NEF = A(r,m+1), r=N-> a,

where a € ZZ3', 0 < r < m+ 1, and A(r,M) = {u € [0,1]7 : Y. u; =
r}. An OM ‘Goncharov flag assigns to each such slice a labelled uniform
oriented matroid of rank r on its m + 1 coordinate labels; uniform means
that every r-element subset is a basis. On a shared face the induced minors
agree, with the prescribed label and determinant-line identifications. In
particular, a contraction face of one cube chart agrees with a deletion face
of the adjacent chart.

Taking the oriented sum of the labelled hypersimplices defines the flag
chain map. More precisely, let Xy be the coarse UOM cell space: it has one
vertex x, and its positive dimensional cells are labelled by uniform oriented
matroids of rank 1 < r < m + 1 on m + 1 labels, with characteristic poly-
tope A(r,m + 1). Positive dimensional faces attach by the specified minor
and label identifications. Every genuine vertex of a characteristic polytope
attaches to x, with its face occurrence counted once. Set

cl = c(Xp;z),  CY=1[).

Let Fy be the semisimplicial set of compatible flag labellings, with faces
obtained by restriction to the boundary simplices; in degree zero (m =
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0) use the single vertex label. Adjoin formal degeneracies when working
with simplicial sets, retaining all original semisimplices as nondegenerate
simplices. Then

IT: N.(Fy) — C7, T(F)=) eglMg], &II=I05. (6)
Q

Here the sum runs over top-dimensional hypersimplices of the flag and ¢g
compares their characteristic orientations with the orientation of the source
simplex. Internal facets occur twice with opposite orientations and the same
induced minor, so they cancel. Boundary facets give the restricted flags. De-
generate chains are sent to zero. This argument uses the actual boundary
faces of a hypersimplex: an endpoint is counted once, and a collapsed coor-
dinate face is not declared to be an extra facet.

For real decorated linear flags, the quotient construction of Goncharov
produces such labels by taking oriented matroids of the resulting vector
configurations [33, Sections 4.1-4.2]. The combinatorial flag object retains
the minor compatibilities. It does not retain all the linear or period data of
the decorated flags. Keeping parent matroids and ordered normal histories
is additional structure, used in the corrected geometric constructions of [77].

6.2 A common subdivision, compatible with every minor face

For M inputs consider the periodic arrangement

AM{Ztij:@#g[M],jez}. (7)
icl

For every k > 1, this is exactly the lifted arrangement underlying the crossed
addition model Xék)(S) in vertex degree ¢ = k, when |S°| = M. Indeed,
Z*(Alk];R) = R and each input has one coordinate. Thus this connection
concerns the multi-input models, where the subset-sum walls encode addi-
tion.

Proposition 6.1. Restriction of Ay to each hypersimplex A(r,M) gives
a canonical finite polytopal subdivision. These subdivisions commute
with coordinate permutations, integer translations, and all coordinate-
face restrictions. In particular they respect the deletion and contraction
faces of a hypersimplicial Goncharov flag.

Proof. The bounding walls ¢; = 0,1 and the affine span ). t; = r belong to
A. Hence the hypersimplex is a union of arrangement faces. For a fixed I,
only the levels 0 < j < |I| can meet it; the subdivision is therefore finite.
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On a coordinate face t. = €, with € € {0, 1}, the wall for (I, 7) restricts

to
Z t; = .7 - 8166['

1€I\{e}
After ignoring constant equations and repetitions, the nonconstant walls are
exactly Ap_1. Deletion gives A(r, M — 1); contraction gives A(r — 1, M —
1). More generally, fixing tc = 1 and tp = 0 gives the same prescribed

subdivision on
A(r—|C|,[M]\ (C U D)).

This formula is independent of the order of restrictions. Translation ¢ =
a+u, a € ZM, changes a wall level by the integer > icr ; and preserves the
arrangement. Permutations preserve the set of subsets I. ]

Equivalently, intersect the single arrangement A,,,; with the whole sim-
plex X7 . Its restriction refines all the integer cube slices at once. Thus
the refinements agree on their common walls. The same construction sub-
divides a compatible UOM-labelled hypersimplicial complex while keeping
each original UOM label on its carrier. The new interior cuts do not assert
additional UOM minor relations.

For an oriented coarse cell @, let

sAQl= > (7,

FCQ fine cell
dim F'=dim Q

with the orientations induced from (). Cancellation of interior facets proves
83/_\ = SAa. (8)

The restriction calculation in the proposition makes this subdivision compat-
ible with the original minor-face incidence signs. Each closed hypersimplex
still realizes the same ball; its refined covector flags give the barycentric sub-
division of this finer cell structure. The facewise subdivision also descends
through the coordinate-face and integer-translation identifications used here,
retaining all face occurrences.

The octahedron and the carry walls. For A(2,4) the distinct interior walls
are just

t1+t2:1, t1+t3:1, t1+t4:1

Complementary pairs describe the same walls. With u; = ¢, +¢,.1 — 1,
1 <17 < 3, the octahedron becomes

[u1] + |ua| + [us| <1,
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and the cuts become u; = 0. There are eight tetrahedra: join the centre
(1/2,1/2,1/2,1/2) to each boundary triangle. The boundary is unchanged,
and the numbers of cells are (7, 18,20, 8) in dimensions zero through three.
These are exactly the walls across which the local pairwise integer carries

[t +t5] — (8] — (2]

change in the open cube. The hypersimplicial geometry and the carry ge-
ometry therefore meet in a concrete local construction.

e+ ey

Three cuts:
€1+ €3 1+t =1,75=2,3,4
es + ey e + ey C:%(]"l)l’l)
Eight cones over
€2 1 €4 , _

eight boundary triangles

ex +es

Figure 3: The subset-sum subdivision of the octahedron A(2,4), shown in an
oblique projection. The three cutting planes divide it into eight tetrahedra
by joining the centre to each original boundary triangle. One tetrahedron
is emphasized in blue. Its three edges from c lie inside the octahedron; the
boundary triangulation is unchanged.

The precise level of comparison. If P4(Q) is the refined face poset of one
lifted hypersimplex, inclusion and quotient give

PA(Q) — P(S) — c(5).

Taking nerves gives a map to the fixed-g = k row N.C,E;k)(S) of the bisimpli-
cial construction. It is not yet a map into its diagonal Xék)(S)q = NqC_(Ek)(S):
that would require compatibility in the varying vertex degree as well. Nor
does it directly give a map to the one-input model Dék). The lattice quo-
tient can identify the faces t. = 0 and t. = 1; their ranks and deletion
or contraction labels remain extra data. The next construction supplies a

characteristic map after specifying an integral cocycle.

6.3 From a Goncharov cocycle to periodic covector flags

Let F' be a simplicial parameter space of compatible flags, for example a finite
simplicial test diagram in Fy with its formal degeneracies, or a resolution
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retaining specified histories. Assume its flag sum gives the chain map II :
N,(F) — C7? above. Fix n > 2 and an integral cocycle

w:CY — 7, wOy = 0.
Then z = [T*w is a normalized n-cocycle on F', with the local formula

2(F) =) equ(Mp). (9)
Q

Put D = D((Jn_l), c=c¢y, and K = K(Z,n).

Theorem 6.2. The evaluated cocycle determines a canonical homotopy
class

[fw] = [Xc]_l[jz\] € [F; D]Ho(sSet)-

There 1s an ezxplicit natural comparison span
F «~ R(z) = D, u a weak equivalence, (10)

and a normalized cochain b € C" }(R(z);Z) such that 6b = u*z —v*c. If
F has finitely many nondegenerate stmplices, its class also has a strict
representative SA" F — D for some r; equiwvalently, it has a periodic
covector-flag representative after subdivision.

Proof. Closedness of z follows from (6). The canonical generator gives the
weak equivalence x. : D — K, proving the first assertion. To make the
comparison explicit, set

E,=C"'Alg)Z), Ly=2"""(Alq};Z)
and define
R(z)g ={(0,d,h) € Fy x Dy x E;:6h = 0"z — d*c}. (11)

Pullback of cochains gives all simplicial operators. The last coordinate is a
cochain-valued simplicial map; evaluation in degree n — 1 gives b, with the
stated coboundary identity.

For the weak equivalence, form the principal L-torsor P, = F' X x E/, where
E — K is 6. The equivariant map @ : D — E from Section 4 identifies

R(z) = (Pz X 5)/1’1 [(an))e} — (U,p(e),w o a(e))a

where L translates both factors simultaneously. After realization this is the
bundle associated to the numerable principal |L|-bundle |P,| — |F|, with
fibre | D|. The realization statement follows as in Section 5, using [66]. The
fibre is contractible, so u is a weak equivalence. The subdivision assertion
1s Proposition 5.4. ]
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Figure 4: The Goncharov characteristic bridge, for an integral cocycle z =
IT*w. The middle equation records a specified homotopy between the two
routes to the cocycle model. Dashed arrows are weak equivalences. The
canonical comparison space R(z) generally has infinitely many simplices in
a degree; a finite source F' instead admits a strict periodic-flag representative
on a sufficiently subdivided source.

The span is canonical in the given cocycle data, but its middle space
i1s generally infinite in each sufficiently large degree: in degree n — 1, the
coordinate h already ranges over Z. The finite comparison for a finite F
1s the subdivision span, whose strict representative need not be canonical.
There is no uniform subdivision bound asserted here. A rational cocycle
alone gives a class with rational coefficients; a specified integral refinement
is needed for this theorem.

6.4 Homotopies, lower-row contractions, and stabilization

The characteristic construction retains the homotopies supplied by flags and
their histories. If two flag chain maps satisfy

I, — Il = O6yH + HO,
then evaluating the fixed closed w gives
21 — 20 = 5b01, b01 = wH. (12)

With ¢ the zero-cochain on A[l] taking values 0,1 at its endpoints, the
cocycle

Pry 2o + & (Prpbor ~ Prapyt)
gives the corresponding simplicial homotopy of maps into K. If a second
chain homotopy satisfies Hiy — Hpy + Hpy = OyJ — JO, then

b12 — b02 + b01 = 5(—(4.).])
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Thus the next coherence also has an explicit cochain filler. In particular,
any supplied contraction II = OyH + HO gives the primitive z = §(wH)
and a nullhomotopy of the characteristic map. This applies to lower-row
contractions when they have actually been constructed; it does not prove
their existence.

There is a useful strict formulation on the comparison spans. Suppose
f:F — F' and h € C"}(F;Z) satisfy

f*2' — 2z = 6h.
Then there is a simplicial map over f and the identity of D,
R(z) — R(2), (0,d,a) — (fo,d,a + o*h). (13)

The defining equation follows by taking §. Corrections compose by h+ f*h/,
so the construction preserves specified compositions strictly.

Corollary 6.3. Let sy : Fy — Fyy1 be a tower of stmplicial sets. Sup-
pose 1t carries normalized integral cocycles zy of degree n and specified
integral cochains hy of degree n — 1 with

*
SNZN+1 — RN = 5hN

Its comparison spans form a strict tower over D, and define a charac-
teristic map
hocolimy Fiy — D

in the homotopy category.

Proof. Use (13) for each structure map. The projections to D commute
strictly. The projections to Fy are objectwise weak equivalences, hence
induce a weak equivalence on homotopy colimits. This gives the asserted
map. []

This is compatibility of characteristic maps with stabilization. It is not
a stable equivalence between the UOM object and an Eilenberg—Mac Lane
spectrum. The cochain corrections are part of the input, including their
orientation conventions. The ordered-history constructions in [77] are a
source of the geometric homotopies to which this criterion can be applied;
discarding those histories is not justified by the minor identities alone.
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6.5 A characteristic-class anchor and the remaining compari-
son

For an actual oriented circle bundle, e? is an integral degree-four class. Con-
sequently its classifying data give a map to D(()3), and finite test diagrams give
strict periodic covector flags after subdivision. For an unoriented rank-two
bundle, the Euler class has orientation coefficients and its square is again
untwisted. On an oriented real two-plane bundle this square is p;. This
1s a concrete starting point for the rank-two covector-sphere bundles in the
UOM program; an extension to other coarse or resolved bases requires the
appropriate bundle or integral cocycle there. The combinatorial Pontryagin-
class program of Gelfand—MacPherson [31] provides a classical comparison

target for these constructions.

Remark 6.4 (Scope of the bigrassmannian connection). The local subdivi-
sion theorem and the characteristic-map theorem establish different parts of
a comparison. What remains is to construct a map using the UOM labels
and ordered normal histories that agrees with this local subdivision in every
simplicial direction and realizes the desired integral characteristic cocycle.
The corrected UOM notes do not grant an automatic sphere bundle to bare
compatible hypersimplicial labels. Nor does acyclicity of an augmented full
hypersimplex imply acyclicity of a truncated flag complex. Those distinc-
tions must be retained when comparing lower rows and stable objects.

The connection with broader theories has an established setting: Gon-
charov uses bigrassmannian and period complexes to construct characteristic
classes in rational Deligne cohomology [33|; hypersimplicial flag construc-
tions also enter the gauge-theoretic work of Dimofte—Gabella—Goncharov
[17]. Our results supply common polyhedral data and an ordinary integral-
cohomology target once an integral cocycle is specified. They do not yet con-
struct a regulator, an algebraic K-theory comparison, or a physical invariant.
Determinant magnitudes, periods, and integral normalizations require their
OWIn comparison maps.

7 Elliptic divisors and the Arnoux—Marin compari-
son

7.1 Elliptic divisors and stable addition

There is a geometric comparison with the elliptic quotient used by Arnoux—
Marin [1, §§12-14]. It explains addition on the projective tower, but its
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finiteness is stagewise. Fix a complex elliptic curve E with origin 0, and put
L=0g([0]), Fy=|N[0] (N2>1),

AN—l = {(Zl,...,ZN) c EN . Zzzz = O}

Here the last vertical bars denote a complete linear system. The Abel-Jacobi
criterion and Riemann—Roch give

Ay_1/6Gy = Fy = PHY(E, L") = CPV .

Proposition 7.1. The ordinarily permutation-equivariant line
N

Rpri 2
i=1

descends to a line My = Op,(1). Writing so for the canonical section
of L, stabilization and multiplication are

An_

iN:FN—>FN+1, Dl—)D—|—[O],

,LLN,MIFNXFM—)FN+M, (D,D/)l—>D+D/

On sections these are multiplication by sy and multiplication of two
sections, respectively. Thus iy 1S a projective hyperplane inclusion, and

IvMni1 = My ® Lo, Uy u My & My B My,
In particular, with hy = ¢1(Op, (1)),

pn mhwem = pry by + pry by

Proof. A stabilizer only permutes tensor factors at coincident points; it acts
trivially on their one-dimensional tensor product. The equivariant line there-
fore descends. For N > 2, the product of the canonical sections descends
with zero divisor the hyperplane of divisors containing 0. For N > 2 its
generic zero is simple. For N = 2, the cover is z — {z, —z}: the product
vanishes to order two at z = 0, while a local quotient coordinate is 22, so its
descended zero is again simple. This identifies the descended line with O(1);
the N = 1 assertion is an isomorphism of lines over a point. Appending 0
adds the constant factor L|g, and concatenating two tuples tensors their
norm lines. These identifications descend to the displayed bundle formu-
las. Equivalently, multiplication of nonzero sections identifies the pullback
of the target tautological line with the tensor product of the two source
tautological lines; dualizing gives the same O(1) formula. ]
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A choice of a nonzero vector in L|, makes the stabilization identifications
compatible. This vector is not so(0), which vanishes. Alternatively, the
lines My ® (L|o)~®" are canonically compatible with both stabilization and
multiplication.

Proposition 7.2. In compactly generated spaces the colimat
M = COliIIl(FN, ’LN) = CP*®
N>1

18 a strict commutative topological monoid under divisor addition, with
unit the stable class of [0]. Its multiplication represents the usual addi-
tion on K(Z,2). Consequently

G(8) = M5\

with pointed-set fibre sums 1s a very special topological I'-space. Its
deloopings have homotopy types K(Z,r + 2), and its spectrum is L2HZ.
These conclusions alone provide no degreewise finite ssmplicial I'-model.
In particular, the direct colimit of the refined Arnouz—Marin flag trian-
gulations has infinitely many vertices.

Proof. The section inclusions identify the tower with the usual hyperplane
tower. Give its colimit the weak CW topology and form products in com-
pactly generated spaces. Products commute with these colimits, so the
compatible continuous maps uy s induce a continuous multiplication on
M. Stabilizing either input stabilizes the output; hence the operation is
well defined, associative and commutative, and adding [0] is the identity in
the colimit. Its pullback on the integral generator is the sum of the two
generators, which characterizes addition on K(Z,2). The Segal maps of G
are product isomorphisms and M is connected. Segal’s delooping theorem
therefore gives the asserted spaces and spectrum [71, Proposition 1.4]; see
also [70, pp. 331-332] for the pointed-set convention.

For the finiteness assertion, choose N > 2 and a nonzero z € E[N]|. The
divisor N|z] is an original arrangement vertex, and remains a vertex after
adding the coordinate walls and passing to barycentric flags. Indeed, a lift
of its tuple has all coordinate differences integral in each real factor, so it
1s a zero-dimensional root-arrangement cell. Every divisor in the stabilized
image of a lower stage contains 0, whereas N|[z] does not. It is therefore a
new vertex at stage N, and the strict flag inclusions preserve it thereafter.
There are thus infinitely many vertices in the colimit. ]
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Finite projective stages, a finite number of CW cells in each dimension,
and degreewise finite simplicial sets are distinct conditions. Section 7.3 sup-
plies degreewise finite data with coherent Segal comparisons by a different
organization of the ordered real root tori. Its finite diagonal is not the direct
colimit of the projective triangulations.

7.2 'The root—weight bridge to the elliptic arrangements
Put N = ¢ + 1 and define

Vw={zeRY :Y.z; =0}, mn(z) :m—ﬂzimiﬁ,

A =VynZV, AV = 7 (ZY).

The labels distinguish these lattices from the carrier spaces ), used else-
where. The anchored circle-configuration row is

(R/Z)" /(R/Z)aiag = Viv/ A}

The corresponding real factor in the AM construction is instead Vy/A%Y.
They have the same arrangement upstairs, with walls z; — z; € Z, but
different lattices.

Proposition 7.3 (The finite cover and its elliptic analogue). There is a
canonical exact sequence

0— A — AW — Z/NZ — 0.

Thus the identity upstairs induces a degree-N cover of real tori. For
an elliptic curve E, put

Ky =ker(%: EY — E), Dy = E" | Bying.
The wnclusion followed by the quotient gives an isogeny
oy : Ky — Dy, kerpy = {(a,...,a) : a € E[N]}.

It is a free E[N|-quotient and has degree N2.

Proof. The class of my(a) modulo A% is determined by >, a; modulo N. It
vanishes exactly when this sum is divisible by N, and every residue occurs.
For the elliptic assertion, every diagonal-translation class has a representa-
tive of sum zero: choose b with Nb = ), 2; and translate (2;) by —b. Two
such representatives differ by a diagonal N-torsion point. Multiplication by
N on E has N? kernel points. O
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Choose oriented real coordinates E = (R/Z)?. Then Ky & (Vy X
Vi) /(A% x A%, while Dy uses the weight lattice in both factors. The
common root walls therefore give a precise degreewise bridge between the
ordered elliptic AM arrangements and two copies of the circle-configuration
arrangement. This statement precedes quotienting by the symmetric group.

For a : [m] — [q], put M = m 4+ 1 and let ro(z); = z4(;). Coordinate
restriction, including repetition, induces a strict map Dy — D). Upstairs
its centered expression is

C’a:era:VN—>VM.

These maps compose strictly and satisfy C,A% C AV subtraction of a
constant before restriction has no effect after the final projection.

Proposition 7.4 (Failure of centered descent to AM roots). The centered
maps do not in general descend from Ky to K. In particular, the
maps py cannot be made into a simplicial map with these prescribed
restriction maps on the Dy. This failure cannot be removed by subdivi-
ston or by replacing a prescribed composite Ky — Dy by a homotopic
map.

Proof. Take N = 3, M = 2, and delete the first coordinate. The root lattice
vector (1, —1,0) is sent to

Ca(]-, —1,0) = (_l l) ¢ Agt

272

Consequently the induced homomorphism on fundamental groups of K3 —
D, does not land in the subgroup defining the cover p,. The covering-space
lifting criterion forbids a lift, and this subgroup condition is invariant under
homotopy; the fundamental groups here are abelian. The same calculation
in either real factor proves the elliptic assertion. []

This is an obstruction to the specified centered bridge, not to every pos-

sible simplicial structure on the abstract tori Ky = EV~1. Clearing the
denominator of one map gives the genuine homomorphism

m

(Faz)j = Mza(j) — Zza(a).

a=0

In the category with morphisms tensored with Q, the maps M~'F, =
p]_wlD(a)pN do satisfy the simplicial identities. The integral F|, themselves
need not do so: for B : [{] — [m] one has FgF, = [M]Fuep, and Fig, = [N].
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This rational statement discards the finite lattice indices and is not an inte-
gral equivalence or a choice of lifts.

There is also an exact integral correspondence description. For o : [m] —
[q], define

R, = {(z,y) € Ky x Kir : pu(y) = D(a)pn(z)}-

The projection R, — Ky is a principal E[M]-cover. For g : [{] — [m],
forgetting the middle point gives

R, X Ky R/s — Raoﬂ-

Elach fiber is exactly the set of lifts of the specified point of Dy, hence is a
free transitive E[M]-set. Therefore

(R X 1y Fp)/B[M] = Raop.

For longer strings, quotienting by the product of the internal deck groups is
independent of the order of quotienting. These identifications are coherently
associative. They describe the strict diagram D, through its finite covering
atlases; unquotiented span composition is not that diagram. The covers
are fibrations, so the indicated ordinary pullbacks also compute homotopy
pullbacks. None of this makes py a weak equivalence: for N > 1 its map on
fundamental groups has cokernel (Z/NZ)>2.

Two distinctions limit the application. First, the extra AM tower cuts
z; € 7 are not the common root-wall family. Their weight-lattice translates
give the finite refinement z; € N~'Z in a fixed degree. This produces a
common periodic refinement, but establishes no simplicial compatibility for
the extra cuts. Second, symmetric quotients and the AM inclusions that
append zero form the projective tower; labelled deletion is not a map of
unordered divisors. The root—weight calculation alone identifies neither that
tower nor its primitive Hopf line with a realization of these correspondences.
Finally, this is a k = 1 arrangement statement in one or two real factors.
The higher-cocycle rows have rank (Z), taking an elliptic product does not
turn the root arrangement into the £ = 2 cocycle arrangement.

7.3 A merge refinement of the ordered root tori

There is a strict simplicial organization of the ordered root tori using adja-
cent sums. It is distinct from centered deletion and from the finite isogenies
of Section 7.2. Put N =¢+ 1, T=R/Z, and

Vw={a€RY:Y,a; =0},
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Ay =VynZ", Ky(T) =ker(Z: TV — T).

Cyclic differences give an isomorphism of compact groups

8 : TV /Taing — Kn(T),  a0=% —Yp ai=ui—yi1 (1<i<q).
Its inverse chooses yo = 0 and y; = Z;Zl a;j. The same formulas identify
the real anchor cover and its integer lattice with Vy and Ay. In particular
Kn(T) = Vy /Ay here, with the root lattice exactly. This isomorphism is
not inverse to the root—weight covering: already for N = 2, following J; by
that covering doubles the phase difference y; — yo. Write this integral cover

isomorphism in the reverse direction as

U, Vy — ZYA[g;R),  (¥,a)i; = Z ar, (i< 7).
h=1+1

Transporting deletion and repetition of the y coordinates gives

agy...,0; +Qir1,...,a,), 0<1<gq,
di(ao, .. -,aq) = ( L 2 T
(aq+a01a1)""aq—l)1 t=4q,

while s; inserts a zero immediately after a;. These are integral linear maps
and satisfy the simplicial identities, since the original deletion and repetition
maps do. In particular s, is the AM operation that appends zero. For a
finite pointed set S, use Vy(S) = V;; and Ay(S) = A3 . A pointed map
f:S—Tactsbybl=> f(s)=t @; for t 7 x. These fibre sums commute with
all the simplicial operators.

Definition 7.5 (Signed refinement). On Vi (S) take every nonconstant integer-

wall family
SN ewicn a0

Discard forms identically zero on Vy(S) and identify duplicate hyperplanes.
Let 7'5?(5) be its open-face poset, ordered by incidence, and let C;(S) =
7A5qi(S) /AN(S) be the orbit incidence category, retaining every incidence
branch. When ¢ = 0 or S = 0, the space is zero and the category is
terminal. Constant flags at the zero cell give compatible basepoints in every
degree.

Proposition 7.6. These categories form a strict functor A°® x Fin, —
Cat. Ewery category is finite, and its nerve realizes to the root torus
Vn(S)/An(S). The signed arrangement contains the AM root and coor-
dinate walls, and the pullback under ¥, of every original k = 1 subset-
sum wall.
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Three labelled phases After deleting vy,
U1

by = a1 +as
di: merge

1 a2 ~ Yo <> Y2

Yo Y2 by = ao
ao

di(ao,a1,a2) = (ag,a1 + ag).
Zero insertion: sg(bg,b1) = (bo,0,b1), diso = id.

Figure 5: Cyclic differences and adjacent merge, drawn schematically. The
edge from y; to y; has value y; — y;; the cyclic sum is zero. Deleting y; adds
its two incident differences. Repeating yo inserts zero and gives the section
So. The drawing records labels and group-valued differences; it imposes no
circular order or positivity of arc lengths.

Proof. A merge copies the coefficient of the merged target coordinate to both
source coordinates; zero insertion deletes a coefficient. A fibre sum copies
the target input’s coefficient block to each input in its fibre, and assigns zero
to discarded inputs. Thus pullback preserves the coefficient set {—1,0,1},
or produces a constant equation. Every open source face therefore maps into
one open target face. Its carrier is order-preserving and lattice-equivariant.
Carriers compose strictly: the image of a source face is a nonempty subset
of its intermediate open carrier, on all of which the next target sign vector is
constant. The linear operators commute, so their carriers commute as well.

There are finitely many normal directions and the arrangement is locally
finite. It includes each coordinate family aj € Z; hence face closures are
bounded convex polytopes. A compact lattice fundamental domain meets
finitely many faces, and each closed face has finitely many subfaces. No
nonzero lattice translation fixes a bounded face. Consequently orbit in-
cidences compose by uniquely matching their middle lifts, and there are
finitely many objects and arrows. Simultaneous lifts of flags identify the
nerve quotient with the quotient of the barycentric subdivision upstairs. Its
realization is the stated torus.

The coefficient choices a;] — a; and a; give the AM walls. Finally, an old
wall pulls back to

Z(\I’qas)ij = Z Z aj, € 7,

seU seU h=1+1
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whose coefficients belong to {0, 1}. O

Theorem 7.7 (A finite root-arrangement Gamma model). Set X*(S), =
N,C£(S). There is a natural map of degreewise finite simplicial pointed-
set diagrams

R:x* — x\V

which 1s a weak equivalence at every finite pointed set. Consequently
X* 1s very special and its associated spectrum is equivalent to L2HZ.
In particular its one-input diagonal is a degreewise finite K(Z,2) model,
with primaitive class R*c,.

Proof. Under ¥,, the signed arrangement refines the original one. Send
each signed face to the unique original open face containing it. This carrier
functor respects all incidence branches and lattice translations. It is strictly
natural for both types of operators: either composite is the unique original
target open face containing the actual linear image of the fine source face.
Here the original operators themselves carry each original open face into
one open face. Thus the functors give a natural map of bisimplicial sets and
hence the displayed diagonal map.

Fix g, S. Choose arithmetic vertex means as barycentres upstairs. The
fine and coarse barycentric realizations are homeomorphic to the same vector
space through ¥,. For a fine flag, its fine geometric image and the geometric
image of its coarse carrier flag both lie in the closed coarse carrier of its
largest face. The straight segment between these two maps is continuous and
lattice-equivariant. It descends to a homotopy on the quotient torus between
the geometric refinement map and the identity. The row refinement map is
therefore a homotopy equivalence. No naturality of these chosen barycentric
homeomorphisms or of the row homotopies is needed: the carrier map itself
1s natural. The diagonal weak-equivalence theorem for bisimplicial sets now
proves that R(S) is a weak equivalence for every S.

Finite categories give finite nerve sets in every degree, so the diagonal
is degreewise finite. The natural comparison with Xél) carries the Segal
diagrams to each other, proving the Segal equivalences by two-out-of-three.
Its one-input realization is connected by Theorem 4.2, hence the component
monoid is a group. The established spectrum identification for Xél) and the
natural equivalence of very special Gamma models give the last assertion.

]

The enlargement is already necessary from ¢ = 2 to ¢ = 1: under
do(ag, a1,a2) = (ag + a1,as) the target root wall by — b; € Z pulls back
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toag+a; —as € Z. On V3 this is —2a, € Z, which is not an original root-
wall family and is not supplied by the integer coordinate cuts. The signed
refinement includes it. Restricting the signed arrangement to an appended
zero recovers exactly the previous signed arrangement.

This construction concerns labelled roots and monotone vertex maps;
Fin, above denotes the input category. It does not assert compatibility
with arbitrary vertex reordering. Although the walls are invariant under
root-coordinate permutations, the labelled merge faces do not descend to
unordered divisors. For F = T2 the same integral formulas work in both
real factors and give K(Z2? 2) before symmetric quotient. For instance,
(z,y,—z — y) and (z,—z — y,y) give the same unordered elliptic divisor,
whereas dy gives the pairs {z + vy, —z — y} and {—v, y}, generically distinct.
Thus no identification of the symmetric quotient tower, its primitive Hopf
line, or its divisor multiplication with the one-circle Gamma model is im-
plied. Establishing such a comparison that retains the symmetric quotient
and the Hopf class is a further problem. The elementary signed refinement
above is the precise finite bridge proved here.

7.4 Abelian varieties behind the root construction

The ordered root spaces have an algebraic interpretation in every dimension.
Let A be a complex abelian variety of dimension g, and define

Ky(A) =ker(Z : AV — A), Dy(A) = AY | Aging.

Both are abelian varieties isomorphic to A¥~!. The restriction of the quo-
tient map gives an isogeny

oy : Kn(A) — Dn(4), ker py = A[N]giag, degpy = N*.

Indeed, the kernel consists exactly of diagonal tuples with Nt = 0; surjectiv-
ity follows by translating a representative (y;) by a solution of Nt = — > v;.
Over C, A[N] = (Z/N)% [49, Chapters 1.2 and 1.7].

There is also the different algebraic isomorphism

0g : Dg1(A) = Kgia(4), [y] — (Yo — Ygy Y1 — Yo, - -, Yg — Yg—1)-

Its inverse uses yo = 0 and y; = Zj’:la’j' Thus it is defined by integral
group operations, without a choice of division points. In the free coordi-
nates (ai,...,a,), the merge faces drop the first coordinate, add adjacent
coordinates, or drop the last coordinate; degeneracies insert zero. These are
exactly the usual bar operators. Consequently g — K,;1(A) is a simplicial
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abelian variety isomorphic to the reduced bar construction of the algebraic
group A. For its analytic topology,

|Ker1(A)| = BA~ K(Hi(A;Z),2) ~ K(Z%,2).

The last equivalence uses a lattice basis for the underlying real torus A = T%9.

With that basis, use the signed arrangement on V;iglwo', keeping the 2g co-
ordinates grouped within each pointed-set input. Merge operators and input
fibre sums again copy or delete signed coefficients. The preceding carrier-
refinement proof therefore gives a degreewise finite very special Gamma
model with one-input space K(H(A4;Z),2) and spectrum Z?H(H(A;Z)).
The classical bar object supplies the homotopy type; the signed walls sup-
ply its finite simplicial presentation. This presentation uses the real lattice
and does not retain the complex moduli or a polarization of A.

The unordered quotient has a different role:
Kyn(A)/6y =2 571(0) C Sym” A.

For an elliptic curve this is | N[0]| & CPY . For larger g it need not be pro-
jective space. Already for an abelian surface and N =2 it is A/{+1}, with
sixteen ordinary double points at the images of A[2]; its minimal resolution
is a K3 surface, the Kummer surface [30, Section 2]. In higher dimension the
symmetric-product points are effective zero-cycles, rather than the divisors
in a linear system used for the elliptic identification. The labelled merge
faces still do not descend to these unordered quotients. The next subsection
retains the polarization through explicit line-bundle corrections for merges.
A comparison with the unordered quotients that also retains their algebraic
structure requires further work.

7.5 Polarizations and the line correction for a merge

The abelian variety can retain more than its underlying real torus if a line
bundle is recorded as additional data. Let L be a line bundle on a complex
abelian variety A, rigidified by L|p = C. With m : A x A — A the sum map,
put
By =m'LRpiL ' ®piLt.

Thus its fibre at (z,y) is Loy ® L' ® L', The rigidification trivializes its
restrictions to both axes. Let P be the normalized Poincaré line on A x AY,
and use the convention Ar(y) = [t;L ® LY.

Proposition 7.8. There s a canonical azis-rigidified isomorphism
BL = (ldA X )\L)*P
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The line By, 1s symmetric and has canonical compatible multiplication
laws wn each variable:

BL(CU + y,Z) = BL(:E)Z) b2 BL(y7 Z), BL(:E7 Y + Z) = BL(:D7 y) ® BL(:I:7 Z)

In other words it 1s a symmetric biextension. If L is ample, Aj 1s its
polarization.

Proof. The theorem of the square makes A\;, a homomorphism. The normal-
ized family B |ax{y} represents Az(y), so the universal property of P gives
the displayed identification [49, Chapter I, Sections 5 and 8]. The quotient
of the two sides of the first multiplication law is

Lotyt:® La®Ly® L. ® L3}, ® L}, ® L.

The theorem of the cube trivializes it. Normalization at the origin makes
the trivialization unique: every invertible regular function on A3 is constant.
Symmetry gives the second law, and the same uniqueness on higher prod-
ucts proves their associativity and interchange compatibility. See also [41,
Propositions 3.2.1.7 and 3.2.3.1] for the canonical biextension and cubical
formulations. ]

On the labelled root variety Ky(A) define

N-1
My = Q) p;L
7=0 Kn(4)

The ordinary permutation action descends this line to Ky(A)/Sy: stabi-
lizers merely permute identical one-dimensional factors and act trivially on
their tensor product. Appending or inserting zero pulls My, 1 back to My,
by the rigidification. Concatenation ¢ : Ky(A) x Ky (A) - Knin(A) gives

C*MN+M = MN X MM.
Proposition 7.9. Let d; : Ky(A) — Ky_1(A) be a merge face, N > 2, and

let u; select the two entries merged by that face, including (ay_1,a0) for
the wrapping face. Then canonically

dMpy_1 = My ®u;By. (14)
For three successive labels the corrections satisfy
Br(z,y) ® Br(z +y,2) = Br(y,2) ® Br(z,y + 2), (15)
and these comparisons satisfy the pentagon and unit identities.
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Proof. A merge replaces L, ® Ly by L;., and leaves every other factor
unchanged, proving (14). Both sides of (15) cancel canonically to Ly, ®
L' ® L' ® L;'. For four labels every parenthesization cancels to the
same line, so the pentagon commutes. The rigidification gives the unit
identities, and merges on disjoint pairs commute by tensor symmetry. These
cancellation identities hold for any rigidified line; the theorem of the cube
supplies the additional bilinearity asserted in Proposition 7.8. ]

The correction need not have a nonvanishing global section. Writing
a = ¢1(L), one has

ci(Br) = m*a — pja — pya, A*cy(BL) = 2a.

Here [2]* multiplies H?(A;Z) by four. Thus for an ample L on a positive-
dimensional A, even a continuous global trivialization of By, is impossible.

The first elliptic stage makes the obstruction visible. For A = E and
L = Og([0]), the identification K»(EF) = {(a, —a)} = E gives

M2 =L® [—1]*.[/, degMz = 2.

Both bar faces go to K1(E) = {0}, whose norm line is trivial. Thus the norm
lines do not constitute an ordinary simplicial line bundle with isomorphisms
along all faces. The correction By (a, —a) = M, cancels this obstruction
exactly. For the double cover 7 : E — E/{£1} = CP!, M, = 7*O(1); hence
this is the same norm line as the first Arnoux—Marin Hopf stage.

These formulas give coherent line data on the finite polyhedral refine-
ments: restrict the actual bundles and the displayed isomorphisms to char-
acteristic polytopes, retaining their boundary identifications and lattice de-
scent. The affine maps between refined polytopes preserve these pullback
formulas exactly. More generally, for such a map T put Cr = T* Miarget ®
M} For composable maps the canonical cancellation isomorphism is

Cyr 2 Cr QT*Cy.

It supplies all composition comparisons. Finiteness counts the polyhedral
cells, not the possible values of transition functions. Triviality on individual
cells does not remove the gluing data. Nor does restriction alone put an
ordinary simplicial line bundle on the finite diagonal: barycentric carrier
maps and actual affine maps require the coherent geometric comparisons
described earlier.

Finally, the symmetric cocycle in (15) is the Picard-valued coboundary
of L. This does not trivialize its line on A x A or erase the extra biextension
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structure. The biextension records the precise failure of multiplicativity;
Section 7.6 explains the degree of the associated topological data.

There is also a limit to the theta data retained by this package. A rigid-
ified @ € Pic’(A) is multiplicative, so &), Qa, = @y, = C on Ky(A).
Consequently replacing L by L ® ¢ changes neither My nor By, up to
their canonical rigidified identifications. These data retain the polarization
homomorphism, rather than a particular translated theta line.

7.6 Algebraic classifying stacks and the polarization pairing

Let A/C be an abelian variety of dimension g, and put A = H;(A(C);2),
of rank 2g. The schemes ker(Z : A?"! — A), with adjacent merges and
zero insertion, are an algebraic bar construction: forgetting ag = —>.7_; a;
identifies them with the usual nerve A?. The associated stack is the algebraic
classifying stack BA. Realizing the complex-point nerve instead gives

BipA ~ K(A,2),  H*(BipA; Z) = Sym*(AV[2)).

The finite carrier construction models this latter homotopy type. The po-
larization pairing is additional data, recorded below.

The mixed Chern class. Use the rigidified line L and its correction By, from
Section 7.5. Write n = ¢1(L) = >, _. €;;u;u; in an integral basis of H'(A4;7Z).
Since m*u; = ugl) + uEQ),

ci(Br) = Z eij(uz(l)ugz) — ugl)uz(?)).

i<j

1<

The map A°AY — AY ® AY in this formula is injective. Thus a nonzero
polarization class forbids an isomorphism m*L = piL ® p;L, already topo-
logically.

What algebraically trivial lines provide. For L € Pic’(A), rigidification
gives the unique normalized multiplicative structure; its associativity follows
by comparing on A® and using that invertible regular functions there are
constant. Removing the zero section gives a commutative extension, and
the Barsotti—Weil identification is

Pic’(A) = Ext'(4,G,,), 1- G, — Gp— A— 1.

See [49, Chapter I, Proposition 8.4 and Propositions 9.2-9.3]. The extension
defines a G,,-gerbe BG — BA: over an A-torsor its objects are lifts to G-
torsors. It does not give an ordinary line bundle on BA. Indeed descent
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along x — BA identifies Pic(BA) with algebraic characters A — G, all
trivial by properness and connectedness. The gerbe’s underlying topological
degree-three class vanishes, since H*(BipA4;7Z) = 0; its algebraic extension
can nevertheless be nontrivial.

For a nonzero polarization class, the reduced coproduct above obstructs
transgression in A — EA — B, A. Moreover H*(BiopA; Z) = Sym? AV does
not identify an alternating polarization form with an intrinsic quadratic class.
The following external operation records its alternating lattice pairing.

Proposition 7.10 (Finite cochains for the alternating pairing). Choose a
basts of A, and let C) be the degreewise finite carrier model for K(A,?2),
with normalized fundamental cocycles cy,...,coy € Z*(Ca;Z). For an
alternating integral form E = (e;;) on A, set

Bp = ) _ei; (pr}ci ~ pryc; — pric; - pryc;).
1<]
This 18 an wntegral four-cocycle on Cy x Cp. Its class 1s nonzero exactly
when E # 0, 1s bilinear on the two degree-two factors, and satisfies
7*[Bg| = —[Bg] for factor interchange 7. For the diagonal A there is
an exact cochain identity
A*BE:5HE, HE:_ZeijCi ~1 Cj.
1<J

Proof. Cup products of cocycles are cocycles. The Kiinneth summand
H?(C))® H?(Cy) identifies [Bg] with ), . e;;([c:]® [cj] — [¢;] ® [ci]), proving
nonvanishing and antisymmetry. Degree-two classes commute, so its diago-
nal class vanishes. More precisely, the convention of (82) gives 6(c; 1 ¢j) =
—(¢; ~ ¢; — ¢j ~ ¢;), which proves the displayed primitive with its stated
minus sign. ]

These are finite explicit evaluations: on a four-simplex (z, y),
Bg(z,y) = > _ e ((ci)or2(2)(c;)234(y) — (¢5)o12()(ci)254(¥)),
1<
and on a three-simplex z,
Hg(z) = Z eij((cz')ow(m)(cj)lzs(m) - (Cz')ozs(ﬂ?)(cj)ou(m))-
1<J

The homotopy fibre Pg of the classifying map Cy x Cpy — K(Z,4) is conse-
quently a two-stage Postnikov space with

mo(Pg) = A® A, 73(Pg) = Z,

46



and no other positive homotopy groups, by the fibre exact sequence. Its
k-invariant is [Bg|, and Hg supplies a lift of the diagonal to Pg. For E # 0
this invariant has infinite order. For a polarization, Corollary 7.19 below
constructs a degreewise finite model of this fibre by means of its compact
Heisenberg nerve. For a polarization, taking its alternating Riemann form
as F retains the lattice pairing, not the full polarized abelian variety. The
operation is defined from the lattice pairing. Comparing it with algebraic
biextension data requires attention to the degree shift: By is symmetric
under swapping its degree-one inputs, whereas [Bg| is alternating on its
degree-two inputs.

Changes of integral marking. The pairing has an explicit comparison under
a change of lattice basis. Use the finite carrier presentations of Theorem 9.4.
On their common finite refinement, that theorem gives

3¢ = Pc + 8b, lc| =2, |b=1.

Suppose the alternating matrices satisfy P'E'P = E. For vector cochains
write (u — v)p = z” E’;]'u,2 — v;, and let subscripts z,y mean pullback
from the two factors. Then the three-cochain

Tp = <bx ~ Pcy>E: + <PC$ ~ by>E' + <bx ~ 5by>El
satisfies the exact identity
(fp x fp)*Bg — (r x r)"Bg = 6Tp,

where 7 is the refinement map and ¢ = 7*csource. Expand the left side using
fpc = Pc + 6b; the three remaining terms are the differentials of the three
displayed summands, since dc = 0. Thus the integral carry comparisons
already constructed in the note also transport the polarization pairing. In
particular symplectic changes of marking preserve its cohomology class with
an explicit finite cochain homotopy.

7.7 An algebraic Heisenberg extension

The degree shift admits an algebraic construction once both inputs are re-
tained. We use Polishchuk’s Heisenberg groupoid construction [60, Defini-
tion 2.1 and the following remark| and Ganter’s classification of categorical
tori [29, Construction 2.3 and Theorem 4.1]. The identification with our

particular cocycle is the deduction below.
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Let A and the rigidified line L be as in Proposition 7.8. Put G = A x A.
On G x G define the axis-rigidified line

CL ((mi y), (mla yl)) = BL(:E) y/) = P(:Ba AL(yl)) .
These are fibrewise descriptions of pullbacks of line bundles.

Proposition 7.11. The line C; defines a central extension of algebraic
group stacks
1— BG,, — H;, — G — 1.

Its underlying stack over G 1s the trivial gerbe G x BG,,,; its multiplica-
tion carries the additional information.

Proof. For a complex scheme S, an object of H(S) is a pair (g, M), with g :
S — G and M a line bundle on S. Morphisms are line-bundle isomorphisms
over the same g. Set

The biextension laws identify

Both sides expand to the same three factors; compatibility of the biexten-
sion laws gives the pentagon. Axis rigidifications supply the unit (0, Og).
Inverses use —g and the inverse lines, with the correction Cz(g, —g)~'. The
kernel consists of (0, M) and is BGy,, centrally. This is Polishchuk’s con-
struction pulled back from the Poincare extension on A x A" along (z,y) —
(z,A\z(y)). It works also for a nonprincipal polarization; no claim that its
commutator biextension is symplectic in the isomorphism sense is needed.

]

Write A = H,(A(C);Z) and identify c¢;(L) with its alternating integral
form Eon A. On ' =A@ A set

J((z,9),(2,y)) = E(z,y), I=J+J"

Thus . / /
I((z,9), (¢"¢)) = B(z,9) + B(z,y),
q(z,y) = 31((z,9), (z,9)) = E(=,y).
The form I is even and symmetric, with matrix (% £). Its two coordi-

nate sublattices are isotropic. For an ample L it is nondegenerate; it is
unimodular precisely for a principal polarization.
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Proposition 7.12. Let ByzH be the delooping of the topological categor-
1cal group obtained from Hy by analytification. Its central-extension
class is +[Bg]. Consequently there is an equivalence over BG(C) =~
K(T,2)

BiopH1 ~ hofib([Bg] : K(T',2) — K(Z,4)).

The comparison with the earlier Pg uses the chosen equivalence |Cy| ~
BA(C) n both factors.

Proof. Let a; be the degree-one basis dual to the chosen lattice basis. Since
ca(L) = >, <j€ij@ = aj, subtraction of the two unmixed terms from
m*ci(L) gives

c1(BL) = Z e;a;®a; in H'(A)® H'(A).
0]

Accordingly the mixed Chern matrix of C;, on G x G is J. Ganter’s sign
convention is essential: input K in her Construction 2.3 has mixed Chern
matrix —K (Section 3 and Section 4.1); Theorem 4.1 assigns class [ =
J + J' to input —J. Hence our line has class g, with positive sign. The
class is determined by this mixed matrix modulo skew matrices: in the
bar construction, coboundaries of lines on G supply exactly the skew part.
Equivalently, this is the degree-four calculation in Ganter’s theorem. In
degree-two coordinates u;, v; it reads

q — Z €UV = Z eij(uivj — ’U,j’Ui) = [BE]
i\ <]

Finally BC* ~ K(Z,2), so delooping the central extension gives fibre

B2C* ~ K(Z,3) over BG(C). 1Its class in degree four is exactly the

k-invariant just computed, proving the equivalence. []

Changing the generator of the central Z replaces [Bg| by —[Bg]. Multi-
plication by —1 on K(Z,4) identifies their homotopy fibres, while reversing
the chosen generator of m3. Thus the sign fixes the displayed Whitehead
pairing convention; it does not change the polarization-type classification or
the unmarked homotopy type.

The extra delooping is necessary: the underlying gerbe over G is trivial,
but the delooped extension need not be. Thus this is not a claim of a nonzero
ordinary Brauer class on G.

Proposition 7.13. Both coordinate azes split canonically in Hy. The di-
agonal A : A — G has the monoidal lift

si(z) = (Az, L,).
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After Bett: delooping, this lift agrees up to homotopy over the base with
the lift defined by the cochain Hpg.

Proof. On either axis Cy, is trivial. On the diagonal its value at (z,z') is
Br(z,z'), and the defining formula for By, gives

Lz ® Lml X BL($, IBI) = L£+$l.

Rigidification and the cube theorem give the monoidal coherence. This sup-
plies a nullhomotopy of the restricted degree-four class. So does dHg =
A*Bpg. After fixing the base and classifying map comparisons, the differ-
ences between such lifts are parametrized by H3(BA(C);Z) = 0. They are
therefore homotopic as lifts. No equality of the geometric and simplicial
cochains is claimed. ]

This construction retains algebraic data when A, its two coordinate fac-
tors, and the biextension are retained. Relative to the displayed trivial-gerbe
presentation (or with both axis splittings fixed), the diagonal splitting also
records the chosen L. If M € Pic°(A) is rigidified, Brgy = Br, so the
extension alone is unchanged, while the specified splitting is tensored by
M. Without the indicated markings, tensoring objects by the pullback of
M from the first factor gives a monoidal automorphism relating these diag-
onal splittings; no recovery of L up to unrestricted equivalence is asserted.
The Betti homotopy type retains E, not the complex moduli. Using Bj
directly as a twisting line on A x A would instead give a split extension of A,
since By, is the coboundary of L; the doubled group G is essential here. For
an arbitrary integral form, no algebraic enhancement is asserted without a
suitable algebraic line bundle. Passing from this algebraic group stack to
a degreewise finite simplicial set requires another construction. The next
two subsections supply it: first a compact nerve of phases, then finite face
carriers and formal degeneracies.

7.8 A compact semialgebraic nerve for the Heisenberg deloop-
ing

Retain G = A(C) x A(C) and the multiplicative line C = Cj, of Proposi-
tion 7.11. For a complex line V, write

Ph(V) = (V\{0})/Rso.

This is a U(1)-torsor, and Ph preserves tensor products and all identities
between line isomorphisms. Thus the associator and unit maps of C pass
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to phase torsors without a choice of compatible metrics. A metric merely
represents a phase by its unit vector.

Proposition 7.14. There s a proper simplicial compact semialgebraic
space X, with Xg = %, X1 =G, and

X, — G" a principal U(l)(g)-bundle.

Its realization is equivalent over BG to Bi,H, and hence to Pg with
the positive class [Bg| of Proposition 7.12.

Proof. An n-simplex consists of edge labels g;; € G for ¢ < 7, with g;;+g;% =
gik, and triangle labels

¢iix € Ph(C(gij, gjk)") (1< g <k).

The direction is a phase of an isomorphism Ty, ® T,,,, — Tj,,, Where T, =
(g,C) in the displayed trivial-gerbe presentation. If a is the associator

a:C(g,h)®C(g+ h,k) — C(h,k)®C(g,h + k),
impose on each tetrahedron 7 < 5 < k < [ the equation

bijr ® irt = (Pju ® Piz1) © a.

These equations concern phases of functionals on the same line. Faces re-
strict the labels to a subset of vertices. Degeneracies repeat a vertex, put
g;; = 0, and use the canonical unit triangle whenever two consecutive ver-
tices coincide. Coherence of the associator and unit maps gives the simplicial
identities exactly.

The n consecutive edges determine all edge labels. Choose independently
the (g) anchor triangles ¢g;;, 1 <2 < 7 < n. For 0 <1 < 7 < k, the
tetrahedron (0,1, 7, k) uniquely determines ¢;;,. The pentagon ensures that
all remaining tetrahedra commute. Thus X, is the fibre product over G
of the anchor phase bundles. In particular it is a compact manifold and a
principal torus bundle; no global section of any anchor line is being asserted.

All the line bundles and coherence isomorphisms are algebraic before tak-
ing phases. In finite algebraic charts their real and imaginary parts are
semialgebraic. A continuous semialgebraic Hermitian metric exists on each
such line bundle over the compact base, and its unit circle realizes the phase
torsor semialgebraically. Tensoring and normalizing by a positive norm are
semialgebraic operations. Since this is just a presentation of the phase quo-
tient, normalization preserves every coherence identity. No exponential uni-
formization is used. Consequently all simplicial operators are semialgebraic.
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Each degeneracy is an embedding, since it has a face as a left inverse, and
its image is closed by compactness. The finite union of degeneracy images
in X, is a closed semialgebraic subset. Compatible triangulation makes its
inclusion a cofibration, proving properness of X,.

Here is an explicit realization comparison, including the descent that is
absent from the trivial-line atlas alone. Let

U, = c'(a%u(L) = u()),

where normalized edge cochains restrict under faces and have value 1 on
repeated edges. Edge changes of trivialization act on X, by

(u - )ik = wir(uijujn) ™ Piji-

The kernel is Z'(A™,U(1)) =2 U(1)™: its cochains have u;; = u;;ujr and
are determined by their consecutive edges. Thus this action is not free; its
1sotropy retains the line automorphisms. Form the simplicial quotient stacks
D,, = [X,/U,]. An object of D, is equivalently a collection of line bundles
M;; on all edges, with coherent tensorators

M;; ® M, ® C(g55, gjx) — Mix.

Restriction to consecutive edges is an equivalence D, ~ H’: an inverse com-
poses these edges, and the associator supplies all other tensorators. Any
extension of the spine is isomorphic to this one; its automorphisms are ex-
actly the n independent automorphisms of the spine lines. In this statement
we use the topological U(1) version of H1; passage from C* to U(1) does not
change its Betti homotopy type. The simplicial stack D, is therefore a Segal
stack and the coherent bar construction of this categorical group. This is
also the stacky-groupoid nerve construction of [81, Section 4.1]; compare [69,
Section 3.7, Theorem 94] for the realization of smooth categorical groups.
The group U, is contractible after realization. Indeed, prepending a vertex
and assigning 1 to every new edge is an extra degeneracy contracting this
simplicial topological group. The bisimplicial action nerve has spaces

Yop = Xp x UL

We realize quotient stacks by their action-groupoid nerves, so this compari-
son uses derived classifying spaces throughout. All spaces in this bisimplicial
diagram are compact semialgebraic and its degeneracy inclusions are cofibra-
tions, by the same argument used above. Realizing first in the n direction
gives the action nerve of |U,| on | X,|. Realization commutes with the finite
products here, in compactly generated spaces [44, Corollary 11.6]. Since |Us,|
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A triangle frame A tetrahedron
1

go1 g12

¢012

0 2
go2 = go1 + 912

$o12 - 0(901,912) — C

Three free phases

¢123 is determined
bo12 ® ¢o2s = (P13 ® ¢Po13) © a

Figure 6: Triangle data and tetrahedron coherence in the compact nerve.
A triangle label is the phase of a line isomorphism C(go1,g12) — C, taken
modulo positive real scaling. For fixed edge labels, the three faces incident
to vertex 0 carry independent choices in their phase torsors. The identity
below the tetrahedron, using the given associator a, uniquely determines
the label on the back face (123), whose boundary is dashed. Independence
is over the fixed edges; it does not choose global trivializations of the phase
bundles.

is contractible, its homotopy quotient is weakly equivalent to | X,|. Realiz-
ing first in the other direction presents |D,| = BiopH . All comparisons are
over BG. This proves the claimed equivalence. In particular, the dual in
the triangle labels is dictated by the tensorator direction; it does not replace
the categorical group by its inverse extension. ]

The compact nerve supplies the geometric hypotheses for a finite semisim-
plicial carrier replacement. Such a replacement must use compatible face
carriers and a realization comparison; separate finite triangulations of the
spaces X, alone are insufficient. The projection to the ordinary bar con-
struction of G is semialgebraic. The next theorem supplies the required
replacement, and Corollary 7.19 identifies both its Postnikov invariant and
its obstruction to an infinite-loop structure.

7.9 Finite replacement by face carriers

Write Aip; for the category of finite nonempty ordinals and order-preserving
injections, and ||—|| for semisimplicial, or fat, realization. Ordinary simpli-
cial realization is denoted by |—|. All realizations use compactly generated
spaces. The proof combines compatible semialgebraic triangulation [57, The-
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orem 2.2] with free degeneracies and homotopy invariance of fat realization
[23, Section 1.1, Lemma 1.8, Theorem 2.2]. For the passage to thin realiza-
tion we use [71, Definition A.4 and Proposition A.1(iv)].

Theorem 7.15. Let X, be a semisimplicial space whose levels are compact
semualgebraic sets and whose face maps are continuous semialgebraic
maps. There 1s a simplicial set Y finite in each degree and a zigzag of
weak homotopy equivalences

Y]~ [[X.]]

If X, 1s a ssimplictal space and all its degeneracies are also semialgebraic,
then |Y| ~ | X.|. The construction requires choices of finite triangula-
tions; it does not assert that the original degeneracies act on those
triangulations or that additional operations are preserved.

Proof. Face-compatible cells. Choose a finite semialgebraic triangulation
ho : |Ko| — Xo. Suppose triangulations have been chosen through degree
q — 1. Triangulate X, compatibly with the finite family

{d;'(F):0<i<gq, F=h,(into), o€ K, ; nonempty}.

The semialgebraic triangulation theorem provides such a triangulation A, :
|K,| — X,; compactness makes K, finite. Compatibility means that ev-
ery displayed subset is a union of open simplices, not that any prescribed
triangulation of a subset extends without subdivision.

Let P, be the finite poset of nonempty open cells of this triangulation,
with FF < G when F C G. Each d; maps an open cell F' into exactly one
open cell, denoted df F'. Continuity gives

di(F) C dF'F.

If F < F', the nonempty set d;(F) is contained both in d” F and in d” F'. The
latter closed simplex is a union of whole open cells; therefore df F < df-: F'.
Thus the carrier map is order-preserving. Carriers compose: if f(F) C G
and ¢g(G) C H for nonempty open cells, then (gf)(F) C H, so its carrier
1s H. Thus the simplicial face identities hold strictly on the F,, giving a
functor P : Aflﬂ — Poset. Only faces have been used in this induction.

A natural incidence comparison. Define a topological category &, with
objects (F, z) for £ € F and with a unique arrow

(F,z) — (G,z) when F <G.
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The object and arrow spaces have their finite disjoint-union topologies.
There are functors &, — P, and £, — X, the latter viewing X, as a category
with identity arrows only. The face functors are (F,z) — (dI'F,d;z), so
both projections are strictly natural in the semisimplicial direction. In
nerve degree p one has, with the indicated orientation,

NE = || P

Fy<--<F,

Forgetting z is a homotopy equivalence to the discrete set N, P, since every
closed cell is a simplex. The degeneracies of both nerves identify whole
components with components, hence are closed cofibrations. Fat realization
preserves these levelwise weak equivalences, and the good-space fat—thin
comparison therefore gives a weak equivalence

Ug: [NE| — |[NFP.

For completeness, evaluation v, : |[N&| — X, is also a weak equiva-
lence by an explicit homotopy. Let b, : |[NP;| — |K,| be the barycentric-
subdivision homeomorphism. A representative of a point of |[N&,| is (Fp <
.-+ < Fy, 3 to, ..., tp). Put 0; = h;'(F}) and let b(o;) be its barycentre. The
formula

— — )

p
Hy(=, ) =hg| (1= N (@) + A tibloy) |, 0<A<1
7=0

is defined in the simplex o,, because h;l(a:) € o9 C o0p. It respects zero
barycentric coordinates and repeated entries, and so descends continuously
to realization. It joins v, to h,b,u,. Hence v, is a weak equivalence. These
homotopies need not be natural; the comparison maps are. We have ob-
tained a semisimplicially natural span of rowwise weak equivalences

INP,| +& |N&| & X..

Fat realization preserves these weak equivalences.

Adjoin degeneracies before taking the diagomnal. The sets N, P, are
simplicial in p and semisimplicial in q. Freely adjoin degeneracies in the
second variable, defining the bisimplicial set

Dyg= ] NP
pilg)»Ir]

Its outer operators are entirely explicit. For o : [m] — [q], factor po uniquely
as
[m] 5 [s] = [r], T surjective, ¢ injective;
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the p summand maps by N,(:7) to the 7 summand. The inner operators
are the ordinary nerve operators. Let Y = diag D. In particular

n

o= [ NPy Yal=) <:’> IN,P,| < 0.
pilnllr]

r=0

If ¢, = |P,|, this is at most )., (*)c™*!. The realization of a bisimplicial
set agrees homeomorphically with its iterated realization: for a representable
bisimplicial set this is the shuffle triangulation of a product of simplices, and
both constructions preserve colimits. For any semisimplicial space A, let FA

freely adjoin degeneracies. The mutually inverse continuous quotient maps
[BAl — [|All,  [(pya),t] — la,put], o8] — [(id, a), ]

give a homeomorphism; here p,t sums coordinates in each fibre of p. Using
also that inner realization preserves coproducts gives

V] = | lg] — INPy |-

The preceding incidence span proves the first assertion.

Finally suppose X, was simplicial. Fach degeneracy s; : X;1 — X,
is a closed semialgebraic embedding: it has a continuous face left inverse
and compact source. A finite triangulation of X, compatible with its image
makes that image a subcomplex, so the embedding is a closed cofibration.
Thus X, is good, and the canonical map || X.|| — |X.| is a weak equiva-
lence. This last triangulation is used only to prove goodness; it imposes no
additional compatibility on the K, above. ]

Corollary 7.16. For every integer n > 1 there is a degreewise finite sim-
plictal set whose realization has homotopy type K(Z,n). For every com-
pact Lie group G, wncluding disconnected groups, there 1s a degreewise
finite stmplictal set Yo with |Yg| ~ BG.

Proof. For k > 1, use the compact simplicial torus
AP = 7*(Algl R/Z) = (81,

In anchor coordinates every simplicial operator is an integral linear map.
On S! C C this is a monomial map, with negative powers replaced by com-
plex conjugates, hence a polynomial map in real coordinates. All levels are
compact real algebraic sets. Theorem 7.15 applies, and the usual topological
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cocycle realization has homotopy type K(Z, k + 1). This gives n > 2; for
n = 1 use the simplicial circle A[1]/0A[1].

A compact Lie group admits a faithful orthogonal representation whose
image is real algebraic; see [12, Lemma 1.6 and Theorem 2.5|. Its nerve
has compact real algebraic levels G?. Faces multiply adjacent entries or
forget an end entry, while degeneracies insert the identity. These maps are
polynomial. The same theorem gives |Ys| ~ |N,G| = BG. No separate
goodness hypothesis is needed: the semialgebraic degeneracies are closed
embeddings and cofibrations, as proved in Theorem 7.15. ]

Remark 7.17 (Scope). These are simplicial sets, without a Kan condition.
The construction uses choices and does not specify compatible integral co-
cycles, pointed-set operations, or functoriality in G. For integral Eilenberg—
Mac Lane spaces, the toric family Xék)(S) supplies compatible cocycles and
pointed-set operations by its explicit subset-sum arrangements. Its addi-
tion is encoded by the Segal refinement span, not by a simplicial map
D(()k) X D(()k) — D((Jk). The assertion does not include K(Z,0): a degreewise
finite simplicial set has finitely many vertices and hence finitely many path

components.

Remark 7.18 (Scope and a failed stronger construction). The theorem sup-
plies a degreewise finite simplicial model, without a Kan condition, when-
ever a compact semialgebraic simplicial presentation is available. A pre-
sentation with a noncompact vector-space object space or infinitely many
lattice-indexed components does not yet satisfy its hypothesis. In particular,
the theorem alone does not construct such a presentation for a prescribed
non-torsion Postnikov invariant.

One cannot in general strengthen the cell induction by requiring old
degeneracies to embed each old cell as a cell. Even an interval embedded as
the horizontal part of a T-shaped graph cannot retain an open edge through
the branch point in a regular cell decomposition of the graph. The free
degeneracies in D are new formal degeneracies; their role is to preserve the
fat realization, not to identify them with the original degeneracies of X.

Corollary 7.19. Let A,L,E be as above, and put ' = A® A. There 1s a
simplicial set Pi®, finite in every degree, and a zigzag of weak homotopy
equivalences

|PE*| ~ ByopH1, ~ Pp = hofib([Bg] : K(T',2) — K(Z,4)).

Thus 1ts only nonzero positive homotopy groups are o, = I and 3 = 7,
and its k-tnvariant s +[Bg|. Its Whitehead pairing s the symmetric
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form
I((z,y),(,¥)) = E(z,y) + E(z',y) = J + J".

Here the sign of the generator of ms is fized by the usual boundary
convention for the k-invariant and Whitehead product. For E # 0,
this homotopy type admaits no H-space structure, and in particular no
infinite loop space structure.

