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We consider the open problem of regularity for L����solutions to the Navier�Stokes

equations� We show that the problem can be reduced to a backward uniqueness

problem for the heat operator with lower order terms�

�� Introduction

In this paper� we deal with the classical Cauchy problem for the Navier�Stokes
equations�

�tv�x� t� � div v�x� t� � v�x� t��� v�x� t� � �rp�x� t��
div v�x� t� � 	

�
�
�

for x � R�� t � �T� and
v�x��T�� � a�x�� x � R�� �
���

The problem �
�
�� �
��� has at least one weak solution v in the so
called
Leray�Hopf class �cf� ��� ����

It is known �cf� ��������� that� under the additional condition

v � Ls�l��T�� T �R���
�

s
�
�

l
� 
� s � �� l � ��

the weak Leray�Hopf solution is unique on the interval � � T�� T �� Moreover�
this solution is smooth if s � �� It is an open problem whether weak solutions

�
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remain smooth if s � � and l � �� �cf� ��������� for results related to this
problem��

In this paper� we connect the above problem to a backward uniqueness
problem for the heat equation� This problem is of independent interest from
the point of view of control theory�

We outline the main idea� Assume that �	� 	� � R����T����� is a singular
point of a solution v satisfying

ess sup
�T��t���

Z
R�

jv�x� t�j�dx � ��� �
���

For � � 	 we consider the functions

v��x� t� � �v��x� ��t� �
���

de�ned in R��� � T�������� The crucial point is that both �
�
� and �
���
�with T� replaced by T���� are invariant under scaling �
���� By the compact

ness properties of a weak solution� it is possible to pass to the limit as �� 	�	
along a suitable subsequence �j � 	 � 	�

The result of this procedure is a solution u � limv�j to the Navier�Stokes
equations which is nontrivial �unless �	�	� is a regular point of v�� is de�ned on
R��R� and vanishes for t � 	� Moreover� u is regular in space
time domains
of the form

fR� nB�	� R�g��� T������
where R � R�T��� We consider the equation for the vorticity � � r� u

�t� � ��kuk � u�k�k ��� � 	� �
���

We regard �
��� as a linear heat equation for � with lower
order terms

�t� ��� � Ak��k � B�� �
���

where A � �Ak� and B � �Bij� are given functions�

Conjecture� �� Assume that A and B have reasonable regularity proper�

ties and suitable decay at �� Assume that � is a bounded solution to �
���
in fR� n B�	� R�g�� � T����� which vanishes for t � 	� Then � � 	 in

fR� nB�	� R�g��� T������
The main point here is that we do not make any assumptions about � on

�B�	� R�� In fact� we can consider �
��
�B���R�

as a �control�� and try to drive �

to zero by prescribing �
��
�B���R�

� Our conjecture says that exact controllability

is never possible in this case� Even the case A � 	 and B � 	 seems to be
interesting� and we have not found it in the literature� One of the results of

�� Added in proof � The conjecture has been con�rmed by Luis Escauriaza and the
authors under the assumption that A and B are bounded� In particular� Conjecture
H in Sec� � is true�
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this paper is a proof of the conjecture for A � 	 and B � 	� We believe that
the general case might be approachable by existing methods in the theory of
unique continuation� By our results here� such a proof would give a solution
to the regularity problem for the Navier�Stokes equations under the condition
�
����

�� The Notation and Main Results

We denote by M � the space of all real � � � matrices� Adopting summation
over repeated Latin indices� running from 
 to �� we use the following notation�

u 	 v � uivi� juj � p
u 	 u� u � �ui� � R�� v � �vi� � R��

A � B � trA�B � AijBij � jAj �
p
A � A�

A� � �Aji�� trA � Aii� A � �Aij� � M � � B � �Bij� � M � �

u� v � �uivj� � M � � Au � �Aijuj� � R�� u� v � R�� A � M � �

Let � be a domain in some �nite
dimensional space� We denote by Lm���Rl�
andW �

m���R
l� the Lebesgue and Sobolev spaces respectively of functions from

� into Rl� The norm of the space Lm���Rl� is denoted by k 	 km��� If m � ��
then we use the abbreviation k 	 k� � k 	 k����

Let T and T� be two parameters such that T� � T � and let � be a domain
in R�� We denote by QT��T � ���T�� T � the space
time cylinder� Space
time
points are denoted by z � �x� t�� z� � �x�� t��� etc� Let Lm�n�QT��T �R

l� be the
space of measurable Rl
valued functions with the norm

kfkm�n�QT��T
�

�����������
� TZ
T�

kf�	� t�knm�� dt
���n

� n � �
�����

ess sup
t�	T��T 


kf�	� t�km��� n � ���

In the special case � � R� and T� � �T� and T � ��� we abbreviate
Lm���R

�� � Lm� W �
� ���R

�� � H�� Lm�n�QT��T �R
�� � Lm�n�

Lm�T�� T �W
�
� ���R

��� � Lm�H
���

For integrable in QT scalar
valued� vector
valued� and tensor
valued func

tions we use the following di�erential operators

�tv �
�v

�t
� v�i �

�v

�xi
� rp � �p�i�� ru � �ui�j��

div v � vi�i� div 	 � �	ij�j�� �u � div ru�

which are understood in the sense of distributions� Here xi� i � 
� �� �� are the
Cartesian coordinates of a point x � R� and t ��	� T � is the time variable�
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We recall to the reader the de�nition of the weak Leray�Hopf solution to
the following Cauchy problem �cf� ��� ����

�tv�x� t� � div v�x� t� � v�x� t��� v�x� t� � �rp�x� t��
div v�x� t� � 	

���
�

for x � R� and t � �T� and
v�x��T�� � a�x�� x � R�� �����

Here� T� is a given positive parameter and a is a given divergence
free function
from W �

� �R
��R���

De�nition ���� A divergence
free function

v � L��� 
 L��H
��

is called the weak Leray�Hopf solution to the Cauchy problem ���
� and �����
if the following conditions holds�

for each w � L� the function t ��
Z
R�

v�x� t� 	 w�x� dx is

continuous at any point t � ��T������
�����

Z
Q�T����

f�v 	wt � v � v � rw �rv � rwg dz � 	

for any divergence
free function w � C�
� �Q�T�����R

���

�����

for any t � ��T���� � the following energy inequality is valid�Z
R�

jv�x� t�j�dx� �
tZ

�T�

Z
R�

jr vj� dxdt� �
Z
R�

jaj�dx� �����

kv�	� t�� a�	�kL� as t� �	� �����

One can show �cf�� for example� ����� that if� for a given weak solution� we
introduce �normalized� pressure

p�x� t� � 


�


Z
R�




jx� yj div div
�
v�y� t� � v�y� t�

�
dy� �����

then the pair v� p satis�es the Navier�Stokes equations in the sense of distribu

tions�

We assume that

v � L���� �����
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This allows us to improve properties ����� and ������ Namely� instead of ������
we have

for each w � L��� the function t ��
Z
R�

v�x� t� 	w�x� dx is

continuous at any point t � ��T������
�����

The inequality ����� takes the formZ
R�

jv�x� t�j�dx� �
tZ

�T�

Z
R�

jr vj� dxdt� �
Z
R�

jaj�dx ���
	�

for any t � ��T������ To see that� we note that
v � L� ���

�

and

div �v � v� � L �
�

L �

�
��� ���
��

and� by the coercive Ls�l
estimates for solutions to the Cauchy problem for
the linearized Navier�Stokes equations �cf� ��	� �
� �� 	� and ���� in the case
s � l��

j�tvj� jr�vj� jrpj � L �
�
�Q�T����T � 
 L �

�
���Q�T����T � ���
��

for any positive numbers � and T such that �T� � � � T � Then ���
	� easily
follows from ������ ���

�� and ���
��� We also note that ����� and ���
	� imply

v � C���T�� T ��L��� ���
��

Another important consequence of the assumption ����� is the time
continu

ity of v from the right with values in L�� i�e��

kv�	� t�� v�	� t��kL� � 	 as t� t� and t � t�� ���
��

In turn� according to ������ ������ and ���
��� we see that

p � L �
�
�� ���
��

and

kp�	� t�� p�	� t��kL �
�

� 	 as t� t� and t � t�� ���
��

Given positive numbers T� and R�� we leteQ�T�� R�� � fR� nB�	� R��g��� T������
De�nition ���� Assume that A � �Ai� and B � �Bij� are measurable

and bounded functions on eQ�T�� R��� We say that the pair �A�B� belongs
to the class C�T�� R�� if the following condition holds� Whenever a function

