104

b b
o) (z)=Sz= @dz, Q)= @eidap d.

a

We usually replace them with one stabilizer of the form Q=p,Q,+p,8, where the coefficient
f. is chosen arbitrarily (0<p, <1, B»=1—p:). The method of solving multicriterial problems
indicated in the previous paragraph enables us to consider, instead of (6), problem (1) with
several criteria, for example ®,=p(A(z), u), P,;=Q,(z), Os=Q.:(z).

Secondly, in some problems the choice of the distance p in the space u contains great
arbitrariness. For example, such will be the case when there is a set of equations connecting
various physical quantities (different sizes, different scales, and different errors). Of
coyrse, we can always "lay responsibility" on the coefficients ¢; in the expression

nt

plu,uy= [E ci(u;— “;')’]'/',

j=1

but in reality nothing is known of these ¢;. Therefore instead of the single-criterial
problem (4) it is more reasonable to consider problems with several criteria, for example

®;=|A(2);—~u;| ~min, 1<j<m.

It is easy to see that if a quasisolution z==z' exists, such that p(A(z*), u)=0, then
it is not quite so terrible to choose unsuccessful ¢;: the problem will be badly considered,
but the solution will finally be obtained. However, in real problems usunally

minp (4 (z), u) >0.
=6

An unfortunate choice of ¢; can greatly damage the calculated "best" solution.
In conclusion the author thanks the participants in the seminar on ill-posed problems
and its leader V. Ya. Arsenin for useful discussions of the problems raised here.
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AN ASYMPTOTIC ESTIMATE OF THE AVERAGE NUMBER OF STEPS
OF THE PARAMETRIC SIMPLEX METHOD

A.M. VERSHIK and P.V. SPORYSHEV

The estimate, announced in /1/, of the average number of steps of the
parametric version of the simplex method for solving linear programming
problems with respect to some natural class of statistics in the space
of the problems is solved. If the number of variables in the problem
equals n, and the number of limitations of the equality type eguals k,
then for the avarage number of steps s (a, %) the following estimate holds:

s(n, B < l‘*:’ﬂ (nin )24 O (lo M)~V n— oo,

The Grassman approach to similar problems, which is important in iteself,
is described.

*Zh.vychisl.Mat.mat.Fiz.,26,6,813-826,1986.
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1. Introduction.

The problem of what is rate of convergence of the basic method of solving linear
programming problems -~ the simplex method and its versions - emerged as far back as the
first papers on this problem (see /2, 3/). At the same time it was understood that from one
aspect the method is practical, but amongst all the problems of given dimensions there exist
those for which the simplex method reduces to complete inspection of the possible basis plans.
Appropriate examples were later constructed (see, in particular, /4/). Obviously, that is
the case with any modification of the simplex method. However, computation specialists
understood that these phenomena are not characteristic and in standard problems the simplex
method works well. Time was necessary, and exact terms were cobtained for the correct
formulation of the problems and the justification of this thesis. 1In recent years several
papers have appeared, simultaneously and independently, in which similar (but not matching)
practical results are presented. For a more detailed analysis and historical remarks see
Sect. 6.

The main result of this paper is based on the representation of linear programming
problems like Grassman's manifold, which is interesting in itself, and on the concepts of
integral geometry. This method ("the Grassman approach") was proposed by A.M. Vershik and
consists of the following. Consider a set of all k-dimensional subspaces of an n-dimensional
space, i.e. Grassman's manifold; then we can connect the linear programming problem to each
of them, and the dual problem (see Sect. 2, Eq.(2.5)) to its orthogonal addition. The space
of the problems was changed into a Grassman manifold; there is an isolated invariant measure
in it, and the number of steps of the simplex method is a functional in it. Using the methods
of integral geometry, we can estimate the asymptotic behaviour of the average number of steps
Such is the general scheme. However, it is required to obtain in advance the exact geometrical
meaning of the number of steps. This is a complex problem: there is still no simple description
of a set of these permissible plans which occur in the usual simplex-method procedure for the
specified initial plan. It is convenient to use the so-called parametric simplex method
(Sect. 3}, not the canonical (or dual) simplex method. It enables us to describe the
permissible plans considered in the method as optimal for some values of the parameter in a
single-parametric family of problems. It is interesting that if we use the Kantorovich-
Rubinshtein geoemtrical interpretation of linear programming problems, the number of steps is
the number - of special form - of the bounds of some subsidiary polyhedral set (Sect. 5).

