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The number of connected
components of a plane projective <
real algebraic curve of degree n

(n—1)(n—2)

2

+ 1.
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11/32



-1

Read the Sixteenth
Hilbert Problem

Call for attack

e Harnack’s inequality
® Two natures of
Harnack inequality

® Relative position of
branches

@ Harnack’s
construction

e Hilbert’s construction
e Hilbert sextics

e Why impossible?

e Hilbert-Rohn-Gudkov
method

e Call for attack

® Solutions

e Solved?

Breakthrough

Post Solution

A “complicated process” could not really satisfy Hilbert.
Desperately wishing to understand the real reasons of this
very mysterious phenomenon, Hilbert called for attack:

A thorough investigation of the relative position of the separate

branches when their number is the maximum seems to me to

be of very great interest,

Now people (especially, specialists) tend to widen the content

of Hilbert's 16th problem.

11/32



-1

Read the Sixteenth
Hilbert Problem

Call for attack

e Harnack’s inequality
® Two natures of
Harnack inequality

® Relative position of
branches

@ Harnack’s
construction

e Hilbert’s construction
e Hilbert sextics

e Why impossible?

e Hilbert-Rohn-Gudkov
method

e Call for attack

® Solutions

@ Solved?

Breakthrough

Post Solution

A “complicated process” could not really satisfy Hilbert.
Desperately wishing to understand the real reasons of this
very mysterious phenomenon, Hilbert called for attack:

A thorough investigation of the relative position of the separate

branches when their number is the maximum seems to me to

be of very great interest,

Now people (especially, specialists) tend to widen the content

of Hilbert’s 16th problem as just a call for
study of the topology of all real algebraic varieties.

11/32



-1

Read the Sixteenth
Hilbert Problem

Call for attack

e Harnack’s inequality
® Two natures of
Harnack inequality

® Relative position of
branches

e Harnack’s
construction

e Hilbert's construction
e Hilbert sextics

e Why impossible?

e Hilbert-Rohn-Gudkov
method

e Call for attack
® Solutions

@ Solved?

Breakthrough

Post Solution

A “complicated process” could not really satisfy Hilbert.
Desperately wishing to understand the real reasons of this
very mysterious phenomenon, Hilbert called for attack:

A thorough investigation of the relative position of the separate

branches when their number is the maximum seems to me to

be of very great interest,

Now people (especially, specialists) tend to widen the content

of Hilbert’s 16th problem as just a call for
study of the topology of all real algebraic varieties.

To support this view, they cite also the next piece of Hilbert’s

text:

11/32



-1

Read the Sixteenth
Hilbert Problem

Call for attack

e Harnack’s inequality
® Two natures of
Harnack inequality

® Relative position of
branches

@ Harnack’s
construction

e Hilbert’s construction
e Hilbert sextics

e Why impossible?

e Hilbert-Rohn-Gudkov
method

e Call for attack

® Solutions

e Solved?

Breakthrough

Post Solution

A “complicated process” could not really satisfy Hilbert.
Desperately wishing to understand the real reasons of this
very mysterious phenomenon, Hilbert called for attack:

A thorough investigation of the relative position of the separate

branches when their number is the maximum seems to me

be of very great interest, and not less so the corresponding

to

Investigation as to the number, form, and position of the sheets

of an algebraic surface in space.
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Arnold’s proof relies on the topology of the configuration
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RP?.
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F' is a real homogeneous polynomial of degree d.

If F' is generic, then F'(xg,x1,x2) = 0 defines

RA C RP?, acollection of smooth ovals in RP?

and CA Cc CP?, a smooth sphere with g = (d=1)(d=2)

2
handles. Since d is even, RA divides RP? into

RP?, where F(z) >0, and RP?, where F(z) < 0.
Choose F' to have RP? orientable. p —n = x(RP%).

p Is the number of even ovals, the number of components of

RP_% . 1 is the number of odd ovals, the number of holes in
RP_% .
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Curve A of degree d = 2k, is defined by equation
F(xg,x1,x2) = 0 on projective plane, where

F' is a real homogeneous polynomial of degree d.

If F' is generic, then F'(xg,x1,x2) = 0 defines

RA C RP?, acollection of smooth ovals in RP?

and CA Cc CP?, a smooth sphere with g = (d=1)(d=2)

2
handles. Since d is even, RA divides RP? into

RP?, where F(z) >0, and RP?, where F(z) < 0.
Choose F' to have RP? orientable. p —n = x(RP%).