Proof. Apply Theorem 7.15 to the compact semialgebraic simplicial space
of Proposition 7.14. The realization comparison there and Proposition 7.12
identify the resulting finite model with the indicated homotopy fibre. Its
homotopy groups follow from the fibre exact sequence.

To compute the Whitehead pairing, let a,b € T' = m3(Pg). Map S? Vv S?
to Py by representatives of a, b. Its projection extends to S? x S? — K (T, 2).
If s,t are the positive degree-two generators of the two spheres, the pullback
of the quadratic class ¢ = [Bg]| is

g(as + bt) = (g(a+ b) — g(a) — q(b))st = I(a,b)st,

since s2 = t? = 0. The top cell of S? x S? is attached by the Whitehead prod-
uct of the two sphere inclusions. Its obstruction to lifting is consequently
I(a,b) times the chosen generator of 73(Pg), proving the formula. If F # 0,
choose z,y’ with E(z,y') # 0 and take a = (z,0), b = (0,%’). Their White-
head product is nonzero. In an H-space any two based sphere maps extend
from their wedge to their product using multiplication, so all Whitehead
products vanish. This proves the final assertions. ]

For example, let A be an elliptic curve and let L have degree d > 0. In
an oriented integral basis of A = Z?,

0 d
E = <—d 0) , q = d(u1v2 — Usy).
The corresponding generators have mixed Whitehead products
[u\l/’ 'U%/] = dg, [ug/a 'UY] = —d(,

where ( generates m;. This is already a degreewise finite model with a
nonzero, infinite-order Postnikov invariant.

The finiteness assertion concerns each simplicial degree separately; it as-
serts neither finitely many simplices in total nor the Kan condition. This
1s a model of the homotopy fibre, not a literal Kan fibration over the orig-
inal finite toric base. The replacement uses triangulation choices and does
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not identify this model with the earlier finite flag presentation or transport
the algebraic group stack and its marked splittings to strict operations on
the chosen finite simplicial set. The algebraic data remain in the geometric
presentation from which it was obtained.

7.10 Torus bundles and their lifting 2-gerbe

Put T = A(C), G =T x T, and let A = H,(T;Z). The equivalence Py ~
BiopH 1 gives a geometric meaning to maps into the finite model. For the
explicit local description below, let X be a finite simplicial complex or a
paracompact smooth manifold; the homotopy classification also applies to
CW spaces using numerable bundles and derived mapping spaces.

Proposition 7.20. A map X — Pg, up to homotopy, classifies a pair of
principal topological T-bundles Q1,Q)2, together with a trivialization of
thewr Hy Lfting U(1)-bundle 2-gerbe, up to the corresponding equiva-
lences. If a,b € H?(X;A) classify the two bundles, the obstruction to
such a triwvialization 1s

E(a~—b) = Zeijai — b; € HY(X;7Z).
2,
For a fized bundle Q = Q1 X x Q2, a lift includes a specified identification

of its projected G-bundle with QQ. When Uifts exist, their equivalence
classes with that identification fized form a torsor under H3(X;Z).

Proof. The lifting 2-gerbe £g is the 2-stack of local H-lifts of Q, with
the identification of the projection included. It is locally equivalent to the
2-stack of U(1)-gerbes. Its class is the pullback along the classifying map
fo : X — BG of the extension class of H;. By Proposition 7.12, this is
precisely f5[Bg] = E(a ~— b). A trivialization is a global lift. Two trivializa-
tions differ by an ordinary U(1)-gerbe, giving the stated torsor. For bundle
2-gerbes see [75]; the lifting-gerbe equivalence is the standard result of [56,
Theorem 4.2.7 and Corollary 4.2.8]. Their strict-model formulation applies
through Ganter’s equivalent smoothly separable crossed-module presenta-
tion of our categorical torus. Alternatively, the assertions follow directly
from the homotopy-fibre description of Py and the descent data below. [

Choose an ordered good cover {U;} and transition maps

9i; = (i, ¥i5) : Uis — G, 9ij + gjk = Gik-

59



Let Cijr = (9i5,95%)*Cr, so fibrewise Ci;x = Br(z;j,y;x). A lift consists of
line bundles M;; on U;; and isomorphisms on Ui

Vijk : My @ Mj ® Cijp — Miy.

Use Hermitian lines and the phase version of Cy, in the U(1) formulation, or
arbitrary complex lines in the equivalent C* formulation. On Ujj; require

Pirs © (@ijk ® id) = @iz 0 (id ® pju) © (1d ® aijr),
after the canonical rearrangement of the M-factors, where
aijkl : Cijk ® Cipr — Cin ® Cjy

is pulled back from the associator of C;. Repeated indices use g;; = O,
M;; = C, and the unit maps. This is precisely the triangle and tetrahedron
data of Proposition 7.14 and Figure 6, with arbitrary edge lines retained so
that descent is intrinsic.

Equivalence includes refinement of the cover, changes of local bundle
trivializations, and compatible isomorphisms of these data. If the g;; and
the identification with @ are fixed, an equivalence is given by lines K; on U;
and maps K; ® M;; = M{j ® K; compatible with the ¢’s; isomorphisms of
the K, give the next level of equivalence. For two lifts of this fixed cocycle,
the lines D;; = Mi’j ® Migl have multiplication D;; ® Dj; = D, since the
Cijr factors cancel. They are the overlap-line description of the difference
gerbe.

On a good cover one may first trivialize the overlap lines and choose trian-
gle isomorphisms. The discrepancy between the two tetrahedral composites
is a U(1)-valued Cech 3-cocycle. The pentagon gives its cocycle identity;
changing the choices changes it by a coboundary. With the coeflicient ori-
entation already fixed by the extension, this is the obstruction above under
H3(X;C°(U(1))) = H*(X;Z). This description explains why choosing one
theta line on A does not automatically trivialize the lifting problem for
arbitrary Q1, @-.

The fixed-identification qualification matters. If only the two bundle
isomorphism classes are retained, their gauge transformations must also be
divided out. Since G is abelian, the components of its gauge group are
HY(X;MA)® HY(X;A). In the notation of Proposition 7.21, they act on the
fixed-lift torsor by the translations

(a,B) — E(a —b) + E(a ~— B) € H¥(X;Z).

Consequently the fibre of [X, Pg] — H?(X;A)? over an unobstructed pair
is a torsor for the quotient by this image, rather than generally for the full
group H3(X;7Z).
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There is also an algebraic lifting problem, with a different cohomological
degree convention. For a separated complex scheme S of finite type and
an algebraic (A x A)-torsor @, use the fppf topology. The same central
extension has classifying map

B(A x A) — B%G,

so its lifting G,,-2-gerbe has obstruction in Hf:;pf(S, Gy). When trivializ-
able, its trivializations with fixed projection form a torsor, on equivalence
classes, for Hf2ppf(S, Gy,). The displayed line-and-tensorator formulas apply
algebraically on a suitable cover or hypercover; ordinary Cech cochains on
one arbitrary cover need not compute these groups. This is the usual higher-
gerbe descent formalism; see [7, Sections 4-6].

With X = §%, the comparison passes through holomorphic units:

Hg (S, Gp) — HY(X,0%) — HYX; 7).

It sends the algebraic obstruction to E(a — b) in Betti degree four. The
shift follows from the exponential sequence and the acyclicity of the sheaf
of continuous complex-valued functions:

H'(X;C(CY) = H™N(X;2)  (r>1).

This is not an identification of algebraic or holomorphic cohomology with
Betti cohomology. In particular, a Betti trivialization need not lift to an
algebraic trivialization. The obstruction is a 2-gerbe class, one degree above
the group containing ordinary gerbe classes.

7.11 Lifts and the action of base homotopies

Let A be a finite-rank free abelian group, let £ : A ® A — Z be alternating,
and put I' = A @ A. Write

B =K(I',2), Z = K(Z,4), q: B — Z, g*t = E(u — v),

where u, v are the two universal degree-two classes. Here F(c — d) means
cup product with tensor coefficients followed by E, in the displayed order.
Choose the following path convention for the homotopy fibre:

Pgr = {(2)77) 1z € B, 77(0) =0, 77(1) = Q(z)}

Thus a lift includes a path from zero to the obstruction map. This convention
fixes the sign of the monodromy below.
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Proposition 7.21. Let T be a connected finite CW complez, and fix (a,b) €
H?(T;M\)?. A class in [T, Pg| projecting to (a,b) ezists exactly when

E(a~b)=0 1n HT;Z).
When 1t exists, the fibre of
[T, Pg] — H*(T; A)?
15 a torsor for the quotient group

H3(T;7Z)
im Da,b ’

Dyp(a, B) = E(ae ~ b) + E(a — B).

Choosing one reference lift identifies this torsor with the displayed quo-
tient. In contrast, for a fized representative map f : T — B and homo-
topies projecting constantly to f, the set of lift classes is an H*(T;Z)-
torsor.

D.p: HY(T;N)? — H¥(T;Z),

Proof. We use compactly generated mapping spaces and may choose topo-
logical abelian group models for the Eilenberg—MacLane targets. A lift of f
is a path in Map(T, Z) from the zero map to ¢f. Such a path exists exactly
when [¢f] = E(a — b) vanishes. If a path exists, the homotopy classes of
these paths, relative to their endpoints, form a torsor for

7 Map(T, Z) = H*(T; Z).

This proves the assertion for fixed f. These representability identifications
follow from [35, Theorem 4.57|, applied also to suspensions.

Now allow the base map to move within its component. A loop £ based
at f in Map(T, B) transports a nullhomotopy 7 to 7 * (¢€), where x means
first follow 7 and then follow gf. The monodromy is therefore translation
by the image of [£] under

m(Map(T, B), f) — m(Map(T, Z), qf).

The source is canonically H*(T; A)?. Changing the reference nullhomotopy
changes the path used to identify the target fundamental group with the
group at zero, but only by conjugation. That group is abelian, so the trans-
lation homomorphism is independent of this choice.

To compute it, let t € H(S!;Z) be the positive generator. The adjoint
T x S' — B of a base loop with class (o, 8) has degree-two classes

a+a-—t, b+ B —t,
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with pullbacks suppressed and the S! factor written on the right. The
integral Kiinneth decomposition gives

E((a+at)— (b+ pt)) = E(a — b)
+ (E(oe ~ b) + E(a — B))t.

Indeed moving ¢ past b contributes (—1)!? = +1, and the term involving

two copies of t vanishes because t> = 0. Slant product with the positively
oriented circle therefore gives precisely D, 3, with the stated signs and order.
Reversing the path convention for Py would negate this translation, leaving
1ts image unchanged.

Finally, two components of the fibre over f lie in the same component of
the total mapping space exactly when they are related by such monodromy.
One direction follows by transporting along a base loop. Conversely, any
path between two lifts over f projects to a base loop and identifies its end-
points by that transport. Transport along paths from any other representa-
tive of (a,b) to f shows that these are all classes over the cohomology pair.
Thus the required set is the orbit torsor under translations by im D, 3, prov-
ing the quotient formula. This is the mapping-space form of the fibre-orbit
principle in [35, Section 4.3, Exercise 19]. ]

Remark 7.22 (Example: a fixed-base torsor can collapse). Let T' = St x S,
with generators u € HY(T;Z) and v € H?(T;Z), so wv generates H*(T; Z).
Take A = Ze, & Ze, with E(e;,e;) = d > 0, and set a = e;v, b = 0. The
obstruction vanishes, since H4(T;Z) = 0. For o = 0 and B = eyu one
obtains

D, 0(0, equ) = dvu = duv, im D, o = dZ uv.

Fixed-map lift classes form a Z-torsor, while unrestricted classes over (a,0)
form a Z/dZ-torsor. For d = 1 there is just one such unrestricted class.
Consequently an unconditional H3-torsor statement for the fibre of [T, Pg]
is false.

Explicit cochain lifts and comparisons. On a simplicial model S for T', use
normalized cochains. A cochain lift is a triple

a,b € Z%(S; ), h € C%(S;7), 6h = E(a — b).

For example these triples describe maps to the usual cochain homotopy-fibre
model: its n-simplices are such triples on A[n]. The map 6 : C3(Ale]; Z) —
Z*%(Ale]; Z) is a surjective map of simplicial abelian groups with contractible
source and kernel Z3(Ale]; Z). Contractibility follows by adjoining an initial
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vertex and extending a cochain by zero on simplices containing it. Pulling
this fibration back along the cup-product map gives the stated model of Pg.
If r,s € C}(S;A) and o’ =a +dr, b = b+ ds, put

Crs(a,b) = E(r —b)+ E(a~ s)+ E(r — 0s).
The Leibniz rule gives the exact identity
6Crs(a,b) = E(a' — b') — E(a — b).
Consequently
(a,b,h) — (a',b', h + C} 5(a, b) + k), k € C*(S;7),

preserves the lift equation. This is an explicit homotopy comparison, not
only an equality of obstructions: on S x A[1l] take the vertex function x
with x(0) =0, x(1) =1, put R=7r — x, S1 = s — X, and use

A=a+06R, B=0b+6S;, H=h+E(R—b+E(a~— S;)+E(R—6S)).

Pullbacks are suppressed. The same identity gives 6H = E(A — B) and
the required endpoint triples. Adding §(k — x) to H supplies the final dk
change while keeping the endpoints of the base fixed.

For signs, when 7,s are closed this cylinder represents the base loop
(a, B) = (—[r], —[s]) in the right-t convention above, since §(r — x) = —r —
0x. With the prism convention 6K + K§ = i} — 1§, let w be the universal
four-cocycle pulled back along a target path. The primitive h = K(w)
evaluates on a three-cycle z by evaluating w on —z x [0, 1]. Thus addition of
[h — ho] as a cochain coordinate is the negative of the right-circle-coefficient
path-torsor coordinate used in the proof. Both conventions give exactly the
same orbit subgroup im D, ;. The displayed gauge formula supplies concrete
comparisons; the mapping-space argument, rather than this formula alone,
establishes the classification under all homotopies.

When a polarized abelian variety supplies the Heisenberg categorical
group Hy, the established equivalence Bi,,H ~ Pg interprets these classes
as topological principal H; 2-bundles. The projection retains their two un-
derlying torus bundles. Fixing the base lift problem retains its identification
with the prescribed base data; forgetting that identification allows the base
homotopies responsible for D, ;.

The degreewise finite model has the same homotopy type and therefore
the same classification. Its simplicial mapping sets must be interpreted in
the homotopy category: if |S| ~ T and Fg is that finite model, use

[S) FE]Ho(sSet) = To MapsSet(S7 RFE)7
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where RFg 1s a Kan replacement. Raw simplicial maps into the generally
non-Kan Fg from one fixed triangulation do not by themselves compute this
set. The Kan replacement need not be degreewise finite.

7.12 The Heisenberg action and Fourier—-Mukai duality

The algebraic extension also acts on a category built from A itself. This is the
translation—-tensor action described by Polishchuk [60, Section 2, pp. 817-
819]. We spell out its order and signs for the particular extension H used
here. Write ¢,(2) = 2+ z and By = Br(—,y) = P(—, Ar(y)). The Poincare
and biextension lines retain their rigidifications; a line over a point is not
silently replaced by a chosen scalar.

Proposition 7.23. The group stack Hy acts coherently on perfect com-
plexes on A by
Ty (F) =M ® By @ t; F.

For complex points this 1s an action by ezxzact autoequivalences of
D’ Coh(A), since A is smooth and projective. With composition read
from right to left, its multiplication law s

Ty © Tayiv) = Teta gty MON®BL(2,y'))-
The diagonal monoidal section of Proposition 7.13 acts by
To@(F) =L@t (LOF).

Thus tensoring by L conjugates the diagonal action to translation.

Proof. The formula has a family interpretation. For a complex scheme S,
let z,y: S — A,let M bealineon S, and put m: A xS — S. Interpret M
as m*M, t, as translation over S, and B, as the pullback of By, along (z, s) —
(z,y(s)). These operations preserve perfect complexes and commute with
derived base change.

The biextension laws give canonical isomorphisms

t;Byl & By' (0%4) W*BL(m, y/), By X By/ & By+y'-

Substitution in the composite functor proves the multiplication law with the
positive central line By (z,y’). The compatibility of the biextension laws is
precisely the associativity coherence; the axis rigidifications supply the unit
coherence. Isomorphisms of the parameter line M act by the corresponding
natural isomorphisms; in particular its scalar automorphisms act as scalars.
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Finally, the defining identity for B; gives
L, @B, 2t L L'

Combining this with s;(z) = (z,z; L) proves the diagonal formula. Its
coherence is inherited from the same line-bundle identities. In particular,
L' has a coherent invariant structure for this diagonal action. ]

To compare the two coordinate actions, put A= AY, P: = P(—,¢) and
Q: = P(z,—). The Fourier—-Mukai functor with the positive normalized
kernel is

®p(F) = R(pz)«(paF ® P).

It is an equivalence D’ Coh(A) ~ D’ Coh(A) by Mukai’s theorem [52, Theo-
rem 2.2]. Its translation and tensor identities, with these conventions, are

Ppot: 2 (Q'®—)o ®p,
P xN(*Qm )o®p (16)
quO(P£®—):t£Oqu.

These are Mukai’s identities [52, (3.1)]. They also follow directly from

(tz X 1)*P =P ® p3Qs,
(1 xt)"P=PQpyFs,

using the projection formula and base change. In the first identity of (16),
changing the integration variable from z to z + = introduces Q_, = Q.
For clarity, reordering a composite into tensor-then-translation form on

the dual variety retains an additional central line:
$p(P: @t F) = P(z,8) ' ® Q' @ t;3p(F).

Indeed t{Q," = P(z,£)”' ® Q,'. Thus the two coordinate labels become
(&, —z) with this scalar-line correction. Taking & = Ar(y) gives the action
attached to Hy; no principal-polarization assumption is needed.

These are constructions using the algebraic variety, its Poincaré line, and
its derived category. The finite Betti model retains the homotopy type with
class [Bg|. Proposition 7.47 below proves that this homotopy type does not
determine D° Coh(A). Nevertheless the exchange of the two coordinate ac-
tions induces the corrected Heisenberg symmetry of Proposition 7.24, which
admits a degreewise finite span in Proposition 7.25.
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The classical theta group as a stabilizer. The action also contains a familiar
finite subgroup of translations. Assume in this paragraph that L is ample.
Put

K(L)=%ker(A\)={z € A:t,L = L}.

Since L is ample, K (L) is a finite group scheme. Over C it is finite and
reduced. Consider pairs (z,¢), where z € K(L) and ¢ : t;L — L is an
isomorphism. With the convention

(z,0)(y,¥) = (z+ y,pot;1),

they form the theta group G(L) in a translation-linearization description
[63]. Our arrow convention corresponds to Mumford’s pair (2, : L — t}L)
by (z,a) = (—z,t* ,¢). There is a central extension

1— Gn—6G(L) — K(L) — 1.

Indeed each nonempty isomorphism fibre is a G,-torsor, the kernel consists
of scalar automorphisms of L, and the displayed composition is associative.
Equivalently, this is the stabilizer of L, together with a specified isomor-
phism, for the first-axis translation action above. It acts on H°(A4, L) by
s+ p(tis).

For an elliptic curve and a line of degree d > 0, the translation subgroup
is K(L) = Ald], of order d*>. The central extension still contains C*, so
it is not a finite group. This classical finiteness concerns the translation
stabilizer; degreewise finiteness of Pi® concerns simplices in a model of a
different, delooped object.

7.13 The Fourier exchange as a corrected symmetry

Although the derived category requires more information than the Betti ho-
motopy type, its exchange of translation and tensoring has a precise coun-
terpart in the Heisenberg extension itself. The correction is a line bundle,
rather than a globally chosen scalar. For g = (z,y) € G = A x A, put

Sg = (y’ —33), Ng - BL(ma y)_l'

The symmetry of B;, here is the coherent symmetry inherited from its pre-
sentation as the coboundary of L.

Proposition 7.24. There 1s a monoidal self-equivalence of algebraic group
stacks

St :Hy — Hi, (z,y; M) — (y, —2; M @ Niz))-
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Its square 1s canonically monoidally 1isomorphic to stmultaneous coordr-
nate negation (z,y; M) — (—z,—y; M), and its fourth power is canoni-
cally isomorphic to the identity. It acts identically on the central BG,,.
On the Betti delooping Pg, the induced homotopy equivalence acts by
(z,y) — (y,—z) on my and by the identity on 3.

Proof. For g = (z,y) and h = (2',7’), bilinearity and symmetry give the
canonical identity

Ng ®Nh®CL(Sg, Sh) gC[,(Q,h)@/\[ﬁ_h. (17)

Indeed, the left side is Br(z,y) ! ® Br(z',y')"' ® Br(z',y)"!. Expanding
Br(z+z', y+y') into its four factors gives exactly the right side. This identity
is the tensorator for S;. For three inputs both composites expand into the
same factors; the compatibility of the biextension laws and its symmetry
gives the monoidal pentagon. The rigidifications give the unit map.

The two successive correction lines cancel canonically:

N(:c,y) ®Myv—$) - BL(:B7 y)_l b2 BL(y7 _33)_1 = C.

This identifies the square with simultaneous coordinate negation, including
its monoidal structure, and gives the fourth-power identification. Coordi-
nate negation fixes the central line M; it is not the categorical inverse of
the object (z,y; M). All corrections at (0,0) are canonically trivial, so the
central band is fixed. The asserted maps on homotopy groups follow. The
k-invariant is preserved, consistently with

[]

When L is a principal polarization, use the isomorphism Az : A — AV to
define the Fourier autoequivalence §; = A5 ®p of D® Coh(A). The identities
in (16) yield, with all scalar lines retained,

8§20 T(aym) = Tsy(e,y;m) © SL-

Thus the corrected group-stack symmetry is the conjugation symmetry of
this Fourier transform. The group-stack construction itself does not require
a principal polarization. For a nonprincipal polarization we do not identify
A with AV by its isogeny.

The fourth-power statement concerns this symmetry of the Heisenberg ac-
tion. It does not assert a fourth-power identity for the Fourier functor itself:
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Mukai’s inversion formula gives §2 = (—14)*[—g], and hence §i = [—2g],
where g = dim A [52, Theorem 2.2]. Shifts commute with the translation—
tensor action, so they disappear under conjugation.

The line N need not be trivial on G. Therefore S;, need not preserve the
trivial-line atlas used in the compact triangle nerve. The next construction
retains frames of N as additional data and obtains a finite span instead of
choosing a nonexistent global trivialization.

7.14 A finite simplicial roof for the Fourier symmetry

Let X, be the compact triangle nerve of Proposition 7.14, and retain
S(z,y) = (y,—z) and N, = Bp(z,y)"! from Proposition 7.24. All line
isomorphisms in this subsection are taken in phase torsors, so their
automorphism group is U(1).

Proposition 7.25. There 1s a span of simplicial compact semialgebraic
spaces
X, & 2, 5 X,

whose two maps are weak equivalences after realization and which rep-
resents BiopSy under |X,| ~ Pg. Stmultaneous face-carrier replacement
gwes a span of simplicial sets finite in every degree,

YX (LYZ L)Yx,

with both maps weak equivalences. Its morphism qp ' in the homotopy
category realizes the same symmetry, acting by S on my and by the
identity on ms. The assertion 1s a finite roof; it supplies neither a
specified stmplicial self-map of Yx mor a strict Cy-action.

Proof. Adjoin frames on all edges. An element of Z, is an element (g, ¢)
of X,, together with independent phase frames

’U,Z'jINgij—)(C (0§z<]§n)

There is no compatibility equation on these frames. Faces restrict all labels,
and degeneracies repeat labels and assign the canonical unit frame to a
repeated edge. In particular Z; = *, and forgetting the frames gives a
simplicial map p.

Write the phase of the tensorator in (17) as

ton : Ny ® Ny ®C(Sg,Sh) — C(g,h) @ Nyih.
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For a triangle put
ik = (ijr @ id)tg, g, : Noy, ® Ny, ® C(Sgij, Sgin) — Ny,
Define q(g, ¢,u) = (Sg,¥), where
Pijk = ik Pije(uy;' ® uz ®id). (18)

Monoidality of Sy, and cancellation of the edge frames give the tetrahedron
identities for 9. The unit coherence gives the repeated-vertex identities.
Thus q is simplicial.

The total space Z, is the fibre product over X,, of the finitely many circle
bundles Ph(N, g\z/_j). It is compact semialgebraic. The tensorator is algebraic
before taking phases, and the same semialgebraic metric presentations used
for X,, show that p, ¢, and every simplicial operator are semialgebraic. Every
degeneracy is a closed embedding with a face left inverse. The union of its
images 1s closed semialgebraic, so compatible triangulation proves proper-
ness of Z,.

Two principal actions of the same simplicial group. Put

U, =A™ u) = U)(),  (5v)ik = viunu.

Use value 1 on repeated edges. The following two actions are compatible
with all simplicial operators:

v p (g7¢a 'U,) = (g:¢7 UU’))
Uq (97 ¢a 'U,) = (g; (5U)¢7 ’UU).

The first action fixes p. Changing u to vu multiplies the right side of (18)
by (dv)i—j}c, so the second action fixes ¢. Multiplication by v preserves every
tetrahedron equation because §%v = 1.

Both actions are free and transitive on the appropriate fibres. This is
immediate for p. For g, its target edge labels determine the source labels
uniquely by S~!. Choose arbitrary frames u;; on these source edges. Equa-
tion (18) then uniquely determines ¢ from the target triangles, and inverse
monoidal transport ensures its tetrahedron identities. Changing the frames
changes ¢ by exactly dv. Local trivializations of the finitely many frame
bundles give continuous local sections. Consequently each of p, and g, is a
locally trivial principal U,-bundle, for its indicated action.

The realization of each principal map s an equivalence. The simpli-
cial topological group U, has a contracting extra degeneracy: prepend a new
vertex and give every new edge value 1. Its zeroth face is the identity, and
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its other face and degeneracy identities follow by restriction of edge labels.
Therefore |U,| is contractible.
For either action form the bisimplicial action nerve

W, = Zn x UL

In each fixed degree n, the augmentation |W, .| = X, is a weak equivalence:
it is the homotopy quotient of a locally trivial principal bundle, with con-
tractible fibre EU,. Local triviality over the compact semialgebraic base
implies numerability. All spaces W, , are compact semialgebraic and all
degeneracies are cofibrations, as follows from closed semialgebraic images
and compatible triangulation. Fat realization and the good-space fat—thin
comparison therefore preserve these equivalences [23, Theorem 2.2].

Realizing in the n direction first instead gives the action nerve of |U,| act-
ing on |Z,|: realization commutes with these finite products in compactly
generated spaces [44, Corollary 11.6]. Its realization is the homotopy quo-
tient |Z,|nv,)- The inclusion of |Z,| in this homotopy quotient is a weak
equivalence, since |U,| is contractible. Composing that inclusion with the
augmentation gives exactly |p|, respectively |g|. The two-out-of-three prop-
erty proves that both are weak equivalences.

Identify the symmetry represented by the span. Use the simplicial
stack of coherent edge lines and triangle tensorators from Proposition 7.14.
Applying Sy, to the source simplex gives the edge lines N, and triangle

tensorators azjk The frames u;; identify these edge objects with the trivial
edge lines of the output simplex g(z). Equation (18) says exactly that these
identifications intertwine every triangle tensorator. They thus give an iso-
morphism of coherent diagrams, compatible with restriction and repeated
vertices. A natural isomorphism of these groupoid presentations induces a
homotopy on their classifying spaces. Under the natural realization compar-
ison to BiopHy this gives

|g| =~ BiopSL © ||

This comparison, rather than the weak-equivalence property alone, identifies
the represented symmetry.

Replace the entire span by finite carriers. The construction of The-
orem 7.15 extends to this two-arrow diagram as follows. Suppose finite
triangulations have been chosen below degree n. First triangulate X,, com-
patibly with the preimages of the already chosen open cells under every face
d; : X, — Xn,_1. Then triangulate Z, compatibly with both the preimages
of the chosen cells of Z,,_; under its faces and the preimages of the newly
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chosen cells of X,, under p, and q,. This is a finite family of semialgebraic
subsets, so compatible finite triangulations exist.

Let PX, PZ be the finite posets of their nonempty open cells. Every
displayed map sends each open cell into a unique open cell. Its carrier
i1s order-preserving: continuity maps a closed source cell into the closure
of its target carrier, and a closed target simplex is a union of whole open
cells. Uniqueness of the open carrier makes the actual face identities and
the equations d;p = pd;, d;q = qd; hold strictly for carriers. Hence there is
a span of semisimplicial finite posets

PX « pPZ — PX,

For each of these maps f, the incidence categories in the proof of Theo-
rem 7.15 have the functor

(F,2) — (f7F, f(2)).

It commutes exactly with both forgetting the point and evaluation. Their
rowwise weak-equivalence spans are therefore natural for the whole diagram,
not just for the individual objects. Freely adjoining outer degeneracies and
taking the diagonal now gives the asserted finite simplicial span, with

(Yo)n= || NP5 (Yo)u= |] NuP?.

[n]-»[r] [n]-»[r]

Both sets are finite. The natural incidence comparisons and the proper
fat—thin comparisons identify this span with |X| < |Z| — |X| in the homo-
topy category. Thus both finite legs are weak equivalences and their roof
represents B;,,Sr,. Proposition 7.24 gives its stated action on homotopy
groups. []

The line correction N is retained through phase frames; no global triv-
lalization is used. The triangulations need only respect faces and the two
arrows. The newly adjoined degeneracies are formal, and no compatibil-
ity with fourfold iteration or its coherent comparison to the identity is im-
posed on the finite sets by this individual-roof construction. Section 7.20
constructs the additional word diagrams for the normalized matrix action,
including its coherent composition and unit comparisons. For the original
Fourier action, the corresponding finite-group construction gives a strict
Cy-action on a further degreewise finite model (Corollary 7.43).
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((II,y) > (ya —(13)

Central correction line

s s
Ny = Bu(z,y)""

(_yam) < (_mi_y)
S

Degreewise finite comparison

Y Y

YX < YZ > YX

Figure 7: The four-cycle records the action on the two coordinates. At each
step the group-stack symmetry retains the correction line N, evaluated at
the current pair. Both legs of the finite roof are weak equivalences. The
roof represents the resulting homotopy symmetry; it does not assert a strict
Cy-action on the chosen finite simplicial model Y.

7.15 Integral matrices and their line corrections

The Fourier exchange belongs to a larger family of algebraic symmetries.
The family initially has a composition defect, which can be calculated and
removed without choosing a symmetric representative of the polarization.
Removing it changes the particular Fourier lift when the original L is not
symmetric. Throughout this subsection, line-bundle isomorphisms are nor-
malized using the fixed rigidification at the origin.

Write g = (z,y), h = (', ¢'), and C(g,h) = Br(z,y'). For M = (2%) €
GLx(Z) put ey =det M € {1, -1} and

Nu(z,y) = L2* ® L?bd ® B (z,y)®%. (19)

Negative tensor powers mean powers of the dual line. On an isomorphism
f: R— R, the power —1 means the covariant inverse dual (f1)" : RV —
R"V. In particular, it inverts central scalars.

Proposition 7.26. Each matriz M € GLo(Z) has a monoidal self-
equivalence of algebraic group stacks

Fu(g; R) = (Mg; R®*" @ Niy(g)) of Hr.

It acts by M on the two lattice summands of my(Pg) and by €3 on
73(Pg).

73



Proof. For a line N on G, write 6N (g,h) = N(g+h) ® N(g9)"' ® N(h)L.
Bilinearity of By, gives

§Nu(g,h) = By(z,z')* ® Bi(y,y')* ® Br(z, )" ® Br(y, =)™,
C(Mg) Mh’) = BL(Q:) ml)ac ® BL(:U; yl)bd ® BL(:E: yl)ad ® BL(y: ml)bc-

Since ad — bc = €, the required tensorator is the normalized isomorphism
Nu(g) ® Niu(h) ® C(Mg, Mh) = C(g,h)*™ @ Nu(g+h). (20

The biextension laws provide its coherence. Equivalently, the two pentagon
composites are normalized isomorphisms of the same line bundles on the
connected proper variety A°. Their ratio is a regular unit, hence a constant,
and its value at the origin is 1. The same argument handles the units. The
underlying functor is an equivalence because M is invertible and tensoring
or dualizing lines is an equivalence. The central band is raised to the power
ey- This agrees with g(M(u,v)) = eyq(u, v). O

The exact defect. Set

D=[-1*"L® L* € Pic°(4).

This rigidified line has its normalized multiplicative structure, so Dg4y =
D, ® D,. The cube theorem gives

'L = 18" @ D°G),  By(z,z) = L#?® D, (21)

for every integer n; see [49, Chapter I, Corollary 5.4]. These are isomor-
phisms of rigidified lines, not choices of scalar-valued multipliers.
Let N = (¢1). The line comparing Fy Fy with Fyy is

Ay n(g) = Nu(9)%" @ Niu(Ng) ® Nurw(g) ™"

An explicit calculation yields
Ay (z,y) = DEHUILN) @ pRULN) (22)

where

2

ky(M, N) = ac <§> +bd (g) +beer,
)

ko(M,N) = ac<]2c> + bd<s +bc fs.
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To see every contribution, expand

e f
Legrpy = ;2 X ngjz ® BL(m, y)ef X D:gg) ® D'§2),
and similarly for L,z s. Also
BL(em + fy’ TT + Sy) = BL(m: m)er ® BL(:E: y)es+fr ® BL(y) y)fs'

After applying (21), all the L,, L,, and Bj(z,y) exponents cancel against
those of Njsn. For example the L, exponent is €7er +ace? + bdr? +2bcer =
(ae + br)(ce 4+ dr). The remaining D exponents are exactly (22).

An integral normalization. Use row vectors, and put

B(M) +vM — epyv

B(M) = (ac, bd), v=(1,1), p(M) = .

Both components of p(M) are integers. Each column of an invertible matrix
modulo 2 is nonzero, and pg + p + g = 1 for each nonzero (p, q) € F2. Thus
ac+a+c—¢€y and bd + b+ d — €, are even.

Remark 7.27. The parity calculation has a simple invariant formulation.
The quadratic function Q;(s,t) = st + s+t on [ is 0 at the origin and 1
at each nonzero vector. It is therefore invariant under GL,(F;). Expanding
Q2(M(s,t)) = Qa(s,t) gives B(M) + vM — v = 0 modulo 2. Since ey = 1
modulo 2, this is exactly the divisibility needed to define p(M) integrally.

Proposition 7.28. For any rigidified ample L, the corrections
Nu(z,y) = Nu(z,y) ® DF*M) @ Dr=M) (23)

define a coherent weak action of GLy(Z) on Hp by monoidal self-
equivalences. Here “weak” means that there are specified monoidal
natural 1somorphisms FuFn & Fun satisfying the associativity and
unit conditions. The determinant-one subgroup fizes the central band.
If L is symmetric, the original corrections Ny already give such an
action.

Proof. Multiplicativity of D leaves the tensorator calculation (20) un-
changed. The preceding exponents satisfy the row-vector identity

2k(M, N) = B(MN) — €148(N) — B(M)N.
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Since e yn = €p€n, the definition of p therefore gives
p(MN) —eyp(N) — p(M)N = k(M, N).

The extra D powers in (23) cancel (22) exactly. Normalize the resulting
comparison isomorphisms at the origin. They are monoidal: the two requi-
site composites are normalized isomorphisms of the same lines on G2?. The
associativity comparison for three matrices is likewise an equality of normal-
1zed isomorphisms on G. On these connected proper varieties every regular
unit is constant, so the comparisons agree. The identity matrix has trivial
correction.

If L is symmetric, its normalized symmetry trivializes D. The defect
vanishes and the same uniqueness argument proves coherence for the un-
modified family. ]

What happens to the Fourier lift. For the generators

0 1 10
=(%o) 7=(1):

the original corrections are Ns = Br(z,y) ! and Ny = L,. Their first defect
is Agr = D;'. The normalization above gives

Ns =Bi(z,y) '®D;', Nr=1L,®D,.

These two additional factors cancel in the composite S o T'. Since (ST)3 =
S? = —I and p(—I) = (-1, —1), the raw lifts obey instead

(FsFr)(g;R) = Fi(g;R® D;'®D,"),  Fi=F.r.

Thus a nontrivial D obstructs this prescribed pair of lifts from satisfying
the modular relation. The normalized action exists for arbitrary L, but its
S 1s the displayed modification of the earlier Fourier symmetry. For com-
parison, the reflection diag(1, —1) has trivial raw correction and normalized
correction D,, and inverts the central line in either case.

This determinant-—1 symmetry cannot be induced by conjugation with
a C-linear derived autoequivalence: such conjugation fixes every scalar au-
tomorphism ) id, whereas the central inversion sends A to A7

One may alternatively choose P € Pic’(A) with P®2 = D and replace L
by L ® P. This line is symmetric and has the same polarization; the square
root exists over C but is not canonical. The integral normalization above
avoids this choice. It is a calculation with algebraic line bundles and their
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coherent isomorphisms. Corollary 7.37 below rules out a strict simplicial
realization of this full matrix action on any degreewise finite model; the
coherent finite replacement uses word diagrams instead. No identification
of every isometry of the Whitehead lattice with an algebraic symmetry is

asserted.
0 1 10
5= (% o) r=(; 9)
€2

€1 €2 e;+ es

Y

—ey ¥ 0 el
Se; = —ey Sey = e; Te,=e;+ e Tey = eq

Figure 8: Clockwise rotation and shear of the auxiliary Z? of slots. Gray
dashed edges mark the original unit square; blue edges and arrows mark
its image and the image basis. This plane is not the abelian variety. Both
matrices have determinant 1 and fix the central band, but their lifts above
the lattice retain correction lines. For symmetric L these are Ns(z,y) =
Br(z,y)! and Nr(z,y) = L,.

7.16 The classical modular action and its shifts

The derived counterpart of these matrix symmetries is classical. Mukai
observed the modular action modulo shifts [562, Theorem 3.13 and (3.14)];
Polishchuk constructed a coherent action of its central extension [59, Theo-
rem 3.1]. The following calculation translates that result into our positive
Poincare-kernel and translation conventions.

Assume that L is a symmetric rigidified principal polarization, put g =
dim A, and write

F=XN@p=%p, U=(-0L"), =(-1a)"

Composition is read from right to left. The corresponding matrices are

(0 1 (10 3_ o2
(00, 1-(10), reso 1

In particular, T' is the lower triangular generator.

7



Proposition 7.29. Conjugation by § and U induces, respectively, the cor-
rected Heisenberg symmetries

(z,9; M) — (y,—2; M® Bi(z,9)™"),  (z,4; M) — (z,z2+y; M ® Ly).
The unshifted derived functors satisfy natural isomorphisms
§=u[-g],  (SU) =[-2g] (24)

Thus the matriz relation holds modulo shifts. With the shafted lift 3=
Slg], it becomes

FUP =23 =q],  §=[2g].

These formulas are 1somorphisms of functors, not literal equalities.

Proof. The Fourier conjugation was proved in Proposition 7.24. For the
other generator, the identity L™! ® tL = L, ® Br(—, z) gives

T (@,ym) U F)=MQ®L,®Br(—,z+y) @ tLF.

This also proves the second conjugation formula without a principal-
polarization or symmetry assumption on L.

To check the shifts and kernel sign, set R = $5-1 and V = (-®L).
Beauville uses this negative kernel and records

R?> >~ (VR)® 2 1[—¢] [4, Sections 1.6 and 2.2].

Changing the kernel sign gives § = (R; hence inversion gives § = R™[—g].
Since { = V!, we obtain

(FU)® = (VR)°[-3g] = 1[-2g].

Mukai’s inversion formula gives §? = t[—g|. The remaining identities follow
by collecting shifts. N

The classical coherent lift is an action of the central extension with pre-
sentation (S, T | §2 = (ST)?); imposing S* = 1 gives SLy(Z). Polishchuk’s
coherence theorem supplies the composition isomorphisms and their com-
patibility, beyond the displayed generator relations. The shifted pair uses
the inverse generators of the classical lift: § = R~* and & = V~!. Shifts
commute with the Heisenberg action and therefore vanish under conjugation.
This explains why the algebraic group-stack symmetries obey the modular
relations while these particular derived lifts retain a central shift. It gives
no strict modular action on the degreewise finite simplicial model.
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7.17 The polarization type retained by the Heisenberg space

Let A be free of rank 2g, with ¢ > 1, and let £ : A® A — Z be a nonde-
generate alternating form. For a polarization on a complex abelian variety
this is its integral Riemann form; its positivity implies nondegeneracy [49,
Chapter I, Section 2|. Put I' = A @ A and retain

Pg = hofib(gr : K(T',2) — K(Z,4)), gr = E(u — v).

The two copies of A specify the construction, but the classification below
does not require a homotopy equivalence to preserve them.

Proposition 7.30. The unmarked homotopy type of Pr determines, and
1s determaned by, g and the polarization type

di|dy| - |dg  di>0.

More precisely, its Whatehead pairing, after a choice of generator of
73(Pg) £ Z, has matriz

0 FE
IE:(—E 0) on my(Pg) =T,

up to an overall sign. Its Smith normal form has each d; repeated four
times. In a suitable integral basis its symmetric bilinear form 1is

g
01
IE’g@(diH@diH), H:<1 O)'
i=1

Consequently Pr ~ P if and only if the two polarization types, includ-
ing their lengths, agree.

Proof. Since T' is free, K(I', 2) is a product of copies of CP%, and
H*(K(T,2);Z) = Sym?(T"Y).

Thus we can regard gz as the integral quadratic polynomial gg(z,y) =
E(z,y). Its polar form is

Iz((z,y), (z,y)) = ge(z + 2",y + ¥') — gz(z,y) — g(z’,¥)
= E(z,y') + E(z', y).

The displayed block matrix follows from E® = —E. There is no division-
by-two ambiguity here: for an integral quadratic polynomial g, its polar
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form satisfies I,(2,2) = 2¢(z), and the operation ¢ — I, is injective over
Z.. In coordinates it doubles the square coefficients and retains each mixed
coefficient as the corresponding off-diagonal matrix entry.

To identify this form intrinsically, take z,2’ € my(Pg) and use the at-
taching map of the top cell of S x S2. It is the Whitehead product of
the two inclusions of S? V S?; see [35, Section 4.2, after Example 4.52]. If
a,b € H?(S% x §2%;7) are the two generators, the associated map to K (T, 2)
has class za + z'b. Because a? = b?> = 0, its obstruction to a lift is

qr(za + 2'b) = Ig(z,2")a — 0.

The obstruction is the coefficient of the Whitehead product in 73(Pg) = Z.
Choosing the generator compatibly with the cell orientation gives [z, 2] =
Ig(z,2"); reversing that generator changes every value by the same sign. In
particular, [z, 2] = 2gg(z) in this convention.

The normal form gives an integral basis ey, .. ., €4, f1, ..., fy of A for which

E(ei, ej) = E(fz, f]) = 0, E(ei, f]) = didij, 0< dl ‘ ‘ dg.

The d; are unique [78, Section 43.4.15]. For each ¢, order the corresponding
four basis vectors of I' as
(efv zyv ixv —6?).

The form Iz on this block is d; H®d; H; different blocks are orthogonal. Since
H is unimodular, the Smith normal form of this block is diag(d;, d;, d;, d;).
The divisibility ordering of the d; makes the concatenation of these blocks
the Smith normal form of Ig.

Any homotopy equivalence Pg ~ Pg induces an integral isomorphism
F :T' — I and multiplication by € € {1, —1} on 73. Naturality of Whitehead
products gives

F'IpF = ¢lg.

Thus rank m; = 4g and the Smith invariants agree, recovering every d;, in-
cluding those equal to 1. Equivalently, the Postnikov classes satisfy F*qp =
€qg, since polarization of quadratic polynomials is injective.

Conversely, equality of the polarization types supplies an isomorphism
S:A— A with S'E'S = E. Then F = S ® S satisfies F*qz = qr. Repre-
sentability of integral cohomology by Eilenberg—Mac Lane spaces supplies a
homotopy-commutative square of the two classifying maps, with K(F,2) on
the source and the identity on K(Z,4) [35, Theorem 4.57 and Section 4.3].
The induced map of homotopy fibres is an isomorphism on 7, and 73; these
are their only nonzero homotopy groups. It is therefore a homotopy equiva-
lence of their CW models. ]
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Remark 7.31 (Information retained and forgotten). The finite group

g
coker(Ig : I' — I') = (P(z/d;)*
i=1
together with rank 7, also recovers the type. The rank is needed to count
factors with d; = 1. For example, the types (1,4) and (2, 2) give respectively
(Z/4)* and (Z/2)%, hence distinct homotopy types. All principal polariza-
tions of a fixed dimension give the same unmarked space Pg; the complex
structure, a particular theta line, and a choice of the two axes are additional
data. The zero-dimensional case is separate and gives Py = K(Z, 3).

7.18 Homotopy symmetries and finite matrix roofs

Assume g > 1 and retain the nondegenerate alternating form F on A, I"' =
A® A, and

p: Pr — B=K([,2), Pr = hofib(q : B — K(Z,4)).

In particular ¢ = E(u — v) is nonzero. Write haut(Pg) for the space of
homotopy self-equivalences.

Proposition 7.32. The actions on the two nonzero homotopy groups give
a group 1somorphism

mohaut(Pg) = {(F,¢) € GL(T") x {1, -1} : F*q = eq}.

Equiwvalently, with Iy the symmetric Whitehead form, the condition is
F'IgF = elr. Based and unbased homotopy classes give the same group.
For a principal polarization, an integral basis identifies Ig with H®?%9,
so this 1s the group of integral isometries and anti-isometries of that
hyperbolic form.

Proof. First check the possible ambiguity in lifting a map with domain
Pg, rather than merely with domain B. The integral cohomological Serre
spectral sequence of

K(Z,3) — Py 5 B

has trivial local coefficients because B is simply connected [73, Chapter II,
Sections 8-9]. The fibre has H! = H? = 0 and H® = Z(z); the base is a
product of copies of CP®, so H}(B;Z) = H*(B;Z) = 0. The only possible
differential from total degree three is

dy: Ey° =7 — B = HY(B;Z), z+—q.
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This identification follows by pulling back the path fibration of K(Z, 4) along
its classifying map ¢, with a compatible choice of sign for z. There are no
earlier differentials into (4, 0), since the fibre rows one and two vanish. Hence

H3(Pg;Z) =0, ker(p* : H*(B;Z) — H*(Pg; Z)) = Zg. (25)

Indeed q # 0 and H*(B;Z) is free abelian, so d, is injective even when q is
divisible. These statements concern integral cohomology and do not assume
that g is primitive.

The projection p induces an isomorphism on 7,. Hurewicz, the universal
coefficient theorem, and representability of cohomology therefore give

[Pg, B] = H*(Pg;T') = Hom(T', T").

Thus a map inducing F' on 7, projects to a map homotopic to K(F,2)p.
After fixing that projected map, its lifts to the homotopy fibre are nullho-
motopies of its composite with q. When lifts exist, their classes form a
torsor under [Pg, K(Z,3)] = H3(Pg;Z), which is zero by (25). This lifting
argument applies to arbitrary CW models, with no finiteness hypothesis on
the domain. It follows that at most one homotopy class of self-maps induces
any given F'. In particular, there are no additional self-equivalences invisible
on homotopy groups.

Naturality of the Postnikov class makes F*q = eq necessary for a self-
equivalence inducing (F, €); equivalently one can use naturality of the White-
head form and the injectivity of integral polarization of quadratic polyno-
mials, as in Proposition 7.30. Conversely this equality gives a homotopy-
commutative square with K(F,2) on B and multiplication by € on K(Z,4).
The induced map of homotopy fibres acts by (F, €) and is a homotopy equiv-
alence. Existence uses representability by Eilenberg-Mac Lane spaces [35,
Theorem 4.57]. Uniqueness was proved above, and composition respects
both actions, giving the claimed group isomorphism. The target is simply
connected, so forgetting basepoints does not identify any further classes.
The principal-polarization assertion follows from Proposition 7.30. ]

Corollary 7.33. For M = (¢ %) € GLy(Z), put Fy(z,y) = (az+ by, cz +dy).
There 1s a unique homotopy class of self-equivalences acting by Fy; on
my and by det M on 3. These classes give an injective homomorphism

GLz(Z) — To haut(PE)

Its SLy(Z) subgroup fizes Ts.
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Proof. Alternation and commutativity in even cohomological degree give
E(au + bv,cu + dv) = (ad — bc) E(u, v).

Thus Fj;q = (det M)g. The proposition gives existence and uniqueness,
which makes multiplication of matrices agree with composition of homotopy
classes. Since A # 0, the action of matrices on A @ A is faithful. []

In particular, for the conventions

0 1 10
=(%a) =(1):

the classes satisfy [S]* = 1 and ([S][T])® = [S]?. This is a statement about
components of the self-equivalence space; it does not by itself construct a
homotopy coherent group action. The algebraic coherent action, when used,
comes from the separate line-bundle constructions of Proposition 7.28.

Proposition 7.34. Each line-corrected monoidal equivalence of Propost-
tion 7.26 has a degreewise finite simplicial roof representing the class
of Corollary 7.33. For any prescribed finite collection of such equiva-
lences, the finite target model Yx can be chosen in common for all the
T00fS.

Proof. More generally, suppose a given compact semialgebraic monoidal
equivalence has the form

(9, R) = (Fug, R®* ® Ny), e=det M € {1,-1}.

For negative exponent this is the covariant dual-inverse functor on line iso-
morphisms, so it sends a scalar phase z to z=!. The tensorator has direction

Ng QN ® C(FMg, FMh) — C(g, h)®€ ®Ng+h.

Adjoin phase frames u;; : Ny, — C on every edge of the compact triangle
nerve. Forgetting frames defines pj;, while applying the equivalence and
conjugating by the frames defines q;;. In the notation of Proposition 7.25,
the two principal actions of U, = C!(A™; U(1)) are now

Up (97 ¢’ ’U,) = (g, ¢7 ’U’U,), Vg (97 ¢: u) - (g, (5'U)e¢, 'U’U,).

Indeed the target triangle depends on the source phase as ¢¢, while changing
its edge frames contributes (§v)~!. Their product is unchanged since €2 = 1.
The invertibility of Fj; and of the phase map z +— 2° makes both actions
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principal. The contractible realization of U, proves that both maps realize
to weak equivalences. The edge-frame comparison identifies the resulting
roof with the given monoidal functor.

For a finite list of matrices, triangulate X,, compatibly with its faces, then
each frame space ZM compatibly with its own faces and the pullbacks of the
chosen X, cells under both p;, and qj,. All required families at each step
are finite. The natural incidence comparisons and free-degeneracy diagonal
construction give finite roofs

YX (p—M YZM q—M) YX

representing the desired classes. This is exactly the simultaneous carrier
argument of Proposition 7.25. ]

The abstract orthogonal-similitude description does not assert that every
one of its elements comes from an algebraic monoidal symmetry. The finite
roofs above apply to the supplied line-corrected functors. The next subsec-
tions sharpen both aspects of their scope: the shear cannot be a simplicial
self-map of any degreewise finite model, but additional frame spaces for all
matrix words supply coherent comparison diagrams in the localization.

7.19 An obstruction to strict simplicial operations

The use of finite roofs has an elementary necessity: an infinite-order ho-
mology automorphism cannot be induced by a simplicial self-map of any
degreewise finite simplicial model. Write H,(Y") for H,(|Y|;Z).

Theorem 7.35. Let Y be a nonempty stmplicial set, with m = |Y,| < oo,
and let f : Y — Y be a stmplicial self-map. There are integers a > 0
and b > 1 such that

(f*)a+b = (f«)* on Hu(Y).

One may take a < m — 1 and take b to be the least common multiple
of the cycle lengths of the finite function f, :Y, — Y,. In particular, b
divides lem(1,...,m). If f. is an automorphism, then (f.)° =id. If f,
itself 1s byective, one may take a = 0.

More generally, for fized simplicial sets Y,Z with Y,, Z, finite, the
set of homomorphisms H,(Y) — H,(Z) induced by simplicial maps has
cardinality at most \Zn||Y"|. Every strict group action on Y therefore
has finite image on H,(Y),; that image is a quotient of a subgroup of
Sym(Y,).
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Proof. Every component of the directed graph of a function on a finite set
consists of a cycle with trees feeding into it. Let a be the greatest distance of
a point of Y, from its eventual cycle, and let b be the least common multiple
of the cycle lengths. Then a < m — 1 and

fa+b — fa-
The normalized simplicial chain group is
Ca (Y3 Z) = Z[Ya]/ Da(Y),

where D, (Y) is generated by the degenerate simplices. A simplicial map
preserves degeneracies, and its chain map in degree m is induced by the
linearization of its function on Y,,. Thus the same power identity holds on
CXY(Y';7Z), and hence on cycles modulo boundaries. This proves the assertion
on H,(Y). When f, is invertible, cancel (f,)*. The bounds and the bijective
case follow from the same finite graph.

For maps Y — Z, the induced degree-n chain map, and therefore the
induced map on H,, is determined by the function Y, — Z,,. There are
at most \Zn||Y"| such functions. Finally, a strict group action acts on Y,, by
permutations. Elements acting trivially there act trivially on H,(Y'), giving
the asserted finite quotient. ]

Remark 7.36 (Finite restrictions, rather than finite realizations). The argu-
ment requires finiteness only in the relevant simplicial degree. It imposes
no bound on the number of nondegenerate simplices in higher degrees. The
same powers also agree on the simplicial n-skeleton: for 7 < n, an iterated
degeneracy Y; — Y, has a face retraction, and naturality transfers equality
in degree n to equality in degree 7. For a degreewise finite YV every fixed
skeleton is therefore eventually periodic under iteration, although there need
not be one period valid in all degrees simultaneously.

Corollary 7.37. No simplicial self-map of any degreewise finite simplicial
model of Py, with g > 1, represents the shear

T(z,y) = (z,z + y)

on m(Pg) = A® A. In particular, no strict ssmplictal SLy(Z)-action on
such a model can induce the standard slot action on .

Proof. Since Pg is simply connected, Hurewicz identifies Hy(Pg;Z) with
m2(Pg) = A @ A. The shear is an automorphism, and

T*(z,y) = (z,kz +y).
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As A is nonzero and torsion-free, this automorphism has infinite order. Its
conjugate under any identification of a model’s homology with H,(Pg) still
has infinite order, contradicting Theorem 7.35. []

Corollary 7.38. Let » > 1 and let Y be a degreewise finite simplicial
model of K(Z,r). Multiplication by an integer k with |k| > 1 cannot
be represented by a stmplicial self-map of Y. There 1s consequently no
simplictal map w :'Y XY — Y whose realization represents addition
on K(Z,r). No associativity or unit condition on u is needed for this
obstruction.

Proof. Here H,(Y) = Z. Eventual periodicity of multiplication by k would
give k% = k% which is impossible for |k| > 1 and b > 1. If u represented
addition, its composite with the simplicial diagonal ¥ — Y x Y would
represent multiplication by 2, giving the same contradiction. ]

These obstructions concern single simplicial maps on a fixed finite model.
They do not apply to continuous maps of its realization or to roofs through
finite refinements, and hence are consistent with Proposition 7.34 and the
earlier refined addition operations. They also do not exclude the order-
four Fourier class S: the obstruction detects infinite-order homology actions,
rather than every nontrivial symmetry. Theorem 7.42 constructs strict ac-
tions of all finite matrix subgroups on suitable finite replacements, including
the original Fourier Cy-action.

7.20 Coherent composition through finite frame spans

Individual roofs can be organized together with their composition compar-
isons. The useful finite object is now a diagram: its objects are degreewise
finite simplicial sets, while a product of matrices is represented through a
further common refinement. This construction does not turn a matrix into
a simplicial self-map of the fixed base.

Use the normalized action of Proposition 7.28, and abbreviate its correc-
tion line Ny to Ky Its coherent composition isomorphism has the form

Ou,n(9) : Kn(9)®" @ Ku(Ng) — Kun(g),  em =det M. (26)

Let Zj; denote the corresponding frame span of Proposition 7.34, before
replacement by finite simplicial sets:

Xo & Zyo 2 X,
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Proposition 7.39. There 1s a stmplicial compact semialgebraic space

WunN = ZN Xqy Xpu ZM

and a symplicial semialgebraic map cyn : Wy n — Zuyn such that

PuMNCM,N = PN PIy, quMNCM,N = qM PTy.

Both projections from Wy n and the contraction cy y are weak equiva-
lences after realization. Contractions of adjacent steps are associative,
as equalities of maps on the corresponding three-step frame spaces.

Proof. The fibre product parametrizes two successive framed transports. On
an edge with input label g, write their frames as

uy : Kn(g) — C, uy : Ky(Ng) — C.
Define the contracted frame by
uyn = (uy™ ® uu)fun(g) " (27)

For negative exponent, the frame uses the covariant inverse dual. Monoidal-
ity of 0y n says that the transported output triangle is exactly the same
for the two-step and contracted descriptions. This proves the two endpoint
equalities. Restriction of edge data proves compatibility with faces; the unit
normalizations prove compatibility with repeated vertices. Coherence of 8
makes the two contractions of a three-step frame tuple equal, including their
edge frames and triangles.

In simplicial degree n, write U, = C'(A™;U(1)). Both projections are
pullbacks of the principal U,-bundles pys or gy. The contraction is also
a locally trivial principal U,-bundle. Indeed, after fixing the input simplex
and contracted frames, choose the frames uy freely; formula (27) determines
u s uniquely. Its principal action is

(un, uy) — (vuy, v Muy), v € Uy,

with the intermediate simplex recomputed by the first transport. The final
output is unchanged. This description is compatible with all simplicial
operators. Local trivializations of the edge phase bundles give local sections
for each principal map.

All spaces and maps are compact semialgebraic in each degree. Degenera-
cies have closed semialgebraic images and are cofibrations. The realization
of U, is contractible, by its extra degeneracy which prepends a vertex and
assigns value 1 to its new edges. The principal-map argument in Proposi-
tion 7.25 applies unchanged and proves the three weak-equivalence asser-
tions. ]
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All words and their faces. For a word w = (My, ..., M,) in GLy(Z), listed
in the order of application, put

Ww:ZM1><XZM2><X---XXzMT, Wg:X

The product represented by w is M, - - - M. The outer word faces delete the
first or last step. An inner word face replaces the adjacent steps M;, M,
by M;.1M;, using (27). For a one-letter word, the two faces are gy and
py. These maps satisfy the semisimplicial identities strictly. For the inner
identities this is the coherence just proved; the identities involving an outer
face follow by forgetting the same initial or final transports. Word faces also
commute with the original simplicial operators.

Every word face realizes to a weak equivalence. Deletion is a pullback
of a principal map py or gy, and contraction is the same principal frame
calculation with the other steps retained. Each W, , can also be described
by an input X, -simplex and independent edge frames at each stage. Thus it
is compact semialgebraic, and its degeneracies are cofibrations. In particular,
arbitrary finite compositions and all their associativity comparisons remain
within this class.

Theorem 7.40. There are simplicial sets Yy, finite in every stmplicial de-
gree, for all finite matriz words w at once, with a single base Yy = Yy,
and simplicial word-face maps satisfying the same strict semisimplicial
identities. After realization this entire word diagram is naturally equiv-
alent, through a span of objectwise weak equivalences, to w +— |W,].
Every word-face map of the finite diagram 1s a weak equivalence.

Proof. Forget the original degeneracies temporarily. Index the spaces W, ,
by (w,n) and give such an index rank |w| + n. Each generating simplicial
face or word face lowers this rank, and each source has only finitely many
outgoing generating faces. Inductively triangulate W, , compatibly with
the preimages of the open cells already chosen at the targets of all these
faces.

There are countably many words, but the compatible family of semial-
gebraic subsets for each individual source is finite. Sources of the same
rank can be treated independently. Consequently this induction chooses all
the triangulations with the same previously chosen triangulations for X, ; it
never asks for an infinite family of compatibility conditions on one source.

Let P, be the finite poset of nonempty open cells. Every generating
map has its unique open-cell carrier, which is order-preserving by continuity
and the closure relations of a triangulation. Uniqueness makes all actual
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identities between composites hold for carriers. We therefore obtain finite-
poset diagrams with the original simplicial faces and all word faces, and
with their interchange identities.

Use the incidence categories from Theorem 7.15. Their comparison spans
are natural for every displayed map f, which induces the functor

(F,2) — (f7F, f(2)).

This functor commutes with evaluation and with forgetting the point. Freely
adjoin degeneracies in the original simplicial direction and take the diagonal.
Explicitly,
(Yo)n= [ ] NuPu,.
[n]—»s]

This is finite for each w, n, and the word-face maps remain strictly compat-
ible with one another. The natural incidence comparisons and the proper
fat—thin comparisons identify their realizations with the full W-diagram.
Since each word face in that diagram is a weak equivalence, the same is true
of the corresponding map between the Y,,. ]

In particular, the two-letter part has the strictly commuting comparison
maps
Yy «— Y — Yo, Yo — Yuw).

Together with the endpoint maps to Yy, these compare the composite of the
N and M roofs with the M N roof. The middle object need not be their ordi-
nary simplicial fibre product. It is a model of their homotopy fibre product:
the comparison square commutes and its maps are weak equivalences, so
1ts map to the homotopy pullback is a weak equivalence. Three-letter and
longer words supply all associativity diagrams, already commuting at the
level of these finite simplicial sets.

Corollary 7.41. Let Lg, be the infinity-category obtained from degreew:ise
finite simplicial sets by inverting weak equivalences, using sitmplicial
localization [21], and let Lz, be its mazimal infinity-groupord. The finite
word diagram defines a based map

B GLQ(Z) — LEn!

based at Yx. This 1s a homotopy coherent matrix action on Yx in
that localization. Realization carries it to the action represented by the
original coherent framed transports. For a matrix M its underlying
equivalence 1s the roof Yx 2 Yo LN Yx.
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Proof. Put G = GL3(Z) and regard its nerve NG as a semisimplicial set by
forgetting degeneracies. Use the inverse category of semisimplices

C = (Awj/NG)P.

Its objects are matrix words. A morphism to a face remembers the particular
order-preserving injection selecting that face. It is essential to retain these
operators: a one-letter word has two distinct morphisms to the empty word,
even when its letter is the identity matrix. Thus C is not the poset of the
words or of their possible face values.

Subdivision of the semisimplices identifies the classifying space of their
category with the fat realization of NG, up to homotopy: a chain of injec-
tive face operators gives the flag of the corresponding faces in its largest
simplex. Retaining the face operators makes these precisely the subdivi-
sion simplices, including when face values coincide. Passing to the opposite
category reverses the order in each nerve simplex and does not change its
realization. The discrete nerve is proper, so fat—thin comparison gives a

based equivalence
BC ~ |NG|| ~ BG.

The empty word corresponds to the unique vertex of BG.

Let Wh, be the category whose objects are degreewise finite simplicial
sets and whose arrows are weak equivalences. Theorem 7.40 gives a strict
functor C — Whsn. The localization functor sends every arrow of Wk, to
an equivalence, and hence induces a map of its nerve into £ . Composing
these maps with the displayed based equivalence gives the assertion. This
argument uses no claim that localization of the finite objects is fully faithful
in the infinity-category of all spaces.

