
4 Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Ñèñòåìà óðàâíåíèé Íàâüå-Ñòîêñà îïèñûâàåò ïîëå ñêîðîñòåé âÿçêîé íåñæèìàåìîé æèäêîñòè
u : QT → R3 è äàâëåíèå p : QT → R â çàâèñèìîñòè îò íà÷àëüíîé ñêîðîñòè a : Ω → R3 è
ïëîòíîñòè äåéñòâóþùåé íà æèäêîñòü îáúåìíîé ñèëû f : QT → R (íàïðèìåð, ñèëû òÿæåñòè):

∂tu − ∆u + (u · ∇)u + ∇p = f

div u = 0
â QT

u|t=0 = a, u|∂Ω×(0,T ) = 0

(NS)

Äëÿ ïðîñòîòû ìû ïðåäïîëàãàåì ïëîòíîñòü æèäêîñòè è êîýôôèöèåíò âÿçêîñòè ðàâíûìè åäèíè-
öå. Ìàòåìàòè÷åñêè óðàâíåíèÿ Íàâüå-Ñòîêñà ïðåäñòàâëÿþò èç ñåáÿ ñèñòåìó íåëèíåéíûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ (îòäàëåííî íàïîìèíàþùóþ ïðàáàðîëè÷åñêóþ)
ñ êâàäðàòè÷íûìè ïî u ìëàäøèìè ÷ëåíàìè.

4.1 Óðàâíåíèå div u = f

1. Ñóùåñòâîâàíèå ôóíêöèè ñ çàäàííîé äèâåðãåíöèåé

Òåîðåìà. Ïóñòü s ∈ (1,+∞). Äëÿ ëþáîãî g ∈ Ls(Ω), òàêîãî ÷òî [g]Ω = 0, ñóùåñòâóåò

ôóíêöèÿ u ∈
◦
W 1

s(Ω), ÿâëÿþùàÿñÿ ðåøåíèåì çàäà÷è{
div u = g ï.â. â Ω

u = 0 íà ∂Ω

è óäîâëåòâîðÿþùàÿ îöåíêå
‖u‖W 1

s (Ω) ≤ c ‖g‖Ls(Ω)

â êîòîðîé ïîñòîÿííàÿ c > 0 çàâèñèò òîëüêî îò Ω, n, s. Áîëåå òîãî, ñîîòâåòñòâèå g 7→ u
ÿâëÿåòñÿ ëèíåéíûì, îò åñòü îíî çàäàåòñÿ îãðàíè÷åííûì ëèíåéíûì îïåðàòîðîì

T :
◦
Ls(Ω) := { g ∈ Ls(Ω) : [g]Ω = 0 } →

◦
W 1

s(Ω), T g = u, ‖Tg‖W 1
s (Ω) ≤ c ‖g‖Ls(Ω)

2. Èíãðåäèåíòû äîêàçàòåëüñòâà

� Ðàçðåøèìîñòü çàäà÷è Íåéìàíà

� Òåîðåìà î ñëåäàõ

� Ïðîäîëæåíèå âíóòðü îáëàñòè

� Çíà÷åíèÿ ðîòîðà íà ãðàíèöå
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3. Ðàçðåøèìîñòü çàäà÷è Íåéìàíà

Òåîðåìà. Ïóñòü Ω ⊂ Rn � îãðàíè÷åííàÿ îáëàñòü êëàññà C2, 1 < s < +∞. Äëÿ ëþáîé
ôóíêöèè g ∈ Ls(Ω), òàêîé ÷òî

∫
Ω

g(x) dx = 0, ñóùåñòâóåò åäèíñòâåííàÿ ôóíêöèÿ ϕ ∈

W 2
s (Ω), òàêàÿ ÷òî

∫
Ω

ϕ(x) dx = 0 è

 −∆ϕ = g ï.â. â Ω

∂ϕ

∂ν
= 0 íà ∂Ω

Ïðè ýòîì ñïðàâåäëèâà îöåíêà

‖ϕ‖W 2
s (Ω) ≤ C(n, s,Ω) ‖g‖Ls(Ω)

4. Òåîðåìà î ñëåäàõ

Òåîðåìà. Ïóñòü Ω ⊂ Rn � îãðàíè÷åííàÿ îáëàñòü êëàññà C2, 1 < s < +∞. Òîãäà äëÿ
ëþáîé ϕ ∈ W 2

s (Ω) ñïðàâåäëèâà îöåíêà

‖ϕ‖
W

2− 1
s

s (∂Ω)
≤ C(n, s,Ω) ‖ϕ‖W 2

s (Ω)

5. Ïðîäîëæåíèå âíóòðü îáëàñòè

Òåîðåìà. Ïóñòü Ω ⊂ Rn � îãðàíè÷åííàÿ îáëàñòü êëàññà C2, 1 < s < +∞. Ñóùåñòâóåò
îãðàíè÷åííûé ëèíåéíûé îïåðàòîð

T : W
2− 1

s
s (∂Ω) × W

1− 1
s

s (∂Ω) → W 2
s (Ω),

òàêîé ÷òî äëÿ ëþáûõ a ∈ W 2− 1
s

s (∂Ω), b ∈ W 1− 1
s

s (∂Ω) ôóíêöèÿ w := T (a, b) îáëàäàåò ñâîé-
ñòâàìè

1) w ∈ W 2
s (Ω)

2) w|∂Ω = a, ∂w
∂ν

∣∣
∂Ω

= b

3) ‖w‖W 2
s (Ω) ≤ C(n, s,Ω)

(
‖a‖

W
2− 1

s
s (∂Ω)

+ ‖b‖
W

1− 1
s

s (∂Ω)

)

6. Çíà÷åíèÿ ðîòîðà íà ãðàíèöå

Òåîðåìà. Ïóñòü Ω ⊂ R3 � îãðàíè÷åííàÿ îáëàñòü êëàññà C2, 1 < s < +∞. Ïðåäïîëîæèì,
÷òî A ∈ W 2

s (Ω;R3) òàêîâà, ÷òî
A = 0 íà ∂Ω.

Òîãäà

rotA = ν × ∂A

∂ν
íà ∂Ω.
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7. Äîêàçàòåëüñòâî îñíîâíîãî ðåçóëüòàòà â ñëó÷àå n = 3

Ïóñòü ϕ ∈ W 2
s (Ω) � ðåøåíèå çàäà÷è Íåéìàíà −∆ϕ = g â Ω

∂ϕ

∂ν

∣∣∣
∂Ω

= 0

Òîãäà ïî Ëåììå 1
‖ϕ‖W 2

s (Ω) ≤ C ‖g‖Ls(Ω)

Ïðèìåíÿÿ Ëåììó 2, ïîñòðîèì âåêòîðíîå ïîëå A ∈ W 2
s (Ω;R3), òàêîå ÷òî

A|∂Ω = 0,
∂A

∂ν

∣∣∣
∂Ω

= ∇ϕ× ν
∣∣∣
∂Ω

Òîãäà, ñ ó÷åòîì Ëåììû 3,

‖A‖W 2
s (Ω) ≤ C ‖∇ϕ× ν‖

W
1− 1

s
s (∂Ω)

≤ C ‖ϕ‖
W

2− 1
s

s (∂Ω)
≤ C ‖ϕ‖W 2

s (Ω)

Ïîëîæèì
u = rotA−∇ϕ â Ω.

Òîãäà
u ∈ W 1

s (Ω), div u = g ï.â. â Ω, ‖u‖W 1
s (Ω) ≤ C ‖g‖Ls(Ω),

è, ïîñêîëüêó â ñèëó Ëåììû 4

(rotA)|∂Ω = ν × ∂A

∂ν

∣∣∣
∂Ω

= ν × (∇ϕ× ν)|∂Ω =
(
∇ϕ− ν (ν · ∇ϕ)︸ ︷︷ ︸

= 0

)∣∣∣
∂Ω

= ∇ϕ|∂Ω

ïîëó÷àåì u|∂Ω = (rotA)|∂Ω −∇ϕ|∂Ω = 0. Òåîðåìà äîêàçàíà. �
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4.2 Ïðîñòðàíñòâà ñîëåíîèäàëüíûõ âåêòîðíûõ ïîëåé

1. Îïðåäåëåíèÿ ïîäïðîñòðàíñòâ ñîëåíîèäàëüíûõ âåêòîðíûõ ïîëåé

Îïðåäåëåíèå. Ïóñòü Ω ⊂ Rn � îòêðûòîå ìíîæåñòâî, 1 ≤ s < +∞, s′ = s
s−1

.

J∞0 (Ω) := { u ∈ C∞0 (Ω;Rn) | div u = 0 â Ω }
◦
J1
s(Ω) := Closure W 1

s (Ω;Rn) J
∞
0 (Ω)

Ĵ1
s(Ω) := { u ∈

◦
W 1

s(Ω;Rn) | div u = 0 ï.â. â Ω }

Çàìå÷àíèå. Î÷åâèäíî, ÷òî
◦
J1
s(Ω) � ïîäïðîñòðàíñòâî Ĵ1

s(Ω).

2. Îñíîâíîé ðåçóëüòàò

Òåîðåìà. Ïóñòü s ∈ (1,+∞) è ôóíêöèîíàë l ∈ W−1
s (Ω;Rn) îáëàäàåò ñâîéñòâîì

l(η) = 0, ∀ η ∈ J∞0 (Ω).

Òîãäà ñóùåñòâóåò åäèíñòâåííàÿ ôóíêöèÿ p ∈ Ls(Ω), [p]Ω = 0, òàêàÿ ÷òî

l(η) =

∫
Ω

p(x) div η(x) dx, ∀ η ∈
◦
W 1

s′(Ω),

è ïðè ýòîì ñïðàâåäëèâà îöåíêà

‖p‖Ls(Ω) ≤ c ‖l‖W−1
s (Ω)

3. Èíãðåäèåíòû äîêàçàòåëüñòâà îñíîâíîãî ðåçóëüòàòà

� Òåîðåìà î ïëîòíîñòè J∞0 (Ω) â Ĵ1
2 (Ω)

� Òåîðåìà î ðàçðåøèìîñòè óðàâíåíèÿ div u = g

� (
◦
Ls′(Ω))∗ '

◦
Ls(Ω) ïðè s ∈ (1,+∞), 1

s
+ 1

s′
= 1

4. Òåîðåìà î ïëîòíîñòè äëÿ îãðàíè÷åííûõ îáëàñòåé

Òåîðåìà. Ïóñòü Ω ⊂ Rn îãðàíè÷åííàÿ ëèïøèöåâà îáëàñòü, 1 < s < +∞. Òîãäà

◦
J1
s(Ω) = Ĵ1

s(Ω).

Äîêàçàòåëüñòâî: Ýòî òîíêèé àíàëèòè÷åñêèé ôàêò, äîêàçàòåëüñòâî êîòîðîãî ìû íå
âêëþ÷àåì â íàø êóðñ ñ öåëüþ ýêîíîìèè âðåìåíè. Åãî äîêàçàòåëüñòâî ìîæíî íàéòè, íà-
ïðèìåð, â [?, Theorem 5.8]. �

Êîíòðïðèìåð (Heywood). Ñóùåñòâóåò íåîãðàíè÷åííàÿ îáëàñòü Ω ⊂ Rn, òàêàÿ ÷òî

◦
J1

2(Ω) ⊂ Ĵ1
2(Ω),

◦
J1

2(Ω) 6= Ĵ1
2(Ω).
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5. Äîêàçàòåëüñòâî îñíîâíîãî ðåçóëüòàòà

1. Äîêàæåì ñóùåñòâîâàíèå ôóíêöèè p. Ïóñòü T :
◦
Ls′(Ω) →

◦
W 1

s′(Ω;Rn) � îãðàíè÷åííûé
îïåðàòîð èç �1. Îáîçíà÷èì F := l ◦ T , ò.å.