A similar problem is considered in convex integral geometry. But the functional remains
cumbersome in this form also; a simplification is obtained if, instead of parametrically
optimal plans, we enumerate the parametrically dual permissible plans. This sets an upper
estimate to the number of steps, and the asymptotic behaviour of the new functional is
expressed in terms of the asymptotic behaviour of a comparatively simple integral (see Sect.4),
which gives the final result.

An outline of this proof is presented in /1/; it is somewhat improved below and a
different parametric method is used. At almost the same time as /1/ Smale's estimate /5/
appeared. Although it makes wider assumptions regarding the statistics, the method itself,
as shown in /6/, is coarser and cannot give the same powers of Inn as is presented in this
paper (see Sect. 6). In /7/ the estimate is better, but for another parametric method (the
parameter enters polynomially and not linearly). The problem of estimating the number of
steps of the canonical simplex method remains unsolved. At the same time, the order-estimate
is obviously nearly accurate for the given parametric method in this paper.

2. Unijversal formulations of dual prcblems. The Grassman space of the
problems.

We shall begin from the usual formulation of dual linear programming problems in canonical
form:

max {<c, 2> |zeR", Az<b, 2220}, (2.1a)
min {<b, p>|peR*, Alp=c, p=0}. (2.1p)

Here A is a kXm matrix, beR' ceR™, t is the sign of transposition, ¢ > is the scalar
product in R™ and R*, and the inequalities are understood in the sense of coordinate
ordering. Henceforth m and k are fixed; n=m-+k.

We shall write problems (2.1) in another way which is more convenient for later. Consider
the space R"** with the fixed basis e%...,e""!, numbered 0,1,...,n+1; we shall insert R*
and R™ into R"™* as coordinate subspaces withthe numbers 1,2,...,k and k+H1,....,n
respectively. Using (4, b,¢) from (2.1) we shall construct the (k+1)X(n+2) -matrix D:

10...0|—c}{0

D=D[{0,1,..., k), 0,4, ...,n + )= 1:--0 bl 22)

|4
00...1

and shall consider the linear programming problems in Rn+::
max {z,|zeR"*?; Dz=0; z;30, i=1,2,...,n; Zop=—1}, (2.3a)
min {Ynsly=Dtz; zeR*Y; y20, i=1,2,...,n; yo=1}. (2.3p)
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It is obvious that (2.3) and (2.1) are identical. However, the formulation of (2.3) is
entirely symmetric: both the direct and dual problems are formulated in the same space, and
the limitations in both problems are of the equality type.

We shall consider the matrix D as the matrix of the operator from R** into R,
denoted by the same letter D, and D! as the matrix of the conjugate operator D' from R**
into R"** (since the basis if fixed, R*? is identified with the conjugate space).

We shall reformulate (2.3), denoting the kernel of the operator F by Ker F, and the
following form by ImF:

max {z;|r=Ker D; 2,20, i=1,2,...,n; Top=—1}, (2.4a)

min {yayi|yelm D% p0, i=1, 2,...,50; y=1}. (2.4b)

We can now dispense with the special form (2.2) of the matrix D and consider it to be
entirely arbitrary. Henceforth, it will only be necessary that the determinant of the
submatrix D=D[{0,1,...,k}, {0,4,...,k}] should be non-vanishing. In this case, multiplying
D from the left by D' will give the form (2.2). We shall call the set @ of all the
(k+1)X(n+2) -matrices D with a non-zero minor of the form shown the matrix space of linear
programming problems. This space of the problems is only formally distinct from the space of
the triple (4, b, ¢), which is usually considered. The advantages of form (2.4) will be seen
later, but now we take the following step in the direction of an invariant formulation. We
shall denote it by E,=Ew=Im D', E’=Ker D; and the other is the subspace in R"*!, whilst
E°=E,*=FEl , where the sign L is an orthogonal addition with respect to the natural scalar

product in R"**. We can now rewrite (2.3) thus, denoting the cone (zeR"*!|z:=0, i=1, 2,...,
n}=Q:
max {z,|z€ENQ, zayy=—1}, (2.5a)
min {ya.|yEENQ, yo=1}. (2.50)
Here we can assume E is an entirely arbitrary (k+1)-dimensional subspace in R"*, Both

problems now have an identical form and are symmetric with respect to the conversion from E
to EY with the replacement  Ty—>—Yusty Tasgs~>—Ys. We can say that (2.5) is a limitation on
the subspaces E, Et, respectively, of the trivial universal problems

max (ZHIZEQ, zn+l__1) (-°°), min (zn.ulzeog zo-i) (s—uo),

We recall that the set of all g-dimensional subspaces of the p-dimensional space is
called a Grassman manifold and is denoted by G(p,g). We shall call problems (2.5) a Grassman
formulation of dual linear programming problems. Now, already, the parameter of the problem
is the subspace E, i.e. the element G(n+2, k+1) (or  Et, i.e. the element G(n+2, m+1)).

