
5 Ðåøåíèÿ Ëåðå�Õîïôà

5.1 Óðàâíåíèÿ Íàâüå-Ñòîêñà

1. Ñèñòåìà óðàâíåíèé Íàâüå-Ñòîêñà

Â ýòîé ãëàâå: Ω ⊂ Rn � îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé, n = 2 èëè 3, QT :=
Ω× (0, T ). Óðàâíåíèÿìè Íàâüå�Ñòîêñà íàçûâàåòñÿ ñèñòåìà

∂tu − ∆u + (u · ∇)u + ∇p = 0

div u = 0
â QT

u|t=0 = a, u|∂Ω×(0,T ) = 0

(NS)

Çäåñü a : Ω→ Rn � çàäàííàÿ ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèÿì

div a = 0 â Ω, a|∂Ω = 0,

à íåèçâåñòíûìè ÿâëÿþòñÿ ïîëå ñêîðîñòåé u : QT → Rn è äàâëåíèå p : QT → R.

Îïðåäåëåíèå. Ãëàäêèì ðåøåíèåì óðàâíåíèé Íàâüå�Ñòîêñà ìû áóäåì íàçûâàòü ôóíêöèè
u ∈ C∞(Q̄T ) è p ∈ C∞(Q̄T ), óäîâëåòâîðÿþùèå ñîîòíîøåíèÿì (NS) ïîòî÷å÷íî.

2. Ñâîéñòâî êîíâåêòèâíîãî ÷ëåíà (íàïîìèíàíèå)

Òåîðåìà. Òîãäÿ äëÿ ëþáûõ u, w ∈ C1(Ω̄;Rn), òàêèõ ÷òî divw = 0 â Ω, âûïîëíÿåòñÿ

(w · ∇)u = div(u⊗ w)

Åñëè äîïîëíèòåëüíî ïðåäïîëîæèòü, ÷òî u|∂Ω = 0, òî∫
Ω

(∇u)w · u dx =

∫
Ω

(w · ∇)u · u dx = −
∫
Ω

u⊗ w : ∇u dx = 0.

3. Ýíåðãåòè÷åñêîå òîæäåñòâî

Òåîðåìà. Äëÿ ëþáîãî ãëàäêîãî ðåøåíèÿ u è p, ñîîòâåòñòâóþùåãî íà÷àëüíîìó äàííîìó
a, ñïðàâåäëèâî ýíåðãåòè÷åñêîå òîæäåñòâî

∀ t ∈ (0, T )
1

2

∫
Ω

|u(x, t)|2 dx +

t∫
0

∫
Ω

|∇u(x, τ)|2 dxdτ =
1

2

∫
Ω

|a(x)|2 dx

èç êîòîðîãî âûòåêàåò îöåíêà

sup
t∈(0,T )

‖u(t)‖L2(Ω) + ‖∇u‖L2(QT ) ≤ c ‖a‖L2(Ω).

1



4. Òåîðåìà åäèíñòâåííîñòè äëÿ ãëàäêèõ ðåøåíèé

Òåîðåìà. Ïóñòü (u1, p1) è (u2, p2) � äâà ãëàäêèõ ðåøåíèÿ óðàâíåíèÿ Íàâüå�Ñòîêñà, ñî-
îòâåòñòâóþùèõ îäíîìó è òîìó æå íà÷àëüíîìó äàííîìó a ∈ J∞0 (Ω). Òîãäà

u1 = u2 â QT .

5. Óðàâíåíèÿ Íàâüå-Ñòîêñà äëÿ ðîòîðà

Òåîðåìà. Ïóñòü u è p � ãëàäêîå ðåøåíèå óðàâíåíèé Íàâüå�Ñòîêñà. Òîãäà

1) åñëè n = 3, òî
(u · ∇)u = rotu× u + ∇1

2
|u|2

è ôóíêöèÿ ω := rotu óäîâëåòâîðÿåò ñîîòíîøåíèÿì{
∂tω + (u · ∇)ω −∆ω = (ω · ∇)u â QT