F :
◦
Ls′(Ω)→ R, F (g) = l(Tg), ∀ g ∈ Ls′(Ω).

Òîãäà î÷åâèäíî, ÷òî F ∈ (
◦
Ls′(Ω))∗ (êàê êîìïîçèöèÿ îãðàíè÷åííûõ). Ïî òåîðåìå Ðèññà

ñóùåñòâóåò p ∈
◦
Ls(Ω), òàêàÿ, ÷òî

F (g) =

∫
Ω

p(x)g(x) dx, ∀ g ∈ Ls′(Ω).

Ïóñòü η ∈
◦
W 1

s′(Ω) � ïðîèçâîëüíàÿ è g := div η, g ∈
◦
Ls′(Ω). Ïîëîæèì η̃ = Tg. Òîãäà

div η̃ = g = div η ï.â. â Ω =⇒ η̃ − η ∈ Ĵ1
s′(Ω) =⇒ l(η̃) = l(η).

Ñëåäîâàòåëüíî,

l(η) = l(η̃) = l(Tg) = F (g) =

∫
Ω

p g dx =

∫
Ω

p div η dx

òî åñòü

l(η) =

∫
Ω

p(x) div η(x) dx, ∀ η ∈
◦
W 1

s′(Ω)

2. Äîêàæåì îöåíêó ‖p‖Ls(Ω). Ïî òåîðåìå Ðèññà

‖p‖Ls(Ω) = ‖F‖
(
◦
Ls′ (Ω))∗

≤ ‖l ◦ T‖
(
◦
Ls′ (Ω))∗

≤

≤ ‖T‖
Ls′ (Ω)→

◦
W 1

s′ (Ω)
‖l‖ ◦

W 1
s′ (Ω)→R

= c(Ω, s) ‖l‖W−1
s (Ω)

3. Äîêàæåì åäèíñòâåííîñòü ôóíêöèè p. Ïóñòü p1 è p2 ∈
◦
Ls(Ω) òàêîâû, ÷òî∫

Ω

(p1 − p2) div η dx = 0, ∀ η ∈
◦
W 1

s′(Ω)

Îáîçíà÷èì p := p1 − p2 ∈
◦
Ls(Ω). Òîãäà |p|s−2p ∈ Ls′(Ω) è ïîýòîìó ñóùåñòâóåò η∗ ∈

◦
W 1

s′(Ω)
ÿâëÿþùàÿñÿ ðåøåíèåì çàäà÷è{

div η∗ = |p|s−2p−
[
|p|s−2p

]
Ω

ï.â. â Ω

η∗|∂Ω = 0

Ïîäñòàâëÿÿ â ïîëó÷åííîå òîæäåñòâî η = η∗, íàõîäèì

0 =

∫
Ω

p div η∗ dx = ‖p‖sLs(Ω) −
[
|p|s−2p

]
Ω

∫
Ω

p dx

︸ ︷︷ ︸
= 0

= ‖p‖sLs(Ω),

ò.å. p1 = p2 ï.â. â Ω. �
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4.3 Ðàçëîæåíèå Ãåëüìãîëüöà-Âåéëÿ

1. Îáîçíà÷åíèÿ

Ïóñòü s ∈ (1,+∞). Îáîçíà÷èì ÷åðåç
◦
Js(Ω) è Gs(Ω) ï/ïð�âà â Ls(Ω) := Ls(Ω;Rn):

�

◦
Js(Ω) := Closure Ls(Ω) J

∞
0 (Ω)

� Gs(Ω) := { v ∈ Ls(Ω) | ∃ ϕ ∈ W 1
s(Ω) : v = ∇ϕ ï.â. â Ω }

Â ñëó÷àå s = 2 èíîãäà áóäåì îáîçíà÷àòü
◦
J(Ω) :=

◦
J2(Ω) è G(Ω) := G2(Ω).

2. Ðàçëîæåíèå Ãåëüìãîëüöà�Âåéëÿ

Òåîðåìà. Ïîäïðîñòðàíñòâà
◦
J2(Ω) è G2(Ω) îðòîãîíàëüíû â L2(Ω) è

L2(Ω;Rn) =
◦
J2(Ω) ⊕ G2(Ω)

òî åñòü

∀ f ∈ L2(Ω;Rn) ∃!u ∈
◦
J2(Ω), ∃! p ∈ W 1

2 (Ω) : [p]Ω = 0,

f = u+∇p,
∫
Ω

u · ∇p dx = 0

3. Èñòîðè÷åñêîå çàìå÷àíèå

Âîçìîæíîñòü ïðåäñòàâëåíèÿ ïðîèçâîëüíîãî ãëàäêîãî óáûâàþùåãî íà áåñêîíå÷íîñòè âåê-
òîðíîãî ïîëÿ â âèäå ñóììû ñîëåíîèäàëüíîãî è ïîòåíöèàëüíîãî âåêòîðíûõ ïîëåé áûëî
îòìå÷åíî åùå â â 19-îì âåêå Ãåëüìãîëüöåì. Äëÿ îãðàíè÷åííûõ îáëàñòåé Âåéëü çàìåòèë,
÷òî ïðè íàäëåæàùåì âûáîðå êðàåâûõ óñëîâèé äàííîå ðàçëîæåíèå áóäåò îðòîãîíàëüíûì
â L2(Ω). Î.À. Ëàäûæåíñêàÿ äîêàçàëà, ÷òî ìíîæåñòâî J∞0 (Ω) ïëîòíî â G2(Ω)⊥. Ýòîò ôàêò
èìååò áîëüøå çíà÷åíèå äëÿ âñåé äàëüíåéøåé òåîðèè, ïîýòîìó äàííóþ òåîðåìó èíîãäà
íàçûâàþò òåîðåìîé Ëàäûæåíñêîé.

4. Äîêàçàòåëüñòâî ðàçëîæåíèÿ Ãåëüìãîëüöà�Âåéëÿ

1. Äîêàæåì âêëþ÷åíèå G(Ω) ⊂ (
◦
J2(Ω))⊥. Ïóñòü u ∈ G(Ω), u = ∇p, p ∈ W 1

2 (Ω) è ïóñòü

v ∈
◦
J2(Ω) � ïðîèçâîëüíàÿ. Òîãäà ñóùåñòâóþò vm ∈ J∞0 (Ω), òàêèå ÷òî vm → v â L2(Ω) è

ïðè ïîìîùè èíòåãðèðîâàíèÿ ïî ÷àñòÿì ïîëó÷àåì∫
Ω

u · v dx = lim
m→∞

∫
Ω

u · vm dx = lim
m→∞

∫
Ω

∇p · vm dx = − lim
m→∞

∫
Ω

p div vm︸ ︷︷ ︸
= 0

dx = 0
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2. Äîêàæåì âêëþ÷åíèå (
◦
J2(Ω))⊥ ⊂ G(Ω). Ïóñòü u ∈ (

◦
J2(Ω))⊥, ò.å.

u ∈ L2(Ω) :

∫
Ω

u(x) · η(x) dx = 0, ∀ η ∈ J∞0 (Ω).

Îïðåäåëèì ôóíêöèîíàë l :
◦
W 1

2(Ω;Rn)→ R ïî ôîðìóëå

l(η) =

∫
Ω

u(x) · η(x) dx, ∀ η ∈
◦
W 1

2(Ω;Rn).

Èç íåðàâåíñòâà Ãåëüäåðà âûòåêàåò, ÷òî

|l(η)| ≤ ‖u‖L2(Ω)‖η‖W 1
2 (Ω), ∀ η ∈

◦
W 1

2(Ω;Rn) =⇒ l ∈ W−1
2 (Ω;Rn).

êðîìå òîãî

l(η) = 0, ∀ η ∈
◦
J1

2(Ω).

Ñëåäîâàòåëüíî, ïî òåîðåìå èç �1.2, ñóùåñòâóåò p ∈ L2(Ω), òàêàÿ ÷òî

l(η) =

∫
Ω

p(x) div η(x) dx, ∀ η ∈
◦
W 1

2(Ω;Rn)

Èç òîæäåñòâà ∫
Ω

p(x) div η(x) dx =

∫
Ω

u(x) · η(x) dx, ∀ η ∈ C∞0 (Ω;Rn)

ïî îïðåäåëåíèþ îáîáùåííûõ ïðîèçâîäíûõ âûòåêàåò, ÷òî

∃ ∂p

∂xi
= −ui ∈ L2(Ω), i = 1, 2, . . . , n.

Ñëåäîâàòåëüíî,

u = −∇p ï.â. â Ω, p ∈ W 1
2 (Ω) =⇒ u ∈ G(Ω)

Òåîðåìà äîêàçàíà. �

5. ×òî ñèìâîëèçèðóåò íîëèê â îáîçíà÷åíèè ïðîñòðàíñòâà
◦
J2(Ω) ?

Òåîðåìà. Ïóñòü Ω ⊂ Rn � îãðàíè÷åííàÿ ëèïøèöåâà. Òîãäà

◦
J2(Ω) ∩W 1

2 (Ω) =
{
u ∈ J1

2 (Ω) : u · ν|∂Ω = 0 â ñìûñëå òåîðèè ñëåäîâ
}

Òàêèì îáðàçîì, íîëèê â îáîçíà÷åíèè
◦
J2(Ω) ñèìâîëèçèðóåò ñîáîé íóëåâóþ íîðìàëüíóþ

êîìïîíåíòó ó ôóíêöèé:
◦
J2(Ω) ñîñòîèò èç âåêòîð�ôóíêöèé v ∈ L2(Ω), òàêèõ ÷òî
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� v ñîëåíîèäàëüíî â ñìûñëå òåîðèè ðàñïðåäåëåíèé

� íîðìàëüíàÿ êîìïîíåíòà v íà ∂Ω ðàâíà íóëþ �â îáîáùåííîì ñìûñëå�

6. Ïðîåêòîð Ëåðå

Îïðåäåëåíèå. Îáîçíà÷èì ÷åðåç PJ îïåðàòîð îðòîãîíàëüíîãî ïðîåêòèðîâàíèÿ íà ïîä-

ïðîñòðàíñòâî
◦
J2(Ω) â ãèëüáåðòîâîì ïðîñòðàíñòâå L2(Ω;Rn), ò.å.

f ∈ L2(Ω;Rn) ∃!u ∈
◦
J2(Ω), ∇p ∈ G2(Ω) : f = u+∇p =⇒ PJf := u

Îðòîïðîåêòîð PJ : L2(Ω)→ L2(Ω) íàçûâàåòñÿ ïðîåêòîðîì Ëåðå.

7. Ïðîåêòîð Ëåðå è çàäà÷à Íåéìàíà

Òåîðåìà. Îáîçíà÷èì P⊥J := I −PJ îïåðàòîð îðòîãîíàëüíîãî ïðîåêòèðîâàíèÿ íà ïîäïðî-
ñòðàíñòâî G2(Ω) â ãèëüáåðòîâîì ïðîñòðàíñòâå L2(Ω;Rn). Òîãäà ∇p = P⊥J f òîãäà è òîëüêî
òîãäà, êîãäà p ∈ W 1

2 (Ω) ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì çàäà÷è Íåéìàíà ∆p = div f â Ω

∂p

∂ν

∣∣∣
∂Ω

= f · ν|∂Ω

Çäåñü óðàâíåíèå âìåñòå ñ êðàåâûì óñëîâèåì ïîíèìàåòñÿ â ñìûñëå âûïîëíåíèÿ èíòåãðàëü-
íîãî òîæäåñòâà

(∇p,∇w)L2(Ω) = (f,∇w)L2(Ω), ∀ η ∈ W 1
2 (Ω)

8. Ïðîåêòîð Ëåðå â ïðîñòðàíñòâàõ Ls(Ω), s ∈ (1,+∞)

Òåîðåìà. Ïóñòü s ∈ (1,+∞). Òîãäà

Ls(Ω) =
◦
Js(Ω) +̇ Gs(Ω),

ò.å.

