
3 Ñâîéñòâà ðåøåíèé ïàðàáîëè÷åñêèõ óðàâíåíèé

3.1 Ïàðàáîëè÷åñêèé ïðèíöèï ìàêñèìóìà

1. Ñâîéñòâà ïîëîæèòåëüíûõ ìàòðèö

Òåîðåìà. Ïóñòü A = (aij) è B = (bij) � âåùåñòâåííûå ñèììåòðè÷íûå ìàòðèöû n × n.
Îáîçíà÷èì ÷åðåç A : B èõ ñêàëÿðíîå ïðîèçâåäåíèå:

A : B :=
n∑
i=1

n∑
j=1

aijbij.

Ïðåäïîëîæèì, ÷òî îáå ìàòðèöû A è B íåîòðèöàòåëüíû, òî åñòü

Aξ · ξ ≥ 0, Bξ · ξ ≥ 0, ∀ ξ ∈ Rn.

Òîãäà
A : B ≥ 0

Äîêàçàòåëüñòâî.

1. B = BT , B ≥ 0 =⇒ ∃ L = LT , L ≥ 0: L2 = B

2. A : B = tr(AB) = tr(BA).

3. A : B = tr(AL2) = tr(LAL).

4. LAL ≥ 0 =⇒ tr(LAL) ≥ 0

�

2. Çíà÷åíèÿ ïðîèçâîäíûõ ôóíêöèè â òî÷êè åå ìàêñèìóìà

Òåîðåìà. Ïóñòü a ∈ C(Q̄T ), b ∈ C(Q̄T ) è ïðåäïîëîæèì, ÷òî u ∈ C(Q̄T ) ∩ C2,1(QT ) äîñòè-
ãàåò ñâîåãî ìàêñèìóìà â òî÷êå (x0, t0) ∈ QT := Ω× (0, T ], òî åñòü

u(x0, t0) = sup
(x,t)∈QT

u(x, t).

Òîãäà

� ∇u(x0, t0) = 0

� ∂tu(x0, t0) ≥ 0

� ìàòðèöà ∇2u(x0, t0) îòðèöàòåëüíà (ò.å. âñå åå ñîáñòâåííûå ÷èñëà ≤ 0)

� a(x0, t0) : ∇2u(x0, t0) ≤ 0

� ∂tu(x0, t0)− a(x0, t0) : ∇2u(x0, t0) + b(x0, t0) · ∇u(x0, t0) ≥ 0
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3. Ñëàáûé ïðèíöèï ìàêñèìóìà

Òåîðåìà. Ïóñòü a, ∇a, b ∈ C(Q̄T ) è u ∈ C(Q̄T ) ∩ C2,1(QT ) óäîâëåòâîðÿåò íåðàâåíñòâó

∂tu− div(a∇u) + b · ∇u ≤ 0 â QT

Òîãäà
sup
QT

u ≤ sup
∂′QT

u

Äîêàçàòåëüñòâî.

1. Ïðåäïîëîæèì ñíà÷àëà, ÷òî âûïîëíÿåòñÿ ñòðîãîå íåðàâåíñòâî

∂tu− div(a∇u) + b · ∇u < 0 â QT

Ïóñòü (x0, t0) ∈ Q̄T � òî÷êà ìàêñèìóìà ôóíêöèè u, ò.å.

u(x0, t0) = sup
(x,t)∈Q̄T

u(x, t),

è ïðåäïîëîæèì, ÷òî (x0, t0) ∈ QT := Ω× (0, T ]. Çàìåòèì, ÷òî

div(a∇u) = (ajku,k),j = ajku,jk + ajk,ju,k = a : ∇2u+ div aT︸ ︷︷ ︸
= div a

·∇u

è ïîýòîìó u ∈ C(Q̄T ) ∩ C2,1(QT ) óäîâëåòâîðÿåò íåðàâåíñòâó

∂tu(x, t)− a(x, t) : ∇2u(x, t) + b̃(x, t) · ∇u(x, t) < 0 ∀ (x, t) ∈ QT ,

ãäå
b̃ := b+ div a ∈ C(Q̄T ).

Ñ äðóãîé ñòîðîíû, èç ïðåäûäóùåãî ïóíêòà ìû çíàåì, ÷òî â òî÷êå (x0, t0) ∈ QT âûïîëíÿ-
åòñÿ íåðàâåíñòâî

∂tu(x0, t0)− a(x0, t0) : ∇2u(x0, t0) + b̃(x0, t0) · ∇u(x0, t0) ≥ 0

Ïîëó÷åííîå ïðîòèâîðå÷èå äîêàçûâàåò, ÷òî (x0, t0) ∈ ∂QT .

2. Ïðåäïîëîæèì òåïåðü, ÷òî âûïîëíÿåòñÿ íåñòðîãîå íåðàâåíñòâî

∂tu− div(a∇u) + b · ∇u ≤ 0 â QT

Ïóñòü ε > 0 è ïîëîæèì
uε(x, t) := u(x, t)− εt

Òîãäà

∂tu
ε − div(a∇uε) + b · ∇uε = ∂tu− div(a∇u) + b · ∇u︸ ︷︷ ︸

≤ 0

−ε ≤ −ε < 0 â QT
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è èç 1 ìû ïîëó÷àåì
sup
QT

uε ≤ sup
∂′QT

uε

îòêóäà ñ ó÷åòîì t ∈ (0, T ) ìû ïîëó÷àåì

sup
QT

u− εT ≤ sup
QT

uε ≤ sup
∂′QT

uε ≤ sup
∂′QT

u

Óñòðåìëÿÿ ε→ +0, ïîëó÷àåì òðåáóåìóþ îöåíêó. �

4. Äâóñòîðîííÿÿ îöåíêà

Òåîðåìà. Ïóñòü a, ∇a, b ∈ C(Q̄T ) è u ∈ C(Q̄T ) ∩ C2,1(QT ) óäîâëåòâîðÿåò óðàâíåíèþ.