We shall call Grassman's manifold the Grassman space of linear programming problems, bearing
in mind the correspondence of the subspaces and linear programming problems in the form (2.5).
When changing from the matrix to the Grassman space of the problems we identify all the
matrices D with one and the same kernel (or form D°*). This identification is not essential,
since any two matrices D with a common kernel are distinguished by a non-singular transformation
in the form. However, when examining these or other methods amd the properties of linear
programming problems, it is necessary to verify the correctness with respect to this
identification. This is done in Sect. 3 for the parametric method. We emphasize the
importance of the formulation (2.5) for the general theory of linear programming problems.

A similar approach, in which the problem (e.g., linear programming) or geometric cbject (e.q.
a polyhedron) are considered as the limitation (or projectien, see Sect. 5) of the universal
problem or geometric object, is called the Grassman approach. It is useful in problems of
linear algebra, convex analysis, etc. (comp. /8/).

We shall turn to the statistics in the space of the problems. Usually some or other
statistics in the space of the set (4, b, ¢)(see (2.1) are considered. We can transpose it to
the matrix D (see (2.2}) or directly introduce it in %, bearing in mind the formulations
{(2.3) and (2.4). when changing to a Grassman space of the problems we can specify the
statistics directly in G(n+2, k+1). At the same time there is some isolated measure in
G(p, ¢) which will be used later. We recall its description.

In Grassman’s manifold G(p,g) the orthogonal group O(p) operates transitively, and at
the same time we can represent G(p,gq) as a homogeneous space of the group O{p). It is well
known that a unique O(p)-invariant normalized measure exists in G(p,q), which we will call a
Grassman measure and denote it by Us,¢- The uniqueness follows from the uniqueness of Haar's
measure in O(p). The expression for the measure p,, (true, with another normalization)
can be obtained, for example, in /9/. TFor us the following simple proposition is important:

Proposition 1. Suppose ¢ 1is the mapping of the space of the ¢Xp ~matrices of rank ¢
in Grassman's manifold G(p, 9):
@(D)=Im D,

Then every probability measure in the matrix space, which is invariant with respect to right-
nultiplication by any orthogonal p-order matrix, converts into a Grassman measure for the
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mapping ¢.
The proof of the proposition clearly follows from the uniqueness of the orthogonally-
invariant measure.

Corollary 1. Every probability measure in the space of matrices &, for which the
rows are statistically independent and the distribution of each of them is orthogonally
invariant, becomes - under the influence of ¢ - a Grassman measure.

In this connection the main result of this paper (see Sect. 4) holds for any such
measure in matrix space.

3. Geometry of the parametric method.

To estimate the number of steps of any iterative process we first need to describe this
number in an obvious way as a function of the data of the problem and of the initial approxi-
mation. Unfortunately, there is still no simple description of this function for the
canonical simplex method., All the existing theoretical estimates are described in the so-
called parametric simplex methods. Their advantage is that the basic plans which can be
found during the iterations permit of a simple description: they are optimal for some
subsidiary problem with a parameter. Here Lemke's parametric method - also called “"Danzig's
self-dual algorithm" /3/ (for details see {(/10/) - is used. Another, less convenient,
parametric method was used in /1/.

We shall introduce the parameter t=R, into problem (2.la):

max {{c—igm, 2> |z=R", Az<b+iq,, 23>0}, (3.4)

where gu=(1,...,1)"€R™ q,=(1,...,1)"=R". Lemke's method consists of a sequential review of the
optimal plans in problem (3.1) for t, changing from +oto O. When ¢==0 we obtain problem
(2.1a): if t is fairly large, then the optimal plan is z=0 and we can take it as the initial
plan. The process of converting, using the optimal plans in (3.1), from one t to a similar
one is analogous to the simplex structure (see /10/). Finally we either obtain the optimal plan
in (2.la) when t=0, or we establish its unimportance if for socme >0 there is no optimal
pPlan. Naturally, we can introduce the parameter in a more complex way (see /7/) and Sect. 6
below). The most common method in some sense must be universal deformation for problems (2.1).