∀ f ∈ Ls(Ω) ∃!u ∈
◦
Js(Ω), ∃! p ∈ Gs(Ω) : f = u+∇p,

è ïðè ýòîì âûïîëíÿþòñÿ íåðàâåíñòâà

‖u‖Ls(Ω) ≤ c ‖f‖Ls(Ω), ‖∇p‖Ls(Ω) ≤ c ‖f‖Ls(Ω)

â êîòîðûõ ïîñòîÿííàÿ c > 0 çàâèñèò òîëüêî îò Ω, n è s.
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4.4 Ñòàöèîíàðíàÿ çàäà÷à Ñòîêñà

1. Ïîñòàíîâêà çàäà÷è

Ïóñòü f : Ω→ R � çàäàííàÿ ôóíêöèÿ. Òðåáóåòñÿ íàéòè ôóíêöèè u : Ω→ Rn, p : Ω→ R,
òàêèå ÷òî 

−∆u + ∇p = f

div u = 0
â Ω,

u|∂Ω = 0

(S0)

2. Îáîáùåííûå ðåøåíèÿ çàäà÷è Ñòîêñà

Îïðåäåëåíèå. Ïóñòü f ∈ J−1
2 (Ω) := (

◦
J1

2(Ω))∗. Ôóíêöèÿ v ∈
◦
J1

2(Ω) íàçûâàåòñÿ îáîáùåí-

íûì ðåøåíèåì çàäà÷è (S0), åñëè îíà óäîâëåòâîðÿåò èíòåãðàëüíîìó òîæäåñòâó∫
Ω

∇u(x) : ∇η(x) dx = 〈f, η〉, ∀ η ∈ J∞0 (Ω).

Çàìå÷àíèå. Îïðåäåëåíèå îáîáùåííîãî ðåøåíèÿ çàäà÷è Ñòîêñà íå ïðåäïîëàãàåò, ÷òî
óðàâíåíèÿ â ñèñòåìå (S0) âûïîëíÿþòñÿ â ñìûñëå òåîðèè îáîáùåííûõ ôóíêöèé, ïîñêîëü-
êó ïðîáíûå ôóíêöèè â èíòåãðàëüíîì òîæäåñòâå äëÿ îáîáùåííûõ ðåøåíèé áåðóòñÿ íå èç
C∞0 (Ω), à èç áîëåå óçêîãî êëàññà J∞0 (Ω).

3. Ñóùåñòâîâàíèå îáîáùåííîãî ðåøåíèÿ ñòàöèîíàðíîé çàäà÷è Ñòîêñà

Òåîðåìà. Äëÿ ëþáîé f ∈ J−1
2 (Ω) ñóùåñòâóåò åäèíñòâåííàÿ ôóíêöèÿ u ∈

◦
J1

2(Ω), ÿâëÿþ-
ùàÿñÿ îáîáùåííûì ðåøåíèåì çàäà÷è (S0), ïðè÷åì ñïðàâåäëèâî íåðàâåíñòâî

‖u‖W 1
2 (Ω) ≤ c ‖f‖J−1

2 (Ω),

â êîòîðîì ïîñòîÿííàÿ c > 0 çàâèñèò òîëüêî îò Ω è n.

4. Àññîöèèðîâàííîå äàâëåíèå

Òåîðåìà. Ïóñòü f ∈ W−1
2 (Ω) è u ∈

◦
J1

2(Ω) � îáîáùåííîå ðåøåíèå çàäà÷è (S0). Òîãäà
ñóùåñòâóåò è ïðèòîì åäèíñòâåííàÿ ôóíêöèÿ p ∈ L2(Ω), [p]Ω = 0, òàêàÿ ÷òî óðàâíåíèÿ (S0)
âûïîëíÿþòñÿ â D′(Ω), ò.å.∫

Ω

∇u : ∇η dx = 〈f, η〉 +

∫
Ω

p div η dx, ∀ η ∈ C∞0 (Ω;Rn).

Áîëåå òîãî, ôóíêöèÿ p óäîâëåòâîðÿåò îöåíêå

‖p‖L2(Ω) ≤ c ‖f‖W−1
2 (Ω),
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â êîòîðîé ïîñòîÿííàÿ c > 0 çàâèñèò òîëüêî îò n è Ω.

Îïðåäåëåíèå. Ôóíêöèþ p ∈ L2(Ω), [p]Ω = 0, ìû áóäåì íàçûâàòü äàâëåíèåì, àññîöèèðî-

âàííûì ñ îáîáùåííûì ðåøåíèåì u ∈
◦
J1

2(Ω).

5. Ñèëüíûå ðåøåíèÿ ñòàöèîíàðíîé çàäà÷è Ñòîêñà

Îïðåäåëåíèå. Ïóñòü f ∈ L2(Ω). Ñèëüíûì ðåøåíèåì çàäà÷è (S0) ìû áóäåì íàçûâàòü
ôóíêöèè u ∈ W 2

2 (Ω) è p ∈ W 1
2 (Ω), [p]Ω = 0, óäîâëåòâîðÿþùèå óðàâíåíèþ (S0) ï.â. â Ω, à

êðàåâîìó óñëîâèþ � â ñìûñëå òåîðèè ñëåäîâ.

6. Ñëàáûå ðåøåíèÿ ñòàöèîíàðíîé çàäà÷è Ñòîêñà ÿâëÿþòñÿ ñèëüíûìè

Òåîðåìà. Ïóñòü ∂Ω êëàññà C2 è f ∈ L2(Ω). Ïóñòü u ∈
◦
J1

2(Ω) � îáîáùåííûå ðåøåíèå
çàäà÷è (S0), à p ∈ L2(Ω), [p]Ω = 0 � àññîöèèðîâàííîå ñ íèì äàâëåíèå. Òîãäà u è p ÿâëÿþòñÿ
ñèëüíûì ðåøåíèåì çàäà÷è (S0), ïðè÷åì ñïðàâåäëèâà îöåíêà

‖u‖W 2
2 (Ω) + ‖p‖W 1

2 (Ω) ≤ c ‖f‖L2(Ω),

â êîòîðîé ïîñòîÿííàÿ c > 0 çàâèñèò òîëüêî îò Ω è n.

7. Ïëàí äîêàçàòåëüñòâà

� Âíóòðåííÿÿ îöåíêà âòîðûõ ïðîèçâîäíûõ.

� Îöåíêà êàñàòåëüíûõ ïðîèçâîäíûõ ∇u è p âáëèçè ïëîñêîãî ó÷àñòêà ãðàíèöû.

� Îöåíêà uα,nn èç óðàâíåíèé.

� Îöåíêà un,nn èç óñëîâèÿ ñîëåíîèäàëüíîñòè è p,n èç óðàâíåíèé.

� Ñëó÷àé èñêðèâëåííîé ãðàíèöû.

8. Âíóòðåííÿÿ îöåíêà âòîðûõ ïðîèçâîäíûõ â L2

Òåîðåìà. Ïóñòü f ∈ L2(Ω) è u ∈ W 1
2 (Ω) è p ∈ L2(Ω) óäîâëåòâîðÿþò ñèñòåìå Ñòîêñà:{

−∆u+∇p = f

div u = 0
â D′(Ω).

Òîãäà u ∈ W 2
2,loc(Ω), p ∈ W 1

2,loc(Ω) è ∀ B2R := B2R(x0) b Ω ñïðàâåäëèâà îöåíêà

‖∇2u‖L2(BR) + ‖∇p‖L2(BR) ≤ c ‖f‖L2(B2R) +
c

R

(
‖∇u‖L2(B2R) + ‖p‖L2(B2R)

)
Äîêàçàòåëüñòâî.

10



1. Îáîçíà÷èì v := 1
h
∆k
hu è q := 1

h
∆k
hp. Òîãäà

(∇v,∇w) = (f, 1
h
∆k
−hw) + (q, divw), ∀w ∈

◦
W 1

2(B 3R
2

), ∀ |h| < R
2
.

Ïóñòü ζ ∈ C∞0 (B 3R
2

), 0 ≤ ζ ≤ 1, |∇ζ| ≤ c
R
, |∇2ζ| ≤ c

R2 , è ïóñòü

w := ζ2v =⇒ ∇w = ζ2∇v + 2ζv ⊗∇ζ, divw = 2ζv · ∇ζ

è, ñëåäîâàòåëüíî,

‖ζ∇v‖2
L2(B2R) = −2(ζ∇v, v ⊗∇ζ) + 2(ζq, v · ∇ζ) + (f,∆k

−h(ζ
2v))

Ñ ó÷åòîì

|(f,∆k
−h(ζ

2v))| ≤ ‖f‖L2(B2R)

∥∥ 1
h
∆k
−h(ζ

2v)
∥∥
L2(B 3R

2
)
≤ ‖f‖L2(B2R)‖(ζ2v),k‖L2(B2R) ≤

≤ ‖f‖L2(B2R)

(
‖ζv,k‖L2(B2R) + ‖ζ,kv‖L2(B2R)

)
≤

≤ ε ‖ζ∇v‖2
L2(B2R) + cε

(
‖f‖2

L2(B2R) +
1

R2
‖v‖2

L2(B 3R
2

)

)
äëÿ ëþáîãî ε > 0 ïîëó÷àåì íåðàâåíñòâî

‖ζ∇v‖2
L2(B2R) ≤ ε ‖ζq‖2

L2(B2R) + cε

(
‖f‖2

L2(B2R) +
1

R2
‖v‖2

L2(B 3R
2

)

)
2. Îöåíèì äàâëåíèå. Â òîæäåñòâå

(q, divw) = −(∇v,∇w) + (f, 1
h
∆k
−hw), ∀w ∈

◦
W 1

2(B 3R
2

), ∀ |h| < R
2
.