For a one-letter word the loop starts at the empty word, traverses the
py edge backwards, and returns along qj,;. Its image is therefore qu]_V_,l,
with the required orientation. The two-letter faces supply the comparison
between successive transports by N, M and transport by M N; all higher
word faces supply their coherences. The natural incidence comparison is
defined for this whole category. After realization it identifies the action
with the original frame diagram, whose contractions are the composition
isomorphisms of the specified normalized action. []

Units and the size of the whole diagram. Before carrier replacement, inser-
tion of an identity matrix with the unit edge frames gives word degeneracies.
The W-diagram is the nerve, in the word direction, of the groupoid of framed
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transports. In particular it retains the unit data of the given normalized ac-
tion. The finite replacement above preserves word faces; it does not require
preservation of these word degeneracies. The category C retains all words in-
volving identity matrices, and its classifying space is BG. Thus the localized
action of Corollary 7.41 includes the unit constraints and their coherences.
The finite word diagram itself is not asserted to be the strict unital nerve of
a groupoid.

More explicitly, the degree-r word space is the disjoint union over
(My, ..., M,) of |Y(u,..,m,)|- The natural incidence spans give an objectwise
weak equivalence with the corresponding unions of |W,|, and hence a weak
equivalence after fat realization. These comparisons respect the map to the
word nerve of the discrete matrix group. This is a realization comparison of
the full coherent transport diagrams, rather than merely a list of equalities
in the homotopy category.

The distinction about finiteness is essential: every individual Y, is degree-
wise finite, and every prescribed finite collection of composition diagrams
uses finitely many such objects. The disjoint union over all matrix words is
infinite; no degreewise finite model of that entire disjoint union is asserted.
Moreover, for g > 1, Corollary 7.37 rules out a strict simplicial action on
any degreewise finite model inducing this matrix action: even the single
shear cannot be represented by a simplicial self-map. The coherent action
constructed here therefore requires equivalences represented through roofs
and their refinements.

7.21 Strict actions of finite matrix subgroups

The obstruction to a strict shear does not prevent strict finite group actions
after changing the finite model. The coherent word diagram gives such
models without equivariant triangulation. It gives both a free model and,
after a pointed modification, a model with one vertex fixed by the whole
finite group.

Theorem 7.42. Let H be a finite subgroup of GLy(Z). Choose the re-
stricted normalized action, or any specified coherent family of line-
corrected monoidal equivalences of Hy covering H, with the same nor-
malized unit data. Its coherent action on Pg has a strict free ssmplicial
H-model Vg, finite in every degree, with |Vy| ~ Pg. It also has a strict
pointed simplictal H-model Vj;, finite in every degree and with exactly
one vertex, again with V| ~ Pg. These strict actions recover the
original action as an object of Fun(BH, Spaces), the infinity-category of
homotopy coherent H-spaces. The model V; also recovers its coherent
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Yx
Yny Yiuy
\ /

Y(v,m)

Yx

A

Yun) > Yy

Figure 9: A finite word—face comparison for applying N and then M, whose
product is M N. The labels lie at the barycentres of the triangle’s faces, and
every displayed arrow is a weak equivalence from a word model to a face
model. The three occurrences of Yx are retained separately: repeating the
same object does not identify its distinct face maps. The triangle encodes
the comparison between the composite roofs for N and M and the roof for
MN. The faint dotted spokes only complete the geometric subdivision.
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pointing.

Proof. Complete the finite word diagram. Restrict the diagram of Theo-
rem 7.40 to words in H. For another coherent family, apply the identical
frame-word construction using its composition isomorphisms. Use its canon-
ical unit basepoints. At the triangulation stage, one may require compat-
ibility also with the singleton consisting of zero edge labels, unit triangle
phases, and unit frames. This is one further semialgebraic condition at each
source. The carrier and incidence comparisons then preserve the unit points.
The formal degeneracies of the degree-zero point give compatible simplicial
basepoints in every Y,. In particular (Yy)o consists of one vertex. More
explicitly, the basepoint of (Y, ), lies in the [n] - [0] summand and is the
constant nerve simplex of the unique degree-zero cell. The incidence com-
parisons and fat-thin maps send it to the degenerate unit simplex of W;
thus the comparison of the entire word diagram is pointed.

Freely add degeneracies in the word direction. The resulting bisimplicial

set is
= 1] []( (28)

lq)»[r] weH"

Let Qy = diag Q¥. The freely completed discrete word base is

(Bi).= |] H"

[g]=[r]

Forgetting the Y,, coordinate defines Qg — BF. There is a simplicial map
B}, — NH sending a formal degeneracy of a word to the same word with
identity letters inserted. Their composite will be denoted b : Qg — NH.
Here N H is the usual nerve, with consecutive letters composed in the order
of application. Since H is finite,

(@)l Z()Z| <00 (Bidal= (L4 H)".  (29)

weHT

Identify the homotopy fibre. After realizing the original simplicial di-
rection, the map to the discrete word base is equifibered: over every map of
word labels the map of fibres is a word-face weak equivalence, or an identity
introduced by a formal degeneracy. Rezk’s descent proposition therefore
identifies its degree-zero fibre with the homotopy fibre of the homotopy-
colimit map [65, Proposition 2.3(2)]. The free word degeneracies are inclu-
sions of whole components, so ordinary realization computes these homotopy
colimits. The diagonal comparison and |B}| ~ |[NH| = BH give

Y| = hofib(|b)). (30)
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Equivalently, subdivision by flags of faces identifies this construction with
the homotopy colimit of the inverse word-face category used in Corol-
lary 7.41. Thus the map to BH retains that coherent action, including its
higher comparison maps.
Pull back the unwversal cover. Use the homogeneous model
(EH), = H"", (Roy- -y hn) — (hihgt, ... hnhyt)) € (NH),,

n—1

with faces deleting and degeneracies repeating a coordinate. It is con-
tractible, and EH — N H is a simplicial covering and a Kan fibration. Each
fibre has exactly |H| elements: the first vertex determines the remaining
vertices uniquely. Form the ordinary simplicial pullback

Vg =Qu Xyg EH. (31)
It has the strict free left action
a-(z;hg,...,hn) = (z;hoa™ ..., hpa™).
The exact cardinality is

(V)| = [H|[(Qa)al- (32)

This ordinary pullback computes the homotopy pullback, although Qg
need not be Kan. Indeed, factor Qg — N H as a weak equivalence followed
by a Kan fibration. Pulling the weak equivalence back along the fibration
EH — NH preserves it by right properness of the Kan model structure;
the resulting fibrant diagram computes the homotopy pullback. This fac-
torization is used only to prove the claim and does not replace any finite
set in (31). Since EH is contractible, (30) implies |Vy| ~ |Yz| ~ Pg. The
quotient is exactly Vy/H = Qpg, and the homotopy-orbit projection of this
free action is equivalent over BH to |Qy| — BH.

Here the inverse in the displayed left action fixes the transport conven-
tion. To check it explicitly, let 2, : Y5 — Vg be the inclusion over the
constant vertex h of EH; 1. is a weak equivalence by the homotopy-fibre
comparison. The one-letter word gives a simplicial prism Y(,) x A[l] = Qg
whose endpoints are p, and g,. Lift its edge along (a™',e) € (EH);, which
maps to a € (NH);. The lifted prism gives

1-1Pa = 1¢q,-

Since the strict left action of a sends 7. to 7,-1, its action under the marking
i is ¢,p, !. Longer words give the same verification for all coherences.
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Make the pointing strict. The compatible basepoints of the Y, give
a simplicial monomorphism s : B — Qu, a section of Qg — BF. It
is important that the section is defined on Bj;; no section NH — Qp is
required. Its pullback

E;_}:BE XNHEH ‘—)VH

is H-invariant. The map E} — EH is a weak equivalence, since Bf; - NH
is a weak equivalence and EH — NH is a Kan fibration. Thus Ej; is
contractible after realization. Its inclusion is a simplicial monomorphism,
hence a cofibration. Consequently the quotient

Vi =Vy/Ef (33)

has a strict H-fixed vertex and the collapse Vg — V}; is an underlying weak
equivalence. After realization this is the collapse of a contractible cofibrant
subspace [35, Proposition 0.17]. Both (Vg)o and (E})o are the set H, so this
is the only vertex. All degrees remain finite; more precisely,

((Vir)n| = [H|[(Qu)n| — [H|(1 + [H[)" + 1.

To check the pointing, retain the equivariant square with upper arrow
E}; — Vy and lower arrow * — V7. The vertical maps are underlying weak
equivalences. In the infinity-category of homotopy coherent H-spaces the
map E;; — x is therefore an equivalence, so the upper arrow is the original
coherent basepoint, supplied by the unit sections of the word diagram. The

square identifies it with the fixed vertex of V};. The composite Y 2 Vg —
V;; gives the corresponding based weak equivalence of underlying spaces. [l
Corollary 7.43. The raw Fourier lift of the order-four matriz S = ( % })
and the normalized lift of the order-siz matriz U = ST = (1 }) each
admat a strict simplicial realization on a degreewise finite model of Pg,
inducing their usual slot actions on my and the identity on m3. The
model can be chosen free for the cyclic group, or with one fized vertezx.
The strict relations are S* =1 and U® = 1 on their respective models.

Proof. For the raw Fourier action, one can use the whole group of signed
permutation matrices, isomorphic to Dg of order 8. Every such matrix and
every product has f(M) = (ac,bd) = 0. Hence the defect vanishes, as
verified explicitly in Section 7.22. The raw lifts form a coherent action for
arbitrary L, so the theorem applies to it and to its subgroup (S) = C,. For
(U) = C¢ use the normalized family; the matrix identities U3 = S%2 = —T
verify the indicated orders. L]
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These finite subgroup models need not coincide. For g > 1 one degreewise
finite model cannot even carry two simplicial self-maps fs, fy inducing the
standard S, U on H, under a common marking. Indeed (f3ofy). = S°U =T,
which would realize the forbidden shear of Corollary 7.37. No strict finite-
order relation on fg or fy is needed for this contradiction. The theorem pre-
serves the coherent action, its homotopy orbits and homotopy fixed points,
and its coherent basepoint. It does not assert equivalences on every sub-
group’s ordinary fixed-point space; the free and one-vertex models already
have different fixed-point sets. Finally, strict order four on this topological
model does not remove the derived shift: in the principally polarized case
the Fourier functor still has fourth power [—2g] [52, Theorem 2.2].

Pullback Pushout

Vi

EH E}

Vi

12
|

NH x -V

Qu

Figure 10: For finite H, pulling back the universal cover EH — NH gives
Vy a free strict H-action. The invariant contractible simplicial subcomplex
E; retains the coherent unit section. Collapsing it gives V}; = Vi /E}; with a
fixed vertex; the marked vertical maps are weak equivalences on underlying
realizations. All displayed simplicial sets are finite in each degree. The
collapse does not assert preservation of genuine fixed-point spaces.

7.22 Concrete finite matrix subgroups

The standard slot representation gives a precise boundary for strict actions
on a degreewise finite simplicial model. The following explicit examples
require no classification of the finite subgroups of GLy(Z).

Retain the rotation and lower shear, and put

0 1 10 1 1
s=(%0) t=(19) west=(19)

Two useful reflections are

(%) oY)



Proposition 7.44. These matrices give finite subgroups
(S) = Cy, (U) = Cs, (S, R) = Ds, (U, J) = D1o.
Here D,,, denotes the dihedral group of order 2m, with presentation
Doy = (r,s| " =8>=1, srs =r"1).

In theiwr Heisenberg actions, every rotation fizes the central band and
every reflection acts on it by inversion.

Proof. Direct multiplication gives
SP=U=-1, S§*=U0°=1, R=J=]1,
and

RSR =871, JUJ=U""'= <(1) _11> .
The orders of S and U are exactly 4 and 6: S?2 = —I # I, while U3 = —1I
and U? # I. The reflection relations reduce every element of the two larger
groups to S* or S*R, respectively U* or U*J. All these elements are distinct:
the rotation powers are distinct, and a reflected element has determinant
—1, whereas a rotation has determinant 1. The orders are therefore 8 and
12. Finally the matrix lifts act on the central band by the determinant, as
in Proposition 7.26. In particular the central element —I fixes that band,
although it negates both lattice summands. ]

Corollary 7.45. Let E be a nondegenerate integral alternating form on a
free lattice A of rank 2g, with g > 1, and let H < GLy(Z). There exists
a strict ssimplictal H-action on a degreewise finite model of Py inducing
the standard slot representation on Hy(Pg;Z) = A ® A if and only if H
1S finite.

Proof. The standard representation M — Fj; on A & A is faithful because
A is nonzero and torsion-free. Theorem 7.35 says that the homology image
of any strict action is finite. Thus the isomorphic image of H must be finite.
For the converse, realize E by a polarized complex abelian variety. In a
symplectic normal basis write E(e;, f;) = d;0;; with d; > 0. The complex
structure Je; = f;, Jfi = —e; satisfies E(Ju, Jv) = E(u,v) and E(v, Jv) > 0
for v #£ 0. The Riemann bilinear conditions give the required realization; one
can equivalently take a product of elliptic curves with degree-d; polarizations.
This is the construction recalled in Proposition 7.48. The space Pr depends
only on the marked form E. For finite H, restrict the normalized coherent
action of Proposition 7.28 to H and apply Theorem 7.42. ]
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There is a useful refinement for the original Fourier lift. Every matrix
in Dg = (S, R) is a signed permutation matrix, so (M) = (ac,bd) = 0 for
every M € Dg. The exact defect identity consequently gives

2k(M,N) = B(MN) —eyB(N) - B(M)N =0 (M, N € D).

Thus the original correction lines Nj; already have trivial composition defect
on this subgroup for arbitrary L. Uniqueness of origin-normalized isomor-
phisms gives their coherence. The finite replacement can therefore retain
the earlier Fourier Cy-action with Ns = Br(z,y)™!, without changing it to
the normalized Fourier lift. For the displayed Cg and D;; actions we use
the normalized family; if L is symmetric, the original family is coherent on
these groups as well.

The four displayed groups are concrete examples, rather than an asserted
complete list. The obstruction concerns the faithful standard homology
action and does not rule out actions of infinite groups whose image on that
homology is finite.

7.23 The same hyperbolic lattice in Orlov’s criterion

There is an exact lattice comparison behind the preceding connection with
derived categories. Write AY = Hom(A,Z), and equip A & AV with the
symmetric form

Q((z,0), (', £)) = £(z') + £ (=).
This is the unimodular hyperbolic form of signature (2g, 29).

Proposition 7.46. For a polarization form E on A, define
g AOAN— ADANY, (z,y) — (z,4y), 2,(z) = E(z,y).
Then the Whaitehead form of Pg 1s
I=15Q. (34)

If the polarization has type (di,...,dy), the itmage of tg has index
(di---d,)?.  In particular, a principal polarization gives an integral
isometry (A® A, I) = (A A, Q).

Proof. The pullback calculation is

Q(LE(m) y): ['E(mli y/)) - E(mli y) + E(.’E, y/) - I((m’ y)’ (m/) y/)) :

The second component of .z is the injective lattice map with matrix E. Its
cokernel has order |det B| = (d; - - - d,)?. O
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To fix the geometric sign, identify H,(AY;7Z) with AV by the convention

c1(P)((2,0), (0,8)) = £(2).

The identity By, = (1 x Az)*P then gives (A1)«(y) = £,, because the mixed
component of ¢;(By) is E(z,y). Thus tg is the homology map of 1 x Ay :
Ax A— Ax AY. The associated quadratic function also agrees:

1Q(es(z,v),t8(z, ) = E(z,y),

which is the quadratic function underlying the class ¢ = E(u — v).

Orlov uses this very form @ on H; (A x AY;Z). His Proposition 2.21 says
that an isomorphism of complex abelian varieties A x AY — B x BY is
isometric in his sense precisely when its map on first homology preserves @
[68, Remarks 2.2-2.3 and Proposition 2.21]. Derived equivalences produce
such isomorphisms by his Theorem 2.19.

The algebraic-isomorphism hypothesis retains the missing period infor-
mation. An integral lattice isomorphism must intertwine the complex struc-
tures on the two product tori before it defines a holomorphic, hence algebraic,
group isomorphism. Equivalently it must respect their weight-—1 Hodge
structures. The identification of underlying lattices H;(AY;Z) = AV should
not erase the Tate twist: as Hodge structures the dual side is H1(A4;7Z)"(1).
Therefore (34) is an exact comparison of integral forms, not a principle that
every integral Q-isometry is algebraic or arises from a derived equivalence.
The Whitehead pairing records the form; Orlov’s criterion also remembers
how its lattice sits in a complex torus.

7.24 An obstruction to reconstruction from the Betti homo-
topy type

The loss of complex geometry can be demonstrated by two explicit princi-
pally polarized elliptic curves. The conclusion concerns the homotopy type
of the model, even with the marked pairing retained.

Proposition 7.47. There are principally polarized complex elliptic curves

(A, L) and (B, Lg) with isomorphic marked integral pairings and equiv-
alent Postnikov spaces Pg, but with A and B nonisogenous and

D Coh(A) % D®Coh(B)

as C-linear triangulated categories. Consequently the homotopy type of
Pg, or of a degreeurse finite simplicial model for it, does not determine
either the complex abelian wvariety up to isomorphism or its derived
category up to C-linear exact equivalence.
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Proof. Put w = (—1+ +/—3)/2 and take
A=C/Z+iZ), B=C/Z+wl), La=040)), Ls=0x([0)).

These one-dimensional complex tori are elliptic curves, and the displayed
degree-one lines give principal polarizations. Choose positive integral bases
for their first homology. Both alternating forms then have the same matrix

E = (_01 (1)> , [Bg| = u1v2 — uav;.
Their Postnikov spaces are therefore homotopy fibres of the same degree-four
class on K (Z*,2), and are equivalent over that common base. Corollary 7.19
supplies degreewise finite simplicial models of this homotopy type.

For a lattice IT C C, the endomorphisms of C/II are the scalars a satisfy-
ing aIl C II; see [50, Chapter III, Proposition 3.17 and Example 3.18]. Since
both displayed lattices contain 1 and are rings, this gives

End(A) = Z[s],  End(B) = Z[w).

Thus their rational endomorphism algebras are respectively Q(z) and
Q(+/—-3), which are not isomorphic as Q-algebras. An isogeny becomes
invertible after tensoring homomorphisms with Q; conjugating by it would
identify the two rational endomorphism algebras. Hence A and B are not
isogenous.

By Orlov’s theorem [58, Theorem 2.19], an exact derived equivalence
would induce an isomorphism of abelian varieties

Ax AV~ Bx BY.

The principal polarizations identify the duals with the original curves, so
this would give A? = B2, Restrict such an isomorphism to the first factor
A. At least one of its two projections to B is nonzero. Every nonzero
homomorphism of elliptic curves is an isogeny, contradicting the preceding
paragraph. ]

This is an obstruction to homotopy-invariant reconstruction. It does not
assert that the two chosen finite simplicial sets are isomorphic, or that ar-
bitrary combinatorial data cannot encode additional information. A chosen
presentation may carry markings, algebraic charts, or deliberately retained
parameters beyond its homotopy type. The proposition says that recovering
the variety or its derived category cannot factor through the Betti homotopy
type alone. Retaining the algebraic group stack and its action is a different,
richer construction.
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7.25 The extra data that recover the abelian variety

The obstruction above identifies information that must be retained outside
the bare homotopy type. There is a classical, explicit way to supply it. Keep
the original lattice A, rather than only the isomorphism type of 73(Pg), and
set V=A®yR.

Proposition 7.48 (Classical reconstruction data). Suppose A has rank 2g,
E:ANxAN— 7 1s alternating, and J : V — V satisfies

J? =1, E(Ju, Jv) = E(u,v), E(v,Jv) >0 (v#0).

Then A = V;/A is a complex abelian variety, and E determines a po-
larization of A. To specify an ample line bundle representing that po-
larization, retain wn addition a semicharacter x : A — U(1) satisfying

x(A + 1) = x(A)x(u) exp(TiE(A, 1)) (35)

The resulting data determine (A, L) up to isomorphism, with ¢;(L) = E.
A mgidification of L at the origin can be included.

Proof. The complex structure is multiplication by ¢+ = J on V;. The dis-
played conditions are the Riemann bilinear conditions, so the quotient is
projective and its analytic group law is algebraic; see [49, Chapter I, Theo-
rems 2.8-2.9]. The linear-first Hermitian convention there uses the alternat-
ing form —FE. For the line, put

H;(u,v) = E(u, Jv) + 1E(u,v).

This form is conjugate-linear in its first variable, linear in its second, Her-
mitian, and positive definite. Define

3(v) = XN exp (THs (A, ) + S Hi(AN)) (36)

The functions 7, are holomorphic and obey jx;,(v) = jr(v+up)7u(v). Indeed,
the ratio of the right side to the left side is

x(A)x (1) m
O exp (5 (Hs(A 1) — Hy(p, A)))

= exp(—miE(A, u)) exp(miE(A, p))

Thus the action A- (v, 2) = (v+ A, 71(v)z) defines a holomorphic line bundle
L = (V; x C)/A. Appell-Humbert gives c;(L) = E and classifies all the
choices. The descended metric e "#7(¥:Y)|z|2 has positive Chern curvature,

1.
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so L is ample. By GAGA it is the analytification of an algebraic line bundle
on A. The class of (0, 1) specifies a nonzero vector in Ly.

For the sign convention, Polishchuk uses a Hermitian form linear in its
first variable and obtains ¢; = — Im H [61, Theorem 1.3(2) and Corollary 1.4].
Apply that statement to H(u,v) = H (v, u), for which Im H = —E. The
factors are exactly (36); the semicharacter condition is unchanged because
E is integral. []

Here the Hodge structure on A = H;(A;Z) has weight —1, with types
(—=1,0) and (0,—1). The familiar weight-one Hodge structure belongs to
ANV = H'(A;Z). Remembering J is the corresponding period information.
The integral form E, once J is fixed, determines A\;, : A — A", but does not
select L: two semicharacters satisfying (35) differ by a unitary character.
These characters give precisely the Pic®(A)-torsor of line bundles with first
Chern class E.

The scope of this enrichment is concrete. A lattice isomorphism inter-
twining J, preserving F, and carrying x to x’ induces an isomorphism of
the reconstructed pairs (A, L). Conversely, a group isomorphism of pairs
induces these identifications. Thus the added data recover the algebraic in-
put to the Heisenberg extension and its derived action. They are continuous
geometric decorations: after choosing a basis, J is a real matrix and x is
specified by finitely many phases. They are not recovered from the finite
model’s homotopy type. Varying them leaves the formula ¢ = E(u — v)
unchanged. No construction here equips the degreewise finite Eilenberg-
Mac Lane models with an intrinsic Hodge structure, or proves an enriched
spectrum reconstruction theorem.

7.26 Projective towers over Jacobians

The elliptic construction extends to every pointed smooth connected projec-
tive complex curve (C, po) of genus g. Put

L=0c(p), Va=HC,LY,  F;=P(Vy) =|dpo| (d>0),

where projectivization parametrizes lines and Fj is a point. Let so; be the
canonical section of L with divisor py. Multiplication by sy gives a linear
inclusion

’id:Fd‘—)Fd+1, D v+— D + pg.
Riemann—Roch gives Fy = CP? 9 for d > max(0,2g — 1); in this range 4 is
a hyperplane inclusion. Earlier inclusions can repeat a projective space. A

compatible basis of the increasing section spaces identifies their weak colimit
F, homeomorphically with CP*.
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Proposition 7.49. Dwvisor addition defines morphisms
Mde : Fyx Fp — Fy.., (D, DI) — D+ DI,

compatible with stabilization in either variable. They induce a contin-
uous, strictly associative and commutative monoid operation on F,
with unit Fy. If hg = c1(Op,(1)), then

pgehdre = Pr] ha + PI3 he.

Thus this operation represents addition on K(Z,2).

Proof. Products of nonzero sections on the integral curve are nonzero. Sec-
tion multiplication therefore defines the displayed morphism and the canon-
ical line-bundle isomorphism

piOr, (1) = Op,(—1) K Op,(-1).

Dualization proves the Chern-class formula. Multiplying either input by sq
multiplies its output by sq, proving compatibility. Associativity, commuta-
tivity and the unit hold on divisors exactly. Continuity uses the compactly
generated weak colimit topology. The primitive class h characterizes addi-
tion on K(Z, 2). O

There is also an exact norm-line interpretation. On Sym?C, the
permutation-equivariant line ), pr; L on C? descends to the incidence line
Ny = O(X,,), where X, is the divisor of effective divisors containing py.
For d > 1,

Nd|Fd = OFd(l) ® Ld'Po‘

Indeed the universal divisor on C' x Fy has line bundle pry, L? ® prj, Or,(1);

restrict it to {po} x Fyj. A choice of a nonzero vector in L|,, removes the con-

stant factors compatibly in all degrees. This line identity holds even when

Do is a base point of |dpy|; its incidence section then vanishes identically. The

incidence locus is guaranteed to be a hyperplane in F; for d > max(1,2g).
The ambient geometry is the Abel-Jacobi map

ag:Sym?C — J(C), D+ [Oc(D —dp)], a;*(0) = Fy.

Its fibres are complete linear systems [48, §5, especially Remark 5.6(c)|. For
d > max(0,2g9 — 1) it is a projective bundle: a normalized Poincaré line
P on C x J(C) gives the vector bundle £ = (pr;).(P ® prs L?%) of rank
d + 1 — g, whose projectivization is Sym?C. The assertion follows from
HY(C,M ® L%) = 0 for M € Pic’(C) and cohomology and base change. In
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this range, stabilization gives exact sequences with constant one-dimensional
quotients £;,1/&;. Continuous splittings and a trivializing cover for one
initial bundle give compatible local trivializations of the whole tail. Thus
0o is a topological CP*°-bundle, and its fibre F, is also its homotopy fibre.
Dold—Thom gives

Sym™(C, py) ~ K(H.(C;7Z),1) x K(Z,2) ~ J(C) x CP®

[18, Theorems 6.10 and 7.1]. Here a, induces the Abel-Jacobi isomorphism
on m; the fibre contributes my = Z. No chosen product homeomorphism
is asserted. For g > 1, the theta polarization belongs to the Jacobian [48,
§6]: its pullback restricts trivially to each Fj;, whereas hy is the relative
hyperplane class.

Fibre over 0 Effective divisors Jacobian
Fd d ad
LB, ——  smic  —— J(©)
14 :
_l_
6 l Po ] id
F d+1
~ Cpiti-g sym*lc  ——— J(O)

Stable limit

F o Qoo
o0 ——> Sym*(C,py) —> J(C)

Figure 11: The curve tower for d > max(0,2g — 1). Each left-hand term
is the fibre over 0 € J(C). Adding py gives a hyperplane inclusion on the
projective fibres and leaves the Abel-Jacobi value unchanged. Both squares
commute; the Jacobian remains the base in the stable limit.

Writing ¢(p) = [Oc(p — po)], the ordered fibre is

Zy(C) ={(p1,---,pa) €C*: 3;u(pi) =0}, Z4(C)/S4 = Fu.

For g = 1 and py = 0, this is precisely the AM zero-sum elliptic torus, with
d =q+ 1 and F; = CP?. For g > 1 the ordered fibre is generally not an
abelian variety; the Jacobian remains its ambient parameter space for divisor
classes. These results establish a geometric projective tower and its stable
addition. They do not supply periodic polyhedra for Z;(C) or compatible
finite flag presentations in higher genus. Such a comparison with the existing
toric models requires a new construction.
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8 Reordering, reorientation, and a finite symmetric-
flag model

Reordering simplex vertices acts on the arrangement by signed changes of
face coordinates. The existing walls already admit these changes. The
ordinary nerve introduces a second ordering, namely the order of the faces
in an incidence flag. Allowing arbitrary enumerations of a flag makes the two
actions compatible on the diagonal, without changing its homotopy type or
degreewise finiteness.

8.1 All vertex maps and their induced reorientations

Let F have the finite sets [g] = {0,...,q} as objects and all set maps as
morphisms. For a finite pointed input set S, put

Vo(S) = ZMAlgR)™,  Ly(S) = Z*(Alg 2)*".

Extend a normalized cochain alternatingly to all tuples of vertices, with
value zero on tuples having repeated vertices. Every set map f : [m] — [n]
then has a pullback

(F2)(%0, - - 1) = z(f(30), - - -, £ ())-

This is functorial and commutes with coboundary. Indeed the induced map
on oriented simplex chains sends an oriented face to the oriented image face,
or to zero if vertices coincide, and commutes with the alternating boundary.

If J={jo < - < Jgr} C [m] and f|, is injective, let e(f, J) be the sign
that sorts (f(30),.--, f(Jx)). Then

05(f z) = e(f, J)b} s (2)- (37)

The sign is the same for every input s. Hence every target wall pulls back
to a source wall or to a constant equation:

Z 05(f"z) = e(f,J) Z 0% ()

seU seU

If f|; is not injective, the left side is zero.
For clarity, write the covector coordinate as

X,(U, J,a) = sgn <Z 6%(a) - ) . acl

seU
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Equation (37) gives the exact reorientation rule

e(f, J)X2(U, f(J),e(f,J)a), f|s injective,

L (38)
sgn(—a), f|s not injective.

Xpo(U, Jya) = {

Thus an open source face has one open carrier under f*. The resulting
order-preserving carrier maps

ps - PI(S) — PR(S)

compose strictly. They are equivariant for f* : L,(S) — L, (S) and therefore
induce functors on the orbit incidence categories. The category-valued con-
struction already extends from A to F°P. It still commutes with pointed-
set fibre sums, since those sums commute with alternating vertex pullback.

This is the reorientation induced by reordering simplex vertices. It does
not assert invariance under independently reversing selected inputs. For
example, when g = k and there are two inputs, reversing ¢; changes the wall
t, + 1ty € Z into t, — t; € Z, which is not one of the original wall families.

8.2 Why the ordinary diagonal needs a modification

The diagonal is Xc(,k)(S)n = NnC,gk)(S). Its face map both restricts the vertex
coordinates and deletes an entry of the incidence flag. Applying a vertex
permutation only to the arrangement leaves the flag-entry positions fixed,
so it need not satisfy the crossed simplicial identities.

Here is an explicit example with one input and k£ = 1. In vertex degree
two use ¢ = 6y; and y = 0y, and the lifted flag

FO:{(OaO)}’ Fl:{0<$<1ay:0}; F2:{0<y<w<1}.

Let 7 = (1 2); its arrangement action interchanges z,y. Denote by T,
its action on every entry of the flag without reindexing the entries. The
injection identity 70, = §; would require d,T, = d;. But d,T) gives the
degenerate edge (v, v), whereas d; gives a nonidentity incidence (v, e) in the
integer-wall circle category. These remain different after the lattice quotient.
Thus the arrangement symmetry alone is not a symmetric structure on the
ordinary diagonal.

8.3 Flags with arbitrary index order
Definition 8.1. For a poset P, let

Sym,(P) = {(Fo, - .-, Fp) : the set of entries is a chain in P}.
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The entries may occur in any order and may repeat. A set map a : [r] — [p]
selects the tuple (Fq (), ..., Fu(r)). This defines a functor 7°P — Set, whose
restriction to AP is a simplicial set.

Lemma 8.2. The wnclusion j : N(P) — Sym,(P) s a homotopy equiv-
alence after realization, naturally for order-preserving maps of posets.
Its geometric tnverse and homotopy are also equivariant for every group
acting on P by order automorphisms.

Proof. Represent a point of | Sym,(P)| by a tuple (Fy,..., F,) and barycen-
tric coordinates (ao,...,ap). List its distinct entries in increasing order as
Go < --- < Gy and set

bj = Z a;.

1. F=G;
The ordered flag (Go,...,G,) with weights (bo,...,b;) defines a map r to
|N(P)|, and 7|7]| is the identity.
A homotopy from the identity to |j|r is represented by the concatenated
tuple
(Fo, ..., Fp,Go,...,Gy)

with weights
(1 -1%)ag,...,(1 —t)ap,th,...,th), 0<t< 1.

Its entries still form a chain. Removing an entry of weight zero removes a
zero-weight entry in the first block and, if necessary, one in the sorted block.
Combining adjacent equal entries, which is the degeneracy identification,
combines their weights in the first block and leaves the aggregated weights
unchanged. Thus the formula respects both face and degeneracy identifi-
cations. It is continuous on each realization simplex, hence continuous on
the realization. No identification of nonadjacent repeated entries is being
assumed.

An order-preserving map sends the sorted list to a weakly ordered list;
any equal adjacent entries combine by a degeneracy. Therefore r, 7, and the
displayed homotopy are natural. Equivariance is the special case of order
automorphisms. O

Define a bisimplicial set by
BT (S) = Sym,(P{Y(8))/Lo($),

where the quotient uses one simultaneous translation of all entries. Both
directions in fact admit all finite-set maps: one selects tuple entries, and the
other applies the carrier maps p;. These operations commute.
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Arbitrary enumeration

Fy Fy Fy Fy
Qo a ) as
sort and collect
l equal labels

Y

>
Y

F Fy

a; + as a2 Qo

Figure 12: Geometric sorting for Fy < F; < F,. The two occurrences of Fj
contribute their combined barycentric weight a; + as.

Theorem 8.3. The diagonal
y#(s), = BIm(S)

1s degreewnse finite and extends to a functor F°P — Set. Ezplicitly, for
film] = [n],

There 1s a natural ssimplicial weak equivalence
xP(s) — Y®(s).
It 1s compatible with the pointed-set operators. In particular,

Y®(S)| = K(Z¥, k +1).

Proof. Every tuple in Sym,(P) can be sorted into an ordinary weak flag by
a permutation of its p + 1 positions. Consequently there is a surjection of
finite sets

Dpi1 X NCH(8) — BI™(S),

using the unique simultaneous-lift description of the ordinary nerve. This
proves finiteness.

Formula (39) is independent of the common lift: translating the input by
A translates the output by f*\. Carrier functoriality and ordinary selection
of tuple entries prove its composition identities.
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A fixed vertex degree g

112

(k) > mlse|(¢
[NCa () geometric T/%16)
The diagonal models
1x57(3)]
~ /,/’ \\\\ X =
Y®(s) (2%, k +1)]

Figure 13: Two different comparisons. The solid arrow identifies a fixed
polyhedral torus level geometrically; its chosen barycentric homeomorphism
need not commute with vertex pullback. The dashed arrows are weak equiv-
alences of realized diagonal models. Both flag models are degreewise finite,
while the standard integral cocycle model on the right is not.

Apply Lemma 8.2 to 73'5’“)(5) The retraction and homotopy are L,(S)-

equivariant. Since realization commutes with orbit quotients, they give a
homotopy equivalence in every fixed vertex degree gq:

INCP(S)| — | BI(S)]-
The inclusions form a map of bisimplicial sets, natural under carrier maps.
The diagonal weak-equivalence lemma for bisimplicial sets gives the stated
weak equivalence; equivalently one can first realize the nerve direction and

then the vertex direction. Naturality for pointed-set carriers proves the
remaining assertions. [

The symmetric crossed simplicial category AG has a forgetful functor to
F: it forgets the orders on the fibres of a morphism. Restricting the preced-
ing finite-set functor along it gives an actual AG-object. Its permutation
action reorders the flag indices and simultaneously reorients the face evalu-
ations by (38). This is a strict finite version of the reordering mechanism at
the level of our models.

The result is a symmetric simplicial set, not a crossed simplicial group.
It supplies neither a group law on its simplex sets nor a new crossed multi-
plication. The already constructed resolved addition is retained through the
pointed-set operators. Identifying further group-like crossed data remains a
separate construction.
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8.4 Normalization and the exact correction law

Reordering interacts with the choice of a fundamental domain through an
integer correction. Define v,(z) € L,(S) by specifying its anchor values:

05,1(v4(z)) = 185,1(z)].

The anchor coordinates freely specify an integral cocycle, so this defines
v, even though the floors of all face values need not form a cocycle. Put
ng(z) = ¢ — v,(z). Its anchor coordinates lie in [0, 1).

Let T : V,(S) — V,(S’) be a composite of alternating vertex pullbacks
and pointed-set fibre sums. It preserves the lattices and has the carrier maps
proved above. Define

kr(z) = v, (Tz) — Ty,(z) € L.(S"). (40)

It is constant on every open source face and invariant under translation by
L4(S): each relevant character has a constant integer part on that face, and
an integral translation changes the two terms equally. It thus gives finite
correction data on the finite set of orbit faces, for each fixed T'.

Proposition 8.4. For composable allowed maps T and U,

n,(T'z) = T'ny(z) — kr(z), (41)
K,UT(w) = UK,T(IB) + K,U(TIB). (42)

Proof. The first identity is the definition. For the second, expand the right
side; the two terms Uv,(T'z) cancel, leaving v(UTz) — UTv,(z). O

For addition in vertex degree g = k, one input has one coordinate. The
correction is the familiar carry

b(z,y) = [z +y] - [z] - [y].
For arbitrary real z,y, z, cancellation of integer parts gives
b(z,y) + b(z + y,2) = b(y, 2) + b(z,y + 2).

Together with integer-translation invariance, this is the same identity writ-
ten using fractional representatives. In general degrees, evaluating (40) on
the relevant anchor gives the cochains of Section 21.1.

110



Rebasing a circular configuration. For £ = 1 in vertex degree two, set
T = 291 and Yy = 2Zgo, SO 210 = Yy — z. Interchanging vertices 0, 1 acts by

($7y) — (_w)y - QZ)

On the normalized square the result is ({—z}, {y —z}), where {u} = u— |u].
For 0 < z,y < 1, the carry vector is (—1,0) when y > z and (—1, —1) when
y < z; on y = z its second entry is zero. Thus the existing diagonal wall
records the change of normalization. The reordering and correction are
explicit, including their wall values.

Relation to the classical crossed mechanism. For a crossed simplicial group,
unique factorization moves a group automorphism past an order-preserving
vertex map. Its realization comparison also changes simplex coordinates; in
a standard convention it has the form

G x: K| — |G < [K|,  [g,2;t] — ([g; 2], [z; g4]).

This is the mechanism in Krasauskas’s group-realization argument [40]; see
also [26, Section 5]. The sign rule (38), the symmetric flag operators, and
(42) make corresponding data explicit for our arrangements. They do not
by themselves produce unique group factorization or a product homeomor-
phism for the finite models. The following obstructions specify what remains
beyond these formulas.

8.5 What reordering recovers geometrically

There are two different geometric issues: retaining the affine coordinates of
a fixed torus level, and making the resulting construction compatible with
the vertex direction before taking the diagonal. The following calculations
separate them.

Proposition 8.5. At vertex degree ¢ = k, neither the ordinary carrier Se-
gal map nor its symmetric-flag replacement realizes a homeomorphism.
Sorting flag entries does not turn the carrier fold into affine addition
under the usual barycentric evaluation.

Proof. The single-input cover is the integer-wall line. With two inputs the
cover has walls z € Z, y € Z, and = + y € Z. Inside the unit square let

C.={z>0,y>0,z+y<1l}, Ci={z<1,y<l, z+y>1}
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They are distinct open faces, even modulo the integer lattice. Both have
projection carriers (e,e), where e = (0,1) is the open edge of the single-
input arrangement. Thus their distinct nerve vertices have the same image
under the carrier Segal map. The same is true in the symmetric nerve. On
the diagonal, the constant length-(k + 1) flags at C_ and C, are distinct
k-simplices with the same Segal image. Lemma F.1 therefore also rules out
a homeomorphism for either diagonal Segal map.

For the fold, use the barycentres of the closed polytopes. The vertices
labelled C_ and C, evaluate respectively to (1/3,1/3) and (2/3,2/3). Affine
addition evaluates them to 2/3 and 1/3 modulo one. Their fold carrier is
in both cases e, whose barycentre is 1/2. Sorting a constant flag changes
neither its cell label nor its weight, so cannot correct these discrepancies.

More generally, sorting is itself not an injective map on ordinary real-
izations. If F' < G, the two nondegenerate symmetric-nerve edges (F,G)
and (G, F') have disjoint interiors, but sorting identifies their interior points
after reversing the weights. This is a statement about the specified car-
rier comparison and barycentric evaluation; it excludes no other geometric
twist. []

Reorientation does nevertheless give an exact product and addition in
this lowest torus level. The construction is particularly small. Let C' =
A[1]/8A[1], with vertex v and nondegenerate edge e. Define a simplicial set
P with one vertex, three nondegenerate edges a, b, d, and two nondegenerate
2-simplices satisfying

(doa, lel, d2a) = (d: b; a’)7 (dOIB: dLB; dZIB) = (a: b7 d)

There are no further nondegenerate simplices. Geometrically these are the
two ordered triangles

a = [(0’ 0)7 (17 0)7 (07 1)]: p= [(1’ 0): (0’ 1)7 (17 1)]

in the unit square, with opposite boundary edges identified. Consequently
their affine characteristic maps give a homeomorphism

H:|P| = |C|x|C|=T>
There is an ordinary simplicial map

m: P — C,
m(a) = m(b) = e, m(d) = sov,
m(a) = sie, m(B) = sqe.
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5

(0,1) a (1,1)

J >
; C = A[1]/8A[1]
d Im|
b b — e
T+Yy
o v
a,b—e
(0,0) a " (1,0) d—v

Alongd: z |, y 7

Figure 14: The reordered circle product. Addition is constant on the diag-
onal edge d; its first coordinate runs backwards. Edges bearing the same
label are identified.

The displayed face formulas verify this assertion. In barycentric coordinates
(Ao, A1, A2), the sum coordinate on a is A\; + A and on S is 1 + A;. These
are exactly the realizations of s;e and spe modulo one. Hence

/m| = (+ mod Z) o H.

Here H is not the realization of an ordinary simplicial map P — C x C: on
the diagonal edge d, its first projection runs from 1 to 0, giving winding num-
ber —1, whereas a simplicial image of an edge in C' is either e or degenerate,
with winding number 1 or 0. The reversed orientation is exactly where this
geometric product comparison escapes the ordinary-product obstruction.

This example is a finite presentation of the product and fold at the single
torus level ¢ = k. It does not provide vertex pullbacks compatible with
these triangulations in every g, nor a crossed multiplication on Xék)(1+) or
Y(k)(1+). In particular its circle C is a replacement presentation of the level
torus, not the diagonal finite K(7Z, k + 1) model.

In every fixed vertex degree there is also an exact polyhedral description
without such a compatibility claim for discrete simplex sets. Retain the
closed characteristic polytopes and their actual affine maps. The subset-
sum arrangement refines the product of the single-input arrangements, so
forgetting its extra walls is the identity of the underlying product torus.
The fold is the actual linear map on the covers, hence actual torus addition.
These maps commute with vertex pullback at the level of the underlying
simplicial topological tori. Passing only their carrier labels to nerves discards
the point coordinates, as the preceding two-chamber calculation shows. A
global crossed construction would have to retain or reconstruct the necessary
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coordinate transformations compatibly in the vertex direction.

8.6 Testing the original coordinate-reordering formula

The classical comparison has more content than a permutation action. For
a crossed simplicial group G and a simplicial set K, write 7, for the permu-
tation of [n] induced by g € G, and put

(97u); = Ury1(j), u €A™
Krasauskas defines the twisted product by

(G Xt K)n = Gy X K,
di(g,z) = (dig, dn,()T), s5i(9,T) = (8ig, S, (5)T)-

Its realization has the natural homeomorphism

$: |G x: K| = |G| x |K]|,

(43)
(9, 2), u] — (9, ul, [z, g7u])-

These are Definition 2.1, equation (14), and Theorem 2.3A of [40, pp. 51-52].
The underlying categorical condition is the unique expression of a morphism
as an order-preserving map after a source automorphism [40, Definition 1.1,
p. 47]. It gives the crossed relations used by the twisted faces and degenera-
cies.

To apply this argument to our flags, one would need a unique normal
form with these compatibilities, or a replacement that proves the same geo-
metric gluing statement. The symmetric-flag action alone supplies neither.
In particular, two distinct chambers can have the same pair of projection
carriers. The following test shows that merely assigning permutations to
those chambers cannot repair the comparison.

Proposition 8.6. Let k > 1. There is no injective map
k k
1%57(24)] — Dy

whose value on each stmplex uses 1ts two projection-carrier flags and
only permutes their barycentric coordinates. The same assertion holds
for the symmetric-flag models. Allowing the induced verter reorienta-
tions 1n addition to these coordinate permutations does not remove the
obstruction below.
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Proof. In vertex degree ¢ = k, the one-input arrangement is the integer-wall
line, and the two-input arrangement has walls z € Z, y € Z, and z + y € Z.
Consider its two chambers

C_={0<z,y<1, z4+y<1}, C,={0<z,y<1, z+y>1}

Let a_ and a, be the constant flags of length £+ 1 at these chambers. They
give distinct nondegenerate diagonal k-simplices: below vertex degree k the
cocycle space is zero, so every degeneracy from degree k — 1 is supported
at the zero cell. The two chambers are not lattice translates. Their interior

points
1 1
P+ =[G+, Uy, Uy, = e ,
k+1 kE+1

are therefore distinct in realization.

Both projections of either flag are the constant flag a. at the open interval
e = (0,1) modulo Z. Every permutation fixes u,. Consequently any map
of the stated form sends both points to ([a., us], [@e, u«]). In degree ¢ = k
there is only one k-face character, and a vertex permutation changes it
by a common sign. Reversing the sign replaces e by (—1,0), which has
the same lattice orbit. Thus induced vertex reorientation also leaves this
collision unchanged. The constant flags and the same argument apply in
the symmetric nerve. [

This obstruction concerns a prescribed form of comparison, including the
unchanged projection-carrier labels. It does not identify a general geometric
change of coordinates with a coordinate permutation. To test whether such
a broader change can recover the specified carrier fold, one needs a property
preserved by arbitrary homeomorphisms. Openness supplies the stronger
test below.

8.7 'T'he crossed symmetric action on the original realization

There is a direct application of the classical reordering theorem to the orig-
inal model, provided that the flag direction is realized first. Put

k)| ~
Bpe = N,Co(11),  Qu=INC/(1y)], P=|D{|=Q.l.

Let Fin denote the category of the nonempty finite vertex sets [g], with
all set maps, and let AS be the crossed symmetric category, with &, =
Y4+1. Forgetting the orders on the fibres gives a functor AG — Fin whose
restriction to A is the usual inclusion.
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Proposition 8.7. The row object Q. extends to a functor Fin®® — Top.
Consequently the original realization P carries a canonical continuous
action of the topological group |S,|. This action is nontrivial for every
k > 1, fixes the canonical basepoint, and acts trivially on the canonical
cohomology classes.

Proof. For a set map o : [m] — [g], use the alternating pullback o* : V; —
Vm. On an ordered k-face I, its evaluation is zero if o repeats a vertex of I;
otherwise it is

9](0(*33) - 6(0[, I)ea(f)(m)’ 6(0{, I) € {1: _1}:

where a([]) is written in increasing order. Thus every wall character pulls
back to zero or to a signed wall character. This defines a carrier functor
on lifted face posets. Its composition is strict: the sign or open unit inter-
val of every target character is already determined by the source face, and
the displayed substitutions compose exactly. Integral pullback also gives
a*Ly C L,,. Translation equivariance therefore descends these functors to
the incidence categories, including their separate lattice incidence arrows.
Hence C,, and then @Q,, extend as asserted.

Restrict along AG — Fin. The crossed relations give the usual evaluation
map

£:6x:Q — Q, (9,2) — Agz,

where ), is the row automorphism supplied by this contravariant functor,
using the opposite-group convention for automorphisms of the crossed cate-
gory. Krasauskas’s realization theorem supplies a homeomorphism

2:16%,Q — 16/ x1Q,  [(9,2),u] — ([g,ul, [z, g"u]).

Here, in the convention of Section 8.6, (g*u); = U, 1;)- The action is a =
1£]$71; equivalently,

a(lg,ul, [z, g"ul) = Az, ul. (44)

The homeomorphism and action statement are [40, Theorem 2.3A, pp. 51—
52|. For completeness, one can apply that theorem to the crossed simplicial
set B, for each fixed p. Naturality in the flag variable p then gives the action
after its realization; realization preserves products in compactly generated
spaces. This proves the topological-row version without requiring a new
crossed action on the diagonal simplicial set.

The zero cell in each degree is preserved by all these functors. Its realiza-
tion is a single point, so the canonical basepoint is fixed by the entire group.
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To see that the action is nevertheless nontrivial, take ¢ = k, identify @ with
Vi/Ly = R/Z by the barycentric homeomorphism, and let g be a transposi-
tion. Vertex means are equivariant under this arrangement automorphism,
so Ag(a) = —a. For the uniform outer coordinate u, one has g*u, = u,, and
(44) sends

[1/4,uy] — [3/4, uy].

These points are distinct: below vertex degree k every row is a point, and its
degeneracies give only the zero row point in degree k. Thus both displayed
interior representatives are nondegenerate. Finally &g is the trivial group, so
|G| is path connected. A path from its identity to any given group element
gives a based homotopy from the identity of P to that element’s action. All
cohomology classes are therefore preserved. [

The actual reordering step. Formula (44) applies to arbitrary pairs by a
finite common refinement. Regard u as lengths of consecutive subintervals
and g as a permutation of these blocks, with image lengths g*u. Given a
second point [z, ], refine the image partition by the breakpoints of . Trans-
fer those cuts back to the source blocks. This gives a refined permutation g’
and source lengths v representing the same group element, while the refined
image lengths are g"v. If B sends each refined image interval to its original
t-interval, then =’ = B*z satisfies

[z, 8] = [z',9"v],  a(lg,ul,[z,1]) = [Agz’,v].

The map B is an ordinary monotone surjection. Further splitting gives
the same realization point; the crossed relations also give the identity and
composition laws. Zero-length blocks are handled by face identifications.
This is the coordinate reordering mechanism in the classical theorem, now
acting on the original carrier realization.

Changing normalized lattice representatives introduces precisely the cor-
rection kr of (40); the identities (41) and (42) make such changes compatible
with the action. No additional choice of an anchor is part of the action on
the quotient incidence categories.

The action uses vertex permutations after the independent flag coordi-
nate has been realized. It neither makes an arbitrary permutation of the
ordered flag into a diagonal simplicial operator nor supplies the missing lo-
cal charts. In particular, the fixed basepoint cannot be moved into a new
normal direction by this action. A proof of a local slice, or of compatible
normal directions transverse to these orbits, would still be needed to deduce
the unstabilized homeomorphism from it.
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8.8 The fixed carrier fold is not open

A product comparison which is not simplicial avoids the earlier ordinary-
product obstruction. There is nevertheless a topological obstruction to
making the existing carrier fold a group multiplication: for every & > 1,
this fold is not an open map.

Lemma 8.8. Let f : A — B be a simplicial map. Suppose that o € A,
and T = fo € B, are nondegenerate. Suppose that a nondegenerate
v € B,y1 satisfies

doy=7, dy#T (1<j<n+1),

but there is no f' € A1 with doff' = o and fB = . Then |f| s not
open.

Proof. Let U be the union of the interiors of all nondegenerate simplices of
A having o as a face, including o itself. This is open: in each characteristic
simplex its complement is the union of those closed faces whose nondegen-
erate images do not have o as a face. This is a finite union of closed faces.

We claim that |f|(U) misses the interior of y. Otherwise some nondegen-
erate § € Ay having o as a face has ff = e*y, where € : [N] - [n + 1]
is monotone. Choose an injection a : [n] — [N] with a*f = 0. Since
(ea)*y = 7T is nondegenerate, €a is injective. The unique-facet hypothesis
therefore gives ea = §;. Choose an index j with €(j) = 0; it lies before
every index of a([n]). Restricting # to {j} U a([n]) produces a simplex g’
with dgf’ = 0 and fB' =+, a contradiction. This argument includes higher-
dimensional source simplices whose images are degenerate.

The image |f|(U) contains the interior of 7. Every neighborhood of a
point in that interior meets the interior of -, since 7 = dyy. Thus |f|(U) is
not open. []

Lemma 8.9. Let W be a set of k — 1 vertices, ordered before four further
vertices 0,1,2,3. The formula

J(a)wuiijy = aijy Ja)p=0 fWZF

embeds Z'(A[3];R) into Z*(Alk + 2];R). Its image is the arrangement
flat cut out by Or = 0 for all F not containing W. The single-input and
binary arrangements on this flat are exactly the corresponding degree-
three arrangements for k = 1, and the same assertion holds for their
integral lattices.
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Proof. On a (k+1)-face consisting of W and three old vertices, the cobound-
ary of J(a) is (—1)¥'8a. On every other (k + 1)-face it is zero. Conversely,
after setting all coordinates not containing W to zero, the remaining cocycle
equations are exactly da = 0. This proves the assertion over both R and Z.
Every remaining single-input or sum character restricts to the corresponding
old edge character; all others vanish. Since the flat is itself an intersection of
arrangement walls, its open cells are actual cells of the ambient arrangement,
not just intersections with larger cells. [

Proposition 8.10. For every k > 1, the binary carrier fold
k k
pexP2p) — bl

has non-open realization.

Proof. First work with k = 1 in vertex degree three. A single-input cocycle
is specified by anchors (z1, z2, z3), with 2o = 0 and 6,; = z; — z,. For two
inputs take the point

It is a vertex F' of the source arrangement: the six walls

z3=0, vy1=0, T =222, Y2=Y3,

1+ Y1 = T3+ Y3, To+ Y2 =1

have this unique intersection. Each is one of the permitted single-input or
sum walls. Its fold lies in the open target edge

G={(t1,t):0<t <1}

Let H = {(0,1,0)} be the endpoint at £ = 0. For general k, apply Lemma 8.9
to both inputs and retain the names F, G, H for the resulting cells. Thus
F' is still a source vertex, G a target edge, and H < G its endpoint, now in
vertex degree ¢ = k+ 2. Let 0 and 7 be the constant length-(q + 1) flags at
F and G, respectively.

The simplex 7 is nondegenerate. Indeed, a degeneracy duplicating an
adjacent vertex pair makes every k-face containing that pair zero modulo
one. For every point of G, each adjacent pair inside W, between W and
old vertex zero, or between old vertices zero and one is detected by the face
W U {0, 1}, whose value is ¢t. The other two adjacent pairs are detected
by W U {1,2} and W U {2,3}, with values 1 — ¢ and ¢ — 1. These are
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nonzero modulo one for 0 < ¢t < 1. For k = 1 the same check just uses
the three adjacent old edges. Since uo = 7, the source simplex o is also
nondegenerate.

Let soH < soG denote the carriers after duplicating the first vertex, and
form the degree-(q + 1) target simplex

v = (s0H, 50G, - - ., $0G).

Its zeroth face is 7. Its first face has entries (H, G,...,G) and differs from
7. For 7 > 2, every entry of d;y lies in the first-duplicate flat: all k-face
characters containing the first two vertices are zero modulo one. The face
W U {0,1} contains those vertices and has value ¢ on G, so 7 is not in
that flat. Thus no other face equals 7. The simplex <y is nondegenerate:
its nondegenerate zeroth face rules out all degeneracies except possibly sqo7,
whose entries would all be s¢G.

Suppose a source simplex ' = (Ey,...,Ey+1) satisfled dgf' = o and
uB' = . Write po for the carrier restriction deleting the first vertex, without
deleting a flag entry. Then poE; = F and poEy < poE;. Since F is a vertex,
poEo = F. Commutativity of restriction and fold would give

G = u(poEo) = po(nEo) = po(soH) = H,

which is impossible. The argument is unchanged in the orbit categories:
incidences into a zero-dimensional face force the same face orbit. Lemma 8.8
NOW Proves NONOpenness. ]

Corollary 8.11. There 1s no homeomorphism
k k
H:|X0@)l — D72, k21,

whach turns this carrier fold into multiplication for a topological group
structure on \Dék)\.

Proof. Multiplication in a topological group is open: the map (g,h) —
(g,gh) is a homeomorphism, and multiplication is its composite with the

second projection. If |u| = m o H, then |u| would be open, contradicting
Proposition 8.10. ]

This obstructs an arbitrary geometric product comparison intertwining
the fixed fold with a group law, including one that permutes barycentric
coordinates. It does not rule out a homeomorphism of the underlying spaces
without that compatibility, a replacement of the fold, or a multiplication
required only to be homotopy-unital.
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Four vertex values The target carrier
1

A
2
3 T+Yy
G={(t,,t):0<t<1
0.4 ey /
. z; t=0
0 ) }1
F': a vertex in the u(F) = G: an edge label,
six-dimensional source with a proper face H < G

Figure 15: The obstruction already appears for ¥k = 1 in vertex degree
three. Reading the four corners in order gives z = (1/2,1/2,0) and y =
(0,1/2,1/2). The affine sum is the marked point of G, whereas the carrier
fold sends the vertex label F' to the edge label G. The missing lift of the
incidence H < G makes the realized fold non-open. Adding the auxiliary
vertices W carries the same configuration to every £ > 1.

8.9 The limit of a literal crossed simplicial group

The classical crossed simplicial-group mechanism has a precise limitation in
the present problem. Here a crossed simplicial group means an extension
AG of A with the usual unique factorization of every arrow as a simplicial
arrow after an automorphism. Its underlying simplicial set is G,, not the
nerve of the whole category AG.

Theorem 8.12. Let G be a crossed simplicial group whose groups G, are
finite for every q. Then

(|G|, 1) is finite for every 1 > 2.

Consequently no such underlying stmplicial set has the homotopy type
K(Z,n) forn > 2.

Proof. The structure theorem of Krasauskas and Fiedorowicz-Loday gives
an extension

1—H >GP>Q > 1,

where H is an ordinary simplicial group and () is one of the seven fundamen-
tal crossed simplicial groups [40, 26]; see also [22, Theorem 1.7 and Table
2]. More precisely, H is the kernel and @ the image of the canonical map to

121



the Weyl crossed simplicial group. Elements of H have trivial crossing with
every simplicial operator. Using the composition convention of [22], trivial
crossing gives, for every simplicial operator «,

a’(hg) =a’(h)a’(g)  (h€ Hy g €Gy).

Thus left multiplication makes G — @ a degreewise principal simplicial
H-torsor.

For completeness, this torsor map is a Kan fibration even though G and
Q need not be Kan. Given a horn above y € @, choose any lift g € G, of
y. Write its specified faces uniquely as

T; = h;(d;g) (2 # 7),

where 7 is the missing face. The horn identities for the z;, and freeness
of the H-action, imply exactly the horn identities for the h;. Since H is a
simplicial group it is Kan. Choose h € H, with d;h = h; for ¢ # j; then hg
fills the original horn. No simplicial section of p is required.

It follows that H is the homotopy fibre over the identity vertex. One can
justify this without assuming that @ is Kan by applying Ex*: this functor
preserves Kan fibrations and finite limits, gives Kan replacements, and takes
the strict fibre to Ex®* H. The usual long exact sequence for Kan complexes
therefore applies to the original homotopy types [42, 43].

The homotopy types of the seven possible bases are

Q |@Q| up to homotopy
trivial *
reflexive Z]2
cyclic St
dihedral O(2)
symmetric *
reflexosymmetric Z]2
Weyl *

In the cyclic case realization gives S?; in the dihedral case it gives O(2) [22,
Theorem 1.33]. The symmetric and Weyl simplicial sets are contractible: ap-
pending a new largest label at the end of the total-order word, with positive
sign in the Weyl case, is an extra degeneracy contracting them. The reflex-
osymmetric realization has two components; its identity component is the
symmetric realization, and translation in the realized topological group iden-
tifies the other component with it. These observations also directly verify
the only property needed below:

m(1QL,1) =0 (5=2).
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Hence the fibre sequence gives
n(H,1) = m(6, 1) (i>2).

Finally H; C G; is finite. Every class in 7;(H, 1) has a representative which
is an i-simplex of H with every face equal to the identity. There are only
finitely many such representatives. Thus m;(H, 1) is finite, proving the the-
orem. ]

The cyclic model of K(Z,1) is consistent with this theorem: the infinite
fundamental group comes from the circle in the fundamental quotient Q.
That exception does not extend to higher homotopy degrees.

Corollary 8.13. Under the same finiteness hypothests, neither B|G| nor
IN(AG)| has homotopy type K(Z,n) for n > 3.

Proof. For n > 3, the classifying-space identity gives m,(B|G|) = m,_1(|G|),
which is finite by the theorem. The equivalence |N(AG)| ~ B|G| is [22,
Theorem 1.33(a)]. O]

The cyclic example attains the preceding degree: B|G| ~ BS! ~ K(Z,2).
Thus the classical crossed-group route accounts for the circle and its first
delooping, but cannot be repeated within the same finite-group framework
to obtain the higher integral models.

The theorem concerns a literal crossed simplicial group on finite sets of
simplices. It does not exclude a finite simplicial quotient of crossed groups,
a finite model of an arbitrary classifying space, or a multiplication encoded
by subdivisions, correspondences, or additional simplicial directions. In
particular, it does not obstruct the finite models D((Jk) or their coherent
addition. It rules out making their underlying finite simplex sets into crossed
simplicial groups with the same higher Eilenberg—Mac Lane homotopy type.
A successful extension of the reordering idea must therefore use a broader
form of crossed multiplication.

8.10 A finite polyhedral prototype of the broader structure

The successful part of the crossed mechanism can be retained in every ver-
tex degree if the charts keep their actual affine coordinates. This gives a
precise prototype for a generalization, and locates the additional problem of
presenting it by finite discrete simplex sets.

For each g, S, let B,(S) be the following finite polyhedral presentation.

Choose one lifted closed polytope for each face orbit of ﬁék)(S) and glue
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their faces using all the lattice-labelled incidence branches. Write ||3,(.S)|
for the resulting polyhedral space. By construction,

1B(S)| = Aq(S) = Z*(Alg); T)*.

There are finitely many charts and attaching maps in every fixed degree and
arity, by Proposition 3.1.

Proposition 8.14. Alternating vertex pullbacks and pointed-set fibre sums
have strictly composable finite chart descriptions on . On a canonical
open source chart F', an allowed linear map T 1s represented in its
canonical target chart by

z+— Tz — kp(F). (45)

The chart descriptions agree along the prescribed incidence identifica-
tions. Forgetting the extra subset-sum walls gives geometric product
homeomorphisms

1Ba(S) = [ T 1%B(2:)1l,

sesS°

natural in the vertex direction. Under them the fold 1s actual torus
addition.

Proof. On the canonical source lift, v,(z) = 0, so (41) is precisely (45). The
correction is constant on the open face and the affine formula extends to its
closure. When that closure meets another chosen chart, the two descriptions
differ by the specified lattice translation. Since T preserves the lattices, their
images agree in the target quotient.

The composition identity (42) proves strict composition in canonical
charts; on common faces the same identity holds after the attaching trans-
lations. All charts and incidences involved are finite in number for fixed
T. Finally, the multi-input arrangement is a subdivision of the product ar-
rangement. Erasing its extra walls does not change any point of the product
torus. The product comparison is therefore the identity on the underlying
coordinates, and the fold is their sum. Actual linear pullbacks commute
with these maps. ]

In particular A,(1,), with its topological torus levels, is a simplicial topo-
logical abelian group. Realization preserves its products [19], so its realiza-
tion has an exact topological abelian group law. The natural characteristic-
cell comparison of Appendix A identifies its homotopy type with that of
D(()k), namely K(Z,k + 1).
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This prototype replaces the single permutation of simplex coordinates
by a finite collection of affine chart maps and compatible subdivisions. It
contains strict addition geometrically, and its lattice corrections compose by
an explicit formula. Its levels, however, are tori presented by finitely many
polytopes; they are not finite discrete sets. The finite simplex models are
the carrier and symmetric flag constructions. Their comparison with the
polyhedral group model is a weak equivalence, and the product comparison
of the carrier models is not a homeomorphism.

