
2 Íà÷àëüíî�êðàåâûå çàäà÷è

äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé

2.1 Ïîñòàíîâêà íà÷àëüíî-êðàåâûõ çàäà÷

1. Ëèíåéíûå ïàðàáîëè÷åñêèå óðàâíåíèÿ 2-ãî ïîðÿäêà

Ìû áóäåì ðàññìàðèâàòü PDE âèäà

∂tu− div
(
a(x, t)∇u

)
+ b(x, t) · ∇u+ c(x, t)u = f(x, t) â QT

Çäåñü u : QT → R � íåèçâåñòíàÿ ôóíêöèÿ, à ôóíêöèÿ f : QT → R è êîýôôèöèåíòû ajk,
bj, c : QT → R ñ÷èòàþòñÿ çàäàííûìè.

2. Óëîâèÿ íà êîýôôèöèåíòû äèôôåðåíöèàëüíîãî îïåðàòîðà

Íà ïðîòÿæåíèè âñåãî íàøåãî êóðñà ìû âñåãäà áóäåì ñ÷èòàòü, ÷òî ñëåäóþùèå óñëîâèÿ
âûïîëíÿþòñÿ ïî óìîë÷àíèþ:

� a(x, t) := (ajk(x, t)) � ñèììåòðè÷íàÿ âåùåñòâåííàÿ n× n-ìàòðèöà, óäîâëåòâîðÿþùàÿ
óñëîâèþ ðàâíîìåðíîé ýëëèïòè÷íîñòè:

ajk = akj, ajk ∈ L∞(QT ),

� b(x, t) := (bj(x, t)) � âåùåñòâåííûé n�ìåðíûé âåêòîð, c(x, t) � ñêàëÿðíàÿ ôóíêöèÿ:

bj ∈ L∞(QT ), c ∈ L∞(QT )

� ν1 > 0 � ìàæîðàíòà L∞�íîðì êîýôôèöèåíòîâ:

‖a‖L∞(QT ) + ‖b‖L∞(QT ) + ‖c‖L∞(QT ) ≤ ν1,

3. Óñëîâèå ðàâíîìåðíîé ïàðàáîëè÷íîñòè

Ìû áóäåì èñïîëüçîâàòü ñëåäóþùèå îáîçíà÷åíèÿ äëÿ äèôôåðåíöèàëüíûõ îïåðàòîðîâ:

Lu := − div(a∇u) + b · ∇u+ cu, Mu := ∂tu+ Lu

Íà ïðîòÿæåíèè âñåãî êóðñà ìû áóäåì ñ÷èòàòü âûïîëííåííûì ñëåäóþùåå óñëîâèå:

∃ ν0 > 0 : ajk(x, t)ξjξk ≥ ν0|ξ|2, ï.â. (x, t) ∈ QT , ∀ ξ ∈ Rn.

Ïðè âûïîëíåíèè ýòîãî óñëîâèÿ äèôôåðåíöèàëüíûé îïåðàòîð L ïðè ï.â. t ∈ (0, T ) ÿâëÿåòñÿ
ðàâíîìåðíî ýëëèïòè÷åñêèì â Ω. Â ýòîì ñëó÷àå ñîîòâåòñòâóþùèé åìó äèôôåðåíöèàëüíûé
îïåðàòîðM = ∂t + L íàç. ðàâíîìåðíî ïàðàáîëè÷åñêèì â QT .
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4. Íà÷àëüíî-êðàåâûå çàäà÷è äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé

×òîáû äàííûå çàäà÷è îïðåäåëÿëè ðåøåíèå u îäíîçíà÷íî, íàì íåîáõîäèìî äîïîëíèòü óðàâ-
íåíèå êðàåâûìè è íà÷àëüíûìè óñëîâèÿìè. Â íàøåì êóðñå ìû âñåãäà áóäåì ðàññìàòðèâàòü
îäíîðîäíûå êðàåâûå óñëîâèÿ. Íà÷àëüíîå äàííîå u0 : Ω→ R ñ÷èòàåòñÿ çàäàííîé ôóíêöèåé.
Ìû áóäåì èñïîëüçîâàòü ñëåäóþùóþ òåðìèíîëîãèþ:

� ïåðâàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à
∂tu+ Lu = f â QT

u|∂Ω×(0,T ) = 0

u|t=0 = u0

� âòîðàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à
∂tu+ Lu = f â QT

(a∇u) · ν|∂Ω×(0,T ) = 0

u|t=0 = u0

� òðåòüÿ íà÷àëüíî-êðàåâàÿ çàäà÷à, σ : ∂Ω× (0, T )→ R � çàäàííàÿ ôóíêöèÿ
∂tu+ Lu = f â QT(

(a∇u) · ν + σu
)∣∣∣

∂Ω×(0,T )
= 0

u|t=0 = u0

5. Êëàññè÷åñêèå ðåøåíèÿ

Îïðåäåëåíèå. Ïóñòü aij,
∂aij
∂xk

, bi, c ∈ C(QT ), u0 ∈ C(Ω̄), f ∈ C(QT ). Êëàññè÷åñêèì
ðåøåíèåì çàäà÷è 

∂tu+ Lu = f â QT

u|∂Ω×(0,T ) = 0

u|t=0 = u0

íàç. ôóíêöèÿ u ∈ C(Q̄T ) ∩ C2,1(QT ), óäîâëåòâîðÿþùàÿ äàííûì ñîîòíîøåíèÿì ïîòî÷å÷íî.
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2.2 Ñëàáûå ðåøåíèÿ

1. Áèëèíåéàÿ ôîðìà, ñîîòâåòñòâóþùàÿ îïåðàòîðó L

Îïðåäåëåíèå. Îïðåäåëèì íà ïðîñòðàíñòâå W 1,0
2 (QT ) áèëèíåéíóþ ôîðìó

L[u, η] :=

∫
QT

(
a∇u · ∇η + b · ∇u η + cuη

)
dxdt, u, η ∈ W 1,0

2 (QT ).

2. Îïðåäåëåíèå îáîáùåííîãî ðåøåíèÿ

Îïðåäåëåíèå. Ïóñòü u0 ∈ L2(Ω), f ∈ L2(0, T ;W−1
2 (Ω)). Îáîáùåííûì (èëè ñëàáûì) ðå-

øåíèåì çàäà÷è 
∂tu+ Lu = f â QT

u|∂Ω×(0,T ) = 0

u|t=0 = u0

(∗)

íàçûâàåòñÿ ôóíêöèÿ u ∈ L2(0, T ;
◦
W 1

2(Ω)), óäîâëåòâîðÿþùàÿ èíòåãðàëüíîìó òîæäåñòâó

−
∫
QT

u∂tη dxdt + L[u, η] =

∫
Ω

u0(x)η(x, 0) dx +

T∫
0

〈f(t), η(t)〉 dt,

∀ η ∈ W 1,1
2 (QT ), òàêèõ, ÷òî η|∂Ω×(0,T ) = 0, η|t=T = 0.

(∗∗)

3. Ýêâèâàëåíòíûå îïðåäåëåíèÿ îáîáùåííûõ ðåøåíèé

Ïðèâåäåííîå âûøå îïðåäåëåíèå îáîáùåííîãî ðåøåíèÿ èñïîëüçóåò ìèíèìóì èíôîðìàöèè
î ãëàäêîñòè ôóíêöèè u (êðàåâîå óñëîâèå ïîíèìàåòñÿ â ñìûñëå òåîðèè ñëåäîâ, à íà÷àëü-
íîå óñëîâèå âêëþ÷åíî â èíòåãðàëüíîå òîæäåñòâî, ïîñêîëüêó ôóíêöèè êëàññà W 1,0

2 (QT ) íå
èìåþò ñëåäîâ íà ïîâåðõíîñòÿõ t = const). Òàêîå îïðåäåëåíèå óäîáíî äëÿ äîêàçàòåëüñòâà
òåîðåì ñóùåñòâîâàíèÿ (íåîáõîäèìî ïðîâåðÿòü ìèíèìóì óñëîâèé).