� � eQ�T�� R��� R
� satis�es the conditions
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�i� � and r� are bounded and continuous�
lim

jxj���
j��x� t�j � 	 uniformly in t�

�ii� �t� ��� � Ak��k � B� in eQ�T�� R�� in the sense of distributions�
�iii� if ��x� t� � 	� x � R� nB�	� R��� and t � 	�

we have ��x� t� � 	 in eQ�T�� R���

Conjecture H� Assume that for k � 	� 
� � � � the functions rkA and rkB

are H�older continuous and bounded in eQ�T�� R���

lim
R���

sup
x�R�nB���R�

sup
�T��t���

jrkA�x� t�j� jrkB�x� t�j � 	� ���
��

and

lim
t��

sup
x�R�nB���R��

jrkA�x� t�j� jrkB�x� t�j � 	� ���
��

Then �A�B� � C�T�� R�� �

Conjecture G �restricted conjecture H�� Assume that for a solenoidal vector�

valued function w the functions A � �w and B � rw satisfy the assumptions

of Conjecture H� Then �A�B� � C�T�� R���

The main result of this paper is contained in the following assertion�

Theorem ���� Suppose that Conjecture G is true� Then any Leray�Hopf

solution to the Cauchy problem ���
�� ����� belonging to L��� is smooth�

We believe that Conjecture H is true although we have a proof of it only
for the case A � 	 and B � 	 �cf� Sec� � for details��

�� Blow�Up

Assume that the statement of Theorem ��� is false� Without loss of generality�
we can assume that a singular point appears at the time t � 	 and is located
at the origin�

Under our assumptions on v and p� the pair �v� p� is a suitable weak solution

�for the de�nition we refer the reader to ������ i�e�� it satis�es the local energy
inequality� In our case� it satis�es even the local energy identity� Since z � 	
is a singular point of our weak solution� the theory of partial regularity for
suitable weak solutions to the Navier�Stokes equations says �cf� ����� that
there exists a sequence of positive numbers Rk such that Rk � 	 as k � ��
and

A�Rk� � sup
�R�

k
�t��




Rk

Z
B���Rk�

jv�x� t�j�dx � �� ���
�
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for all k � N� Here� �� is an absolute positive constant and B�x�R� stands for
the three
dimensional ball of radius R with the center at the point x�

We extend functions v and p to the whole space R��� in the following way�

ev�x� t� � �
v�x� t�� t � �T��
	� t � �T��

x � R��

ep�x� t� � �
p�x� t�� t � �T��
	� t � �T��

x � R��

Let

vRk�x� t� � Rkev�Rkx�R
�
kt�� pRk�x� t� � Rkep�Rkx�R

�
kt�

for x � R� and t � R� It is obvious that for any t � RZ
R�

jvRk�x� t�j�dx �
Z
R�

jev�x� t�j�dx �����

and Z
R�

jpRk�x� t�j���dx �
Z
R�

jep�x� t�j���dx� �����

Hence� without loss of generality� we can assume that

vRk
�

u in L��R�L�� as k � ��� �����

where divu � 	 in R��R and
pRk

�

q in L��R�L���� as k � ��� �����

To get more information about the boundedness of various norms for func

tions vRk and pRk � we �x a cut
o� function � � C�

� �R
���� and introduce a

function �Rk as follows�

��y� 	 � � Rk�
Rk �Rky�R

�
k	 �� y � R�� 	 � R�

Let Rk be so small that

spt� �
	
�y� 	 � k 	 � � T�

Rk



�
 spt�Rk � f�x� t� k t � �T�g�

Then

�

��Z
�T�

Z
R�

�Rk jr vj� dz �
��Z

�T�

Z
R�

fjvj����Rk � �t�
Rk�

� v 	 r�Rk�jvj� � �p�gdz� �����
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Making the change of variables� we obtain the identity

�

Z
R

Z
R�

�jr vRk j� dz �
Z
R

Z
R�

fjvRk j����� �t��

� vRk 	 r��jvRk j� � �pRk�gdz� �����

�From ������ ������ and ����� it follows that for any domain Q b R���Z
Q

jrvRk j� dz � c��Q� � ��� �����

We emphasize that the constant in ����� is independent of Rk� By standard
arguments� including multiplicative inequalities and Ls�l
coercive estimates for
solutions to the nonstationary Stokes equations� we obtain the boundZ

Q

�jvRk j� � j�tvRk j �� � jr�vRk j �� � jrpRkj �� � dz � c��Q�� �����

which� together with ����� and ������ implies

vRk �� u in L��Q�R
�� ���
	�

for Q b R���� By ������ ������ and ������ we �nd

vRk �� u in C��a� b��L����R
��� ���

�

for any �� � a � b � �� and � � R��
Combining all information about limit functions u and q �cf� ���������

���

we conclude thatZ
Q

�juj�� jruj�� j�tuj �� � jr�uj �� � jrqj �� � dz � c��Q� ���
��

for any Q b R��� and

u � C��a� b��L����R
��� ���
��

for any �� � a � b � �� and � � R��

functions u and q satisfy the Navier�Stokes equations a�e� in R�� ���
��

�

Z
R

Z
R�

�jruj� dz �
Z
R

Z
R�

fjuj���� � �t�� � u 	 r��juj� � �q�gdz ���
��

for all functions � � C�
� �R

�����
By ���

�����
��� the pair �u� q� is a suitable weak solution to the Navier�

Stokes equation in R����
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Our next observation on limit functions comes from ���
�� and ���
�� for
t� � 	� For any positive numbers R and t ���
�� impliesZ