∂tu− div(a∇u) + b · ∇u = 0 â QT

Òîãäà èìååò ìåñòî äâóñòîðîííÿÿ îöåíêà

inf
∂′QT

u ≤ sup
QT

u ≤ sup
∂′QT

u

Äîêàçàòåëüñòâî. Îöåíêà íà inf ïîëó÷àåòñÿ èç îöåíêè íà sup äëÿ ôóíêöèè v := −u.

5. Òåîðåìà ñðàâíåíèÿ

Òåîðåìà. Ïóñòü a, ∇a, b ∈ C(Q̄T ) è ïóñòü u1, u2 ∈ C(Q̄T )∩C2,1(QT ) � äâà êëàññè÷åñêèõ
ðåøåíèÿ óðàâíåíèÿ

∂tu− div(a∇u) + b · ∇u = 0 â QT

Òîãäà
u1 ≤ u2 íà ∂′QT =⇒ u1 ≤ u2 â QT

Äîêàçàòåëüñòâî. Ñëàáûé ïðèíöèï ìàêñèìóìà äëÿ ôóíêöèè ū := u1 − u2.
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3.2 Ïàðàáîëè÷åñêîå íåðàâåíñòâî Õàðíàêà

1. Íåðàâåíñòâî Õàðíàêà

Òåîðåìà. Ïóñòü u ∈ C(Q̄2R) ∩ C∞(Q2R), ïðè÷åì

u ≥ 0 â Q2R,

è u óäîâëåòâîðÿåò óðàâíåíèþ

∂tu−∆u = 0 â Q2R

Òîãäà ñïðàâåäëèâî íåðàâåíñòâî

sup
BR×(−3R2,−2R2)

u ≤ c∗ inf
BR×(−R2,0)

u,

â êîòîðîì ïîñòîÿííàÿ c∗ > 0 çàâèñèò òîëüêî îò n.

2. Óðàâíåíèå äëÿ lnu

Ëåììà. Ïóñòü u ≥ ε > 0 â Q2R è u óäîâëåòâîðÿåò óðàâíåíèþ

∂tu−∆u = 0

Îáîçíà÷èì
v := lnu

Òîãäà
∂tv −∆v = |∇v|2

3. Íåðàâåíñòâî Õàðíàêà â òåðìèíàõ ôóíêöèè v = lnu

Åñëè ∀ (x1, t1) ∈ BR × (−3R2,−2R2), ∀ (x2, t2) ∈ BR × (−R2, 0) ìû äîêàæåì îöåíêó

v(x2, t2)− v(x1, t1) ≥ −γ
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ñ íåêòîðîé àáñîëþòíîé ïîñòîÿííîé γ > 0, òî èç íåå áóäåò âûòåêàòü îöåíêà

u(x2, t2) ≥ e−γ u(x1, t1),

êîòîðàÿ äàåò íåðàâåíñòâî Õàðíàêà.

4. Ôîðìóëà Íüþòîíà�Ëåéáíèöà

Ïî ôîðìóëå Íüþòîíà-Ëåéáíèöà ìû ïîëó÷èì

v(x2, t2)− v(x1, t1) =

1∫
0

(
∇v(xs, ts) · (x2 − x1) + ∂tv(xs, ts)(t2 − t1)

)
ds

ãäå ìû îáîçíà÷èëè xs := x1 + s(x2 − x1) è ts := t1 + s(t2 − t1), s ∈ [0, 1].

Ïðè x1, x2 ∈ BR ìû èìååì |x1 − x2| ≤ 2R è ñ ó÷åòîì ab ≤ εa2 + Cεb
2 îöåíèâàåì

∇v(xs, ts) · (x2 − x1) ≥ −|∇v(xs, ts)|2 2R ≥ −1
2
|∇v(xs, ts)|2(t2 − t1)− 2R2

t2 − t1
Çàìåòèì, ÷òî

t1 ∈ [−3R2,−2R2], t2 ∈ [−R2, 0] =⇒ t2 − t1 ≥ R2

è ïîýòîìó

− 2R2

t2 − t1
≥ −2

5. ×òî íóæíî äîêàçàòü?

Ïîñêîëüêó

v(x2, t2)− v(x1, t1) ≥ (t2 − t1)

1∫
0

(
∂tv(xs, ts)−

1

2
|∇v(xs, ts)|2

)
ds − 2

îöåíêó
v(x2, t2)− v(x1, t1) ≥ −γ

ìû ïîëó÷èì, åñëè äîêàæåì íåðàâåíñòâî

∂tv − 1
2
|∇v|2 ≥ − µ

R2
â BR × (−3R2, 0)

ñ íåêîòîðîé àáñîëþòíîé ïîñòîÿííîé µ > 0. Äåéñòâèòåëüíî, â ýòîì ñëó÷àå

v(x2, t2)− v(x1, t1) ≥ −µ t2 − t1
R2

− 2,

÷òî ñ ó÷åòîì t2 − t1 ≤ 4R2 äàåò òðåáóåìîå íåðàâåíñòâî ñ ïîñòîÿííîé γ = 4µ+ 2.
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6. Ôóíêöèÿ w0

Èç ñîîòíîøåíèÿ ∂tv −∆v = |∇v|2 ìû ïîëó÷àåì òîæäåñòâî

∂tv − 1
2
|∇v|2 = ∆v + 1

2
|∇v|2 â Q2R

Îáîçíà÷èì
w0 := ∆v + 1

2
|∇v|2

Íàøà öåëü � óñòàíîâèòü îöåíêó

w0 + const ≥ 0 â BR × (−3R2, 0)

7. Ñëàáûé ïðèíöèï ìàêñèìóìà

Êàê äîêàçàòü, ÷òî êàêàÿ-òî ôóíêöèÿ w íåîòðèöàòåëüíà?