ω|t=0 = ω0, ω0 := rot a

2) åñëè n = 2, òî åñòü

u(x, t) = u1(x1, x2, t)e1 + u2(x1, x2, t)e2, p(x, t) = p(x1, x2, t),

òî
rotu = ω(x1, x2, t) e3, ãäå ω := u2,1 − u1,2

è ôóíêöèÿ ω óäîâëåòâîðÿåò ñîîòíîøåíèÿì{
∂tω + (u · ∇)ω −∆ω = 0 â QT

ω|t=0 = ω0, ω0 := a2,1 − a1,2
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5.2 Ïðèíöèï Ëåðå�Øàóäåðà

1. Òåîðåìà Áðàóýðà î íåïîäâèæíîé òî÷êå

Òåîðåìà. B̄R := { x ∈ Rn : |x| ≤ R }, f : B̄R → Rn � íåïðåðûâíà íà B̄R, f(B̄R) ⊂ B̄R

=⇒ ∃ x0 ∈ B̄R: f(x0) = x0

Ñëåäñòâèå. Ïóñòü M ⊂ Rn � âûïóêëîå çàìêíóòîå îãðàíè÷åííîå ìí�âî, f : M → M �
íåïðåðûâíî íà M . Òîãäà ∃ x0 ∈M : f(x0) = x0.

2. Ïðèíöèï Øàóäåðà � I

Òåîðåìà. X � áàíàõîâî, K ⊂ X, A : K → X

1) K � êîìïàêò

2) K � âûïóêëî

3) A � íåïðåðûâåí íà K

4) A(K) ⊂ K

Òîãäà ∃ x0 ∈ K: A(x0) = x0.

Äîêàçàòåëüñòâî.

1. A � íåïð. íà K =⇒ A � ðàâíîì. íåïð. íà K =⇒ ∀ ε > 0 ∃ δ = δ(ε) > 0:

∀ x, y ∈ K : ‖x− y‖ < δ =⇒ ‖A(x)− A(y)‖ < ε

2. K � êîìïàêò =⇒ ∃ íàáîð {xi}Nεi=1 ⊂ K: K ⊂
Nε⋃
i=1

Bδ(xi)

3. Ñòðîèì ôóíêöèè αi : K → R, i = 1, . . . , Nε

αi(x) =

{
0, ‖x− xi‖ ≥ δ

1− 1
δ
‖x− xi‖, ‖x− xi‖ < δ

x ∈ K

Òîãäà

� αi ∈ C(K), 0 ≤ αi(x) ≤ 1

� αi(x) 6= 0 ⇐⇒ x ∈ Bδ(xi)

�

Nε∑
i=1

αi(x) 6= 0, ∀x ∈ K
(
⇐= K ⊂

Nε⋃
i=1

Bδ(xi)
)
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4. Ñòðîèì ôóíêöèè βi : K → R, i = 1, . . . , Nε

βi(x) =
αi(x)

Nε∑
j=1

αj(x)

x ∈ K

Òîãäà

� βi ∈ C(K) ò.ê.
Nε∑
i=1

αi(x) 6= 0, ∀x ∈ K

� 0 ≤ βi(x) ≤ 1

� βi(x) 6= 0 ⇐⇒ x ∈ Bδ(xi)

�

Nε∑
i=1

βi(x) = 1, ∀x ∈ K

5. Ñòðîèì îïåðàòîð Aε : K → X

Aε(x) :=
Nε∑
i=1

βi(x)A(xi), x ∈ K

Òîãäà

� Aε íåïðåðûâåí íà K

� Aε(K) ⊂ K, ò.ê. K � âûïóêëî
(
xi ∈ K ⇒ A(xi) ∈ K ⇒

Nε∑
i=1

βi(x)A(xi) ∈ K
)

� Aε(K) ⊂ Lε := Lin{A(x1), A(x2), . . . , A(xNε)}, dimLε < +∞

6. Àïïðîêñèìèðóþùåå ñâîéñòâî Aε

∀ x ∈ K ‖Aε(x)− A(x)‖ ≤ ε

Äåéñèòâèòåëüíî, ïîñêîëüêó βi(x) 6= 0 ⇔ x ∈ Bδ(xi), â ñóììå íèæå îòëè÷íû îò íóëÿ
òîëüêî òå ñëàãàåìûå, â êîòîðûõ ‖A(x)− A(xi)‖ ≤ ε:

‖Aε(x)− A(x)‖ =
∥∥∥ Nε∑
i=1

βi(x)(A(xi)− A(x))
∥∥∥ ≤ Nε∑

i=1

βi(x)︸ ︷︷ ︸
= 0 âíå Bδ(xi)

‖A(xi)− A(x)‖︸ ︷︷ ︸
≤ ε

≤ ε

7. Èñïîëüçóåì òåîðåìó Áðàóýðà (ñëåäâñòâèå):

Kε := K ∩ Lε, Lε := Lin{A(x1), A(x2), . . . , A(xNε)}

Òîãäà

� Kε � âûïóêëî
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� Kε � êîìïàêòíî

� Aε � íåïð. íà Kε

� Aε(Kε) ⊂ Kε

(
ò.ê. Aε(Kε) ⊂ Aε(K) ⊂ K è Aε(Kε) ⊂ Aε(K) ⊂ Lε

)
Ñëåäîâàòåëüíî, ïî òåîðåìå Áðàóýðà (ñëåäñòâèå)

∀ ε > 0 ∃xε ∈ Kε : Aε(xε) = xε

8. Ñòðîèì íåïîäâèæíóþ òî÷êó äëÿ îïåðàòîðà A. Ïóñòü εm → 0 è xm := xεm . Òîãäà

Aεm(xm) = xm, xm ∈ Kεm ⊂ K

è ïîñêîëüêó K � êîìïàêò, {xm}∞m=1 ⊂ K, òî ∃ {xmi}∞i=1 ⊂ {xm}∞m=1 è x0 ∈ K, òàêèå ÷òî

‖xmi − x0‖ → 0

Ïðè ýòîì

‖A(x0)− x0‖ ≤ ‖A(x0)− A(xm)‖︸ ︷︷ ︸
→ 0

+ ‖A(xm)− Aεm(xm)‖︸ ︷︷ ︸
≤ εm

+ ‖Aεm(xm)− xm‖︸ ︷︷ ︸
= 0

+ ‖xm − x0‖︸ ︷︷ ︸
→ 0

Ïåðåõîäÿ ê ïðåäåëó ïðè m→∞, ïîëó÷àåì A(x0) = x0, x0 ∈ K. �

3. Êîìïàêòíûå è âïîëíå íåïðåðûâíûå íåëèíåéíûå îïåðàòîðû

Îïðåäåëåíèå. Ïóñòü X � áàíàõîâî. Íåëèíåéíûé îïåðàòîð A : X → X íàçûâàåòñÿ
êîìïàêòíûì, åñëè äëÿ ëþáîãî îãðàíè÷åííîãî ïîäìíîæåñòâà B ⊂ X ìíîæåñòâî A(B)
ïðåäêîìïàêòíî â X. Áóäåì ãîâîðèòü, ÷òî îïåðàòîð A âïîëíå íåïðåðûâåí íà X, åñëè îí
íåïðåðûâåí è êîìïàêòåí íà X.

4. Ïðèíöèï Øàóäåðà � II

Ëåììà. X � áàíàõîâî, K ⊂ X � ïðåäêîìïàêò =⇒ convK � ïðåäêîìïàêò.

convK =
{
y ∈ X : ∃ {xi}mi=1 ⊂ K, ∃ {λi}mi=1, λi ∈ [0, 1],

m∑
i=1

λi = 1, y =
m∑
i=1

λixi

}
Òåîðåìà. X � áàíàõîâî, A : X → X

1) A � âïîëíå íåïðåðûâåí íà X

2) ∃ øàð B̄R ⊂ X: A(B̄R) ⊂ B̄R

Òîãäà ∃ x0 ∈ B̄R: A(x0) = x0.

Äîêàçàòåëüñòâî. Îáîçíà÷èì

K := convA(B̄R)︸ ︷︷ ︸
ïðåäêîìï.︸ ︷︷ ︸

ïðåäêîìï.