Îäíàêî îêàçûâàåòñÿ, ÷òî âñÿêîå îáîáùåííîå ðåøåíèå â ñìûñëå äàííîãî íàìè îïðåäåëåíèÿ
îáëàäàåò ðÿäîì äîïîëíèòåëüíûõ ñâîéñòâ. Ïîýòîìó ìû ìîæåì äàòü ýêâèâàëåíòíîå îïðå-
äåëåíèå îáîáùåííîãî ðåøåíèÿ çàäà÷è (∗). Â ýòîì ýêâèâàëåíòíîì îïðåäåëåíèè ñîáðàíà
�ìàêñèìàëüíàÿ� èíôîðìàöèÿ, êîòîðóþ ìû ìîæåì ïîëó÷èòü äëÿ îáîáùåííûõ ðåøåíèé àâ-
òîìàòè÷åñêè, áåç êàêèõ ëèáî äîïîëíèòåëüíûõ ïðåäïîëîæåíèé î ãëàäêîñòè äàííûõ çàäà÷è.

4. Ñâîéñòâà îáîáùåííûõ ðåøåíèé

Òåîðåìà. Ïóñòü u0 ∈ L2(Ω), f ∈ L2(0, T ;W−1
2 (Ω)). Ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

1) ôóíêöèÿ u ∈ L2(0, T ;
◦
W 1

2(Ω)) ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì çàäà÷è (∗)
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2) ôóíêöèÿ u ∈ L2(0, T ;
◦
W 1

2(Ω)) óäîâëåòâîÿåò ñîîòíîøåíèþ

−
T∫

0

(u(t), w)ξ′(t) dt+

T∫
0

((
a(t)∇u(t),∇w

)
+
(
b(t) · ∇u(t) + c(t)u(t), w

))
ξ(t) dt =

= (u0, w)ξ(0) +

T∫
0

〈f(t), w〉ξ(t) dt,

∀ w ∈
◦
W 1

2(Ω), ∀ ξ ∈ W 1
2 (0, T ) : ξ(T ) = 0.

Íàïîìíèì, ÷òî (·, ·) îáîçíà÷àåò ñêàëÿðíîå ïðîèçâåäåíèå â ïðîñòðàíñòâå L2(Ω).

3) ôóíêöèÿ u ïðèíàäëåæèò êëàññó

u ∈ C([0, T ];L2(Ω)) ∩ L2(0, T ;
◦
W 1

2(Ω)),

∂tu ∈ L2(0, T ;W−1
2 (Ω))

äëÿ ëþáîé w ∈
◦
W 1

2(Ω) ïðè ï.â. t ∈ (0, T ) âûïîëíÿåòñÿ òîæäåñòâî

〈∂tu(t), w〉 +

∫
Ω

(
a(t)∇u(t) · ∇w + b(t) · ∇u(t)w + c(t)u(t)w

)
dx = 〈f(t), w〉

u(x, 0) = u0(x) ï.â. x ∈ Ω

Äîêàçàòåëüñòâî.

1. Äîêàæåì 1) =⇒ 2). Ïóñòü w ∈
◦
W 1

2(Ω) è ξ ∈ W 1
2 (0, T ), ξ(T ) = 0. Ïîëîæèì

η(x, t) := w(x)ξ(t).

Çàìåòèì ÷òî η ∈ W 1,1
2 (QT ), η|∂Ω×(0,T ) = 0, η|t=0 = 0. Ïîäñòàâëÿÿ η â ñîîòíîøåíèå (∗∗),

ïîëó÷àåì 2).

2. Äîêàæåì 2) =⇒ 3). Îáîçíà÷èì f0 := f − Lu. Òîãäà

f0 ∈ L2(0, T ;W−1
2 (Ω)),

è äëÿ ëþáîãî w ∈
◦
W 1

2(Ω)

〈f0(t), w〉 = 〈f(t), w〉 − (a(t)∇u(t),∇w)− (b(t) · ∇u(t), w)− (c(t)u(t), w)

Íåòðóäíî âèäåòü, ÷òî

‖f0‖L2(0,T ;W−1
2 (Ω)) ≤ ‖f‖L2(0,T ;W−1

2 (Ω)) + c ‖u‖W 1,0
2 (QT )
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Èç 2) âûòåêàåò ñîîòíîøåíèå

−
T∫

0

(u(t), w)ξ′(t) dt = (u0, w)ξ(0) +

T∫
0

〈f0(t), w〉ξ(t) dt,

∀ w ∈
◦
W 1

2(Ω), ∀ ξ ∈ W 1
2 (0, T ) : ξ(T ) = 0.

êîòîðîå èç òåîðåìû �1.3, ï.4 îçíà÷àåò, ÷òî

∃ ∂tu = f0 ∈ L2(0, T ;W−1
2 (Ω))

è

∀w ∈
◦
W 1

2(Ω) 〈∂tu(t), w〉 = 〈f0(t), w〉, ï.â. t ∈ (0, T ),

÷òî ýêâèâàëåíòíî âûïîëíåíèþ èíòåãðàëüíîãî òîæäåñòâà èç ïóíêòà 3).

Ïîñêîëüêó u ∈ L2(0, T ;
◦
W 1

2(Ω)) è ∂tu ∈ L2(0, T ;W−1
2 (Ω)), ïî òåîðåìå èç �1.4, ï.1 ïîëó÷àåì

u ∈ C([0, T ];L2(Ω))

Îñòàëîñü äîêàçàòü, ÷òî u(0) = u0. Ïóñòü w ∈ C∞0 (Ω) ïðîèçâîëüíàÿ è ξ ∈ C∞([0, T ]) òàêîâà,
÷òî ξ(0) = 1 è ξ(T ) = 0. Óìíîæèì ñîîòíîøåíèå

d

dt
(u(t), w) = 〈f0(t), w〉 ï.â. t ∈ (0, T )

íà ξ(t) è ïðîèíòåãðèðóåì ïî t ∈ (0, T ). Ïðè ïîìîùè èíòåãðèðîâàíèÿ ïî ÷àñòÿì ïîëó÷àåì

T∫
0

d

dt
(u(t), w) ξ(t) dt = (u(T ), w) ξ(T )︸︷︷︸

= 0

−(u(0), w) ξ(0)︸︷︷︸
= 1

−
T∫

0

(u(t), w) ξ′(t) dt

Ñëåäîâàòåëüíî

−(u(0), w)−
T∫

0

(u(t), w)ξ′(t) dt+ L[u, ξw] =

T∫
0

〈f(t), w〉ξ(t) dt

Ñ äðóãîé ñòðîíû, ïîëàãàÿ â òîæäåñòâå èç 2) η = wξ, ïîëó÷àåì

−(u0, w)−
T∫

0

(u(t), w)ξ′(t) dt+ L[u, ξw] =

T∫
0

〈f(t), w〉ξ(t) dt

îòêóäà (u(0)− u0, w) = 0 äëÿ ëþáîãî w ∈ C∞0 (Ω). Ñäåëîâàòåëüíî, u(0) = u0 â L2(Ω).