Íàïðèìåð, ìû çíàåì ñëàáûé ïðèíöèï ìàêñèìóìà:{
∂tw −∆w ≥ 0 â Q2R

w|∂′Q2R
≥ 0

=⇒ w ≥ 0 â Q2R

8. Ôóíêöèÿ w

Çíà÷åíèÿ ôóíêöèè w0 íà ∂
′Q2R ìû íå êîíòðîëèðóåì. Åå íàäî ïîäêîððåêòèðîâàòü.

Ïóñòü ñðåçàþùàÿ ôóíêöèÿ ζ ∈ C2,1(Q̄2R) òàêîâà, ÷òî

ζ ≡ 1 íà BR × [−3R2, 0], 0 ≤ ζ ≤ 1 â Q2R, supp ζ ⊂ B2R × (−4R2, 0],

|∇ζ| ≤ c

R
, |∂tζ|+ |∇2ζ| ≤ c

R2

Ïóñòü µ > 0 � ïîñòîÿííàÿ, çíà÷åíèå êîòîðîé ìû ôèêñèðóåì ïîçæå. Îáîçíà÷èì

w := ζ4w0 +
4µ

R2

(
1 +

t

4R2

)
︸ ︷︷ ︸
≥ 0 t∈(−4R2,0)

Òîãäà
w|∂′Q2R

≥ 0

9. Óðàâíåíèå äëÿ ôóíêöèè w

Îáîçíà÷èì
M0w := ∂tw −∆w

Òîãäà

M0w = M0

(
ζ4w0 +

4µ

R2

(
1 +

t

4R2

))
= ζ4M0w0 − 2∇ζ4 · ∇w0 + w0M0ζ

4 +
µ

R4
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Îáîçíà÷èì ÷åðåçMv äèôôåðåíöèààëüíûé îïåðàòîð

Mvw0 := M0w0 − 2∇v · ∇w0 = ∂tw0 −∆w0 − 2∇v · ∇w0

Òîãäà

M0w = ζ4Mvw0 + 2(ζ4∇v −∇ζ4) · ∇w0 + w0M0ζ
4 +

µ

R4

10. Ñâîéñòâà îïåðàòîðà Mv

Ëåììà. Ïóñòü v óäîâëåòâîðÿåò óðàâíåíèþ

∂tv −∆v = |∇v|2,

Òîãäà

Mv

(
∆v + 1

2
|∇v|2

)
= |∇2v|2

Äîêàçàòåëüñòâî. Ñ ó÷åòîì òîæäåñòâà

∆|∇v|2 = 2 |∇2v|2 + 2∇v · ∇∆v

ïîëó÷àåì

Mv∆v = ∂t∆v −∆2v − 2∇v · ∇∆v = ∆
(
∂tv −∆v︸ ︷︷ ︸

= |∇v|2

)
− 2∇v · ∇∆v =

= ∆|∇v|2︸ ︷︷ ︸
= 2 |∇2v|2+2∇v·∇∆v

−2∇v · ∇∆v = 2 |∇2v|2 + 2∇v · ∇∆v − 2∇v · ∇∆v︸ ︷︷ ︸
= 0

= 2 |∇2v|2

Àíàëîãè÷íî, ñ ó÷åòîì òîæäåñòâ

∂t|∇v|2 = 2∇v · ∇∂tv
∆|∇v|2 = 2∇v · ∇∆v + 2|∇2v|2

ïîëó÷àåì
Mv|∇v|2 = ∂t|∇v|2 −∆|∇v|2 − 2∇v · ∇|∇v|2 =

= 2∇v · ∇
(
∂tv −∆v︸ ︷︷ ︸

= |∇v|2

)
− 2∇v · ∇|∇v|2 − 2|∇2v|2 =

= 2∇v · ∇|∇v|2 − 2∇v · ∇|∇v|2︸ ︷︷ ︸
= 0

−2|∇2v|2 = −2|∇2v|2

11. Çíà÷åíèå ôóíêöèèM0w â òî÷êå ìèíèìóìà z0

Ïóñòü z0 := (x0, t0) ∈ Q̄2R � òî÷êà ìèíèìóìà ôóíêöèè w, ò.å.

w(z0) = inf
z∈Q2R

w(z)
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Òîãäà åñëè z0 ∈ Q2R è ïðè ýòîì w(z0) < 0, òî ζ(z0) > 0 è

∇w(z0) = 0 ⇐⇒ ζ(z0)∇w0(z0) + 4w0(z0)∇ζ(z0) = 0

Òîãäà â òî÷êå z0 âûðàæåíèå 2(ζ4∇v −∇ζ4) · ∇w0 ìîæåò áûòü ïðåîáðàçîâàíî ê âèäó

2ζ2(z0)
(
ζ(z0)∇v(z0)− 4∇ζ(z0)

)
· ζ(z0)∇w0(z0)︸ ︷︷ ︸

= −4w0(z0)∇ζ(z0)

=

= −8ζ2(z0)w0(z0)
(
ζ(z0)∇v(z0)− 4∇ζ(z0)

)
· ∇ζ(z0)

Ñëåäîâàòåëüíî, â òî÷êå z0 âûïîëíÿåòñÿ ñîîòíîøåíèå

M0w = ζ4|∇2v|2 − 8ζ2w0(ζ∇v − 4∇ζ) · ∇ζ + w0M0ζ
4 +

µ

R4

12. Îöåíêà ñíèçó äëÿM0w(z0)

Êàê è ïðåæäå, ìû ïðåäïîëàãàåì, ÷òî â òî÷êå ìèíèìóìà z0 ∈ Q2R ôóíêöèè w âûïîëíÿåòñÿ
íåðàâåíñòâî w(z0) < 0. Òîãäà, êàê ìû çíàåì,

M0w(z0) = ζ4(z0)|∇2v(z0)|2 − 8ζ2(z0)w0(z0)
(
ζ(z0)∇v(z0)− 4∇ζ(z0)