ïîëîæèì w = ζw̃, ãäå w̃ ∈
◦
W 1

2(B 3R
2

) � ïðîèçâîëüíàÿ. Ïîëó÷èì

(ζq, div w̃) = −(ζq, w̃ · ∇ζ)− (ζ∇v,∇w̃)− (∇v, w̃ ⊗∇ζ) + (f, 1
h
∆k
−h(ζw̃))

Âûáåðåì w̃ ∈
◦
W 1

2(B 3R
2

) òàê, ÷òîáû îíà óäîâëåòâîðÿëà óñëîâèÿì
div w̃ = ζq − [ζq]B 3R

2

â B 3R
2

w̃|∂B 3R
2

= 0

‖∇w̃‖L2(B 3R
2

) ≤ c
∥∥ζq − [ζq]B 3R

2

∥∥
L2(B 3R

2
)

Çàìåòèì, ÷òî ∥∥ζq − [ζq]B 3R
2

∥∥
L2(B 3R

2
)
≤
∥∥ζq∥∥

L2(B 3R
2

)

Ïðåîáðàçóåì ñëàãàåìûå ñî ñëàáûìè ÷ëåíàìè:∣∣(q, w̃ · ζ∇ζ)
∣∣ =

∣∣(p, 1
h
∆k
−h(w̃ · ζ∇ζ))

∣∣ ≤ ‖p‖L2(B2R)

∥∥ 1
h
∆k
−h(w̃ · ζ∇ζ)

∥∥
L2(B 3R

2
)
≤

≤ ‖p‖L2(B2R)

∥∥(w̃ · ζ∇ζ),k
∥∥
L2(B 3R

2
)
≤

≤ c ‖p‖L2(B2R)

( 1

R

∥∥∇w̃∥∥
L2(B 3R

2
)
+

1

R2

∥∥w̃∥∥
L2(B 3R

2
)

)
≤ c

R
‖p‖L2(B2R)

∥∥∇w̃∥∥
L2(B 3R

2
)
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Â ïîñëåäíåì ïåðåõîäå ìû âîñïîëüçîâàëèñü íåðàâåíñòâîì Ôðèäðèõñà:∥∥w̃∥∥
L2(B 3R

2
)
≤ cR

∥∥∇w̃∥∥
L2(B 3R

2
)
, ∀ w̃ ∈

◦
W 1

2(B 3R
2

)

Àíàëîãè÷íî ïîëó÷àåì ∣∣(∇v, w̃ ⊗∇ζ)
∣∣ ≤ c

R
‖v‖L2(B 3R

2
)

∥∥∇w̃∥∥
L2(B 3R

2
)

Òàêèì îáðàçîì, ìû ïîëó÷àåì îöåíêó

‖ζq‖2
L2(B 3R

2
) ≤ c

(
‖ζ∇v‖L2(B 3R

2
) +

1

R
‖v‖L2(B 3R

2
) +

1

R
‖p‖L2(B 3R

2
)

)∥∥∇w̃∥∥
L2(B 3R

2
)︸ ︷︷ ︸

≤ ‖ζq‖L2(B 3R
2

)

Ñëåäîâàòåëüíî,

‖ζq‖L2(B 3R
2

) ≤ c0 ‖ζ∇v‖L2(B 3R
2

) +
c

R

(
‖v‖L2(B 3R

2
) + ‖p‖L2(B 3R

2
)

)
ñ íåêîòîðîé ïîñòîÿííîé c0 > 0, çàâèñÿùåé òîëüêî îò n. Ïîäñòàâëÿÿ ýòó îöåíêó â íåðàâåí-
ñòâî èç 1, ïîëó÷àåì

‖ζ∇v‖2
L2(B2R) ≤ c0ε ‖ζ∇v‖2

L2(B2R) + cε ‖f‖2
L2(B2R) +

cε
R2

(
‖v‖2

L2(B 3R
2

) + ‖p‖2
L2(B 3R

2
))

)
Âûáèðàÿ ε > 0 òàêèì îáðàçîì, ÷òîáû âûïîëíÿëîñü c0ε <

1
2
, ïîëó÷àåì

‖ζ∇v‖2
L2(B2R) ≤ c ‖f‖2

L2(B2R) +
c

R2

(
‖v‖2

L2(B 3R
2

) + ‖p‖2
L2(B 3R

2
)

)
3. Ïîëüçóÿñü ñòàíäàðòíûìè ñâîéñòâàìè êîíå÷íûõ ðàçíîñòåé, ïîëó÷àåì

‖∇2u‖L2(BR) ≤ c ‖f‖L2(B2R) +
c

R

(
‖∇u‖L2(B2R) + ‖p‖L2(B2R)

)
à òàêæå

‖∇p‖L2(BR) ≤ c ‖f‖L2(B2R) +
c

R

(
‖∇u‖L2(B2R) + ‖p‖L2(B2R)

)
9. Ãèïîýëëèïòè÷íîñòü ñòàöèîíàðíîé ñèñòåìû Ñòîêñà

Ñòàöèîíàðíàÿ ñèñòåìà Ñòîêñà îáëàäàåò ñâîéñòâîì àâòîìàòè÷åñêîãî ëîêàëüíîãî ñãëàæè-
âàíèÿ ñëàáûõ ðåøåíèé.

Òåîðåìà. Ïóñòü f ∈ L2(Ω), u ∈ W 1
2 (Ω), p ∈ L2(Ω), óäîâëåòâîðÿþò{

−∆u + ∇p = f

div u = 0
â D′(Ω).

Òîãäà åñëè f ∈ C∞loc(Ω), òî u ∈ C∞loc(Ω).

12



10. Îöåíêè âòîðûõ ïðîèçâîäíûõ â L2 âáëèçè ïëîñêîãî ó÷àñòêà ãðàíèöû

Òåîðåìà. Ïóñòü f ∈ L2(Ω) è u ∈
◦
W 1

2(Ω) è p ∈ L2(Ω) óäîâëåòâîðÿþò (S0) â D′(Ω). Ïóñòü â
íåêîòîðîé ñèñòåìå êîîðäèíàò Ω ∩B2R = B+

2R è ∂Ω ∩B2R ⊂ {xn = 0}, ò.å. u|xn=0 = 0. Òîãäà
u ∈ W 2

2 (B+
R), p ∈ W 1

2 (B+
R) è

‖∇2u‖L2(B+
R) + ‖∇p‖L2(B+

R) ≤ c ‖f‖L2(B+
2R) +

c

R

(
‖∇u‖L2(B+

2R) + ‖p‖L2(B+
2R)

)
Äîêàçàòåëüñòâî. Âñþäó äàëåå ìû ñ÷èòàåì, ÷òî ãðå÷åñêèå èíäåêñû α, β èòä ìåíÿþòñÿ
â ïðåäåëàõ îò 1 äî n− 1.

1. Çàìåòèì, ÷òî äëÿ ëþáûõ w ∈
◦
W 1

2(B 3R
2

) è |h| < R
2
ïðè âñåõ α = 1, 2, . . . , n−1 ñïðàâåäëèâî

âêëþ÷åíèå
1
h
∆α
±hw ∈

◦
W 1

2(B2R)

Ïîýòîìó äëÿ âñåõ α = 1, 2, . . . , n−1 àíàëîãè÷íî âíóòðåííåìó ñëó÷àþ ïðè ïîìîùè êîíå÷íûõ
ðàçíîñòåé ïîëó÷àåòñÿ îöåíêà

‖∇u,α‖L2(B+
R) + ‖p,α‖L2(B+

R) ≤ c ‖f‖L2(B+
2R) +

c

R

(
‖∇u‖L2(B+

2R) + ‖p‖L2(B+
2R)

)
Ïîñëå ýòîãî íàì îñòàëîñü îöåíèòü n+ 1 ôóíêöèþ: uj,nn ïðè j = 1, 2, . . . , n è p,n.

2. Ïîñêîëüêó âíóòðåííÿÿ ðåãóëÿðíîñòü íàìè óæå äîêàçàíà, ìû óæå çíàåì, ÷òî

u ∈ W 2
2,loc(Ω), p ∈ W 1

2,loc(Ω)

Ñëåäîâàòåëüíî, íà äàííî ýòàïå óðàâíåíèÿ óæå âûïîëíÿþòñÿ ïî÷òè âñþäó â Ω:{
−∆u+∇p = f

div u = 0
ï.â. â Ω

3. Ïðè α = 1, . . . , n− 1 èç óðàâíåíèÿ

uα,nn = −uα,ββ + p,α − fα ï.â. â B+
R

ïîëó÷àåì îöåíêó

‖uα,nn‖L2(B+
R) ≤

n−1∑
β=1

‖∇u,β‖L2(B+
R) + ‖p,α‖L2(B+

R) + ‖f‖L2(B+
2R)

îòêóäà ñ ó÷åòîì 1 ïîëó÷àåì

‖uα,nn‖L2(B+
R) ≤ c ‖f‖L2(B+

2R) +
c

R

(
‖∇u‖L2(B+

2R) + ‖p‖L2(B+
2R)

)
4. Äèôôåðåíöèðóÿ óñëîâèå ñîëåíîèäàëüíîñòè div u = 0 ïî xn, ïîëó÷àåì

un,nn = −uα,αn ï.â. â B+
R
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îòêóäà

‖un,nn‖L2(B+
R) ≤

n−1∑
β=1

‖∇u,β‖L2(B+
R)

è, ñ ó÷åòîì óæå ïîëó÷åííûõ îöåíîê,

‖un,nn‖L2(B+
R) ≤ c ‖f‖L2(B+

2R) +
c

R

(
‖∇u‖L2(B+

2R) + ‖p‖L2(B+
2R)

)
Òàêèì îáðàçîì, íî äàííîì ýòàïå ìû äîêàçàëè

‖∇2u‖L2(B+
R) ≤ c ‖f‖L2(B+

2R) +
c

R

(
‖∇u‖L2(B+

2R) + ‖p‖L2(B+
2R)

)
5. Îñòàëîñü îöåíèòü p,n. Îöåíèâàåì åãî èç ïîñëåäíåãî îñòàâøåãîñÿ óðàâíåíèÿ

p,n = ∆un + fn ï.â. â B+
R

îòêóäà
‖p,n‖L2(B+

R) ≤ ‖∇
2u‖L2(B+

R) + ‖f‖L2(B+
R)

è, ñ ó÷åòîì óæå ïîëó÷åííûõ îöåíîê,

‖p,n‖L2(B+
R) ≤ c ‖f‖L2(B+

2R) +
c

R

(
‖∇u‖L2(B+

2R) + ‖p‖L2(B+
2R)

)

11. Îöåíêè âòîðûõ ïðîèçâîäíûõ â L2 âáëèçè èñêðèâëåííîé ãðàíèöû

Òåîðåìà. Ïóñòü f ∈ L2(Ω) è u ∈
◦
W 1

2(Ω) è p ∈ L2(Ω) óäîâëåòâîðÿþò (S0) â D′(Ω). Ïóñòü
∂Ω ⊂ C2 è îáîçíà÷èì ΩR ≡ ΩR(x0) := Ω ∩ BR(x0). Òîãäà è ñóùåñòâóåò R0 > 0, òàêîé ÷òî
äëÿ ëþáûõ x0 ∈ ∂Ω è R < R0 u ∈ W 2

2 (ΩR), p ∈ W 1
2 (ΩR) è

‖∇2u‖L2(ΩR) + ‖∇p‖L2(ΩR) ≤ c ‖f‖L2(Ω2R) +
c

R

(
‖∇u‖L2(Ω2R) + ‖p‖L2(Ω2R)

)
Äîêàçàòåëüñòâî. �Ðàñïðÿìëåíèå� ãðàíèöû. �
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4.5 Îïåðàòîð Ñòîêñà

1. Îïðåäåëåíèå îïåðàòîðà Ñòîêñà

Îïðåäåëåíèå. Îïðåàòîðîì Ñòîêñà ìû áóäåì íàçûâàòü ëèíåéíûé îïåðàòîð

∆̃ : D(∆̃) ⊂
◦
J2(Ω)→

◦
J2(Ω),

D(∆̃) =
◦
J1

2(Ω) ∩W 2
2 (Ω), ∆̃u := PJ∆u, ∀ u ∈ D(∆̃).

ãäå PJ � ýòî ïðîåêòîð Ëåðå íà ïîäïðîñòðàíñòâî
◦
J2(Ω).

2. Âòîðîå îñíîâíîå íåðàâåíñòâî äëÿ îïåðàòîðà Ñòîêñà

Òåîðåìà. Åñëè ∂Ω êëàññà C2, òî ñïðàâåäëèâî íåðàâåíñòâî

‖u‖W 2
2 (Ω) ≤ c ‖∆̃u‖L2(Ω), ∀ u ∈

◦
J1

2(Ω) ∩W 2
2 (Ω),

â êîòîðîì ïîñòîÿííàÿ c > 0, çàâèñèò òîëüêî îò Ω è n.

3. Ñàìîñîïðÿæåííîñòü îïåðàòîðà Ñòîêñà

Òåîðåìà. Ïóñòü ∂Ω êëàññà C2. Òîãäà

1) îïåðàòîð −∆̃ îòâå÷àåò êâàäðàòè÷íîé ôîðìå a[u] := 1
2
‖∇u‖2

L2(Ω) íà
◦
J2(Ω) c îáëàñòüþ

îïðåäåëåíèÿ Da :=
◦
J1

2(Ω), ò.å.