3. Äîêàæåì 3) =⇒ 1). Ïóñòü η ∈ W 1,1
2 (QT ), η|∂Ω×(0,T ) = 0, η|t=T = 0 � ïðîèçâîëüíàÿ, è

ïóñòü

ηN(x, t) :=
N∑
k=1

ck(t)wk(x), ck ∈ C∞0 ([0, T )), wk ∈ C∞0 (Ω)
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òàêîâû, ÷òî ηN → η â W 1,1
2 (QT ). Èç 3) âûòåêàåò, ÷òî äëÿ ëþáîãî k ∈ N âûïîëíÿåòñÿ

ñîîòíîøåíèå

d

dt
(u(t), wk) = 〈∂tu(t), wk) = 〈f0(t), wk〉, ï.â. t ∈ (0, T ).

Óìíîæèì ýòî ñîîòíîøåíèå íà ck(t), ïðîñóììèðóåì ïî k îò 1 äî N è ïðîèíòåãðèðóåì
ðåçóëüòàò ïî t ∈ (0, T ). Ñ ó÷åòîì ôîðìóëû èíòåãðèðîâàíèÿ ïî ÷àñòÿì

T∫
0

d

dt
(u(t), wk)ck(t) dt = (u(T ), wk) ck(T )︸ ︷︷ ︸

= 0

− (u(0)︸︷︷︸
=u0

, wk)ck(0) −
T∫

0

(u(t), wk)c
′
k(t) dt

ïîëó÷àåì ñîîòíîøåíèå

−
∫
QT

u∂tη
N dxdt + L[u, ηN ] =

∫
Ω

u0(x)ηN(x, 0) dx +

T∫
0

〈f(t), ηN(t)〉 dt

Òàê êàê ηN → η â W 1,1
2 (QT ), ñ ó÷åòîì íåïðåðûâíîñòè îïåðàòîðà ñëåäà ηN |t=0 → η|t=0 â

L2(Ω), ïåðåõîäÿ ê ïðåäåëó ïðè N →∞, ïîëó÷àåì òðåáóåìîå òîæäåñòâî.

5. Ãëàäêèå ðåøåíèÿ ÿâëÿþòñÿ îáîáùåííûìè

Òåîðåìà. Ïóñòü u0 ∈ C2(Ω̄), u0|∂Ω = 0, f ∈ C(Q̄T ).

1) Ïóñòü u ∈ C2,1(Q̄T ) � êëàññè÷åñêîå ðåøåíèå çàäà÷è (∗). Òîãäà u � îáîáùåííîå ðåøå-
íèå çàäà÷è (∗).

2) Ïóñòü u � îáîáùåííîå ðåøåíèå çàäà÷è (∗) è ïðåäïîëîæèì, ÷òî u ∈ C2,1(Q̄T ). Òîãäà
u � êëàññè÷åñêîå ðåøåíèå çàäà÷è (∗).
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2.3 Ýíåðãåòè÷åñêîå íåðàâåíñòâî è åäèíñòâåííîñòü ñëàáûõ ðåøåíèé

1. Ëåììà Ãðîíóîëëà

Òåîðåìà. Ïóñòü a ∈ L1(0, T ) è f ∈ L1(0, T ) � íåîòðèöàòèåëüíûå ôóíêöèè, è ïðåäïîëî-
æèì, ÷òî íåîòðèöàòåëüíàÿ ôóíêöèÿ y ∈ W 1

1 (0, T ) óäîâëåòâîðÿåò íåðàâåíñòâó

y′(t) ≤ a(t)y(t) + f(t), ï.â. t ∈ (0, T ).

Òîãäà äëÿ âñåõ t ∈ [0, T ] ñïðàâåäëèâà îöåíêà

y(t) ≤ e

t∫
0

a(τ) dτ

 y(0) +

t∫
0

f(τ) dτ

 .

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî

t 7→ y(t) e
−

t∫
0

a(τ) dτ
∈ W 1

1 (0, T ),

d

dt

(
y(t)e

−
t∫
0

a(τ) dτ

)
= y′(t) e

−
t∫
0

a(τ) dτ
− a(t) y(t) e

−
t∫
0

a(τ) dτ
ï.â. t ∈ (0, T )

Ïîýòîìó èç óñëîâèÿ âûòåêàåò îöåíêà

d

dt

(
y(t) e

−
t∫
0

a(τ) dτ

)
≤ f(t) e

−
t∫
0

a(τ) dτ
ï.â. t ∈ (0, T )

èíòåãðèðóÿ êîòîðóþ ïî t ∈ (0, t0) ìû ïîëó÷àåì

y(t0) e
−

t0∫
0

a(τ) dτ
≤ y(0) +

t0∫
0

f(t) e
−

t∫
0

a(τ) dτ︸ ︷︷ ︸
≤ 1 ò.ê. a≥ 0

dt

2. Ýíåðãåòè÷åñêîå íåðàâåíñòâî

Òåîðåìà. Ñóùåñòâóåò ïîñòîÿííàÿ c = c(n,Ω, T, ν0, ν1) > 0, òàêàÿ ÷òî äëÿ ëþáûõ u0 ∈
L2(Ω), f ∈ L2(0, T ;W−1

2 (Ω)) âñÿêîå îáîáùåííîå ðåøåíèå u çàäà÷è
∂tu+ Lu = f â QT

u|∂Ω×(0,T ) = 0

u|t=0 = u0

(∗)

óäîâëåòîðÿåò îöåíêàì

‖u‖L2,∞(QT ) + ‖u‖W 1,0
2 (QT ) + ‖∂tu‖L2(0,T ;W−1

2 (Ω)) ≤ c
(
‖u0‖L2(Ω) + ‖f‖L2(0,T ;W−1

2 (Ω))

)
7



Äîêàçàòåëüñòâî. Ïóñòü u � îá. ðåøåíèå çàäà÷è (∗).

1. Îöåíêà ‖u‖L2,∞(QT ). Ïî òåîðåìå �2.2 ï.4 äëÿ ëþáîé w ∈
◦
W 1

2(Ω) âûïîëíÿåòñÿ ñîîòíîøåíèå

〈∂tu(t), w〉 +

∫
Ω

(
a(t)∇u(t) · ∇w + b(t) · ∇u(t)w + c(t)u(t)w

)
dx = 〈f(t), w〉,

ï.â. t ∈ (0, T ).

Ïîëàãàÿ â ýòîì òîæäåñòâå w = u(t) ∈
◦
W 1

2(Ω), ñ ó÷åòîì ðàâåíñòâà

1

2

d

dt
‖u(t)‖2

L2(Ω) = 〈∂tu(t), u(t)〉, ï.â. t ∈ (0, T ),

ïîëó÷àåì ñîîòíîøåíèå

1

2

d

dt
‖u(t)‖2

L2(Ω) +

∫
Ω

(
a(t)∇u(t) · ∇u(t) + b(t) · ∇u(t)u(t) + c(t)|u(t)|2

)
dx = 〈f(t), u(t)〉

Èç óñëîâèÿ ðàâíîìåðíîé ýëëèïòè÷íîñòè ìàòðèöû a(t) âûòåêàåò îöåíêà∫
Ω

a(t)∇u(t) · ∇u(t) dx ≥ ν0 ‖∇u(t)‖2
L2(Ω)

Ñëåäîâàòåëüíî, ìû ïîëó÷àåì îöåíêó

1

2

d

dt
‖u(t)‖2

L2(Ω) + ν0 ‖∇u(t)‖2
L2(Ω) ≤

≤ ν1

(
‖∇u(t)‖L2(Ω)‖u(t)‖L2(Ω) + ‖u(t)‖2

L2(Ω)

)
+ ‖f(t)‖W−1

2 (Ω)‖u(t)‖W 1
2 (Ω)

Èñïîëüçóÿ íåðàâåíñòâî Ôðèäðèõñà

‖u(t)‖W 1
2 (Ω) ≤ cΩ ‖∇u(t)‖L2(Ω), u(t) ∈

◦
W 1

2(Ω),

à òàêæå íåðàâåíñòâî Þíãà ab ≤ εa2 + Cεb
2, ïîëó÷åì îöåíêó

1

2

d

dt
‖u(t)‖2

L2(Ω) +
ν0

2
‖∇u(t)‖2

L2(Ω) ≤ c(ν1, ν0) ‖u(t)‖2
L2(Ω) + c(Ω, ν0) ‖f(t)‖2

W−1
2 (Ω)

Îáîçíà÷èì y(t) := ‖u(t)‖2
L2(Ω) è g(t) := ‖f(t)‖2

W−1
2 (Ω)

. Òîãäà y ∈ W 1
1 (0, T ) è g ∈ L1(0, T ).