)
· ∇ζ(z0) +

+ w0(z0)M0ζ
4(z0) +

µ

R4

îòêóäà ñ ó÷åòîì íåðàâåíñòâ

|∇ζ| ≤ C

R
, M0ζ ≤

C

R2
ζ2,

âûòåêàåò îöåíêà

M0w(z0) ≥ ζ4(z0)|∇2v(z0)|2 − ζ2(z0)w0(z0)
(
ζ(z0)|∇v(z0)|+ C

R

) C
R
− w0(z0)

C

R2
ζ2(z0) +

µ

R4

Ïîñêîëüêó w0 = ∆v + 1
2
|∇v|2 èìååì

w(z0) < 0 =⇒ 1
2
|∇v(z0)|2 < −∆v(z0) ≤ |∇2v(z0)|

Ñëåäîâàòåëüíî,
|∇v(z0)| ≤ c |∇2v(z0)|

1
2 , w(z0) ≤ c |∇2v(z0)|

è ïîýòîìó

M0w(z0) ≥ ζ4(z0)|∇2v(z0)|2 − c

R
ζ3(z0)|∇2v(z0)|

3
2 − c

R2
ζ2(z0) |∇2v(z0)| +

µ

R4

Èñïîëüçóÿ íåðàâåíñòâà ab ≤ εa2 + Cεb
2 è a

3
2 b ≤ εa2 + Cεb

4, ïîëó÷àåì îöåíêó

M0w(z0) ≥ ζ4(z0)|∇2v(z0)|2 +
µ

R4
− c∗

R4
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13. Âûáîð çíà÷åíèÿ äëÿ ïîñòîÿííîé µ > 0

Ôèêñèðóåì çíà÷åíèå µ > 0 òàê, ÷òîáû âûïîëíÿëîñü íåðàâåíñòâî

µ > c∗

14. Ïðèíöèï ìàêñèìóìà äëÿ ôóíêöèè w

Ëåììà. Ïðè óêàçàííîì âûáîðå çíà÷åíèÿ ïîñòîÿííîé µ > 0 âûïîëíÿåòñÿ íåðàâåíñòâî

w(x, t) ≥ 0, ∀ (x, t) ∈ Q2R

Äîêàçàòåëüñòâî. Ïóñòü z0 ∈ Q̄2R � òî÷êà ìèíèìóìà ôóíêöèè w:

w(z0) = inf
z∈Q2R

w(z)

Äîêàæåì, ÷òî w(z0) ≥ 0. Îò ïðîòèâíîãî: ïðåäïîëîæèì, ÷òî w(z0) < 0. Ïîñêîëüêó w|∂′Q2R
≥

0, çàêëþ÷àåì, ÷òî z0 ∈ Q2R. Òîãäà ∂tw(z0) ≤ 0, ∆w(z0) ≥ 0 è, ñëåäîâàòåëüíî,

Mw(z0) ≤ 0.

Íî ñ äðóãîé ñòîðîíû

Mw(z0) ≥ ζ4(z0)|∇2v(z0)|2 +
µ

R4
− c

R4︸ ︷︷ ︸
> 0

> 0

Ïîëó÷åííîå ïðîòèâîðå÷èå äîêàçûâàåò, ÷òî w(z0) ≥ 0, òî åñòü w ≥ 0 â Q2R.

15. ×òî ìû â èòîãå ïîëó÷èëè?

Íåðàâåíñòâî w(x, t) ≥ 0 ïðè (x, t) ∈ Q2R ñ ó÷åòîì òîãî, ÷òî w = ζ4w0 + 4µ
R2

(
1 + t

4R2

)
è ζ ≡ 1

íà BR × (−3R2, 0) äàåò îöåíêó

w0 = ∆v + 1
2
|∇v|2 ≥ − 4µ

R2

(
1 +

t

4R2

)
íà BR × (−3R2, 0)

Îòìåòèì, ÷òî ïðè t ∈ (−3R2, 0) âûïîëíÿåòñÿ íåðàâåíñòâî 1 + t
4R2 ≥ 1

4
, ïîëó÷àåì

∆v + 1
2
|∇v|2 ≥ − µ

R2
íà BR × (−3R2, 0)

÷òî è òðåáîâàëîñü äîêàçàòü, ñì. ïóíêò 5.

16. Èçáàâëÿåòñÿ îò óñëîâèÿ u ≥ ε > 0

Ìû äîêàçàëè íåðàâåíñòâî Õàðíàêà ïðè äîïîëíèòåëüíîì ïðåäïîëîæåíèè u ≥ ε > 0 â Q2R.
Ïðåäïîëîæèì òåïåðü, ÷òî u ≥ 0 â Q2R è îáîçíà÷èì uε := u+ε. Òîãäà uε ÿâëÿåòñÿ ðåøåíèåì
óðàâíåíèÿ ∂tu

ε − Luε = 0 â Q2R è, ñëåäîâàòåëüíî,

inf
QR(0)

uε ≥ e−γ sup
QR(zR)

uε, zR := (0,−2R2),

îòêóäà
inf
QR(0)

u+ ε ≥ e−γ sup
QR(zR)

u + e−γε

Ïåðåõîäÿ â ýòîì íåðàâåíñòâå ê ïðåäåëó ïðè ε→ +0, ïîëó÷àåì òðåáóåìóþ îöåíêó. �
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3.3 Îöåíêà îñöèëëÿöèè

1. Îïðåäåëåíèå îñöèëëÿöèè

Îáîçíà÷èì
M(z0;R) := sup

QR(z0)

u, M(z0;R) := inf
QR(z0)

u,

ω(z0;R) := M(z0;R)−m(z0;R) ≡ osc
QR

u

Òî÷êó z0 = 0 â îáîçíà÷åíèÿõ áóäåì îïóñêàòü: M(R) = M(0, R) èòä.