(−∆̃u, v) = (∇u,∇v), ∀ u ∈
◦
J1

2(Ω) ∩W 2
2 (Ω), ∀ v ∈

◦
J1

2(Ω)

2) îïðåàòîð ∆̃ ÿâëÿåòñÿ ñàìîñîïðÿæåííûì:

D(∆̃∗) = D(∆̃) =
◦
J1

2(Ω) ∩W 2
2 (Ω), (∆̃u, v) = (u, ∆̃v), ∀ u, v ∈

◦
J1

2(Ω) ∩W 2
2 (Ω)

3) îïåðàòîð −∆̃ ïîëîæèòåëüíî îïðåäåëåí, ò.å.

(−∆̃u, u) ≥ 0, ∀ u ∈
◦
J1

2(Ω) ∩W 2
2 (Ω).

4. Ñïåêòð îïåðàòîðà Ñòîêñà

Òåîðåìà. Ïóñòü Ω � îãðàíè÷åííàÿ îáëàñòü. Òîãäà

1) ñïåêòð îïåðàòîðà −∆̃ ÷èñòî òî÷å÷íûé, îí ñîñòîèò èç ñ÷åòíîãî íàáîðà âåùåñòâåííûõ
ïîëîæèòåëüíûõ ñîáñòâåííûõ ÷èñåë, íå èìåþùèõ òî÷åê íàêîïëåíèÿ, êðîìå áåñêîíå÷-
íîñòè, ïðè÷åì ñîîòâåñòâóþùèå èì ñîáñòâåííûå ïîäïðîñòðàíñòâà êîíå÷íîìåðíû.
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2) ñîáñòâåííûå ÷èñëà îïåðàòîðà −∆̃ ìîæíî ïðîíóìåðîâàòü â ïîðÿäêå âîçðàñòàíèÿ è ñ
ó÷åòîì èõ êðàòíîñòè:

0 < λ1 ≤ λ2 ≤ . . . ≤ λk ≤ . . .

5. Ñîáñòâåííûå ôóíêöèè îïåðàòîðà Ñòîêñà

Òåîðåìà. Ïóñòü Ω � îãðàíè÷åííàÿ îáëàñòü. Îáîçíà÷èì ÷åðåç {λk}∞k=1 ñîáñòâåííûå ÷èñëà

îïåðàòîðà −∆̃ ñ ó÷åòîì êðàòíîñòè, è îáîçíà÷èì ÷åðåç ϕk ∈
◦
J1

2(Ω) ñîáñòâåííóþ ôóíêöèþ
îïåðàòîðà −∆̃, ñîîòâåòñòâóþùóþ ñîáñòâåííîìó ÷èñëó λk. Òîãäà ϕk ÿâëÿåòñÿ îáîáùåííûì
ðåøåíèåì çàäà÷è Ñòîêñà 

−∆ϕk +∇πk = λk ϕk

divϕk = 0
â Ω

ϕk|∂Ω = 0

è ïðè ýòîì

1) {ϕk}∞k=1 îáðàçóþò áàçèñ â ãèëüáåðòîâîì ïðîñòðàíñòâå
◦
J2(Ω) ñî ñêàëÿðíûì ïðîèçâå-

äåíèåì (u, v)L2(Ω), êîòîðûé ìû âñåãäà ñ÷èòàåì îðòîíîðìèðîâàííûì â L2(Ω):

‖ϕk‖L2(Ω) = 1, ∀ k = 1, 2, 3, . . .

2) {ϕk}∞k=1 îáðàçóþò áàçèñ â ãèëüáåðòîâîì ïðîñòðàíñòâå
◦
J1

2(Ω) ñî ñêàëÿðíûì ïðîèçâå-
äåíèåì [u, v] := (∇u,∇v)L2(Ω), ïðè÷åì

‖∇ϕk‖L2(Ω) =
√
λk, ∀ k = 1, 2, 3, . . .

3) åñëè ∂Ω êëàññà C2, òî ϕk ∈
◦
J1

2(Ω)∩W 2
2 (Ω) äëÿ ëþáîãî k ∈ N è ôóíêöèè {ϕk}∞k=1 îáðà-

çóþò áàçèñ â ãèëüáåðòîâîì ïðîñòðàíñòâå
◦
J1

2(Ω)∩W 2
2 (Ω) ñî ñêàëÿðíûì ïðîèçâåäåíèåì

((u, v)) := (∆̃u, ∆̃v)L2(Ω), ïðè÷åì

‖∆̃ϕk‖L2(Ω) = λk, ∀ k = 1, 2, 3, . . .

6. Ðÿäû Ôóðüå ïî áàçèñó èç ñîáñòâåííûõ ôóíêöèé îïåðàòîðà Ñòîêñà

Òåîðåìà. Ïóñòü {λk}∞k=1 è {ϕk}∞k=1 � ñîáñòâåííûå ÷èñëà è ñîáñòâåííûå ôóíêöèè îïåðà-

òîðà −∆̃ (â ñòàíäàðòíîé íóìåðàöèè). Äëÿ ëþáîé u ∈
◦
J2(Ω) îáîçíà÷èì

ck := (u, ϕk)L2(Ω), u =
∞∑
k=1

ckϕk â L2(Ω), ‖u‖2
L2(Ω) =

∞∑
k=1

|ck|2

Òîãäà
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1) u ∈
◦
J1

2(Ω) ⇐⇒
∞∑
k=1

λk|ck|2 < +∞ è ïðè ýòîì

u =
∞∑
k=1

ckϕk â W 1
2 (Ω), ‖∇u‖2

L2(Ω) =
∞∑
k=1

λk|ck|2

2) åñëè ∂Ω ⊂ C2, òî u ∈
◦
J1

2(Ω) ∩W 2
2 (Ω) ⇐⇒

∞∑
k=1

λ2
k|ck|2 < +∞ è ïðè ýòîì

u =
∞∑
k=1

ckϕk â W 2
2 (Ω), ‖∆̃u‖2

L2(Ω) =
∞∑
k=1

λ2
k|ck|2
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4.6 Íåñòàöèîíàðíàÿ çàäà÷à Ñòîêñà

1. Ñèñòåìà Ñòîêñà-Îçèíà

Îïðåäåëåíèå. Ñèñòåìîé Ñòîêñà�Îçèíà ìû íàçûâàåì ëèíåéíóþ ñèñòåìó Ñòîêñà ñ äðèô-
òîì (ìëàäøèìè ÷ëåíàìè ïåðâîãî ïîðÿäêà):

∂tu − ∆u + (w · ∇)u + ∇p = f

div u = 0
â QT

u|t=0 = a, u|∂Ω×(0,T ) = 0

(SO)

Çäåñü íåèçâåñòíûìè ÿâëÿþòñÿ ôóíêöèè u : QT → Rn è p : QT → R, à çàäàííûìè �
ôóíêöèè a : Ω → Rn, w : QT → Rn è f : QT → Rn, ïðè÷åì äëÿ a è w âûïîëíåíû óñëîâèÿ
ñîëåíîèäàëüíîñòè

div a = 0 â Ω, divw = 0 â QT ,

ïëþñ a óäîâëåòâîðÿåò åñòåñòâåííûì óñëîâèÿì ñîãëàñîâàíèÿ íà ∂Ω.

2. Ñâîéñòâà êîíâåêòèâíîãî ÷ëåíà

Òåîðåìà. Ïóñòü w ∈ L∞(Ω) òàêîâà, ÷òî divw = 0 â D′(Ω). Òîãäà∫
Ω

(w · ∇)u · v dx = −
∫
Ω

u⊗ w : ∇v dx, ∀u, v ∈
◦
J1

2(Ω)

Êðîìå òîãî, åñëè w ∈ L∞(QT ) òàêîâà, ÷òî divw = 0 â D′(QT ), òî∫
QT

u⊗ w : ∇u dxdt = 0, ∀u ∈ L2(0, T ;
◦
J1

2(Ω))

Äîêàçàòåëüñòâî. Äëÿ îïðåäåëåííîñòè ñ÷èòàåì n = 3.

1. Ñóùåñòâóþò wm ∈ C∞(Ω), divwm = 0 â Ω, um ∈ J∞0 (Ω), vm ∈ J∞0 (Ω), òàêèå ÷òî

wm → w â L3(Ω), um → u â W 1
2 (Ω), vm → v â W 1

2 (Ω).

Èç ôîðìóëû èíòåãðèðîâàíèÿ ïî ÷àñòÿì ïîëó÷àåì∫
Ω

(wm · ∇)um · vm dx =

∫
Ω

wmj u
m
k,jv

m
k dx = −

∫
Ω

umk (wmj v
m
k ),j dx

= −
∫
Ω

umk wmj,j︸︷︷︸
divw = 0

vmk dx −
∫
Ω

umk w
m
j v

m
k,j dx = −

∫
Ω

um ⊗ wm : ∇vm dx

Ïî íåðàâåíñòâó Ãåëüäåðà èìååì (wm · ∇)um → (w · ∇)u â L 6
5
(Ω) è, ó ó÷åòîì âëîæåíèÿ

W 1
2 (Ω) ↪→ L6(Ω) ïðè Ω ⊂ R3, ïîëó÷àåì vm → v â L6(Ω). Ñëåäîâàòåëüíî,∫

Ω

(wm · ∇)um · vm dx →
∫
Ω

(w · ∇)u · v dx
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Àíàëîãè÷íî,

−
∫
Ω

um ⊗ wm : ∇vm dx → −
∫
Ω

u⊗ w : ∇v dx

2. Ïîñêîëüêó ïðè w ∈ L∞(QT ) è u ∈ W 1,0
2 (QT ) ìû èìååì u⊗w : ∇u ∈ L1(QT ), ïî òåîðåìå

Ôóáèíè ∫
QT

u⊗ w : ∇u dxdt =

T∫
0

 ∫
Ω

u(t)⊗ w(t) : ∇u(t) dx

 dt

Òàê êàê ïðè ï.â. t ∈ (0, T ) ñïðàâåäèâû âêëþ÷åíèÿ

w(t) ∈ L∞(Ω), divw(t) = 0 â D′(Ω), u(t) ∈
◦
J1

2(Ω),

ïîëó÷àåì∫
Ω

u(t)⊗ w(t) : ∇u(t) dx =

∫
Ω

uj(t)wk(t)uj,k(t) dx =

∫
Ω

w(t) · ∇ 1
2
|u(t)|2︸ ︷︷ ︸
∈
◦
W 1

1(Ω)

dx = 0.