Consequently the remaining target has a precise form: construct a degree-
wise finite combinatorial presentation whose geometric comparison retains
the transformations (45), with refinements compatible with substitution of
several inputs. The two-triangle example does this at one level. Reordering
alone and canonical carrier labels do not yet accomplish it in all degrees. A
structure with such refinements and coordinate transformations would gen-
eralize the role played by unique factorization in a crossed simplicial group.
Section 9 gives an exact calculus of maps with refinement data and repre-
sents every integer operation by global degreewise finite simplicial spans.
Corollary 8.11 shows that an exact construction cannot keep the current
carrier fold: that map is not open. Retaining the actual affine fold, as the
polyhedral prototype does, therefore requires changing the discrete presenta-
tion or its multiplication. The next theorem rules out one possible shortcut,
namely strictly natural finite ordinary triangulations of all the torus levels.

8.11 An obstruction to compatible finite row triangulations

There is a further obstruction to recovering an exact geometric group law
by choosing better triangulations of the torus levels. For £ > 2, one cannot
triangulate all those levels by ordinary simplicial sets with a finite vertex set
in the circle level, while making the geometric identifications strictly natural.
This assertion concerns that particular route to a product homeomorphism,;
it does not exclude a different crossed construction or a homeomorphic group
model obtained in another way.

Lemma 8.15. Let f : P — @ be a map of ordinary simplicial sets, and let
v be a vertex of Q. The inverse image |f|~*(v) is the realization of the
simplicial subset f~1((v)), where (v) consists of v and all its degenera-
cies. Finite intersections of such inverse images are likewise realiza-
tions of stmplicial subsets. Every isolated point of such an intersection
1s a vertex of P.

Proof. A point of | P| has a unique expression in the interior of a nondegener-
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ate simplex. Its barycentric coordinates are strictly positive. After applying
f and deleting degeneracies, those coordinates are combined into positive
sums. The result can therefore be the vertex v only if the whole simplex
maps to a degeneracy of v. This proves the first assertion and, by the same
description of the supporting simplex, the assertion about intersections. A
point in the interior of a positive-dimensional simplex of the resulting subset
is not isolated. [

Lemma 8.16. For every prime p there is a finite two-dimensional simpli-
cial compler K, with complete 1-skeleton and

H\(K,, Z) = Z]p.

Proof. We give the finite triangulation input explicitly. Take a circle with
three vertices ag, a1, a2 and a circle with 3p vertices uo, ..., us,—1. The sim-
plicial covering u; — a; moq 3 has degree p. A triangulation of its mapping
cylinder, followed by coning off the source circle with a new vertex z, has
triangles

{ui, Uit1, 0541}, {ui, a5, 041}, {2, i, Ui}, 0 <1< 3p.

Here the subscripts on u are read modulo 3p, and those on a modulo 3. The
first two triangles subdivide each cylinder strip, and the third cones its upper
boundary edge. Distinct lifts of a target edge meet along that edge, exactly
as in the mapping cylinder. This is a finite abstract simplicial complex M,
realizing the mapping cone. The usual one-cell structures on the circles give
its cellular chain model with boundary map Z 2, 7 in dimensions two and
one, so Hy(My;Z) = Z/p.

Choose a spanning tree T in the 1-skeleton of M,. Adjoin a new vertex
v and the cone v xT'. Every old vertex is now joined to v. For each missing
edge {7,7} between old vertices, adjoin that edge and the triangle {v,1, j}.
The two other edges of this triangle already exist. The resulting complex
K, has complete 1-skeleton.

Each newly added old—old edge is a free face of its unique new triangle,
so these pairs collapse away. The cone on a tree collapses onto its base
tree relative to that base, by removing leaves successively. Consequently K,
collapses to M,, and its first homology is as asserted. ]

Theorem 8.17. Fix k > 2 and put

AP =241 T).
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There is no bisimplicial set B,, with By finite and homeomorphisms
he:|Bagl — AW

natural for every monotone vertex map. In particular, the simplicial
topological tort cannot be replaced by compatible finite ordinary sim-
plictal row triangulations with these natural geometric identifications.
Finiteness of the higher-dimensional stmplex sets 1s not needed for the
obstruction.

Proof. Since Agk) is a point, B, has exactly one vertex. The degeneracy
from degree zero to degree k sends it to a vertex of B, ; which h; identifies
with 0 € A;ck) = T. Every k-face F C [q| defines a monotone injection
[k] — [q]. Its pullback on the torus levels is the evaluation map

Op : AP — T.

Naturality of h makes this the realization of an ordinary simplicial map
between the corresponding rows. Lemma 8.15 therefore applies to every
finite intersection of its zero fibres.

First take k = 2. Label the vertices of the complex K, from Lemma 8.16
by [g] and set

Z,={z € Agz) : Op(z) = 0 for every triangle F' € K, }.
Exactness of the cochain complex of the simplex identifies
5
C'(A[g);T)/BY(A[g); T) — Z*(A[g); T).

Because K, contains every edge, the equations defining Z, say precisely
that the representing one-cochain is a cocycle on K,. The coboundaries are
unchanged. Hence

Z, ~ H'(K,; T) = Hom(H;(K,; Z), T) = Z/p.

Thus Z, consists of p isolated points, and the preceding lemma forces all of
them to be vertices of the row model. Face evaluations jointly distinguish
the points of A,(Iz). At least one triangle evaluation is therefore nonzero on
Zp; since p is prime, its restriction is injective and its image has p elements.
All these elements must be vertices of the fixed circle row B,,. Taking a

prime p > |By 1| is a contradiction.
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For general k > 2, adjoin to the old vertex set [g] a set W of k — 2 new
vertices, ordered before the old vertices. In the torus of k-cocycles on this
enlarged simplex, impose the equations

;=0 whenever W ¢ G.

Every remaining k-face has the form W U {a, b, c}. Writing its value as z.
identifies the resulting subgroup exactly with Z2(Alg]; T). Indeed, a cocycle
equation indexed by k + 2 vertices is identically zero unless those vertices
contain W. If they do contain W, the four old vertices contribute (—1)*¥2dz,
while deleting a vertex of W contributes zero. These are precisely the two-
cocycle equations and no others.

Now also impose

Owur =0 for every triangle F' € Kj,.

The full intersection is the same p-point group Z, as before. It is defined
entirely by zero fibres of actual k-face evaluations, so all its points must again
be vertices. For some triangle F' of the full old simplex, necessarily outside
K, the evaluation 6y, r maps it injectively to the circle. This forces at least
p vertices in B, ;, for every prime p, contradicting the assumed finiteness of
Bo k. ]

The theorem does not merely obstruct a natural choice of barycentres:
it allows arbitrary row homeomorphisms and still rules out their strict nat-
urality. Its hypothesis is stronger than a homeomorphism between total
realizations, or a product comparison involving a crossed construction. Nei-
ther of those possibilities is excluded here. The degreewise finite carrier
and symmetric-flag models also remain unaffected: their characteristic-cell
comparisons are weak equivalences, not the natural row homeomorphisms
required in the theorem. The case k = 1 is not covered by this argument.

O A crossed law with finite refinements

The polyhedral prototype admits an exact composition calculus. The ad-
ditional datum is a subdivision: moving a map past a subdivision pulls its
walls back. This section makes that rule precise. Section 9.3 then represents
every integer matrix by an actual span of degreewise finite simplicial sets in
all vertex degrees. The common-subdivision principle is classical PL topol-
ogy [10, Section 2|; the wall description below makes its composition rule
explicit for these models. This extends the geometric mechanism of crossed
factorization without asserting the unique factorization axiom of a crossed
simplicial group [40, 26, 22].
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9.1 Maps with their required walls

Let L be a finite-rank free abelian group and put V = L @ R. A wall
presentation (L,H) is a locally finite, L-periodic set of rational affine hy-
perplanes, with finitely many translation orbits. We require that it include
the integer walls of some lattice coordinate basis. Its cells therefore have
bounded closures, and their orbit-incidence category is finite. Rank zero is
allowed, with the empty arrangement presenting a point. The presentation
retains the affine coordinates and all lattice incidence identifications, so its
underlying space is V/L.

For two arrangements on V, write H VR = H U R for their common
refinement. If T: L — L' is a homomorphism, let T*7 be the collection of
proper hyperplanes among the inverse images of the walls of 7. Empty and
whole-space inverse images impose no cut and are discarded. The map T is
still retained: an image contained in a target wall is not thereby forgotten.

Lemma 9.1. The unton of finitely many wall presentations s again finite
modulo the lattice. Pullback along a lattice homomorphism has finitely
many wall orbits and preserves local finiteness. Moreover,

T*IVS)=T*JVTS,  TU*Q=(UT)*Q.

Proof. One target orbit can be written as 4(y) = a + 7, 7 € Z, with ¢
primitive integral and a € Q. If /T = 0 there are no proper inverse-image
walls. Otherwise ({T")(L) = dZ for some d > 1. The pulled-back walls
have exactly d translation orbits and only finitely many meet any compact
set. This proves the finiteness assertions. The identities follow from inverse
images of sets, including the stated convention for constant equations. [

Definition 9.2. A map with refinement data from (L,H) to (L', J) is a pair
(T,R), where T : L — L' and R is a wall presentation satisfying

ROHVT'T.
It represents the geometric span
(L,H) <= (L,R) - (I,J).

The first map is the identity on the underlying torus. The second is the
actual linear map on each lifted cell, with the specified lattice identifications
on its boundary.
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Proposition 9.3. These maps form a category under the rule
(U,S)o(T,R)=(UT,RVT*S). (46)

The identity of (L,H) s (id,H). Increasing R gives compatible refine-
ment comparisons between maps with the same underlying T'.

Proof. If (U, S) has target (L", Q), then S O J vV U*Q. Thus the displayed
refinement contains both # and (UT')*Q, so the composite is defined. Three
maps with linear parts T, U, W and refinements R, S, P give, in either order,

(WUT, RV T*S V (UT)*P).

This proves literal associativity. The unit equations use the containments al-
ready required in the definition. Unions and pullbacks preserve inclusion, so
refinement comparisons also compose. There is at most one comparison for
a specified inclusion; consequently all diagrams made of these comparisons

commute. Figure 16 displays the construction geometrically. ]
PR T Ps U
H R J S K
refinement T
RVT*S

Common subdivision of R
and the pullback of S

Figure 16: Composition by common refinement. The maps p forget a sub-
division and are the identity on the underlying torus. Cutting the source
additionally by T*S makes T' compatible with the second roof. The com-
posite is represented by H < RV T*S v, IC, using the actual affine maps
on the characteristic polytopes.

We direct a refinement comparison from the finer decoration to the coarser
one: if R C R/, then (T,R') = (T,R). It is represented by the actual
refinement map between their source presentations. With these comparisons,
each hom-category is ordered by reverse inclusion, and the composition just
proved is a strict 2-categorical composition.
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9.2 The abelian law after identifying subdivisions

Identify (T, R) and (T, R') through the common refinement R vV R'. The
quotient category has precisely the homomorphisms T : L — L' as its mor-
phisms: every T has the minimal refinement H vV T* 7, any two refinements
have a common refinement, and no refinement changes 7. Equivalently,
these morphisms are the continuous torus homomorphisms. The category
of choices over each fixed T' has the minimal arrangement as a terminal
object, hence a contractible nerve.
Products are presented by

HX T =priHVoprsJ

on L ® L'. Addition L&® L — L, zero 0 — L, and inversion —1 : L — L
therefore give an abelian group object in this quotient category. The group
identities are equalities of the underlying integer matrices. In the category
with refinement data, the two sides may use different walls; their union
supplies the comparison. This is an explicit finite chart presentation of the
usual abelian torus law.

On normalized coordinates the charts retain the integer correction

kr(z) = v(Tz) — Tv(z), n(Tz) =Tn(z) — kr(z).

Here v takes the integer parts in lattice coordinates. The source and pulled-
back target coordinate walls make the correction constant on every open
refined cell. It is invariant under source lattice translations, and

K,UT(QZ) = UK,T((E) + K,U(T{E). (47)

For normalized z, set Fr(z) = Tz — xkp(z). Lattice invariance then gives
Fy(Fr(z)) = Fyrp(z). This equality concerns normalized representatives.
The half-open fundamental cube is not a global continuous section; continu-
ity holds on closed affine charts glued by their lattice incidences.

For a sum of m inputs, all binary trees have the same total carry

bn(Z1, ., Ty) =V <Z :1:2> — Z v(z;). (48)

3

The carries at internal vertices telescope to this expression. For disjoint-
input substitutions, the original all-subset-sum arrangement already con-
tains every partial-sum wall. Thus it simultaneously compares all paren-
thesizations in a fixed arity, including the five vertices and every edge of
the four-input pentagon. Each route is the same sum map after this re-
finement. Inversion and input repetition are covered by the more general
integer coefficient families below.
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What these coherence statements mean. Associativity of the decorated
composition is strict, and diagrams of its refinement comparisons commute
strictly. The abelian group law is strict after identifying subdivisions. These
assertions do not choose inverse weak equivalences between simplicial mod-
els, or assert a particular higher action on their original simplex sets. The
next construction supplies actual finite simplicial spans and states exactly
what their comparisons prove.

9.3 Integer operations by global finite refinements

The refinement construction can be made simultaneously in every vertex
degree using a finite family of integer coefficient vectors. Fix k& > 1. For
m > 0, let C C Z™ \ {0} be finite and contain the standard basis vectors.
Form=0take C=2. In

Vy(m) = Z*(A[gl;R™),  Ly(m) = Z*(Alg); 2™),

use the periodic walls
a-0r €Z, acC, (49)

where F' ranges over the nondegenerate k-faces of Afg]. Let P,(C) be their
face poset, let C,(C) = P,(C)/Ly(m) retain all orbit incidences, and put

x¥, = N,c.(0).

Repeated vectors can be removed; zero vectors give no walls. One must
not divide a coefficient vector by its common divisor: for example, 20r € Z
includes the half-integer cuts which 8z € 7Z does not.

Theorem 9.4. Every ch ) s degreewise finite and has homotopy type
K(Z™ k+1). An incluston C C R induces an ordinary simplicial weak
equivalence

TRC Xl(;zk) — ch).
For an winteger matrix M : Z™ — 7" and a target family D C 77, set
R =CUM'D, discarding zero vectors. There is an ordinary simplicial
roof

x® Jre xS, x ) (50)

It represents the map M : K(Z™, k+ 1) - K(Z",k + 1). All these con-
structions use the same finite coefficient famailies in every simplicial
degree.
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Proof. The basis vectors supply all anchor integer walls. Thus each closed
lifted face is a bounded rational polytope, the lattice acts freely on faces,
and there are finitely many face and incidence orbits in every fixed q. Propo-
sition 3.1 applies without change and proves degreewise finiteness.

Vertex pullback sends a face character to a face character or zero (and to
its negative if arbitrary vertex reorderings are also considered). The integer
walls are preserved. Matrix pullback sends a target character d-6 to (M'd)-
0r. Therefore refinement and matrix maps have strictly composable carriers.
Taking nerves and the diagonal gives the asserted ordinary simplicial maps.

To prove the refinement assertion, fix ¢ and choose lattice-equivariant
barycentres for both arrangements. These give geometric homeomorphisms
from the two cover nerves to V,(m). For a fine flag Fy < --- < F,, write G;
for its coarse carriers. The fine barycentric evaluation and the evaluation of
its carrier image both lie in @p. Straight-line interpolation in this convex
polytope defines a homotopy between the two evaluations. The formulas
agree on flag faces and degeneracies and commute with lattice translation.
On quotient nerves the refinement map is consequently homotopic, through
these homeomorphisms, to the identity of the torus. It is a homotopy equiv-
alence in every fixed vertex degree. The diagonal weak-equivalence lemma
for bisimplicial sets proves the claim; no naturality of the chosen barycentric
homeomorphisms is required.

For the basis family F,, = {e,...,en} the arrangement is a product of
m single-input arrangements. Its incidence category and diagonal nerve are

products, so ch) = (D((,k))m. Refinement to E,, and Theorem 4.2 identify
(k)

the homotopy type of X,".

For completeness, the matrix action can be checked directly on the canon-
ical classes. On a lifted degree-k flag with first cell Fp, write § = 6, x|, and
take componentwise floors. The integer cochain

by = |[M6] — M|6]

1s constant on Fj, since R contains both the basis vectors and the rows of M.

It is lattice-invariant and normalized, so descends to X_,(zk). The canonical

upstairs primitive is a = |6]; hence
0by = fycp — Mecp, CR = TR cCC-

Here cc denotes the vector of canonical degree-(k+1) cocycles. Thus the roof
acts on the fundamental classes by exactly the specified integer matrix. [

There is an explicit composition rule. Decorate a matrix M : C — D by
any finite R O C U M'D. For a second decorated matrix (N,S): D — E,
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put

(N,S)o(M,R)=(NM, RUM*S). (51)
The composite source refines R and maps by M to the presentation with
coefficient family S. The resulting carrier square commutes strictly, so this
formula represents composition of the roofs after inverting refinement maps.
Pullback of coefficient families preserves unions and composition, making
(51) strictly associative, with identity (I, C).

For a fixed matrix, R C R’ gives a refinement comparison (M, R') =
(M, R), represented by X}({f) — ch). Thus the hom-categories use reverse
inclusion. Any two decorations have the common refinement R U R'. These
form a thin category: there is at most one refinement arrow between given
decorations. Consequently the comparison diagrams for any finite collection
of specified composite expressions commute after a common finite refinement.
Equivalently, matrices with decorations and these refinement arrows form
a strict 2-category. After identifying decorations through common refine-
ments, the morphisms are exactly integer matrices; sending a decoration to
(50) defines their realization in the homotopy category of simplicial sets.

Products use the union of the two coefficient families embedded in the
separate coordinate blocks. Addition, zero, inversion, diagonals, and multi-
plication by every integer are therefore supported by global degreewise finite
simplicial roofs, with their abelian identities compared by the preceding re-
finements.

Corollary 9.5. Let Maty, have objects m > 0 and integer r X m matrices
as morphisms m — r, with products giwen by addition of ranks. There
18 a product-preserving functor

& : Maty — Ho(sSet), ®r(m) = (D(()k))m,

represented on every matriz by a span of degreewise finite simplicial
sets. This 1s a realization of the Lawvere theory of abelian groups in
the homotopy category with explicit finite representatives for every op-
eration.

Proof. Choose C = E,,, D = E,, and R = E,, U M'E,. The roof defines
®,(M) = [fu][rr,E, ] For a second matrix use the common source family
RU M'S. The carrier square just constructed commutes, and every refine-
ment arrow is a weak equivalence. It follows that ®,(NM) = Iy (N)Pr(M).
The identity matrix gives the identity roof. Coordinate projections require
no extra walls and are the literal projections of (D(()k))m, proving product
preservation. This proof does not compose arbitrary spans by an ordinary
pullback; it uses the specified common-refinement diagrams. []
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Carries for all integer operations. On the source family RU M*'S, cancella-
tion of integer parts gives the exact cochain identity

by = M*by + Nby,. (52)

Here M* is pullback along the carrier map to X ék); all cochains are pulled

to the common refinement. The identity is the equality |[NMO| - NM|0| =
|INM@|—N|MO|+N(|M6|—M|6]). The resulting correction in any anchor
coordinate obeys

Zmin(Mji,O) < bM,j < Zmax(Mﬁ,O).
These bounds depend only on the matrix, not on the vertex degree.

For inversion one has b_;(z) = —1on 0 < z < 1 and b_;(0) = 0. Doubling
uses the global family {1, 2}; its carry is zero on 0 < z < 1/2 and one on
1/2 < ¢ < 1. Duplication itself is the ordinary diagonal D" — (D{¥)?
and has zero carry. Composing it with the refined addition produces the
doubling roof, including its additional walls, in every simplicial degree.

Proposition 9.6. Write D = D", 7z = x¥(2,), and let p : Z — D2
and u : Z — D be the carrier projections and fold. Negation gives an
ordinary stmplicial involution v : D — D. There are ordinary stmplicial
maps h,ur,ur : D — Z satisfying the literal 1dentities

2 =id, ph = (id, ), uwh =0,
pur, = (id, 0), pugr = (0,id), pur = pug = id.

The wnterchange of inputs gives an wnvolution 7 : Z — Z with ut = u.

Proof. Negation preserves the single-input wall set, so its carriers compose
to the identity. The coefficient family of Z is {(1,0),(0,1),(1,1)}. Pulling
it back along z — (z,—z) gives coefficients 1, —1,0, hence no new walls.
This gives h. The maps z — (z,0) and z — (0,z) similarly give ur,ugr
without refinement. Input interchange preserves the family of Z. Strict
carrier composition now proves every displayed identity. In particular, the
zero linear composite has the zero cell as carrier in every degree and gives
the constant basepoint map. ]

Thus inversion, cancellation, the unit comparisons and symmetry already
have strict finite simplicial representatives within the addition span. The
map p remains a weak equivalence, and these identities do not supply an in-
verse simplicial map D? — Z. In this affine carrier construction the repeated-
input map z — (z,z) requires the additional coefficient 2, explaining the
different behaviour of doubling.
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The original pointed-set model is the case where C' consists of all nonzero
zero—one vectors. The construction here allows signed coefficients and re-
peated variables. It also admits the symmetric-flag replacement of Theo-
rem 8.3, because arbitrary vertex pullbacks still preserve every coefficient
family up to sign and zero. Thus it is compatible with the previously con-
structed reordering action.

The result supplies explicit comparisons between finite representatives
and a product-preserving functor to the homotopy category. The next sub-
section specifies the localization and upgrades this to coherent integer op-
erations in the localization of degreewise finite models. This still does not
assert a strict ordinary multiplication on the original finite simplex sets.

9.4 Coherent integer operations through localization

The preceding roofs also admit a coherent interpretation. The useful inter-
mediate object is an ordinary category of presentations, so no composition
rule for arbitrary spans is required. Fix k > 1 throughout this subsection.

Definition 9.7. Let P have objects (m,C), where m > 0 and C is a finite
coefficient family containing the coordinate vectors, as in Theorem 9.4. A
morphism

M:(m,C)— (r,D)

is an integer matrix such that M'D \ {0} C C. Composition is matrix
multiplication. Let W C P be the subcategory of identity-matrix arrows;
these are precisely the refinements (m, R) — (m,C) with C C R.

Every morphism of P has an ordinary simplicial carrier map. Strict
carrier composition therefore gives a functor

X®) . P s sSet,, (m,C) — Xék),

where the basepoint is the zero-cell flag. Its values are degreewise finite, and
it sends W to weak equivalences. The category P is countable; its families
need not be uniformly bounded. Write Lg, . for the localization of pointed
degreewise finite simplicial sets at weak equivalences, the pointed version of
L, in Corollary 7.41.

Theorem 9.8. Projection to the underlying matriz induces an equivalence
NP[W™'] ~ NMaty

of infinity-categories. Consequently the carrier construction induces an
infinity-functor

& : NMaty, — Lan,, — m— X5, (53)
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Its composite with the functor to pointed spaces S, preserves products
and s naturally equivalent to the usual Eilenberg—Mac Lane functor
mw— K(Z™, k+ 1), with fundamental classes identified by the canonical
integral cocycles. The functor is presented by the hammock localization
of P: each stmplex in a hammock mapping space 1s a finite array of the

degreeunse finite models ch ),

Proof. We verify the right calculus of fractions, with fractions written as
roofs A «+ A’ — B whose left arrow belongs to W. Given

(m,c) % (r,D) & (r,D'), DCD,

put C' = CUM'D’, omitting zero vectors. There is a commuting square with

top arrow (m,C") M, (r, D'), bottom arrow M, and both vertical arrows
refinements directed towards the bottom. This is the required right Ore
square. If postcomposition of two parallel arrows by a member of W makes
them equal, their matrices were already equal, so the arrows themselves
were equal. The subcategory W contains identities and is closed under
composition. The same axioms hold for (W, W), using unions of coefficient
families for the Ore squares.

Dwyer—-Kan’s comparison theorem for classical fractions [20, §7, Proposi-
tions 7.2-7.3], in its right-fraction form, now identifies the hammock localiza-
tion of (P, W) with its ordinary localization: its mapping spaces have con-
tractible components. In the ordinary localization a matrix M : (m,C) —
(r, D) is represented by

(m,C) +— (m,CUM'D) % (r, D).

Two roofs with the same matrix agree after the union refinement; distinct
matrices remain distinct under the projection. Thus all localized hom-sets
are exactly the appropriate sets of integer matrices, and projection is essen-
tially surjective. This proves the asserted equivalence of infinity-categories.

Since X(*) takes values in pointed degreewise finite simplicial sets and
sends refinements to weak equivalences, the universal property of localiza-
tion gives a functor to Lg, .. Transport across the preceding equivalence
gives (53). The comparison of its composite to S, with the usual functor is
independent of any choice of inverses to the refinement maps. Put n = £+ 1.
The full infinity-category of pointed spaces K(Z™,n) has discrete mapping-
space homotopy types: the components are Hom(Z™,Z"), and for 7 > 0 their
homotopy groups are

H"Y(K(Z™ n);Z") = 0.
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Here negative cohomology is zero and reduced degree-zero cohomology van-
ishes. The primitive cocycles identify the degree-n homotopy group with
Z™, and the carry formula

5bM = f]T/ICD — MCC

for an admissible carrier arrow shows that its action is precisely M. Hence
these identifications give a natural equivalence with the usual Eilenberg—Mac
Lane functor, not merely equality in the homotopy category. That functor
preserves products, proving the assertion. One can also see the products
directly: coordinate-block unions are products in P, and X (*) takes them to
literal products of simplicial sets.

Finally a simplex in a hammock mapping space is a finite array of arrows
of P, with the specified backward and vertical arrows in W. Applying the
strict carrier functor gives a finite array of ordinary simplicial maps between
degreewise finite objects. This proves the asserted finiteness of hammock
simplices. ]

Hammock mapping spaces need not themselves be Kan. To represent
higher fillers, apply Ex® to these mapping spaces. This functor preserves
finite products, hence the enriched composition. Each simplex in this Kan
replacement appears at some finite stage Ex®, and therefore corresponds to a
map from the finite simplicial set Sd° A[d] to the original hammock mapping
space. A finite collection of such simplices uses a common finite stage. Thus
its certificates consist of finitely many hammocks after finite subdivision; no
assertion that an arbitrary filler is a single hammock is needed.

What is finite, and what is coherent. No full-faithfulness assertion about
Lan« — Sy 1s needed, and product preservation is asserted here for the
composite to pointed spaces. The complete localization is infinite. The as-
sertion is that each hammock, hence each specified localization certificate,
uses finitely many coefficient families, and every entry is finite in each simpli-
cial degree. There is no assertion that one fixed finite family supports every
matrix by a direct simplicial map. For example, closure under repeated
pullback by doubling would require the coefficients 1, 2,4,8,....

The compositional correction remains explicit. On the common refine-
ment for M and N, equation (52) reads

byu = M*by + Nby.

Thus the chain-homotopies identifying the primitive integral classes obey the
composition law exactly. The infinity-categorical assertion above is obtained
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from localization; it does not infer all higher coherence merely from this
cochain identity.

This construction concerns linear integer operations at one fixed
Eilenberg—Mac Lane degree. It does not itself construct coherence between
different deloopings, cup products, or nonlinear cohomology operations, nor
a strict multiplication on the original finite simplex sets. Its contribution is
an explicit finite presentation of the usual coherent linear structure, using
the same wall families in every simplicial degree.

9.5 Exactly which linear diagrams admit finite strict models?

The integer-wall construction gives a converse to the obstruction in The-
orem 7.35. Here a strict diagram means ordinary simplicial maps whose
specified compositions agree literally, on one chosen model for each object.
Fix n =k + 1> 2. Let I be a small category with finitely many objects,
and let M : I — Maty be a functor. Write A; = Z™:, with its given basis,
and set
M;; = {M(a) : « € Hom(z,7)}-

The category may have infinitely many arrows; the condition below concerns
their distinct matrix values.

Theorem 9.9 (Finite matrix image criterion). The following conditions are
equivalent:

1. Bvery set M;; 1s finite.

2. There 1s a strict based diagram Y : I — sSet of degreewise finite
models of K(A;,n), inducing M on m, under specified identifica-
tions.

(Ij) , where

When these conditions hold, one may take Y; = X,
Ci=J U A'EBn\{0}, G <> myMyl. (54)
7 AEMU‘ 7

Here E,, 1s the standard basis family. The coefficient famalies are finite
once and for all, and work in every simplicial degree.

Proof. For necessity, the Hurewicz isomorphism identifies H,(Y;; Z) with A;.
A simplicial map Y; — Y; induces its degree-n chain map from the function
(Y:)n — (Y;)n. Only finitely many such functions exist. Consequently there
are at most |(Y;),|/¥)»l induced homomorphisms on H,, so M;; is finite.
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This argument applies to arbitrary degreewise finite simplicial models, not
only to integer walls.
For sufficiency, identity arrows ensure E,,, C C;. If B : 1 — 7, then

M(,B)th C C; u{0}.

Indeed, the pullback of a row of M (), for @ : 7 — £, is the corresponding
row of M(af). Thus the matrix map sends every open source cell into
a single open target cell. Its carriers define an ordinary simplicial map
R Xg:) — Xé’?). The carrier of a composite is the composite of its carriers,
giving fap = f; fs and strict identities. The zero cell is preserved, so these
maps are based. Theorem 9.4 identifies their homotopy types and matrix
actions. Finiteness and the displayed bound follow directly from the union
defining C;. ]

As before, zero coefficients are discarded but a nonzero coefficient must
not be divided by its common divisor. For example, a row 2e; requires
half-integer walls, even if e; is already present.

Primitive classes and exact carry bookkeeping. Let ¢; € Z™(Y;; 4;) be the
vector of canonical primitive classes. For an arrow o : 2 — 7, the degree-
(n — 1) carry on a lifted flag, with full-face coordinate 8, is

bo = [M(a)6] — M(a)[6].

The chosen source walls make it constant on the first open cell; it descends
to a normalized integral cochain on Y;. The equations from Section 9.3 now
hold on the chosen objects themselves, without a further common refine-
ment:

0by = foc; — M(a)ci, (55)
bo = fibp + M(B)bay  bia =0, (56)

The parameter-simplex formula of Theorem 22.5 therefore applies un-
changed to every composable chain in I. It gives coherent comparisons with
the standard integral cocycle diagram using these primitive cocycles and
carries. The comparison target is the usual infinite integral cocycle model;
the flag models and each finite parameter domain are degreewise finite.

Corollary 9.10 (Self-maps and monodromy). An integer matriz A : Z™ —
Z™ 1s induced by a stmplicial self-map of some degreewise finite model
of K(Z™,n) if and only if its powers form a finite set. Equivalently,
A%t = A% for some a > 0, b > 1. The finite model can be chosen
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so that the same identity holds literally on its simplicial self-map. A
representation G — GL.,(Z) admits a strict action on such a model if
and only if its 1mage 1s finite.

Proof. Apply the theorem to the one-object category generated by A, or to
the one-object group category G. The constructed carriers depend only on
the matrix, so every equality between matrix powers holds literally. Con-
versely the theorem forces finite matrix image. ]

For m > 0, the power condition is equivalent to the minimal polynomial
of A over Q dividing ¢%(#* — 1). In spectral terms its nonzero eigenvalues
are roots of unity with no nontrivial Jordan blocks; nilpotent blocks at zero
are allowed. In particular an invertible matrix is allowed exactly when it
has finite order. Large coefficients alone cause no obstruction: a nilpotent
matrix with an entry 2 still satisfies the criterion, whereas multiplication by
2 does not.

For a finite group H acting on A = Z™, the usual diagonal Borel con-
struction has g-simplices Y, x H? and is degreewise finite. Its realization has
m, = H, m, = A with the specified monodromy, and no other higher homo-
topy groups. The fixed basepoint gives a section over BH, so its Postnikov
k-invariant is zero. Thus the classical split Postnikov construction acquires
an explicit finite flag presentation with a prescribed finite monodromy ac-
tion.

Finite computations need not be finite dynamical systems. Every finite
acyclic diagram of integer matrices satisfies the criterion: it has only finitely
many directed paths. In particular, two successive doublings admit the strict

diagram
fa fa

Kb = Xy = Xy fofa=fa

All three objects model K(Z,n), but they are different presentations. Turn-
ing the chain into an indefinitely repeatable self-map would require all pow-
ers of 2, and is impossible on any single degreewise finite simplicial model.
The earlier roofs provide the comparison between the different presentations.

This criterion treats linear operations in one fixed Eilenberg—Mac Lane
degree. It does not assert literal product preservation by the chosen mod-
els, or realize general nonlinear k-invariants and Sullivan differentials. It
supplies strict finite geometry for any prescribed finite linear computation
and identifies exactly when its feedback or monodromy can remain on fixed
finite models.
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Figure 17: The lowest nontrivial torus row, in simplicial degree k, for two
successive doublings. The wall coefficients give quarter, half, and integer
cuts on R/Z. Both arrows and their composite have strict carrier maps on
flags. A finite chain requires only finitely many cuts; a repeatable doubling
loop on a fixed finite model cannot exist.

9.6 Finite arithmetic for every coherence dimension

The cocycle and carry formulas have bounds independent of the length of an
operation diagram. First, the three-value result of Proposition 15.1 extends
to every degree, including refinements by arbitrary finite coefficient families.

Proposition 9.11. For k > 1, each coordinate of the canonical primitive
cocycle cpy1 takes ezxactly the values

SHEEIS

Thus 1ts alphabet has k + 1 wintegers and its absolute value 1s at most

Tk /2].

Proof. Make the first cell Fj of a lifted (k + 1)-flag canonical. The character
01..k+1 is an alternating sum of k£ + 1 anchor coordinates in [0,1), with

[(k+1)/2] positive and |(k+1)/2| negative terms. Its value on Fj therefore

(5] &]+).

Every integer level is a wall. Since Fy < Fj, the strip containing Fj has
closure meeting this open interval. Its floor cannot fall outside the asserted
alphabet, even when Fj is on a wall and F leaves through the lower adjacent
strip. Formula (2) proves the bound. Varying the anchor coordinates in (0, 1)
reaches every intervening integer strip; the constant flag at its containing
open cell realizes the corresponding value. Further walls do not alter this
argument. []
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For a row a = (a;) of an integer matrix put P, = ), max(a;,0) and
N, = — ), min(a;,0). The carry b, = |af]| — a|6]| has the sharp range

—N,,...,P,—1}, P, >0,
bae{{ Y, P>

{~N,,...,0}, P, =0. (57)

Indeed it is [a{0} ]| on the half-open anchor cube. Every listed integer occurs
on a constant flag already in vertex degree k. In the purely negative case
the extra endpoint 0 is attained at the origin; the zero row has only this
value. These bounds sharpen the bounds following (52).

Now consider any integer-matrix diagram with finitely many objects and
finitely many composite matrices between each pair, equipped with simul-
taneous finite wall models. Along a chain of length r write M;; for the
composite matrix from object 2 to object 7, and u; for its carrier map from
object 0. On the initial model set

g = M, pic, Hij = Mjrp;bag,;-

The integer carry identity gives 6H;; = q; — q; and H;y = H;; + H;;. Conse-
quently the proof of Theorem 22.5 applies verbatim:

C=qo+6) Hy—a; onXoxAlr].
1=1

There is a particularly short evaluation of this cocycle.

Proposition 9.12. Put n =k + 1. For an n-simplez (o, 7T) of this product,
set{=71(n—1) and 3 =T(n). Then

Clo,7) = g;(o) + (=1)*Hy;(oljp,...n-17)- (58)

Let L > 1 bound the absolute row sums of all composite matrices, and let
B bound all their sharp absolute carry values in (57). Every coordinate
of every coherence cocycle then satisfies

Cl < L([k/2] + B),

independently of the chain length r. Rank-zero objects contribute no
coordinates; L =1, B =0 1s allowed if all ranks are zero.

Proof. In the Alexander—Whitney cup convention, 6(H — o) = 6H —
a+ (—1)*H « da. The first term evaluates o at the last parameter vertex
7, changing go to g;. The second evaluates da on the last parameter edge
(¢,7) and gives (—1)*(Hyj — Hos) = (—1)*Hy; on the front face. This proves
the formula, including a constant last edge. The two terms are bounded
respectively by L[k/2| and LB. ]
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Thus arbitrary coherence dimension introduces no new integer alphabet:
an evaluation reads one endpoint cocycle and one last-edge carry. The source
flag sets still grow with degree. This is a uniform arithmetic bound for the
specified diagrams, not a claim that a single finite model supports all integer
matrices or that arbitrary coherence boundaries are fillable.

The certificate verify_last_edge.py compares (58) with the full
coboundary formula as universal integer linear polynomials. It checks
552090 cases in cocycle degrees two through five and parameter dimensions
zero through four, including repeated source vertices and rebased and
repeated parameter labels. Omitting the edge term or reversing its sign is
detected in 4790 cases each. These bounded checks support the evaluation
formula; the proofs above give the uniform and all-degree assertions.

9.7 Why one fixed partition cannot suffice

There is a simple distinction between finiteness for an operation and a single
finite presentation preserved by every operation. The duplication map z —
(z,z) followed by addition is  +— 2z. At the lowest torus level, the sum
wall z; + z5 € Z pulls back to 2z € Z. Besides the original cut at zero this
requires a cut at 1/2; see Figure 18.

Proposition 9.13. No finite circle partition with a nonempty vertex set
makes doubling a map carrying each open cell into one open cell of that
same partition.

Proof. If B C R/Z is the vertex set, every inverse image of a vertex must
be a vertex. Otherwise doubling, which is a local homeomorphism, maps
an interior point of an edge onto a vertex and nearby points onto edges,
contradicting the carrier condition. Thus 27'B C B. But [27!B| = 2|B| >
|B|. ]

Every fixed iterate nevertheless has a finite presentation: z — 27z uses
the cuts a/2’ modulo one. Every finite list of expressions and its finite
comparisons can likewise use finite common refinements. This does not
give a single finite partition invariant under an expanding loop, even when
that loop is the only arrow in a proposed diagram. General simultaneous
triangulation questions also require care [10, Section 2].

The global coefficient-family theorem has a different, positive scope: each
expression is represented in every simplicial degree by a span whose three
objects are degreewise finite. Its comparisons are explicit and its action on
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t — (t,t) — 2t (mod 1)

Target circle

Figure 18: Duplication followed by addition gives the degree-two circle map.
Pulling the sum wall z + y = 1 back along ¢t — (¢,%) introduces the cut
t = 1/2. The graph uses half-open coordinates ¢,u € [0,1): open circles
mark excluded endpoints and their one-sided limits. After identifying v = 0
with v = 1, both affine branches fit together continuously, each going once
around the target circle.

fundamental classes is the prescribed integer matrix. Carrier refinement ar-
rows realize weak equivalences; their geometric counterparts are subdivision
homeomorphisms, but these are not the same maps.

The remaining target is an exact crossed construction with a replacement
fold or presentation, retaining the affine coordinate changes. The present
finite spans provide composition, inversion, and all integral combinations
with coherent refinement comparisons. For the existing carrier fold, an in-
tertwining homeomorphism is impossible by Corollary 8.11. The strictly
natural ordinary row-triangulation route is also excluded for £ > 2 by The-
orem 8.17. These results do not rule out a broader crossed construction, a
bare homeomorphism of total spaces, or a suitable replacement of the mul-
tiplication. In particular, Proposition 9.13 does not exclude subdivisions
and coordinate changes depending on the operation. Section 10 constructs
an explicit coherent deformation of the row operators to the affine diagram
and gives a finite operad organizing these refinement choices. The resulting
exact group structure belongs to the transported polyhedral realization. Sec-
tion 11 identifies the original one-input realization homeomorphically with
its affine group model. That identification does not turn the fixed carrier
fold into a group multiplication.
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10 Coherent geometric deformation and operadic
refinement

10.1 Transported affine maps and an explicit coherent com-
parison

Retaining the geometric coordinates gives a positive construction on the
existing row polyhedra. The affine torus maps can be transported through
their barycentric homeomorphisms, and the comparison with the original
carrier maps has explicit homotopies in every dimension. The transported
endpoint is a strict simplicial topological group. Its vertex operators are
generally piecewise linear maps, rather than ordinary simplicial maps on
the fixed nerves.

The two diagrams on the covers. Use the category whose objects are wall
presentations (L,, H,) and whose arrows T' : @ — b are lattice homomor-
phisms for which every open source face maps into one open target face.
The condition H, O T*H, is sufficient. This category contains the ver-
tex pullbacks and pointed-set sums of the original arrangements, and the
refinement and matrix arrows used in the integer-operation roofs. Write
V,=L,® R and ﬁa for the cover face poset.

For each closed face take the arithmetic mean of its vertices. These points
define a lattice-equivariant barycentric homeomorphism

€, : |N7‘5a\ =, V,.

The coordinates are rational, and translation commutes with their choice.
If pr is the carrier map, define maps in vector-space coordinates by

fT:eb|NPT\e;1, gr ="T.
Both assignments are strictly functorial:

fufr = fur, 9u9r = gur-

Moreover, for A € L,,
frz+X) = fr(z) +TA,  gr(z+A) =gr(z) + T

The distinction is that fr records carriers, whereas gr retains the actual
affine image.

146



Proposition 10.1. For every composable string
T Ty Ty
agp — Qa1 — ++* — Qp,

there 1s an explicit map Hr, .1, : A" x V,, — V, . These maps gwe a
homotopy-coherent comparison between the two diagrams, with identity
object components. They are equivariant for the total lattice homomor-
phism and descend to the quotient tori.

Proof. For 0 < 7 < n put

Pi(z) = gr, - 91, fry - - fry(2),

where an empty composite is the identity. Define
n
Hr 1,(to,...,tn;T) = thPJ(a:) (59)
5=0

For a string of length zero this is the identity of its object. For a single
arrow it is the straight segment from gr(z) to fr(z).

Here are all the coherence equations. On the face ¢; = 0 the formula
becomes, with the remaining barycentric coordinates understood,

HT2;~-~7T77,(_; le(fE)), 1= 0,
Hr .1o.m,..1.(—z), 0<1i<mn,
ng (HTl)"'anfl(_; m))7 Z =n.

The first and the interior identities use strict composition of the f’s and
g’s. The last also uses linearity of gr , which commutes with the convex
combination. Inserting an identity arrow repeats two adjacent P;’s; merging
their barycentric coordinates gives exactly the degeneracy equation. Thus
the formula specifies all faces and degeneracies, not just separate homotopies
for individual arrows.

Every P; has the same lattice equivariance, with linear part T ---Tj.
Since Zj t; = 1, their convex combination has that equivariance as well.
Hence it descends to the tori and, by the e,, to the original row polyhedra.

There is also a common open geometric carrier. Let F' be the largest face
having positive coefficient in the barycentric support of z. Then z lies in the
relative interior of F'. The carrier prefix sends it into the relative interior of
the corresponding intermediate carrier: the coefficient of its largest image
face remains positive. The remaining linear maps send that open cell into
the open total carrier. Hence every P;(z), and their convex combination, lie
in the same open face pr .1, (F). Relative interiors of convex polytopes are
convex. The formulas agree on flag faces and are continuous. ]
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Hy(—; frz)

UTzx

fufr(z)

Figure 19: The parameter triangle for the coherent geometric deformation.
Its long edge deforms the composite; the other two deform the successive
maps. The convex formula fills the triangle, and the same formula supplies
all higher parameter simplices. Its image in the target polytope may have
lower dimension.

In particular, every further vertex restriction R has constant integer-wall
status throughout this comparison: for each target face character 6; and
every 7,

0; (RHTl,...,Tn(t; :E)) €l <+<— 6 (RIDJ(iIJ)) € 7.

Both points lie in the same open carrier after applying R. Thus the com-
parison detects exactly the same zero restrictions on the quotient tori, even
though their nonintegral values vary. This is useful control of the row ho-
motopies. It does not yet produce maps of the two total realizations whose
inverse image of the canonical point is exactly that point: such maps must
also respect the identifications where outer simplex weights vanish.

For two arrows the comparison is particularly visible: its triangle has
vertices

UTz, U fr(z), fufr(z).

One boundary edge is the homotopy for the composite UT. The other two
are the successive homotopies for T" and U, with the stated precomposition
and postcomposition. The triangle compares them. Formula (59) supplies
every higher comparison in the same manner. It does not assert that simul-
taneous linear interpolation of all arrow maps is strictly functorial at each
intermediate parameter.

Finiteness and the geometry of the formulas. For a fixed chain of maps, ver-
tex degree, and arity, the formulas use finitely many rational charts modulo
the source lattice. Each P; is piecewise affine. On a common source sub-
division, (59) is polynomial in the barycentric parameters and the source
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coordinates, with rational coefficients. It is piecewise linear in the source
variable for each fixed parameter, but generally is not jointly piecewise lin-
ear in the parameters and source variable: products ¢;z; occur. Finite exact
formulas are therefore being asserted, not a finite triangulation on which
every parameterized homotopy is affine.

Some comparisons are already constant. If 7' maps each closed source
face affinely and isomorphically onto its target carrier, then it carries the
vertex mean to the vertex mean, so fr = gr. This applies to arrangement
isomorphisms, including the permitted input and vertex permutations and
simultaneous inversion. For the subset-sum arrangements it also applies to
insertion of zero inputs: its image is a face subcomplex with the original
induced arrangement. In particular the fold comparison is constant on its
unit faces. Independent input reversals still require the appropriate signed
coefficient refinements when they do not preserve the arrangement.

The strict geometric endpoint. Let C, be the orbit-incidence category of
P, under L,, retaining every lattice-labelled incidence branch, and put

P,=|NC,|, & :P, —V,/L,.
On these same row polyhedra replace the carrier operator by
Gr=¢,'Té,. (60)

These operators compose strictly. They have finite rational piecewise linear
descriptions: intersect each source barycentric simplex with the inverse im-
ages of the target barycentric simplices, and use the actual linear map on
each resulting chart. Only finitely many target charts meet the image of a
compact source chart.

In particular, the one-input spaces P, with the operators G, form a sim-
plicial topological abelian group. Its levelwise group law is

TD,y = é;l(éq(x) + &,(y)).

The maps €, now form an actual isomorphism of simplicial topological
groups with Ask). Its realization is therefore homeomorphic to \A | and
carries its exact topological abelian group law. For the multi-input presen-

tations the transported product comparison is the actual homeomorphism

p(s) =, abs) L= TTR1).

q
seS°
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Under this comparison the transported fold is addition. These homeomor-
phisms commute with the new vertex operators.

This strengthens the polyhedral prototype by comparing its operators co-
herently with the old carrier operators on the same row spaces. It changes
the vertex operators. The identity homeomorphisms of the individual row
spaces, together with the homotopies above, are not a strict natural home-
omorphism between the two simplicial diagrams. Consequently no homeo-
morphism from the original finite diagonal \D(()k)\ to the new realization is
supplied here. The construction also does not contradict Theorem 8.17: the
new row maps are piecewise linear maps, not ordinary simplicial maps on a

compatible collection of finite row triangulations.

Why the arrowwise interpolation is not a strict diagram. The higher com-
parisons are necessary even for refinement arrows whose underlying linear
maps are identities. Write

rpe(z) = fr(z) — Tz, hs(T)(z) = (1 — s) fr(z) + sTz.
Strict composition of the carrier maps gives

ryr(z) = Urr(z) + ru(fr(z)).
Consequently the defect of simultaneous interpolation is exactly

ho(U) (hs(T)(2)) — he(UT)(x)
= (1= 8)[ru(hs(T)(2)) — ru(fr(2))].

This follows by substituting 4,(T") = T+ (1 — s)rr on both sides; no linearity
of the piecewise affine function ry is assumed.

Here is an exact example on R/Z. On the cover use, successively, the
quarter, half, and integer grids

(61)

7, H=17.

1
2
The refinement arrows T': Q@ — R and U : R — H both have underlying
linear map idg. Transport the carrier nerve maps through the barycentric
evaluations that send an interval to its midpoint. For 0 < z < 1 the second
map is

2z, ogmgi,
fU(w): %’ %SCCS%,
2c—1, $<z<L
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The first map is its rescaling to each half-period: fr(z) = ify(2z) for 0 <
z < %, extended by fr(z + 3) = fr(z) + ;. In particular fr(3) = ; and
fur(z) = fufr(3) = 3. Hence

hi2(T)(5) = 16’
hl/z(U) (h1/2(T)(%)) ﬁ’
h1/2(UT)(%)

16

The defect is —32, which remains nonzero on the circle. These are presenta-
tions from the coefficient families {1, 2,4}, {1,2}, and {1} in vertex degree
q==k.

The comparison triangle in Proposition 10.1 has vertices UTz, U fr(z),
and fyfr(z). Its boundary compares the direct interpolation for UT with
the successive interpolations, first from fyfr to U fr, then from U fr to
UT. The simultaneous path hs(U)hs(T) is not a boundary edge of that
triangle. It is homotopic relative endpoints to the successive path through
the square (s,t) — hy(U)hs(T). Thus the triangle and square account for
the composition defect; they do not make that defect identically zero.

10.2 Semidetnov’s operad and finite refinement choices

Semidetnov’s construction suggests organizing the choices of presentations
by an operad. His hypotheses include left and right insertions and a compati-
bility between block insertion and transport [72, Definitions 2.1-2.4]. Under
these hypotheses, Theorem 3.6 constructs an operad in action groupoids.
In the symmetric case, its arity-m groupoid is the chaotic groupoid on %,,:
its objects are permutations, and there is exactly one arrow between any
two objects. Its nerve is the standard Barratt—Eccles E,, operad [72, Re-
mark 3.7]. We use this established symmetric case as an external source of
ordering parameters. We do not apply the theorem directly to our incidence
categories, which are not the required action groupoids.

Here arity m, nerve degree p, and vertex degree g are three different
indices. Semidetnov’s shifted indexing uses the group G,,_; in arity m; it
does not identify arity with our gq. The finite wall choices below supply a
separate operad, with an elementary proof of its substitution law.

Definition 10.2. For m > 1, let P(m) be the poset of families C' of nonempty
subsets of {1, ..., m} which contain every singleton and the total set. Order
these families by reverse inclusion: there is an arrow C' — C when C’' D C.
Set P(0) = {o}.

For C € P(m) and D; € P(n;), put N = ). n, and partition {1,...,N}
into consecutive blocks By,..., B,, of sizes ny,...,n,,. Some blocks may be
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empty. With D, embedded in its block, define

Co(Dl,...,Dm){UBi:UGC} u | JD (62)
+o

1€U 1

The subscript means that the empty set is discarded. Permutations act by
relabelling the underlying set.

Proposition 10.3. These posets and substitutions form a symmetric op-
erad in finite categories, including nullary operations. Each P(m) has
a terminal object: the family of singletons together with the total set,
or the empty family when m = 0.

Proof. Every singleton of the final set occurs in one of the D;. The total set
occurs as the image of the total set in C, unless N = 0, when the result is
the empty family. Thus substitution is well defined. Increasing any family
increases the resulting family, so substitution is a functor for the specified
order.

For associativity, write the first term of (62) as pullback along the block-
collapse map b : {1,...,N} — {1,...,m}. In a three-level substitution,
either order of evaluation produces the union of the pulled-back outer fam-
ily, the pulled-back middle families, and the innermost families. Pullback
commutes with union and with composition. Discarding empty sets com-
mutes with these operations, so the argument includes empty blocks.

The unique family in P(1) is the unit. Inserting it in each input adds
only singletons already present. Substituting D into it adds only the total
set already present in D, with the empty result when D € P(0). Substi-
tuting nullaries in every input likewise gives the empty family. Relabelling
commutes with unions and block pullback, proving symmetric equivariance.
Finally, every family contains the stated minimal family, which is therefore
terminal in the reverse-inclusion order. ]

The terminal choices are not themselves closed under substitution. For
example, the two binary parenthesizations on three inputs give

CL = {{1}’ {2}’ {3}’ {1’ 2}’ {1’ 2, 3}}:
Cgr = {{1}’ {2}’ {3}’ {2’ 3}’ {1’ 2, 3}}

Both have refinement arrows to the minimal three-input family. Their union
refines both. Keeping these arrows records the comparison rather than im-
posing equality of the two presentations.
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common refinement

(14+2)+3 {12} {23} 1+(2+3)

minimal three-input presentation

Figure 20: A square in the eight-object refinement poset P(3). Labels list
only optional pair walls; the singleton and total-sum walls are always present.
Arrows forget extra walls. The two shaded nerve triangles compare the
binary presentations through their common refinement and the minimal
presentation.

Let £%,, be the chaotic groupoid on %,,, with the usual substitution of
permutation blocks. Define

O(m) = N(ES, x P(m)). (63)
For arity zero both factors are the terminal category.

Theorem 10.4. The simplicial operad O 1s an E., operad, finite in each
arity and simplicial degree. Its exact counts are

O(m),| = (m)F*(p+2)*""2 (m>2). (64)

The simplictal sets O(0) and O(1) are points.

Proof. Products of categorical operads are categorical operads, and the
nerve preserves their products and substitution maps. The groupoid £%,, is
contractible, and P(m) is contractible because it has a terminal object. The
diagonal X,,-action on their product nerve is free, since it is free on the per-
mutation entries in the first factor. Thus each operation space is contractible
with free symmetric group action, as required for an E, operad.

For m > 2 there are 2™ —m —2 optional subsets: all the nonempty subsets
other than the singletons and the total set. In a weak chain Cy D --- D C,
any optional subset can survive for a prefix of length 0,1,...,p+ 1. These
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p + 2 choices are independent. A p-simplex of the chaotic groupoid nerve
is an arbitrary list of p + 1 permutations. Multiplying the two counts gives
(64). ]

What the operation labels present. Fix £ > 1 and abbreviate D = D((Jk).
Identify a subset U C {1,...,m} with its characteristic vector in Z™. A
family C € P(m) then gives the finite model ch ) of Section 9.3 and the
operation roof

pm e xB) e, p (65)

The left map uses the singleton coefficients and is a weak equivalence; the
right map uses the total-set coefficient and is the carrier fold. A refinement
arrow in P(m) gives a strictly commuting comparison of these roofs. All its
middle objects remain degreewise finite.

For E =Co(Ds,...,D,), block summation and block projection give a
strictly commuting square

xy I xP
T \J/ \lf sc (66)

[1x5 Albe - pm,

Indeed, the pullback of an outer subset-sum wall is the wall for the union
of its input blocks, and every inner wall is also included in E. These are
exactly the two terms of (62). The composite fold satisfies ucb, = pg strictly.
The same calculation for three levels makes all substitution comparisons
commute, including those with empty input blocks.

Both vertical maps in (66) are weak equivalences. For the left map, the
union of the embedded inner families presents the product of their arrange-
ments, and F refines that union. Thus the square is homotopy cartesian:
projection from its homotopy pullback to the lower left corner is a weak
equivalence, and the map from the upper left corner has the same prop-
erty. This does not identify ch) with the ordinary categorical pullback; the
carrier maps have not been asserted to be fibrations.

Accordingly, O organizes finite operation presentations and their refine-
ment comparisons. Its permutation factor is the standard Barratt—Eccles
factor, and its second factor records the explicit wall choices. No priority
assertion about an E,, operad is intended. The construction does not give
an ordinary simplicial action O(m) x D™ — D. Indeed, a unital action
would supply an ordinary simplicial binary multiplication with a unit, ex-
cluded by Theorem F.2. Transporting the resolved products to geometric
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operations on |D| would require compatible homotopy inverses and their
coherence data. Semidetnov’s perspective helps organize those parameters;
it does not by itself prove a product homeomorphism or retain the fixed
carrier fold as an exact group multiplication.

11 Homeomorphisms with the affine group realiza-
tion

11.1 A degreewise finite contractible stabilizer

There is a simple way to add an infinite-dimensional Euclidean factor with-
out losing finiteness in any simplicial degree. This construction will allow a
homeomorphism result after an explicit enlargement of the finite models.

For n > 2, let Aj C A|n] be the zeroth horn and form the pointed
simplicial quotient

c™=Am)/ng, Cc=]]c™.
n>2

The product is taken in simplicial sets. Its apparent infinite size is harmless

in a fixed degree: C’én) is a singleton if n > ¢ + 1. In particular, C has one

vertex.

Proposition 11.1. The stmplicial set C 1is degreewise finite, with
g+1
qg+1
#qulj[z<1+< - )) (67)
There 1s a homeomorphism

|C| = R,

where R*® = 114m)N RY has the direct-limit topology. Consequently C
1s contractible after realization. For every degreewise finite stmplicial
set X, the product X x C remains degreewise finite and the projection
X x C — X 15 a weak equivalence.

Proof. A simplex [g] — [n] lies outside the zeroth horn precisely when its im-
age contains all the vertices 1,...,n. Its image is therefore either {1,...,n}
or {0,...,n}. The numbers of monotone surjections onto these ordered sets
are respectively ( ?,) and (?). Adding the collapsed basepoint gives

#Cq(”>:1+< ! >+<q>:1+<Q+1>.
n—1 n n
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Here a binomial coefficient is zero outside its usual range. This proves the
degreewise assertion and (67).

We next identify the realization of each factor, including its basepoint.
Write the geometric simplex as the cone on its facet F' opposite vertex 0.
The geometric horn is the cone on 8F. Thus

|IC™| = A™/|A?| = cone(F)/ cone(dF).
The complement of the collapsed point is
int(F) x (0,1] 2 R™ ! x [0, 00).

The compact quotient is its one-point compactification. Inverse stereo-
graphic projection identifies the one-point compactification of this closed
half-space with a closed hemisphere of S™; the added point lies on the bound-
ary. We therefore have a pointed homeomorphism

(™), %) = (1",0),

where I = [0,1] and 0 is a corner of the cube.
Put Coy = ]_[27:2 C™ and include it into the next product by adjoining
the basepoint. In each degree these products eventually stabilize, so that

C = ligCSN‘
N

Realization preserves this colimit and finite products. Each finite product
here is a finite simplicial set, so its realization is compact and the product
homeomorphism is the ordinary one. Choosing the pointed factor homeo-
morphisms above gives compatible homeomorphisms

N
Cl=lim [ [ 1" = lim I,

N
N(N +1
dN:Zn:%_l-
n=2

This is a cofinal subsequence of the standard cube tower, with all new coor-
dinates zero. Hence |C| = I*°. Sakai’s Corollary 6.4.3 identifies I*° with R*
[68].

Finally, a degreewise finite X has countable CW realization. Such
a space is a direct limit of a tower of compact finite subcomplexes. Fi-
nite products of these direct limits have the ordinary product topology
[68, Proposition 6.1.3(2)]; equivalently, the usual compactly generated
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/g Pcrcrc---
C| = [® = R®
2 :
A[2] |IC?)| = D2 add the next disk
collapse the horn based disk at its basepoint

Figure 21: The contractible factor supplies extra coordinates without losing
degreewise finiteness. The first horn quotient is a disk; the successive finite
products are cubes of dimensions 2,5,9, .... A factor C( first contributes a
nonconstant simplex in degree n— 1, so only finitely many factors are visible
in any fixed degree.

realization-product homeomorphism is an ordinary homeomorphism in this
case. Thus
| X x C| = |X| x R,

The factor R* is contractible, so projection is a homotopy equivalence on
realizations. ]

The topology in this proposition is essential: I is the direct limit of
finite cubes with appended zero coordinates, not the countable product cube
with its product topology. Likewise, R® denotes the direct limit of finite-
dimensional Euclidean spaces. The construction adds simplices in arbitrarily
high degrees, while keeping every individual degree finite.

Preserving a prescribed finite skeleton. For any integer b > 0 the same
argument applies to the tail

Cop= || Alnl/AG.

n>b+2

It still has realization R*, but (Cs3), = * for every ¢ < b. Thus X x
Cs agrees canonically with X in all degrees through b. Its projection has
a section given by the basepoint, so X is also a simplicial retract of the
enlarged model. Every homeomorphism conclusion below holds with Cs;
in place of C. In particular, the enlargement can be postponed beyond
any prescribed finite skeleton; the transported group law is not asserted to
preserve the old carrier formulas on that skeleton.
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11.2 An actual homeomorphism after a finite stabilization

The contractible finite factor just constructed permits a positive homeo-
morphism theorem. The extra factor has a geometric purpose: it supplies
fresh coordinates in which points can be separated, without changing any
prescribed compact part of an embedding. The direct-limit space R* intro-
duced above is a topological vector space.

We use two classical results of infinite-dimensional topology. Among di-
rect limits of finite-dimensional compact metrizable spaces, Sakai’s recogni-
tion theorem characterizes R*°-manifolds by extension of embeddings from
closed compact pairs to neighbourhoods. His classification theorem says
that such manifolds of the same homotopy type are homeomorphic [68, The-
orems 6.4.8 and 6.5.1]. We verify the recognition hypothesis explicitly, so
that no regularity or triangulability of the original CW structure is being
assumed.

Lemma 11.2. If M s a nonempty countable CW complex, then M x R* is
an R®-manifold. Consequently, weakly homotopy equivalent countable
CW complexes M and N satisfy

MxR® = N xR%.

Proof. Exhaust M by finite subcomplexes M; C M, C ---. Each M; is a
finite-dimensional compact metrizable ANR. This standard fact about finite
CW complexes does not require their cells to be regular. Every compact
subset of M lies in some finite subcomplex. The product topology satisfies

M x R® = colim(M; x [—4,1]"),

by the product theorem for towers of locally compact spaces [68, Proposi-
tion 6.1.3(2)]. Thus the required finite-dimensional compact exhaustion is
available.

Let B be a closed subset of a finite-dimensional compact metrizable space
A,and let f : B — M xR* be an embedding. The empty case is immediate.
Compactness puts its image in M; x R™ for some 2, m. Write f = (u,v). The
ANR property extends v to a map u : U — M, on an open neighbourhood
U of B in A. Coordinatewise Tietze extension extends v to v : A — R™.
Choose an embedding e : A — R?, a metric on A, and set 6(z) = d(z, B).
The fresh-coordinate map

h(z) = (6(z),6(z)e(z)) € R*H!
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vanishes exactly on B and is injective on A\ B. Choose a closed neighbour-
hood V of B with V C U. Then

¢ — (Ue),7(2),h(®)), <cV,

extends f, using coordinates beyond the first m. It separates points of B
because f does, separates all remaining points by A, and separates B from
its complement by §. It is an embedding because V is compact and the
target is Hausdorff. Restriction to the interior of V proves the embedding-
neighbourhood extension property. Sakai’s recognition theorem therefore
applies.

A weak equivalence between CW complexes is a homotopy equivalence.
The factor R* is contractible, so the two stabilized manifolds have the same
homotopy type. Their homeomorphism follows from classification. []

Theorem 11.3. Fixz k > 1, write D = D(()k) and Z = X(gk)(2+), and let C
be the degreewise finite contractible simplicial set of Proposition 11.1,
with |C| 2 R®. Put D = D x C. There are homeomorphisms

[D¥| = |K(Z,k + 1) x R,
|Z x C| = |D%| x |D%|.

The model D is degreewise finite and has the homotopy type K(Z,k+1).
Its realization admaits the structure of a topological abelian group.

Proof. The realizations of D, Z, and D x D are countable CW complexes.
The standard simplicial abelian group K(Z, k + 1) is countable in each de-
gree, so its realization is also a countable CW complex. Apply Lemma 11.2
first to the classifying weak equivalence of Theorem 4.1, and then to the
carrier weak equivalence Z — D x D. Realization preserves finite products
[19, Section 1]. Here the ordinary product topology also agrees with the
compactly generated one: each factor is a countable direct limit of compact
finite subcomplexes, and the same product theorem applies. Finally, inter-
lacing coordinates gives R® x R*® = R*. These facts give both displayed
homeomorphisms.