2. Îöåíêà îñöèëëÿöèè

Òåîðåìà. Ïóñòü u ∈ C(Q̄2R) ∩ C∞(Q2R) óäîâëåòâîðÿåò óðàâíåíèþ

∂tu−∆u = 0 â Q2R (∗)

Òîãäà ñïðàâåäëèâî íåðàâåíñòâî
osc
QR

u ≤ δ osc
Q2R

u

â êîòîðîì δ ∈ (0, 1), δ = 1− 1
c∗
, ãäå c∗ > 1 � ïîñòîÿííàÿ èç íåðàâåíñòâà Õàðíàêà.

Äîêàçàòåëüñòâî. Ôóíêöèè{
v(x, t) := u(x, t)−m(2R)

w(x, t) := M(2R)− u(x, t)

íåîòðèöàòåëüíû â Q2R è óäîâëåòâîðÿþò óðàâíåíèþ (∗). Ïî íåðàâåíñòâó Õàðíàêà
sup

QR(zR)

v ≤ c∗ inf
QR

v,

sup
QR(zR)

w ≤ c∗ inf
QR

w,

ãäå ìû îáîçíà÷èëè zR := (0,−2R2). Ýòè íåðàâåíñòâà ýêâèâàëåíòíû ñîîòíîøåíèÿì{
1
c∗

(
M(zR;R)−m(2R)

)
≤ m(R)−m(2R)

1
c∗

(
M(2R)−m(zR;R)

)
≤ M(2R)−M(R)

Ñêëàäûâàÿ ýòè íåðàâåíñòâà, ïîëó÷àåì

1
c∗
ω(2R) + 1

c∗
ω(zR;R) ≤ ω(2R)− ω(R)

Îòáðàñûâàÿ íåîòðèöàòåëüíîå ñëàãàåìîå 1
c∗
ω(zR;R), ïîëó÷àåì

ω(R) ≤
(

1− 1
c∗

)
ω(2R).

�
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3.4 Òåîðåìà Ëèóâèëëÿ

1. Òåîðåìà Ëèóâèëëÿ

Òåîðåìà. Ïóñòü Π− := Rn × (−∞, 0), è ïóñòü u ∈ C∞(Π−) � àíòè÷íîå ðåøåíèå óðàâíå-
íèÿ òåïëîïðîâîäíîñòè, ò.å. u óäîâëåòâîðÿåò óðàâíåíèþ òåïëîïðîâîäíîñòè íà ïðîìåæóòêå
âðåìåíè (−∞, 0):

∂tu−∆u = 0 â Π−.

Ïðåäïîëîæèì äîïîëíèòåëüíî, ÷òî

u ∈ L∞(Π−).

Òîãäà u = const â Π−.

Äîêàçàòåëüñòâî. Îáîçíà÷èì

M := ‖u‖L∞(Π−), ω(R) := osc
QR

u

è ïóñòü R > 0 è N ∈ N � ïðîèçâîëüíûå. Òîãäà èç îöåíêè îñöèëëÿöèè ïîëó÷àåì

ω(R) ≤ δ ω(2R) ≤ δ2 ω(4R) ≤ . . . ≤ δN ω(2NR) ≤ δN 2M

Ïåðåõîäÿ ê ïðåäåëó ïðè N →∞ ñ ó÷åòîì δ < 1 ïîëó÷àåì

osc
QR

u = 0, ∀ R > 0,

îòêóäà âûòåêàåò, ÷òî u ≡ const.

2. Êîíòðïðèìåð ïðè b 6= 0

Êàê ïîêàçûâàåò ñëåäóþùèé êîíòðïðèìåð, â ñôîðìóëèðîâàííîì íàìè âàðèàíòå òåîðåìû
Ëèóâèëëÿ äðèôò îòñóòñòâóåò ïî-ñóùåñòâó. Äåëî â òîì, ÷òî ïðè íàëè÷èè â óðàâíåíèè
äðèôòà êîíñòàíòà â îöåíêå îñöèëëÿöèè çàâèñèò îò íåêîòîðûõ íîðì äðèôòà. Ïðè èòå-
ðàöèÿõ ýòîé îöåíêè êîíñòàíòà áóäåò ìåíÿòñÿ íåêîíòðîëèðóåìûì îáðàçîì è ìû íå ñìî-
æåì ïðîâåñòè äîêàçàòåëüñòâî. Åñëè ìû õîòèì âêëþ÷èòü â óðàâíåíèå äðèôò, íàì ñëåäóåò
óñòàíîâèòü �ïðàâèëüíóþ� çàâèñèìîñòü êîíñòàíòû â íåðàâåíñòâå Õàðíàêà îò íåêîòîðûõ
(ìàñøòàáíî-èíâàðèàíòíûõ) íîðì äðèôòà. Â êîíöå ïàðàãðàôà ìû ïðèâåäåì áåç äîêàçà-
òåëüñòâà ôîðìóëèðîâêó òåîðåìû Ëèóâèëëÿ äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ äðèôòîì.

Ïðèâîäèìûé íèæå êîíòðïðèìåð (J. Spruck) ïîêàçûâàåò, ÷òî äëÿ ñïðàâåäëèâîñòè òåîðåìû
Ëèóâèëëÿ, ñêàæåì, îäíîãî ëèøü óñëîâèÿ b ∈ L∞(Π−) ∩ C∞(Π−) çàâåäîìî íåäîñòàòî÷íî.