Ïðè ýòîì ôóíêöèè y(t) è g(t) óäîâëåòâîðÿþò îöåíêå

y′(t) ≤ c(ν0, ν1) y(t) + c(Ω, ν0) g(t), ï.â. t ∈ (0, T ).

Ïî ëåììå Ãðîíóîëëà ïîëó÷àåì îöåíêó

y(t) ≤ ec1t

y(0) +

t∫
0

g(τ)dτ

 , ∀ t ∈ (0, T )
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Ðàñøèðÿÿ ïðåäåëû èíòåãðèðîâàíèÿ â ïðàâîé ÷àñòè è ïåðåõîäÿ ê ñóïðåìóìó ïî t ∈ (0, T )
â ëåâîé ÷àñòè, ïîëó÷àåì

sup
t∈(0,T )

y(t) ≤ ec1T

y(0) +

T∫
0

g(τ)dτ

 ,

÷òî ýêâèâàëåíòíî

‖u‖L2,∞(QT ) ≤ c
(
‖u0‖L2(Ω) + ‖f‖L2(0,T ;W−1

2 (Ω))

)
2. Îöåíêà ‖u‖W 1,0

2 (QT ). Äëÿ ï.â. t ∈ (0, T ) ìû çíàåì îöåíêó

ν0

2
‖∇u(t)‖2

L2(Ω) ≤ c(ν1, ν0) ‖u(t)‖2
L2(Ω) + c(Ω, ν0) ‖f(t)‖2

W−1
2 (Ω)

− 1

2

d

dt
‖u(t)‖2

L2(Ω)

Èíòåãðèðóÿ ýòî íåðàâåíñòâî ïî t ∈ (0, T ), ìû ïîëó÷èì

ν0

2

T∫
0

‖∇u(t)‖2
L2(Ω) dt ≤ c(ν1, ν0)

T∫
0

‖u(t)‖2
L2(Ω) dt + c(Ω, ν0)

T∫
0

‖f(t)‖2
W−1

2 (Ω)
dt +

+
1

2

(
‖u0‖2

L2(Ω) − ‖u(·, T )‖2
L2(Ω)

)
,

îòêóäà

‖∇u‖2
L2(QT ) ≤ c(ν1, ν0) ‖u‖2

L2(QT ) + c(Ω, ν0) ‖f‖2
L2(0,T ;W−1

2 (Ω))
+ c ‖u0‖2

L2(Ω)

Ñ ó÷åòîì íåðàâåíñòâà
‖u‖L2(QT ) ≤ T 1/2‖u‖L2,∞(QT )

ìû ïîëó÷àåì

‖u‖W 1,0
2 (QT ) ≤ c(ν0, ν1, T ) ‖u‖L2,∞(QT ) + c

(
‖u0‖L2(Ω) + ‖f‖L2(0,T ;W−1

2 (Ω))

)
îòêóäà ñ ó÷åòîì óæå äîêàçàííîãî â 1 âûòåêàåò òðåáóåìàÿ îöåíêà.

3. Îöåíêà ‖∂tu‖L2(0,T ;W−1
2 (Ω)). Íàïîìíèì, ÷òî

‖∂tu(t)‖W−1
2 (Ω) := sup

w∈
◦
W 1

2(Ω), ‖w‖
W1

2 (Ω)
≤1

|〈∂tu(t), w〉|,

Èç ñîîòíîøåíèÿ

〈∂tu(t), w〉 +

∫
Ω

(
a(t)∇u(t) · ∇w + b(t) · ∇u(t)w + c(t)u(t)w

)
dx = 〈f(t), w〉,

ï.â. t ∈ (0, T ), ∀ w ∈
◦
W 1

2(Ω)
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äëÿ ï.â. t ∈ (0, T ) âûòåêàåò îöåíêà

‖∂tu(t)‖W−1
2 (Ω) ≤ c(ν1)

(
‖∇u(t)‖L2(Ω) + ‖u(t)‖L2(Ω)

)
+ c ‖f(t)‖W−1

2 (Ω)

Ýòî ýêâèâàëåíòíî

‖∂tu(t)‖2
W−1

2 (Ω)
≤ c(ν1) ‖u(t)‖2

W 1
2 (Ω) + c ‖f(t)‖2

W−1
2 (Ω)

, ï.â. t ∈ (0, T )

Èíòåãðèðóÿ ïîñëåäíåå íåðàâåíñòâî ïî t ∈ (0, T ), ñ ó÷åòîì ‖u‖W 1,0
2 (QT ) = ‖u‖L2(0,T ;W 1

2 (Ω)) ìû
ïðèõîäèì ê îöåíêå

‖∂tu‖L2(0,T ;W−1
2 (Ω)) ≤ c(ν1) ‖u‖W 1,0

2 (QT ) + c ‖f‖L2(0,T ;W−1
2 (Ω))

Èñïîëüçóÿ îöåíêó ‖u‖W 1,0
2 (QT ), ïîëó÷åííóþ â 2, ïîëó÷àåì òðåáóåìîå íåðàâåíñòâî. �

3. Òåîðåìà åäèíñòâåííîñòè â ýíåðãåòè÷åñêîì êëàññå

Òåîðåìà. Ïóñòü u1 è u2 � äâà îáîáùåííûõ ðåøåíèÿ çàäà÷è (∗), ñîîòâåòñòâóþùèõ îä-
íîìó è òîìó æå íà÷àëüíîìó äàííîìó u0 ∈ L2(Ω) è îäíîé è òîé æå ïðàâîé ÷àñòè f ∈
L2(0, T ;W−1

2 (Ω)). Òîãäà u1 ≡ u2 â QT .

Äîêàçàòåëüñòâî. Ôóíêöèÿ u := u2 − u1 ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì çàäà÷è{
∂tu+ Lu = 0 â QT

u|∂′QT
= 0

Òîãäà èç ýíåðãåòè÷åñêîé îöåíêè âûòåêàåò, ÷òî u ≡ 0 â QT . �
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2.4 Ñóùåñòâîâàíèå ñëàáûõ ðåøåíèé

1. Òåîðåìà ñóùåñòâîâàíèÿ â ýíåðãåòè÷åñêîì êëàññå

Òåîðåìà. Äëÿ ëþáûõ u0 ∈ L2(Ω) è f ∈ L2(0, T ;W−1
2 (Ω)), ñóùåñòâóåò åäèíñòâåííîå îáîá-

ùåííîå ðåøåíèå u ∈ L2,∞(QT ) ∩W 1,0
2 (QT ) çàäà÷è
∂tu+ Lu = f â QT ,

u|∂Ω×(0,T ) = 0,

u|t=0 = u0.