The introduction of the parameter t makes the matrix D from (2.2)-(2.4) linearly
dependent on t:

.71 O
Dt)=D+ DR(t), R(t)=l]0!—0—Kﬂ
{if D has the form (2.2), then D=Id). A one-parametric family of problems is obtained,
which is written in a form similar to (2.4):
max {z.]zeKer D(t); 220, i=1,2,...,n; Zop=—1}, (3.20)
min {yas |y=Im D(2)"; y>0, i=1,2,...,1; yo=1}. (3.2p)

We shall introduce the notation Ne={1,2,...,n}, K={1,2,...,k}, M=N\K, F={IcN||J|=k, J*K}.

Below we present the definitions necessary to work with the parametric method. The
definitions are given for problem (2.3a). Their reformulations for problems (2.1), (2.4),

(2.5) are obvious, there fore if necessary the concepts introduced will also be used as it
applies to them.

We shall call the set Je&# a basis set for problem (2.3) if the limitation KerD(mE+)
N{zeR"**|z=0, i€{1,2,...,n+1}\J}={0}. This definition is equivalent to the usual one.

The basis set is called permissible (or doubly permissible) if the vector 2z€R"** exists,
{correspondingly, yeR™), satisfying the limitations of problem (2.3a), whilst z=0 for
ieN\J (correspondingly, satisfying the limitations of (2.3b), whilst ym=0 for jel) .
The basis set, which is simultaneously permissible and doubly permissible, is called optimal).

The basis set for problem (2.3a) is called parametrically permissible (correspondingly,
parametrically doubly permissible and parametrically optimal (in /1/ - fully permissible)), if
t>0 exists, for which it is permissible for problem (3.2a) (correspondingly, double per-
missible and optimal). We can also give similar definitions for other parametric methods.

Lemke's method for the initial problem (2.3a) consists of a sequential inspection with
respect to t of the parametrically optimal sets. These sets, being basis sets, are generally
neither permissible nor doubly permissible (a drawback of the method). The set XK is parametrically
optimal (for large t), and we shall take it as the initial set; the optimal set is parametrically
optimal when (=0,

Not every parametrically optimal set is necessarily encountered in some step of Lemke's
method; this will happen in the case of degeneracies. However we have the following

Proposition 2. For an open and everywhere dense set in the space of the given problems
(2.3a) the parametric optimality of the set is equivalent to its appearance in some step of
Lemke's method.

Proof. It is sufficient to note that for an open and everywhere dense set in the space
of the given problems (2.3a) the parametric family of problems (3.2a) is such that the
optimal plan is unique in all the range of variation of the parameter t, with the exception
of a finite number of points, and at these points there are precisely two optimal basis
plans: one for small values of t and one for large values of t.
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Corollary 2. For almost all problems (2.3a) with respect to Lebesgue's measure in the
matrix space 2 the number of steps in Lemke's method is the same as the number of para-

metrically optimal sets.
We shall now explicitly describe parametrically permissible and parametrically doubly

permissible sets.

Proposition 3. Suppose Je# is the basis set. The set J is permissible in (3.2a)
when and only when

Ker DN {zeR"*!|z,=0, icM\J; z,=—t, ieK\J; z20, ieMN], z@~t, i€KN], 20, =—1} %D, (3.3)

The set J is doubly permissible in (3.2a) when and only when

Im D'n{yeR**|y=0, icKNJ; yom=—t, icMN]; y>0, i€K\J; y=—t, i€M\/; y=1}%2, (3.4)

The simultaneous satisfaction of conditions (3.3) and (3.4) for one and the same (30

is equivalent to parametric optimality.
The proof amounts to a verification of the definition applied to problem (3.2a),

Corollary 3. whether the property of the set is parametrically permissible or para-
metrically doubly permissible depends only on the kernel D. Therefore, these properties are
correct with respect to the conversion to the Grassman formulation of problem (2.5).