Òåîðåìà. Ïóñòü n = 1, è ïîëîæèì

b(x) :=
2x

1 + x2
, u(x) := arctg x
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Òîãäà b ∈ L∞(R) ∩ C∞(R), u ∈ C∞(R) ÿâëÿåòñÿ ñòàöèîíàðíûì ðåøåíèåì óðàâíåíèÿ

−d
2u

dx2
+ b(x)

du

dx
= 0 â R,

è ïðè ýòîì
u ∈ L∞(R), u 6= const

3. Òåîðåìà Ëèóâèëëÿ äëÿ óðàâíåíèÿ ñ äðèôòîì

Òåîðåìà. Ïóñòü b ∈ Ls,l(Π−) ∩ C∞(Π−), ãäå s ∈ (n,+∞], l ∈ [2,∞),

‖b‖Ls,l(Π−) :=

 0∫
−∞

‖b(·, t)‖lLs(Rn) dt

1/l

,
n

s
+

2

l
= 1

è ïóñòü u ∈ C∞(Π−) � àíòè÷íîå ðåøåíèå óðàâíåíèÿ

∂tu−∆u+ b(x, t) · ∇u = 0 â Π−.

Ïðåäïîëîæèì äîïîëíèòåëüíî, ÷òî

u ∈ L∞(Π−).

Òîãäà u = const â Π−.

Äîêàçàòåëüñòâî: áåç äîêàçàòåëüñòâà. �
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3.5 Ëîêàëüíàÿ ãëàäêîñòü ñëàáûõ ðåøåíèé

1. L2�îöåíêà ñòàðøèõ ïðîèçâîäíûõ

Òåîðåìà. Ïóñòü f ∈ L2(Q2R), è ïðåäïîëîæèì, ÷òî

∇a ∈ L∞(Q2R), ‖∇a‖L∞(Q2R) ≤
ν2

R
.

Ïóñòü u ∈ L2,∞(Q2R) ∩W 1,0
2 (Q2R) � ñëàáîå ðåøåíèå óðàâíåíèÿ

∂tu− div(a∇u) = f â Q2R,

òî åñòü ∫
Q2R

(
− u∂tη + a∇u · ∇η

)
dxdt =

∫
Q2R

fη dxdt, ∀ η ∈ C∞0 (Q2R).

Òîãäà u ∈ W 2,1
2 (QR) è ñïðàâåäëèâà îöåíêà

‖∂tu‖L2(QR)) + ‖∇2u‖L2(QR) ≤
c

R
‖∇u‖L2(Q2R) + c ‖f‖L2(Q2R)

â êîòîðîé ïîñòîÿííàÿ c > 0 çàâèñèò òîëüêî îò n, ν0, ν1 è ν2.

2. Ïëàí äîêàçàòåëüñòâà îöåíêè âòîðûõ ïðîèçâîäíûõ

Ïðåäïîëîæèì, ÷òî a, f , u � ãëàäêèå.

1. Ïðîäèôôèðåíöèðóåì óðàâíåíèå ïî xk. Ïîëó÷èì

∂

∂xk

∣∣∣ ∂tu− div(a∇u) = f =⇒ ∂tu,k − div(a∇u,k) = div
( ∂a
∂xk
∇u
)

+ f,k

2. Ïóñòü ζ ∈ C∞0 (Q2R) � ñðåçàþùàÿ ôóíêöèÿ, òàêàÿ ÷òî

ζ ≡ 1 íà QR, 0 ≤ ζ ≤ 1, |∂tζ|+ |∇ζ|2 ≤ c
R2

Óìíîæèì óìíîæèì ñîîòíîøåíèå

∂tu,k − div(a∇u,k) = div
( ∂a
∂xk
∇u
)

+ f,k

∣∣∣ · ζ2u,k,

∫
Ω

. . . dx

íà w := ζ2u,k è ðåçóëüòàò ïðèíòåãðèðóåì ïî Ω. Ñ ó÷åòîì ôîðìóëû èíòåãðèðîâàíèÿ ïî
÷àñòÿì è ñîîòíîøåíèÿ

∇(ζ2u,k) = ζ2∇u,k + 2ζu,k∇ζ
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ïîëó÷àåì òîæäåñòâî (îòìåòèì, ÷òî ïî k ïîäðàçóìåâàåòñÿ ñóììèðîâàíèå îò 1 äî n)∫
B2R

(
ζ2 u,k∂tu,k︸ ︷︷ ︸

= 1
2

∂
∂t
|∇u|2

+ζ2 a∇u,k · ∇u,k︸ ︷︷ ︸
≥ ν0 |∇2u|2

)
dx = −2

∫
B2R

ζa∇u,k · u,k∇ζ dx −

−
∫
B2R

∂a

∂xk
∇u ·

(
ζ2∇u,k + u,k∇ζ2

)
dx +

∫
B2R

f,kζ
2u,k dx

Ïîñëåäíåå ñëàãàåìîå îöåíèâàåì êàê∫
B2R

f,kζ
2u,k dx = −

∫
B2R

f(ζ2u,k),k dx = −
∫
B2R

f(ζ2u,kk + u,kζ
2
,k) dx

3. Èç ïîëó÷åííîãî òîæäåñòâà ñòàíäðàòíûìè ðàññóæäåíèÿìè âûâîäèòñÿ îöåíêà

1

2

d

dt
‖ζ∇u‖2

L2(B2R) +
ν0

2
‖ζ∇2u‖2

L2(B2R) ≤
c

R2
‖∇u‖2

L2(B2R) + c ‖f‖2
L2(B2R)

Èíòåãðèðóÿ ýòó îöåíêó ïî t ∈ (−4R2, 0), ñ ó÷åòîì ζ ≡ 1 íà QR ïîëó÷àåì

sup
t∈(−R2,0)

‖∇u(t)‖2
L2(BR) + ‖∇2u‖2

L2(QR) ≤
c

R2
‖∇u‖2

L2(Q2R) + c ‖f‖2
L2(Q2R)

4. Îöåíêà ∂tu ïîëó÷àåòñÿ èç óðàâíåíèÿ ∂tv = div(a∇u) + f â QR =⇒

‖∂tu‖L2(QR) ≤ c
(
‖ div(a∇u)‖L2(QR) + ‖f‖L2(QR)

)
ñ ó÷åòîì îöåíêè

‖ div(a∇u)‖|L2(QR) ≤ c
(
ν1 ‖∇2u‖L2(QR) +

ν2

R
‖∇u‖L2(QR)