(∗)

2. Ïëàí äîêàçàòåëüñòâà

� Ïîñòðîåíèå êîíå÷íîìåðíûõ ïðèáëèæåíèé

� Ýíåðãåòè÷åñêàÿ îöåíêà

� Ïðåäåëüíûé ïåðåõîä

3. Ãàëåðêèíñêèå ïðèáëèæåíèÿ

Òåîðåìà. Ïóñòü ôóíêöèè {wk}∞k=1 ⊂
◦
W 1

2(Ω) è

� {wk}k=1 îáðàçóþò îðòîíîðìèðîâàííûé áàçèñ â L2(Ω)

� {wk}k=1 îáðàçóþò îðòîãîíàëüíûé áàçèñ â
◦
W 1

2(Ω)
(
îòí. ñê. ïðîèçâ. (∇u,∇v)L2(Ω)

)
(Íàïðèìåð, â êà÷åñòâå {wk}∞k=1 ìîæíî âçÿòü ïîëíóþ ñèñòåìó ñîáñòâåííûõ ôóíêöèé çàäà÷è
Äèðèõëå äëÿ îïåðàòîðà Ëàïëàñà â Ω). Òîãäà äëÿ ëþáîãî N ∈ N ñóùåñòâóåò è ïðèòîì
åäèíñòâåííûé íàáîð êîýôôèöèåíòîâ {CN

k }Nk=1, C
N
k ∈ W 1

2 (0, T ), òàêèõ ÷òî ôóíêöèÿ

uN(x, t) :=
N∑
k=1

CN
k (t)wk(x), uN ∈ W 1,1

2 (QT )

äëÿ ëþáîãî k = 1, 2, . . . , N óäîâëåòâîðÿåò òîæäåñòâó

(∂tu
N(t), wk) + (a(t)∇uN(t),∇wk) + (b(t)∇uN(t), wk) + (c(t)uN(t), wk) = 〈f(t), wk〉, (?)

à òàêæå íà÷àëüíîìó óñëîâèþ

uN(x, 0) = uN0 (x) ï.â. x ∈ Ω,

ãäå

uN0 (x) :=
N∑
k=1

ckwk(x), ck :=

∫
Ω

u0(x)wk(x) dx, k = 1, 2, . . .
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Äîêàçàòåëüñòâî. Òàê êàê ôóíêöèè {wk}∞k=1 îáðàçóþò îðòîíîðìèðîâàííûé áàçèñ â L2(Ω),
âûïîëíåíèå ñîîòíîøåíèé (?) ýêâèâàëåíòíî âûïîëíåíèþ ëèíåíéíîé ñèñòåìû îáûêîíâåí-
íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé äëÿ êîýôôèöèåíòîâ CN

k (t):
dCN

k

dt
(t) +

N∑
j=1

Ajk(t)C
N
j (t) = Fk(t), t ∈ (0, T )

CN
k (0) = ck

k = 1, 2, . . . , N

Êîýôôèöèåíòû Akj(t) è Fk(t) â ýòîé ñèñòåìå âûðàæàþòñÿ ïî ôîðìóëàì

Ajk(t) :=

∫
Ω

(
a(x, t)∇wj(x) · ∇wk(x) + b(x, t) · ∇wj(x)wk(x) + c(x, t)wj(x)wk(x)

)
dx

Fk(t) := 〈f(t), wk〉

Èç óñëîâèé êà êîýôôèöèåíòû îïåðàòîðà L è ïðàâóþ ÷àñòü f âûòåêàåò, ÷òî

Ajk ∈ L∞(0, T ), Fk ∈ L2(0, T ).

Èç êóðñà ODE ìû çíàåì, ÷òî âñÿêàÿ ëèíåéíàÿ ñèñòåìà ODE ñ òàêèìè êîýôôèöèåíòàìè
èìååò åäèíñòâåííîå ðåøåíèå (CN

1 (t), CN
2 (t), . . . , CN

N (t), îïðåäåëåííîå íà âñåì ïðîìåæóòêå
[0, T ] è îáëàäàþùåå ãëàäêîñòüþ

CN
k ∈ W 1

2 (0, T ), k = 1, 2, . . . , N.

Ñëåäîâàòåëüíî, ñóùåñòâóåò åäèíñòâåííàÿ ôóíêöèÿ

uN(x, t) =
N∑
j=1

CN
j (t)wj(x), uN ∈ W 1,1

2 (QT ),

óäîâëåòâîðÿþùàÿ ñîîòíîøåíèÿì (?).

4. Ýíåðãåòè÷åñêàÿ îöåíêà

Òåîðåìà. Ñóùåñòâóåò ïîñòîÿííàÿ C = C(Ω, T, n, ν0, ν1) > 0, òàêàÿ ÷òî äëÿ ëþáîãî N ∈ N
ãàëåðêèíñêèå ïðèáëèæåíèÿ uN ∈ W 1,1

2 (QT ) â çàäà÷å (∗) óäîâëåòâîðÿþò îöåíêàì

‖uN‖L2,∞(QT ) + ‖uN‖W 1,0
2 (QT ) ≤ C

(
‖u0‖L2(Ω) + ‖f‖L2(0,T ;W−1

2 (Ω))

)
Äîêàçàòåëüñòâî. Óìíîæèì êàæäîå èç ñîîòíîøåíèé (?) íà CN

k (t) è ïðîñóììèðóåì ïî-
ëó÷åííûå ñîîòíîøåíèÿ ïî k îò 1 äî N . Ïîëó÷èì òîæäåñòâî

(∂tu
N(t), uN(t))+(a(t)∇uN(t),∇uN(t))+(b(t)∇uN(t), uN(t))+(c(t)uN(t), uN(t)) = 〈f(t), uN(t)〉,

êîòîðîå âûïîëíÿåòñÿ ïðè ï.â. t ∈ (0, T ). Çàìåòèì, ÷òî uN ∈ W 1
2 (0, T ;

◦
W 1

2(Ω)) è ïîýòîìó
ôóíêöèÿ t 7→ ‖uN(t)‖2

L2(Ω) àáñîëþòíî íåïðåðûâíà íà (0, T ) è

1

2

d

dt
‖uN(t)‖2

L2(Ω) = (∂tu
N(t), uN(t)) ï.â. t ∈ (0, T ).
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Èñïîëüçóÿ ñòàíäàðòíóþ òåõíèêó, ïîëó÷àåì îöåíêó

1

2

d

dt
‖uN(t)‖2

L2(Ω) +
ν0

2
‖∇uN(t)‖2

L2(Ω) ≤ c(ν1, ν0) ‖uN(t)‖2
L2(Ω) + c(Ω, ν0) ‖f(t)‖2

W−1
2 (Ω)

îòêóäà ïî ëåììå Ãðîíóîëëà ïîëó÷àåì îöåíêó

‖uN‖L2,∞(QT ) ≤ c
(
‖uN0 ‖L2(Ω) + ‖f‖L2(0,T ;W−1

2 (Ω))

)
Ïîñêîëüêó ôóíêöèÿ uN0 ÿâëÿåòñÿ ÷àñòè÷íîé ñóììîé ðÿäà Ôóðüå ôóíêöèè u0, ñïðàâåäëèâà
îöåíêà

‖uN0 ‖L2(Ω) ≤ ‖u0‖L2(Ω),

îòêóäà

‖uN‖L2,∞(QT ) ≤ c
(
‖u0‖L2(Ω) + ‖f‖L2(0,T ;W−1

2 (Ω))