We shall give a direct geometrical interpretation of parametrically doubly permissible
sets. Note that we can give a similar condition for parametrically permissible sets. However,
the interpretation of the simultaneous completion of these conditions (i.e. of the parametric
optimality) is rather cumbersome due to the connecting parameter t. It is convenient to
introduce the following notation. We shall compare the following subspace in R™' to each set
of indices I<={0, 1,..., n} such that MNIwD :

LD =(zeR** | z=0, ie{0, 1,....k}0]; =1z, 1, j@MNI}.
In the subspace L(I) we shall fix an orthonormalized basis, consisting of the unit vectors
of the standard basis ¢’ i€{0,1,..., n+1}\I, and of the vector

EINMy=rh ;; ¢ where r=|IN M|
igINM

We shall denote the vector coordinates zeL(l) in this basis by z,ie{0,1,...,n+1}\] and z
respectively. We shall introduce a cone into L(I):
C()={zeL(l)|2>0, i€{0,1,..., k}\; z>r "7,  ieM\]; <0},

From Proposition 3 we obtain

Proposition 4. Suppose Jed. Then for almost all problems (2.3a) with respect to
Lebesgue's measure in the matrix space 2 the following statements are eguivalent:

a) the set J is a parametrically doubly permissible set ;

b} ImDnC(J)*2.

Thus, the parametric double permissibility of set J is equivalent to the non-emptiness
of the intersection of the subspace ImD* and the cone (/). FromProposition 4 we directly obtain

Corollary 4. Suppose Je. Then for almost all E@G(r+2, k+1) (using the Grassman measure)
the following statements are equivalent:

a) the set J is a parametrically doubly permissible set in problem {2.5a);

b) ENC(J)*2.

We shall sum up the results of this paragraph in the following theorem. We shall denote
the number of steps in Lemke's method for problem (2.3a), or, which amounts to the same in
problems (2.4) or (2.5) (in the first two cases E=ImD"), by s(E).

Theorem 1. For almost all Ee&G(n+2, k+1) (using the Grassman measure)

s(E)Y<|{JaR|ENC(])»T}|.

Proof. The number of steps for almost all E is the number of steps of the parametrically
optimal sets (Corollary 2). But every such set is a parametrically doubly permissible set
by definition. Applying Corollary 4, we obtain the necessary result for problem (2.5).
But, using Corollary 3, the number of steps in problems (2.3) and (2.4) is the same as in
(2.5).

4. A fundamental theorem.

We shall obtain the asymptotic behaviour of an average number - using an orthoinvariant
(Grassman) measure in Grassman's manifold - of parametrically doubly permissible sets which,
using Theorem 1, will provide ‘an estimate of the number of steps of Lemke's method. We shall
denote the number of parametrically permissible sets, distinct from X, for E in problem {2,5a)
by s(E). The integration with respect to the Grassman measure is denoted by

...d8, s (n, k)= s (E)dE,
Gy, @ Gin+1, ¥41)

Theorem 2. For fixed k and as n-»occ we have
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*\
s, 1) = LI 10 s 1. 0 (1 -,
Proof. Suppose ek We shall introduce into R"* the subspace

L(J) = {ze=R"*?|2,=0, iel}
and the cone

Co ()= (zeLl*(J) 20, i=(0,1,..., n}\J}.

Suppose y is a function of the set: y(a)=1 if a#*@ and y(P)=0. We shall present
a convenient formula for the functions ;.

Lemma 1. For almost all subspaces EeG(n+2, k+1) with respect to the measure pu,s iy
the following relation holds:

a®=YNrEncy=45N( X wENCTUM +RENCW).
Je®

JER jEi0,1, ..., n)\J

Proof. The first equation in Lemma 1 is directly obtained from Corollary 4. We shall
fix the set Je& and show that for almost all E

xEnc=5[ ¥ xEncuum+uEncO]. (1)

jeto 1, ....n}IN\J

whence the validity of the second equation in Lemma 1 will also follow. For almost all E
(using the Grassman measure)

dim (ENL(J) ) =dim E+dim L ()~ (n+2) =2.

Consequently, the cone ENC(J) is two-dimensional., It is obvious that it has almost exactly
two one-dimensional bounds, which are intersections of E with the bounds of the leading
dimension of the cone ((J). The cones C(JU{j}), j<{0, 1,..., »n}\J and the cone C*(J) are the
bounds of the leading dimension of the cone C(C(J). Thus, Eq.(4.1l) is proved.

Using Lemma 1,

nmb=3 Y[ ¥ Poum+r), 42

Je® jelo.1, ... n\J

where

py=§ wENCUNEE IC,....m MOI- 2,
G(n+43, ¥+1)

P (J) = S WENCINEE, JT=B.
G(n43, X+1)

We shall fix the set of indices Jed and the index je{0, 1,..., n}\. Suppose I=JU {j}.
We shall evaluate the integrals P(J) and P*(J). Note that the function ¢(ENC(I)) depends
only on the straight line ENL(/) (and not on the subspace E itself). Using Chzhen's
formula (see /9, p.207/), we have

py=_§ x@ncune,
RP(LI)

where RP(L) is a projective space associated with the subspace L, i.e. the space of the
straight lines in L (for L=R’ the standard notation is RP,), and the integration is carried
out over the corresponding orthoinvariant measure. In a similar way,

)= x(6 N C*(J))d0.