How to complexify RP? ?
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Curve A of degree d = 2k, is defined by equation
F(xg,z1,x2) = 0 on projective plane, where

F' is a real homogeneous polynomial of degree d.

If F' is generic, then F'(xg,x1,x2) = 0 defines

RA C RP?, acollection of smooth ovals in RP?

and CA Cc CP?, a smooth sphere with g = (d=1)(d=2)

2
handles. Since d is even, RA divides RP? into

RP?, where F(z) >0, and RP?, where F(z) < 0.
Choose F' to have RP? orientable. p —n = x(RP3).

How to complexify RP? ?
How to complexify the notion of manifold with boundary?
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Curve A of degree d = 2k, is defined by equation
F(xg,z1,x2) = 0 on projective plane, where

F' is a real homogeneous polynomial of degree d.

If F' is generic, then F'(xg,x1,x2) = 0 defines

RA C RP?, acollection of smooth ovals in RP?

and CA Cc CP?, a smooth sphere with g = (d=1)(d=2)

2
handles. Since d is even, RA divides RP? into

RP?, where F(z) >0, and RP?, where F(z) < 0.
Choose F' to have RP? orientable. p —n = x(RP3).

How to complexify RP? ?
How to complexify the notion of manifold with boundary?
How to complexify inequality F'(z) > 07?
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Curve A of degree d = 2k, is defined by equation
F(xg,z1,x2) = 0 on projective plane, where

F' is a real homogeneous polynomial of degree d.

If F' is generic, then F'(xg,x1,x2) = 0 defines

RA C RP?, acollection of smooth ovals in RP?

and CA Cc CP?, a smooth sphere with g = (d=1)(d=2)

2
handles. Since d is even, RA divides RP? into

RP?, where F(z) >0, and RP?, where F(z) < 0.
Choose F' to have RP? orientable. p —n = x(RP3).

Arnold: Complexification of inequality is two-fold branched
covering!
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Curve A of degree d = 2k, is defined by equation
F(xg,z1,x2) = 0 on projective plane, where

F' is a real homogeneous polynomial of degree d.

If F' is generic, then F'(xg,x1,x2) = 0 defines

RA C RP?, acollection of smooth ovals in RP?

and CA Cc CP?, a smooth sphere with g = (d=1)(d=2)

3
handles. Since d is even, RA divides RP? into

RP?, where F(z) >0, and RP?, where F(z) < 0.
Choose F' to have RP? orientable. p —n = x(RP3).

Arnold: Complexification of inequality is two-fold branched
covering!
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Curve A of degree d = 2k, is defined by equation
F(xg,z1,x2) = 0 on projective plane, where

F' is a real homogeneous polynomial of degree d.

If F' is generic, then F'(xg,x1,x2) = 0 defines

RA C RP?, acollection of smooth ovals in RP?

and CA Cc CP?, a smooth sphere with g = (d=1)(d=2)

2
handles. Since d is even, RA divides RP? into

RP?, where F(z) >0, and RP?, where F(z) < 0.
Choose F' to have RP? orientable. p —n = x(RP3).

F(x9,x1,25) = y* defines a surface CY in 3-variety

E = (C*\0) x C/(xg, z1,T2,y) ~ (tzo, tT1, T2, t*Y).
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Curve A of degree d = 2k, is defined by equation
F(xg,z1,x2) = 0 on projective plane, where

F' is a real homogeneous polynomial of degree d.

If F' is generic, then F'(xg,x1,x2) = 0 defines

RA C RP?, acollection of smooth ovals in RP?

and CA Cc CP?, a smooth sphere with g = (d=1)(d=2)

2
handles. Since d is even, RA divides RP? into

RP?, where F(z) >0, and RP?, where F(z) < 0.
Choose F' to have RP? orientable. p —n = x(RP3).

F(x9,x1,25) = y* defines a surface CY in 3-variety

E = (C*\0) x C/(xg, z1,T2,y) ~ (tzo, tT1, T2, t*Y).

Projection CY — CP? : [xg, 71, T2, y] — [To:71:75] is a

two-fold covering branched over CA.
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F(xg,z1,x2) = 0 on projective plane, where

F' is a real homogeneous polynomial of degree d.