3. Îáîáùåííûå ðåøåíèÿ ñèñòåìû Ñòîêñà-Îçèíà

Òåîðåìà. Ïóñòü a ∈
◦
J2(Ω), f ∈ L2(0, T ; J−1

2 (Ω)), w ∈ L∞(QT ), divw = 0 â D′(QT ).
Îáîáùåííûì ðåøåíèåì ñèñòåìû (SO) ìû íàçûâàåì ôóíêöèþ u : QT → Rn, òàêóþ ÷òî

1) u ∈ C([0, T ];
◦
J2(Ω)) ∩ L2(0, T ;

◦
J1

2(Ω)), ∂tu ∈ L2(0, T ; J−1
2 (Ω))

2) äëÿ ï.â. t ∈ (0, T ) ñïðàâåäëèâî òîæäåñòâî

〈∂tu(t), w〉+ (∇u(t),∇w)− (u(t)⊗ w(t),∇w) = 〈f(t), w〉, ∀ w ∈
◦
J1

2(Ω)

3) u(x, 0) = a(x) äëÿ ï.â. x ∈ Ω

4. Ýíåðãåòè÷åñêîå òîæäåñòâî è åäèíñòâåííîñòü â êëàññå îáîáùåííûõ ðåøåíèé

Òåîðåìà. Ïóñòü a ∈
◦
J2(Ω), f ∈ L2(0, T ; J−1

2 (Ω)) è ïóñòü u � îáîáùåííîå ðåøåíèå ñè-
ñòåìû (SO). Òîãäà äëÿ ëþáîãî t ∈ (0, T ] u óäîâëåòâîðÿåò ãëîáàëüíîìó ýíåðãåòè÷åñêîìó

òîæäåñòâó

1

2

∫
Ω

|u(x, t)|2 dx +

t∫
0

∫
Ω

|∇u(x, τ)|2 dxdτ =
1

2

∫
Ω

|a(x)|2 dx +

t∫
0

〈f(τ), u(τ)〉 dt

Ñëåäñòâèå. Äëÿ ëþáûõ a ∈
◦
J2(Ω), f ∈ L2(0, T ; J−1

2 (Ω)), w ∈ L∞(QT ), divw = 0 â D′(Ω),
çàäà÷à (SO) íå ìîæåò èìåòü äâóõ ðàçëè÷íûõ îáîáùåííûõ ðåøåíèé.
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5. Òåîðåìà ñóùåñòâîâàíèÿ â êëàññå îáîáùåííûõ ðåøåíèé

Òåîðåìà. Ïóñòü w ∈ L∞(QT ), divw = 0 â D′(QT ). Òîãäà äëÿ ëþáûõ a ∈
◦
J2(Ω) è f ∈

L2(0, T ; J−1
2 (Ω)) ñóùåñòâóåò åäèíñòâåííàÿ ôóíêöèÿ u, ÿâëÿþùàÿñÿ îáîáùåííûì ðåøåíèåì

ñèñòåìû (SO), ïðè÷åì ñïðàâåäëèâû îöåíêè

‖u‖L2,∞(QT ) + ‖u‖W 1,0
2 (QT ) ≤ c

(
‖a‖L2(Ω) + ‖f‖L2(0,T ;J−1

2 (Ω))

)
‖∂tu‖L2(0,T ;J−1

2 (Ω)) ≤ cw

(
‖a‖L2(Ω) + ‖f‖L2(0,T ;J−1

2 (Ω))

)
ãäå ïîñòîÿííàÿ c > 0 çàâèñèò òîëüêî îò n è Ω, à cw > 0 çàâèñèò îò n, Ω è ‖w‖L∞(QT ).

Ïëàí äîêàçàòåëüñòâà.

� Îïðåäåëåíèå ãàëåðêèíñêèõ ïðèáëèæåíèé uN .

� Ýíåðãåòè÷åñêàÿ îöåíêà äëÿ uN .

� Ïðåäåëüíûé ïåðåõîä â óðàâíåíèè.

� Îöåíêà ∂tu.

Äîêàçàòåëüñòâî. Ïóñòü ôóíêöèè {ϕk}∞k=1 ⊂
◦
J1

2(Ω) è

� {ϕk}k=1 îáðàçóþò îðòîíîðìèðîâàííûé áàçèñ â
◦
J2(Ω)

� {ϕk}k=1 îáðàçóþò îðòîãîíàëüíûé áàçèñ â
◦
J1

2(Ω)
(
îòí. ñê. ïðîèçâ. (∇u,∇v)L2(Ω)

)
(Íàïðèìåð, â êà÷åñòâå {ϕk}∞k=1 ìîæíî âçÿòü ïîëíóþ ñèñòåìó ñîáñòâåííûõ ôóíêöèé çàäà÷è
Äèðèõëå äëÿ îïåðàòîðà Ñòîêñà â Ω, òîãäà λk � ñ.÷., ñîîòâåòñòâóþùåå ϕk).

1. Äëÿ ëþáîãî N ∈ N ñóùåñòâóåò è ïðèòîì åäèíñòâåííûé íàáîð êîýôôèöèåíòîâ {CN
k }Nk=1,

CN
k ∈ W 1

2 (0, T ), òàêèõ ÷òî ôóíêöèÿ

uN(x, t) :=
N∑
k=1

CN
k (t)ϕk(x), uN ∈ W 1,1

2 (QT )

äëÿ ëþáîãî k = 1, 2, . . . , N óäîâëåòâîðÿåò òîæäåñòâó

(∂tu
N(t), ϕk) + (∇uN(t),∇ϕk)− (uN(t)⊗ w(t),∇ϕk) = 〈f(t), ϕk〉,

à òàêæå íà÷àëüíîìó óñëîâèþ

uN(x, 0) = aN(x) ï.â. x ∈ Ω,

ãäå

aN(x) :=
N∑
k=1

akϕk(x), ak :=

∫
Ω

a(x)ϕk(x) dx, k = 1, 2, . . .
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Çàìåòèì, ÷òî ôóíêöèè CN
k ∈ W 1

2 (0, T ) ÿâëÿþòñÿ ðåøåíèÿìè ñëåäóþùåé ëèíåéíîé ñèñòåìû
ODE: 

dCN
k

dt
(t) =

N∑
j=1

Akj(t)C
N
j (t) + Fk(t)

CN
k = ak

k = 1, 2, . . . , N

ãäå
Akj(t) = λkδkj − (ϕj ⊗ w(t),∇ϕk) ∈ L∞(0, T ),

Fk(t) = 〈f(t), ϕk〉 ∈ L2(0, T )

2. Óìíîæàÿ óðàâíåíèå äëÿ k = 1, . . . , N íà ñîîòâåòñòâóþùåå CN
k , ïîëó÷àåì òîæäåñòâî

1
2
d
dt
‖uN(t)‖2

L2(Ω) + ‖∇uN(t)‖2
L2(Ω) − (uN(t)⊗ w(t),∇uN(t))︸ ︷︷ ︸

= 0

= 〈f(t), uN(t)〉

Èíòåãðèðóÿ ýòî ñîîòíîøåíèå ïî t ∈ (0, T ) ñ ó÷åòîì ‖aN‖L2(Ω) ≤ ‖aN‖L2(Ω) ïîëó÷àåì

‖uN‖L2,∞(QT ) + ‖uN‖W 1,0
2 (QT ) ≤ c

(
‖a‖L2(Ω) + ‖f‖L2(0,T ;J−1

2 (Ω))

)
Ñëåäîâàòåëüíî,

∃u ∈ L∞(0, T ;
◦
J2(Ω)) ∩ L2(0, T ;

◦
J1

2(Ω)),

òàêàÿ ÷òî äëÿ íåêîòîðîé ï/ïîñë�òè (ìû ñîõðàíèì çà íåé ïðåæíåå îáîçíà÷åíèå)

uN ⇀ u â W 1,0
2 (QT ), uN

∗
⇀ u â L∞(0, T ;L2(Ω)).

îòêóäà

‖u‖L2,∞(QT ) + ‖u‖W 1,0
2 (QT ) ≤ c

(
‖a‖L2(Ω) + ‖f‖L2(0,T ;J−1

2 (Ω))

)
3. Òåïåðü äëÿ ïðîèçâîëüíîé ξ ∈ W 1

2 (0, T ), ξ(T ) = 0, ìû ïîëó÷àåì

−
T∫

0

(uN(t), ϕk)ξ
′(t) dt+

T∫
0

(
(∇uN(t),∇ϕk)− (uN(t)⊗ w(t),∇ϕk)

)
ξ(t) dt =

= akξ(0) +

T∫
0

〈f(t), wk〉 dt

îòêóäà äëÿ ëþáîé ôóíêöèè ηm(x, t) =
N∑
k=1

ξk(t)ϕk(x), ãäå ξj ∈ W 1
2 (0, T ), ξj(T ) = 0, ïðè

N ≥ m ìû ïîëó÷àåì∫
QT

(
− uN · ∂tηm +∇uN : ∇ηm − uN ⊗ w : ∇ηm

)
dxdt =

=

∫
Ω

aN(x)ηm(x, 0) dx+

T∫
0

〈f(t), ηm(t)〉 dt
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Ôèêñèðóÿ m ∈ N è ïåðåõîäÿ ê ïðåäåëó ïðè N →∞, ïîëó÷àåì∫
QT

(
− u · ∂tηm +∇u : ∇ηm − u⊗ w : ∇ηm

)
dxdt =

=

∫
Ω

a(x)ηm(x, 0) dx+

T∫
0

〈f(t), η(t)〉 dt

Ïîñêîëüêó ôóíêöèè
{
ηm(x, t) =

N∑
k=1

ξk(t)ϕk(x), ξk ∈ W 1
2 (0, T ), ξk(T ) = 0

}
ïëîòíû â

{
η ∈ W 1

2 (0, T ;
◦
J1

2(Ω)) : η|t=T = 0
}
,

ïîëó÷àåì ∫
QT

(
− u · ∂tη +∇u : ∇η − u⊗ w : ∇η

)
dxdt =

∫
Ω

a(x)η(x, 0) dx +

+

T∫
0

〈f(t), η(t)〉 dt, ∀ η ∈ W 1
2 (0, T ;

◦
J1

2(Ω)) : η|t=T = 0

4. Èç ïîëó÷åííîãî òîæäåñòâà ñòàíäàðòíûì ïåðåõîäîì (ñì. ÷àñòü I) ïîëó÷àåì, ÷òî

∃ ∂tu ∈ L2(0, T ;
◦
J−1

2 (Ω))

è äëÿ ï.â. t ∈ (0, T ) ñïðàâåäëèâî òîæäåñòâî

〈∂tu(t), w〉+ (∇u(t),∇w)− (u(t)⊗ w(t),∇w) = 〈f(t), w〉, ∀w ∈
◦
J1

2(Ω)

Èç ïîñëåäíåãî òîæäåñòâà ïðè ï.â. t ∈ (0, T ) âûòåêàåò íåðàâåíñòâî

‖∂tu(t)‖J−1
2 (Ω) ≤ ‖∇u(t)‖L2(Ω) + ‖w(t)‖L∞(Ω)‖u(t)‖L2(Ω) + ‖f(t)‖J−1

2 (Ω),

îòêóäà ñ ó÷åòîì ýíåðãåòè÷åñêîé îöåíêè ìû ïîëó÷àåì

‖∂tu‖L2(0,T ;J−1
2 (Ω)) ≤ cw

(
‖a‖L2(Ω) + ‖f‖L2(0,T ;J−1

2 (Ω))

)
ãäå ïîñòîÿííàÿ cw > 0 çàâèñèò îò ‖w‖L∞(QT ).

6. Ñèëüíûå ðåøåíèÿ ñèñòåìû Ñòîêñà�Îçèíà

Îïðåäåëåíèå. Ïóñòü a ∈
◦
J1

2(Ω), f ∈ L2(QT ), w ∈ L∞(QT ), divw = 0 â D′(QT ). Ñèëüíûì
ðåøåíèåì ñèñòåìû (SO) íàçûâàþòñÿ ôóíêöèè u ∈ W 2,1

2 (QT ) è p ∈ W 1,0
2 (QT ), òàêèå ÷òî

[p(t)]Ω = 0 ï.â. t ∈ (0, T ) è ôóíêöèè u è p óäîâëåòâîðÿþò óðàâíåíèÿì (SO) ï.â. â QT , à
íà÷àëüíûì è êðàåâûì óñëîâèÿì � â ñìûñëå òåîðèè ñëåäîâ.
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7. Ñèëüíûå ðåøåíèÿ ñèñòåìû Ñòîêñà�Îçèíà

Òåîðåìà. Ïóñòü w ∈ L∞(QT ), divw = 0 â D′(QT ). Òîãäà äëÿ ëþáûõ a ∈
◦
J1

2(Ω) è
f ∈ L2(QT ) îáîáùåííîå ðåøåíèå ñèñòåìû (SO) ÿâëÿåòñÿ ñèëüíûì, ò.å. u ∈ W 2,1

2 (QT ) è
ñóùåñòâóåò åäèíñòâåííàÿ p ∈ W 1,0

2 (QT ), òàêàÿ ÷òî [p(t)]Ω = 0 ï.â. t ∈ (0, T ) è ôóíêöèè u è
p ÿâëÿþòñÿ ñèëüíûì ðåøåíèåì ñèñòåìû (SO), ïðè÷åì èìååò ìåñòî îöåíêà

‖u‖W 2,1
2 (QT ) + ‖p‖W 1,0

2 (QT ) ≤ cw

(
‖f‖L2(QT ) + ‖a‖W 1

2(Ω)

)
ñ ïîñòîÿííîé cw > 0, çàâèñÿùåé òîëüêî îò n, Ω è ‖w‖L∞(QT ).