The first target is a topological abelian group: its first factor is the real-
ization of a simplicial abelian group, and its second factor has vector addi-
tion. Transport this law along the first homeomorphism. Translating that
homeomorphism in its target, if necessary, makes the chosen basepoint the
identity. Degreewise finiteness follows directly from that of D and C, while
contractibility of |C| preserves the homotopy type. ]
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The theorem proves existence of homeomorphisms without selecting a
preferred formula. The transported group law is continuous. It is not
claimed to arise from an ordinary simplicial multiplication on D*t. Such
a multiplication with a homotopy unit is excluded by Theorem F.2. Nor do
these homeomorphisms identify the original carrier fold with the new group
law. Removing R requires a separate argument. For the original one-input
spaces this is provided by Theorem 11.36 and Proposition 11.38 below.

11.3 A homeomorphism to the affine group realization

The affine realization itself has the local topology needed for the classification
theorem. Thus the contractible finite factor can be placed entirely on the
finite simplicial model.

Theorem 11.4. For k> 1 and r > 1, put
A, = Z*(A[n]; (R/Z)7), G, = |Ad|.

Then G, 1s an R*®-manzifold.

Proof. Write

V, = Z*(ARRY),  Lp,=Z*(AR];Z7),  dn=dimV, = T(Z)

The anchor coordinates give A, = V,,/L,. Let K, C G, be the image of
the realization through simplicial degree n. These are compact metrizable
finite-dimensional ANRs, with closed inclusions and direct-limit topology.
To check the ANR assertion without assuming compatible ordinary row
triangulations, observe that the latching subset

n—1
L,A= U siAn_1 C Ay
1=0

1s a finite union of rational subtori. Set
P,=A, x A", B, = (A, x 0A™) U (L, A x A™).

The pair (P,, B,) is a finite polyhedral pair. The skeletal pushout expresses
K, as the adjunction of P, to K,_; along a continuous map B, — K,_;.
This is a compact metrizable adjunction space: its defining equivalence re-
lation on the compact metric space P, I K,,_; is closed. Starting from
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K, = {0}, Whitehead’s compact-ANR adjunction theorem therefore proves
the ANR assertion by induction [79, Theorem 1].

Finite dimensionality follows separately, without assuming that a quo-
tient preserves dimension. Let g, : P, — K, be the characteristic quotient
map. Its restriction to P, \ B,, is a homeomorphism onto K, \ K,,_;. Choose
compact sets C; C P, \ B, exhausting this open subset, for example the sets
at distance at least 1/7 from B,. Then K, is the countable closed union

K1 U | Ja(C).

721

Each ¢,(C;) is homeomorphic to C;, so has dimension at most dim P, =
d, + n. The countable closed-sum theorem for metric dimension [68, Theo-
rem 1.12.8] gives

dim K,, < max{dim K,,_i,d, + n} < 0.

No CW structure on the adjunction space and no PL structure on its quo-
tient map are needed.

Every compact subset of G, lies in some K,. For completeness, if a
compact subset were not contained in any stage, one could choose distinct
points z; ¢ K;. Every subset of {z; : 7 > 0} has finite intersection with
each K,, hence is closed in the direct-limit topology. This would give an
infinite closed discrete subspace of a compact space, a contradiction.

Directions avoiding a prescribed finite stage. For any M and positive
integer £, there are an integer N, an /-dimensional subspace W C Vy, a
neighborhood Byy of zero in W, and a continuous additive map

g: W — G,

such that
g(v) ¢ Km  (0# v € Bw). (68)
Indeed choose N > M with dy > dy + £. For every monotone surjection
a: [N]—» [m], m < M, let
S, = a*'V,, C Vy.

There are finitely many such subspaces and each has dimension at most dj,.
A generic /-plane W meets each S, only at zero.

The same avoidance holds locally modulo the lattice. Choose a monotone
section ¢, : [m] < [N] and set

Qa=1-0a"6,.
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This integer linear map has kernel S,. If v+ Ly € a*A,,, then Q,v €
Ly. Choose a sufficiently small neighborhood B of zero in Vy on which
every anchor coordinate of every Q,v has absolute value less than one. The
preceding condition then forces Q,v = 0. Consequently

(BNW)N{v:v+ Ly € a*A,, for some m < M} = {0}.
Fix w € int AV and define
g(v) = [v+ Ly, w].

This is continuous and additive: two inputs with the same barycentric pa-
rameter w add in simplicial degree N. The uniqueness of the nondegenerate
representative in a realization shows that [v + Ly, w]| € K precisely when
v + Ly comes from one of these degeneracy images. Taking By = BNW
proves (68).

The embedding extension property. Let P be a finite-dimensional com-
pact metric space, B C P closed, and f : B — G, an embedding. Assume
first B # @. Its image lies in a stage K;. Since Kj; is an ANR, f extends
to a continuous map f' : U — Ky, where U is a closed neighborhood of B
in P. Thus U is compact. Choose M containing the compact difference set
f(U) = f1(U).

Choose an embedding e : P — R?, and apply the preceding construction
with £ = a + 1. After identifying R**! linearly with W, define

h(z) = e(dist(z, B), dist(z, B)e(z)) € W, zeU.

It vanishes exactly on B and is injective on U \ B. Choose € > 0 so small
that A(U) — h(U) C By . Set

F(z) = f'(z) + g(h(z)).

Then F|g = f. If F(z) = F(y) and h(z) # h(y), additivity would put
g(h(z) — h(y)) in f'(U) — f'(U) C Ku, contrary to (68). If h(z) = h(y),
either £ = y or both points lie in B; the latter case also gives £ = y because
f is an embedding. Thus F is injective. As U is compact and G, Hausdorff,
it is an embedding of a neighborhood of B, extending f. When B = &, take
f'=0 on P and use the tag h(z) = ¢(1,e(z)); the same argument embeds
P.

We have verified the finite-dimensional compact embedding extension
property, usually denoted (Ef). Together with the exhaustion by finite-
dimensional compacta, Sakai’s characterization theorem identifies G, as an
R*-manifold [68, Theorem 6.4.8]. O
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Corollary 11.5. Let C be the degreewise finite contractible simplicial set
of Proposition 11.1. For every k > 1 there 1s a homeomorphism

Dg” x ¢ = Al
More generally, for every r > 1 there 1s a homeomorphism

X (r) x C| 2 | ZE(Ale); (R/Z))).

Proof. Proposition 11.1 and Lemma 11.2 make the spaces on the left R*-
manifolds. Theorem 11.4 does the same for the spaces on the right. The
finite-model comparison identifies their common homotopy type as K(Z", k+
1). Sakai’s classification theorem therefore gives the asserted homeomor-
phisms [68, Theorem 6.5.1]. O]

Transporting the affine addition through such a homeomorphism gives

an exact topological abelian group structure on \D(()k) x C|. The simplicial

set D(()k) x C remains finite in every degree. The classification theorem does
not supply a natural homeomorphism for the original carrier maps, nor an
ordinary simplicial multiplication. The factor C' has been retained on the
finite model; no factor is added to the affine group realization.

11.4 Homeomorphisms preserving the integral markings

The homeomorphisms can be chosen to preserve the canonical integral
classes. With this choice the geometric replacement carries all integer
operations simultaneously, and its multiplication agrees up to homotopy
with the original finite carrier fold.

Fix £ > 1 and write n = k + 1. Put

PB=x  P=xPryxcl (r>1), c=1]4¥).

Thus P, = \D(()k) x C|. Let ¢, € H"(P,;Z") be the ordered vector of canon-
ical classes, pulled back along the projection that forgets C. Choose the
generator u € H"(G;Z) corresponding to the canonical integral marking,
and write u, for its coordinate copies on G". The basepoints of P, are the
zero flags and the basepoint of C; the basepoint of G” is its group identity.

Theorem 11.6. There are based homeomorphisms

h.,: P. — G" (r > 0), hu, = c,
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where hy 1s the identity of a pownt. For an integer s X r matriz M, let
Mg : G" — G° be 1ts ordinary action by sums and integer multiples, and
define

Ty = h;*Mgh,. (69)

These continuous maps satisfy
T]r = idpr, TNTM = TNM, T;\‘/Ics = MCT.

They gwe a product-preserving functor from Maty to topological spaces.
Its product identifications are the homeomorphisms

H,=(h{)h,: P, — PI. (70)

Under the canonical identifications in the homotopy category, Ty rep-
resents the finite integer-operation roof of Theorem 9.4.

Proof. For r > 1, the preceding results make P, and G" R*-manifolds of
homotopy type K(Z",n). They are connected and paracompact: P, is a
countable CW complex, while G" is a Hausdorff topological group with
a countable compact exhaustion, hence regular and Lindelof. Choose a
based homotopy equivalence e, : P, — G" carrying u, to c,. Such a map
exists because maps into an Eilenberg—Mac Lane space represent integral
cohomology, and this prescribed marking is an isomorphism on the only
nonzero homotopy group. The spaces have CW homotopy type, so the
resulting weak equivalence is a homotopy equivalence.

Heisey’s classification theorem supplies a homeomorphism R, homotopic
to e, [37, Theorem C]|. This is stronger than the assertion that the spaces
are merely homeomorphic. To make the choice based, take a homotopy J,
from e, to TZT, and replace it by

J;‘(Cﬂ,t) = Jr(mvt) - Jr(*vt)'

Its endpoint h,(z) = h.(z) — h.(x) is a based homeomorphism, and J' is a
based homotopy from e, to h,. Consequently Aju, = c,.

Formula (69) gives the composition and unit identities by cancelling the
intervening hsh;!. It also gives the displayed cohomology identity. More
explicitly,

H,Ty = ((h{')°Mgh?) H,.

The expression in parentheses is the ordinary matrix action on the powers
of the topological abelian group P, transported from G by h;. Coordinate
projections therefore exhibit the topological product, while the zero-rank
object is terminal.
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Finally, maps from K(Z",n) to K(Z° n) are determined up to based
homotopy by their action on m,, equivalently by the pullback of the vector
of fundamental classes. Both T, and the finite roof have pullback Mc,, by
Theorem 9.4. The contractible factor C' does not change this identification.
Thus their classes in the homotopy category coincide. []

Comparison with the original binary fold. Write Z = Xék)(2+) and D =

D(()k). Its carrier maps are p = (p1,p2) : Z — D? and u : Z — D. The
ordinary simplicial map

ZxC— (D X 0)2, (miz) — ((pl.’B,Z), (pg.’.U,Z))

realizes to a based weak equivalence F' : P, — P?. It uses the diagonal of
the contractible factor. Let & = |4 x id¢| : P» — P;. The markings give
based homotopies

Hy ~ F, T(l )= ZZ (71)

Indeed (hy; X h1)F and h, pull back the same ordered vector of classes;
similarly, the canonical carry identity makes fi*c; the sum of the two classes
on P,. The same Eilenberg—Mac Lane classification of maps proves both
homotopies.

The multiplication

m:T(ll)H2_1§P1XP1—>P1

is therefore strictly associative and commutative, with strict zero and inverse.
It is exactly Ay '(hi(—) + hi(—)), and satisfies

mH2 ~ /7

This is a comparison with the original fold through a homotopy. The chosen
homeomorphism does not turn the fixed carrier fold into the group multipli-
cation by equality.

The theorem realizes the whole abelian theory by actual continuous maps
on the enlarged finite realizations. The choices of A, are not canonical, and
the construction gives no ordinary simplicial action on their finite simplex
sets. Likewise, the individual homotopies to the earlier roofs have not been
furnished with a specified system of higher coherences. Strict identities
belong to the transported continuous maps themselves.
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11.5 Degeneracies agree; face attachments remain

There is an exact agreement between the carrier and affine models which
narrows the homeomorphism problem to the face attachments. Put

Vo= Zk(A[Q];R)’ Ly = Zk(A[Q];Z): Ag=Vy/Lg, Qg = |NCy(14)l.

Choose the barycentre of every lifted closed cell to be the arithmetic mean
of its vertices. These choices give the row homeomorphisms &, : @, — 4,
used above.

Lemma 11.7. For every k > 1, every q > 0, and every elementary degen-
eracy s; : Qq — Qqg+1, the row homeomorphisms satisfy

= _ qaff
€q+15: = 55

g,
The assertion also holds for any number of inputs, and for the ar-
rangements defined by finite integer coefficient families containing the

coordinate vectors.

Proof. Let o : [q + 1] — [q| identify the adjacent vertices 7,7 + 1, so the
underlying linear map is the injective pullback o* : V; — V. Its image is
precisely the flat

W; = {0 € V441 : 0p = 0 whenever the k-face F' contains both ¢,7 + 1}.

One inclusion follows because those faces become degenerate under o. For
the converse, the cocycle relation on a vertex set JU{z,7+ 1} shows that the
coordinates of the two k-faces obtained by replacing 7 with ¢ + 1 are equal:
all the other terms contain both vertices and vanish. Here J has k vertices
and contains neither of the repeated vertices. Since 2,7 + 1 are adjacent,
their positions in the two ordered faces agree. The remaining coordinates
are unchanged. Thus the cocycle descends uniquely along o; equivalently,
pullback along any monotone section of o gives its inverse on W,. This
argument includes k& = 1, when the defining equation is 6;,4; = 0. In
degrees where there are no relevant faces, the corresponding cocycle spaces
are zero and the assertion has the same interpretation.

The flat W; is an intersection of arrangement walls. Each ambient face
character restricts to either an original face character or zero, and every
original character occurs by choosing a section of 0. Hence the arrangement
restricted to W; is exactly the image of the original arrangement. In par-
ticular, o* maps each open cell onto an open cell of the full arrangement,
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contained in this flat. It maps their closed polytopes and vertex sets bijec-
tively. Taking the arithmetic mean of vertices therefore commutes with o*.
The barycentric evaluation of every flag commutes with it as well. Passing to
lattice quotients proves the displayed identity. The same argument applies
componentwise; the coordinate vectors ensure that the equations defining
W; remain arrangement walls for a general coefficient family. ]

By the usual diagonal-iterated-realization homeomorphism, the original
finite realization can also be written as

E)) ~
D] 2 1Qu).

After using €, to identify the rows, this simplicial space and A, have exactly
the same degeneracies. Their nondegenerate row elements are consequently
the same, and the uniqueness of nondegenerate representatives gives a set
bijection

B Q. — |Ad], la,t] — [a,t] (@ nondegenerate, ¢ € int A?).

This statement concerns the underlying sets. It does not identify the real-
1zation topologies.

To see the precise issue, denote the carrier face operator in these coordi-
nates by f; and the affine one by dj‘ﬁ. As t approaches an interior point ¢
of the sth facet, the source attaches the simplex to [f;(a),t'], whereas the
affine target attaches it to [d2(a),]. If these two boundary points differ, 3
is not continuous along that approach. Agreement of degeneracies gives no
agreement of these face attachments, and thus supplies no continuity proof.
This observation makes no assertion that such a discrepancy occurs in ev-
ery k. It identifies the remaining geometric task: a homeomorphism of the
original realizations must accommodate the face attachments, rather than
merely identify their row tori or their nondegenerate representatives.

11.6 Arbitrarily large collars over a single open simplex

The original realization already has arbitrarily many transverse directions
over each individual open simplex. This gives a partial form of the embed-
ding property, without using the stabilizing factor. The compatibility of
these directions across different simplex strata is a separate question.

)

Lemma 11.8. Every nondegenerate n-simplex o of D(()k 15 a face of non-

degenerate stmplices of arbitrarily large dimension.
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Proof. Choose a lifted flag Fy < --- < F, representing 0. For N > n, let
o : [N] — [n] fix [n] and send all additional vertices to n. Let

s=a":V, — Vy, r:Vy — V,

be the corresponding injection and restriction, so rs = 1. The image of
s is an arrangement flat, and s identifies the arrangement on V,, with its
restriction to that flat. In particular every sF; is an actual open face.

The relatively open convex polyhedron = r~!(F,) is a union of open
faces of the arrangement on V). Its dimension is

sures ()-3)

There is a face E of this dimension contained in 2 whose closure contains
sF,. Indeed one can choose, arbitrarily near a point of sF,, a point of 2
avoiding all the finitely many additional local walls. The interval of faces

between sF, and E has saturated chains of length (%) — (7).

For arbitrarily large N we have (],X ) — (Z) >N -—-n. Putb=N —n and
choose the first b terms of such a saturated chain:

sk, < B, <--- < By.

Then

B=(sFy < - <sF, < E; <--- < E)
defines an N-simplex of D(()k). Restricting to the first n 4+ 1 vertex and flag
positions gives 0. No diagonal degeneracy in positions ¢ > n is possible,
since the corresponding consecutive flag entries are distinct. A degeneracy
in a position 7 < n would restrict to the same degeneracy of 0. Thus g is
nondegenerate. ]

Proposition 11.9. Let P = |D(()k)|, let C' be a compact subset of one open
nondegenerate simplexr of P, and let a and M be nonnegative integers.
There 1s an embedding

j:CxB*— P
such that j(z,0) = z and
7(C x (B*\ {0})) n PM) = &.

Here B% is the closed Euclidean unit ball and PM) is the ordinary M-
skeleton.
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J(z,2) € B° for z # 0

p dimpg > M
Elach compact piece of one
open simplex has arbitrarily
o many transverse directions.
CCo°

Figure 22: A collar over one open simplex, shown schematically. The two
rays depict the two signs of a one-dimensional normal coordinate; in the
proof their directions lie strictly inside the complementary barycentric sim-
plex. Higher-dimensional normal spheres are placed there in the same way.
All nonzero normal coordinates enter one sufficiently high open simplex.
The picture gives no gluing across the boundary of o.

Proof. The case a = 0 is immediate. Write o for the n-simplex containing
C. Choose a nondegenerate coface 8 of dimension N > M withb=N—-n >
a + 1, as in the lemma. In barycentric coordinates its distinguished o-face
occupies the first n + 1 positions. Choose an embedding

v:8° 1 int AL
For w € C C int A" and z € B® define, with 0 < € < 1,

i) - {[ﬁ, (1 = ellzllyu,ellzllo(z/ 121D, 2 #0,

o, ul, z=0.

The formula is continuous also at z = 0. If z # 0, every barycentric coordi-
nate is positive, so the image lies in the open N-simplex of 8. Uniqueness of
nondegenerate interior representatives recovers u, ||z||, and v(z/||z||), hence
z. At z = 0 injectivity follows from the characteristic map on the open sim-
plex of 0. The compact-to-Hausdorff criterion now makes 7 an embedding.
Its off-zero image lies outside PM) because N > M. ]

Corollary 11.10. Let A be a finite-dimensional compact metric space, B C
A closed, and f : B — P an embedding whose tmage s contained in

one open simplex. Then f extends to an embedding of a neighborhood
of B in A.
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Proof. If B = &, embed A into a finite-dimensional ball and then into a
collar over any chosen point of P. Assume henceforth that B # @. The
open simplex is an ANR, so f extends to a map f': U — P from a compact
neighborhood of B, with compact image C still inside that open simplex.
Choose an embedding e : A — R’ and a positive constant 7 small enough
that

h(z) = n(d(z, B),d(z, B)e(z)) € B"*!, zeU.

The map h vanishes exactly on B and is injective on U \ B. Compose (f', h)
with the collar from the proposition. The result extends f and is injective:
equal tags off B force equality, and on B the map f is injective. Compactness
makes the result an embedding. []

The collar is not claimed to be an open neighborhood, and its construc-
tion is not natural as C approaches the boundary of its simplex. For a
compact subset meeting several strata, the choices of high cofaces must still
be made compatible along their common faces. Neither the lemma nor the
proposition supplies that compatibility.

11.7 Why unrestricted coface amalgamation cannot supply
the collars

One possible way to glue the preceding local collars would be to amalgamate
every finite collection of cofaces over their common face into a single larger
simplex. For k > 2 this property fails. This is an obstruction to that
proposed proof strategy, not an obstruction to the desired homeomorphism.

Proposition 11.11. For k > 2, there are simplices Bs, B3 of Dék) with a
common specified face o, such that no stmplex v has both as faces by
injections which agree on their specified o-faces.

Proof. The torsion construction in the proof of Theorem 8.17, applied with
p =2 and p = 3, gives an arrangement vertex v, in a torus level Ag’;) and a

k-face injection a, : [k] < [gp] such that
a,Up =1/p inR/Z.

Here the vertex assertion concerns the original periodic arrangement: the
point is isolated in an intersection of its integer walls, so its open arrange-
ment cell is zero-dimensional. The generator of the p-point subgroup can
be chosen so that the nonzero face evaluation equals 1/p.

Let B, be the constant flag at v,, repeated g, + 1 times. Its specified
a,-face is the constant flag of length £+ 1 at the unique open edge e = (0, 1)
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of the integer-wall circle. Thus both specified faces are the same simplex
o= (e,...,e).
Suppose a simplex v = (Hy — --- — H,,) and injections b, : [g,] — [m]
satisfied
b,y = By, bray = bsaz = c.

The same flag position ¢(0) occurs in both restrictions. The carrier of H)
under by, is the vertex v,. Therefore the affine image of every point of that
open cell under ¢ is the single circle point ayv, = 1/p. Forp=2and p=3
this requires the same nonempty open cell to have two distinct constant
values under the same face evaluation, a contradiction. []

The simplices in this argument need not be declared nondegenerate: the
statement already disproves the proposed universal amalgamation property
for the simplex category. The geometric cause is that a carrier forgets where
inside an open target cell the affine image lies. Equal carriers do not ensure
compatible affine extension data. A global collar construction must therefore
retain additional geometry or use more than one larger simplex.

11.8 Point fibres of the carrier face maps

The loss of affine positions in a carrier does not create an additional homo-
topy type in an individual lifted face-map fibre. The following statement
concerns the row realizations; it does not identify links in the diagonal real-
ization.

Lemma 11.12. Let p: P — Q be an order-preserving map of locally finite,
finite-dimensional face posets. Suppose that the nerves of

p(F), {H>E:p(H)=F} (F2>p(E)

are monempty and contractible. Then every point inverse of |Np| :
INP| — |NQ| ts contractible.

Proof. Let a target point have nondegenerate support Fy < --- < F,, and
positive barycentric weights Ag,..., An. A point in its inverse image is a
source chain, partitioned into nonempty consecutive blocks whose carriers
are Fp, ..., F,. The weights in block j sum to A;. Dividing by these sums
identifies the fibre with the iterated realization of the multisimplicial set
whose (ao, - - -, @, )-simplices are arrays

Ej,O S T S Ej,aj) p(EJ,Z) = -Fj)
Bio, < Bjy1p (0< 7 <m).
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This identification respects all zero weights and repeated entries. It is a
homeomorphism on the product-of-simplices cell structures.

Proceed by induction on m. For m = 0 the fibre is |[Np~!(Fp)|. For a
fixed first block ending at F, the remaining blocks give the shorter-flag fibre
for the restricted map on P> g. This restriction satisfies the same hypotheses:
its exact fibres over the remaining F; are the displayed upper fibres, and its
upper fibres above any H > F are unchanged. Consequently the realization
of the remaining blocks is contractible by induction. Projecting to the first
block is therefore a degreewise weak equivalence after realizing the other
directions. The usual diagonal weak-equivalence lemma for multisimplicial
sets makes the full realization weakly equivalent to |[Np !(Fp)|. Finally
the point fibre is a polyhedral CW space, so weak contractibility implies
contractibility. ]

Proposition 11.13. Let r : Vy — V,, be restriction to a specified ordered
vertex subset, and let p : Py — P, be its carrier map for the original
single-input arrangement. Every point fibre of

[Np| : [NPy| — [NP|

1s contractible. The same assertion holds for any fized number of in-
puts, or for one fized integer coefficient family containing the coordinate
vectors in both degrees.

Proof. Restriction is surjective: a monotone retraction onto the specified
vertex subset gives a linear section by pullback. Every target wall pulls
back to a source wall. We verify both hypotheses of Lemma 11.12.

First let F' be an open target cell and put Q = »~!(F). This is a nonempty
convex, relatively open polyhedron. It is the union of precisely those open
source cells E with p(E) = F. Use the barycentric triangulation of the
source arrangement. At a point z € 2, discard the barycentric weights at
cells whose carrier is not F', and renormalize the remaining weights. The
remaining sum is positive: the maximal cell in the barycentric support is the
open source cell containing z, and its carrier is F'. Its coefficient remains
positive throughout straight-line interpolation to the renormalized point.
The interpolation therefore stays in this same open source cell, hence in Q.
This defines a strong deformation retraction

Q — [Np™'(F)|.

The local finiteness of the arrangement ensures continuity of the barycentric
formulas. In particular this nerve is contractible.

172



Next fix a source cell E, put G = p(E), and let F > G. If F = G, the
cell F is initial in the required upper fibre. Suppose F > G and choose
z € E. Locally at z, cofaces of E are the cones of the central arrangement
consisting of the walls through F, modulo its tangent space. Similarly the
target coface F' corresponds at r(z) € G to a nonzero relatively open convex
cone Cre modulo the tangent space of G. The induced linear map

7:Vy/lin(E — E) — V,/1lin(G — G)

is well-defined and surjective. Thus 7~ }(Crg) is a nonempty convex cone
excluding zero. It is the union of the local source cones indexed by

H>E, p(H)=F.

This also proves that every such target coface has a source coface: a direction
into F' can be lifted at the chosen point of E, even when r(E) is a proper
subset of G.

Intersect this convex cone with a unit sphere. Its intersection is con-
tractible, by normalized straight-line contraction to any one of its points.
Apply the same barycentric weight-deletion retraction in the spherical face
decomposition of the local central arrangement. It retracts this intersection
to the nerve of the indicated upper fibre. Hence that nerve is contractible.
The preceding lemma now proves the claim for all target points, including
points supported on a nontrivial barycentric flag. ]

Corollary 11.14. On the lattice quotients, every point fibre of the corre-
sponding row carrier face map Qn — Q. has homotopy type

K(ker(Ly — Ly), 1) ~ (R/Z)(8)~().

For a wnputs the exponent 1s multiplied by a. These row maps are
quasifibrations.

Proof. The integral restriction Ly — L, is surjective, with an integral sec-
tion. Choose a lift of the target point to the covering row realization. The
original fibre is the quotient of its lifted point fibre by ker(Ly — L,). The
latter lattice acts freely and properly, and the lifted fibre is contractible by
the proposition. Thus the quotient fibre is the displayed aspherical polyhe-
dral space.

The row spaces QQny and @, are tori under the barycentric homeomor-
phisms, and their carrier map is homotopic to the linear restriction. The ho-
motopy fibre is therefore connected and aspherical with fundamental group
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ker(Ly — L,). The inclusion of the actual fibre induces this same kernel in-
clusion on fundamental groups, as is seen from its restricted covering space.
Its map to the homotopy fibre is consequently a weak equivalence. This is
the quasifibration condition. ]

The lifted point fibres need not be compact; the term “cell-like map” is
therefore not being used here. On the quotient, the kernel torus is essential
and cannot be replaced by a contractible fibre. A quasifibration need not
be a locally trivial bundle. These statements provide information about
the row face maps, but they do not establish compatible neighborhoods or
contractible links in the diagonal realization.

11.9 Punctured carrier fibres and their stable connectivity

The following calculation allows many source cells with the same carrier to
vary together. In particular, it is stronger than placing one chosen simplex
in one high coface. It is a calculation on the lifted arrangements, and does
not identify these spaces with links in the diagonal realization.

Proposition 11.15. Fiz an open lifted face F in V, = Z*(A[n];R). For
N > n, let
SNZVn—)VN, 'rN:VN—>Vn

be repeated-last-vertex pullback and restriction to the first n + 1 ver-
tices, respectiwvely. Thus rysy = 1. Let Py(F) be the subposet of lifted
arrangement faces defined by

Pu(F) = {B: p,,(B) = F, B # syF}.
Putby = () — (7). If by > 0, then
INPy(F)| ~ S,

More precisely, barycentric evaluation embeds this nerve as a strong
deformation retract of

Qu \ sy F, Qu =1y (F).

These embeddings and deformation retractions commute with further
repeated-last-vertex injections Vy — Vy,1. Consequently the union of
the nerves under these injections 1s contractible, with the weak topology
of 1ts simplictal complez.
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Proof. The set 2y is a union of open arrangement faces. The degeneracy
image sy(V,,) is an arrangement flat, and

Qy N SN(Vn) = sykF.

Thus the faces belonging to Qy \ sy F' are exactly the elements of Py (F).

Use vertex-mean barycentres to identify the nerve of the full lifted face
poset with V. Write a point z of Qy \ sy F in its unique open barycentric
simplex:

=) tb(E), Eo<-<BEm >0, > ti=L

The point z lies in the open face E,,. Therefore E,, € Py(F). In particular

a(z) = Z t; > 0.

EiePN(F)

Define

Ry(z)=a(z)™" ) tb(E),  Hy(z,u)=(1-u)z+uRy(z).
E;€Py(F)

These formulas agree on common barycentric faces. The arrangement trian-
gulation is locally finite, so they are continuous. Throughout the homotopy
the coefficient of b(E,,) is strictly positive. Consequently the point remains
in E,,, and therefore remains in Qy \ syF. The map Ry fixes its image
pointwise. This proves the asserted strong deformation retraction.

The affine splitting gives a homeomorphism

Qn \ syF — F x (kerry \ {0}), z— (rNT, T — SNTNT).

Its inverse sends (y, 2) to syy + 2. The open convex polyhedron F is con-
tractible and dim ker ry = by, proving the sphere homotopy type.
Let 9y : Viy — V1 duplicate the last vertex. Then

TN+1IN = TN, INSN = SNi1-

The map 7y identifies its arrangement with the induced arrangement on an
actual flat. It sends each face to a face, preserves incidence, and sends its
vertex-mean barycentre to the vertex-mean barycentre of its image. More-
over

E e PN(F) < JyE € PN+1(F).
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l SO S1
The union of the carrier nerves

remove the section 1s contractible.
two components

Figure 23: Extra vertices resolve the two sides of a punctured carrier fibre.
On the real cover, the region over an open face F' splits as F' xker ry. Remov-
ing its canonical section has homotopy type S®*~!, where by = dimkerry.
The arrows between spheres indicate successive vertex-degree inclusions up
to these homotopy types. This calculation concerns auxiliary carrier fibres;
their identification with diagonal links is not used in the later local quasifi-
bration proof.

It follows directly from the weight-deletion formulas that Ry,178v = jnv Ry
and Hy1(ynz,u) = jnHy(z,u).

The nerves form an increasing union of simplicial subcomplexes. Every
map from a sphere into their weak union has image in a finite subcomplex,
hence in one stage. Since by — oo, its image is nullhomotopic in a suffi-
ciently large later stage. The union is nonempty and path connected by the
same argument. It is therefore a weakly contractible CW complex, hence
contractible. ]

The calculation includes cells whose affine images are distinct proper
subsets of the same open carrier: it does not require their simultaneous oc-
currence in one larger simplex. The unresolved step is to compare a full
diagonal link, with all of its flag-entry, vertex-face, and degeneracy identifi-
cations, to an appropriate stable punctured-fibre complex. Contractibility
of the latter does not by itself establish that comparison.

11.10 The stable carrier fibre is an infinite-dimensional mani-
fold

The same stabilization gives more than contractibility. All the simplex links
of the stable carrier-fibre nerve are contractible, so Sakai’s theorem applies
to this auxiliary complex itself.
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Theorem 11.16. Fiz an open lifted face FF C V,. Under repeated-last-
vertex inclusions, form the direct-limit poset

Qoo(F) = colim{E C Vi : pr(B) = F}.

Let K(F) = NQw(F), regarded as an abstract stmplicial compler of
finite strict chains and giwen its weak realization topology. Then

|K(F)| =~ R™.

The full subcomplex obtained by deleting the canonical vertex sy F (the
same vertez in the direct limit) 1s likewise homeomorphic to R™.

Proof. All the face posets are countable, and the repeated-last maps are
order embeddings onto arrangement flats. Thus the direct-limit nerve is a
countable simplicial complex.

Upper intervals. Fix E € Q(F'), represented in degree N. In each later
degree M, retain the notation E for its image. Set

M
Qu =r(F), dy=dimF+ <k> - <Z) —dimE.
The set Qy is relatively open in the affine space r,; (aff F/). At a point in
the relative interior of E, the arrangement induces a finite complete central

fan in
lll‘l(QM — QM)/IID(E — E),

of dimension dj;. Its cones correspond exactly to the faces E' > F whose
carrier under 7, equals F'. Indeed a sufficiently small neighborhood of the
chosen point in aff {2;, remains in €2/, and the walls containing E determine
all incident face germs. The fan is pointed because E is an arrangement face.
Consequently, whenever dj; > 0, the nerve of the strict upper interval

{E/ > E: pT‘M(E/) =F}

is the barycentric subdivision of the fan’s spherical cell decomposition, hence
is homeomorphic to S 1. The dimensions dj; tend to infinity. Any sphere
map into the stable strict upper interval has compact image in a finite sub-
complex and hence in one degree. Its inclusion in a sufficiently large later
degree is nullhomotopic. The stable strict upper interval is nonempty and
path connected for the same reason. Its nerve is therefore contractible by
the CW Whitehead theorem.
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Links. The link of a strict chain Ey < .-+ < Ej in an order complex is
the join of the nerves of

Qcry,, (Eo,Ev), ..., (EBi-,E), Qsg.

An empty interval contributes the usual empty-complex join unit. The final
factor is nonempty and contractible by the preceding paragraph. Thus every
simplex link is nonempty and contractible. Sakai’s link characterization and
its identification with R*-manifolds show that |K(F')| is an R*°-manifold [68,
Theorems 6.11.1 and 6.12.2].

The carrier-fibre nerve in each fixed degree is a strong deformation retract
of the convex set €2, by the barycentric weight-deletion argument. Hence
the stable nerve is contractible: every sphere map lies in one degree, where
it is already nullhomotopic. Sakai’s classification theorem now identifies
|K(F)| with R* [68, Theorem 6.5.1].

Finally the canonical cell sy F' is a minimal element of each carrier-F
poset. Every proper face of sy F maps to a proper face of F', so has a
different carrier. Removing this vertex therefore does not change the strict
upper interval of any remaining element. The same link argument shows
that the deleted-vertex subcomplex is an R*-manifold. Its contractibility
is Proposition 11.15. Applying the classification theorem again proves the
second assertion. O

This theorem concerns the nerve of a stabilized, fixed-carrier poset. Its
stabilization raises vertex degree while retaining a fixed target face and al-
lowing arbitrary flag length. The original diagonal ties flag length to vertex
degree and imposes additional face and degeneracy identifications. An iden-
tification, or a homotopy-cofinal comparison, of its local links with these
stable carrier-fibre complexes has not been established.

11.11 Avoiding every row degeneracy below a fixed degree

The preceding puncture can be enlarged to remove all row data coming
from a bounded simplicial degree, including their lattice translates. Write
V, = Z*¥(Alg);R) and L, = Z*(A[g]; Z), and retain a fixed lifted open face
F CV,. For N> n set

N
QN:Tﬁl(F), dN:dlmF+<k>—<Z>

For a nonnegative integer M, define

min(M,N

)
A7 = U U O+av),
oe[N]-»|

=0 —»[m] AeLy
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where the middle union is over monotone surjections. Repeated affine flats
are counted only once. Let

On(F; M) ={E: p,,(E)=F, EZ AJ"}.
The binomial coefficient (]‘,f ) is understood to be zero when M < k.

Proposition 11.17. Put cy = dy — (Akl) — 2. Whenever cy > —1, both
Qv \AYY and |NGn(F; M)

are cy-connected; here (—1)-connected means nonempty. There is a
barycentric strong deformation retraction from the first space onto the
second. These deformation retractions commute with repeated-last-
verter injections when M 1s fized. Consequently

ch?flzlingN(F;M) >~ R™,

The realizations and direct limits use the weak topology of the corre-
sponding countable simplicial complexes. No nonemptiness 1s asserted
for an early stage with cy < —1.

Proof. Each a*V,, is a rational arrangement flat: a degeneracy identifies the
smaller arrangement with the arrangement induced on that flat. Transla-
tion by A € Ly preserves the full periodic arrangement. Thus .AJSVM i1s an
arrangement subcomplex. It is closed and locally finite as a union of distinct
affine flats. Indeed, for each fixed rational linear subspace a*V,,, its lattice
translates form a locally finite family: their images in the quotient vector
space form a discrete lattice. There are only finitely many choices of m and
a. Every such flat has dimension at most (A,f)

The set 2y is an open convex subset of its dy-dimensional affine hull.
Its intersections with the removed flats have dimensions at most (A,f) The
stated connectivity is relative general position for this locally finite family of
affine subspaces. Here is a direct argument. Nonemptiness follows because
finitely many proper affine subspaces cannot fill an open ball. Given a sphere
map of dimension 7 > 0 with

. M

approximate it by a sufficiently close piecewise linear map and use the
straight-line small homotopy in the complement. Its image can be coned
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to a point of 2y because that set is convex. A compact neighborhood of
this cone meets only finitely many removed flats. Choose the cone point
generically in a sufficiently small open ball. For each boundary simplex and
each relevant flat, the forbidden cone points lie in an affine subspace of di-
mension at most 7 + 1+ (]‘,f ) < dy. Hence the perturbed cone misses every
removed flat. This gives the required nullhomotopy.

An open arrangement face is either contained in AJSVM or disjoint from it.
For a point in Qp \ A]%M, the largest face in its open barycentric support be-
longs to Gy (F'; M). Delete all other face weights and normalize the retained
weights, as in Proposition 11.15. The largest face retains a strictly positive
coefficient throughout the straight-line homotopy. Thus the homotopy stays
in that same open face and in the complement. This is the asserted strong
deformation retraction.

Let 3y : Vv — Vi1 duplicate the last vertex. We have the exact equiva-
lence

T c .AJSVM < JNT E Alg\fﬂfl

The forward implication follows by composing the corresponding monotone
surjections and applying jy to the lattice translation. For the converse,
pull back along a monotone section of the last duplication. The resulting
monotone map [N] — [m] need not be surjective, but factors through its
image [m/] with m’ < m < M. The pulled-back translation remains integral.
This proves the equivalence. It also shows that the good-cell predicate is
preserved and reflected, so the barycentric deformation retractions commute
with the inclusions.

Since cy — oo for a fixed M, every sphere map into the stable nerve
becomes nullhomotopic in a later degree. Compactness places its image in
a finite subcomplex and hence in one degree. The stable nerve is therefore
a contractible CW complex.

In fact it is an R*-manifold. The good cells form an upward-closed
subposet of the carrier-F poset: if E < E' and E’' lay in the removed closed
arrangement subcomplex, then E would lie there as well. Thus the strict
upper interval of every good cell is unchanged. The complete-normal-fan and
chain-link argument of Theorem 11.16 applies without alteration. Sakai’s
characterization and classification now identify the contractible stable nerve
with R, ]

The lattice translates in this statement are essential. In the torus Ay =
Vn /Ly, a point comes from degree at most M precisely when any real lift
belongs to AIS\,M. Omitting the translates would only test a chosen lift against
the intrinsic linear degeneracy flats. This is a statement about ordinary row
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degeneracies; it does not identify the removed set with the finite skeleton of
the diagonal realization, whose degeneracies also repeat flag positions.

Corollary 11.18. At a fized degree N > max{n, 1}, remove every proper
row degeneracy by taking M = N — 1. Whenever the displayed number
1s at least —1, the remaining part of 2y, and its good-cell nerve, are

N -1 n .
<<k B 1) — (k) +dim F' — 2) -connected.

For k > 2 this lower bound tends to infinity with N.

Proof. Apply the proposition at the single degree N with M = N — 1 and
N N-1 N1
wse (;) — ("¢ ) = (&) m

k k—1

This last corollary is a sequence of finite-degree assertions. Repeated-
last duplication sends every row point to a proper degeneracy in the next
degree, so it does not give maps between these genuinely nondegenerate
complements. No direct-limit identification for the varying cutoff M = N—1
is asserted. For k = 1 the stated bound is dim F — n — 1 and does not grow.

For example, take k = 2, n = 2, and the open edge FF = (0,1) C V2 = R.
The complement of every proper row degeneracy over this edge is (N — 3)-
connected. Thus in degree N = b5 it is already simply connected with
vanishing m,, and every fixed higher connectivity requirement is met in
a later degree. This supplies fillings once the prescribed family has been
represented inside that carrier strip. It does not construct the transition
maps needed to represent a whole diagonal link there.

11.12 An exact join and a manifold theorem with a retained
anchor

Keeping one distinguished vertex gives an exact geometric operation which
is absent from the unmarked carrier construction. In this subsection & > 2
and Q, = |NC,(14)| denotes the original single-input row realization. Define
the lower decalage by

E, = (Deco Q)q = Qg1 df =d? |, sf =52, E = | Decy Q).

The vertex 0 in each row is retained as an anchor; the other q + 1 vertices
carry the coordinates of A? in this realization.

Lemma 11.19. Let S = {a}II] and T = {a}1J be ordered vertezx sets with
their common anchor first and otherwise disjoint. OnU = {a}11I11J, let
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p:U — S collapse J toa and let ¢ : U — T collapse I to a. Alternating
pullback defines an injective map

L:Vs@® Vr — Wy, (z,y) — p'z + q'y.

Its image 1s an arrangement flat, its lattice is «(Lg® L1), and its tnduced
periodic arrangement 1s exactly the product arrangement. Consequently
1t induces an embedding

w:Qs X Qr — Qu

natural for vertex maps preserving the anchor and the two blocks. Re-
striction to either anchored block recovers the corresponding factor. The
row barycentric homeomorphisms commute with w and the affine map
L.

Proof. Use the integral anchor coordinates 6,r, with F' a k-element subset
of the unmarked vertices. The image of ¢ is defined by

O, =0 (FNI+# o, FNJ# o).

All remaining anchor coordinates are the independent coordinates of z or y.
This proves the flat and lattice assertions.

On a (k + 1)-vertex face omitting a, both pullbacks could be nonzero
only if at most one of its vertices belongs to I and at most one belongs to
J. Because k + 1 > 3, this is impossible. On a face containing a, a nonzero
first pullback requires that the face miss J, and a nonzero second pullback
requires that it miss I, so again they cannot both be nonzero. Each ambient
face character therefore restricts to one input face character, possibly with
its orientation sign, or to zero. Every input face character occurs on its
own anchored block. The wall arrangement on the flat is thus the product
arrangement. Its cells are the images of products of input cells. Their vertex
barycentres are the images of the corresponding pairs of vertex barycentres,
proving the final assertion. Pullback is natural under the indicated block
maps, which also proves the stated naturality after passing to nerves and
lattice quotients. ]

For z = [u,t] € E, with u € Qg1 and t € A?, and y = [v,s] € E, with
v € Qry1 and s € AT, set

Iz, y) = [w(u,v), ((1 — A, As)] € E, 0<AL<L (72)

The row on the right has one anchor and ¢+ r + 2 unmarked vertices. Block
naturality makes the formula respect all face and degeneracy relations in
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both inputs. Zero weights at either endpoint remove the corresponding
block, so

Jo(z,y) =z, Ji(z,y) =y.

It defines a continuous map E X E x I — E. One may check continuity
on finite stages and then use their compact direct-limit topology and its
finite-product property. The join is ordered: with three inputs, both ways
of concatenating the blocks give the same row and the same point whenever
their three total barycentric weights agree. No commutativity is asserted.

Lemma 11.20. Fiz r + 1 > k, a weight vector s € int A", and an open
set B in the tag row Q,.1 on which every anchored k-face character 1s
nonzero modulo 7Z.. The map

E x Bx(0,1) — E,
(z,v,A) — J\(z, [v, s])

18 injective. If the minimal outer ssmplicial degree of x 1s q, the minimal
outer degree of its image 1s ¢+ r + 1.

Proof. Choose the unique nondegenerate outer representative [u,t] of z,
with all entries of ¢ positive. Degeneracies of the rows agree with affine
duplication under the row homeomorphisms (Lemma 11.7). A row coming
from duplication of two adjacent vertices has zero value on every k-face
containing both of those vertices.

No two adjacent tag vertices can be duplicated: place that pair in an
anchored k-face, using k — 2 further tag vertices. Its value is nonzero by
hypothesis. Nor can the last old vertex and the first tag vertex be duplicated.
Take the face consisting of that old vertex and any k tag vertices including
the first one. The old pullback vanishes on this face, while the tag pullback
is, up to sign, the nonzero anchored coordinate on those k tags. Finally, a
duplication wholly inside the old block would restrict to a duplication of
1 on that block, which is impossible. Conversely an old duplication before
taking the minimal representative is carried to the same duplication by block
naturality. Thus there is no additional identification hidden by a different
presentation of z.

The displayed output row is therefore nondegenerate, and all its g+ r + 2
barycentric weights are positive. Its minimal representative has degree q +
r+ 1. From that representative, its last »+ 1 weights have sum A. Normalize
the preceding weights to recover ¢, and restrict the row to the anchor plus
the preceding vertices to recover u. Restriction to the anchor plus the last
r + 1 vertices recovers v. These operations prove injectivity. ]
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1 J1
k=2: 04, =1, 04, =Y
84i,5,, = 0
The anchor is retained.
12 J2
Ordinary vertex weights in the anchored realization

| | | | | [ |

old block tag block
total weight 1 — A total weight A

Figure 24: The anchored product and its ordered join. The triangles depict
two cocycle blocks sharing a retained vertex a. Mixed anchored coordinates
vanish. In the realization the anchor has no outer barycentric weight. Con-
catenating the two lists of ordinary weights gives the join. A tag chosen
with nonzero anchored coordinates cannot merge with the old block under
a degeneracy, so its final vertices recover the parameter M.

Theorem 11.21. For k > 2, the original anchored realization satisfies

| Deco Q| = R,

Proof. The bisimplicial set with (p,q)-simplices NpCyi1(11) is finite in
each bidegree. The diagonal-iterated-realization homeomorphism therefore
presents E as the realization of a degreewise finite simplicial set. In
particular it has a countable CW structure with compact finite skeleta.
Compact subsets lie in finite subcomplexes, and these are finite-dimensional
compact metrizable ANRs.

Let A be a finite-dimensional compact metric space, let B C A be closed
and nonempty, and let f : B — E be an embedding. Its image lies in a finite
subcomplex. The ANR property extends it to a continuous map f': U — E,
where U is a compact neighborhood of B and the image remains in a finite
subcomplex. In particular its image has bounded outer degree, say at most
M: this follows directly from the diagonal realization on every simplex of
that finite subcomplex.

Choose an embedding e : A — R®. Take r so large that » > M, r+1 > k,

and .
(1)

184



The tag row is a torus of the displayed dimension. Its independent anchor
coordinates contain a nonempty open box avoiding zero modulo Z in every
coordinate. Choose a small ball in that box and, after rescaling e, an em-
bedding v : A < By C Qr41 into it. Fix s € int A” and choose € > 0 so
that A(z) = edist(z, B) < 1 on A. Define

F(2) = Jyw(f(2), [v(a),s]), =z €U

This is continuous and extends f. At points outside B, the tag recovery
lemma proves injectivity, since the recovered tag v(z) determines z. Their
images have outer degree at least » + 1 > M, so cannot meet F(B) = f(B).
On B the map is the given embedding. Thus F' is injective, and compactness
of U makes it an embedding. If B is empty, the map z — [v(z), s] embeds
A directly into a sufficiently large nondegenerate tag row.

This proves the compact embedding extension property (E;). Sakai’s
recognition theorem makes F an R*-manifold [68, Theorem 6.4.8]. The
augmentation of the decalage to Qo = {0} has extra degeneracy sOQ, which
duplicates the anchor, and therefore contracts E. Sakai’s classification now
gives E = R* [68, Theorem 6.5.1]. O

This result concerns the original row maps with an anchor retained
throughout the realization. It does not identify the unmarked realization
|Q.| with a manifold. Deleting the anchor need not carry the product flat
to an arrangement flat; its image can be specified by equalities between
distinct face characters which the integer-wall arrangement does not retain.
The carrier then forgets these equalities. The local quasifibration theorem
in Section 11.18 supplies the additional control needed to transfer fibre
avoidance to the basepoint link of |Q,].

11.13 The exact zero fibre of anchor deletion
Write ng) for the original single-input row in degree g, and let
Ty : | Deco Q¥ — |QW)]

be induced by deleting the retained vertex 0. For the degree-zero endpoint
define ng) using constant real cocycles and their integer lattice; its periodic
arrangement is the integer subdivision of R, and QEO) is the constant circle.

Proposition 11.22. For every k > 1, there is a natural homeomorphism
() 2 Q).

In particular the actual fibre 1s \D(()k_l)\ for k > 2, and s the circle for
kE=1.
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Proof. In row degree gq, let

.17 () k
r:Vyy — V®
delete the retained anchor. Regard the remaining vertices as 1,...,q + 1.

The linear map

¢q: VED s ker 7,

q
(21, .-y 0k),

(¢qC)(0, ’1;1, e ,’Lk)
((].’)qC)(’I;o, .o ,’Lk)

is an isomorphism. The cocycle equations containing 0 say exactly that cis a
(k — 1)-cocycle; the equations omitting 0 are identically zero. This includes
k = 1, where those equations say that the zero-cocycle is constant. The
same formulas identify the integral lattices and commute with every map of
the unmarked vertices.

The kernel is an actual arrangement flat, cut out by the zero values of
all old k-face characters. The other characters are exactly the (k — 1)-face
characters of c. Thus its induced periodic arrangement is precisely the lower-
degree arrangement, including its face incidences and its lattice labels.

Under the row vertex-mean homeomorphisms, the inverse image of the
zero row point under the carrier restriction is exactly

c
0

{z mod Lgl_?l cr(z) € Lgk)}.
To check this, a point in an open source cell maps into the open target carrier.
That carrier is an integral zero-cell if and only if all old face characters
take integral values on the source cell. Integral restriction is surjective, so
subtracting an integral extension identifies the displayed torus kernel with

kerr/(ker r N Lgl_?l).

The flat description therefore identifies the actual row fibre with Q,(Ik_l), not
merely with a space of the same homotopy type. At the incidence level
the zero-cell has only its identity incidence, so the fibre retains precisely
the incidences of the kernel arrangement modulo its kernel lattice. These
identifications are natural for the unmarked faces and degeneracies.

It remains to check that realization introduces no further points into the
fibre. A point of the anchored realization has a unique minimal outer rep-
resentative with all outer weights positive. Its image represents * precisely
when its deleted row point is zero: a positive-weight nonzero row point can-
not become the zero point by degeneracies. Thus the set-theoretic fibre is
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exactly the realization of the row fibres just identified. This identification is
also topological. The row fibres are closed subpolyhedra, and on every finite
outer stage their realizations are compact and map bijectively onto the corre-
sponding closed fibre. Compact-to-Hausdorff gives a homeomorphism there.
The finite-stage weak topology, equivalently the countable compact direct-
limit topology of these realizations, gives the claimed homeomorphism on
the full fibre. N

This is an actual fibre calculation for the original carrier maps. It does
not assert that m; is a fibre bundle, a Serre fibration, or a map admitting
continuous local sections. In particular the fibre calculation alone does not
descend the anchored manifold theorem to the unmarked realization. The-
orem 11.33 will prove the required quasifibration property over every open
subset.

11.14 Ambient shuffles avoid compacta away from the fixed
point

The crossed symmetric action supplies a global avoidance statement which
is compatible with all realization identifications. Unlike the carrier-strip
calculations, it does not require a compact family to lie in one row or one
flag. Its limitation is exactly the canonical fixed point.

Lemma 11.23. Let ¢z € Z*¥(A[S];R/Z), where k > 1. Declare a ~; b
if © factors through the set quotient identifying a with b. This 1s an
equivalence relation. If a : T — S 1s any surjection, then

a~g b =  ala) ~; alb).

On an ordered vertex set, the minimal ordinary row degree of the row
point represented by x 1s the number of adjacent changes of its ~,-
classes.

Proof. Let Is be the augmentation kernel of the free abelian groupon S. A
normalized k-cocycle is equivalently an alternating k-form on Is with values
in R/Z, with

.’B(’I;o, R 77’k) = bw((zl - 'LO) JANKIEEWAN ('Lk — Zo))
The factorization condition is that a — b belong to the subgroup

rad(b,) = {v € Is : b(v A w) = 0 for all w € A*"'Is}.
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This proves transitivity. A surjection induces a surjection of augmentation
kernels and of their exterior powers, proving the displayed equivalence. An
elementary ordinary degeneracy identifies two adjacent equivalent vertices.
Collapsing them introduces no new equivalences by the same reflection state-
ment. Thus successive collapses remove exactly the consecutive repetitions
of classes. The row identifications used here agree with affine pullback for
permutations and degeneracies, hence for all surjections. ]

Proposition 11.24. Let P = \D(()k)\, k> 1, and let * be its canonical base-
point. For every compact K C P\ {*} and integer M > 0, there is a

path
g:[0,1] — |G,|, 9(0) =1,

such that g(t)K s disjoint from the part of the realization of row degree
at most M for everyt > 0. In particular it 1s disjoint from the diagonal
M -skeleton.

Proof. The empty case is immediate, so assume K # @. Compactness in
the CW realization puts K in a finite subcomplex, and hence in bounded
row degree d. The characteristic map

g Qax A — P

covers all row degrees at most d, by using degeneracies to raise lower de-
grees. Its inverse image K is compact. Write z also for the torus cocycle
corresponding to a point of Q)5 under the vertex-mean homeomorphism. On
this compact set consider the continuous function

m(z,u) = max (Hm) dist (6:(z), Z).
IC ,
|I|;][C(i]‘1 1€]

It is positive on K. Indeed restriction to the vertices with positive weight
represents the basepoint precisely when all of its k-face evaluations are inte-
gral. To check this assertion for carrier restriction, the image of a point in
an open source cell lies in the open target carrier: the maximum cell in a
barycentric support has positive weight. That carrier is an integral zero-cell
precisely under the displayed integrality condition. A nonzero row point
with all outer coordinates positive cannot degenerate to the zero row point.

Consequently there is 6 > 0 such that every representative in K has a set
I of k + 1 vertices with u; > 6 for 2 € I and 6;(z) # 0 in R/Z. Restrict by
the carrier map to all positive-weight vertices, and call the resulting torus
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cocycle y. Its evaluation on the corresponding face I is still nonzero. Its nu-
merical value need not be the former value: what is preserved is membership
in the union of integer walls, by the open-carrier observation above. The
vertices in this I are consequently pairwise inequivalent for ~,: identifying
any two would make their alternating face evaluation zero.

View u as a partition of [0, 1] into successive labelled intervals. Choose
a fixed uniform grid with spacing h < d/4, with sample centres at its mid-
points, and put R > M. Around each grid centre choose a sample interval
of length th/2, for 0 < ¢t < 1. Split each sample into R equal pieces. There
are two types of blocks: the complementary gaps and these sample pieces.
Perform the following interval permutation: first list all gaps in their orig-
inal order, then all first sample pieces in grid order, then all second pieces
in grid order, and so on through all R pieces. Let g(¢) be the crossed sym-
metric group element which performs this reordering on realization points,
with the permutation convention adjusted as in (44).

This is a fixed finite permutation with continuously varying block lengths.
At t = 0 the sample pieces all have zero length, and the remaining gap blocks
retain their order. Face identifications in |&,| therefore give the identity
element. This defines a continuous path with g(0) = 1.

Every original interval of length at least 6 contains an entire sample inter-
val, for every 0 < t < 1, by the grid choice. Choose two of the inequivalent
labels provided above. In each of the R terminal groups of sample pieces,
both labels occur with positive length. Common refinement with the orig-
inal partition, as in the crossed action, may introduce more cuts, but does
not remove either occurrence. Each such group therefore contains an adja-
cent change of equivalence class: otherwise all its labels would be equivalent
by transitivity. The R groups give at least R distinct essential changes.

The resulting row cocycle is the pullback of y along a surjection from
refined, reordered vertices onto the positive-weight vertices. Lemma 11.23
shows that these essential changes cannot be removed by ordinary degenera-
cies. Its minimal row degree is at least R > M. This holds uniformly for
every point of K and every t > 0. ]

Corollary 11.25. Let C C P\ {x} be compact. If A is compact metrizable,
B C A 1s closed, and f : A — P satisfies f(B)NC = @, then f has
arbitrarily small homotopies fized on B whose positive-time tmages miss
C. If f(A) misses %, so does the entire homotopy.

Proof. Choose M so that f(A) lies in the diagonal M-skeleton, and apply
the proposition to K = C. Then

g(s)CNf(A) =g (s > 0).
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Choose a continuous 7 : A — [0,1] which vanishes exactly on B; when
B = @ take 7 = 1. Define

fi(@) = g(tr(a)) " - f(a)-

For a ¢ B and t > 0, membership f;(a) € C would imply f(a) € g(t7(a))C,
a contradiction. On B the homotopy is constant and already misses C.
Continuity of the group action and its inverse makes f; uniformly close to
f in the open-cover sense when ¢ is uniformly small. Finally every group
element fixes %, so its inverse preserves the punctured space. ]

The corollary crosses all carrier flags and all face and degeneracy iden-
tifications. It still excludes C' containing the fixed point. It asserts rela-
tive avoidance for compact source spaces; a global self-map approximation
definition of a Z-set is not being asserted without a separate recognition
argument. An ambient homeomorphism also cannot by itself separate two
domain points already identified by a map; passage from these avoidance
properties to a manifold recognition theorem needs its stated hypotheses,
such as an actual triangulation.

11.15 The original realization away from its fixed point

The ambient shuffle theorem has a local consequence stronger than avoidance
of finite skeleta. It identifies the topology at every point except the canonical
fixed point.

Lemma 11.26. Let X be the weak realization of a countable stmplicial
complex. Suppose that, for every two compact subsets C, A C X, there
1s a continuous path of ambient homeomorphisms hy, 0 < t < 1, with
ho = id and

h(A)NC =92 (t>0).

Then every simplex of X has nonempty contractible link. Consequently

X 15 an R*®-manafold.

Proof. Fix a simplex o and let U be its open star, namely the points whose
barycentric coordinates at every vertex of ¢ are positive. If L = Lk(o), then

U\o=into x|L| x (0,1).

Here the last coordinate is the total weight outside o; normalizing the two
sets of coordinates gives the displayed homeomorphism. In particular pro-
jection to |L| is a homotopy equivalence whenever the link is nonempty.
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Apply the hypothesis with C = o and A its barycenter. For sufficiently
small positive ¢, the moved barycenter still lies in U, but is outside o. Hence
L is nonempty. Now let f : S/ — |L|, > 0. Include this sphere in U \ ¢ by
assigning total weight 1/2 to f and weight 1/2 to the barycenter of 0. Cone
it to that barycenter by allowing the outside weight to run from 0 to 1/2.
This gives a map F : D’*! — U with compact image.

Choose the path in the hypothesis with A = F(D’*!) and C = o. By
continuity on compacta, there is ¢, > 0 so small that h;F(D’*1) C U for
0<t<ty and

mFE(S7) CU\a (0<t<t).

The disk h; F' lies entirely in U \ ¢. Adjoining the indicated boundary
homotopy gives a nullhomotopy of the original sphere there. Projection to
|L| proves that every sphere in |L| is nullhomotopic, including the assertion
of path connectedness when 5 = 0. The link is a CW complex, so it is

contractible. Sakai’s link characterization now applies [68, Theorem 6.12.2].
]

Theorem 11.27. For every k > 1, the original carrier realization satisfies

\D(()k)\ \ {*} s an R®-manafold.

Proof. Write P = |D(()k)|. A simplicial-set realization is triangulable: normal
subdivision is regular, and its realization admits a triangulation [28, Corol-
lary 4.6.12]. The construction is countable since Dék) 1s degreewise finite. A
stellar subdivision at the point corresponding to *, if necessary, makes it a
vertex.

We record explicitly why deleting this vertex remains triangulable with
the subspace topology. Write its closed star as the cone * x L, with radial
coordinate s € [0, 1] measured from the vertex. Replace the punctured cone
by

L] x (0,1] = | J || x [1/(5 + 1), 1/4].
721
Triangulate these prisms compatibly, and attach the end at s = 1 to the
subcomplex of simplices not containing *. This gives a countable simplicial
complex. On each old simplex the radial bands are locally finite after the
vertex is removed, so their weak topology is the ordinary topology of the
punctured simplex. The weak topology over the old simplices is exactly the
subspace topology on P \ {*}. Thus this construction is a triangulation of
the required puncture, rather than merely a homotopy model for it.
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Let C, A be compact subsets of P\ {*}. Choose M large enough that
A lies in row degree at most M. Proposition 11.24, applied to C, gives
gCNA=ofort>0. Set hy =g; ! acting on P. Since the canonical point
is fixed, these are homeomorphisms of the puncture, and

h(A)NC =2 (t>D0).
The preceding lemma proves the claim. ]

Thus this argument reduces the local-manifold question to the canonical
point. The proof does not remove that point from compact images: the
ambient crossed symmetric action fixes it. No assertion about its link, or
about the homotopy type of the puncture, is needed for this theorem.

Corollary 11.28. Let G = |A£k)\ be the affine group realization. The fol-
lowrng assertions are equivalent:

1. P= G,
2. P 1s an R*®-manafold,
3. the canonical point {x} is a Z-set in P.

Here the last assertion uses the global open-cover definition: for every
open cover U of P there 1s a continuous map z : P — P\ {x} which
18 U-close to the identity. It 1s not being replaced by an assertion only
about maps with compact domain.

Proof. The affine realization is an R*-manifold. If P is one as well, the
known homotopy equivalence P ~ G and manifold classification give P = G
[68, Theorem 6.5.1]. Every compact subset of an R*-manifold is a Z-set [68,
Proposition 6.5.6]. It remains to prove that the third assertion makes P a
manifold.

Use the countable triangulation of P above and fix a simplex o, now
possibly containing x. Work in its open star U. Given a sphere in its link,
form the compact radial cone F' : D’*! — U as in Lemma 11.26. The global
Z-set assumption gives a map z sufficiently close to the identity that

zF(D’*Y) CU,  2F|S’ ~ F|S’ within U\ 0.

Here is an explicit justification of the boundary homotopy. Cover its com-
pact image by finitely many sets W, = Un {z : z, > 0}, where v is a
vertex of the link. Refine this cover, together with the complement of that
image, by {U, P\ F(D’*!)}. Closeness for this global cover keeps the disk in

192



U and makes each boundary pair F(a),zF(a) share some W,. A partition
of unity on S’ subordinate to these common-vertex sets gives a point sup-
ported on vertices common to the two link-coordinate supports. Straight
interpolation through that common face gives the boundary homotopy after
normalizing the link coordinates; the remaining open-star coordinates can
be interpolated in int o x (0, 1).

The image 2F(D’*1) is compact and misses *. Apply the forward shuffle
of Proposition 11.24 to this image, choosing a finite row stage containing
o. At sufficiently small positive time it gives a disk missing o, still in U,
and its boundary homotopy stays in U \ o. Together with the preceding
boundary homotopy this contracts the original sphere in the link. The same
argument starting from the barycenter supplies a point of U \ o, so the link
is nonempty. All links are therefore contractible CW complexes, and [68,
Theorem 6.12.2] proves the manifold assertion. []

11.16 'The basepoint link is itself an infinite-dimensional man-
ifold

Proposition 11.29. Let P = |D(()k)|, k > 1, and choose a countable triangu-
lation P = |K| in which the canonical point is a vertex v. Then the link
L = Lk(v, K) s nonempty and |L| is an R®-manafold. Its contractibility
will follow from the further arguments below.

Proof. The space P is connected and contains more than one point, so v is
not an isolated vertex. Hence L is nonempty.

Fix a nonempty simplex 7 € L and write 0 = v 7 € K. There is an
equality of simplicial complexes

Lk(r, L) = Lk(o, K).

Let U be the open star of ¢ in | K|, defined by strict positivity of all coordi-
nates at vertices of ¢. Since 7 is nonempty, v ¢ U.