If F' is generic, then F'(xg,x1,x2) = 0 defines

RA C RP?, acollection of smooth ovals in RP?

and CA Cc CP?, a smooth sphere with g = (d=1)(d=2)
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handles. Since d is even, RA divides RP? into

RP?, where F(z) >0, and RP?, where F(z) < 0.
Choose F' to have RP? orientable. p —n = x(RP3).

F(x9,x1,25) = y* defines a surface CY in 3-variety

E = (C*\0) x C/(xg, z1,T2,y) ~ (tzo, tT1, T2, t*Y).

Projection CY — CP? : [xg, 71, T2, y] — [To:71:75] is a

two-fold covering branched over CA.
It maps RY onto RP? .
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Curve A of degree d = 2k, is defined by equation
F(xg,z1,x2) = 0 on projective plane, where

F' is a real homogeneous polynomial of degree d.

If F' is generic, then F'(xg,x1,x2) = 0 defines

RA C RP?, acollection of smooth ovals in RP?

and CA Cc CP?, a smooth sphere with g = (d=1)(d=2)
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Choose F' to have RP? orientable. p —n = x(RP3).
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E = (C*\0) x C/(xg, z1,T2,y) ~ (tzo, tT1, T2, t*Y).

Projection CY — CP? : [xg, 71, T2, y] — [To:71:75] is a
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Hy(CY) = Hy(CY) = Z,
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@ |sotopy classification
of nonsingular sextics

@ Gudkov’s M-curve
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e Gudkov’s conjecture
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® The first part success

Post Solution We O“ent RY 5
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Breakthrough HO((CY) — H4(CY) — Z, Hl (CY) — H3((CY) — O

@ |sotopy classification
of nonsingular sextics

° 's M- 2 - .
Gudkav's M-urve Hy(CY) = Z** ~%k1 "our scene of algebraic action;

e Gudkov’s conjecture
e Arnold’s congruence

I ——— decorations: Intersection form
:::r’]r:c())fn;?lzgri/old's HQ(CY) X HQ(CY) — Z : (&7 ﬁ) = & O 6 :

congruence .

® Gudkov-Rokhlin I”VOIU“O” 7-* . HQ((CY) — HQ(CY) .
congruence

® The role of Form of involution 7

complexification

wepoen  Ha(CY) X Hy(CY) = Z 2 (, B) — avor f = a0 7 ()

« Second par Homology classes 00|, [RY |, [CA] € Hy(CY).

® The first part success

Post Solution [0o] is the preimage of a generic projective line under
CY — CP?.
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71 (CY') = 0. This simplifies algebra, makes it commutative.

Ho(CY) = Hy(CY) = Z,

H,(CY) = Z*°~6k+4 oyr scene of algebraic action;

decorations:

Intersection form

Hy(CY) x Hy(CY) - Z: (a,8) — o 3 .
Involution 7, : Hy(CY') — Hy(CY).

Form of involution 7
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[CAlo, £ =&0,& mod 2 forany &.

H,(CY) = Hy(CY) = 0.
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Hilbert Problem 71 (CY') = 0. This simplifies algebra, makes it commutative.

Breakthrough HO(CY) — H4(CY) — Z, Hl (CY) — H3(CY) — O

@ |sotopy classification
of nonsingular sextics

° V' -Curv 2= - .
Gudkov's M-curve Hy(CY) = Z** ~%k1 "our scene of algebraic action;

® Gudkov’s conjecture

e Arnold’s congruence

I ——— decorations: Intersection form
:::r’]r:c())frr;?zg:old's HQ(CY) X HQ(CY) — Z : (&7 ﬁ) = & O /6 :

congruence

® Gudkov-Rokhlin I”VOIUUO” 7-* . HQ((CY) — HQ(CY) .
congruence
® The role of Form of involution 7

complexification

maen  Hy(CY) x Hy(CY) = Z: (o, 8) = a0, = a0 7.(3)
e - Homology classes [<], [RY], [CA] € H5(CY).
® The first part success [CA] QT 5 - £ 075 mOd 2 fOr any 5