Äîêàçàòåëüñòâî.

1. Ïóñòü u ∈ L2,∞(QT ) ∩W 1,0
2 (QT ) � îáîáùåííîå ðåøåíèå çàäà÷è (SO). Îáîçíà÷èì

f0 := f − (w · ∇)u, f0 ∈ L2(QT )

Ñ ó÷åòîì ýíåðãåòè÷åñêîãî íåðàâåíñòâà ïîëó÷àåì äëÿ f0 îöåíêó

‖f0‖L2(QT ) ≤ c
(
‖f‖L2(QT ) + ‖w‖L∞(QT )‖u‖W 1,0

2 (QT )

)
≤ cw

(
‖f‖L2(QT ) + ‖a‖W 1

2 (Ω)

)
Òåïåðü u ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì çàäà÷è Ñòîêñà

∂tu−∆u+∇p = f0

div u = 0
â QT

u|∂Ω×(0,T ) = 0

u|t=0 = a

(S)

Ïîñòðîèì ãàëåðêèíñêèå ïðèáëèæåíèÿ äëÿ çàäà÷è (S):

uN(x, t) :=
N∑
k=1

CN
k (t)ϕk(x), uN ∈ W 1,1

2 (QT )

ãäå CN
k ∈ W 1

2 (0, T ) è ôóíêöèè uN äëÿ ëþáîãî k = 1, 2, . . . , N óäîâëåòâîðÿþò òîæäåñòâó
(∂tu

N(t), ϕk) + (∇uN(t),∇ϕk) = (f0(t), ϕk),

uN |t=0 = aN , aN :=
N∑
k=1

(a, ϕk)ϕk

Ìû óæå çíàåì, ÷òî

‖uN‖W 1,0
2 (QT ) ≤ c

(
‖f0‖L2(QT ) + ‖a‖L2(Ω)

)
, uN → v â L2(QT ),

ãäå v ∈ L2,∞(QT )∩W 1,0
2 (QT ) � íåêîòîðîå îáîáùåííîå ðåøåíèå çàäà÷è (S). Òàêèì îáðàçîì,

v è u � äâà îáîáùåííûõ ðåøåíèÿ çàäà÷è (S), ñîîòâåòñòâóþùèå îäíîìó è òîìó æå íà-
÷àëüíîìó äàííîìó è ïðàâîé ÷àñòè. Ïî òåîðåìå åäèíñòâåííîñòè äëÿ îáîáùåííûõ ðåøåíèé
ïîëó÷àåì v ≡ u ï.â. â QT .
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2. Óìíîæèì êàæäîå èç òîæäåñòâ

(∂tu
N(t), ϕk) + (∇uN(t),∇ϕk) = (f0(t), ϕk)

íà
dCN

k

dt
(t) è ïðîñóììèóåì ïî k îò 1 äî N . Ïîëó÷èì òîæäåñòâî(

∂tu
N(t), ∂tu

N
)

+
(
∇uN(t), ∂t∇uN

)
=
(
f0(t), ∂tu

N
)

Ñëåäîâàòåëüíî, äëÿ uN ïðè ï.â. t ∈ (0, T ) âûïîëíÿåòñÿ òîæäåñòâî

‖∂tuN(t)‖2
L2(Ω) +

1

2

d

dt
‖∇uN(t)‖2

L2(Ω) =
(
f0(t), ∂tu

N(t)
)

èç êîòîðîãî ïðè ïîìîùè íåðàâåíñòâà Þíãà ïðè ï.â. t ∈ (0, T ) âûòåêàåò îöåíêà

‖∂tuN(t)‖2
L2(Ω) +

1

2

d

dt
‖∇uN(t)‖2

L2(Ω) ≤ c ‖f0(t)‖2
L2(Ω)

Ïîëó÷àåì íåðàâåíñòâî

‖∂tuN‖L2(QT ) + ‖∇uN(t)‖L∞(0,T ;L2(Ω)) ≤ c
(
‖f0‖L2(QT ) + ‖∇aN‖L2(Ω)

)
Çàìåòèì, ÷òî ïîñêîëüêó {ϕk}∞k=1 � îðòîãîíàëüíûé áàçèñ â

◦
J1

2(Ω) è ‖∇ϕk‖2
L2(Ω) = λk, ñïðà-

âåäëèâî íåðàâåíñòâî

‖∇aN‖2
L2(Ω) =

n∑
k=1

λk|ak|2 ≤
∞∑
k=1

λk|ak|2 = ‖∇a‖2
L2(Ω), ak := (a, ϕk)

Ïðèíèìàÿ âî âíèìàíèå ýíåðãåòè÷åñêóþ îöåíêó äëÿ uN , ïîëó÷àåì

‖∂tuN‖L2(QT ) + ‖∇uN(t)‖L∞(0,T ;L2(Ω)) ≤ c
(
‖f0‖L2(QT ) + ‖a‖W 1

2 (Ω)

)
Ñëåäîâàòåëüíî, ∂tu

N îãðàíè÷åíà â L2(QT ), îòêóäà âûòåêàåò

∂tu
N ⇀ ∂tu â L2(QT ), ‖∂tu‖L2(QT ) ≤ c

(
‖f0‖L2(QT ) + ‖a‖W 1

2 (Ω)

)
3. Îáîçíà÷èì f1 := f0 − ∂tu. Òîãäà ñ ó÷åòîì îöåíîê ‖f0‖L2(QT ) è ‖∂tu‖L2(QT ) ïîëó÷àåì

‖f1‖L2(QT ) ≤ cw

(
‖f‖L2(QT ) + ‖a‖W 1

2 (Ω)

)
Äëÿ ï.â. t ∈ (0, T ) ôóíêöèÿ u(t) ∈

◦
J1

2(Ω) ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì ñòàöèîíàðíîé
çàäà÷è Ñòîêñà ñ ïðàâîé ÷àñòüþ f1(t):

−∆u(t) +∇p(t) = f1(t) â Ω

div u(t) = 0

u(t)|∂Ω = 0

24



Ïîñêîëüêó äëÿ îáëàñòè Ω êëàññà C2 ïðè f1(t) ∈ L2(Ω) îáîáùåííîå ðåøåíèå ñòàöèîíàðíîé
çàäà÷è Ñòîêñà ÿâëÿåòñÿ ñèëüíûì, çàêëþ÷àåì, ÷òî ïðè ï.â t ∈ (0, T ) u(t) ∈ W 2

2 (Ω) è
ñóùåñòâóåò åäèíñòâåííàÿ p(t) ∈ W 1

2 (Ω), [p(t)]Ω = 0, òàêàÿ ÷òî âûïîëíÿåòñÿ îöåíêà

‖u(t)‖2
W 2

2 (Ω) + ‖p(t)‖2
W 1

2 (Ω) ≤ c ‖f1(t)‖2
L2(Ω),

îòêóäà èíòåãðèðîâàíèåì ýòîé îöåíêè ïî t ∈ (0, T ) ïîëó÷àåì

‖u‖L2(0,T ;W 2
2 (Ω)) + ‖p‖L2(0,T ;W 1

2 (Ω)) ≤ c ‖f1‖L2(QT )

Ñëåäîâàòåëüíî, u ∈ W 2,1
2 (QT ), p ∈ W 1,0

2 (QT ) è

‖u‖W 2,1
2 (QT ) + ‖p‖W 1,0

2 (QT ) = ‖∂tu‖L2(QT ) + ‖u‖L2(0,T ;W 2
2 (Ω)) + ‖p‖L2(0,T ;W 1

2 (Ω)) ≤

≤ c
(
‖f0‖L2(QT ) + ‖a‖W 1

2 (Ω)

)
+ c ‖f1‖L2(QT ) ≤ c

(
‖f‖L2(QT ) + ‖a‖W 1

2 (Ω)

)
Åäèíñòâåííîñòü ñïðàâåäëèâà â áîëåå øèðîêîì êëàññå îáîáùåííûõ ðåøåíèé.

8. Òåîðåìà åäèíñòâåííîñòè Î.À. Ëàäûæåíñêîé â êëàññå î÷åíü ñëàáûõ ðåøåíèé

Òåîðåìà. Ïóñòü u ∈ L2(0, T ;
◦
J2(Ω)) óäîâëåòâîðÿåò òîæäåñòâó∫
QT

u ·
(
∂tη + ∆η

)
dxdt = 0,

∀ η ∈ W 2,1
2 (QT ) : div η = 0 â QT , η|∂Ω×(0,T ) = 0, η|t=T = 0.

Òîãäà u ≡ 0 ï.â. â QT .

9. Êîýðöèòèâíûå îöåíêè Â.À. Ñîëîííèêîâà

Äëÿ s ∈ (1,+∞) îáîçíà÷èì
◦
J

2−2/s
s (Ω) := Closure

W
2−2/s
s (Ω)

J∞0 (Ω).

Òåîðåìà. Ïóñòü s ∈ (1,+∞). Òîãäà äëÿ ëþáûõ a ∈
◦
J

2−2/s
s (Ω) è f ∈ Ls(QT ) ñóùåñòâóåò

åäèíñòâåííàÿ ïàðà ôóíêöèé u ∈ W 2,1
s (QT ) è p ∈ W 1,0

s (QT ), [p(t)]Ω = 0 ï.â. t ∈ (0, T ),
ÿâëÿþùàÿñÿ ñèëüíûì ðåøåíèåì ñèñòåìû Ñòîêñà

∂tu − ∆u + ∇p = f

div u = 0
â QT

u|∂Ω×(0,T ) = 0

u|t=0 = a

(S)

ò.å. óäîâëåòâîðÿþùàÿ óðàâíåíèÿì (S) ï.â. â QT , íà÷àëüíûì è êðàåâûì óñëîâèÿì � â
ñìûñëå òåîðèè ñëåäîâ, à òàêæå óäîâëåòâîðÿþùàÿ îöåíêå

‖u‖W 2,1
s (QT ) + ‖p‖W 1,0

s (QT ) ≤ c
(
‖f‖Ls(QT ) + ‖a‖

W
2−2/s
s (Ω)

)
ñ ïîñòîÿííîé c > 0, çàâèñÿùåé òîëüêî îò n, s, Ω è T .