First consider the barycenter b,. Apply the forward shuffle avoidance
theorem to the compact set {b,}, using a finite row stage containing o. At
sufficiently small positive time its image is still in U and lies outside o.
Therefore Lk(o, K) is nonempty.

For any map f : S7 — |Lk(o, K)|, include its image in U by assigning
outside weight 1/2 and the remaining weight to b,. Cone this sphere to b,,
using outside weights in [0, 1/2]. This gives a compact disk image A C U C
P\ {v}. Forward shuffle avoidance moves A off a finite row stage containing
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o. For sufficiently small time the moved disk remains in U, and the entire
boundary homotopy remains in U \ ¢. Adjoining that boundary homotopy
therefore fills the original sphere in U \ o.

The space U \ ¢ is homeomorphic to

int o x | Lk(o, K)| x (0,1).

Projection to the link shows that this nonempty link is weakly contractible,
including path connectedness from the case 7 = 0. It is a CW complex,
hence contractible. Thus every simplex of the countable complex L has
nonempty contractible link. Sakai’s characterization proves that |L| is an
R*-manifold [68, Theorem 6.12.2]. ]

The open star of v is the open cone on |L|. The local problem is therefore
reduced to the homotopy type of this manifold link. The same forward-
shuffle argument applies to every simplex o # {v} of K, because its open
star misses v.

Corollary 11.30. For the link L above, the following are equivalent:

P AP  «— |L| is contractible <<= |L|=R™,

Proof. All links in K other than the one at v are already nonempty and con-
tractible by the preceding argument. Sakai’s link characterization therefore
makes contractibility of |L| equivalent to the manifold property of P. Ap-
ply Corollary 11.28. Since |L| is itself an R*°-manifold, its contractibility is
equivalent to its being homeomorphic to R* by manifold classification. [

This reduces the comparison to a homotopy calculation for an actual link.
Theorem 11.36 performs that calculation for £ > 2 using anchor deletion;
Proposition 11.38 gives a direct homeomorphism for £ = 1. The link is not
being identified with an anchored fibre or with the contractible decalage
realization.

11.17 The lifted original realization is an infinite-dimensional
manifold

Let D®) denote the original diagonal formed from the lifted arrangement
face posets, and put b= |5(k)|. Thus the original simplicial lattice torsor
is

L® — DW — pP).
Write 0 € P for the point defined by the zero cocycle in every degree. The
distinction between this single point and the entire fibre |L£k)| above the
basepoint of P is essential.
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L = Lk(v, K)
an R*°-manifold

T e st°(v) = Cone’(L)

Every other simplex has

a nonempty contractible link.
Anchor deletion and fibre avoidance:

U — % |L| is contractible (k > 2).

Figure 25: The local geometry of the original realization. The ellipse
schematically represents its infinite-dimensional basepoint link. For k& > 2,
the local quasifibration argument proves its contractibility. For k& = 1, the
weighted-centre homeomorphism gives the manifold property directly, and
the link criterion again implies contractibility.

Theorem 11.31. For every k > 1,

P >~ R™.

Proof. The lifted row spaces are
@q =[N 73@1‘ =V

They extend to all finite vertex maps, just as the quotient rows do: a face
character pulls back to a signed face character or zero. Hence the crossed
symmetric group acts continuously on ﬁ, fixing 0.

The shufle avoidance proof has a real-valued version. We give the com-
pactness modification needed because these rows are no longer compact. Let
K C P\ {0} be compact. It lies in a finite subcomplex of the countable
lifted diagonal realization. Choose finitely many closed characteristic sim-
plices covering that subcomplex. The diagonal-to-iterated realization map
represents each of these compact simplices in @d x A? for its fixed diagonal
degree d. Restrict its parameter space to the closed inverse image of K. We
obtain a finite family of compact representative spaces covering K. We do
not use the full inverse image of K in a lifted row, which can be noncompact
because zero-weight vertices can carry unbounded cocycle coordinates.

On every member of this finite family use the continuous witness

m(z,u) = max (Hw) 10:(z)].

I|=k+1 NEL
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It is positive. Indeed, after restriction to the positive-weight vertices, the
resulting carrier row is zero if and only if all the corresponding real evalua-
tions are zero. The zero equalities are arrangement walls, and the maximum-
face argument proves this equivalence exactly as in the quotient proof. A
positive-weight representative of a nonzero row cannot degenerate to the
zero row. The finitely many compact representative spaces therefore give a
uniform positive lower bound for m, and an upper bound for all the finitely
many evaluations appearing in it. Consequently every representative has a
nonzero face evaluation on k + 1 intervals whose lengths are bounded below
by one common positive number.

Vertex equivalence is now defined over R instead of R/Z. The same
augmentation-kernel exterior-form proof shows that it is an equivalence re-
lation, reflected by surjective vertex pullbacks. A nonzero face evaluation
makes all its vertices pairwise inequivalent. The finite-grid sampling and ter-
minal interleaving from Proposition 11.24 therefore give a path g:, go = 1,
which moves K beyond any prescribed finite row degree for every ¢ > 0.

It follows, by applying the inverse action to a second compact set, that 13\
{0} has the compact ambient pushing property of Lemma 11.26. The lifted
diagonal has countably many simplices. Its realization and its puncture
admit countable triangulations by the same relative triangulation and radial-
band construction used for P. Thus that lemma proves

P\ {0} is an R®-manifold.

The realized simplicial lattice acts by homeomorphisms on B. Tt takes
the point 0 to the corresponding point of its orbit \Lgk)|. This orbit contains
a nonzero point: choose a nonzero integral k-cocycle on A[k] and positive
outer coordinates. Its constant lifted face flag is a nondegenerate outer rep-
resentative, since all lower degrees of Lsk) are zero. Translation by this group
element takes 0 to a point already known to have a manifold neighborhood.
Translating that neighborhood back proves the manifold property also at 0.

Finally P is the known contractible total space of the original simplicial
lattice torsor. The classification of R*°-manifolds therefore identifies it with

R* [68, Theorem 6.5.1]. O

Corollary 11.32. For every k > 1, the topological group \Lgk)\ 18 an R*-
manafold, of homotopy type K(Z,k).

Proof. The integer cocycle groups extend to all finite vertex maps, so their
realization has the same crossed symmetric action. Every compact subset
1s covered by finitely many compact characteristic simplices. Away from
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zero, on each such simplex the witness used above is positive: some integral
face value on the positive-weight vertices is nonzero. Real cocycle vertex
equivalence is still reflected by every surjective pullback. Thus the identical
finite-grid shuffie proof supplies compact ambient pushing on |L£k)\ \ {0}.
The lattice simplicial set is countable in every degree, and its realization
and puncture are countably triangulable. The link argument proves the
manifold property away from zero; translation by any nonzero group element
proves it at zero as well. Its homotopy type is the standard Dold—Kan
identification. No homeomorphism with the contractible space R* is being
asserted for this group. ]

This theorem alone does not prove the manifold property of the base. The
closed fibre above x is all of |L£k)|, not a single point. Avoiding one point
upstairs does not avoid this entire fibre. A countable union of compact Z-
sets need not be a Z-set in an R*-manifold: the whole manifold is itself
such a union. Nor is \L£1)| being identified homeomorphically with a circle
merely from its homotopy type. The proof below instead uses the anchored
join and the local quasifibration property of anchor deletion.

11.18 Anchor deletion is a quasifibration over every open set

Put B, = ng), T. = Decy QEk), and let p, : T, — B, delete the retained
anchor. Thus T}, = Qgﬁl and p, = dp. All realizations below are ordinary
realizations in compactly generated Hausdorff spaces. Write p : |T,| — | B,|-

Theorem 11.33. For every k > 1 and every open subset U C |B,|, the
restriction
p(U) —U

18 a quasifibration. In particular this assertion concerns the actual
iverse 1mage with its subspace topology, not a replacement up to ho-
motopy.

We give the localization details because a quasifibration need not remain
a quasifibration over an arbitrary open subset, and a realization fibration of
simplicial spaces does not by itself settle this issue.

Lemma 11.34. A quasifibration between finite polyhedra which s a PL
map 1S a quasifibration over every open subset of its target.

Proof. Choose compatible triangulations making the map simplicial, with
any specified target point b a vertex. For its open star W, group the source
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barycentric coordinates according to their image vertices. On the inverse
image of W the sum of the coordinates mapping to b is positive. Delete the
other coordinates and renormalize. Straight interpolation defines a strong
deformation retraction of the inverse image onto the actual fibre F}, covering
the straight contraction of W to b.

Use this contraction to map the inverse image of W to the homotopy fibre
of the original map at b. Its restriction to Fj is the quasifibration equivalence,
so the entire map is a weak equivalence. For any y € W, its restriction to
F, i1s likewise a weak equivalence: it is the quasifibration equivalence at
y, followed by transport along the chosen path from y to b. Consequently
F, —» p }(W) is a weak equivalence, proving the quasifibration assertion
over the contractible set W.

Compatible subdivisions give a basis of distinguished open stars. For any
open subset U of the target, take all these stars contained in U. They cover
U and satisfy the local intersection-refinement hypothesis of Dold—Thom’s
theorem: if y € Wy N W,, choose a smaller distinguished star W5 with y €
W3 C Wy N W,. Satz 2.2 of [18, p. 245] therefore proves that p~1(U) — U is
a quasifibration. The theorem requires this refinement property, not closure
of the family under intersections. The familiar two-open-set criterion is its
subsequent corollary. For the distinguished-basis terminology see also [54,
Definition 2.7.12 and Proposition 2.7.13]. []

Proof of Theorem 11.33. Step 1: the row maps. The finite row incidence
nerves are non-singular: the dimensions of the cells strictly increase along
a nonidentity flag. Their realizations and carrier maps consequently have
their usual finite polyhedral structures. Corollary 11.14 proves that each p,
is a quasifibration. The preceding lemma proves the same statement after
restriction to every open subset of B,. Equivalently, each strict pullback
square along an open inclusion into B, is a homotopy pullback.

Step 2: homotopy pullbacks and subdivision. A map of simplicial
spaces is called a realization fibration if homotopy realization takes every de-
greewise homotopy pullback square along it to a homotopy pullback square.
Rezk’s criterion applies whenever the target’s component simplicial set is
constant [65, Proposition 5.4|. Here all target rows are connected tori, so
Pe 1s a realization fibration. The stability under homotopy base change is
recorded there immediately after Definition 1.1.

Let sd, denote r-fold edgewise subdivision, defined by precomposition
with the ordinal-sum functor

[n] — [r(n+1) —1].
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There are natural compatible realization homeomorphisms |sd, X | = | X| [67,
Theorem 1.5]. The same coend construction applies to simplicial spaces. On
a representing row, the new weights are repeated r times and divided by 7.
The map sd, p again has connected rows, and its level maps are among the
same carrier restrictions. Thus all assertions of Steps 1 and 2 apply after
every edgewise subdivision.

Step 3: the stmplicial open pieces. For an open U C |B|, define

O\ = {z € (sd, B)n : x2(A™) C U}, Té-” = (sd, T') Xsq, 5 O,

where x, uses the subdivision homeomorphism. Compactness of A" shows
that O,(f) is open. Faces and degeneracies preserve the displayed condition,
so these are simplicial spaces. By Step 1 their defining strict pullback is a
degreewise homotopy pullback. Thus Tg) — O is a realization fibration.

The ordinary realizations here compute homotopy realizations. Indeed,
the original degeneracies are inclusions of finite subpolyhedra. The new
spaces are open subsets of the rows, and their degeneracy images are the in-
tersections with these same subpolyhedra; the corresponding closed cofibra-
tions remain cofibrations on open restriction. The same observation applies
to finite unions of degeneracy images. The point-fibre simplicial spaces used
below also have polyhedral rows and polyhedral degeneracy inclusions.

If r divides s, subdividing O(") gives a simplicial subspace of O®), since a
subdivided characteristic simplex lies in its old characteristic simplex. The
realization homeomorphisms consequently give compatible maps

o — 0 —u, T — T — p ).

These maps are injective on underlying sets. We do not assume that |O(’)|
has the topology inherited from U; realization of a degreewise open subspace
need not have that property.

Step 4: continuous factorization of compact famalies. For r; = 7027,
every map from a compact Hausdorff space into U factors continuously
through some |O("7)|. The same is true for maps into p~!(U) and the corre-
sponding \TL(,” )\. Here is the topology argument.

Every compact subset of |B| lies in a finite outer stage. Such a stage is
the image of the compact space B, x A™: lower-degree representatives may
be increased to degree n by degeneracies. Let K C U be compact in that
stage, and take its full compact inverse image C C B, X A™. The inverse
image of U is an open neighborhood of C. On the standard simplex the
meshes of the edgewise subdivisions tend uniformly to zero: within each
subdivided simplex the cumulative barycentric coordinates vary by at most
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1/r;, so each ordinary coordinate varies by at most 2/r;. Therefore, for
sufficiently large 7, whenever (z,t) € C, every subdivided closed simplex
containing ¢ has its entire characteristic image for z inside U.

There are finitely many such subdivided simplices. On the closed subset
of C over each of them, the corresponding refined characteristic map lands
continuously in |O("i)|. These maps agree on overlaps, by the realization
identities, so finite pasting gives a continuous map C' — \O(’"J')\. It is con-
stant on the fibres of C — K, because the inclusion into |B| is injective
on underlying sets. The latter surjection is compact-to-Hausdorff and there-
fore a quotient map. Thus it descends to a continuous map K — |O("J')|.
Composing gives the stated factorization for any compact-source map with
image K.

For the total space, use its compact finite-stage representative space
T, x A™ and apply the same argument to the characteristic maps followed
by p. This proves the second assertion. The argument applies equally to
compact homotopies. It proves continuous factorization, which is stronger
than merely putting a compact set inside the image of a subdivided open
piece.

Step 5: make a specified point a vertex. Fix y € U and use its positive-
weight outer representative [z;(uo,...,ur—1)]- An increasing homeomor-
phism ¢ : [0,1] — [0, 1] acts naturally on every realization by

(U’O’ S Um) — ((P(So), (P(Sl) - (p(So), <y 1-— (P(Sm—l)), S = Z Ug.

This commutes with faces, degeneracies, and every realized simplicial map;
compare the interval action in [19]. Choose ¢ taking the cumulative sums
of this representative to the uniform subdivision points. Replacing U and
its inverse image by their images under these commuting homeomorphisms,
we may suppose y = [z;(1/ro,...,1/r)]. Now y is the degree-zero point z
in sd,, B, and remains a degree-zero point after every further subdivision in
the sequence r; = r027. Since y € U, these vertices lie in O(()rj ),

The constant degenerate vertex therefore defines an honest simplicial map
x+ — O(m). Its strict pullback along T[(]Tj) — O) is a degreewise homo-
topy pullback, by Step 1. Step 3 and the realization-fibration property
show that the realized square is a homotopy pullback. Ordinary realization
preserves strict finite limits in the compactly generated category; see [44,
Corollary 11.6]. Hence its realized strict fibre is the actual topological fibre
F, = p_l(y)v and

F, — hofib, (|T"| — |0)))
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is a weak equivalence for every j.

Step 6: pass to the actual open set. A compact-source map to
hofib, (p~}(U) — U) consists of a map into p~!(U) and a compact family of
paths in U ending at y. Step 4 factors both maps continuously through one
common stage of the sequence. Their endpoint identities still hold at that
stage, because the maps from the subdivided open pieces are injective on
underlying sets. The same statement applies to homotopies and to relative
compact parameter spaces. Consequently weak homotopy groups of this
homotopy fibre are the filtered colimits of those in Step 5. The actual fibre
F, 1s unchanged throughout this system, and every comparison in Step
5 is a weak equivalence. Its comparison with the homotopy fibre over U
is therefore a weak equivalence. This holds at every y € U, proving the
theorem. ]

11.19 Removing the last local obstruction

In this subsection k& > 2. Put
P=1QW|, E=|DecoQW|, 7:E—P,  F=n(x).

The exact zero-fibre calculation identifies F' = \ng_1)|, so F' is nonempty
and path connected.

Lemma 11.35. For every open neighborhood U of x in P, the inclusion
' (U)\ F — n '(U)

1S a weak homotopy equivalence.

Proof. Choose once and for all an anchored tag n = [v,s] € E whose
outer weights are positive and whose restriction after deleting the anchor
1s nonzero. Equivalently, choose a tag row with a nonintegral unanchored
k-face character; at least k+ 1 unmarked tag vertices suffice. Thus 7(7n) # *.
Nonzero anchored characters alone would not be the required condition.
The anchored product-flat construction, valid for k& > 2, gives the contin-
uous join Ji(z,n), with Jy(z,n) = z. For every z € F and every 0 < ¢t < 1,

Jt(mﬂl) ¢ F.

Indeed, restriction of the joined row to its unmarked tag vertices recovers
the nonzero deleted tag row. These vertices have positive outer weights. A
point over x would have zero deleted row, whose restriction to this block
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would also be zero, a contradiction. This uses the actual carrier restrictions
and their block naturality.

Write V = 7w~ }(U). For a continuous map f : C — V from a compact
Hausdorff space, continuity of J and openness of V' give € > 0 such that

J(f(C),m)CcV  (0<t<e).

For ¢ > 0 this entire image lies in V' \ F. If a specified closed subset of C
already maps into V' \ F, its whole homotopy remains there, including at
time zero. Applying this to points, paths, spheres, disks, and their boundary
pairs proves the weak-equivalence assertion. Basepoint tracks lie in V' \ F
and may be adjoined to make the homotopy-group comparisons based. L[]

Theorem 11.36. For the original one-input construction and every k > 2,
the link of the canonical point is contractible. Consequently P 1s an
R*®-manafold and
k)| ~
D] = | AL,
Proof. Choose the countable triangulation of P in which x is a vertex, and
let U be its open star. Thus U is contractible. Let

B=U\ {+}, vV =7"Y(U), V'=V\F

By Theorem 11.33, both V — U and V' — B are quasifibrations with
their actual subspace topologies. The first has connected fibre F' over *
and contractible base; hence V and all its fibres are path connected. The
preceding lemma makes V' — V a weak equivalence, so V' is nonempty and
path connected. Since V' — B is surjective, B is path connected as well.

Fix b € B and a basepoint in its fibre F,. The inclusions give a commuting
diagram of quasifibration homotopy exact sequences, with the identity map
on Fjy and the weak equivalence V' — V on total spaces. For degrees at least
two, the five-lemma argument gives isomorphisms m;(B,b) — m;(U,b). For
degree one, connectedness of Fj identifies the two base fundamental groups
with

m1(B,b) = (V') / im 71 (F}), m1(U, ) = (V) / im 71 (Fy).

The total-space isomorphism identifies these images, and therefore these
quotients. The path-connectedness already established handles degree zero.
Thus B — U is a weak homotopy equivalence, and B is weakly contractible.

If L is the link of the canonical vertex, then B = |L|x (0, 1). Consequently
|L| is weakly contractible; as a CW complex it is contractible. The preceding
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shuffle argument already gives nonempty contractible links for every simplex
other than the canonical vertex. All links in this triangulation now satisfy
Sakai’s characterization, so P is an R*-manifold [68, Theorem 6.12.2].

The affine realization is an R*°-manifold of the same homotopy type. Man-
ifold classification therefore gives the displayed homeomorphism [68, Theo-
rem 6.5.1]. O

This proves a homeomorphism of the one-input underlying spaces. It
does not identify the fixed carrier fold with the affine group law, and it
makes no assertion here about multi-input realizations.

11.20 Weighted centres for the circle arrangement

For k = 1, arow point is a configuration of labelled phases zy, . . ., z, modulo
simultaneous rotation, with o = 0. The integer-wall arrangement records
their circular weak order. An open face is specified by a cyclically ordered
partition

Cy, C1,...,Ch, 0 € Cy,

together with its lattice lift. Its closed polytope has gap coordinates
go,---,9- > 0, with Zj g; = 1, here g, is the gap immediately before cluster
C;. For a zero-dimensional face there is one cluster and no free coordinate.
In particular every closed lifted face is a simplex.

Given outer weights ¢ € A?, define the weighted centre b;(F') of this closed

face by
g;(be(F)) = > ta.
i€C;

Use the specified lattice lift to interpret the point on the cover. For ¢ in the
interior of A? every displayed gap is positive, so b;(F') lies in the open face
F'. The construction is affine in ¢ on each fixed lifted face and commutes
with lattice translations.

For a row point represented by a barycentric flag Fy < --- < F; with
weights A;, put

eq () = Z Ajbe(Fj)  (mod Lg).

Zero flag weights and repeated flag entries cause no ambiguity, so this is a
continuous map Q, x A? — A,.
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Figure 26: The weighted centre for three singleton clusters when k = 1.
BEach gap immediately before a cluster equals that cluster’s outer weight.
The weights (1/2,1/3,1/6) therefore give the phases (0,1/3,1/2). When
the weight of a deleted cluster tends to zero, its incoming gap vanishes.
Removing that cluster leaves the weighted centre of the restricted configu-
ration, exactly as required by the face identity.

Lemma 11.37 (Weighted restriction identity). For every monotone map
a:[m] = [q], every s € A™, and every row point ¢ € Q4, one has

em,s(fat) = Ta(€ga,s(z)), (ays)i = Z s;.
a(g)=1

Proof. 1t suffices to check a face centre. The clusters in the restricted face
are the nonempty sets o~ !(C;), in their inherited circular order. Their

masses are exactly
> sa= Yl

aca 1(C;)  1€C

An omitted cluster has zero mass. Removing it therefore leaves unchanged
every phase difference between retained clusters. Changing the anchor sub-
tracts the phase of the new anchor, which is precisely the affine cocycle
pullback T,. Repeated vertices only divide a cluster’s mass among its la-
bels. This proves the identity for centres modulo the lattice. Linearity of
T, proves it for flag combinations, including flags whose restricted entries
coincide. ]

Proposition 11.38. The formula
& : QM| — Al [z,t] — eqe(), 1]
defines a homeomorphism preserving the canonical point.
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Proof. The weighted restriction identity is exactly the relation needed for
both the face and degeneracy identifications in thin realization. Thus & is
well-defined and continuous.

Fix interior outer weights t. Choosing one relative-interior point in every
face of a polyhedral complex and joining these along flags gives its barycen-
tric subdivision. Consequently e,; : @, — A, is a piecewise linear homeo-
morphism, taking each open arrangement face onto itself. In particular it
preserves and reflects every row degeneracy flat. The unique minimal outer
representatives, whose outer weights are positive, therefore prove that & is
bijective.

It preserves the finite outer-degree filtration and restricts to a bijection
on every stage: on a minimal representative the inverse uses e(;,i,.l in the
same degree. Each such stage is compact, being a quotient of finitely many
compact row tori times standard simplices; the affine realization is Hausdorff.
Hence each finite-stage restriction is a homeomorphism. The weak finite-
stage topology of both realizations makes the full map a homeomorphism.
Integral zero-faces are unchanged, so the canonical point is preserved. [

The dependence on the outer weights is essential. This is not a strict
natural homeomorphism between the row diagrams, and it does not turn
the fixed carrier fold into group multiplication.

11.21 The realized abelian law and its precise scope

Corollary 11.39. For every k > 1, the original one-input realization P =
\D(()k)\ s an R*®-manifold homeomorphic to G = |A£k)\. There s a based
homeomorphism h : P — G preserving the canonical integral generator.
Consequently

mp(z,y) = h™*(h(z) + h(y)), tp(z) = h™*(~h(z))

make P a topological abelian group with identity the canonical point.
These operations represent the previously constructed coherent addition
and wnversion in the homotopy category. Moreover P = P x R*™.

Proof. For k > 2 apply Theorem 11.36; for £ = 1 apply Proposition 11.38.
The affine realization is an R*-manifold, so P is one in both cases. Choose
a homotopy equivalence P — G carrying the generator to the prescribed
canonical class. Heisey’s theorem replaces it by a homeomorphism in that
homotopy class [37, Theorem C]|. Subtracting its value at the basepoint
makes it based and does not change its homotopy class, as in the proof of
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Theorem 11.6. Transport of the group structure proves the strict abelian
identities and continuity.
For the binary carrier projection p and fold u, we have

mp o |p| ~ |u|

because both sides pull the fundamental integral class back to the sum
of the two input classes. Since the target has homotopy type K(Z, k +
1), equality of these classes gives the displayed homotopy. The inversion
statement is identical. Finally P and P x R* are R*-manifolds of the same
homotopy type, so manifold classification gives their homeomorphism [68,
Theorem 6.5.1]. ]

This conclusion concerns the original one-input space, without adjoining
the contractible factor C. For k = 1 the preceding weighted-centre con-
struction gives an explicit homeomorphism. For k > 2, the proof uses local
quasifibrations, fibre avoidance, and manifold classification; an explicit finite
formula for A or for mp is not supplied.

The fixed carrier fold remains nonopen, by Proposition 8.10; hence it
cannot itself become group multiplication under any product homeomor-
phism. Likewise, the absence of an ordinary unital simplicial multiplication
is unchanged. Simplicially, addition still uses the refinement diagrams and
their coherent comparisons. Geometric realization and the choice of h give
the ordinary continuous abelian law. No simultaneous homeomorphism the-
orem for the original multi-input realizations is asserted here; the marked
multi-input result of Theorem 11.6 still uses the enlargement.

The distinction between the two comparison proofs is useful. The
weighted centres exploit the cyclic partition geometry specific to £ = 1.
The higher-degree proof instead controls the actual inverse image of every
open set under anchor deletion. It needs neither local sections of that
map nor a continuous section of a comparison span. In particular, no
cancellation principle for arbitrary spaces is being assumed.

12 Finite fibres of Bockstein operations

Let
Bm : H(—;Z/m) — H™'(—; Z)

be the integral Bockstein for 0 — Z = Z — Z/m — 0. We now give a finite
simplicial construction for the homotopy fibre of an operation represented

by Bmg.
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Theorem 12.1. Fiz integerst > 1 and m > 2. Let X be degreewise finite
and choose a cocycle q € Z'(X;Z/m). Suppose Y 1s a degreewise finite
model of K(Z,t) equipped with a primitive normalized integral cocycle
e € Z'(Y;Z). Define

T c Xn: Yy c Ym
P, = { (z,y,b): be CY(A[n];Z/m), », (73)
0b=gq, — €y

where e 1s the reduction of e modulo m. Simultaneous pullback of the
three entries makes P a degreewise finite simplicial set, with strict pro-
jections to X and Y. It satisfies

|P| ~ hofib(Bnlq] : | X| — K(Z,t+ 1)),
and 1ts exact degreewise cardinality 1s

Py = | X [V mle"), (74)

Proof. The cocycles g and e define simplicial maps X — K(Z/m,t)andY —
K(Z/m,t). Equation (73) describes the ordinary pullback of the fibration
in Lemma 2.1 along their difference. It therefore models the homotopy fibre
of that difference. In an abelian target this is equivalently the homotopy
pullback

X L K(Z/m,t) <= Y.

This argument also proves that the formula is valid for the non-Kan toric
models.

Because e is primitive, the right-hand map represents the usual coeffi-
cient reduction K(Z,t) — K(Z/m,t), after choosing the orientation of the
generator of Y. The coefficient sequence gives a homotopy fibre sequence

K(Z,t) L= K(Z/m, t) L= K(Z,t + 1).

Pulling this sequence back along g identifies the homotopy pullback with the
asserted fibre of B,,[q]. In particular, the construction identifies the actual
classifying invariant; it does not merely produce a space with the expected
homotopy groups.

The right side of the equation for b is a cocycle on A[n], so a solution
always exists. The set of solutions is a coset of Z!~!(Al[n]; Z/m), which has

m(1) elements. This proves (74). Pullback commutes with J, g, and €, so it
preserves the defining equation and gives the stated simplicial operators. [
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p b - £(Z/m, t)
- )
Y[
Kan fibration
XxY > K(Z/m,t
P (Z/m, 1)

Figure 27: The finite construction is a strict pullback against a Kan fibration.
Its simplices retain a solution of 6b = g, — pme,. Thus the square computes
the homotopy pullback even for non-Kan X and Y'; the resulting projection
to X models the fibre of B,,[q]. Every corner is degreewise finite when X
and Y are.

There is also a cochain record of the nullhomotopy. The coordinate b
defines a tautological (¢ — 1)-cochain on P. Choose its integral lift B with

values in {0,...,m — 1}, and use the same convention for an integral lift Q
of g. On P, where pullback notation is suppressed, the cochain
Q—e—06B
m

is integral and its coboundary is §Q/m, the standard cocycle representing

Brmlal.

Corollary 12.2. Let X be degreewise finite and let k € H'" (| X|;Z) be a
finite-order class, with t > 1. Then the homotopy fibre of a map rep-
resenting k has an explicit degreewise finite simplicial model. Conse-
quently finite iterations of untwisted integral Postnikov extensions with
torsion k-invariants preserve degreewise finiteness.

Proof. Choose m > 2 with mk = 0. Exactness of the coefficient sequence
gives a class [q] € HY(X;Z/m) with Bn[q] = k. At the cochain level, choose
an integral cocycle c for x and solve

0Q = mc.

The torsion assumption guarantees a solution. Then ¢ = @ mod m is the
required cocycle. This is a finite integral linear problem: only the simplices
in degrees t and t + 1 enter the equation. For ¢ > 2, take the finite toric
model Y = D((Jt_l); for t = 1, take Y = A[1]/0A[1], with e equal to one on
its nondegenerate edge. Applying Theorem 12.1 proves the assertion. The
construction can be repeated at each stage. ]
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Here “untwisted” means that the added group is the constant coefficient
group Z; no nontrivial fundamental-group action is being included. The
corollary makes no assertion about arbitrary infinite-order invariants. It is
also an existence and construction statement, not a complexity estimate:
the finite linear systems and the finite toric models can be large. This
distinction is relevant when comparing the construction with algorithmic
Postnikov methods such as [11].

13 The fibre of the universal degree-three square

The first example combines a familiar cohomology operation with the finite
models constructed above. Set

x=0, v=b{,

so that |X| ~ K(Z,3) and |Y| ~ K(Z,5). Let c € Z3(X;Z) and e €
Z5(Y'; Z) be their primitive normalized integral cocycles. They are given by
Theorem 4.1. A finite Smith reduction of the normalized cochain matrices
i1s an alternative way to choose them; a full enumeration of these matrices
is not needed for the construction below.

For a three-cocycle c, use the degree-five cup-one cochain

h(012345) = ¢(0345)c(0123)
+ ¢(0145)c(1234) (75)
+ ¢(0125)c(2345).

Here a string such as 0345 denotes restriction to that face of the given
simplex. With these signs, the cup-one identity is

0h = —2(c — ¢). (76)

It follows either from the usual cochain homotopy for graded commutativity,
or by expanding the seven faces of a six-simplex and using éc = 0. Cup-one
operations and their role in Steenrod squares are classical [74, 9].

Reducing (75) modulo two gives the cocycle

g=heZ°(X;F), |4 = S¢ps[c].

Equation (76) gives
P28q°p2lc] = —[c]* = [c].
The final equality uses 2[c]? = 0, also witnessed by (76). The following short

calculation proves that the universal square is nonzero, independently of any
finite-model computation.
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Proposition 13.1. For a primitie class u € H*(K(Z,3);7Z),
HY(K(Z,3);Z) = Z./2(u?).

Proof. Put B = K(Z,3) and use the multiplicative integral cohomological
Serre spectral sequence of the path fibration

K(Z,2) ~ CP® — PB —s B.

The spectral sequence of a fibration is classical [73, Chapter II]. Here its
second page is HP(B;Z) ® Z[t], with t in bidegree (0,2). All odd fibre
rows vanish, so d; = 0. Since B is 2-connected, H3(B;Z) = Z, and PB is
contractible, d3(t) is a generator; choose its sign to be u. The derivation
rule gives

ds(t?) = 2ut, ds(ut) = —u?.

Thus the relevant part of the third page is

l——u?

Z(2) 25 Z(ut) H%(B; 7).

No later differential enters or leaves bidegree (3,2): the potential source
has negative first degree, or the target has negative second degree. Con-
tractibility therefore says that the kernel of the second arrow is exactly
27Z(ut). For bidegree (6,0), the only additional possible incoming differ-
entials have odd fibre-degree sources, or the source (1,4), which vanishes
because H'(B;Z) = 0. There is no outgoing differential. Contractibility
therefore makes the second arrow surjective. Its kernel and image give the
asserted group and generator. ]

Theorem 13.2. Define
T Xn, YEYn,
B, = (z,y,b) : be C*Aln];F2), ;. (77)

6b=h, +¢,
Then P 1s a degreewise finite stmplictal model of
hofib(u® : K(Z,3) — K(Z,6)).
Its realization 1s a two-stage Postnikov system, with
;| P| = {f j ;32 (7> 1),

and is connected. Its projection to X has homotopy fibre K(Z,5) and
k-invariant u?. Moreover

Pal = || ¥, 205).
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Proof. Apply Theorem 12.1 with t = 5, m = 2, and ¢ = h. Subtraction
and addition agree over [y, so its formula is exactly (77). The preceding
cochain identity identifies its classifying invariant with u2. The homotopy
exact sequence of the resulting fibre sequence gives the stated homotopy
groups. The cardinality is (74). ]

The model carries a concrete integral nullhomotopy of the pulled-back
square. Let B be the integral lift, with values zero or one, of its tautological
four-cochain b. Suppress the projections when writing c,e, h on P. Then

_5B—h—e
B 2

T (78)
is an integral normalized five-cochain: its numerator is even by (77). Its

coboundary is

5T:—5—h:cvc.
2

Thus the finite model supplies both the space and the cochain data express-
ing the vanishing of its pulled-back k-invariant. As a further check, the
projection P — Y induces multiplication by two, up to generator orienta-
tion, on ms: its image is the kernel of reduction Z — IF,.

Proposition 13.3. The cochains c and T give an explicit weak equivalence
from P to the standard integral cochain fibre

Fn={(2,t): 2 € Z%(A[n]; Z), t € C°(A[n];Z), 6t =2z — z}.

The map s (z,y,b) — (c(z),T(z,y,b)), with each cochain evaluated on
all faces of the simplex.

Proof. Equation (78) and 0T = ¢ ~— c show that the map is defined and
simplicial. The projection F — K(Z,3) is the pullback of the contractible
cochain fibration £(Z,6) — K(Z,6) along the square map. It therefore
models the stated homotopy fibre.

On the base, the comparison is the primitive class map X — K(Z,3),
a weak equivalence. On its homotopy fibre the comparison has degree —1,
after compatible choices of generators. Indeed, the fibre over the basepoint
of X is modelled by hofib(Y — K(F2,5)). Its projection to Y has image 27
on ms. On this fibre ¢ = h = 0, and 27 = §B — e. Thus [T| = —[e]/2 is
primitive there.

For completeness, the fibre calculation is legitimate even though Y is not
Kan. Replace it by its class map ¥ — K(Z,5). Pulling this weak equiva-
lence back along the finite-coefficient Kan fibration gives a weak equivalence
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of the two total models, and also of their fibres over the basepoint of X.
The replacement model projects to X by a Kan fibration. Hence these strict
fibres compute the homotopy fibres used above. The comparison is an iso-
morphism on 73 and 75, and both spaces have no other nonzero homotopy
groups. It is a weak equivalence. []

14 A local formula for the first prime-three opera-
tion

Let ¢ € Z3(X;Z) be a normalized cocycle. For a simplex with ordered
vertices, write c;;i; for evaluation on the indicated three-dimensional face.
Products of these values in the formulas below are ordinary products of
integers. Define an integer seven-cochain by

Qe)=— > ecreex,  gs(c) = psQ(0),

(E’I,J)K)ET

where the following table specifies 7 on [0,...,7]. Thus Q(c) is an integer
polynomial lift of g3(c); its values need not lie in {0, 1,2}.

e I J K

— 0345 0567 0123
— 0456 0167 1234
— 0567 0127 2345
— 0145 1567 1234
+ 0156 1267 2345
— 0167 1237 3456
— 0125 2567 2345
— 0126 2367 3456
— 0127 2347 4567
+ 0123 3456 0167
+ 0234 4567 0127
+ 0123 3456 1267
0134 4567 1237
0123 3456 2367
0124 4567 2347
0123 3456 3467
0123 3567 3457
0123 3456 4567
0123 3467 4567

o+ o+

+
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The same example in [39] also gives the three face products used for the
Bockstein operation. In our ordinary integral cochain convention they give
the much shorter eight-cochain

R(C)012345678 = — C0678C0123C3456 1+ C0178C1234C4567 (79)
— €p128€2345C5678-

Proposition 14.1. These are natural normalized cochains, and they sat-
1Sfy
0Q(c) = 3R(c), dR(c) = 0.

Whith the usual integral Bockstein Bsla| = [6a/3|, their classes are
[a5(c)] = P*ps[c], [R(c)] = BsP*pslc].

Proof. The nineteen signed triples are the degree-three formula in [39, The-
orem 24 and Example 27]. That theorem identifies the natural simplicial
cochain operation with the classical reduced power. The displayed tensors
there use graded tensor evaluation. Three degree-three cochains evaluated
on three degree-three chains contribute the Koszul sign (—1)%" = —1, ex-
plaining the minus sign in ¢. There is also a direct calibration: for a
suspension cochain cy;jr = a;j%, With ¢ = 0 when the apex 0 is absent,

only the first row contributes, and

Q(C)01234567 = Q12303450567

This agrees with stability and the normalization P*[a] = [a]® for a degree-two
class.

The integral identity admits a finite polynomial certificate. On A% put
Tk = Coijp for 1 <1 <y < k < 8. Every integral three-cocycle has the
unique expression

Cijkl = Tjkl — Tikl + Tij1 — Tijk (0 <1<J<k< l).

Substitution in the nineteen-term formula, followed by the alternating sum
over the nine faces, gives exactly 3R(c). In these 56 independent vari-
ables the expanded polynomial has 36 monomials, all with coefficient +3
or —3; division by three agrees term by term with (79). The accompanying
standard-library Python verifier performs this integer calculation exactly. It
also verifies normalization on all 127 surjective monotone maps [7] — [m]
with m < 7, and the suspension calibration. Face naturality is immedi-
ate from the face formulas; the normalization checks supply the degeneracy
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condition for . Normalization of R then follows from Q) = 3R. Finally
30R = 6%°Q = 0 implies R = 0 since integer cochain groups are torsion-free.
Reducing @ modulo three and using the definition of the Bockstein proves
the second class identity. ]

If g3 denotes instead the pointwise residue lift of g; with values in {0, 1, 2},
then g3 = @ + 3L for an integer seven-cochain L. Consequently §g;/3 =
R + 0L. Either lift gives the same integral operation, while the polynomial
lift gives the particularly short exact identity above.

15 Incidence labels and face-insertion formulas

The canonical cocycle on X = Déz) has a small alphabet. Its values can be
read from integer labels on the incidence flags, so the cochain operations

below have a direct evaluation in the finite toric model.

Proposition 15.1. The canonical cocycle c € Z3(X;7) takes precisely the
three values —1,0, 1.

Proof. Lift a three-simplex to a flag Fy < F; < Fy; < F3 whose first cell
is canonical. On Fj the three anchor coordinates lie in [0, 1), and the real
cocycle identity gives

6125 = Bo23 — bo13 + O012 € (—1,2).

The canonical formula reads ¢ = |8123|r, |- Because every integer level of 6,23
is an arrangement wall and Fj is a face of Fj, this floor cannot be at most
—2 or at least 2: the corresponding closed strips do not meet (—1,2). Thus
ce{-1,0,1}.

All three values occur on constant flags. For example, take the cells con-
taining the points with anchor coordinates (612, 8013, fo23) equal respectively
to

(1/10,7/10,1/10),  (1/10,1/10,1/10),  (7/10,1/10,7/10).

The corresponding values of 853 are —1/2, 1/10, and 13/10. ]

There is also a formula for every face of a higher simplex without sepa-
rately choosing canonical lifts of its faces. Choose any lifted flag Fy < --- <
F, and write

szk = wijk

F .
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For 1 < 3 < k < [, the descended cocycle has face value
Cijtt = Ly — Ligg + Lijy — Ly (80)

Indeed, the lifted two-cochain on the face 17k is A;j; = Lﬁjk, since the diago-
nal face operation retains the nerve objects with indices 1, 7, k. Equation (80)
is exactly ¢ = 6 A on the lifted flag. Translation by an integral two-cocycle
changes A by that cocycle, so this expression is independent of the chosen
lift. The incidences in the flag remain essential data.

For each fixed triangle, the sequence of labels L}, is nonincreasing and
can decrease at most once, by one. A character that is already strictly
between two consecutive integers stays in that same strip on every coface.
A character on an integer wall can leave the wall through either adjacent
strip; only departure through the lower strip changes its floor. If Fj is
canonical, all the labels L7, lie in {—1,0,1}, and the anchor labels L, ; lie
in {-1,0}.

Substituting (80) into the cup-one face-insertion formulas expresses the
operations entirely through these finite incidence labels. This uses the or-
dered simplex faces and their incidences in the model. It does not identify
the additive I'-structure by itself with the higher diagonals defining Steen-
rod operations, nor does it assert that arbitrary assignments of the displayed
labels form valid simplices.

15.1 Deriving the operation by face insertions

The three-term formula for R(c) has a direct explanation in terms of the
ordinary cup-one product. This also gives a shorter integral primitive, using
only the same face evaluations that define the canonical toric cocycle.

We use the following sign convention. For normalized cochains a and b
of positive degrees p and g, respectively,

p—1

(@1 0)oprg-1=p (1) ag ;o pig1bjijsg. (81)
j=0

This is the convention of [62, Eq. (4.5)]. Its coboundary identity is

d(a~1b)=dba~—1 b+ (—1)Pa —, 6b
+ (1Pt (@ — b — (—1)Pb — a). (82)
See [62, Eq. (3.1)]. One can also check it directly in (81): the internal face

terms cancel with the coboundaries of the two factors, and the two remaining
endpoint terms give the displayed commutator.
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For our integral 3-cocycle c, the earlier cochain A is precisely ¢ ~—; ¢, so

dh = —2c%. The same insertion formula gives
2y
C~ (C ) = — C0678C0123C3456 1+ C0178C1234C4567
— Co128C2345C5678 = R(C). (83)

In particular, the cocycle equation for R follows immediately from (82) and

associativity of the cup product: R = ¢ — ¢ —c? — ¢ = 0. The three terms

correspond to the three possible positions of one six-dimensional block in
the insertion formula.

Proposition 15.2 (A twelve-term integral primitive). Put
A=c~—h, B =h—c, S=c—h+h-—c
Define the degree-seven cochain J by

J (0)01234567 = C0123C0367C3456 + C0123C0347C4567
+ Cp147C1234C4567- (84)
Then
3A—- B
2

15 an integral normalized cochain, with exactly twelve distinct cubic face
monomzials, and

B-—A=2J, Quc)=A—J=

5@12(C) = BR(C) .

The wntegrality identity B — A = 2J holds even before imposing the
cocycle equation on c.

Proof. The left Hirsch identity, or a direct division of the insertion sum into
its first and second halves, gives

())—i1c=c~—h+h—c=3S5;

the relevant Hirsch sign is (—1)3G-Y =1 [62, Eq. (3.2)]. Applying (82) to
A and B now yields

SA=2R-S, 6B=-38.

It remains to explain why division by two is integral. Expand B = (¢
¢) ~—1 ¢ by two successive face insertions. When the second insertion lies
inside the first, the resulting terms are exactly A = ¢ —; (¢ —1 ¢). When
the insertions have disjoint interiors, either insertion can be performed first.
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These two orders give the same scalar face product, with the same sign:
all three inserted cochains have odd degree, so the relevant insertion signs
are positive. There are exactly three such products, those in (84). Thus
B = A+ 2J as an identity of cochains, without requiring éc = 0.

Consequently Q1o = A — J is integral. For clarity, its nine positive terms
can be kept in the factored form

Ap1234567 = Cose7ho12345 + Co167123456 1 Co127h234567-

Each occurrence of h has three terms. Subtracting the three distinct terms
of J gives twelve terms with coefficients +1 or —1. Finally,

20Q12 =3(2R— S) — (—3S) = 6R,
and integral cochain groups are torsion-free, so Q12 = 3R. ]

Every formula above is natural under simplicial pullback. Normalization
is also visible directly: for each summand in (81), every adjacent edge of the
original simplex occurs in at least one of the two evaluated faces. If that edge
is collapsed by a degeneracy, the corresponding normalized factor is zero.
Thus cup-one preserves normalized cochains, and Q;, = A—J = (3A—B)/2
1s normalized as well.

This derivation is universal for integral 3-cocycles. In the finite toric
model it is applied to the canonical cocycle obtained from integer parts of
lifted face characters; hence all twelve terms are explicit integer face evalua-
tions. The reduction from nineteen terms to twelve comes from separating
nested insertions from disjoint ones, rather than from an additional relation
special to a toric chamber.

The standalone verifier verify_geometric_cupl.py checks the displayed
integer identities in independent anchor variables, checks the general
coboundary signs on arbitrary cochains in all degree pairs 1 < p,q < 6,
and checks normalization on all 127 proper surjective monotone maps out
of [7]. These are exact polynomial checks, with no random sampling or
enumeration of toric simplices.

15.2 Comparison with the reduced-power representative
Write Q19 = @ for the nineteen-term integer formula in Section 14.

Proposition 15.3. For every normalized integral three-cocycle c, the short
formula Q12(c) and the nineteen-term formula Q19(c) represent the same
class modulo three. In particular,

[p3Q12(c)] = 731/03[0]-
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This assertion applies to reductions of integral cocycles. Equivalently,
with ¢ = psc,
Plel = [(€—18) —1 8. (85)

Proof. Both integer formulas satisfy §Q;(c) = 3R(c). Evaluate their dif-
ference on the tautological integral cocycle of K(Z,3). It is an integral

seven-cocycle, and
H'(K(Z,3);Z) = 0.

Here is a short independent verification of this vanishing. In the integral
cohomology spectral sequence of the path fibration, the fibre K(Z,2) has
cohomology Z[t], |t| = 2, and dst = u, where u generates H3(K(Z,3);7Z).
The base is two-connected. No differential can enter (4, 0), so contractibility
of the total space gives H* = 0. The only potential nonzero sources entering
(7,0) are (4,2), (2,4), and (0,6). The first two vanish, and the last is killed
already by the injective differential d3(¢3) = 3ut®. Sources with odd fibre
degree vanish as well. Thus (7,0) has no incoming or outgoing differential
and must itself be zero.

Consequently Q12 — Q19 = 0L for an integral normalized six-cochain on
K(Z,3). Pulling L back along the classifying map of ¢, then reducing modulo
three, proves the claim. The argument identifies the operation without
requiring an explicit polynomial formula for L. Finally, the identity B— A =
2J gives B — @12 = 3J. Thus p3Qi12 = p3B as actual cochains, proving
(85). ]

15.3 A strict finite target for the integral Bockstein

Fix t > 1. Write T; for the circle group with its discrete topology. There is
a simplicial carrier map

j: K(Ts,t) — DY,
Indeed, the coefficient exact sequence and H*'!'(A[n];Z) = 0 identify
Z'(A[n]; T) with Z'(Aln];R)/Z}(A[n]; Z). A cocycle z is therefore a point

of this torus. Let C(z) be its open-cell carrier, interpreted in the quotient
incidence category. Define

n(z) = (C(2) 5 - 5 C(2)),

a constant flag with n arrows. Every target wall character pulls back un-
der a monotone vertex map to a source character or zero. Therefore carrier
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functors carry C(z) to C(a*z), including for maps moving the first vertex.
Constant nerve flags commute with all nerve operators, so j is strictly sim-
plicial. The torus point and its carrier are independent of a lattice lift; this
is why the construction uses the quotient incidence category.

Let A be the normalized real ¢-cochain on K(T;,t) given by the residue
lift in [0, 1) of the tautological cocycle. Then §A is integral. The canonical
generator satisfies the exact identity

j*ct+1 = —0A.

To see this, use canonical anchor coordinates Aoy € [0,1). On a (¢t + 1)-
simplex their real cocycle extension has full non-anchor coordinate

t41
R Z(_l)Hle...?..tH = A1 t+1— (60A)o. t41.

1=1

Since A; :11 € [0,1), its integer part is —(d0A)o.++1. This also holds when
the point lies on walls. Thus 7 represents the negative of the connecting
map for the discrete coefficient sequence 0 — Z — Rs — Ty — 0.
For m > 2 compose j with the coefficient embedding Z/m — T, z —
—2/m, to obtain
by : K(Z/m,t) — D).

Both simplicial sets are finite in each degree, and b,, represents the positive
integral Bockstein. More precisely, let ¢ = p,,Q € Z*(X;Z/m) and suppose
0Q = mR. Set S = (—Q) modm € {0,...,m — 1} pointwise. Then S =
—Q +m[Q/m], and for g = b, o ¢ one has

gt = —(%S =R-46[Q/m]. (86)

All cochains in this identity are normalized, since @ is normalized and [0] =
0.
In particular, the prime-three formulas give a strict map

2) bs

B, k(F,,7) 25 DY

D§ D§
representing B3P'psu and satisfying (86) with R = R(c). This assertion
concerns maps and their cohomology classes; b,, is not asserted to be a Kan
fibration. Ordinary pullbacks against this finite non-Kan target still require
a separate homotopy-pullback argument.

More generally, every finite-order integral class in H**1(X;Z) on a degree-
wise finite X admits such a strict finite-target representative after choosing
a Bockstein factorization. The choices need not be canonical.
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16 A second nontrivial stage at the prime three

Write X = D(()Z), and let ¢ € Z3(X;Z) be its canonical integral generator.
The first finite stage is

Pip = {(z,ys,bs) : dby = pahy + pa(es)y },

where ys € (D(()4))n and by, € C*(A[n]; Z/2). Thus |P;| models the homotopy
fibre of the square of the universal degree-three class. Recall that it carries
the integral cochain

. (5B4 —h — €s
= ; ,
All classes and cochains on X in the following formulas are understood to

be pulled back when necessary.
Use the explicit operations of Section 14 to define

a5 = p3Q(c) € Z'(X;2/3),  las] = P(psle]).

The integral three-term cocycle

T 0T =c ~— c.

Ks; = R(c) = 5QT(C) c 78(X;7)

represents the integral operation B3P!ps[c|.

Proposition 16.1. The pullback of [K3| to P, is nonzero and has order
three.

Proof. Let G = C3 x C3. Its mod-three cohomology is

H*(BG;Z/3) = Fs[z,y] ® Aa,b),  [a|=]b] =1, [|z[=]y[=2

)

with mod-three Bockstein S(a) = = and B(b) = y; see [35, Example 3E.2].
Set v = B3(ab) € H3(BG;Z), so p3v = zb— ay. Graded commutativity gives
2v? = 0, while 3v = 0 gives 3v> = 0. Hence v? = 0. The classifying map of
v therefore lifts, up to homotopy, to |P]|.

Naturality, the Cartan formula, and the instability identities [35, Sec-
tion 4.L] give

Pl(zb — ay) = b — ay?, BPY(zb — ay) = z*y — zy® # 0.

Since p3f3 = B, the pullback of [K3] along this lift is nonzero. Thus [K3]
remains nonzero on P;. Its order divides three by the coefficient exact
sequence, so its order is exactly three. ]
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fibre

K(Z: 7) > |P2‘
Y
K
K(z,5 —2 Py * . K(2,8)
Y /{2
X| ~ K(Z,3) K(Z,6)

Ko = [c]® = B2Sq¢?pslc]  (order 2)
k3 = BsPps[c] (order 3)

Figure 28: The first two nontrivial stages, with X = D(()z). Elach descending

arrow has the homotopy fibre indicated on its left. The second invariant
is pulled back from X to P, and remains nonzero there. The only positive
homotopy groups of |P,| are copies of Z in degrees 3, 5, and 7. The finite
models also retain the witnesses 67 = ¢ and §V = K.

Let e; € Z7(D(()6);Z) be the canonical integral generator. Define the
second stage by

P2,n = {(mi Ys, b41 Y, b6) . ((B, Ys, b4) - Pl,na Y7 € (D(()6))n,
b6 G C’G(A[n],Z/3)’ 6b6 = (QS):c — p3(67)y7}.

Every simplicial operator pulls back all five entries. The finite Bockstein-
fibre theorem gives a homotopy fibre sequence

K(Z,7) — |B| — |P| L K(2,9).

In particular, this is a second nontrivial integral Postnikov extension. Its
only nonzero homotopy groups are

m3(|P2[) = ms(| P2|) = mo(| Po|) = Z.

The exact degreewise count is

Pl = (D)l (D)l (DY) 20)3(),

Indeed, after the three toric entries have been chosen, the two independent
cochain equations have respectively 2(3) and 3() solutions.
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The construction also supplies an integral nullcochain for the second in-
variant. Let Bg be the lift of the tautological bs with values in {0, 1, 2}.

Then
v Q(c) — ey — 0B

€ C'(Py; Z), §V = K.

Thus both Postnikov equations have concrete integral witnesses on the final
space: 0T = ¢? and 6V = K.

Proposition 16.2 (The secondary cocycle is the next invariant). On the first
finite stage P, let c be the pulled-back normalized integral three-cocycle
and let T' be its specified square primitive, 6T = ¢~ c. Put

M=c—T+T-w—c
Then the exact integral cochain i1dentity
d(c~1T)=—-M — R(c) (87)

holds. Hence [M]| = —[K3] has ezact order three on P;. On P, where
0V = K3, 1t has the explicit primitive

M:(S(—V—CvlT).

Proof. For the cup-one convention used above, its coboundary formula in
degrees three and five, with dc = 0, is

dc—1T)=—-c—1 6T —c—~T-T —c

Substitute 67 = ¢ — ¢ and the three-term identity R(c) = ¢ 1 (c — c¢).
This proves (87) over the integers. Proposition 16.1 gives the asserted order;
the displayed primitive on P, follows by taking its coboundary. []

For fixed ¢, changing the shared nullcochain to T'+ 2z, with 2z = 0, changes
M Dby the explicit coboundary —§(c ~—1 z). Thus this symmetric secondary
class is independent of that choice. The prime-three stage already kills this
secondary class; it is not an additional independent invariant.

17 Lifting equations and further finite extensions

The preceding constructions turn a lifting question into a finite cochain equa-
tion on a finite test simplicial set B. It is useful to distinguish a homotopy
lift from a strict map into the chosen finite model.
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Proposition 17.1 (Integral obstruction equation). Let ¢ € Z*(X;Z/m), t > 1,
and let @ be an wntegral lift of q. Put K = 6Q/m. For a simplicial map
f: B — X, the following conditions are equivalent:

1. |f| lfts up to homotopy to the finite Bockstein fibre |P| — |X|;
2. [f*K] =0 in H*(B;Z);
3. there is v € CY(B;7Z) with 6v = f*K.

If these conditions hold, the homotopy classes of lifts with the chosen
identification over |f| form a torsor for H'(B;Z).

Proof. The first equivalence is the defining property of the homotopy fibre
of the map represented by K, and the second is the definition of a zero
cohomology class. The difference of two nullhomotopies is a map to K(7Z, t),
which gives the stated torsor. One can also see existence directly in the
standard cochain model. Replace the finite auxiliary model Y by K(Z,1t)
and write

b, = {(z,2,b): z € Z'(A[n];Z), be C™YA[n];Z/m), 6b=qs — pmz}.

The map P — X is a Kan fibration, and the class map of Y gives a weak
equivalence P — P over X. Given v as above, the integral cochain z =
f*Q — mu is closed and satisfies p,z = f*q. Thus (f, z,0) is a strict lift to
P. Conversely, any lift (f,z,b), with an integral lift B; of b, gives

_['Q-2z2-46By

m

v

v = f*K.
]

For the chosen finite model P, a strict lift is exactly the additional data
of a simplicial map g : B — Y and a cochain b € C*"!(B;Z/m) satisfying
0b = f*q — pmg*e. Vanishing of the obstruction guarantees a homotopy lift,
but does not by itself guarantee such a strict g on the original triangulation,
because Y need not be Kan. For finite B, a homotopy lift can be represented
by an actual map from a sufficiently iterated simplicial subdivision of B to
P; its projection represents the original base map up to homotopy. This
follows from the adjunction Sd 4 Ex and the fact that a map from a finite
simplicial set into Ex® P factors through some finite Ex" P. This is an
existence statement, not a bound on the required number of subdivisions.

For example,amap f: B —- X = D((f) lifts up to homotopy through both
displayed stages precisely when one can solve the two integral equations

st=(f'c)— (fc), Su=R(f'c), |t|=5 [|=".
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The second obstruction is independent of the chosen first lift, because its
defining operation was pulled back from X. For finite B, each equation is a
finite integer linear system once the cocycle on its right has been evaluated.
The integral solution sets modulo coboundaries are torsors for H°(B;Z) and
H'(B;Z), respectively. Thus the finite presentation makes the obstruction
calculation explicit even though the integral cohomology groups need not
be finite.

Proposition 17.2 (Finite coefficient stages). Let A be a finite abelian group,
lett >0, and let k € Z*T1(W; A) be a normalized cocycle on a degreewise
finite stmplicial set W. Then

R, ={(w,b) :w € W,, becC'Aln];4), b=k}

15 a degreewtse finite model of the homotopy fibre of the classifying map
(k] : W] — K(A,t+ 1), with

n
t

|Ry| = (W] 4],

For every simplicial map f : B — W, a strict lift to R exists if and only
if f*[k] =0 in H'Y(B; A).

Proof. This is the pullback of the contractible Kan cochain resolution ¢ :
E(A,t+ 1) — K(A,t +1). The equation is solvable on each simplex, and
its solution set is a torsor for Z{(Aln]; A) = A A map B — R over f is
precisely a normalized cochain b € C*(B; A) with b = f*k, proving the last
claim. ]

Thus finite coefficient Postnikov stages and integral stages with finite-
order, untwisted invariants can be interleaved while preserving degreewise
finiteness. These statements use constant coefficient groups; they make no
assertion about general local coefficient systems or integral invariants of
infinite order.

18 A degreewise finite tower over all primes

The preceding construction can be continued through every prime. Write
pPr=2<pp=3<p3=5< -, put b =X = D((f), and retain the
canonical cocycle ¢ € Z3(X;Z). Choose normalized cocycles

Sq2,02[c], b= 27

€ 27X, Z/p), =
% (X5Z/p), o] {Plpp[c], p odd.
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For p = 2, 3 use the formulas already fixed above; for other primes one can
use the natural cochain reduced-power construction of [39]. These choices
are made on X and pulled back to every later stage. Put

kp = Bolay) € HP™3(X;Z), Y, =D,

and let e, € Z**1(Y,; Z) be its canonical primitive cocycle. Thus k; = [c]?.

Define P; recursively by adjoining to P;_; the entries

Yp, € (Vp,)ny by, € C(A[n]; Z/py),
Obp, = (gp, )z — ij(epj)ypj:

where z € X, is the common base coordinate. The bonding map P; — P;_;
forgets these two entries. This notation agrees with the stages P, and P,
above. Finally take the inverse limit in simplicial sets,

Py, =1im P;.
j

Theorem 18.1. The stmplicial set Py, 1s degreewise finite, with

(Po)al = 1Xa| T 1DE)| 95, (88)
p prime

2p<n

Its realization 1s stmply connected and has homotopy groups

1> 1.

P Z, 1=3ori1=2p+1 for a prime p,
T, =
e 0, otherwise,

For 37 > 1, the map |Px| — |Pj| ts a Postnikov truncation in degree
2p; + 1, the map to |Py| s a truncation in degree three. At each finite
stage,

K(Z,2p; +1) — |Pj| — |Pj]

has a nonzero k-invariant of exzact order p;, namely the pullback of Ky, .

Proof. Theorem 12.1 identifies |P;| with the homotopy fibre of the pulled-
back class Kp,. Induction using the homotopy exact sequence shows that the
only positive homotopy groups of |P;| are one copy of Z in degree three and
in degrees 2p; + 1, 1 < 1 < 5. Indeed, these new degrees increase strictly,
and at each step the new fibre is K(Z, 2p; + 1).
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We check that none of these invariants vanishes. The assertion for p = 2 is
Proposition 13.1. For an odd prime p, use the detector from the prime-three
argument with A = B(C, x C):

H*(A: Z/p) - Fp[ma y] ® A(a‘7 b)v V= :Bp(a’b), PpV = zb — ay.

Here |a| = |b] = 1, |z| = |y| = 2, and the mod-p Bockstein § sends a, b to z, y
[35, Example 3E.2]. The class v is killed by p, so v? is killed by both p and 2
and is zero. Its classifying map therefore lifts through the first, square-fibre
stage. For each previously used odd prime £ # p, p,v = 0: multiplication
by p is invertible over Z/£. Hence B;P'p,u = 0. Inductively the detector
lifts through all stages preceding the prime p. Along any such lift, the
mod-p reduction of the new invariant is, by the reduced-power identities
[35, Section 4.1,

BP'(ab — ay) = B(a?b — ay?) = 2Py — a9 # 0,

Thus the invariant is nonzero; its order is exactly p because it is an integral
Bockstein image.

It remains to justify the infinite limit. For & > n, the vector space
Z*(A[n];R) is zero, so the toric face category has one object and only its
identity. Thus D(()]f,)z is a singleton for n < k. Also C*(A[n];Z/p) = 0 for
n < k. Consequently, when 2p; > n, forgetting the newly adjoined entries
gives a bijection

For each fixed n, the tower therefore stabilizes exactly as sets in degree n.
The finite-stage cardinality formula gives (88), a finite product.

For any integer m, choose 7 to include every prime with 2p < m. The pro-
jection P, — P; is then an isomorphism in every simplicial degree at most
m. Its realization identifies the m-skeleta. Cellular approximation therefore
implies an isomorphism on 7; for 7 < m: maps of S* and homotopies be-
tween them can be computed in the (2 + 1)-skeleton. Taking m =7+ 1 and
using the finite-stage computation proves the displayed homotopy groups of
| Py, |. Connectedness also follows directly from its single vertex.

Fix a finite stage 7 and put N =2p;+1 (or N = 3 if j = 0). To check its
projection is an isomorphism on 7; for + < N, choose a later stage [ > 7 that
already agrees with P,, through degree 7+ + 1. The map |P,| — |FP| induces
an isomorphism on 7; by the preceding paragraph. The finite bonding maps
from P, to P; also do so, by their homotopy fibre sequences: all their fibres
occur in degrees greater than N. Thus |Py| — |P;| induces the required
isomorphisms, while |P;| has no homotopy above N. This is precisely the
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claimed Postnikov truncation property. In particular, no interchange of
realization and inverse limits has been used. ]

19 Toric incidence data and Postnikov twisting

The phrase “tame tori with intricate gluing” has a precise interpretation in
these constructions. The integral building blocks come from finite incidence
categories on compact tori. Coefficient reduction comes from finite covers of
those same tori. A Postnikov invariant then changes the way the diagonal
simplicial faces are attached. We first identify the covers, then locate the
twisting in one face operator. This leads to families with the same finite
incidence data and cell counts but different homotopy types.

The underlying twisting mechanism is classical: a twisted Cartesian prod-
uct has a product of sets in each degree and a modified first face [43, Sec-
tion 18|. Cochain-resolution pullbacks are used explicitly for Postnikov sys-
tems in [11, Section 3.9]. The purpose here is to identify that mechanism
in the finite integral toric models and to extract its geometric and counting
consequences.

19.1 Coefficient reduction is a finite torus cover

Fixr>2andm > 2. PutY = D(()T_l), with canonical cocycle e = ¢,, and
abbreviate
Va=2Z""'(Q[d;R),  Lg=2Z""'(A[d];Z).