Òîãäà

5



� K � êîìïàêò

� K � âûïóêëî

� K ⊂ B̄R

(
ò.ê. A(B̄R) ⊂ B̄R, B̄R âûïóêëî ⇒ convA(B̄R) ⊂ B̄R

)
� A(K) ⊂ K

(
ò.ê. A(K) ⊂ A(B̄R) ⊂ convA(B̄R) ⊂ K

)
� A : K → K � íåïðåðûâíî íà K

Ñëåäîâàòåëüíî, ïî òåîðåìå Øàóäåðà�I

∃x0 ∈ K ⊂ B̄R : A(x0) = x0

�

5. Òåîðåìà Ëåðå�Øàóäåðà

Òåîðåìà. X � ñåïàðàáåëüíîå áàíàõîâî, A : X → X

1) A � âïîëíå íåïðåðûâåí íà X

2) ìíîæåñòâî ðåøåíèé óðàâíåíèÿ x = λA(x) îãðàíè÷åíî â X ðàâíîìåðíî ïî λ ∈ [0, 1],
òî åñòü ñóùåñòâóåò M > 0, òàêîå ÷òî äëÿ ëþáûõ x ∈ X è λ ∈ [0, 1] ñïðàâåäëèâà
ñëåäóþùàÿ èìïëèêàöèÿ

x = λA(x) =⇒ ‖x‖X ≤M.

Òîãäà ∃ x0 ∈ B̄M : A(x0) = x0.

Äîêàçàòåëüñòâî. Îáîçíà÷èì R := M + 1.

1. Îïðåäåëèì îïåðàòîð Ã : X → X

A(x) =

{
A(x), ‖A(x)‖ ≤ R

R A(x)
‖A(x)‖ , ‖A(x)‖ > R

2. Ã(B̄R) ⊂ B̄R � î÷åâèäíî

3. Ã íåïðåðûâåí íà X êàê êîìïîçèöèÿ íåïðåðûâíûõ, ïîñêîëüêó

Ã = PR ◦ A, ãäå PR(x) =

{
x, ‖x‖ ≤ R

R x
‖x‖ , ‖x‖ > R

è îïåðàòîð PR : X → X ÿâëÿåòñÿ �íå ðàñòÿãèâàþùèì�, ò.å.

‖PR(x)− PR(y)‖ ≤ ‖x− y‖, ∀ x, y ∈ X

4. Ã � êîìïàêòíûé, ò.å.

f : X → X � íåïð., K ⊂ X � ïðåäêîìï. =⇒ f(K̄) = f(K)

f : X → X � íåïð., A : X → X � êîìï. =⇒ f ◦ A � êîìï.
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5. Ïðèìåíÿåì òåîðåìó Øàóäåðà-II:

∃ x0 ∈ B̄R : Ã(x0) = x0

6. Äîêàæåì, ÷òî Ã(x0) = A(x0) ⇐⇒ ‖A(x0)‖ ≤ R

Îò ïðîòèâíîãî: ïóñòü ‖A(x0)‖ > R, òîãäà

x0 = Ã(x0) =
R

‖A(x0)‖
A(x0) ⇐⇒ x0 = λA(x0), λ :=

R

‖A(x0)‖
< 1

Íî ïî óñëîâèþ x0 = λA(x0) ⇒ ‖x0‖ ≤M < R. Ñ äðóãîé ñòîðîíû, ‖x0‖ = R (?!!).

�
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5.3 Ðåãóëÿðèçîâàííàÿ çàäà÷à

1. Îïåðàòîð óñðåäíåíèÿ

Äëÿ ëþáîé u ∈ L1(QT ) îáîçíà÷èì ÷åðåç ũ ïðîäîëæåíèå ôóíêöèè u íóëåì ñ QT íà Rn×R.
Îáîçíà÷èì ÷åðåç ωε ÿäðî óñðåäåíèÿ ïî Ñîáîëåâó ïî ïåðåìåííûì (x, t):

ωε(x, t) := 1
ε4
ω
(
x
ε
, t
ε

)
, ω ∈ C∞0 (Rn × R),

∫
Rn×R

ω(x, t) dxdt = 1

Îïðåäåëèì îïåðàòîð óñðåäíåíèÿ ïî ïåðåìåííûì (x, t):

Tεu := ωε ∗ ũ, (Tεu)(x, t) :=

+∞∫
−∞

∫
Rn

ωε(x− y, t− τ)ũ(y, τ) dydτ

Òåîðåìà. Ïóñòü u ∈ L2(0, T ;
◦
J2(Ω)) è wε := Tεu, ε > 0. Òîãäà

wε ∈ C∞(Q̄T ), divwε = 0 â QT .