)

3. Ñâîéñòâà êîíå÷íûõ ðàçíîñòåé

Òåîðåìà. Ïóñòü Ω ⊂ Rn � îãðàíè÷åííàÿ îáëàñòü, Ω′ b Ω, d := dist{Ω̄′, ∂Ω} > 0. Äëÿ
k = 1, . . . , n, |h| < d è x ∈ Ω′ îáîçíà÷èì

∆k
hu(x) := u(x+ hek)− u(x),

ãäå ek � k-ûé îðò áàçèñà Rn. Ïóñòü 1 ≤ p < +∞ è u ∈ Lp(Ω). Òîãäà

1) äëÿ ëþáîãî |h| < d è ëþáîé η ∈ C∞0 (Ω′)∫
Ω

1
h
∆k
hu η dx =

∫
Ω

u 1
h
∆k
−hη dx;
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2) åñëè 1 < p < +∞ è ñóùåñòâóåò M > 0, òàêàÿ ÷òî

sup
|h|<d

∥∥∥ 1
h
∆k
hu
∥∥∥
Lp(Ω′)

≤ M,

òî ñóùåñòâóåò îáîáùåííàÿ ïðîèçâîäíàÿ ∂u
∂xk
∈ Lp(Ω′) è∥∥∥ ∂u

∂xk

∥∥∥
Lp(Ω′)

≤ M

3) åñëè u ∈ W 1
p (Ω), òî äëÿ ëþáîãî |h| < d è ëþáîãî k = 1, . . . , n∥∥∥ 1

h
∆k
hu
∥∥∥
Lp(Ω′)

≤
∥∥∥ ∂u
∂xk

∥∥∥
Lp(Ω)

4. Äîêàçàòåëüñòâî ãëàäêîñòè ðåøåíèé

1. Ñëàáîå ðåøåíèå ∀ w̃ ∈ C∞0 (B2R), ∀ ξ ∈ C∞0 (−4R2, 0) óäîâëåòâîðÿåò òîæäåñòâó

0∫
−4R2

(
− (u(t), w̃)ξ′(t) + (a(t)∇u(t),∇w̃)ξ(t)

)
dxdt =

0∫
−4R2

(f(t), w̃)ξ(t) dt

Ïóñòü w ∈ C∞0 (B3R
2

) � ïðîèçâîëüíàÿ, k ∈ {1, . . . , n} è |h| < R
2
. Òîãäà

w̃ := 1
h
∆k
−hw ∈ C∞0 (B2R)

è, ñëåäîâàòåëüíî,

0∫
−4R2

(
− (u(t), 1

h
∆k
−hw)ξ′(t) + (a(t)∇u(t), 1

h
∆k
−h∇w)ξ(t)

)
dt =

0∫
−4R2

(f(t), 1
h
∆k
−hw)ξ(t) dt

Ïîñêîëüêó suppw ⊂ B3R
2

è h < R
2
, ìû ìîæåì âîñïîëüçîâàòüñÿ �ôîðìóëîé èíòåãðèðî-

âàíèÿ ïî ÷àñòÿì� äëÿ êîíå÷íûõ ðàçíîñòåé:∫
B2R

u(t) 1
h
∆k
−hw dx =

∫
B2R

1
h
∆k
hu(t)w dx

∫
B2R

a(t)∇u(t) · 1
h
∆k
−h∇w dxdt =

∫
B2R

1
h
∆k
h

(
a(t)∇u(t)

)
· ∇w dx

∫
B2R

f(t) 1
h
∆k
−hw dx =

∫
B2R

1
h
∆k
hf(t)w dx

Èñïîëüçóÿ ñîîòíîøåíèå

∆k
h

(
a∇u

)
(x, t) = ah(x, t)∆k

h∇u(x, t) +
(

∆k
ha
)

(x, t)∇u(x, t), (x, t) ∈ Q3R
2

,
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ãäå
ah(x, t) := a(x+ hek, t),

äëÿ ëþáûõ w ∈ C∞0 (B3R
2

), ξ ∈ C∞0 (−4R2, 0) ìû ïîëó÷àåì òîæäåñòâî

0∫
−4R2

(
− (v(t), w)ξ′(t) + (ah(t)∇v(t),∇w)ξ(t)

)
dt =

0∫
−4R2

(
(g(t), w) + (G(t),∇w)

)
ξ(t) dt

ãäå ìû îáîçíà÷èëè

v := 1
h
∆k
hu, g := 1

h
∆k
hf, G := 1

h
∆k
ha∇u

Ïîñëåäíåå ñîîòíîøåíèå îçíà÷àåò, ÷òî v ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì óðàâíåíèÿ

∂tv − div(ah∇v) = g − divG â B3R
2

× (−4R2, 0)

Ïîýòîìó ∂tv ∈ L2(−4R2, 0;W−1
2 (B3R

2

)) è ∀w ∈
◦
W 1

2(B3R
2

) âûïîëíÿåòñÿ òîæäåñòâî

〈∂tv(t), w〉+ (ah(t)∇v(t),∇w) = (g(t), w) + (G(t),∇w), ï.â. t ∈ (0, T ).