Let ﬁd be the lifted integer-wall face poset used to construct Y. In a quotient
below, retain orbit incidences as arrows, including distinct branches with the
same endpoints. Define

= Py/(mLg), Y™ =Nl

Carrier maps preserve the sublattices mLg4, so these categories give a bisim-
plicial nerve and the displayed diagonal.

Proposition 19.1 (The geometric reduction torsor). There is a simplicial
1somorphism over Y

ym ~ Rt - (Y), RY(Y)a={(y,b) : be C"}Ald);Z/m), &b= €y}
(89)

It 1s a principal torsor for the degreewise finite simplicial abelian group

K(Z/m,r—1). For each fized vertex degree d, the map of row realizations
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1s the finite torus covering
Vi/(mLg) — Vy/Lg, degree m(-54),

The diagonal map realizes, up to weak equivalence and compatible
choices of generators, to multiplication by m on K(Z,r).

Proof. The proof of Theorem 4.1 supplies a normalized integral cochain a
on the lifted diagonal Y, with da = p*e. Evaluating a on all faces gives
a(y) € C"(Ald); Z), and

aA+7) =a@) +A A€ L.

Reduction modulo m therefore descends to Y /(mL). Both its fibre over y
and the solution set in (89) are torsors for

Lg/mLy = Z" Y A[d); Z/m).

Here reduction of integral simplex cocycles is surjective, as is immediate in
anchor coordinates. The equivariant map [§] — (y,a(y)) is consequently a
bijection in every degree. It is simplicial because a is a cochain on the lifted
simplicial set. Lifting incidence strings identifies ¥ /(m L) with the diagonal
defining Y™,

The barycentric subdivision of the lifted arrangement is V;. Quotienting
by mL4 or Ly proves the assertion about row realizations and the covering
degree. Finally, (89) is the homotopy fibre of p,e : Y — K(Z/m,r). The
coefficient fibre sequence identifies its total homotopy type with K(Z, r) and
its map to Y with multiplication by m. ]

Write R, (Y) for the equation b = —e,. The map (y,b) — (y,—b)
identifies it with R (Y); its toric-cover coordinate is b = —a. For » = 1 the
analogous geometric object is the ordinary m-fold covering of a simplicial
circle.

Thus “toric” refers to actual compact tori in each row of the presentation.
The lifted face closures are compact convex polytopes, with induced affine
face identifications on the quotient; quotient closures can have identified
boundary faces. No assertion is made that the diagonal realization is a
finite-dimensional torus, or that a general Postnikov operation is a map of

row tori.
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19.2 An anchored normal form for the attaching maps

Let X,Y,q,e satisfy Theorem 12.1, with ¢t = » > 1, and write P(q) for its
model. Set A =7Z/m and B = X x Y. The projection P(q) — B is the
pullback of

d0:E(A,r) — K(A,r)

along the cocycle ¢ — e. It is therefore a principal simplicial K(A,r — 1)-
torsor: the action adds a closed cochain to b. This finite coefficient torsor
over B and the integral extension P(q) — X are two different projections.
The latter is not asserted to be a strict torsor for the non-Kan simplicial set
Y.

Let Ay C A be the subcategory with all objects [d] and those monotone
maps « : [7] — [d] satisfying a(0) = 0. It contains every degeneracy operator
and every face d; with + > 0 in the contravariant convention. For z €
Z"(Ald]; A) define its vertex-zero primitive by

Z(O,’io,...,’ir_l), ’io > 0,

90
0, 4o = 0. (50)

(hdZ)(’I;o, ceey 7,.7._1) = {

All evaluations use normalized cochains; repeated vertices give zero. The
cone identity and its anchored naturality are

dhiz = 2, a*hgz = hja*z if a(0) = 0.

The first follows by evaluating 6z = 0 on (0, %o, - . ., %), With the case 70 =0
evaluated directly. The second follows by substitution, including the cases
where a pullback repeats a vertex.

Theorem 19.2 (All twisting can be placed in the first face). The degreewsise
byections

®;: P(q)a — P(0)g, (z,y,b) — (z,y,b — haq) (91)

gwe an isomorphism after restriction to Ag. For an arbitrary monotone
a : 7] — [d], the transported operator on P(0) s

(z,y,bo) — (a*:c, a*y,a*by + Ta(qx)), To(2) = *hgz — hjo*z.  (92)
The correction s a closed (r — 1)-cochain and satisfies
Tap(2) = B*Ta(2) + T8(c*2). (93)

In particular only dy changes among the elementary simplicial opera-
tors. In dimension d = r 1ts correction recovers the chosen representa-
twe:

Ta0(qz)(0,...,7—1) = q.(0,...,7). (94)
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Proof. Subtracting hgg, changes éb = g, — e, to 6by = —e,, and adding
it gives the inverse. Pulling back and applying these coordinate changes
gives (92). Taking a coboundary yields a*z — a*z = 0; substituting the
definition twice proves (93). If a(0) = 0, anchored naturality makes the
correction zero. All degeneracies and all positive faces have this property.

For d° : [r — 1] < [r], the first term in the correction is ¢,(0,...,r), while
the second is zero because A[r — 1] has no nonzero normalized r-cochains.
This proves the last formula. ]

This is an exact coordinate form of the classical twisted Cartesian product.
Using b — h4(g; — €,) instead of (91) identifies the graded set with By x
IKC(A,r — 1), itself. The relative form used here has an additional geometric
advantage: when Y is toric, P(0) = X x R (Y) already carries the torus-
cover incidence presentation of Proposition 19.1.

The first-face correction recovers g, not just its Bockstein class. Different
representatives can describe isomorphic or homotopy-equivalent extensions.
Precisely, if ¢ — g = da for a € C"1(X; A), then

P(g) — P(¢),  (z,9,0) — (z,9,b+ay)

is a simplicial isomorphism over X x Y. These maps compose by addition of
a. Because X is degreewise finite, the cocycles ¢ and such cochains a form a
finite groupoid. Its components are H"(X; A); the integral extension class is
the further image under B,,. Thus equality of the integral extension classes
1s a coarser condition than the displayed change of cocycle.

19.3 The same cells can carry different Postnikov invariants

Corollary 19.3 (Counts and degeneracies are independent of the twist). For
fized X,Y,r,m, every P(q) has

|P(q)d| = | X4| |Yd] m(-21).

The number of nondegenerate stmplices 1s also independent of g in every
dimension. Indeed the byections (91) preserve all degeneracies. Writing
fa for this number gives the explicit formula

d

fi= Y () 1 mle2),

J=0

Consequently the realizations have identical numbers of cells in every
dimension wn theiwr standard CW structures.
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Proof. The solution set for b is a torsor for Z"~!(A[d]; A) = AGS). The an-
chored bijection and its inverse commute with degeneracies, so they identify
their images and hence the complementary nondegenerate simplices. Al-
ternatively, the unique degeneracy decomposition gives |P;| = Z?:o (j) fi;
binomial inversion gives the formula. Realization has one open cell for each
nondegenerate simplex. ]

Here is a concrete pair. Take X = D((JZ), Y = D((J4), r =5, m =2, and
let ¢ be the canonical integral three-cocycle on X. Compare ¢ = 0 with a
cocycle representing Sq*ps[c]. Their realizations are respectively

K(Z,3) x K(Z,5), hofib([c]* : K(Z,3) — K(Z,6)).

They have identical ordinary and nondegenerate simplex counts, and the
same homotopy groups, but

H(|P(0);Z) =2/2,  H*(|P(q)};Z)=0. (95)

For the first equality, use the product and the low-degree cohomology of
the factors. For the second, the Serre spectral sequence of K(Z,5) —
|P(q)| — K(Z,3) has ds : Z — Z/2 sending the fibre generator to [c]?,
hence surjectively. In total degree six the only other possible fibre term
is H%(K(Z,5);Z) = 0, and the mixed term has H'(K(Z,3);Z) = 0. The
stated low-degree vanishing follows, for example, from a CW construction
of K(Z,5) starting with S° and attaching cells only in dimensions at least
seven. Thus (95) distinguishes the unmarked homotopy types.

The torsor also retains a witness for the next stage. With the integral
lifts @, B used above,

Q—e—90B 0Q
V= — ov = —.

m m
This is the integral nullcochain of the pulled-back k-invariant. It explains
why subsequent operations can use actual cochain witnesses. In the square
example, choosing @ = h with 6h = —2c? gives the earlier primitive T =
—v — e, so 6T = c. This sign and closed-cochain adjustment keeps the
conventions consistent. No new independent obstruction is inferred merely
from having chosen such a primitive.

19.4 One toric presentation and a family of Postnikov towers

The all-prime construction admits a stronger variation. Retain X = D(()z),

the chosen cocycles g, and Y, = D((fp ) from Section 18. For a set S of primes
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put €, = 11f p € S and €, = 0 otherwise. At every prime p, adjoin the same
coordinates y,, b, as before, with

6by = €5(qp)e — Pp(ep)yp- (96)

Even when €, = 0, the stage and its integral homotopy group are retained.
Denote the finite stages by Ps; and their degreewise inverse limit by Ps.

Theorem 19.4 (Identical toric flags and different homotopy types). The fol-
lowing statements hold.

1. Bvery Pg 1s degreewise finite. All the Ps have a common restriction
to Ag, up to the explicit 1isomorphisms of Theorem 19.2. This
common object 1s

U=Xx [| B, (%) (97)

p prime

The product has only finitely many nontrivial factors in each sim-
plicial degree.

2. Every |Ps| 1s simply connected, with

1> 1.

Py Z, 1=3o0or1=2p+1 for a prime p,
T, = .
s 0, otherwse,

All ordinary simplex counts, all nondegenerate simplex counts, and
hence all CW cell counts agree for all S.

3. The canonical Postnikov invariant in degree 2p+2 vanishes exactly
whenp & S. Ifp € S, it has ezact order p. Distinct sets S therefore
give non-homotopy-equivalent realizations, even without a specified
identification of their homotopy groups.

In particular this gives 2% homotopy types with the same graded ho-
motopy groups and the same cell counts. For the first N primes alone
it gives 2V different finite Postnikov-stage homotopy types with these
same agreements at that truncation.

Proof. Apply (91) simultaneously to the coordinates in (96):

(z, (yp, bp)p) — (z, (ypa by, — Gphd(qP):c)p)-

For 2p > d, both the toric factor and the cochain factor are singletons. Thus
this is a finite product of bijections in degree d, compatible with all operators
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in Ag. It proves the common presentation and the equality of ordinary and
nondegenerate counts. In particular their common ordinary count is

X ] 1Y d\p 5»)

2p<d

Every bonding map realizes to an extension with fibre K(Z,2p + 1),
whether its invariant is zero or nonzero. The degrees increase strictly. The
homotopy exact sequence therefore computes the finite-stage groups as in
Theorem 18.1. The tower stabilizes exactly in each simplicial degree, so
the same skeleton argument proves the displayed limit groups and identi-
fles |Ps j| with the corresponding Postnikov truncation. No commutation of
realization with an arbitrary inverse limit is being used.

An inactive invariant is zero by construction. The active invariant at
p = 2 is nonzero by Proposition 13.1. For odd p, use B(C, x Cp) and
v = Pp(adb) as in Theorem 18.1. The square of v vanishes: it is killed by
both 2 and p. For every earlier odd prime ¢ # p, one has p,v = 0, so the
{-invariant pulls back to zero. The detector therefore lifts through every
earlier stage, independently of which earlier invariants were activated. On
such a lift the mod-p reduction of the active invariant is

BP(zb — ay) = zPy — zy? # 0.

It consequently has order exactly p.

The vanishing or nonvanishing of a canonical Postnikov invariant is intrin-
sic to the homotopy type. Changing the equivalence of the lower truncation
or the generator of its coefficient group preserves zero. If S # S’, choose
their first differing prime. One space has zero invariant at that stage and
the other has a nonzero invariant. Their canonical truncations cannot be
equivalent. This proves the unmarked distinction for both the finite and
infinite families. ]

The common object (97) is itself toric in a precise rowwise sense. By
Proposition 19.1, its degree d simplices are the d-flags in the product cate-

gory
2 (2p)
[T o)
2p<d

The nerve of this category realizes to a torus of dimension
d d
(6)* 2 ()
2p<d
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X ~ K(Z,3)

sz *\“27“’
0" \fs o7 \%

Po) Po,) P Py

All four bottom spaces have 73 = 75 = 7 = 7
and the same cell counts, but different Postnikov data.

Figure 29: Independent choices of the first two prime invariants; the binary
subscripts record activation in prime order. Each downward step in the
construction retains the same new fibre, even when the invariant is zero. The
arrows drawn are the Postnikov projections. Continuing this construction
over all primes gives Theorem 19.4.

All families use these same flags, positive faces, and degeneracies. Only the
transported first face varies. In the covering-flag coordinate its correction is
the deck translation —e,7((gp)z); the minus sign comes from b = —a. This
correction can depend on the full diagonal flag. It is not claimed to arise
from a functor on the row categories. That is the precise limit of the torus
description for general operations.

19.5 Classical context and the remaining scope

Neither the first-face form of a twisted product nor uncountably many homo-
topy types sharing homotopy groups is a new general phenomenon. Finite
computability of Postnikov complexes was already studied by Brown [8].
The references above supply the twisting formalism. Rector’s 1971 construc-
tion [64, pp. 99-100] is an especially close warning against a broad novelty
claim: independent prime choices give uncountably many deloopings of the
homotopy type of S2, with the same homotopy groups and CW models hav-
ing one cell in every dimension 47. Thus agreement of CW cell counts is
classical as well. The particular statements proved here keep additional data
fixed: explicit finite toric flags in every degree, all degeneracies, all positive
faces, and all cell counts. The zero/nonzero prime invariants then distin-
guish the homotopy types. These are consequences of the displayed construc-
tion; historical priority for this combination requires a separate comparison
with earlier examples. For the A assertion itself, classical finite-coefficient
twisted Cartesian products are an even closer precedent; see Section 25.7.
The accompanying standard-library verifier verify_toric_postnikov_
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twists.py checks the anchor and translation identities over integral cocycle
bases in degrees one through three. It tests 4574 closed defects, 2374 an-
chored pullbacks, and 27701 composition identities in its stated dimension
ranges, as well as 24 exhaustive small finite-cochain enumerations. Three
negative controls detect the omission of the first-face correction. These
bounded checks support the local formulas; the infinite-family assertion uses
the proof above.

There is also a distinction between finiteness and effectivity. An arbi-
trary set of primes need not be decidable. The continuum family is a set-
theoretic family of degreewise finite presentations, not a continuum of finite
algorithms. Every prescribed finite pattern gives an explicit finite-stage
construction.

Finally, this section treats constant finite coefficient torsors and integral
stages whose invariants are Bocksteins. It does not extend the torsion theo-
rem to all integral invariants or to all local coefficient systems. The Heisen-
berg examples provide a separate infinite-order family. Their geometric
input must be retained if one seeks a corresponding extension of the toric
presentation theorem.

20 Uniform organization of operations and homo-
topies

The preceding formulas are instances of a general construction. There are
three parts: cocycle-valued operations and their parameter spaces; explicit
homotopies for known relations; and the full cochain action inherited from
classical operads. The finiteness statements below apply to any degreewise
finite source, including the toric models and their finite Postnikov exten-
sions.

20.1 Finite parameter spaces for operations and their coher-
ences

All cochains below are normalized, and mapping spaces are unpointed unless
a base point is specified. Let K(A4,t), = Z!(A[n]; A), including ¢t = 0.

Proposition 20.1. Let X be a degreewise finite stmplicial set, let A be a
finite abelian group, and lett > 0. The simplicial mapping space

My(X) =Map(X,K(4,1),  My(X), = Z'(X x Alr]; 4),
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1s a degreewise finite simplicial abelian group, hence a Kan complezx.
Its homotopy groups, with the zero cocycle as base point, are

mMY(X) = H(X;A) (0<i<t), mMy(X) =0 (i>1t).

The formula for 1+ = 0 1s an identification of abelian groups of com-
ponents. Translation identifies the homotopy groups at every other
component with those at zero.

Proof. Cocycle representability gives the displayed equality in every param-
eter degree, compatibly with all simplicial operators. The group law is
pointwise addition. A coarse finite bound is

r4+t+1

M (X),| < A0, (98)

since a cochain is determined on the ¢-simplices and |A[r],| = ("}I1"). The
cocycle equations involve only the finite set (X x A[r])sy1-
For 2 > 1, the homotopy group is the relative cohomology group

HY (X x 8% X x %, A) = HY(X, A S%; A) = HTH(X; A).

Here one can use simplicial spheres and cohomology representability; no
Kan assumption on X is needed. The assertion for components is the usual
classification by H?. Equivalently, the Alexander—-Whitney map compares
this mapping space with the Dold—Kan construction on the good nonneg-
ative truncation of the mapping complex from normalized chains of X to
Alt]; its degree-zero group is Z'(X; A). O

The mapping-space description is classical; see also [42, Example 3.1.7.11].
The finite bound uses all ¢t-simplices of X, since a degenerate simplex of X
can contribute a nondegenerate simplex of the product.

For pointed maps replace the cocycles by Z!(X x A[r], *x x A[r]; A) and the
cohomology groups by H*"*(X, x; A) = H**(X; A). For ¢t = 0 the unpointed
mapping space is the constant simplicial group of functions my X — A; there
are no higher homotopy groups.

Corollary 20.2 (A simplicial category of operations). Take as objects finite
products of spaces K(A,n) with A finite and n > 0, including the empty
product. For any two such objects U,V , the full simplicial mapping
space Map(U, V') s a finite product of the spaces in Proposition 20.1. It
18 the'refjﬂe degreeunse finite and Kan. These mapping spaces have the
usual strictly associative and unital simplicial composition: in degree r,
compose two parameterized maps using the same A[r| parameter.
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Thus finite-coefficient operations and their higher homotopies belong to
a single simplicial category with degreewise finite mapping spaces. Its com-
ponent sets classify the corresponding unstable cohomology operations by
representability. This is a formal consequence of classical cocycle models,
not a new identification of the Steenrod algebra.

For example, a natural cocycle-valued expression O : Z"(—;F,) —
Z™(—;F,) defines a strict map

O : K(Fp,n) — K(F,, m).

Apply the expression to the tautological cocycle, or equivalently apply it
on each simplex; naturality is exactly the simplicial-map condition. The
same argument works for several inputs. It applies to the cocycle represen-
tatives supplied by the natural cochain operations of Kaufmann—Medina-
Mardones [39, Theorem 24]. An arbitrary raw cup-¢ expression need not be
closed, so the cocycle-valued hypothesis cannot be omitted. Nor must O be
a homomorphism of simplicial abelian groups.

The next subsections give explicit edges from cochain identities and com-
pute the obstruction to filling prescribed boundaries.

Transport to finite integral targets. For ¢ > 1, the strict finite Bockstein
representative gives a postcomposition map

(bp)s : Mb (X) — Map(X, D). (99)

Precisely, for any simplicial parameter set P, a map P — MﬁFp(X ) is a

map X x P — K(Fp,t); composition with b, gives X x P — D(()t). Every

face, degeneracy, endpoint, and specified parameter subcomplex is preserved
literally. The construction is also compatible with precomposition in X.
Consequently every already specified coherent family of mod-p operations
with this common final target has an equally coherent family of strict finite-
target Bockstein representatives. If X and P are degreewise finite, so is their
product.

For n > 2 and a toric input D(()n_l) with canonical cocycle c,, the individ-
ual maps have the concrete form

DY o k(B n) -2 K(F,,t) 2 DY

Their higher parameter families are obtained by the same precomposition

and postcomposition, rather than by choosing a new representative sepa-
rately for every relation.
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There are three limitations. First, the whole target mapping space
Map(X, D(()t)) has not been shown degreewise finite; the finite source in
@is what supplies the finite parameter space. Second, b, is not asserted
to preserve addition or to be a Kan fibration. Third, postcomposition at
a common final target does not automatically replace every object of an
operadic or compositional diagram by a toric model. Such a replacement
requires compatible comparison maps at the intermediate objects. The
cochain operad action, the finite mapping-space organization, and coherent
addition on the toric models are related constructions; they are not yet
proved to be one geometrically defined operad action on those models.

20.2 From cochain identities to finite simplicial homotopies

A cochain identity gives more than equality of the represented cohomology
operations: it gives an explicit simplicial homotopy. Let A be an abelian
coefficient group, let ¢ > 1, and suppose that qo,q1 € Z*(X;A) and H €
C'1(X; A) satisfy

6H = q1 — qo.

Let o € C°(All];Z) take the values 0 and 1 at the two vertices. Pull the
cochains on X and A[1] back to their product, and define

§=pry qo+ 8(pry H — pray @). (100)

Here the cup product uses the ordinary action of Z on A. The cochain q
1s closed, and its restrictions to the two endpoints are g; and g;. Thus its
classifying map is a strict simplicial homotopy

X x All] — K(A, ).

The construction is natural in (qo, g1, H) and uses only normalized faces and
the Alexander—Whitney cup product. The case ¢t = 0 is simpler: equality of
degree-zero cohomology classes already gives equality of the corresponding
cocycles.

Proposition 20.3 (Finite universal homotopies for relations). Fiz a prime p,
input degrees ni,...,ns, and an output degree t > 1. Let two natural
cocycle formulas with these input and output degrees represent equal
mod-p cohomology operations. Then a finite linear computation con-
structs a matural simplicial homotopy between their classifying maps.
This applies to each specified Adem or Cartan relation once cochain
representatives of its terms have been fized.
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Proof. Use the universal input space
w=1T1xK(F..n. Wil = poi (=)
H ( D1 n2)1 | d‘ p )
i=1

and let z; be its universal normalized cocycles. Evaluating the two formus-
las on these cocycles gives qo,q1 € Z'(W;F,). Their classes agree by the
assumed universal relation, so ¢; — go 1s a coboundary. Both groups in the
equation

§H = q1 — qo, H e CY(W;F,)

are finite-dimensional: enumerate the nondegenerate simplices in degrees t —
1 and ¢, form the normalized face matrix, and solve by Gaussian elimination.
Existence of a solution follows from the relation; the linear computation
supplies a particular finite table of values for H.

For any simplicial set X and normalized cocycles c; of the specified de-
grees, their classifying maps give a strict map f : X — W. The cochain
f*H satisfies the same relation on X, and (100) supplies the required ho-
motopy. Thus a choice made once on the universal finite degree data pulls
back naturally to all inputs. ]

This is a finite-table algorithm for each fixed relation and set of degrees. It
does not promise a small table or a short face polynomial. The explicit May—
Steenrod formulas supply the cocycle evaluations; universal linear algebra
supplies a homotopy when a cohomological relation is known. One can
use a supplied explicit homotopy, such as a cochain-level Adem formula [9],
instead of performing this linear solve. For the May—Steenrod framework,
[39, Lemmas 12-13] proves the cohomological Adem and Cartan relations,
the latter with its stated comultiplicative hypothesis. Here the input is the
known relation for the classical operations on spaces.

20.3 A worked relation: the square of the Bockstein

There is a short carry formula for one relation at every prime. For 2z €
Z"(X;Fp), let C be its integral lift with values in {0,...,p — 1}, and put

6C
B="—"¢c 72""Y(X;7), w = p,B.
p

Thus w is our cochain representative of the mod-p Bockstein S[z]. Let W
be the residue-valued integral lift of w. Since W — B is divisible by p, the

formula
W - B

H2)=py () € 0y (101)
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defines a normalized natural cochain. Using 6 B = 0 gives the exact cochain
identity
ow —

511,(2) = 0 (22 ) = B (P (4).

Applying (100) with go = 0 gives an explicit simplicial nullhomotopy into
K(Fp, n+2). For p = 2, the cohomology Bockstein is Sqg', so this is a cochain
realization of the Adem relation Sq'Sq' = 0. The formula specifies the
Bockstein cochain convention; it does not require a pointwise identification
with a different chosen formula for Sq'.

The accompanying verify_uniform_relations.py also finds the prim-
itive independently by Gaussian elimination on the universal model. Its
complete normalized matrices have the following sizes; the rows are in de-
gree n + 2 and the columns in degree n + 1.

n p Rows Columns Rank
2 2 41 4 3
2 3 636 20 18
3 2 958 11 10

In each case it verifies both primitives, their difference as a cocycle, and
the endpoint and normalization equations for the resulting prism homotopy.
These are complete computations in the indicated degrees, supplementary
to the all-degree proof.

20.4 Prescribed higher coherence diagrams

Separate choices of homotopies need not fit into a prescribed higher coher-
ence diagram. There is a precise finite test.

Proposition 20.4 (Boundary coherence obstruction). Let A be a finite
abelian group, let X be degreewise finite, and lett > 0 andr > 1. A
prescribed stmplicial map

X x 0A[r] — K(A,1)
extends to X x Alr] if and only if its connecting obstruction in
HH X x Alr], X x 0A[r]; A) = H7(X; A)

vanishes. The obstruction and, when 1t vanishes, a filler can be com-
puted from finite normalized cochain matrices.
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Proof. Write Y = X x A[r] and L = X x OA[r]. The prescribed map is
exactly a cocycle u € Z'(L; A). Extend its values arbitrarily to a cochain
U € C'(Y; A), for example by assigning zero to the nondegenerate t-simplices
outside L. The cochain du is a relative cocycle. Its relative class is inde-
pendent of the extension and is zero precisely when there is v € C*(Y, L; A)
with dv = 6u. Then U — v is a cocycle extension and defines the filler.

The obstruction-group identification follows from the relative Eilenberg—
Zilber equivalence for the simplex-boundary pair, followed by its degree-
r suspension isomorphism. Every group and matrix needed in degrees t
and t + 1 is finite because X is degreewise finite. Over [F, use Gaussian
elimination; for a finite abelian group use its cyclic decomposition and linear
congruences. ]

For r = 1, this is the class of ¢; — g in HY(X; A), with the usual endpoint
orientation. For r > ¢ 4 1 the obstruction group is zero, so every prescribed
boundary extends. In intermediate dimensions, vanishing is a real condition.
For example, take X to be a point, ¢t = 1, and » = 2. A map from the
triangular boundary to (A, 1) assigns values aq1, a12, ag2 to its three edges.
It extends exactly when a5 — ags + ag1 = 0.

When a filler exists, its homotopy classes relative to the prescribed bound-
ary form a torsor for H*""(X; A): subtract a fixed filler and apply relative
cocycle representability. We interpret negative cohomology groups as zero.
In particular, different homotopies for a fixed relation differ up to homo-
topy by H"!(X;A). This records the choices of nullhomotopies that enter
secondary constructions and subsequent lifting problems.

In the mapping space of Proposition 20.1, horn fillers always exist, while
extension of a full prescribed boundary is governed by the proposition. Thus
one may either retain coherences supplied by an operadic construction or
build a chosen finite diagram by successive obstruction tests. Solving each
Adem or Cartan relation separately does not by itself prove that all the
resulting homotopies are mutually compatible.

20.5 Finite encoding of the inherited cochain action

There is a uniform source of coherence for the cochain operations. Normal-
ized cochains of every simplicial set carry a natural action of the Barratt—
Eccles E, operad [5]. In the constructions of [39, Sections 6.1-6.4, Proposi-
tion 23 and Theorem 24], one can use the Barratt—Eccles operad, or the com-
patible surjection-operad action, together with the specified May—Steenrod
operations. This applies directly to the toric models and to the finite coeffi-
cient cocycle models, without a Kan assumption.
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Proposition 20.5. Let Z be a degreewise finite simplicial set, let N > O,
and fix a prime p. Then

AN = C*(SkN Z, Fp)

1s a finite-dimensional algebra over the Barratt—Eccles chain operad.
For each bound on arity, its inherited action s specified by finitely many
multilinear tables over F,. Every specified operadic identity among these
operations 1s an exact finite calculation once all terms in that identity
are wncluded.

Proof. The normalized cochain complex Ay is concentrated in degrees

., N, with a finite basis in each degree. The degree-d part of the arity-r
Barratt—Eccles operad has a basis of tuples (oy,...,04) of permutations in
>, with consecutive entries distinct; in particular this basis is finite. In
cohomological grading its action has components

These are maps between finite-dimensional vector spaces. They vanish for
d > rN, so bounded arity leaves only finitely many potentially nonzero ta-
bles. The differential, equivariance and composition identities hold because
these tables are restrictions of an existing operad action. Checking any
specified identity, including the differential terms it involves, is therefore
finite. ]

These finite algebras are compatible as the skeleton grows. Naturality
makes the restrictions Ay,; — Ay strict morphisms of algebras over the
chosen operad, and there is a natural isomorphism

“(Z;F,) = ]{_AN (102)

in cochain complexes with that operad action. Indeed, A% = C%(Z;F,)
once N > g, and the coboundary out of degree g agrees once N > q +
1. For an operation with input degrees i4,...,1, and output degree 7, its
table stabilizes for N > max(y,...,%,,7), again by naturality. Thus the
compatible finite algebras recover the full cochain action. The inverse limit
1s taken degreewise; no assertion about compactness of the ungraded direct
sum is intended.

The coherence here is inherited, rather than reconstructed from cohomo-
logical relations. An arity or degree bound on the stored tables need not
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itself define a suboperad: compositions can leave the chosen bounds. Like-
wise, solving one equation 6 H = R for the defect of an Adem or Cartan
identity does not ensure that arbitrarily prescribed further homotopies can
be filled. On a degreewise finite universal source each such equation is a
finite linear system, but its solvability still requires the obstruction class
to vanish. The existing operad action supplies the coherences it specifies;
finiteness alone supplies no additional vanishing.

Naturality also means that every simplicial map induces a strict mor-
phism of these cochain algebras. In particular, the canonical weak equiva-
lence

xe: D — K(Z,k + 1)

induces an FE-algebra quasi-isomorphism on full F,-cochains. No quasi-
isomorphism after arbitrary skeletal truncation is asserted. Thus the finite
models inherit the usual cochain operations and their operadic organization.
Section 22 expresses the action on incidence subflags and makes its compat-
ibility with the carry comparisons explicit. Sections 22.2 and 22.4 also give
local generators and recursions through the one-input part of the prop M.
These use the ordered incidence simplex and its face maps. The compatibil-
ity with subset-sum carrier maps follows from their simplicial naturality.

21 Coherent addition and the spectrum

The use of every nonempty input subset in (1) has a specific purpose: it
makes all pointed-set fibre sums into strict carrier functors. In particular,
addition is represented by the span

8, pff)

D x DY = x{Y(2,)
All higher arities and their compatibility maps belong to the same finite
diagram. This is the coherent abelian structure encoded by a very special
['-space. Here our convention uses covariant functors from finite pointed
sets; some sources call this indexing category I'°P.

Definition 21.1. A reduced pointed-set diagram X : Fin, — sSet, is spectal
if its maps X(S) — X(1,)%, induced by the individual projections, are
weak equivalences. It is very special if in addition the monoid | X (1)|
induced by the fold is a group.

For the construction here, the projection maps on the covering lattices
are the coordinate projections Z°° — Z. The contractible-cover argument
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therefore shows that the Segal maps induce isomorphisms on every homo-
topy group. Also \Xék)(1+)| is connected. Thus this diagram is very special;
no choice of an inverse Segal map is part of the definition.

21.1 Addition and the integral carry

The canonical cocycles are additive up to an explicit coboundary on each
finite resolved product. Fix a finite pointed set S and a nonempty subset
U C S°. Write

py : X§7(8) — DY
for the map summing the inputs in U, and let pr, be the individual coordi-
nate projections.

For a degree-k simplex, choose any lift of its flag and denote its first open
cell by Fy. Define

by = ZG(S),...,k - ZLQS,...,MFOJ- (103)

seU F, seU

The subset-sum walls make both terms constant on Fy. An integral trans-
lation changes them by the same integer, so by is independent of the lift.
It is normalized, since all the full face characters vanish on a degenerate
k-simplex. Using the canonical first-cell lift also gives the bound

0<by <|U|-1.
Thus by records the finite carry when the fractional coordinates are added.

Proposition 21.2. For the canonical cocycle of Theorem 4.1,

Oby = UpCrr1 — Zpr;‘ Cki1. (104)
seU

Proof. On the lifted cover, the cochain in (103) is the pullback of a along the
actual sum map minus the sum of its coordinate pullbacks. Apply ¢ and use
d0a = p*cg,r1. The resulting identity descends because the cover projection
is surjective in every degree. ]

The carries are compatible with successive sums. More precisely, parti-
tion U into nonempty disjoint subsets Uj,...,U, and let v : S — 7, send
U; to 7 and all remaining inputs to the basepoint. Then there is an exact
cochain identity

by = v*bg,..ry + Z by, (105)

J=1
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Indeed, set A; = > .y 65 5 in a common lifted first cell; the terms [ A; |
cancel from the right-hand side. Singleton carries vanish, and permutation
invariance follows from the same formula. Equations (104) and (105) give
explicit compatible cochain homotopies for addition on the finite resolved
products.

21.2 A finite prespectrum for integral cohomology

Here is the resulting finite spectrum construction explicitly. Set X = Xél),

take the simplicial circle S' = A[1]/8A[1], and let S™ = (S')"", including
S% = 1.. Prolongation is degreewise evaluation:

(Er)n = X((Sr)n)n- (106)

The pointed set (S7), is finite, so every set in (106) is finite. For s € (S?),,
the pointed insertion u — s A u induces the assembly map

S'ANE, — E,.1.

Naturality makes these ordinary simplicial structure maps.
Segal’s delooping theorem gives equivalences |E,| ~ Q|E,,1|; hence

|E,.| ~ K(Z,r+ 2), E ~ %?HZ.

The conventions for prolongation, assembly, and the very-special condition
are spelled out in [70, pp. 331-332]; the delooping theorem is [71, Proposi-
tion 1.4]. Define a prespectrum F by

Fo = Fl = *, Fn = n—2 ('n Z 2),

with the induced structure maps and basepoint maps at the bottom. Its only
nonzero stable homotopy group is moF' = Z. Consequently F' represents HZ.
Every level is degreewise finite, and the realized adjoint maps |F},| — Q|Fj41|
are weak equivalences for n > 2.

This last qualification is necessary. An unshifted Q-spectrum for HZ has
zeroth space with component set Z, whereas a degreewise finite simplicial
set has only finitely many components. We do not claim a degreewise fi-
nite unshifted 2-spectrum. Likewise, the construction does not supply an
ordinary simplicial multiplication Dék) X Dék) — Dc(,k) with a homotopy unit;
Appendix F proves the obstruction and explains why it leaves genuinely
crossed products available. Theorem 8.12 excludes literal crossed simplicial
groups on finite levels in these higher degrees. Section 8.10 describes the
broader geometric structure that retains exact addition. Section 9 gives its
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composition calculus and global finite simplicial representatives for all in-
teger operations. Their refinement arrows are weak equivalences; the fixed
carrier fold cannot become a topological group law under any product home-
omorphism, by Corollary 8.11. An exact crossed construction would require
a replacement fold or a different presentation. This obstruction does not
affect the coherent addition or the spectrum construction above. Section 11
supplies a continuous abelian law on the original one-input realization itself
(Corollary 11.39). It comes from a homeomorphism with the affine group
realization. This is an explicit weighted-centre construction for £ = 1 and
an existence theorem using local topology for £k > 2. It does not replace
the simplicial coherent addition by the fixed carrier fold as a strict group
law. The spectrum structure maps above remain ordinary simplicial maps,
independently of this choice of realized law.

22 Incidence geometry and coherent operations

The additive and cochain constructions can be related explicitly. Ordered
incidence subflags realize the higher diagonals, while the carry gives coherent
comparison maps for all chains of pointed-set maps. A further cup-two
calculation describes how Sgq? respects the crossed addition, including its
associator.

22.1 Higher diagonals as ordered incidence subflags

Fix k& > 1 and abbreviate X(S) = X(()k)(S). For an n-simplex represented
by a lifted incidence flag z = (Fp < --- < F,) and an increasing sequence
I'=(10<---<1,), define

z[l] = (ajFyy — -+ — o}F),  ai(4) = ij.

Here o} means the carrier functor for restriction of vertex coordinates. Ar-
rows are the images of the corresponding composite incidences. Changing
the common lattice lift changes none of the orbit data. This is precisely
the simplicial face ajz of the diagonal nerve: one must restrict the vertex
coordinates as well as select the flag positions.

Proposition 22.1. The standard natural Barratt—Eccles higher diagonals
admat finite ordered-subflag formulas on every X(S). They commute
strictly with every pointed-set carrier map. Consequently, for a com-
mutative coefficient ring R,

S+ C*(X(9); R)
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15 a strict contravariant diagram of algebras over the chosen Barratt—
Eccles chain operad, indexed by finite pointed sets. QOuver a finite field,
every fized skeletal and arity bound has finite operation tables, compat-
1ble with the carrier maps.

Proof. Choose the natural chain action of Berger—Fresse [5, Theorem 2.1.1
and Section 2.2]. For an operad element e of arity a and chain degree d,
expand its higher diagonal on the standard simplex as a finite sum

Af0,...,n]= Y &(l1,..., L)[N]® - ® L.
I, 1,

Then the rule on incidence flags is exactly

Ae(z) = ) €(l1,...,L)z[[]® - @ z[L). (107)
Iyl

A degenerate tensor factor is zero in normalized chains. The standard con-
struction ensures that this rule also vanishes on degenerate input chains and
satisfies the operad identities. For a pointed map f : S — T, commutation
of the two carrier directions gives

X(f)(zlI]) = (X(f)z)lI].

Thus every summand of (107) commutes with X (f), including restrictions
whose first vertex is not zero. Dualizing proves the stated strict algebra
compatibility. Finiteness follows from degreewise finiteness of X (.S) and the
finite rank of each fixed operad component: on the N-skeleton an arity-a
operation of degree d > aN has only negative possible output degrees and
therefore vanishes. ]

For clarity, the first three binary formulas are particularly small. In the
chain convention of [5, Section 2.2.8],

n

Do(z) =) z[0,...,i]| ®zli,...,n],

1=0

Di(z)= ) (-1)09%g0,...,4,5,...,n]®2[i,..., 7],
0<i<y<n

Dy(z)= Y (-1)E0 g0, g, ®afi,. .., 5,4, 7).
0<i<g<€<n

Writing 7 for the graded tensor transposition, these obey
BDl + Dla = TDO - Do, 6D2 - D23 = T.Dl + -Dl-
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0,1]®[1,2,3]
3 initial edge
final face

0 1

Figure 30: One summand of the Alexander—Whitney diagonal on a three-
simplex: the initial edge and final face meet at vertex 1. For an incidence
simplex these vertices are the ordered entries of its flag; each selected subflag
also uses the corresponding restriction of vertex coordinates. Summing over
all cut vertices gives the full diagonal.

These are formulas for flags of the original finite model; they do not require
a new subdivision or a natural choice of barycentres. The diagonal used here
is the ordinary diagonal X (S) — X (S) x X(S) underlying cochain products.
It is not a proposed diagonal into the refined addition object X (S V S).

For comparison with the earlier cup-one convention, if |a| = p and |b| = gq,
the ordinary product of cochain values gives

p—1
(a~1b)(z) = > (-1 a(z[0,...,5,5+q,...,p+q—1])
i=0
-b(zlt,...,1+4q]).
This is (—1)P"? times ordinary evaluation of a ® b on the displayed Dj; the

sentence records the sign conversion rather than suppressing it. In particular,
for the integral three-cocycle c,

(c ~1 c)(z) = cosasCo123 + Co145C1234 + C0125C0345-

Each c; is evaluated by the canonical integer-part rule on the actual re-
stricted incidence flag z[I].

22.2 Generating the diagonals inside a flag

An explicit coherent diagonal structure can also be generated geometrically
from three operations on the ordered index simplex of a single input flag.
This is the classical counit—diagonal—join construction of [45, 47, 39]; the
following formulation explains exactly how to implement it on the finite
incidence model.
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Put C, = N,(A[n|;Z). For a nonempty ordered subset I C [n], write [I]
for its simplex. Define

1 II=1
eI]=<" i ! (108)
0, |I|>1,

q

Alvg, ...,v, = Z[’Uo, ey U] ® [Vay -+, Vg, (109)

[HHH{S4V1”M“WUH,IHJ=Q

Q

, INJ+o. (110)

The union is sorted, and inv(/, J) counts pairs (z,7) € I x J with ¢ > 7. The
join has degree one. For a homogeneous chain map expression f of degree d,
use df = 8f — (—1)¢f0 and Koszul signs for tensor maps and permutations.
Direct boundary cancellation gives

de = dA =0, d(¥*) =e®1-1®e. (111)

Also (e® 1)A =(1®¢€)A =1 and ex = 0.

A prop allows operations with several inputs and several outputs, with
tensor and compositional products. Let M be the differential graded prop
generated by these three operations, their indicated differentials, and the
last three relations. Its one-input part U(M)(r) = M(1,r) is an E., operad
[45]. Thus one-input wiring diagrams built from these generators organize
a full coherent diagonal structure, not only the binary operations.

Proposition 22.2 (Local generation on flags). For a simplictal set Z, an
element w € M(1,r), and a simplez z : A[n] — Z, put

Dy(z) = (2:)®"wc, [0, .., n]. (112)

This defines a natural U(M)-coalgebra on normalized chains of Z. For
the toric model, every output factor is an actual restricted incidence
subflag z[I]. All pointed-set carrier maps strictly preserve this structure.

Proof. The generators commute with every monotone vertex map on nor-
malized simplex chains. For the join, an injective map on I U J preserves
the ordering sign. If two indices in this union are identified, either an in-
put face degenerates or the two image faces intersect; both sides then van-
ish. Intersecting input faces also give zero on both sides. The counit and
Alexander—Whitney formulas have the same naturality.

Every diagram therefore commutes with these vertex maps. If z factors
through a noninjective surjection of index simplices, its top chain maps to
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zero; hence (112) vanishes. This proves normalization. Postcomposition by
a simplicial map proves naturality in Z.

For operad composition, evaluate a second diagram on each output face
of the first. Naturality for face inclusions identifies this with the compos-
ite diagram evaluated in the original C,. The differential, relations and
composition identities on simplex chains consequently descend to N,(Z;Z).
The carrier maps are simplicial, giving the last assertion. This is the local
construction of [39, Proposition 23]. O

The joins in this algorithm are joins of positions in one abstract simplex.
Distinct positions remain distinct even if their cell names in the quotient
category coincide. Evaluate the entire diagram on these indices, then push
its output faces to Z, retaining composite arrows and vertex restrictions.
This preserves parallel incidences and applies even when Z has only one
vertex. A global join of arbitrary chains is unnecessary: on the discrete
simplicial set with two vertices v, w, such a join would require 8(v *x w) =
w — v although N; = 0.

Computationally, a wire carries an integer combination of nonempty sub-
sets of [n]. A split makes prefix—suffix cuts; a join tests disjointness and
orders a union; the counit keeps only vertices and replaces each by the
scalar one. Permutations use Koszul signs. Every finite diagram is therefore
evaluated by finitely many operations on one flag, without enumerating the
other cells of the model.

22.3 An explicit recursion for every binary diagonal

The integral recursion recorded in [47, Section 3.3] is particularly short.
With 7 the graded transposition, set

Do=A, Di=(®1)(1®7D,1)A (i>1). (113)

First split the flag into a front and a back. Apply the preceding diagonal
to the back, swap its outputs, and join the front to the first output. An
overlap makes that term zero. All integral signs are fixed by (110) and the
tensor rule. The first two terms give exactly the signed formulas above.

Proposition 22.3. The generated diagonals satisfy, in every degree,

T—1, 1 odd,

. (114)
T4+ 1, 1 even.

aDZ’ — (—1)iDi8 = aiDi_l, a; = {
They are natural under every simplicial map. On an n-simplex, D; =0
for 1 > n. Modulo two, the nonzero terms on the abstract simplex are

exactly the parity-subset cup-i formula, with (¥7]) terms for 0 <1 < n.
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Here is an independent boundary-filling construction, including the nor-
malization argument. For the first vertex v of the current simplex, let
P, = n,e and let h, prepend v to a face not containing it, and be zero
on faces containing it. On this simplex

Oh,+h,0 =1—P,, H,=h,14+PFP,Q®h,, 0H,+H,0=1-FP,QF,.
Starting with 130 = A, define, inductively on ¢ and then simplex dimension,
51(0') = H, (aiﬁi_l(a) + (—1)i5i(30)). (115)

The expression in parentheses is a cycle: apply the preceding chain identities
and a;a;_; = 0; the remaining boundary terms cancel. It has positive total
degree except when (dimo,2) = (0, 1), in which case it is (7 —1)(v®v) = 0.
The tensor contraction consequently proves (114) for D;.

Any monotone vertex map intertwines A, with the cone at the image of
v. Induction proves naturality if the image simplex is nondegenerate. If
it degenerates, the preceding diagonal term maps to zero by induction on
1, and the boundary term maps to zero by induction on dimension and
a,0o = Oa,o = 0. Thus the construction descends to normalized chains,
including all degeneracies. Both factors remain faces of o, so their total
degree is at most 2 dim o; this proves vanishing for z > dimo.

The join recursion (113) satisfies the same signed chain identity by the
generator boundary relation (111); this is the classical Steenrod recursion
[47, Section 3.3]. Every term of D;(¢) for ¢« > 0 has a positive-dimensional
first factor containing v, because that factor is joined to a prefix. Hence
H,D;(¢) = 0 and (P, ® P,)D;(c) = 0. Apply the tensor contraction to
D;(o) and then its chain identity to obtain exactly (115). Induction proves
D, = D,. Thus coning the required boundary and repeated splitting and
joining give the same integral formula.

For the mod-two description, select cuts s < --- < s;in {0,...,n}. The
consecutive closed intervals

[0, s0], [S0,S1], ---) [Si1,Si], [Si,7]

go alternately to the first and second tensor factors. Intervals going to one
factor are disjoint. Expanding the recursion gives each such pair once, and
its shared vertices recover the cuts. This proves the term count. For the
complementary list U = {u; < --- < u,_;}, the first factor deletes precisely
those u; with u; = j (mod 2); the second deletes the others. This is the
parity-subset formula of [46, Definition 7]. After evaluation on Z, terms can
degenerate or cancel, so the count becomes an upper bound.
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In particular, the three, four and one terms of the degree-three —1,—
,—3 expressions used below are generated by this recursion. The split and
join take place within the ordered incidence simplex; the subset-sum walls
ensure that its carrier maps commute with them. This identifies the relevant
geometric input without identifying a join with torus addition.

22.4 A direct contraction and cyclic higher diagonals

The contractions reviewed in [47, Sections 3.7-3.8] give a direct construction
in every arity. We record the signs and the comparison here.
Use homological grading, with

df =of — (-1)Ife, (f®g)(z®y)=(-1)"f(z)® g(y).

Let C = N,(A[n];Z) with the counit, diagonal and signed join above; in
particular, d(*) = e ® id — id ® €. Set E, = Hom(C,C®") for r > 0, where
C®0 = 7. Define chain maps

t: B, — B4, v = (id ® n)A,
w: B, — E,_, = (e®id® Hn (r>1),

and a degree-one operator on E,, for r > 1, by
o,n = (*®id® H(id ® n)A.
The tensor signs in these formulas are part of the definitions.

Proposition 22.4. One has mv = id and
do, + o,d =id — v7.

Consequently, the degree-one operator
r—1 ' .
h, = ZLJar_ﬂrj (r>1)
7=0
satisfies

dh, + h,d =1id — /" 7".

These are 1dentities on the full Hom complexes, including maps of neg-
atwe degree.
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Proof. The counit identity gives mtn = 7. The differential is a derivation of
composition. Since the leftmost map in o, has degree one, its application
gives

d(o,n) +o.(dn) = ((e®id —id ® €) ®id® ') (id ® n)A
=7 — 7.

No degree-dependent sign remains in the first term: the counit kills the
terms whose first tensor factor has nonzero degree. Since ¢ and 7 are chain
maps, summing the resulting identities telescopes to

[y

T‘_
(L]7r7 — LJ+17I"7+1) —id — /7"

<.
Il
o

[]

In particular, under the displayed convention for d(x), the sign is id — ¢,
rather than its negative. The sum ends at 7 — 1: there is no join operator oy.
One can equivalently set 0y = 0 and include a final zero term. Set hg = 0 if
a zero-output notation is desired.

For the one-input part of the prop M, this is a contraction to a copy of
Z.. More precisely, use its standard identification M(1,0) = Ze to define

(®w = a,(w)e, 5, = €.
Here a, is a degree-zero chain map to Z, and
50 =€, 51 = ld, 57‘—}-1 = (ld ® 5T)A

Erasing every output reduces a degree-zero diagram to €; a positive-degree
diagram contains a join and vanishes under erasure, by ex = 0. Thus the
contraction identity on M(1,r) is

dh, + h,d = id — ¢,a,.

This argument also proves the asserted identification of M(1,0). The same

identity holds after evaluating these diagrams on C. Coassociativity of

Alexander—Whitney identifies §, with the usual r-fold diagonal on C; no

coassocliativity relation in the abstract prop is needed. On arbitrary ele-

ments of E,, the residual remains :"7" and need not have this scalar form.
For » > 2, let p act by the graded cyclic permutation

pla® - ®c) = (-1)llaltHaale @c @ - @ ci.
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PutT =p—1and N = Z;;é p’. Use this same generator convention for
the periodic free resolution W(r), with deq = 0, deapy1 = Teay, for m > 0,
and dey,, = Ney,,_1 for m > 1. Define finite integral diagram combinations
by

1/)0 — 57“, 1/)2m+1 — hrT¢2m (m Z 0), ¢2m — hrN¢2m—1 (m Z 1)

Extending e; — 1; Z|C,|-linearly gives an equivariant chain map W(r) —
M(1,7). It is a quasi-isomorphism: both complexes resolve Z, and 9, rep-
resents its generator. Together with the local operad action, this is a May—
Steenrod structure in the sense of [39, Definition 5|. Indeed, the argument
of each h, is a cycle, inductively, because TN = NT = 0. Its augmen-
tation vanishes: at the first step a.(T%¢o) = 0, and at every later step its
degree is positive. The contraction identity therefore supplies precisely the
required differential. The contraction A, itself need not be equivariant. Each
application uses a finite sum and one additional join, so |¢;| = ¢ and the
construction uses no denominators.

The arity-one convention p =1, T =0, N = 1 gives 9o = id and 9; = 0
for = > 0; arity zero is not covered by the cyclic resolution construction. On
a vertex all positive-degree evaluated maps vanish. As a sign check, in arity
two on the ordered edge e = [0, 1], the construction gives ¥;(e) = e®e, and
its boundary is (p — 1)A(e).

This provides a direct choice of higher diagonals inside U(M) and then,
by local evaluation, on simplicial chains. It does not require a surjection-to-
prop map to preserve operad composition. It also does not by itself prove
pointwise equality with the chosen KMM surjection-word formulas: such an
identification requires a comparison intertwining the two contractions (or a
separate explicit calculation). Agreement of the resolution differential alone
does not establish equality of the chain-level formulas. The map SL is used
only in its stated role as a morphism of S-modules [39, Section 6.3]; the
operad action itself comes from U(M).

There is, however, an explicit comparison up to equivariant chain homo-
topy. Let 7. be another such family in M(1,r) with a.(¢;) = a-(¢) = 1.
Write a; = T for odd 2, a; = N for positive even 2, and ag = 0. Set L_; =0
and define

LZ' = hr (’L/)Z — ¢: — OliLi_l) (’1, 2 0).

Then |L;| =¢+ 1 and
dL; + a;Li1 = i — ;.

To verify this, denote the argument of h, by z;. The preceding identity in
degree ¢ — 1 gives dz; = o;a;_1L;_o = 0 when 72 > 2; the cases 1 = 0,1
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follow directly. Also a,.(2;) =0, by equal augmentations when ¢ = 0 and by
positive degree otherwise. Thus dh,z; = z;, proving the induction. Extend
L(e;) = L; equivariantly; this gives dL + Ld =9 — 9'.

The same recursion applies directly to evaluated local families in E, when
Y, = o is the iterated Alexander—Whitney diagonal. Here zp = Ly =
0, and for 2 > 0 one has n"2; = 0 because z; has positive degree and C
1s nonnegatively graded. Consequently this comparison does not require
an abstract prop lift of a chosen KMM family, provided that family is an
equivariant chain map on simplex chains. Naturality on the index simplices
makes the resulting homotopy descend by the same local evaluation as the
operations themselves.

For r = p prime and a homogeneous cocycle c over F,, the functional c®?
is invariant under p: for odd p its cyclic Koszul sign is (—1)|C|2(P_1) =1, and
for p = 2 signs disappear. It therefore kills both T' and N over [,. Pairing
the homotopy identity with c®? shows that the two resulting cochains differ
by a coboundary. With the same conventional normalization, their primary
Steenrod operations agree, although their selected cochain formulas need
not be equal.

Finally, the direct diagram recursion agrees exactly with a tensor-cone
construction in every arity. For the first vertex v of an input simplex, use
P, = n,¢, the usual vertex cone h,, and

r—1
H) =% P*eh,@id® "  oH[)+H{o=id - P
k=0

Every nonzero tensor term of h,7n(c) has the following property: its first
positive-dimensional factor contains v, and every preceding factor is the
vertex v. Indeed, the j initial factors in a term of o, jm/n(c) are the
consecutive Alexander—Whitney prefixes. If they all have degree zero, all
their cuts occur at v, and the next factor is a nonzero join containing v and
having positive dimension. If one of the initial prefixes has positive degree,
the first such prefix already has the asserted property. Consequently,

Hy)hm(a) =0, P?rhrn(a) = 0.

Apply the tensor contraction to ¢;(c) for « > 0 and use its chain identity.
This gives

¥i(0) = H (cupi-1(0) + (—1)'9i(80)).
Starting with the same iterated Alexander—Whitney diagonal, induction on
1 and then simplex dimension uniquely determines this recursion. Thus
the finite split—join diagrams and the tensor-cone boundary filling produce
exactly the same integral diagonals in all arities and all degrees.
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22.5 All higher comparisons from the carry

The partition identity for carries supplies a complete family of coherent
comparisons, rather than just the binary additivity homotopy. Fix n =
k+ 1> 2, abbreviate X(S) = Xék)(S), and let

¢S = (prf cn)sese € ZM(X(S); Z5°).

For a pointed map f : S — T, write fx : X(S) — X (T') for its carrier map
and f, : Z°5 — Z¥ for the fibre-sum homomorphism. Define the vector
carry by by

(bp)e = bpagy,  teTe,

with an empty-fibre carry interpreted as zero. Equations (104)-(105) give
by = fic" — f.cS, (116)
byr = fxbg + gibs,  bia =0. (117)
The second equation is an exact equality of cochains.

Theorem 22.5 (Coherent comparison with the cocycle diagram). The maps
classified by ¢ extend to an explicit homotopy-coherent natural trans-
formation

X(8) — K(Z%,n)

of pointed-set diagrams. Its component at every S 1s a weak equivalence.
For every chain of pointed maps of length r, the required r-parameter
comparison 1s a closed cochain giwen by the formula below. It uses only
the canonical cocycle and the bounded carries; no further filler choices
are needed.

Proof. Consider a chain

So£)51—>'-'£)sr.

Let fi; : S; — S; be its composite, including f;; = id, and put u; = (foi)x.
On X(S,), with common coefficients Z°-, define

g = (fir)sic™,
Hij = (ij)*l‘l’;!(bfij (7’ < .7)

The carry equations say exactly that
0H;; = q; — q;, Hy = H;; + Hy, H; =0.
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Let a; € C°(A[r];Z) be 1 at vertex ¢ and 0 at the other vertices. With the
evident pullbacks to the product, set

C.. ;. =QqQ+0 (Z Hy, — ai> € Z"(X(8So) x A[r]; Z5). (118)

1=1

For r = 0 this means c%. It is closed, normalized, and its value at parameter
vertex 1 is g;.

We verify the coherence identities explicitly. An internal face omits one
parameter vertex and composes the corresponding two pointed maps. The
last face is (f,)« applied to the formula for the initial chain. On the first
face, Hy; = Ho1 + Hy; and 22:1 a; = 1. Thus the term §Hy; changes the
base cocycle gy to gi, leaving the formula for the tail chain pulled back along
(fi1)x. Inserting an identity repeats one ¢; and one Hy;; the pullback of a
vertex cochain under the corresponding degeneracy is the sum of the two
repeated vertex cochains. This proves the degeneracy identities as well.

Here these face and degeneracy identities are the definition of the
homotopy-coherent transformation: an r-chain is assigned a map from
X (So) x Alr] to the cocycle model at S,, with the stated composition
rules on its boundary. The component weak equivalences were proved in
Theorem 4.1 and its coordinatewise extension. ]

For instance, a chain S ENY/ NN gives a triangle whose three edges
compare the direct sum, the first partial sum, and the final sum. Its filling
1s

go + 0(Ho1 ~ o1 + Hop ~ a3).

This is the explicit associativity comparison. Longer chains are filled by the
same formula in every dimension. These are specified coherent boundaries,
so their fillability does not contradict the possible obstructions for arbitrary
boundaries in Proposition 20.4.

After reduction modulo p, every parameterized cocycle above has a de-
greewise finite cocycle target. Applying any natural cocycle-valued opera-
tion to such a parameterized cocycle preserves its face restrictions. This
transports the specified comparisons of input representatives through the
operation. There is simultaneous compatibility with the cochain operad.
Writing ® for the simplicial map classified by (118), naturality gives a strict
morphism of algebras over the chosen operad

& : C'(K(Z% ,n); F,) — C*(X(So) x Alr];F,).

It commutes with every operad operation and with the parameter faces
and degeneracies just proved. Thus the carry comparisons and the cochain
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action are compatible as specified families, not just as induced operations
on cohomology.

Comparing the operation of a sum with the sum of the operations also
requires its additive cochain identities; the carry formula alone does not
make a nonlinear cocycle formula strictly additive. The next calculation
provides that additional correction explicitly for Sg?.

22.6 An explicit operation compatible with a crossed fold

The finite model’s fold map adds fundamental cohomology classes, but the
preferred cocycles can differ by a coboundary. For Sg? on a degree-three
class, this discrepancy and its first coherence diagrams have short formulas.
All cochains in this subsection are normalized and have coefficients in [F,.

Use the cup-z convention of [46, Definition 7 and Theorem 10]. It agrees
with our cup-one insertion convention modulo two and satisfies

5(0, ~, b) =da~—;b+a~—;0b+a~—,_1b+b—;_3 a, —_1=0. (119)
For a degree-three cocycle c, set
g(c) = c~—1c€ Z°(X;Fs).

Its cohomology class is Sg?[c]. This is a natural cocycle formula on every
simplicial set, so it is a strict map to K(IF,,5) even when its source is not
Kan.

Proposition 22.6 (Additivity and a change of representative). For ¢,d €
Z3(X;F;) and b € C*(X;T,), put

A(c,d) = c~— d, (120)
C(c,b) =c~20b+b~—16b+b—b. (121)

Then these degree-four cochains satisfy

0A(c,d) = q(c+d) + q(c) + q(d), (122)
0C(c,b) = g(c+ db) + q(c). (123)

Consequently, if a fold’s preferred cocycle 1s a1 = a1 + ay + 0b, the
cochain
F(al,ag;b) = A(al,ag) —|—C(a1 -I—ag,b) (124)

satisfies OF = q(a12) + q(a1) + q(az).
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Proof. Expand ¢(c+d) and apply (119) with : = 2. For the second identity,
the three summands of C have coboundaries

C 1 5b+5b\/1 c,
by 8b+ b 8b+ 8b— b,
0b~— b+ b db.

The ordinary cup terms cancel. The remaining terms are precisely g(c +
0b) 4+ g(c). The fold statement is their sum. O

For readers wanting a face formula, this convention gives

A(C, d)01234 = Co134@1234 + Co123d1234

+ Co234do124 + Co123d0134-

Thus the four terms can be evaluated directly on a finite flag of cells, using
the already constructed cocycle and its carry cochain. For the fold, take X
to be the two-input value of the crossed I'-model and pull ay, as, a5 back
along its projections and fold. No ordinary simplicial product description
of that value is needed.

The equality 6F = g(a12) + g(a1) + g(az) supplies an actual homotopy.
With a € C°(A[1];F,) taking endpoint values 0, 1, the normalized cocycle

g(a1) +q(az) +0(F — a) on X x A[l]

classifies a strict simplicial homotopy into KC(IF5, 5). Pullbacks to the product
are suppressed in this expression. All sets involved in any one simplicial
degree remain finite.

The first coherence equations

The additivity primitive itself has strict unit and associativity identities,
because it is bilinear:

A(c,0) = A(0,c) =0, (125)
Ale,d) + Alc+d, f) = A(d, f) + Alc,d + f). (126)

Its symmetry defect has the degree-three primitive
A(c,d) + A(d,c) = d(c ~—3 d). (127)

For this cup convention, (¢ 3 d)p123 = Co123d0123-
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Changes of representative also admit a composition correction. For b,e €
C?(X;F,), define

L(b,e) =b ~—~9 de + e —q be CS(X,IFQ)

Then
0L(b,e) = C(c,b) + C(c+ db,e) + C(c,b+e). (128)

The compatibility between changing both inputs and adding them is given
by
J(c,d;b,e) = d ~—3 db+ L(b,e),

with
0J(c,d;b,e) =C(c+d,b+e)+ A(c+ db,d + de)
+ A(c,d) + C(c,b) + C(d, e). (129)

Both equations follow by expanding the right hand side and applying (119).
They are identities of natural cochains, not merely statements that obstruc-
tion classes vanish.

Proposition 22.7 (Associator for the carry-corrected fold). Let c,d, f be
degree-three cocycles, and choose degree-two carries biz, b(12)3, b2s, b1(23)
satisfying the strict carry identity

bi2 + b(12)3 = b2z + by(23). (130)

Put c;po = c+ d+90b;y and co3 = d+ f + dbyz. The two parenthesizations
of the fold have a degree-three comparison cochain

K = f 3 6bia + L(b12, b(12)3) + L(b23, b1(23)),
satisfying
0K = F(c,d;bip) + F(cua, f;b12)3)
+ F(d, f;b23) + F(c, co3; by(23))- (131)

PT’OOf. Let S =c+d+ f and B = b12 + b(12)3 = b23 + b1(23). Equations
(129) and (128) rewrite the left-parenthesized path, modulo the coboundary
of f 3 db1y + L(b12,b(12)3), as

A(c,d) + A(c+d, f) + C(S, B).

They rewrite the right-parenthesized path, modulo the coboundary of
L(by3, by23)), as A(d, f) + A(c,d + f) + C(S, B). These expressions agree by
(126). ]
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Strict associativity in (126) is a statement about A. The full corrected
expression F' instead has the explicit associator (131). On Xé2)(3+), take the
coordinate reductions for ¢, d, f and pull back the geometric carries for each
partial fold. Then (130) is exactly (105), reduced modulo two. Hence F' and
K apply to the actual crossed addition. For other choices of carries, equality
of the final cocycles alone would only make the two carry sums differ by a
cocycle and would not suffice.

From these equations to finite diagrams

Here is an explicit two-dimensional version of the prism formula. Suppose
¢ € Z°(X;F,), Hi; € C*X;F,) and J € C3(X; F,) satisfy

5H¢j = q; + q;, 0J = Ho; + Hip + Hos.

Let €;, €;; and €g;2 be the normalized indicator cochains of the vertices, edges
and triangle of A[2]. Then

Zqi — €; + Z Hl'j ~ €45 + J - €012 (132)
1 1<]

is a normalized degree-five cocycle on X x A[2]. Its classifying map fills the
three prescribed edge homotopies. The assertion follows directly by applying
d: all edge and triangle coefficients cancel using the two displayed equations.
Applying this construction to the identities above, and subdividing a square
into two triangles when required, produces actual finite simplicial coherence
diagrams.