RP(S'(J))
Later we will use the following lemma.

Lemma 2. Suppose C is an open convex cone in R?, (%R’, p is any probability measure in
R*, which is invariant with respect to the effect of the orthogonal group, whilst u({0})=
0. Then

{ rencd=2c)
BP,

where the integration is carried out over the orthoinvariant normalized measure TP

Proof. This lemma is an obvious corollary of the orthoinvariance of the measures p and [TPS
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We shall use Lemma 2 to calculate  P(I). We shall take as the measure p the Gaussian
measure in L(/), i.e. the measure with the density

g(z)=[(2n)""1]™*2exp [—- -—;— ( Z z3 + 2’)] y

iei0, 1, ..., n+1IN\I

where z(i€{0, 1,..., n+1}\I), 7 are the coordinates of the vector z in the orthonormalized base
fixed in L(l) (see the end of Sect.3). Then
p=2 { g, 43)
el

where the integration is carried out over Lebesgue's measure in L(l).

Suppose
s
Py = 2@ fexo (- 73 &)z,
where i<r<m+i, Qm{zeR"**|7,<0; z>0, i=2,...,r+1; z>r%z, f=rt2,..., m+1}. From the

definition of the cone C(J/) and from Eq. (4.3) we have the following lemma.

Lemma 3. The relation P(I)=P,, where r=|INM}, is valid.
For pP°(J) the calculations are carried out in a similar way. From Lemma 2 with a
Gaussian measure as the measure p and from the equation

(2n) S eadt =1j, (4.4)

0

we have

Lemma 4. We have the formula P°(J)==2-".

We shall fix r, such that 1=r<k+1, and shall calculate the asymptotic behaviour of
P, Integrating with respect to all the variables, besides ,, and using Eq.{4.4), we
will obtain

0
P2 (2n)- S e[ (V)] dt, (4.5)

where

O (v)=(2n) " S e-Phd,

v

Lemma 5. For fixed r=>! and as n—e for the integral
0
I(r, n)= (2n)" S e-812 [ (r- )] dt

the following asymptotic equation holds:
I(r, n)=r"(r—1) =" (4nln n) "-"2[1+0(n n) ") ].

Remark 1. The asymptotic behaviour of the integral I(r, n) has already been calcu-
lated for a similar reason in /11, Sect.5/, but the calculations were carried out in a
different way.

Proof. Making the change of variable v=r-"t, we obtain

1o =(5)" So D V)" d.

This integral is a Laplace integral. The function ®(v) is less than 1 and ®(v)—>1 as
v—+—o00 , We shall make a change of variable, auch that we imbed in O the maximum point
of the function raised to the n-th power. Assuming uw==1—-®(v), we have

17
(]

I(r,n)=r" g e-r-0v2 (1 — yY du, (4.6)
¢
where v=p(u) 1is a function determined from the equation u=i—-@(v). Note that v(u)—+—oo

as u~0. The asymptotic expansion for the function of the errors as v—+—o gives (see
/12, p.119/)

=1 - D)= (2n)" [1 40 (™).

e-vY/2
—D

Putting this equation into algorithmic form, we obtain
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lnue—— -”;— —In(=v)— In[@)"] + 1a [l + 0 w™2)],

whence follow the expressions for 1? and v and we shall substitute them into (4.6). We
have

Yy
I(r, n) =r'"h (4n)tr-n/2 S url(—lnu)r-vz2({ —u)* [1 4 O (r™Y] du.

v

Making the change of variable t=-—In(1—u) and noting that u={—e~'=t+0(#), t=0, we
obtain
—ln Y,
I(r, n)=r" (4n)r-12 S tr-1(— Int)r-D2e-tnn) x [{ 4 O ()] [1 + O (™)) dt.
o

To clarify the asymptotic behaviour of the last integral we will use Watson's lemma for the
logarithmic singularity.

Lemma 6 (see /13, p.46/). Suppose 1, A€R, p>0, the function f(z) is continuously
differentiable for small z3»0 andis continuous for O<z<a<®, Then as A-+% the following
asymptotic equation holds:

a
S z8-1|Inz|Vedf (x)dz = AR (ln AT (B) F(0) [1 + O ((In A)™)].