B���R�

jvRk�y� t�j�dy �
Z

B���RkR�

jv�x�R�
kt�j�dx �� 	

as Rk � 	� This means that

u�	� t� � 	� t � 	� ���
��

In the same way� we deduce from ���
�� that

q�	� t� � 	� t � 	� ���
��

Finally� according to ���
��

sup
�R�

k
�t��




Rk

Z
B���Rk�

jv�x� t�j�dx � sup
���t��

Z
B�����

jvRk �x� t�j�dx � ��

for all k � N and� by ���

�� we obtain

sup
���t��

Z
B�����

ju�x� t�j�dx � ��� ���
��

Proof of Theorem ���� First� we show that there exits positive numbers
R� and T� such that for any k � 	� 
� � � � the function rku is H�older continuous
and bounded on the seteQ��T�� R���� � R

� nB�	� R������� �T������
To this end� we �x an arbitrary number T� � � and note that

��Z
��T�

Z
R�

�juj� � jqj����dz �
�Z

��T�

Z
R�

�juj� � jqj����dz � ���

Therefore�
��Z

��T�

Z
R�nB���R�

�juj� � jqj �� �dz � 	 as R� ���

This means that for given � � 	 there exists a number R���� T�� � � such that

��Z
��T�

Z
R�nB���R�����

�juj�� jqj �� �dz � �� ���
��

Now� assume that z� � �x�� t�� � eQ��T�� R����� Then

Q�z�� 
� � B�x�� 
���t� � 
� t��� fR� nB�	� R����g��� �T������
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By ���
��� one can claim that for any �

t�Z
t���

Z
B�x����

�juj� � jqj �� �dz � � ����	�

for z� � eQ��T�� R����� where T� � � and R���� T�� � �� It follows from ����	��
the Ca�arelli�Kohn�Nirenberg theorem� and the regularity theory for solutions
to the Stokes equations �we refer to ���� and ���� Proposition ��
� for details�
that for each k � 	� 
� � � � there exists a number c�k� independent of z� such
that

sup
z�Q�z������

jrku�z�j � c�k� � ���

The H�older continuity of rku on eQ��T�� R���� is also a consequence of the
regularity theory for the Stokes equations and bootstrap arguments�

It remains to show that the functions A � �u and B � ru satisfy the
conditions ���
�� and ���
��� To see this� we introduce the sequence of functions

vme �x� t� � u�x�me� t�� pme �x� t� � q�x�me� t�

for x � B�	� ��� e � B�	� 
�� and ��T� � t � ��� Obviously� for each �xed
m � N and for each �xed e � B�	� 
� the pair �vme � p

m
e � is a suitable weak

solution to the Navier�Stokes equations in B�	� ����� �T������ Moreover�

lim
m���

t�Z
t���

Z
B�����

�jvme j� � jpme j �� �dxdt � 	�
By the above arguments� one can claim that

krkvme kC��Q�z�������
� eck

for some � ��	� 
�� Here� z� � �	� t��� C	�Q� is the space of functions that are
continuous on the compact set Q with respect to the usual parabolic distance�
It is important to note that the constants eck� k � 	� 
� � � � � are independent of
m� e� and t�� Thus� we see that for k � 	� 
� � � �

sup
e�B�����

sup
B�������

sup
�T��t���

jrkvme �x� t�j � 	

as m � ��� This implies ���
��� Now� ���
�� follows from ���
�� and the

H�older continuity of rku on eQ��T�� R�����
Now� let � be the vorticity of u� i�e��

� � r� u�

The function � satis�es the equation

�t� � uk��k � �ku�k ��u � 	� in R���� T�����
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By the conjecture G�

��z� � 	 if z � eQ�T�� R��� ����
�

On the other hand� there exists an open subset O �� � T�� 	� such that
jOj � T� and� for each t � O� the function u is analytic in spatial variables�
But then � is also an analytic function in the same variables� Therefore� ����
�
implies that

��	� t� � 	� t � O� ������

This means that for each t � O the function u�	� t� is harmonic and has the
�nite L��R��R��
norm� It turn� this fact leads to the identity

u�	� t� � 	� t � O�
Hence u � 	 a�e� in R��� � T����� This contradicts ���
��� Theorem ��� is
proved�

�� A Backward Uniqueness Theorem

for the Heat Equation

In this section� we introduce additional notation�

R
n
� � fx � Rn k x � �x�� x�� � � � � xn� � �xi�� xn � 	g�

QT � R
n
���	� T ��

where T is a positive �xed number�

Theorem ���� Let u � QT � R be a bounded smooth function satisfying

the heat equation �tu � �u in QT � Assume that there exists a nonempty open

set � � Rn
� such that

lim
t�T��

Z
�

ju�x� t�jdx � 	�

Then u � 	 in QT �

Proof� Using the regularity theory for the heat equation and the fact
that smooth solutions to the heat equation are analytic in spatial variables�
we see that one can extend u by zero to the set Q � Rn

���	����� and the
extension� also denoted by u� is smooth� satis�es the heat equation in Q� and
vanishes for t � T � Also� replacing u�x� t� by u�x�� x�� � � � � xn��� xn� yn� t� s�
for small yn � 	 and s � 	� we can assume that all the derivatives of u are
well de�ned� bounded� and continuous in the closure Q of Q� Making these
simplifying assumptions� we now prove the theorem in several steps�
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Step 
� Reduction to the case n � 
� The obvious idea here is to use
the Fourier transformation along x� � �x�� x�� � � � � xn���� For each t � 	 and
xn � 	 we de�ne a distribution eu�	� xn� t� on Rn�� by the formula

heu�	� xn� t�� ��	�i � Z
Rn��

dx�u�x�� xn� t�

Z
Rn��

d��etj
j
��ix��
�������

Here� � � C�
� �R

n��� and �� � ���� ��� � � � � �n���� Under suitable assumptions�eu�	� xn� t� is a function and we have
eu���� xn� t� � etj


�j�
Z
Rn��

u�x�� xn� t�e
�ix��
�dx��

A simple calculation shows that for each �xed � � C�
� �R

n��� the functioneu��xn� t� � heu�	� xn� t�� ��	�i
is bounded in R���	����� satis�es the heat equation in R���	����� and
vanishes for t � T � We now see that this is enough to prove the case n � 
�

In what follows� we use the notation Q � R���	���� and denote by �x� t�
points of Q�

Step �� Reduction to the case ju�x� t�j � Ce�	x� This can be achieved
by the following change of variables�

u�x� t� � v�x� ��t� t�e	x�	
�t� � � 	�

The function v is de�ned in a domain di�erent from QT � but we can obviously
achieve by a suitable shift that the domain of v contains a domain of the form
Q in which the theorem is violated if v does not vanish identically� Moreover�
v has the required decay as x� ���

Step �� Proof in the case n � 
 and ju�x� t�j � Ce�	x� We extend u
to all R�Rby requiring that the extension be an even function of x vanishing
for t �� ��� 	�� �T����� The extended function has a discontinuity in t at
t � 	� but it is smooth in t �for a �xed x� for t ��	�����

Let a�x� � u�x� 	�� and let

g�t� � lim
x����

�
�u

�x
�x� t��

Clearly�

�u

�t
�x� t�� ��u

�x�
�x� t� � ���x�g�t� � ��t�a�x�� x � R� t � R� ���
�

where � denotes the Dirac distribution�
Denoting by bg and ba the Fourier transformations of g and a respectively�

we note that ���
� implies bg�i��� � ba���� � � R� �����
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We now look at the function bg in more detail� We have
g�	 � �

Z
R

g�t�e�i�tdt �

TZ
�

g�t�e�i�tdt� �����

Hence bg is de�ned for each 	 � C and is holomorphic in C � Moreover� standard
calculations together with ����� and the decay property of a imply that

bg�	 � � O
� 

j	 j
�

as 	 �� in K� �����

where K � f	 � CkRe 	 � 	 or Im	 � 	g� i�e�� K is the union of the real and
imaginary axes� In fact� ����� along the real axis and along the negative part
of the imaginary axis follows from ����� and integration by parts� whereas �����
along the positive part of imaginary axis follows from ����� and the fact that

a��� � O
� 


j�j�
�

as � �� and � � R�

Step �� The last step in the proof is a simple lemma about holomorphic
functions�

Lemma ���� Let K � C be the union of the real and imaginary axes� Let

f � C � C be a holomorphic function satisfying the following two conditions�

jf�z�j � Aeajzj� z � C �
for some positive constants a and A�

f�	 � � O
� 

j	 j
�

as 	 �� in K�

Then f � 	�
The proof of the lemma is left to the reader as an exercise� We note that

Lemma ��� follows from the Phragm�en�Lindel�of theorem for an angle �we refer
to ��
� Theorem ���� for details�� Theorem ��
 is proved�
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