Post Solution

Because X N 7(X)
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Hilbert Problem 71 (CY') = 0. This simplifies algebra, makes it commutative.
?rlesa:)t:)hpzsl::?;ssification HO(CY) — H4(CY) — Z’ Hl (CY) — H3(CY) — O ’

of nonsingular sextics

° V' -Curv 2= - .
Gudkov's M-curve Hy(CY) = Z** ~%k1 "our scene of algebraic action;

® Gudkov’s conjecture

e Arnold’s congruence

I ——— decorations: Intersection form
:::r’]r:cc))fng)?lzgr?old's HQ(CY) X HQ(CY) — Z : (&7 ﬁ) = & O /6 :

congruence

® Gudkov-Rokhlin |nVO|U'[I0n 7-* . HQ((CY) — HQ(CY) .
congruence
® The role of Form of involution 7

complexification

maen  Hy(CY) x Hy(CY) = Z: (o, 8) = a0, = a0 7.(3)
SO Homology classes [oo], [RY], [CA] € Hy(CY).
® The first part success [CA] QT 5 — f 075 mod 2 fOr any 5

Post Solution

Because X N 7(X)
= (X NCA) U (even number of points) .
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| =
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Because multiplication by /—1 is antisomorphism between

tangent and normal fibrations of RA + Pnincaré-anf
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@ |sotopy classification - L

of nonsingular sextics w € /" is a characteristic class of @,

o Gudkov’s M-curve .
@ Gudkov’s conjecture If ®(aj7 Qf) = ¢(ZC7 w) mOd 2 for any X E Z’I“ .

e Arnold’s congruence

e Complexification Lemma. For any two characteristic classes w, w’ of a form ®
S B e ¢(w',w') = ¢(w,w) mod 8

o Gudkow-Rokhin Backto CY: Aswe have seen [CA| and [RY] are

N — characteristic for o, if RA divides CA.

complexification

e Mystery of the 16th Therefore [CA] O’T [(CA] — [RY] 07- [RY] mOd 8 c

Hilbert problem

[CA] o, [CA] = [CA] o [CA] = k[oo] o k[oo] =
5 s K2[oc] 0 [o0] = 202,
RY]o, [RY] = ~[RY] o [RY] = ~(~x(RY)) =

Y]o
(RY) = 2x(RP}) = 2(p — n).
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if ®(x,x) =P(x,w) mod 2 forany x € Z".

Lemma. For any two characteristic classes w, w’ of a form ®
¢(w',w') = ¢(w,w) mod 8

Backto CY: Aswe have seen [CA| and [RY] are

characteristic for o, if RA divides CA.

Therefore [CA] o, [CA] = [RY] o, [RY] mod 8.

(CA] o, [CA] = [CA] o [CA| = k[oo] 0 k[oo] =

k?[00] o [oo] = 2k2.

RY] o, [RY] = —[RY] o [RY] = —(—x(RY)) =

Y(RY) = 2y(RP2) = 2(p — n).

Finally, we get 2k* = 2(p —n) mod 8,

thatis p—n = k* mod 4. In particular, if p+n =g-+1.00
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Soon after Arnold’s paper, Rokhlin published a paper "Proof of
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theorem on divisibility of signature by 16, and deduced the
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Few months later Rokhlin published a generalization of

Gudkov conjecture to maximal varieties of any dimension with

a simple and correct general proof.

Rokhlin’s Theorem. Let A be a non-singular real algebraic

variety of even dimension with

(dimz, H,(RA;Z5) < dimg, H,(CA;Z,) forany A)
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Soon after Arnold’s paper, Rokhlin published a paper "Proof of

Gudkov’s conjecture”. He extended his famous topological
theorem on divisibility of signature by 16, and deduced the
Gudkov congruence. The deduction was wrong.

Few months later Rokhlin published a generalization of

Gudkov conjecture to maximal varieties of any dimension with

a simple and correct general proof.

Rokhlin’s Theorem. Let A be a non-singular real algebraic

variety of even dimension with
Then y(RA) = 0(CA) mod 16.
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Soon after Arnold’s paper, Rokhlin published a paper "Proof of

Gudkov’s conjecture”. He extended his famous topological
theorem on divisibility of signature by 16, and deduced the
Gudkov congruence. The deduction was wrong.

Few months later Rokhlin published a generalization of

Gudkov conjecture to maximal varieties of any dimension with

a simple and correct general proof.

Rokhlin’s Theorem. Let A be a non-singular real algebraic

variety of even dimension with
Then y(RA) = 0(CA) mod 16.

