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The Universality Theorem on the Oriented Matroid
Stratification of the Space of Real Matrices

NIKOLAI MNEV

The problem of describing the class of realization spaces of oriented ma-
troids was posed by A. M. Vershik in the 1970s. This problem was solved
in 1984 (2, 3]. The solution was unexpected. By definition, the set of all
matrix realizations of rank three oriented matroids is a semialgebraic subset
of the space of all 3 x m real matrices. The following phenomenon was
established: up to trivial stabilization, any elementary semialgebraic variety
can be represented as the realization space of an oriented matroid of rank
three.

Any open elementary variety (i.e., a variety defined by strict inequalities)
can be represented as a realization space of a uniform, rank three oriented
matroid. Moreover, it can be done in such a way that the number of points
of the matroid is a linear function of the bit size for describing the polyno-
mial system defining the variety. This means that given an arbitrary system
of polynomial equations and inequalities, one can rewrite it in “oriented ma-
troid” form, and in such a way as to preserve the algorithmic complexity class
of various elementary problems relating to the geometry of the solutions.

Consider the space Mx"*™ of all 3 x m real matrices. There is a natural
stratification of this space—by signs of maximal minors. Each stratum is
a realization space of some rank three oriented matroid on the set 1 : m.
The aim of this paper is to announce a universality theorem for this class
of stratified varieties. If this theorem is localized to one stratum, we get the
universality theorem for the realization spaces of oriented matroids.

We begin with the definition of several notions that may be a little bit
unfamiliar in the present context.

We are in the category of elementary semialgebraic varieties defined over
Z . The objects of this category are the sets of real solutions of polynomial
systems of equations and strict inequalities. We suppose that the coefficients
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of the polynomials are the integers. The morphisms of our category are the
maps of the sets which are generated by polynomial vector functions with
integer coefficients.

1

Let N be a variety. Denote by Z_(N), the cone of all positive polynomia]
functions on N . Let ¢ be a finite subset of Z_(N), ¢ ={9p,, ..., ¢,} and
consider the variety I' (¢, N) = {x,.NxeN,0<y<2oy) :ie
1 : k}. We are interested in the following two properties:

(1) The character of the natural projection I', (¢, N)LN (Figure la).

(ii) The character of the adjacency of I' (¢, N) and N in the common

space (Figure 1b).
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FIGURE 1

1.1. Stabilization.
DEFINITION. The map A—-~B of varieties is called a 1-stabilization if it is

equivalent to the projection I' (¢, N)-55N forsome N; ¢ C Z_(N). (By
equivalence we mean here the existence of isomorphisms 4T (¢, N),

B-2.N that make the diagram

A Zs B
l a 1 B
r(,N) =— N

+
commutative.)

DEerFINITION. The map of varieties is called a stabilization if it admits a
decomposition into a chain of 1-stabilizations. Obviously a stabilization of
varieties preserves the homotopical structure of the variety and the character

of its singularities.

1.2. Stable adjacency. Let N be a subvariety of R” and let R" = H & ¢
be some representation of R” as a direct sum of a linear hyperplane H
and a one-dimensional linear subspace ¢. Coordinatize ¢ by ./ — R.
One can make a correspondence between the data D = (decomposition,
coordinatization) and the imbedding I' (N, ¢),, of the variety I' (N, ¢)
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0 the space

int
R r+(N,¢)D={x+y|x€N , 0<t(y) < mlink(pl(x)}.
1€1:

NITION. A subvariety M of the space R™ is 1-stably adjacent 10 the
Jbvariety N if there exists a family of functions ¢ ¢ Z,[N] and D =
’ decomPOSilion of the space R", coordinatization of the one-dimensional
(e‘cmcm of the decomposition) such that the subvariety M coincides with
r.(¢. Np- . . .

*DEﬂNl‘rION. A subvariety M of the space R™ is stably adjacent 1o the
cubvariety N if there exists a chain of subvarieties: N = K, c R”, K, C
g™, ... M= K, ¢ R” such that K, is I-stably adjacent to K, , for

) I t. e s
l Obviously any dCCOmPOSltlQI: from the last definition generates the stabi-
Jization M — N. Denote by R the set

DEF

)

{x=0x-x)|x, €R,x;>0;ieT:}.
proPOSITION. If a subvariety M C R"™ is stably adjacent to the subvariety
v c R" then there exists (a) a linear subspace H ¢ R™ such that N C H,
.and (b) a neighborhood T of M such that the triple (N C H , MnT , T)
is isomorphic to the triple (N C H , N + R, ,HeR') forsome t €N.

2. Elementary semialgebraic partitions and stratifications
Consider the finite set of indices ® = {+1, 0, —1} and some subset U

of the set ®*, k€N.

DEFINITION. A partition of the variety N is the map N — U of type
(sign /- - sign fi), where f € Z[N] for i€ [¥E 2

The element (€,--- €,) € ®" is called uniform if €, # 0 for all iek.