0

Using this lemma, we will obtain a statement of Lemma 5. Using Lemmas 3, 4, S5 and
Egs. (4.2), (4.5), we will obtain a statement of Theorem 2. From Theorem 2 we obtain directly

Theorem 3. The average number of s(n, k) steps in Lemke's method for problem (2.5a)
using the orthoinvariant measure pa.,:a. in the manifold G(nt+2, k+1)for fixed k and as
n—+e has the asymptotic estimate

s(n, k)<'/y(k+1)" (nIn n)**+0 ((In n)*=172), 4.7)

From Theorem 2 and Proposition 1 we can obtain

Theorem 4. Suppose in the space of the (k+1)X(n+2) -matrices of rank k+1 the
probability measure p is specified, which is invariant with respect to right-multiplication
to any orthogonal n+2 -order matrix. Then the average number of s(n, k) steps in Lemke's
method for problem (2.3a) using the measure yx in the above matrix space for fixed k and as
n—+~o has the asymptotic estimate (4.7)

Remark 2. The problem solved in this paragraph has several interesting reformulationms,
of which we will present two:

1) the probability reformulation: if &,,..., &n are independent random (0, 1) —~Gaussian
quantities, what kind of sequence B, need there be, such that

P{ n=th 25‘ > max n.l}-o(i);

- Br 1<icn

answer: f,~c(lnn)*.

2) from spherical geometry: for what kind of sequence vy, does the spherical size of
the cone, drawn to the vectors zi=e~1.i, =(i...., 1) = ¢ are basis vectors in BR®, i1, 2,..., n,
- have a non-vanishing limit as n—o; answer: fY.~c(n’lnn)="%

Both answers follows from the theorems obtained above.

5. A dual geometrical interpretation.

The most fruitful geometrical interpretation of the linear programming problem was
introduced by L.V. Kantorovich and considered in detail by G. Sh. Rubinshtein in /14/; it is
implemented in the space of the "right-hand sides" and reduces the linear programming problem
to the problem of the least point of intersection of a half-line and convex cone. Its
advantage lies in the possibility of simultaneously interpreting direct and dual problems.
In the usual form and in the notation of problem (2.la) and (2.2) it looks as follows:

max{llznz‘d‘=d"*l—}‘d°, z; >0, i=1, 2....,n}. (5.1)

fami

where d' is the form of the basis vector ¢ for the mapping D: R"**—R'!, 1f we introduce
the cone C=Con {d', im=1, 2,...,n}<=A**' and the straight lineIl={—-Ad’+d"*!|A€R}<=R'*!, then problem
(5.1) consists of obtaining the least point (with a minimum zero coordinate) of the
intersection [INC.

We shall write in the spirit of the Grassman interpretation. For this we shall consider
the universal cone Q=Conf{e, i=1, 2,...,n}cR"** and the straight line L={-—Ae’+e"+'|A@R}cR"*,
Then the trivial universal problem consists of obtaining the least point (with a minimum
zero coordinate) of the intersection LNQ (=2). Consider D: R**—R**'xR"**/KerD.
Suppose, as in Sect. 2, E=ImD* E‘t=KerD. Identifying R"+*/E+ with E using D*, we can
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assume that the cone C=D'DQ  and the straight line II=D'DL 1lie in E; then we obtain the
problem
max {A|D"DQ@=D De"*'~\D"De"}. (5.1a)

Since the conditions of problem (5.la} depend only on the kernel of the operator DD, the
following equivalent problem arises:

max {A|PQ=Pem+'—\Pe}, (5.2a)

where P is an orthoprojector to E. It is now natural to supplement this same problem for the
subspace E! with the replacement (as in Sect. 2) of e e™! by —gm*t —¢o:

nin {p|P,Q=~P e'—pP e}, (5.20)

where P, is an orthoprojector on EL

When transfering from (5.1) to (5.2a) we again identify the problems in which the matrices
have identical kernels, and obtain a new method of transforming Grassman's manifold into the
space of the!linear programming problems, for which (5.2a) and (5.2b) are completely identical
within the replacement of E by EL and e’ ' by —e™!, —¢°, Unlike (2.5), problems
(5.2) are projections (and not sections) in E or E' of the universal trivial problem.