)
Âûðàæàÿ

ν0

2
‖∇uN(t)‖2

L2(Ω) ≤ c(ν1, ν0) ‖uN(t)‖2
L2(Ω) + c(Ω, ν0) ‖f(t)‖2

W−1
2 (Ω)

− 1

2

d

dt
‖uN(t)‖2

L2(Ω)

è èíòåãðèðóÿ äàííîå íåðàâåíñòâî ïî t ∈ (0, T ), ïîëó÷àåì

‖∇uN‖2
L2(QT ) ≤ c(ν1, ν0) ‖uN‖2

L2(QT ) + c(Ω, ν0) ‖f‖2
L2(0,T ;W−1

2 (Ω))
+ c ‖uN0 ‖2

L2(Ω)︸ ︷︷ ︸
≤‖u0‖2L2(Ω)

Ñ ó÷åòîì íåðàâåíñòâà
‖uN‖L2(QT ) ≤ T 1/2‖uN‖L2,∞(QT )

ìû ïîëó÷àåì

‖uN‖W 1,0
2 (QT ) ≤ c(ν0, ν1, T ) ‖uN‖L2,∞(QT ) + c

(
‖u0‖L2(Ω) + ‖f‖L2(0,T ;W−1

2 (Ω))

)
îòêóäà ñ ó÷åòîì óæå äîêàçàííîé îöåíêè äëÿ ‖uN‖L2,∞(QT ) ìû ïîëó÷àåì òðåáóåìîå íåðà-
âåíñòâî. �

5. Ïðåäåëüíûé ïåðåõîä

Òåîðåìà. Ïóñòü ïîäïîñëåäîâàòåëüíîñòü {uNk} ⊂ W 1,1
2 (QT ) ãàëåðêèíñêèõ ïðèáëèæåíèé â

çàäà÷å (∗) ñõîäèòñÿ ñëàáî â W 1,0
2 (QT ) ê íåêîòîðîé ôóíêöèè u ∈ W 1,0

2 (QT ), ò.å.

uNk ⇀ u â L2(QT ), ∇uNk ⇀ ∇u â L2(QT ).

Òîãäà u ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì çàäà÷è (∗).

Äîêàçàòåëüñòâî.

1. Ïóñòü m ∈ N � ïðîèçâîëüíîå, è ïóñòü d1, d2, . . . , dm ∈ W 1
2 (0, T ) � ïðîèçâîëüíûå

ôóíêöèè, óäîâëåòâîðÿþùèå óñëîâèþ dk(T ) = 0. Îáîçíà÷èì

ηm(x, t) :=
N∑
k=1

dk(t)wk(x).
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Äîêàæåì, ÷òî äëÿ ëþáîãî N ≥ m âûïîëíÿåòñÿ ñîîòíîøåíèå

−
∫
QT

uN∂tη
m dxdt + L[uN , ηm] =

∫
Ω

uN0 (x)ηm(x, 0) dx +

T∫
0

〈f(t), ηm(t)〉 dt

ãäå

uN0 (x) =
N∑
k=1

ckwk(x), ck := (u0, wk)

Äåéñòâèòåëüíî, óìíîæèì êàæäîå èç ñîîòíîøåíèé k = 1, . . . ,m

d

dt
(uN(t), wk) + (a(t)∇uN(t),∇wk) + (b(t)∇uN(t), wk) + (c(t)uN(t), wk) = 〈f(t), wk〉, (?)

íà dk, ïðîèíòåãðèðóåì ðåçóëüòàò ïî t ∈ (0, T ) è âîñïîëüçóåìñÿ ðàâåíñòâîì

T∫
0

dk(t)
d

dt
(uN(t), wk) dt = (uN(t), wk) dk(T )︸ ︷︷ ︸

= 0

−(uN(t), wk)dk(0)−
T∫

0

(uN(t), wk)d
′
k(t) dt

Ñóììèðóÿ ïîëó÷åííûå òîæäåñòâà ïî k îò 1 äî m, ïîëó÷àåì òðåáóåìîå òîæäåñòâî.

2. Óñòðåìëÿÿ N →∞ ñ ó÷åòîì

uN ⇀ u â L2(QT ), ∇uN ⇀ ∇u â L2(QT ), uN0 → u0 â L2(Ω)

ïîëó÷àåì òîæäåñòâî

−
∫
QT

u∂tη
m dxdt + L[u, ηm] =

∫
Ω

u0(x)ηm(x, 0) dx +

T∫
0

〈f(t), ηm(t)〉 dt (??)

3. Äëÿ ëþáîé ôóíêöèè

η ∈ W 1,1
2 (QT ), η|∂Ω×(0,T ) = 0, η|t=T = 0

ñóùåñòâóþò ηm(x, t) =
N∑
k=1

dmk (t)wk(x), dmk ∈ W 1
2 (0, T ), dmk (T ) = 0, òàêèå ÷òî

ηm → η â L2(QT ), ∇ηm → ∇η â L2(QT ), ∂tη
m → ∂tη â L2(QT )

Ïîñêîëüêó îïåðàòîð ñëåäà u ∈ W 1,1
2 (QT ) 7→ u|t=0 ∈ L2(Ω) íåïðåðûâåí êàê îïåðàòîð èç

W 1,1
2 (QT ) â L2(Ω), çàêëþ÷àåì òàêæå, ÷òî ηm(0)→ η(0) â L2(Ω).

Íàêîíåö, ïîñêîëüêó f ÿâëÿåòñÿ íåïðåðûâíûì ëèíåéíûì ôóíêöèîíàëîì íà L2(0, T ;
◦
W 1

2(Ω))

è ηm → η â L2(0, T ;
◦
W 1

2(Ω)), ìû ïîëó÷àåì

T∫
0

〈f(t), ηm(t)〉 dt →
T∫

0

〈f(t), η(t)〉 dt
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Ïåãåõîäÿ ê ïðåäåëó ïðè m→∞ â ñîîòíîøåíèè (??), ïîëó÷àåì

−
∫
QT

u∂tη dxdt + L[u, η] =

∫
Ω

u0(x)η(x, 0) dx +

T∫
0

〈f(t), η(t)〉 dt

Ñëåäîâàòåëüíî, u ∈ W 1,0
2 (QT ) ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì çàäà÷è (∗). �
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2.5 Ñèëüíûå ðåøåíèÿ

1. Îïðåäåëåíèå ñèëüíîãî ðåøåíèÿ

Îïðåäåëåíèå. Ïóñòü u0 ∈
◦
W 1

2(Ω), f ∈ L2(QT ), ∇a ∈ L∞(QT ). Ñèëüíûì ðåøåíèåì
íà÷àëüíî�êðàåâîé çàäà÷è 

∂tu+ Lu = f â QT

u|∂Ω×(0,T ) = 0

u|t=0 = u0

(∗)

ìû áóäåì íàçûâàòü ôóíêöèþ u ∈ W 2,1
2 (QT ), óäîâëåòâîðÿþùóþ óðàâíåíèþ ï.â. â QT , à

íà÷àëüíîìó è êðàåâîìó óñëîâèþ � â ñìûñëå ñëåäîâ.

Çàìå÷àíèå. Âñÿêîå ñèëüíîå ðåøåíèå ÿâëÿåòñÿ îáîáùåííûì.

2. Òåîðåìà ñóùåñòâîâàíèÿ â êëàññå ñèëüíûõ ðåøåíèé

Òåîðåìà. Ïóñòü Ω � îáëàñòü êëàññà C2 è ïóñòü

∃ ∂ajk
∂xl
∈ L∞(QT ), ∃ ∂ajk

∂t
∈ L∞(QT ), ‖∇a‖L∞(QT ) + ‖∂ta‖L∞(QT ) ≤ ν2.