DEFINITION. A stratification of the variety N is a finite, numbered cover-
ing of N by some disjoint set of subvarieties (i.c., a stratification is a map
722" where I is a finite set, o(i) is a subvariety of N, a(j)Nao(i)= %)
when i #Jj, i, j €1, U, 0li)=N). Anelement o(i) of the stratification
is called a stratum. Each partition N-“~U corresponds to the stratification

o

UL.2" where p°(j)=p '(j) for je U.

The strata which correspond to the uniform elements of U are called
open. These strata are really open subsets of N in the strong topology.

3. The main example
Let m be a natural number. Consider the set
Am)={(i,j,k)i<j<k,i,j,kel:m}.

An oriented matroid is a function A(m) — ® which satisfies some require-
ments as given, for example, in [1]. So one can identify the set of all oriented
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. Pe—— : A
matroids on {1: m} with some subset .#z (m) of the set &) Every
3 x m matrix x with real coefficients defines the oriented matroid

Md(x) € A (m): Md(x), ; , = sign 4, ; (x) ,

where A, ; ;(x) is the determinant of the maximal minor of x with the
columns (7, j, k). So we have the partition

M3 M3, g/ (m) c XM

a 3xm
The stratification .27 (m) X% 2M* " associates to each oriented matroid

the space of all its matrix (vector) representations. A uniform matroid y is
associated with an open stratum Md’(¥) .

4. The imbedding of partitions
By imbedding of partition N--U C @ into the partition M-V c @

we shall understand the pair of imbeddings (a, B) where NSM U«iV,
and the square

N 4L
['a [ s
M

is cartesian. This means, for example, that the diagram

U R 2N

(s (a

p 2 M
is commutative, where @ is the imbedding of 2" into 2™ defined by the
imbedding N<>M . So, each stratum of the stratification w’ becomes a

stratum in the stratification ¢’ (Figure 2).

N

4

FIGURE 2
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5. Partitions defined by partially oriented matroids

Let x be a partially oriented matroid of rank three on the set T: m.
The space [X] of all matrix representations of y is naturally imbedded into

Mx " Consider thg set Spec(x) C .#Z(m) of all oriented matroids on
1> m whose orientations agree with y .

The partition p(x) = Md|_, : [x] — Spec(x) is naturally imbedded into

{he partition Md. The stratification o(y) = p(x)°: Spec(y) — g L TR
«ratification of the set [x] by complete oriented matroid type.

6. Stabilization of partitions

DEFINITION. A stabilization of partitions MU and N-2»V is a pair

o maps S = (o, B) where M-"N is a stabilization of varieties, U—V
. a bijection, and the diagram

is commutative. :

The stabilization S defines the map v3.2M with the property that for
any j €V, 8°(j) = y°(B7'(j)) and the map ofg : S7(j) — ¢”(j) is a
stabilization of strata.

7. Multiplication of partition by direct factor

Let N-5U be a partition and let 4 be a semialgebraic set. Consider the
variety N x A and the partition t//XA: N x A — U which is defined by the
commutative diagram

XA

NxA —
nl S

where 7 is the projection on the direct factor.
Obviously for any j € U the stratum (w**?(j) is isomorphic to the
variety y(j) x A (Figure 3).
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8.
An elementary semialgebraic partition of Euclidian space is a partition of
type R"-2@"  where k, n are natural numbers, and
w = (sign f,, ..., sign fi), {fys--s S} CZR"].
Obviously, any semialgebraic partition can be imbedded into some partition
of Euclidian space.
9.
Now we are able to formulate the universality theorem for oriented-matroid
partitions (stratifications) of the spaces of real matrices. On the space [x]

(of all matrix representations of a rank three, partially oriented matroid y ),
there is the natural action of the group GL ;(R). Modulo this action and

some stabilization the partition [x]p—(ﬂ Spec(y) can coincide with any semi-
algebraic partition of Euclidian space.
TuroreM. Let R'2-®" be an elementary semialgebraic partition of Eu-

clidian space.
(1) There is a natural number m, a partially oriented matroid x on the

set T m, and a pair of maps (a, B), [x]->R" x GL,(R), Spec(x) ",
such that (., ) is a stabilization of the partitions WXGL’ and a(y).
Note that
(a) by §6, for any j € ", the realization space of the oriented matroid
ﬁ'](j) is a stratum a()()(ﬂ_'(j)) of the stratification o(y) and this
stratum is a stabilization of the stratum (v ") (j) = w°(j) x GL,.
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(b) by ?5", ’h’}; mp)artition P(x) is naturally imbedded into the partition
Mx " M (m).
Moreover,
(2) The pamally oriented matrozd X can be chosen in such a way that for

any stratum A(T) = a(0)(B7'(j*)) whzch corresponds to a uniform element
ifed " there is an open stratum B(j°) of the stratification Md” (m) which
is stably adjacent to A(j). (So, B(j*) is by definition the realization space
of some uniform rank three oriented matroid.)

The proof of this result is long and complicated. It will appear separately.
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