We shall present, without details, a new interpretation of the parametric dual permissi-

bility of the set Je# (see Sect. 3). At the same time one more universal set is needeq,
due to the fact that the set K, which is initial, is fixed.
Suppose T==Con {e’, i=0, 1,...,k}+co{0, ¢, i=EM} (the sum of the cone and the simplex), S(J)=

Con {¢*, i&l}, T{Jy=Con {¢’, ieKNl}+co {¢', icMNl},
.
M{ty=]—2e"+ e+t ) € |A=R},
{ 2R}

H(ty=Aff {T(J), —te°}(Con {:} is a conical, co{} is a convex, and Aff[{-} is an affine envelope
of the sets of vectors in brackets).

Proposition 5. The base set Je# is parametrically optimal in problem (2.3a) and
others when and only when @30 exists, such that the following conditions hold:

a) PS(J)NPI(t)»< (parametric direct permissibility);

b) the hyperplane PH(t) in E is supporting to PT (parametric dual permissiblity).

Corollary 5. The basis set Je&# 1s a parametrically doubly permissible set when and
only when PT(J) is a (k—1) -dimensional bound of the polyhedral set PT.

Corollary 6. The number of steps in Lemke's method does not exceed the number of
bounds of codimension 2 of the polyhedral set PT for almost all EeG(n+2, k+1).

Thus, a new interpretation of the functional s,(E) from Sects. 3,4 is the number of bounds
of codimension 2 of some polyhedral set in E. Changing E, we obtain radom polyhedral sets and
arrive at the following problem which is well~known in random convex geometry /8/:

to obtain the average number of bounds of a random polyhedral set.

Thereby our fundamental result (Theorem 2) solves this problem for some statistics, and
also the methods of constructing the set presented above (the projection of T into the random
subspace E). This result agrees with the facts obtained in /9/.

6. Comments,

The Grassman approach to solving the problems of linear programming and convex geometry
was suggested by A.M. Vershik in /8, 15, 16/. It should be expected that in the convex geometry
problem we can use it to solve the old problem of the standard properties of convex polyhedra
of large dimensions. Note the similarity of the Grassman approach to the ideas of Gayley's
diagrams /17/. There are four models: the section or projection of a standard object with a
subspace and its orthogonal addition. These are problems (2.5) and (5.2). The idea of
including the parametric method inthe problem of estimating the number of steps of the simplex
method was independently suggested in /6/, and also in /18, 19 and 5/. As a result it turned
out that the methods and results of our paper and of /5/ differ: in /5/ a rougher method of
estimation was used, which was, however, suitable for a wider class of statistics. 1In addition,
Lemke's parametric method was considered in /5/, while a simpler parametric method was
considered in /1/. 1In this paper, unlike /1/, an accurate constant is given in the estimate,
and the order of entry of Inn is one and the same (k/2). As shown in /6/, using the method
in /S5/ it is impossible to obtain our estimate, and we can very slightly improve the estimate
from /5/ using the method of the author ({lnn)** instead of (lan)*"*/y, The Grassman
approach in /5/ is not used (see also the review in /20/).

It should be noted that /11/ and other papers examined the problem of the average number
of bounds of the leading dimension in a random polyhedron regardless of linear programming.

The results of /11/ also reduce to near estimates.

After /S, 18, 19/ several interesting papers were published. One of them /7/ contains
an estimate of the number of steps which is quadratic with respect to min(m, k). At the same
time a more powerful parametric method is used - polynomial perturbation, similar to versal
deformation in singularity theory and to Charns' method of controlling degeneration in linear
programming problems.
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In conclusion we mention that in /21 and 22/ the authors approach the linear programming

problem from a quite different angle: they generally give an infinite polynomial algorithm
}or solving the linear programming problem. But the problem of the relation between these
methods and simplex methods has not yet been solved in anyone'’s favour. To clarify this a
purposeful calculational experiment is needed.

1.
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ESTIMATES OF THE RATE OF CONVERGENCE OF DIFFERENCE SCHEMES FOR
VARIATIONAL ELLIPTIC SECOND-ORDER INEQUALITIES
IN AN ARBITRARY DOMAIN®

S.A. VOITSEKHOVSKII, I.N. GAVRILYUK and V.S. SAZHENYUK

Second-order variational elliptic inequalities in an arbitrary domain
with a constraint inside the domain or at the boundary with respect to
the penalty and fictitious domains method are approximated using non-
linear boundary value problems in a rectangle. Difference schemes

are constructed for these problems and the rates of convergence of
difference solutions to solutions of the variational inequalities are
established.
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