Äîêàçàòåëüñòâî. Áåç äîêàçàòåëüñòâà. �
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4.7 Òåîðåìà î êîìïàêòíîñòè

1. Ìîòèâèðîâêà

Èç-çà íàëè÷èÿ �êîíâåêòèâíîãî ÷ëåíà� (u · ∇)u óðàâíåíèÿ ãèäðîäèíàìèêè ÿâëÿþòñÿ íåëè-

íåéíûìè óðàâíåíèÿìè â ÷àñòíûõ ïðîèçâîäíûõ. Îñíîâíàÿ òðóäíîñòü â ðàáîòå ñ íåëèíåé-
íûìè óðàâíåíèÿìè çàêëþ÷àåòñÿ â òîì, ÷òî íåëèíåéíûå îïåðàòîðû, êàê ïðàâèëî, íå ÿâëÿ-
þòñÿ íåïðåðûâíûìè îòíîñèòåëüíî ñëàáîé ñõîäèìîñòè uN ⇀ u. Ïîýòîìó äëÿ ïðåäåëüíîãî
ïåðåõîäà â êîíâåêòèâíîì ÷ëåíå íàì ïîòðåáóåòñÿ ñèëüíàÿ ñõîäèìîñòü uN → u, òî åñòü,
èíà÷å ãîâîðÿ, êîìïàêòíîñòü ïîñëåäîâàòåëüíîñòè ãëàäêèõ �ïðèáëèæåííûõ� ðåøåíèé {uN}
â íåêîòîðîì ïîäõîäÿùåì ôóíêöèîíàëüíîì ïðîñòðàíñòâå.

2. Êëàññ W

Îïðåäåëåíèå. Ïóñòü X ↪→ Z. Äëÿ ëþáûõ p, q ∈ [1,+∞) îïðåäåëèì ëèí. ïð�âî

W :=

{
u ∈ Lp(I;X) : ∃ ñëàáàÿ ïðîèçâîäíàÿ ïî âðåìåíè

du

dt
∈ Lq(I;Z)

}
Òàêèì îáðàçîì, ôóíêöèÿ u ∈ Lp(I;X) ïðèíàäëåæèò êëàññóW â òîì è òîëüêî â òîì ñëó÷àå,
êîãäà ñóùåñòâóåò ôóíêöèÿ v ∈ Lq(I;Z), òàêàÿ ÷òî âûïîëíÿåòñÿ ñîîòíîøåíèå∫

I

u(t) ϕ′(t) dt = −
∫
I

v(t) ϕ(t) dt â Z, ∀ ϕ ∈ C∞0 (I).

Òåîðåìà. Ïðîñòðàíñòâî W ÿâëÿåòñÿ áàíàõîâûì îòíîñèòåëüíî íîðìû

‖u‖W := ‖u‖Lp(I;X) +
∥∥∥du
dt

∥∥∥
Lq(I;Z)

Åñëè X, Z ðåôëåêñèâíû è p, q ∈ (1,+∞), òî W òàêæå ÿâëÿåòñÿ ðåôëåêñèâíûì.

3. Îñíîâíîé ðåçóëüòàò äàííîãî ïàðàãðàôà

Òåîðåìà. X, Y , Z � áàíàõîâû, p, q ∈ (1,+∞). Ïðåäïîëîæèì, ÷òî

1) X ↪→ Y ↪→ Z

2) X, Z � ðåôëåêñèâíû

3) âëîæåíèå X ↪→ Y êîìïàêòíî

Òîãäà âëîæåíèå W â ïðîñòðàíñòâî Lp(I;Y ) êîìïàêòíî, òî åñòü äëÿ âñÿêîé ïîñëåäîâà-
òåëüíîñòè {uk}∞k=1 ⊂ W

uk ⇀ u â W =⇒ ukj → u â Lp(I;Y ).
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4. Ïðåäâàðèòåëüíûå ôàêòû

Òåîðåìà.

� åñëè {uk}∞k=1 ⊂ W , u ∈ Lp(I;X), v ∈ Lq(I;Z) òàêîâû, ÷òî

uk ⇀ u â Lp(I;X),
duk
dt

⇀ v â Lq(I;Z),

òî u ∈ W è du
dt

= v â Z.

� äëÿ ëþáîé u ∈ W u : Ī → Z àáñîëþòíî íåïðåðûâíà è ∀ s, t ∈ Ī

u(t) =

t∫
s

du

dτ
(τ) dτ + u(s) â Z.

� W íåïðåðûâíî âêëàäûâàåòñÿ â C(Ī;Z), ò.å. ∃ c > 0, òàêîå ÷òî

‖u‖C(Ī;Z) ≤ c ‖u‖W , ∀ u ∈ W .

� äëÿ ëþáîé u ∈ W è ëþáûõ s, t ∈ Ī

(t− s)u(t) =

t∫
s

u(τ) dτ +

t∫
s

(τ − s)du
dτ

(τ) dτ â Z.

� ïóñòü vk, v ∈ Lp(I;X) è ïóñòü t, s ∈ (0, T ) ôèêñèðîâàíû. Îïðåäåëèì ýëåìåíòû a
(t,s)
k ,

a(t,s) ∈ X ïî ôîðìóëàì

a
(t,s)
k :=

1

t− s

t∫
s

vk(τ) dτ, a(t,s) :=
1

t− s

t∫
s

v(τ) dτ

Òîãäà åñëè vk ⇀ v â Lp(I;X), òî a
(s)
k ⇀ a(s) â X ïðè k → +∞.

5. Êîìïàêòíîñòü âëîæåíèÿ â Lp(I;Z)

Òåîðåìà. Ïóñòü âûïîëíåíû óñëîâèÿ îñíîâíîé òåîðåìû è ïóñòü uk ∈ W òàêîâû, ÷òî

uk ⇀ 0 â Lp(I;X) è

{
duk
dt

}∞
k=1

îãðàíè÷åíà â Lq(I;Z).

Òîãäà uk → 0 â Lp(I;Z).

Äîêàçàòåëüñòâî. Äëÿ t ∈ I îáîçíà÷èì ϕk(t) := ‖uk(t)‖pZ . Äîêàæåì, ÷òî ϕk → 0 â L1(I).
Ìû õîòèì âîñïîëüçîâàòüñÿ òåîðåìîé Ëåáåãà.

1. Ðàâíîìåðíàÿ îãðàíè÷åííîñòü âûòåêàåò èç âëîæåíèÿ W ↪→ C(Ī;Z). Äåéñòâèòåëüíî,

ϕk(t) ≤ sup
t∈Ī
‖uk(t)‖pZ = ‖uk‖pC(Ī;Z)

≤ C ‖uk‖pW ,
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è ïîñêîëüêó {uk}∞k=1 îãðàíè÷åíà â W , ìû çàêëþ÷àåì, ÷òî

0 ≤ ϕk(t) ≤ C Mp, ∀ t ∈ Ī ,

ãäå ìû îáîçíà÷èëè M := sup
k
‖uk‖W .

2. ×òîáû óñòàíîâèòü ïîòî÷å÷íóþ ñõîäèìîñòü ϕk(t)→ 0, ∀ t ∈ I, ôèêñèðóåì ïðîèçâîëüíûå
t ∈ I è ε > 0 è âîçüìåì òî÷êó s ∈ I, s 6= t, s = s(t,M, q, ε) òàê, ÷òîáû âûïîëíÿëîñü
íåðàâåíñòâî

C(q) M |t− s|1/q′ < ε

2
, C(q) = (q′ + 1)

− 1
q′ , q′ =

q

q − 1
.

Âîñïîëüçóåìñÿ ñëåäñòâèåì èç ôîðìóëû Íüþòîíà�Ëåéáíèöà äëÿ êëàññà Wp,q:

uk(t) =
1

t− s

t∫
s

uk(τ) dτ

︸ ︷︷ ︸
:= a

(t,s)
k

+
1

t− s

t∫
s

(τ − s) duk
dτ

(τ) dτ

︸ ︷︷ ︸
:= b

(t,s)
k

3. Äëÿ ïîñëåäîâàòåëüíîñòè {b(t,s)
k }∞k=1 ⊂ Z

‖b(t,s)
k ‖Z ≤

1

|t− s|

∣∣∣∣∣∣
t∫

s

(τ − s)
∥∥∥duk
dτ

(τ)
∥∥∥
Z
dτ

∣∣∣∣∣∣
Ïðè ïîìîùè íåðàâåíñòâà Ãåëüäåðà ïîëó÷àåì îöåíêó

‖b(t,s)
k ‖Z ≤

1

|t− s|

∥∥∥duk
dτ

∥∥∥
Lq(I;Z)

(
|t− s|q′+1

q′ + 1

)1/q′

≤ C(q) M |t− s|1/q′

Ñ ó÷åòîì íàøåãî âûáîðà òî÷êè s ∈ I ïîëó÷àåì

sup
k
‖b(t,s)
k ‖Z ≤

ε

2
.

4. Ïåðåéäåì ê îöåíêå {a(t,s)
k }∞k=1. Òàê êàê uk ⇀ 0 â Lp(I;X), â ñèëó ïðåäâàðèòåëüíûõ

ôàêòîâ ìû çàêëþ÷àåì, ÷òî
a

(t,s)
k ⇀ 0 â X.

Ïîñêîëüêó âëîæåíèå X ↪→ Y êîìïàêòíî, ìû çàêëþ÷àåì, ÷òî a
(t,s)
k → 0 â Y è, ñëåäîâà-

òåëüíî, a
(t,s)
k → 0 â Z. Ôèêñèðóåì k0 = k0(ε, t, s) òàê, ÷òîáû ïðè âñåõ k ≥ k0 âûïîëíÿëèñü

íåðàâåíñòâà

‖a(t,s)
k ‖Z <

ε

2
.

Òîãäà äëÿ ëþáîãî k ≥ k0

0 ≤ ‖uk(t)‖Z ≤ ‖a(t,s)
k ‖Z + ‖b(t,s)

k ‖Z <
ε

2
+

ε

2
= ε.

Ñëåäîâàòåëüíî, ∀ t ∈ I ϕk(t) = ‖uk(t)‖pZ → 0 ïðè k →∞. �
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6. Îáùèé ôàêò î êîìïàêòíûõ âëîæåíèÿõ

Òåîðåìà. Ïóñòü áàíàõîâû ïðîñòðàíñòâà X, Y , Z òàêîâû, ÷òî

1) X ↪→ Y ↪→ Z (íåïðåðûâíûå âëîæåíèÿ)

2) âëîæåíèå X ↪→ Y êîìïàêòíî

Òîãäà äëÿ ëþáîãî ε > 0 ñóùåñòâóåò Cε > 0, òàêàÿ ÷òî

‖x‖Y ≤ ε ‖x‖X + Cε ‖x‖Z , ∀ x ∈ X.

7. Êîìïàêòíîñòü âëîæåíèÿ â Lp(I;Y )

Òåîðåìà. Ïóñòü âûïîëíåíû óñëîâèÿ îñíîâíîé òåîðåìû è uk ∈ Lp(I;X) òàêîâû, ÷òî

uk ⇀ 0 â Lp(I;X) è uk → 0 â Lp(I;Z).

Òîãäà uk → 0 â Lp(I;Y ).

Äîêàçàòåëüñòâî. ∀ ε > 0 ∃ Cε > 0, òàêàÿ ÷òî äëÿ ï.â. t ∈ I

‖uk(t)‖Y ≤ ε ‖uk(t)‖X + Cε ‖uk(t)‖Z

Âîçâîäÿ ýòî íåðàâåíñòâî â ñòåïåíü p è èíòåãðèðóÿ ïî t, ïîëó÷àåì

‖uk‖Lp(I;Y ) ≤ ε ‖uk‖Lp(I;X) + Cε ‖uk‖Lp(I;Z)

Ïîñêîëüêó {uk}∞k=1 îãðàíè÷åíà â Lp(I;X) è uk → 0 â Lp(I;Z), ïîëó÷àåì

lim sup
k→∞

‖uk‖Lp(I;Y ) ≤ Mε.

Òàê êàê ε > 0 � ïðîèçâîëüíîå, ïîëó÷àåì

uk → 0 â Lp(I;Y ).

�
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