Between the two papers by Rokhlin, there was a paper by
Kharlamov with the upper bound (=10) for the number of
connected components of a quartic surface.
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Hilbert’s puzzle had been solved!
The answer is in the complexification.

Gudkov’s conjecture and its high-dimensional generalization
proven by Rokhlin explain all the phenomena which had struck

Hilbert and motivated his sixteenth problem.

They are real manifestations of fundamental topological
phenomena located in the complex.

Hilbert never showed a slightest sign that he had expected a

progress via getting out of the real world into the realm of

complex. Felix Klein consciously looked for interaction of real

and complex pictures as early as in 1876.
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that emerged when the problem was solved.
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that emerged when the problem was solved.
This is its number !
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that emerged when the problem was solved.
This is its number !

The number sixteen plays a very special role
In the topology of real algebraic varieties.
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that emerged when the problem was solved.

This is its number !

The number sixteen plays a very special role

In the topology of real algebraic varieties.

Rokhlin’s paper with his proof of Gudkov’s conjecture
and its generalizations is entitled:
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that emerged when the problem was solved.
This is its number !
The number sixteen plays a very special role
In the topology of real algebraic varieties.
Rokhlin’s paper with his proof of Gudkov’s conjecture
and its generalizations is entitled:
“Congruences modulo sixteen
In the sixteen th Hilbert problem”.
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that emerged when the problem was solved.
This is its number !
The number sixteen plays a very special role
In the topology of real algebraic varieties.
Rokhlin’s paper with his proof of Gudkov’s conjecture
and its generalizations is entitled:
“Congruences modulo sixteen
In the sixteen th Hilbert problem”.

Many of subsequent results in this field have also the form of

congruences modulo 16.
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that emerged when the problem was solved.
This is its number !
The number sixteen plays a very special role
In the topology of real algebraic varieties.
Rokhlin’s paper with his proof of Gudkov’s conjecture
and its generalizations is entitled:
“Congruences modulo sixteen
In the sixteen th Hilbert problem”.
Many of subsequent results in this field have also the form of
congruences modulo 16.
It is difficult to believe that Hilbert was aware of phenomena
that would not be discovered until some seventy years later.
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that emerged when the problem was solved.
This is its number !
The number sixteen plays a very special role
In the topology of real algebraic varieties.
Rokhlin’s paper with his proof of Gudkov’s conjecture
and its generalizations is entitled:
“Congruences modulo sixteen
In the sixteen th Hilbert problem”.
Many of subsequent results in this field have also the form of
congruences modulo 16.
It is difficult to believe that Hilbert was aware of phenomena
that would not be discovered until some seventy years later.
Nonetheless, 16 was the number chosen by Hilbert.
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Hilbert’s sixteenth problem does not stop where | stopped
citation, it has the second half:
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In connection with this purely algebraic problem, | wish to bring

forward a question which, it seems to me, may be attacked
the same method of continuous variation of coefficients, an
whose answer is of corresponding value for the topology of

by
d

families of curves defined by differential equations. This is the
guestion as to the maximum number and position of Poincaré’s
boundary cycles (cycles limites) for a differential equation of

the first order and degree of the form
dy _ Y
dx X
where X and Y are rational integral functions of the nth

degree in x and y.
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Written homogeneously, this is

where X, Y ,and Z are rational integral homogeneous

functions of the nth degreein x, vy, 2z, and the latter are to

be determined as functions of the parameter .
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Written homogeneously, this is

where X, Y ,and Z are rational integral homogeneous

functions of the nth degreein x, vy, 2z, and the latter are to

be determined as functions of the parameter .
There is still almost no progress in the second half of the
sixteenth problem.
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where X, Y ,and Z are rational integral homogeneous

functions of the nth degreein x, vy, 2z, and the latter are to

be determined as functions of the parameter .
There is still almost no progress in the second half of the

sixteenth problem. Hilbert’s hope for a similarity between the

two halves has not realized.
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Written homogeneously, this is

where X, Y ,and Z are rational integral homogeneous

functions of the nth degreein x, vy, 2z, and the latter are to

be determined as functions of the parameter .
There is still almost no progress in the second half of the

sixteenth problem. Hilbert’s hope for a similarity between the

two halves has not realized.
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