Òîãäà äëÿ ëþáûõ u0 ∈
◦
W 1

2(Ω) è f ∈ L2(QT ) ñóùåñòâóåò åäèíñòâåííîå ñèëüíîå ðåøåíèå
u ∈ W 2,1

2 (QT ) çàäà÷è (∗), ïðè÷åì èìååò ìåñòî îöåíêà

‖u‖W 2,1
2 (QT ) ≤ c

(
‖f‖L2(QT ) + ‖u0‖W 1

2 (Ω)

)
,

â êîòîðîé ïîñòîÿííàÿ c > 0 çàâèñèò òîëüêî îò n, Ω, T , ν0, ν1 è ν2.

3. Ïëàí äîêàçàòåëüñòâà êîýðöèòèâíîé îöåíêè

Ïðåäïîëîæèì, ÷òî u � ãëàäêàÿ.

� Îáîçíà÷èì f0 := f − b · ∇u− cu. Òîãäà ñ ó÷åòîì ýíåðãåòè÷åñêîé îöåíêè

‖f0‖L2(QT ) ≤ c
(
‖f‖L2(QT ) + ‖u‖W 1,0

2 (QT )

)
≤ c

(
‖f‖L2(QT ) + ‖u0‖W 1

2 (Ω)

)
� Óìíîæèì óðàâíåíèå ∂tu+ Lu = f íà ∂tu è ïðîèíòåãðèðóåì ðåçóëüòàò ïî Ω:

‖∂tu(t)‖2
L2(Ω) + (a(t)∇u(t), ∂t∇u(t)) = (f0(t), ∂tu(t))

� Ñ ó÷åòîì ñèììåòðè÷íîñòè ìàòðèöû a(t) ïðåîáðàçóåì

(a(t)∇u(t), ∂t∇u(t)) =
1

2

d

dt
(a(t)∇u(t),∇u(t))−

(
∂a

∂t
(t)∇u(t),∇u(t)

)
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� Ïðîèíòåãðèðóåì ïî t ∈ (0, T ) ñîîòíîøåíèå

‖∂tu(t)‖2
L2(Ω) = −1

2

d

dt
(a(t)∇u(t),∇u(t)) +

(
∂a

∂t
(t)∇u(t),∇u(t)

)
+ (f0(t), ∂tu(t))

Ïîëó÷èì
‖∂tu‖2

L2(QT ) = 1
2
(a(0)∇u0,∇u0)−1

2
(a(T )∇u(T ),∇u(T ))︸ ︷︷ ︸

≤ 0

+

+

T∫
0

(
∂a

∂t
(t)∇u(t),∇u(t)

)
dt+

T∫
0

(f0(t), ∂tu(t)) dt

� Ó÷èòûâàÿ óñëîâèÿ íà êîýôôèöèåíòû, ïîëó÷àåì îöåíêó

‖∂tu‖2
L2(QT ) ≤

ν1

2
‖∇u0‖2

L2(Ω) + ν2‖∇u‖2
L2(QT ) + ‖f0‖L2(QT )‖∂tu‖L2(QT )

Ïðèìåíÿÿ íåðàâåíñòâîÞíãà ab ≤ εa2+Cεb
2, à òàêæå ýíåðãåòè÷åñêóþ îöåíêó è îöåíêó

äëÿ ‖f0‖L2(QT ), ïîëó÷àåì

‖∂tu‖2
L2(QT ) ≤ c

(
‖∇u0‖2

L2(Ω) + ‖f‖2
L2(QT )

)
� Îáîçíà÷èì f1 := f0 − ∂tu. Òîãäà f1 ∈ L2(QT ) è

‖f1‖L2(QT ) ≤ ‖f0‖L2(QT ) + ‖∂tu‖L2(QT ) ≤ c
(
‖f‖L2(QT ) + ‖u0‖W 1

2 (Ω)

)
Äëÿ ëþáîãî t ∈ (0, T ) ôóíêöèÿ u(t) ∈

◦
W 1

2(Ω) ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì çàäà÷è
Äèðèõëå äëÿ ýëëèïòè÷åñêîãî óðàâíåíèÿ{

− div
(
a(t)∇u(t)

)
= f1(t) â Ω

u(t)|∂Ω = 0

� Ïîñêîëüêó ∂Ω ⊂ C2 è äëÿ ï.â. t ∈ (0, T ) èìååò ìåñòî âêëþ÷åíèå f1(t) ∈ L2(Ω), èç
ýëëèïòè÷åñêîé òåîðèè (ñì. ïàðàãðàôû �Âòîðîå îñíîâíîå íåðàâåíñòâî� èëè �Îöåíêà
âòîðûõ ïðîèçâîäíûõ�) ïîëó÷àåì

‖u(t)‖W 2
2 (Ω) ≤ cΩ ‖f1(t)‖L2(Ω), ∀ t ∈ (0, T )

Âîçâîäÿ ýòó îöåíêó â êâàäðàò è èíòåãðèðóÿ ïî t ∈ (0, T ), ïîëó÷àåì

‖u‖L2(0,T ;W 2
2 (Ω)) ≤ c ‖f1‖L2(QT )

� Ó÷èòûâàÿ îöåíêó äëÿ ‖f1‖L2(QT ), ïîëó÷àåì îêîí÷àòåëüíî

‖u‖W 2,1
2 (QT ) = ‖u‖L2(0,T ;W 2

2 (Ω)) + ‖∂tu‖L2(QT ) ≤ c
(
‖f‖L2(QT ) + ‖u0‖W 1

2 (Ω)

)
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4. Äîêàçàòåëüñòâî òåîðåìû ñóùåñòâîâàíèÿ

1. Ïóñòü u ∈ L2,∞(QT ) ∩W 1,0
2 (QT ) � îáîáùåííîå ðåøåíèå çàäà÷è (∗). Îáîçíà÷èì

f0 := f − b · ∇u− cu, f0 ∈ L2(QT )

Ñ ó÷åòîì ýíåðãåòè÷åñêîãî íåðàâåíñòâà

‖u‖W 1,0
2 (QT ) ≤ c

(
‖f‖L2(0,T ;W−1

2 (Ω)) + ‖u0‖L2(Ω)

)
≤ c

(
‖f‖L2(QT ) + ‖u0‖L2(Ω)

)
ïîëó÷àåì äëÿ f0 îöåíêó

‖f0‖L2(QT ) ≤ c
(
‖f‖L2(QT ) + ‖u0‖W 1

2 (Ω)

)
2. Òåïåðü u ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì çàäà÷è

∂tu− div(a∇u) = f0 â QT

u|∂Ω×(0,T ) = 0

u|t=0 = u0

(∗∗)

Ïîñòðîèì ãàëåðêèíñêèå ïðèáëèæåíèÿ äëÿ çàäà÷è (∗∗):

uN(x, t) :=
N∑
k=1

CN
k (t)wk(x), uN ∈ W 1,1

2 (QT )

ãäå CN
k ∈ W 1

2 (0, T ) è ôóíêöèè uN äëÿ ëþáîãî k = 1, 2, . . . , N óäîâëåòâîðÿþò òîæäåñòâó
(∂tu

N(t), wk) + (a(t)∇uN(t),∇wk) = (f0(t), wk),

uN |t=0 = uN0 , uN0 (x) :=
N∑
k=1

(u0, wk)wk(x)

Ìû óæå çíàåì, ÷òî

‖uN‖W 1,0
2 (QT ) ≤ c

(
‖f0‖L2(QT ) + ‖u0‖L2(Ω)

)
, uN → v â L2(QT ),

ãäå v ∈ L2,∞(QT )∩W 1,0
2 (QT ) � íåêîòîðîå îáîáùåííîå ðåøåíèå çàäà÷è (∗∗). Òàêèì îáðàçîì,

v è u � äâà îáîáùåííûõ ðåøåíèÿ çàäà÷è (∗∗), ñîîòâåòñòâóþùèå îäíîìó è òîìó æå íà-
÷àëüíîìó äàííîìó è ïðàâîé ÷àñòè. Ïî òåîðåìå åäèíñòâåííîñòè äëÿ îáîáùåííûõ ðåøåíèé
ïîëó÷àåì v ≡ u ï.â. â QT .