For arbitrary fixed operations and relations, the finite universal solver
remains available. Here the universal input for the fold calculation is

K(F27 3)2 X S(F% 3): S(F% 3)’ﬂ = Cz(A[nL FQ);

so the input cocycles and the nonclosed carry are represented strictly. Its
degree-n cardinality is 22(3)+(""). The formulas above provide short solu-
tions without enumerating that entire universal cochain matrix. They es-
tablish the specified first and second coherences; they do not by themselves

construct all higher coherences of an E, operation.

Exact checks. The accompanying verifier verify_additive_operations.
py uses only the Python standard library. It checks all displayed identi-
ties as polynomials in independent mod-two simplex coordinates, the cup-2
differential in 62 degree/index cases, and normalization under every nonin-
jective monotone surjection in each output degree. It also constructs and
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solves a 92 x 25 coefficient matrix of rank 15 for a normalized bilinear addi-
tivity primitive: the 25 candidate terms are c¢(d;0)d(d;0) on a four-simplex.
This is a complete computation in the stated face-polynomial ansatz, not
an enumeration of all cochains on the universal space. The chosen geomet-
ric cup-two primitive has the four terms above. No random sampling or
toric-cell enumeration is used.

22.7 What additive compatibility determines

Proposition 22.8 (Primitive classes and additive compatibility). Write D =
D(()Z), and let u,pry, prs : Xéz)(2+) — D be the fold and coordinate maps.

Call a cohomology class v primaitive if
p*v = pri v + prjv.

The canonical integral class [c] € H*(D;7Z) 1is primitive. Every natu-
ral additive cohomology operation sends primaitive classes to primaitive
classes. In particular, Sg°ps[c] and B,P'p,c], for odd primes p, are
primaitive.

Proof. Primitivity of [c| follows from the carry identity
dby12) = p'c — pric — prjc.
For an additive natural operation ®, apply © to the defining equality for v

and commute it with the three pullbacks. This gives the defining equality
for ©(v) with its target coefficients. O

Primitivity by itself does not determine the chosen operation. The classes
0, k3 = BsPlps[c|, and —k3 are distinct primitive degree-eight classes, with
the latter two both of order three. Nor does primitivity mean indecompos-
ability: the nonzero integral square [c]? is primitive. The two mixed terms in
(pri[c] + pri[c])? cancel by graded commutativity, since |c| = 3. These state-
ments use the fold equality directly and do not require an integral Kunneth
tensor-product identification.

This distinguishes an additive compatibility condition from a chosen
cochain operation. It is not an impossibility result about the full simpli-
cial T-object: that object already includes X(1,) and all its ordered face
maps, to which the natural cochain operad action applies [5, 39]. The local
generation in Sections 22.2-22.4 makes this construction explicit: split and
join positions inside an ordered incidence flag, then take its actual faces.
Thus the full incidence presentation supports a constructive answer. Prim-
itivity alone neither specifies these generators nor selects their signs and
chain representatives.
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23 Consequences, relation to earlier work, and
scope

The cochains T' and V in the first two extensions record specified nullho-
motopies of the classifying operations on their total spaces. More generally,
the Bockstein construction retains a primitive on every Postnikov exten-
sion. This makes it possible to carry representative cochains into subsequent
stages using finite sets in each required degree. The same finite cochain
groups support evaluation of classical cup-7 formulas and finite integer lin-
ear algebra. Finiteness alone does not imply that these computations are
small.

The standard cocycle models, universal cochain fibrations, twisted Carte-
sian products, and classification by cohomology are classical [43]. The pas-
sage from a very special I'-space to a connective spectrum is likewise classi-
cal [71, 70]. Mnev’s circular-order model gives the motivating finite integral
K(Z,2) [51]. The construction studied here uses finite orbit-incidence cat-
egories to extend the finite presentation to higher integral degrees and to
compatible pointed-set diagrams.

The homeomorphism arguments use classical R*-manifold recognition
and classification [68, 37]. The horn quotients first supply a contractible
factor without losing finiteness in any degree. The affine realization is recog-
nized by separating points with high-degree cocycles. For the original real-
ization, crossed reordering [40] moves compact families away from bounded
row degree whenever they miss the canonical point. This proves the mani-
fold property away from that point.

The anchored join supplies the final local step for £ > 2. Anchor dele-
tion is a quasifibration over every open subset; its proof combines finite PL
row maps, homotopy base change, and edgewise subdivision with contin-
uous factorization of compact families. A fixed tag avoids the entire zero
fibre. Comparing the two local quasifibration sequences makes the punc-
tured basepoint star weakly contractible and hence its link contractible. For
k = 1, centres depending on the outer realization weights give a direct home-
omorphism compatible with all identifications. Thus the original one-input
realization is homeomorphic to the affine group realization in every degree
parameter. These arguments use the original carrier maps. The resulting
continuous abelian law has a finite simplicial description by coherent refine-
ments up to homotopy; the higher-degree homeomorphism proof does not
provide an explicit formula for its strict multiplication.

The universal lattice torsor also has total space R*, and its structure
group is an R*-manifold of type K(Z,k). This is a separate geometric
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presentation; it is not the argument used to avoid the full zero fibre of
anchor deletion.

The reduced-power formulas used in Section 14 are classical operations
in the explicit presentation of Kaufmann—-Medina-Mardones [39]. The note
applies those formulas to the finite models and retains integral witnesses for
the successive lifting equations. The operation itself is not claimed as new.

Section 15 gives a more direct description using ternary incidence labels
and ordered face insertions. The twelve-term alternative follows from classi-
cal cup-one identities. Its comparison with the published formula is proved
here for reductions of integral degree-three cocycles. The secondary class in
the square fibre is identified integrally with the negative of the next invariant.
No priority claim is made for the alternative expression.

Section 20 gives a uniform organization beyond these examples. Finite-
coefficient cocycle formulas define maps in a simplicial category whose map-
ping spaces are degreewise finite and Kan. Each universal relation can be
turned into a natural homotopy by a finite linear solve. Higher prescribed
diagrams are governed by explicit cohomology obstructions, and coherences
already supplied by the cochain operad action are retained on finite skeleta.
These facts combine classical representability and operad actions [43, 5, 39]
with the finite presentations.

Section 22 connects the two structures more explicitly. The standard
higher diagonals become formulas on ordered incidence subflags and com-
mute with all carrier maps. The exact carry composition gives an all-
dimensional coherent comparison with the standard cocycle diagram, com-
patible with the cochain operad action. For Sg?, the note gives the fold
correction, its symmetry and representative-change corrections, and the as-
sociator for the geometric carries. These last formulas establish the speci-
fied first and second coherences, rather than an independent construction
of every higher additive coherence for every operation. The local counit—
diagonal—join construction now gives an explicit generation procedure for
higher diagonals on each ordered flag, with an independent binary cone proof
and an all-arity cyclic recursion. This applies the published construction of
[45, 47, 39] to the incidence model; it does not claim a new construction of
the Steenrod operations. The subset-sum arrangements supply the compat-
ible carriers and carries, while the ordered simplex supplies the split and
join.

The algorithmic Postnikov literature provides an important comparison.
[11, Section 2] explicitly allows infinitely many simplices in a fixed degree
and represents the relevant maps by algorithms; its Section 3.7 uses the
classical cochain resolution. The finiteness proved here is literal degreewise
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finiteness of the simplicial sets. This comparison does not establish historical
priority, and no claim of priority is made.

The torsion closure theorem concerns principal extensions by K(Z,t) with
constant coefficients. It applies whenever an integer m > 2 annihilates the
k-invariant, and it can be iterated for any finite sequence of such exten-
sions. For the particular infinite tower of Theorem 18.1, increasing degrees
give literal stabilization in every simplicial degree. This additional property
proves finiteness of the limit; finiteness of the stages alone would not suf-
fice. The proof does not cover integral classes of infinite order or nontrivial
local coefficient actions. Section 15.3 does construct strict maps to finite
integral targets for Bockstein classes, after a factorization is chosen. This
does not supply canonical finite representatives for arbitrary maps. In par-
ticular, strict maps to a non-Kan target do not by themselves make ordinary
pullbacks into homotopy pullbacks.

A further question is whether these presentations can be reduced to finite
local axioms analogous to those for circular order. An eventual horn-filling
bound for the toric models has not been established here; their homotopy
types alone do not supply one.

Finally, the main results use the proved toric models D(()k). The binary
three-cocycle candidate in Appendix D is potentially smaller, but its global
equivalence to K(Z, 3) remains a separate question.

24 Rational homotopy and Sullivan models

The finite presentations have a direct rational interpretation. For a princi-
pal Postnikov extension, the rational image of its attaching class becomes
the differential of a new Sullivan generator. In the prime-switch family this
differential can be removed, and there is an explicit rational equivalence ob-
tained by forgetting finite labels. In the Heisenberg family the quadratic dif-
ferential survives. Several such relations can also produce a nonzero Massey
product.

The passage to Sullivan algebras is classical [6, 76]. We describe what it
gives for the concrete integral presentations in this note; no novelty claim is
made for the general dictionary.

24.1 Polynomial forms on the finite simplicial presentation

For a simplicial set K, put

Qlto, . . ., ta] ® Adto, . .. , dtg)
Coti—1, > dt;) !
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Here |t;| = 0 and |dt;| = 1. The commutative differential graded algebra
Apr(K) consists of families w, € only(Ad), one for each o € Ky, such that

Worg = O Wy (a:[7] — [d]).

Products and differentials are evaluated simplex by simplex. No Kan condi-
tion is required. Its cohomology is H*(|K|; Q), and for a simply connected
realization of finite rational type its minimal Sullivan model determines the
rational homotopy type [24, Section 2 and Theorem 2.1]. A minimal Sulli-
van algebra is a free graded-commutative algebra (AV,d) whose generators
can be ordered so that each differential uses earlier generators and has no
linear part. An even generator contributes a polynomial variable; an odd
generator contributes an exterior variable.

Degreewise finiteness gives finite-dimensional normalized cochain groups
C%K;Q). It does not make Apr(K) finite-dimensional: polynomial degree
is unbounded, even on a single simplex. Integration compares polynomial
forms with normalized cochains as complexes; it does not identify their prod-
ucts strictly. In particular the Alexander—Whitney cochain algebra should
not simply be declared commutative.

There is nevertheless a useful finite-input assertion. If K is degreewise
finite, |K| is simply connected, and N > 2, the finite skeleton sky,; K
determines the rational Postnikov N-type and the minimal model through
generator degree N. Indeed, its realization includes into |K| by attaching
cells of dimensions at least N + 2, so the inclusion induces isomorphisms
on m; for + < N. Apply the rational Postnikov—Sullivan dictionary. This
supplies a finite input for each bounded stage, without asserting a small
model or a uniform complexity bound.

For the presentations of Theorem 19.2, the common degeneracies identify
their normalized cochain vector spaces. In these coordinates the difference
of cochain differentials is exactly

5 — 8 = (d)* — (@Y.

The right side is first formed on unnormalized cochains; its difference pre-
serves the normalized subspaces, although an individual face pullback need
not do so. Thus the attaching information remains visible before passing
to a smaller commutative model. This identity alone does not identify the
resulting Sullivan models.

24.2 A Postnikov class becomes a differential

Let B be simply connected of finite rational type and let
P =hofib(k : B— K(Z,n + 1)), n > 2.
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Choose a Sullivan model (M3, d) and a cocycle w € M representing k@ Q.
The principal-fibration model is

(Mg ® A(2,),D),  D|u, =d, Dz, =uw. (133)

It is a relative Sullivan model, but it need not already be minimal. This is the
elementary-principal-fibration construction of [24, Section 14, Example 1J;
compare [76, Theorems 7.2 and 10.1]. If w = dn, replacing z, by 2z, —7 makes
the new differential zero. In particular every torsion integral attaching class
vanishes rationally. The primitive and the resulting splitting need not be
canonical.

24.3 Forgetting finite labels is a rational equivalence

Retain the prime-switch family Pg of Theorem 19.4. Put

w=xx [|[ Y, X=Dy, Y,=DJ.

p prime

Both W and Ps have only finitely many nontrivial factors in each simplicial
degree.

Proposition 24.1. For every set of primes S, the strict sstmplicial map

Fg:Ps — W, (z, (Yp) bp)p) — (z, (Yp)p)

realizes to a rational homotopy equivalence. All |Ps| have the same
manimal Sullivan model

(AQ(U?): V2p+1 ‘ b pm’me), 0) . (134)

In particular all are formal over QQ.

Proof. The cochain-resolution projection to (z,y,) is simplicial, so forget-
ting the b, gives the asserted map. In a finite prime range it is a Kan
fibration with fibre [ [, K(Z/p,2p): it is a pullback of the product of the
finite cochain-resolution fibrations. This does not assert that its base or
total space is Kan. The coefficient exact sequence shows that Fs induces
the identity on 73 and multiplication by p, up to the chosen orientation, on
Top+1. Lhese are isomorphisms after tensoring with Q.

The tower stabilizes in each simplicial degree. Consequently each fixed
homotopy group is computed in a finite prime range, by the same skeleton
argument as in Theorem 19.4. The assertion follows for the infinite tower
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Ps Pg:

W=Xx[LY

Forget the finite cochains by,
Both arrows are rational equivalences.

Figure 31: Different integral gluings admit a common rational comparison
through an explicitly degreewise finite target. The arrows are actual simpli-
cial maps.

as well. This argument does not require rationalization to commute with an
arbitrary inverse limit.

Finite products of the Y, and X have minimal models freely generated by
the corresponding odd-degree classes, with zero differential. Their increasing
degrees give (134); only finitely many generators or monomials occur in
each bounded degree. Pullback by Fls is a quasi-isomorphism on polynomial
forms and gives the same minimal model for Ps. A zero-differential model
is formal. []

Thus the continuum of integral homotopy types constructed above lies in
one rational homotopy type. The finite labels and their first-face corrections
retain information which the rational model cannot distinguish. This also
parallels Rector’s examples [64]: their loop spaces have the homotopy type
of S3, so their deloopings rationalize to K(Q, 4). The common rational type
does not imply a common integral type.

24.4 The Heisenberg quadratic survives rationalization

Let Pr be the Heisenberg homotopy fibre of Corollary 7.19. If A has rank
29, write u;, v; for the degree-two coordinates on K(A & A, 2), and put

drp — Z €5 U V5.
1,J
Its minimal Sullivan model is

ME: (Q[ul,...,UQQ,Ul,...,'Ugg]®A(23),d), dZ3 = (qg, (135)

with du; = dv; = 0. This follows from (133); decomposability of gz makes
the displayed algebra minimal. Its quadratic differential records the rational
Whitehead pairing already computed integrally in that corollary. These
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degree-two and degree-three generators concern the delooped space, not the
degree-one model of a Heisenberg nilmanifold.

Proposition 24.2. If E # 0, then Pg 1s rationally formal, with
H*(Pg; Q) = Qlus, vi]/(gr)-

For polarizations on abelian varieties of a fized complex dimension g, all
the spaces Pg have the same unmarked rational homotopy type, although
their integral polarization types may differ.

Proof. Put R = Qu;,v;]. The only nonzero differential in R @ Rz3 sends
fz3 to fqg. A nonzero polynomial gg is a non-zero-divisor in R. Thus odd
cohomology vanishes, the even cohomology is R/(qg), and the projection
Mg — (R/(gr),0) is a quasi-isomorphism. This is precisely formality. It
is compatible with a nonzero minimal differential and a nonzero Whitehead
bracket.

Every nondegenerate alternating form of dimension 2g over Q admits
a symplectic basis. Applying the same rational basis change to both sets
of degree-two variables identifies the polynomials gqz. The elementary di-
visors of an integral polarization become invertible over QQ, so they do not
distinguish these rational models. []

For an elliptic curve with polarization degree d > 0,
dZ3 = d('U,l'Ug — 'U,2’U1).

Replacing z3 by z3/d removes d over Q. The remaining quadratic relation is
still nonzero. This separates the integral polarization multiplicity from its
rational attaching geometry.

24.5 Finite models for arbitrary quadratic two-stage algebras

The geometric construction extends beyond the single polarization relation.
The following statement includes nonformal examples.

Theorem 24.3. Let qi,...,9s € Z[z1,...,zy] be homogeneous quadratic
polynomials, with |z;| = 2 and N,s > 1. There is a degreewise finite
simplicial set whose realization has homotopy type

P, = hofib((qy,-..,¢) : K(Z,2)" — K(Z,4)*).

Its only nonzero positive homotopy groups are my = Z~ and w3 = Z°. Its
mainimal Sullivan model 1s

(Qlz1,...,zn|®A(21,...,2),D), |2 =3, Dz;=0, Dz =gq. (136)
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Consequently every finite-dimensional choice of generators in degrees
two and three with rational quadratic differential has a rational realiza-
tion by such a degreewise finite integral stmplicial model.

Proof. Choose integral matrices J¢ with g, = ZZ ; ijximj; for example put
the off-diagonal coefficients above the diagonal. We first construct compact
semialgebraic geometric input, before applying the finite replacement theo-
rem.

Take the square elliptic curve A = C/(Z + +Z) with its real algebraic
Weierstrass model and the principal line bundle L = O4(0). Put T =
A(R)?, let ¢ : T < A(C) be the inclusion, and let j = [i] be its algebraic
complex multiplication automorphism. Analytically the two circles ¢(T)
and 7¢(T") have primitive cycles a, 8 with E;(a, 8) = 1, after choosing the
compatible orientation. Analytic uniformization is used here only to identify
these cycles. The maps and line bundles in the construction are algebraic
or semialgebraic in Weierstrass coordinates.

Let By, be the normalized biextension of Proposition 7.8. Then

M(s,t) = Br(u(s),5u(t), s, t €T,

1s a semialgebraic biextension on 7' x T'. Its mixed Chern number is
Er(a,B) = 1. On G = TV define the s multiplicative lines

Ce(g,h) = Q) M(gi, h;)®%.
0
Negative powers mean duals. The biextension laws give associators and
units satisfying their coherence identities. Together these lines define a
central categorical extension of G with band U(1)° after taking phases.
Apply the triangle-label construction in the proof of Proposition 7.14
componentwise. Its nth space is a principal

U (1)3(3)-bundle over G".

Anchor triangles are independent in each of the s components; tetrahedron
equations determine the remaining triangles. All spaces are compact semi-
algebraic and all operators are semialgebraic. The same closed-degeneracy
argument proves properness. The comparison via the contractible edge-
cochain groups C*(A"; U(1)*) identifies its realization with the delooping of
this central categorical extension.

The mixed Chern matrices are J¢. With the sign convention of Proposi-
tion 7.12, the categorical-torus classification assigns symmetric forms J¢ +
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(J°)t and quadratic classes D i ijwia)j = g, [29, Construction 2.3 and Theo-
rem 4.1|. Equivalently its quadratic value is half the value of the symmetric
form on the diagonal; there is no extra factor of two in q,. Thus its delooping
is P, over BG ~ K(Z, 2)¥. Theorem 7.15 now supplies the degreewise finite
simplicial replacement.

The homotopy exact sequence gives the stated homotopy groups. For-
mula (133), applied to the s coordinates, gives (136), which is minimal. For
rational coefficients multiply each g, by a positive common denominator and
rescale its degree-three generator over (). This produces the same rational
model from integral quadratic polynomials. ]

The theorem gives finite presentations up to homotopy. It uses choices
of compatible face carriers and does not assert a prescribed common set of
toric flags for all quadratic forms. Its algebraic input is classical categorical-
torus and Sullivan theory; the proof identifies compact semialgebraic data
to which the earlier finite replacement applies.

Example 24.4 (A nonzero Massey product). Take N = 3, s = 2, and ¢; =
T1Zy, §o = Toz3. The resulting finite presentation has minimal model

A = (Q[z1, 22, 23] ® A(a, b),d), da = 2125, db= zoz3, |a|=|b]=3.

The degree-five element
U= x.b—azs

is closed, since du = z1z2z3 — T1zox3 = 0. It is nonzero in the free algebra
and cannot be a boundary: every degree-four element is a polynomial in
the z; and has zero differential. Also H(A) = 0 because the two displayed
quadratic differentials are linearly independent. Hence

([l [22], [za]) = {[u]} # {0},

with the convention for which the defining representative is ;b — az3. The
indeterminacy [z:]H® + H3[z3] is zero. In fact the only linear syzygy of z;z;
and z,z3 is generated by (z3, —1), so H°(A) = Q- [u]. A nontrivial Massey
product obstructs formality; thus this degreewise finite model is rationally
nonformal.

There is a useful algebraic distinction here. If the g, form a regular
sequence in the polynomial ring, the Koszul complex (136) projects quasi-
isomorphically onto Q[z;]/(qi,...,¢s), so the space is formal. The single
nonzero Heisenberg relation is such a case. The two relations in Exam-
ple 24.4 share the factor z, and give the displayed Massey class. Failure
to be a regular sequence is not itself a nonformality criterion: redundant
relations can instead produce closed odd generators.
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24.6 Scope of the comparison

The rational model is a smaller algebraic description of the realization. It
does not supply an ordinary simplicial addition on the finite presentation,
nor does it retain all finite-prime information. Conversely, degreewise fi-
nite flags alone do not force a zero Sullivan differential or formality. To
model arbitrary rational differentials by these geometric methods one must
still construct the corresponding compact coherent presentations; Sullivan’s
realization theorem by itself does not furnish those particular finite toric
presentations. Section 25 supplies a further family of higher differentials
from compact sphere actions and identifies an obstruction to extending that
route.

25 Higher Sullivan differentials from compact group
actions

Odd representation spheres give a concrete extension beyond quadratic dif-
ferentials. Their Euler classes are products of character weights, so the
resulting Sullivan differentials can have arbitrarily large word length. The
compact action nerve also retains the first-face description of twisting. For
a finite list of actions, even the finite carrier flags can be chosen in common.

These facts use classical sphere-bundle and Borel models [25, Sec-
tion 15(b), Example 4; Section 15(f), Example 2]. The additional
construction here is their comparison with the finite carrier presentations
of this note.

25.1 Weights, spheres, and the action nerve

Let T = (SYY. For w = (wy,...,wy) € Z", let C, be the character
representation
(b1y..yty) -2 =t t) N 2.

Choose s representations

S

Ty
Vi=PCu,;, m>2,  M=][]SW).
j=1 (=1

Here S(V;) is the unit sphere, of dimension 27, — 1. Denote the Borel con-
struction by Z, = ET X7 M. No freeness assumption is made. Write
z; € H?(BT;Z) for the first Chern class of the associated weight-one line;
this specifies the character convention.
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Theorem 25.1. The space Z,, has a degreewise finite simplicial presenta-
tion. Its minimal Sullivan model 1s

My, = (Q[a:l, oo ZN] ® Az, .. .,zs),D), lz;| =2, |z = 27— 1,
(137)
where

Ty N
.D:BZ' = 0, .DZg = H <Z 'ng,imi> .
j=1 \i=1
The space 1s simply connected, and its integral homotopy groups, inde-
pendently of the weights, are

7o(Zy) =2 ZV, 7i(Zy) = m(M) (3> 3).

Proof. The action groupoid has compact levels
X,=T" x M.

In a convention where ¢; acts first, its faces are

do(tl, “e ,tn; m) = (tg, ey tn, tlm),

di(ty, - tnym) = (L1, ..., titict, .-, tyy;m), 0<1<m,

dn(tl, “e ,tn; m) = (tl, ceey tn—l; m)
Degeneracies insert the identity. The action axioms give the simplicial iden-
tities. All operations are semialgebraic: on the unit circle negative powers
use complex conjugation. Degeneracies are closed embeddings and their
finite unions are semialgebraic cofibrations. The realization is the Borel con-
struction. Theorem 7.15 therefore gives its degreewise finite replacement.

For the model calculation, first consider the universal complex rank-r
bundle. Its unit sphere bundle is the fibration

S*~! — BU(r — 1) — BU(r).
The polynomial Chern-class models have a relative model
(Q[cla RN CT] by A(z2r—1)1 D)1 Dz2r—1 = Cp.

Indeed, projection killing ¢, and 25,37 1s a quasi-isomorphism onto
Q[e1y - . -y¢cr—1]. Pull back along the classifying map of V; and tensor these
independent relative models over Q[zi,...,zy]. The Sullivan pullback
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theorem identifies the result with a model of Z, [38, Theorem 2.4]. The
Whitney product formula gives

cr (Vi) = Hcl((cwzj) = H (Z 'wéj,iwi>
j j i
[36, Theorems 3.2 and 3.9; Proposition 3.10]. Choose the orientation of z,
to give this sign. Since 7, > 2, each differential is decomposable, and the
displayed model is minimal.

Finally M is simply connected and has my(M) = 0. The homotopy exact
sequence of M — Z,, — BT, with BT = K(Z",?2), proves all the homotopy
assertions. In particular higher torsion homotopy groups of the spheres
remain present integrally. ]

25.2 Common finite flags for a finite family of actions

Keep N and 74,...,7s fixed. The compact spaces X, = T™ x M then do
not depend on the weights. All positive faces and all degeneracies above are
also independent of the weights; only dy uses the action. This remains true
after a suitably coordinated finite replacement.

Proposition 25.2. For any finite list of weight systems with the same
N,rq,...,rs, theiwr degreewtise finite replacements can be chosen to have
a common restriction to Ag. They consequently have identical ordinary
simplex counts, identical nondegenerate stmplex counts, and identical
CW cell counts in every dimension.

Proof. Repeat the carrier construction of Theorem 7.15 simultaneously for
the finite list. At degree g, triangulate the common X, compatibly with the
inverse images of the previous cells under every face of every listed action.
There are only finitely many such semialgebraic subsets. This gives one finite
cell poset P,. Each action has its own first carrier face; its positive carrier
faces are literally the same as those of the other actions. The unique-carrier
argument proves each set of semisimplicial identities exactly.

The free-degeneracy completion used in that theorem has bisimplicial sets

Dyo= |] NP
pila]»Ir]

These underlying sets are common to the whole list. For o : [7] — [q]
preserving zero, factor pa as a surjection followed by an injection. Since
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(pa)(0) = 0, that injection also preserves zero, and hence uses only positive
original faces. Thus the induced operator is independent of the action. The
nerve operators are common as well. Taking diagonals proves agreement on
Ao, including all degeneracies. The same simplices are therefore degenerate
in every model, which proves the counting assertions. []

Finiteness of the list is essential to this particular proof: simultaneous
semialgebraic triangulation is being applied to a finite family of subsets in
each degree. No common triangulation for all integer weights is asserted.
The flags here are carriers in products of tori and spheres. They are not
asserted to be the earlier integer-wall flags in tori alone.

25.3 Projective space and a visible higher attaching relation

Take T = S! and M = S?~! with r > 2. For the trivial action the
Borel space is CIP® x S?"~1: for the scalar weight-one action it is homotopy
equivalent to CP"~!. The latter action is free, so the Borel construction
compares to its orbit space by a fibration with contractible fibre ET'. Their
minimal models are respectively

(Qz2] ® A(22r-1),0), (Q[z2] ® A(297-1), Dz = z").

Both have the same graded integral homotopy groups, by Theorem 25.1,
and admit the common finite flags of Proposition 25.2. But their rational
cohomology in degree 2r is Q and 0, respectively. For » > 3 both mod-
els have zero quadratic differential, so all their binary rational Whitehead
products vanish. The word-length-r relation still distinguishes their rational
homotopy types.

The model for CP"! is classical [25, Section 15(b), Example 5]. The
comparison here exhibits that familiar relation as a change of first face in
common finite presentations. It does not identify CP" ! integrally with

hofib(z" : K(Z,2) — K(Z,2r)).
The latter is its (27 — 1)-Postnikov section. Their rational types agree, while

the projective space retains the higher torsion homotopy of S%"~1.

25.4 Closed nonformal examples in arbitrarily high degrees

For k > 1, let T? act on Mj, = (S**1)? using the complex representations

®(k+1 ®(k+1
Vi= (C(l(,O) L W= Cioy@Conyy Vo= C(o(,l) .

275



Xn — (Sl)n X S2r—1

trivial acticin/ \sialar action

do(tr,...im) = (tay...;m)  do(tr,...;m) = (ts,...; tim)
Dz=0 Dz =2z"
(CIP)OO X S2r—1 C]P)r—l

Figure 32: The same compact levels and positive faces support different
rational attaching relations. A common finite carrier replacement preserves
this first-face distinction.

This action is free: a stabilizer must act trivially on the first and third unit
spheres, forcing both circle coordinates to be one. The quotient Qj = My /T?
i1s therefore a closed smooth manifold of dimension 6k + 1. It is simply
connected by the homotopy exact sequence of the principal T?-bundle, and
its Borel space is homotopy equivalent to Q. Equivalently, quotient the
two outer Hopf factors first. Then Q, is the unit sphere bundle of L&* @ Ly
over CP* x CP*, where the associated line conventions give ¢;(L,) = = and
ci1(Ly) = y. In particular it admits a finite triangulation. The common
carrier presentations used to compare it with the trivial action are generally
infinite-dimensional; their finiteness is degreewise.

Proposition 25.3. The manzifold Qi has minimal Sullivan model
A = (Q[z,y] ® Aa, b, c),d), lz|=|y| =2, l|a|=|bl=|c|=2k+1,

with
da = z"1, db = z*y, de = y* L.

Its triple Massey product

(2], [z"], [v]) = {[zb — ay]} # {0} in H*(Qw; Q) (138)

has zero indeterminacy. Thus Q 1s nonformal. Fork > 2, all its binary
rational Whitehead products vanish. Moreover, @ and BT? x M) have
the same graded integral homotopy groups and admat degreewise finite
presentations with common A restriction.

Proof. The Euler products in Theorem 25.1 give the displayed minimal
model. The three monomials da,db,dc are linearly independent, so
H*+1(A;) = 0. The element zb — ay is nonzero and closed. It cannot
be a boundary: every element of degree 2k + 2 is a polynomial in z,y
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and has zero differential; products of two odd generators begin in degree
4k + 2 > 2k + 2. The two products defining the Massey bracket are da and
db, and its indeterminacy is [z] H***1 + H?**1[y] = 0. This proves (138) and
nonformality.

For k£ > 2 every nonzero differential has word length £ 4+ 1 > 3. The
quadratic part of the minimal differential is therefore zero. Its duality with
the rational Whitehead pairing proves the stated vanishing [24, Sections 5-
6]. Apply Theorem 25.1 and Proposition 25.2 to the free action and the
trivial action on the same M. This proves the final comparisons. The
trivial-action space has a zero-differential model and is formal. []

The first case is a seven-dimensional nonformal manifold; it falls within
the sphere-bundle construction of [13, Example 1|. For & = 2 the cubic mini-
mal algebra is already [32, Example 2], after renaming generators and taking
the even generators in degree two. That example explicitly has abelian ra-
tional homotopy Lie algebra. Here it has a concrete thirteen-dimensional
sphere-bundle realization and a Massey class in degree seven. No novelty
claim is made for these underlying rational types or Massey products. More
general sphere-bundle formality criteria are given in [80, Theorem 1.1]. Thus
vanishing binary rational Whitehead products and the common finite inci-
dence counts together still fail to determine the rational homotopy type.

25.5 A localization obstruction to ordinary torus actions

The factorization into linear weights is a genuine restriction of one compact
realization route. Let R = H*(BT;Q) = Q|z1,...,zy], with |z;| = 2.

Proposition 25.4. Suppose a finite T-CW complex F' has Borel model, as
an algebra over the specified R,

(R® A(z2r-1), D), Dz=P#0, r>2.

Then the homogeneous polynomaal P splits over Q as a product of linear
forms, up to a nonzero scalar. Conversely every such split polynomaal
1s realized by a representation sphere, after rationally rescaling z.

Proof. Since P is a non-zero-divisor in R, the assumed model gives
HL(F;Q) = R/(P). Let S be generated multiplicatively by all nonzero
rational degree-two linear forms. The Borel localization theorem gives

S~YR/(P)) = S'R® H*(FT; Q)
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[82, Definition 2.14 and Remark 2.15]. The left side is annihilated by P.
The right side is a free module over the domain S—!R, so both sides must
be zero. Hence (P)N S # @: P divides a product of linear forms. Unique
factorization in R proves the necessity. For the converse, clear denominators
in each factor and use its integral coefficients as a character weight. Rescaling
z absorbs the resulting nonzero scalar, and Theorem 25.1 applies. ]

This is a Sullivan-algebra formulation of classical equivariant Euler-class
restrictions. In particular, [34, Section 5, p. 309] recalls factorization of the
Euler transgression for a rational cohomology sphere into linear characters,
citing Hsiang’s Theorem IV.6. We retain the localization proof to make the
hypothesis over the specified base algebra R explicit; the obstruction is not
proposed as a new theorem of transformation groups.

For example Dz = z7 + z2 cannot be the one-odd-generator Borel model
of a finite T?-CW complex over this specified BT?. Yet Theorem 24.3 does
give a degreewise finite model of its integral two-stage space using a cate-
gorical torus. Thus this obstruction concerns an ordinary compact group
action, and does not obstruct the more general compact categorical presen-
tation. Zoller gives a broader equivariant realization framework requiring
algebraic data over the subgroups, together with localization conditions [82,
Theorem 5.5].

25.6 Higher base degrees and the boundary of the method

The compact action-nerve argument also applies to compact real algebraic
groups, using the usual groupoid nerve. For a noncommutative group and
a left action in which ¢; acts first, the interior face merges ¢;,t;; the order
in the torus display was immaterial because the torus is abelian. For ex-
ample, use Sp(1)® and its standard quaternionic coordinate representations.
Writing u; for the degree-four second Chern classes, the two representations
H®* @ H, and H, ® HS* give the model

(Q[ul;u%u?)] ® A(a') b)a d), ‘uz‘ - 4’ ‘a'| - ‘b‘ =4k + 3)
du; = 0, da = u’fu2, db = 'u,gu’g’.

The same sphere-bundle pullback proof applies, using complex rank 2k + 2
and the standard complex rank-two model of a quaternionic line. This
supplies higher closed even generators as well as higher word length. It does
not justify arbitrary substitutions of degrees.

Abstract integral existence is much older and more general: Sullivan’s
Theorem 10.2(ii) gives integral forms of finite-type nilpotent rational mod-
els; its proof chooses coefficient lattices stage by stage [76, pp. 307 and 310].
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For simply connected rational types of finite rational type, finite-type CW
representatives exist, and finite-dimensional total rational cohomology per-
mits a finite CW representative [38, Proposition 1.8|. These statements do
not preserve a specified integral Postnikov system or construct the compact
action nerve and common finite flags above.

The explicit construction in this section treats products of linear weights
and the indicated compact-group variants. The quadratic categorical-torus
construction of Theorem 24.3 allows arbitrary quadratic sums by a different
mechanism. General higher polynomial sums, differentials involving earlier
odd generators, and a uniform finite geometric presentation for arbitrary
Sullivan models remain outside the proofs given here. This is a question
about explicit compatible geometry, not about the classical existence of
integral representatives of rational types.

25.7 Historical placement of the finite comparisons

The literature comparison below records the scope of the claims as checked
on 15 October 2026. It separates established constructions from the specific
finite presentation supplied here. It is not an exhaustive priority determina-
tion.

First-face twisting and finite examples. The first-face convention is classical
twisted Cartesian-product theory: on F' x, B, the twisting function changes
dy, while the positive faces and all degeneracies retain their product formulas
[43, Definition 18.3 and Propositions 18.4, 18.7]. Thus the common Ag-
restriction is already built into that formalism. It is not a new replacement
for the theory of fibrations.

There are even classical degreewise finite examples of the same pattern.
Take the standard simplicial abelian-group models

B =K(F52), F=K(F,,3).

They have finite sets of simplices in each degree. The principal F-fibrations
with invariants 0 and u? € H*(B;F;) have twisted Cartesian models F x, B
and F' x, B. Here u is the universal degree-two class and its square is
nonzero. Both models are Kan, share all positive faces and degeneracies,
and have precisely m, = w3 = 5 as their nonzero homotopy groups. Their
different Postnikov invariants distinguish their homotopy types. This is
a direct application of classical twisted products and the cohomology of
Eilenberg—Mac Lane spaces [43, 73], not an additional novelty claim. Conse-
quently, common finite Ap-data and equal homotopy groups by themselves
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do not distinguish the present work from earlier theory. Rector’s examples
[64] give another classical comparison for equal cell counts and homotopy
groups.

The specific simultaneous carrier statement. Proposition 25.2 keeps the
finite carrier flags of the specified compact torus/sphere presentations in
common. It also retains their integral homotopy types, which generally
have infinite homotopy groups. The construction coordinates compatible
semialgebraic triangulations and free degeneracies. These ingredients are
established [23, 57]; the proposition is an explicit refinement of them.
Basu—Karisani construct efficient finite simplicial replacements preserving
bounded homotopy information [2], and give algorithms for homology of
semialgebraic maps and zigzag diagrams [3]. These are close methodological
comparisons. The results inspected do not state the particular common-A,
replacement of an entire compact action nerve proved here. Conversely, our
proof provides none of their complexity bounds. We have not located the
precise simultaneous carrier statement in the sources examined; this leaves
priority open and does not justify a claim to a new general twisting principle.

The integral models and the spectrum. The higher finite flag construction
should likewise be distinguished from its classical inputs. Compact cocycle
tori, the Eilenberg—Mac Lane homotopy types, and the Segal spectrum con-
struction are established. The direct circular-order predecessor is [51]. The
specific data constructed here are integer-wall incidence categories, prim-
itive integral cocycles, compatible pointed-set operators, and finite refine-
ment diagrams. We have not identified an earlier source giving this exact
combination in all degrees.

This does not establish that the bare existence of every degreewise fi-
nite integral model is new. Neither should one dismiss that finiteness as
a consequence of a differently defined “finite type”: finite-type CW models,
finite approximations in each homotopy range, finite-coefficient Kan models,
and one simplicial set finite in every degree are different assertions. The
general carrier theorem supplies the last assertion here; the explicit toric
construction supplies the additional compatible data.

A defensible description of the contribution. The recent rational-homotopy
section gives worked geometric realizations of familiar Sullivan models and
compares their finite presentations. The more distinctive research claim to
investigate is the compatible integral finite presentation, with its cocycles,
operations, and geometric interpretation. A suitable formulation is: we
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gwve explicit degreewise finite presentations of classical homotopy types,
retaining specified cochain data and stmultaneous control of simplicial
operators. The examples illustrate that construction; their known rational
phenomena are not evidence of historical priority.

A Natural characteristic-cell comparisons

The main finite-model proof uses a contractible lattice cover. For the com-
parisons in the following appendices it is useful also to retain the actual
characteristic polytopes. This gives natural comparison spans even though
chosen barycentric homeomorphisms need not be natural.

To obtain natural comparisons, retain abstract characteristic polytopes.
For a face orbit c, let E(c) be the disjoint union of the closures of all its
lifts modulo simultaneous translation. An incidence arrow induces the ap-
propriate face embedding. This is a diagram on C, with colimit T¢, and it
gives

T¢ <= W := hocolim.c E(c) — |NC|. (139)

The right map is an equivalence because each E(c) is contractible. For the
left, the category of nonidentity arrows into a chosen target is exactly the
proper face poset of its lifted polytope. Its latching space is the boundary.
The boundary inclusions are cofibrations, so the finite filtration by dimen-
sion identifies homotopy colimit and colimit up to weak equivalence.

These spans are natural for the affine maps on characteristic polytopes,
including maps that lower dimension. Duplicating vertices or inserting zero
inputs gives a closed polyhedral subcomplex: the image is cut out by the
appropriate zero face evaluations. The induced arrangement is the source
arrangement. The integral retraction of each degeneracy also makes its im-
age lattice saturated. Thus the source category has exactly the incidence
branches of this subcomplex. Degeneracy maps of the nerves and resolutions
are closed subcomplex inclusions; their finite latching unions are too. Con-
sequently these simplicial spaces are proper and the levelwise equivalences
in (139) survive realization, as in [71].

B Cyclic partitions for the circle model

For K = 1 and one input, a cocycle describes labelled points of a circle
modulo common rotation. Its cell is a cyclically ordered partition

II=(By,...,B,) of{0,...,n}.
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Labels in one block coincide. Distinct blocks have the specified cyclic order,
with r positive gaps of sum one. The cell dimension is 7 — 1 and its abstract
closure is A" 1.

Every incoming incidence at II is specified by a nonempty subset J of its
r gaps: retain those gaps, collapse the others, and merge the corresponding
blocks. Distinct singleton choices give r parallel incidences from the one-
block partition to II. Composition retains subsets of already retained gaps.

A monotone map a : [m] — [n] replaces each block B by a~!B, omits
empty blocks, and preserves cyclic order. Every new gap is a sum of con-
secutive old gaps. On an incidence it is retained precisely when this sum
contains a retained gap. If only one block survives, its sole cyclic gap is the
sum of all old gaps, namely one. These rules describe the entire simplicial
category with finite combinatorial data.

Proposition B.1. Writing S(N,r) for a Stirling number of the second
kind,
n+1
INCP() =D S+ 1L,r)(r =1 ((g+1)" —¢"). (140)

r=1

Proof. There are S(n + 1,7)(r — 1)! cyclic partitions with r blocks. Fix the
terminal object of a nerve chain. Its unique lift to the characteristic simplex
identifies the chain with a flag @ # Jo C--- C J, = {1,...,r}. Assign each

gap its first entrance time in {0,...,q}. At least one gap enters at time zero,
giving (¢ + 1)" — q" flags. []

n Objects Arrows | D(()TT)L

0 1 1 1

1 2 4 4

2 6 24 54

3 26 196 1544

4 150 2040 75750

The maximal cells are the singleton-block cyclic partitions: exactly the n!
circular orders SC,,. They are compatible with faces, but are not a simplicial
subobject of the cell objects. A degeneracy puts two labels in one block;
the degeneracy of SC instead remembers an adjacent order of the two labels.
The diagonal model is therefore substantially larger than SC.
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B.1 A finite bridge with no internal gap cuts

Use the simplicial gap space M,, = ucESCn A" of version 04. Deleting a label
merges gaps; duplicating a label inserts a zero gap. Every pulled-back zero
wall is a consecutive gap sum equal to zero or one, hence a union of ordinary
simplex faces. Therefore the bridge simplifies to

R? = H N, Face(A™), sc «~ R* =, DV
ceSC,,

The right map retains the face-incidence branch of the angle map. The
closed-cell resolution compares this span with SC «+ M — A(®). The first
map has contractible components. The primitive H; calculation from version
04 identifies the second with the generator: the gap lifts of circular orders 021
and 012 have boundary coordinates (1,0,0) and (0, 0,0), and the intervening
gap path maps once around Agl) = T. Since both realizations are K(Z, 2),
the map is an equivalence. Here the identification for SC is [51].
The exact size of the bridge is

IRy =n!((n+2)"*" — (n+1)").

Each gap has a first entrance time 0,...,n or never; at least one enters at
zero. For the direct £ = 2 model the first nontrivial level has |D(()22)\ = 6,
compared with 12 in version 04: a circle category has two objects and two
nonidentity arrows, giving six two-step nerve chains.

C An interval bar and its explicit comparison

Full symmetric addition uses all subsets of the inputs. The bar construction
needs less. In bar degree p and cocycle degree g, start with (Agl))p and use
only walls

b
Y aez, 1<a<b<p 0<i<j<q (141)

Let C;,I’l; be the finite orbit-incidence category. Bar faces discard an end input
or merge adjacent inputs; bar degeneracies insert zero. A target interval
pulls back to an interval or the empty set. Vertical cochain operators also
preserve the wall family. Thus this is a bisimplicial category, and its nerve

has three simplicial directions. Take their diagonal:
Y = N,CI. (142)
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The natural characteristic-cell spans and proper realization compare this to
the ordinary bar of |A(Y)|. Hence it is a degreewise finite K (Z, 3).

There are p(p + 1)/2 interval families instead of 2P — 1 subset families.
This model supports the bar operators, not all maps of pointed sets. Use the
full subset model when symmetric I'-coherence is needed. The full-subset
bar refines this one and maps to it by a weak equivalence of finite models.

Theorem C.1. For (a!,...,a") € (A", the formula

J
Oujk = »  aj, 1<y <k, (143)

r=1+1

defines a simplicial torus map to A®). It induces a strict finite carrier
map
;n 2
&y 5 p

which 1s a weak equivalence.

Proof. Ind©® on1 < 7 < k < I, the first two terms cancel the rows 7+1, ..., k.
The remaining expression is

J
r r r _
E (—akl + a:jl — a,jk) = 0.
r=i+1

For a : [m] — [n], the rth new bar input is the sum of old inputs with indices
a(r—1)+1,...,a(r). Simultaneous vertical pullback therefore sends the
right side of (143) to

a(7)

D Gty

s=a(t)+1

which is the pullback of ©. Empty intervals and repeated vertices give zero.
This proves strict simplicial naturality. Each target wall pulls back to one
interval wall from (141), so the finite carrier map exists.

It remains to check its degree on m3. In source degree two, use winding

coordinates
1 .2

1 2\ _
(ag1, Gops @1y @o2) = (Z11, T12, Ta1, T22).
The face maps to the degree-one winding group Z are

do = Top — o1, d1 = T12 + Too, dy = 1.
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Thus N, = kerd; Nkerd, has z1; = 0, 995 = —z19, and its differential is
do = —x13 — To1. Its kernel is generated primitively by

g= (01 1: _1: _1)

There are no higher normalized winding groups. Indeed the degree-n wind-
ing rank is n?, and its binomial decomposition is n? = (’f) + 2(’;) The
Dold—Kan splitting gives these as the normalized ranks; the groups are free.
Hence their second homology is Z(g).

The level-torus spectral sequence identifies this group with w3 of the
source realization. Formula (143) sends g to a}, = 15 — z11 = 1, the gener-
ator of the target winding group in degree two. It therefore induces +1 on
m3. Both realizations are K(Z,3), so the map is an equivalence. Naturality
of (139) transfers this calculation to &. O

The generator has a concrete circle representative:
1 1 2 2y
(ao1; @02, @15 @g2) = (0, ¢, =2, —1).

Every face is identically zero and ©g;2 = t. This is the primitive three-
dimensional class, with no unknown integer multiplier in the comparison.

D Binary cocycles select entire chambers

This appendix records comparisons from the companion research notes [27].
The strict-primitives and connectivity statements quoted here are not hy-
potheses of the main theorems.

Let B be the integral three-cocycles on A[n] whose values lie in {0, 1}.

For z € B,(f;), put
n+1
P, ={ue0,1)(") : 6u = 2}.
We use the strict-primitives theorem proved in version 03: there is a primi-
tive with 0 < up < 1 on every triangle. In the anchor coordinates z;; = wug;;,
the other values are

Uijk = Tjk — Tik + Tqj + Zoijk- (144)

Proposition D.1. P, s ezxactly the closure of one full-dimensional cham-
ber of the winteger-wall arrangement for Ag) on 1ts anchor cover. It

requires no wnternal subdivision for a carrier comparison.

285



Proof. Every cube inequality is an integer-strip inequality for one of the
full set of face characters, including the anchors. The simultaneous strict
inequalities have a solution, are convex, and avoid every wall. They specify
precisely the strip occupied by the chamber of that solution, so their inter-
section is the whole chamber. Interpolation toward a strict solution shows
that its closure is all of P,. ]

Define the finite simplicial set

RYypn =Ny, | | Face(P.).

Z€ Bs{o’)

Its component and orbit-incidence maps give
B® «~ R. —s D). (145)

The left map is an equivalence because the P, are contractible, using their
natural closed-cell resolutions and properness. Under a vertex pullback,
primitive anchor coordinates change by the cocycle’s integer-linear pullback
plus one integer translation depending on z. This follows from (144). The
translation is constant on the whole component, and the actual primitive
pullbacks compose strictly. Passing to lattice orbits removes it on both
objects and arrows. Thus the right map in (145) is strictly simplicial.

For binary two-cocycles the same argument yields all n! gap chamber
orbits, represented in the unit anchor cube, recovering the bridge to SC.
For three-cocycles, the binary labels select a proper subset of chambers: a
negative carry already occurs in a missing tetrahedral chamber.

D.1 Identifying the canonical class

The following comparison identifies the right map in (145), rather than
merely finding a map to some space of type K(Z,3). For general £ > 1
define the topological simplicial abelian group

E®) = {4 € C*(A[n];R) : du is integral}.
There is a natural span
K(Z,k+1) +— E® 241, Ak (146)

where the left object denotes the standard integral-cocycle simplicial set.
Both arrows are realization weak equivalences.

For the left arrow, an integral cocycle has an integral cone primitive. Its
inverse image is an affine real cocycle space, hence a contractible component.
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The spaces are proper: componentwise degeneracies and their finite latching
unions are closed polyhedral inclusions.

For the right arrow, reduction modulo one is the pullback of the standard
covering of the torus of all cochains, restricted to its cocycle subtorus. Its
kernel is C*(Ale]; Z). Every singular simplex lifts to this cover, so levelwise
singular complexes give a short exact sequence of bisimplicial abelian groups.
The kernel is constant in the singular direction. Its normalized complex in
the other direction is

Z X 7 in degrees k + 1, k.

Indeed, (), ker d; consists of cochains supported on k-faces containing every
vertex 1,...,n. Only the two listed degrees occur, and dy carries the face
{1,...,k 4+ 1} to the unique k-face with coefficient one. Thus the kernel is
acyclic, and the map on diagonal singular complexes is a weak equivalence.
Proper realization gives the assertion for (146).

The inclusion of the primitive space [ [, P, C E®) commutes with § and
reduction modulo one. Its composite with § is the component projection
[, P. — B®) followed by the canonical binary inclusion j : B®) — K(Z, 3).
Therefore the right map in (145) represents j. The version-03 proof that j
1s 7-connected applies to this finite comparison. Proving it is an equivalence
in every degree remains the missing step for the binary model.

E A half-integral chamber vertex from RP?

A natural shortcut would be to identify each P, with the convex hull of
its binary primitive points. This is false, first in simplex degree five. The
obstruction has a small exact certificate and a topological explanation.

Use anchor-edge order 12,13, 14, 15, 23, 24, 25, 34, 35, 45 and set

_ (1l 111
L = (5’ 0’ 29 1’ 01 01 2191 O)
For triples on {1,...,5} in lexicographic order, put

(injk) = (0: 0: 17 07 17 17 O; 1: 1: 1)

Define the remaining u by (144). In lexicographic orders on all triangles and
all tetrahedra, respectively, this gives

u:(;ioié)lio)oié)%ié)oi
1 111 1
5’0’1101§a§’§)1’§)1)1
z =46u=(0,0,1,0,1,1,0,1,1,1,0,1,1,1,1)
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Thus z is binary and u € P,.
Five active anchor constraints are

Ti13=0, Tis=1, To3=0, z4=0, x4 =0.
The five other active constraints are
Uipa =0, s =1, U134 =0, wogs =1, uss=1
Writing (a, b, ¢, d, e) = (z12, T14, T25, T34, T35), the latter reduce to
a =2>, a+c=1, d=1y9, e =c, d=ce.

They force a = b=c=d =e =1/2. The ten active equations uniquely de-
termine the point in its ten-dimensional affine primitive space; their matrix
has determinant —2 in the recorded order. Consequently u is a nonintegral
vertex, and

P, # conv (P, n{0,1}%).

The projective plane inside the constraints. The active triangles are exactly
013,015, 023,024, 045, 124, 125, 134, 235, 345.

Every one of the fifteen edges belongs to two triangles; each vertex link is a
five-cycle. This is a connected closed triangulated surface with Euler charac-
teristic 6—15+10 = 1, hence RP?. After collapsing the spanning tree of edges
Oz, the active matrix is the transpose of its reduced triangle boundary matrix.
Its determinant of absolute value two records H;(RP? Z) = Z/2. Modulo
the anchor lattice, the fractional vertex becomes a nonzero order-two vertex
of the toric arrangement. The general connection between boundary-matrix
integrality and torsion is discussed in [16]; the certificate here proves this
example directly.

Why degree five is minimal. On A[4], every triangle lies in two tetrahedra.
Reorient the five tetrahedron rows by their signs in the boundary of Al4].
The matrix of § : C? — C® becomes the oriented vertex-edge incidence
matrix of Ky. It is totally unimodular: for a square submatrix, either a col-
umn has at most one nonzero entry and determinant induction applies, or
every column has its two opposite entries and the row sum is zero. Adding
coordinate-bound rows preserves total unimodularity. Thus every vertex of
the cube slice for integral 2 is integral. Lower simplex degrees give subma-
trices. Degree five is therefore the first possible failure, and the example
realizes it.
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This does not refute the binary model. The convex hull of binary primi-
tives is still nonempty, contractible, and natural under pullback, so it gives a
different thickening of B(®). The false step is equating that smaller polytope
with the full real primitive chamber.

F'  Ordinary product maps: the obstruction

The distinction between ordinary and crossed products is essential. An
ordinary simplicial Segal comparison for these finite models cannot realize
a homeomorphism.

Lemma F.1. If an ordinary simplictal map f : K — L has byective
realization, then f 1s a simplicial isomorphism.

Proof. Every realization point has a unique representative in the interior
of a nondegenerate simplex. If f sends a nondegenerate n-simplex to a
degenerate one, its interior maps by a dimension-lowering affine map and
injectivity fails. Distinct nondegenerate simplices cannot have the same
image either. Surjectivity on realization supplies every target nondegenerate
simplex. The unique degeneracy decomposition then gives a bijection in
every degree, compatible with all operators. []

Theorem F.2. Let K be degreewise finite with connected realization. If
an ordinary ssmplicial map u : K X K — K realizes a multiplication with
a two-sided homotopy unit, then ﬁ*(\K ;Q) = 0. Neither associativity
nor commutativity 1s needed.

Proof. Otherwise let » > 0 be the first nonzero rational homology degree.
The Kiinneth decomposition in degree r has just the two factor summands;
the unit implies p«(a,b) = a + b. Define simplicial powers by P, = id and
Phi1(z) = w(Pr(z),z). Then (Py,), = mid on H,.

There are only finitely many functions K, — K,. Thus two different
powers agree in degree 7, hence induce the same map on degree-r normalized
chains and on H,. This contradicts their actions by different integers on a
nonzero rational vector space. []

Apply the lemma and theorem to the ordinary simplicial Segal map
k k k
xP20) — xP ) < x§0(1.).

If its realization were a homeomorphism, it would be an isomorphism. Its
inverse followed by the fold would give an ordinary unital multiplication
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on a degreewise finite K(Z,k + 1), contradicting Theorem F.2. The same
reasoning applies to the half-wall construction and to any ordinary simplicial
span with a homeomorphic product comparison and homotopy-unital fold.

Why a crossed product escapes. For a crossed simplicial group G, the stan-

dard comparison
G x: K| = |G| x |K]

is a geometric homeomorphism, with simplex coordinates transformed by
the crossing; see [51, Sections 2.6.2-2.7]. It is not generally the realization
of an ordinary simplicial map to the Cartesian product. In a crossed face for-
mula the index used in the second factor is changed by the first factor. Thus
the literal second projection need not commute with faces, and Lemma F.1
does not apply. These results support the search for genuinely crossed data;
they do not rule it out.

Keeping actual characteristic polytopes and their affine maps also retains
exact products geometrically: forgetting extra cuts is the identity of the
underlying torus and the fold is actual addition. Realization preserves finite
products in the usual compactly generated setting [19]. This is a finite
polyhedral presentation in every degree, but its levels are tori, not finite
discrete simplex sets. Passing to carrier nerves gives the latter and loses the
exact product comparison.

G Verification records

The further certificates verify_geometric_cupl.py and verify_secondary_
cupl.py check the insertion identities, the twelve-term formula, and the
exact integral secondary identity. The latter uses 56 independent cocy-
cle anchors and 56 independent nullcochain anchors on A[8] to cover all
solutions of 8T = c? there. It imports the polynomial utilities from the
accompanying verify_prime3_operation.py. The carrier-map certificate
verify_finite_bockstein_map.py checks 9020 elementary face and degen-
eracy pullbacks, including 909 instances of dy, and 4186 canonical-class iden-
tities in its stated finite range. The all-degree carrier argument is given in
Section 15.3.

The operation certificate verify_prime3_operation.py checks the exact
identity 6Q(c) = 3R(c) in all 56 independent integral anchor variables on
A[8] and checks dR(c) = 0 on A[9]. It also checks normalization of @
under all 127 surjective monotone maps [7] — [m] with m < 7, and the
suspension sign convention. The accompanying JSON record contains the
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signed formulas and check results. These are exact polynomial identities,
not random tests; the identification with the classical reduced power uses
[39].

The uniform relation certificate is verify_uniform_relations.py. It con-
structs normalized universal face matrices for (n,p) = (2,2),(2,3),(3,2)
and independently solves the Bockstein-square relation. It verifies the carry
primitive, the adjacent identity 62 = 0, and 11926 prism endpoint, expan-
sion, and normalization cases in the stated range. The separate verify_
bockstein_square.py exhaustively checks the carry identity on 17602 sim-
plex cocycles in seven degree/prime cases. Both use only the Python stan-
dard library and have accompanying JSON records. These checks do not
assert that arbitrary higher boundaries are fillable.

The geometric-coherence certificate verify_coherent_carry.py checks
the interpolation formula over the integers in cocycle degrees two and three,
with parameter dimensions zero through three. It verifies 212850 monotone
parameter pullbacks, 12544 closedness identities, 900 endpoint identities
and 3185 normalization identities as exact linear polynomials. The coeffi-
cient and pointed-set composition compatibilities have the all-degree proof
in Theorem 22.5. The separate verify_additive_operations.py verifies
eight universal mod-two identities, including the full corrected-fold associ-
ator, and the finite polynomial solve described in Section 22.6. Neither
certificate uses random sampling.

Two further certificates check local flag generation. The integral verifier
i1s verify_binary_cone.py. It checks 54 cone—join comparisons through di-
mension eight, 45 signed resolution identities, the comparisons with the dis-
played Berger—Fresse D1, D5, and 10290 naturality checks covering all mono-
tone maps with source and target dimensions at most five. The mod-two
verifier is verify_generated_diagonals.py. Here the join recursion agrees
with an independent parity-subset implementation in 65 cases through di-
mension nine and satisfies 65 chain identities. There are 45038 naturality
checks over all 6427 monotone maps with source and target dimensions at
most six, and 16129 join boundary checks. The certificates retain their
precise finite ranges; the propositions supply the all-degree proofs.

The all-arity certificate verify_arity_diagonals.py implements the
wiring-diagram contraction independently of the tensor cone. In arities
two, three and four, through simplex and resolution degree four, it checks
75 signed diagram identities, 75 tensor-cone identities, their 75 exact com-
parisons, and 25 binary comparisons. It also checks 1815 monotone-map
naturality cases with source and target dimensions at most three. This
script imports the sibling verify_binary_cone.py; each script has a JSON
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record.

The reordering certificate verify_reordering.py checks 6110 signed
boundary identities for all vertex maps between sets of at most four
elements, and 8930 signed composition identities for sets of at most three
elements. On a three-face chain with tuples of length at most four, it
checks 2868 sorting-homotopy endpoints, 2868 realization identifications,
and 28680 naturality identities for monotone carrier maps. It also checks
2025 exact normalization-composition identities on a rational grid, in-
cluding integer walls, and 328 exact barycentric addition identities in the
two-triangle circle product, together with its two face-map checks. These
bounded checks support the all-degree proofs in Section 8; they do not
assert a crossed multiplication.

The finite-refinement certificate verify_refinement_law.py checks 3765
triple composition identities and 7530 unit equations for its specified matri-
ces of ranks zero through two. On its rational grid, including wall points, it
checks 12321 carry compositions, normalized-chart compositions and lattice-
translation invariances, together with 18801 coordinate bounds. Duplication
followed by addition retains the coefficient 2 and has 32 checked affine branch
values. In arities four and five, all 5 and 14 binary parenthesizations give
19423 exact carry telescoping checks and 28292 rotation comparisons; all
1800 permuted tree families lie in the appropriate all-subset arrangement.
The JSON record gives the precise finite ranges. These checks supplement
the all-degree proofs in Section 9; they do not certify a higher localization
or an exact group law on the carrier realization.

The certificate verify_nonopen_fold.py checks the exact six-wall config-
uration behind Proposition 8.10: the source rank is six with determinant
of absolute value two, the target rank is two, both constant diagonal flags
are nondegenerate, and precisely the zeroth face of the displayed 4-simplex
equals the prescribed target 3-simplex. The proof is also supplemented by
exact rank and nondegeneracy checks on the suspended configurations for
1 < k < 8. The argument in the text handles all higher degenerate co-
faces and extends the configuration to every k& > 1; these conclusions do not
depend on extrapolation from a finite computation.

The geometric-deformation certificate verify_geometric_deformation.
py checks every chain of length one through four with circle degrees in
{-2,-1,0,1,2} on its specified rational grid. It verifies 13260 carrier compo-
sitions, 63070 coherent face equations, 63070 identity-degeneracy equations,
13260 lattice translations, and 26520 endpoints. It also recovers the exact
simultaneous-interpolation defect —1/32. The refinement-operad certificate
verify_refinement_operad.py checks 11182 associativity cases, including
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10952 with nullary substitutions, 3105 unit/nullary equations, 1318 outer
and 533 inner equivariance cases, 742 refinement comparisons, and 16 nerve
counts. Its range and exact counts are recorded in JSON. The universal co-
herence and all-arity operad proofs are given in Section 10; these bounded
checks do not assert a homeomorphism with the original diagonal realiza-
tion.

The certificate verify_polarization_cochains.py verifies the exact di-
agonal primitive and change-of-marking homotopy from Section 7.6. It
checks all 36 and 256 respective bilinear coefficients on A[4], together with
80 structural face identities. Its JSON record includes the full coefficient
and residual matrices. These checks are universal over the integers, with no
random sampling.

The new fibre results have structural, all-degree proofs. The accompany-
ing exact verifiers supply additional local checks:

e verify_integral_cupl_identity.py checks 0h = —2¢ — c as a univer-
sal polynomial identity in twenty unrestricted integer anchor variables
on A[6], covering all 210 possible quadratic monomials.

e verify_finite_bockstein_fibre.py checks three rank equalities for
each of 30 degree/prime pairs, 3381 deterministic integer nullcochain
cases, and 3431 monotone pullbacks. Its JSON record reports success.
These are bounded local checks; they do not enumerate the complete
toric models.

Three companion standard-library Python verifiers are also included with
exact JSON records. They check the following finite instances; the general
theorems above have structural proofs.

e The cyclic-partition category: 32849 associativity triples, 47050 functor-
composition checks, 347205 simplicial-composition checks, and the size
formula through degree four.

e The interval comparison: 464 cocycle identities, 109884 naturality iden-
tities on integer basis vectors, 6566 interval-preimage checks, and the
primitive pairing 1. Source degrees run through five and target degrees
through four.

e The fractional primitive: every cube constraint and cocycle equation,
the exact active determinant —2, and the projective-plane edge inci-
dences and vertex links.

The earlier research notes and their certificates are preserved [27]. The
global 7-connectivity statement and strict-primitives theorem are inherited
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from version 03; the local fibre H, certificate of version 04 is unchanged. No
new conclusion about the global m; of the binary candidate is inferred from
a local fibre or from the fractional vertex.

The finite replacement now has explicit abelian coherence, a smaller bar,
and a concrete equivalence to the direct finite K(Z,3) model. The open
targets are to show that the much smaller binary chamber selection is already
equivalent, or to construct a genuine crossed multiplication directly from
circular order data with a geometric product homeomorphism. No historical
priority or absolute minimality claim is made.
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