2. Ïóñòü ζ ∈ C∞0 (B3R
2

) � ñðåçàþùàÿ ôóíêöèÿ, òàêàÿ ÷òî

ζ ≡ 1 íà BR, 0 ≤ ζ ≤ 1, |∇ζ| ≤ C
R

Ïîëîæèì

w := ζ2v ∈
◦
W 1

2(B3R
2

)

Ñ ó÷åòîì ñîîòíîøåíèÿ
∇w = ζ2∇v + 2ζv∇ζ

äëÿ ï.â t ∈ (0, T ) ïîëó÷àåì òîæäåñòâî

〈∂tv(t), ζ2v(t)〉︸ ︷︷ ︸
= 1

2
d
dt
‖ζv(t)‖2

L2(B2R)

+ (ζ2ah(t)∇v(t),∇v(t))︸ ︷︷ ︸
≥ ν0 ‖ζ∇v(t)‖2

L2(B2R)

=

−2(ζah(t)∇v(t), v(t)∇ζ) + (g(t), ζ2v(t)) + (G(t), ζ2∇v(t)) + 2(ζG(t), v(t)∇ζ)

Ñëàãàåìîå, ñîäåðæàùåå g ïðè ïîìîùè ñâîéñòâà 1) êîíå÷íûõ ðàçíîñòåé

(g(t), ζ2v(t)) =

∫
B 3R

2

1
h
∆k
hfζ

2v dx =

∫
B2R

f 1
h
∆k
−h
(
ζ2v
)
dx

Ñ ó÷åòîì ñâîéñòâà 3) êîíå÷íûõ ðàçíîñòåé îöåíèâàåì

|(g(t), ζ2v(t))| ≤ ‖f‖L2(B2R)

∥∥∥ 1
h
∆k
−h(ζ

2v)
∥∥∥
L2(B2R)

≤ ‖f‖L2(B2R)‖(ζ2v),k‖L2(B2R) ≤

≤ ‖f‖L2(B2R)

∥∥ζ2v,k + vζ2
,k

∥∥
L2(B 3R

2
)
≤

≤ ν0

8
‖ζ∇v(t)‖2

L2(B2R) +
c

R2

(
‖f(t)‖2

L2(B2R) + ‖v(t)‖L2(B 3R
2

)

)
16



Àíàëîãè÷íî,
‖G(t)‖L2(B 3R

2
) ≤ ‖ 1

h
∆k
ha(t)‖L∞(B 3R

2
) ‖∇u(t)‖L2(B2R) ≤

≤ ‖ ∂a
∂xk

(t)‖L∞(B2R) ‖∇u(t)‖L2(B2R) ≤
c

R
‖∇u(t)‖L2(B2R),

3. Èç ïîëó÷åííûõ ñîîòíîøåíèé ñòàíäðàòíûìè ðàññóæäåíèÿìè âûâîäèòñÿ îöåíêà

1

2

d

dt
‖ζv(t)‖2

L2(B2R) +
ν0

2
‖ζ∇v(t)‖2

L2(B2R) ≤
c

R2

(
‖∇u(t)‖2

L2(B2R) +‖v(t)‖2
L2(B 3R

2
)

)
+ c ‖f‖2

L2(B2R)

Óìíîæàÿ ýòî ñîîòíîøåíèå íà ñðåçàþùóþ ôóíêöèþ ζ ∈ C∞((−9R2

4
, 0]), òàêóþ ÷òî

ξ ≡ 1 íà [−R2, 0], |ξ′(t)| ≤ c

R2

è èíòåãðèðóÿ ðåçóëüòàò ïî t ∈ (−4R2, 0), ïîëó÷àåì

sup
t∈(−R2,0)

‖v(t)‖2
L2(BR) + ‖∇v‖2

L2(QR) ≤
c

R2

(
‖∇u‖2

L2(Q2R) + ‖v‖2
L2(Q 3R

2
)

)
+ c ‖f‖2

L2(Q2R)

Ïðàâàÿ ÷àñòü ýòîãî ñîîòíîøåíèÿ îöåíèâàåòñÿ ðàâíîìåðíî ïî |h| < R
2
:

‖v‖L2(Q 3R
2

) :=
∥∥ 1
h
∆k
hu
∥∥
L2(Q 3R

2
)
≤ ‖u,k‖L2(Q2R) ≤ ‖∇u‖L2(Q2R)

Òàêèì îáðàçîì, ìû ïîëó÷èëè îöåíêó

sup
|h|<R

2

∥∥ 1
h
∆k
h∇u

∥∥
L2(QR)

≤ c

R
‖∇u‖L2(Q2R) + c ‖f‖L2(Q2R)

èç êîòîðîé âûòåêàåò âêëþ÷åíèå ∇u,k ∈ L2(QR), ∀ k = 1, . . . , n, à òàêæå îöåíêà∥∥∇2u
∥∥
L2(QR)

≤ c

R
‖∇u‖L2(Q2R) + c ‖f‖L2(Q2R)

4. Ñîîòíîøåíèå
∂tu = div(a∇u) + f â D′(Q2R)

ñ ó÷åòîì âêëþ÷åíèÿ
div(a∇u) + f ∈ L2(QR)

îçíà÷àåò, ÷òî ôóíêöèÿ u ∈ L2(QT ) èìååò â QR îáîáùåííóþ ïðîèçâîäíóþ ïî Ñîáîëåâó
∂tu ∈ L2(QR), è ýòà ïðîèçâîäíàÿ ðàâíà div(a∇u) + f ï.â. â QR. Ñëåäîâàòåëüíî,

‖∂tu‖L2(QR) ≤ ‖ div(a∇u)‖L2(QR) + ‖f‖L2(QR) ≤ c
(
‖∇2u‖L2(QR) + ‖f‖L2(QR)

)
è ñ ó÷åòîì óæå ïîëó÷åííîé îöåíêè

‖∇2u‖L2(QR) ≤
c

R
‖∇u‖L2(Q2R) + c ‖f‖L2(Q2R)

ïîëó÷àåì îêîí÷àòåëüíî

‖∂tu‖L2(QR) + ‖∇2u‖L2(QR) ≤
c

R
‖∇u‖L2(Q2R) + c ‖f‖L2(Q2R)

�
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5. Ëîêàëüíàÿ ãëàäêîñòü ñëàáûõ ðåøåíèé

Òåîðåìà. Â óñëîâèÿõ ïðåäûäóùåé òåîðåìû

a ∈ C∞(QR), f ∈ C∞(QR) =⇒ u ∈ C∞(QR).

Äîêàçàòåëüñòâî. Ñàìîñòîÿòåëüíî. �
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