3. Óìíîæèì êàæäîå èç òîæäåñòâ

(∂tu
N(t), wk) + (a(t)∇uN(t),∇wk) = (f0(t), wk)

íà
dCN

k

dt
(t) è ïðîñóììèóåì ïî k îò 1 äî N . Ïîëó÷èì òîæäåñòâî(

∂tu
N(t), ∂tu

N
)

+
(
a(t)∇uN(t), ∂t∇uN

)
=
(
f0(t), ∂tu

N
)
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Çàìåòèì, ÷òî

uN , ∂tu
N ∈ L2(0, T ;

◦
W 1

2(Ω))

Âòîðîå ñëàãàåìîå â ëåâîé ÷àñòè èìååò âèä(
a(t)∇uN(t), ∂t∇uN

)
:=

∫
Ω

a(x, t)∇uN(x, t) · ∂
∂t
∇uN(x, t) dx =

∫
Ω

ajku
N
,j ∂tu

N
,k dx

Çàìåòèì, ÷òî â ñèëó óñëîâèÿ ajk = akj ïðè ï.â. x ∈ Ω ñïðàâåäëèâû òîæåñòâà

∂

∂t

(
a∇uN · ∇uN

)
= ∂t

(
ajku

N
,j u

N
,k

)
= ajk∂tu

N
,j u

N
,k + ajku

N
,j ∂tu

N
,k +

∂ajk
∂t

uN,j u
N
,k =

= (akj + ajk)u
N
,j ∂tu

N
,k +

∂ajk
∂t

uN,j u
N
,k = 2 ajku

N
,j ∂tu

N
,k +

∂ajk
∂t

uN,j u
N
,k =

= 2 a∇uN · ∂t∇uN +
∂a

∂t
∇uN · ∇uN

Ïîýòîìó äëÿ uN ïðè ï.â. t ∈ (0, T ) âûïîëíÿåòñÿ òîæäåñòâî

2 ‖∂tuN(t)‖2
L2(Ω) +

d

dt

(
a(t)∇uN(t),∇uN(t)

)
= 2

(
f0(t), ∂tu

N(t)
)

+
(∂a
∂t
∇uN(t),∇uN(t)

)
èç êîòîðîãî ïðè ïîìîùè íåðàâåíñòâà Þíãà ïðè ï.â. t ∈ (0, T ) âûòåêàåò îöåíêà

‖∂tuN(t)‖2
L2(Ω) +

d

dt

(
a(t)∇uN(t),∇uN(t)

)
≤ c ‖f0(t)‖2

L2(Ω) + c ‖∇uN(t)‖2
L2(Ω)

C ó÷åòîì ýëëèïòè÷íîñòè ìàòðèöû a ïîëó÷àåì íåðàâåíñòâî

‖∂tuN‖L2(QT ) + ‖∇uN‖L∞(0,T ;L2(Ω)) ≤ c
(
‖f0‖L2(QT ) + ‖∇uN‖L2(QT ) + ‖∇uN0 ‖L2(Ω)

)
Ïðèíèìàÿ âî âíèìàíèå ýíåðãåòè÷åñêóþ îöåíêó äëÿ uN , ïîëó÷àåì

‖∂tuN‖L2(QT ) + ‖∇uN‖L∞(0,T ;L2(Ω)) ≤ c
(
‖f0‖L2(QT ) + ‖uN0 ‖W 1

2 (Ω)

)
Çàìåòèì, ÷òî åñëè áàçèñ {wk}∞k=1 ñîñòîèò èç ñîáñòâåííûõ ôóíêöèé çàäà÷è Äèðèõëå äëÿ
îïåðàòîðà Ëàïëàñà â îáëàñòè Ω, òî (∇wj,∇wk) = λjδjk, ãäå λj � ñîáñòâåííûå ÷èñëà îïå-
ðàòîðà −∆ ñ óñëîâèÿìè Äèðèõëå â Ω. Ïîýòîìó

‖∇u0‖2
L2(Ω) =

∞∑
k=1

λk|ck|2, ck := (u0, wk)L2(Ω)

Ñ äðóãîé ñòîðîíû,

‖∇uN0 ‖2
L2(Ω) =

N∑
k=1

λk|ck|2 =⇒ ‖∇uN0 ‖2
L2(Ω) ≤ ‖∇u0‖2

L2(Ω)

Ñëåäîâàòåëüíî, ∂tu
N îãðàíè÷åíà â L2(QT ), îòêóäà ñ ó÷åòîì v ≡ u â QT âûòåêàåò

∂tu
N ⇀ ∂tu â L2(QT ), ‖∂tu‖L2(QT ) ≤ c

(
‖f0‖L2(QT ) + ‖u0‖W 1

2 (Ω)

)
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4. Îáîçíà÷èì f1 := f0 − ∂tu. Òîãäà ñ ó÷åòîì îöåíîê ‖f0‖L2(QT ) è ‖∂tu‖L2(QT ) ïîëó÷àåì

‖f1‖L2(QT ) ≤ c
(
‖f‖L2(QT ) + ‖u0‖W 1

2 (Ω)

)
Ñëåäîâàòåëüíî, äëÿ ï.â. t ∈ (0, T ) ôóíêöèÿ u(t) ∈

◦
W 1

2(Ω) ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì
çàäà÷è Äèðèõëå äëÿ ýëëèïòè÷åñêîãî óðàâíåíèÿ{

− div(a(t)∇u(t)) = f1(t) â Ω

u(t)|∂Ω = 0

Ïîñêîëüêó Ω � êëàññà C2 è a(t) ∈ W 1
∞(Ω), f1(t) ∈ L2(Ω) ïðè ï.â. t ∈ (0, T ), èç ýëëèïòè÷å-

ñêîé òåîðèè çàêëþ÷àåì, ÷òî

ïðè ï.â. t ∈ (0, T ) u(t) ∈ W 2
2 (Ω), ‖u(t)‖2

W 2
2 (Ω) ≤ c ‖f1(t)‖2

L2(Ω)

îòêóäà èíòåãðèðîâàíèåì ýòîé îöåíêè ïî t ∈ (0, T ) ïîëó÷àåì

‖u‖L2(0,T ;W 2
2 (Ω)) ≤ c ‖f1‖L2(QT )

Ñëåäîâàòåëüíî, u ∈ W 2,1
2 (QT ) è

‖u‖W 2,1
2 (QT ) = ‖∂tu‖L2(QT ) + ‖u‖L2(0,T ;W 2

2 (Ω)) ≤

≤ c
(
‖f0‖L2(QT ) + ‖u0‖W 1

2 (Ω)

)
+ c ‖f1‖L2(QT ) ≤ c

(
‖f‖L2(QT ) + ‖u0‖W 1

2 (Ω)

)
5. Åäèíñòâåííîñòü ñïðàâåäëèâà â áîëåå øèðîêîì êëàññå îáîáùåííûõ ðåøåíèé.

�
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