2. Ðåãóëÿðèçîâàííàÿ ñèñòåìà Íàâüå-Ñòîêñà

Îïðåäåëåíèå. Ïóñòü a ∈
◦
J2(Ω) è ε > 0. Ðåãóëÿðèçîâàííîé ñèñòåìîé óðàâíåíèé Íàâüå-

Ñòîêñà ìû áóäåì íàçûâàòü ñèñòåìó
∂tu − ∆u + (Tεu · ∇)u + ∇p = 0

div u = 0
â QT

u|t=0 = a, u|∂Ω×(0,T ) = 0

(NSε)

Çàìåòèì, ÷òî èç div(Tεu) = 0 âûòåêàþò òîæäåñòâà

(Tεu · ∇)u = div (u⊗ Tεu) ,

∫
Ω

(Tεu · ∇)u · u dx = 0, ∀ u ∈
◦
J1

2(Ω).

3. Ðàçðåøèìîñòü ðåãóëÿðèçîâàííîé çàäà÷è

Òåîðåìà. Ïóñòü a ∈
◦
J1

2(Ω) è ε > 0. Òîãäà äëÿ ëþáîãî T > 0 ñóùåñòâóþò åäèíñòâåííàÿ
ôóíêöèÿ uε, ÿâëÿþùèåñÿ îáîáùåííûì ðåøåíèåì çàäà÷è (NS)ε, ò.å.

1) uε ∈ C([0, T ];
◦
J2(Ω)) ∩ L2(0, T ;

◦
J1

2(Ω)), ∂tu
ε ∈ L2(0, T ; J−1

2 (Ω))

2) ïðè ï.â. t ∈ (0, T ) ôóíêöèÿ uε óäîâëåòâîðÿåò èíòåãðàëüíîìó òîæäåñòâó

〈∂tuε(t), w〉+ (∇uε(t),∇w)− (uε(t)⊗ (Tεu
ε)(t),∇w) = 0, ∀ w ∈

◦
J1

2(Ω)

3) uε(x, 0) = a(x) äëÿ ï.â. x ∈ Ω
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4. Ïëàí äîêàçàòåëüñòâà ðàçðåøèìîñòè ðåãóëÿðèçîâàííîé çàäà÷è

� Îïðåäåëåíèå îïåðàòîðà A :
◦
J2(QT )→

◦
J2(QT )

� Íåïðåðûâíîñòü îïåðàòîðà u 7→ A(u) â
◦
J2(QT )

� Êîìïàêòíîñòü îïåðàòîðà u 7→ A(u) â
◦
J2(QT )

� Àïðèîðíàÿ îöåíêà: ∃M > 0: ∀ u ∈
◦
J2(QT ), ∀ λ ∈ [0, 1] u = λA(u) ⇒ ‖u‖◦

J2(QT )
≤M

� Ïðèíöèï Ëåðå�Øàóäåðà: ∃ u ∈
◦
J2(QT ): u = A(u)

5. Îïðåäåëåíèå îïåðàòîðà A

Îïðåäåëåíèå. Ïóñòü ε > 0 ôèêñèðîâàíî. Äëÿ ëþáîé v ∈
◦
J2(QT ) îáîçíà÷èì ÷åðåç v ∈

L2,∞(QT ) ∩W 1,0
2 (QT ) îáîáùåííîå ðåøåíèå çàäà÷è Ñòîêñà-Îçèíà

∂tu − ∆u + (Tεv · ∇)u + ∇p = 0

div u = 0
â QT

u|t=0 = a, u|∂Ω×(0,T ) = 0

(SOε)

è îïðåäåëèì íåëèíåéíûé îïåðàòîð

A :
◦
J2(QT )→

◦
J2(QT ), A(v) := u

6. Íåïðåðûâíîñòü îïåðàòîðà A

Òåîðåìà. Åñëè vm → v â L2(QT ), òî A(vm)→ A(v) â L2(QT ).

Äîêàçàòåëüñòâî. Ïóñòü um = A(vm) è u = A(v). Òîãäà äëÿ ëþáîãî w ∈
◦
J1

2(Ω) ïðè ï.â.
t ∈ (0, T ) âûïîëíÿåòñÿ ñîîòíîøåíèå

〈∂t(um − u), w〉+ (∇(um − u),∇w)− ((um − u)⊗ Tεvm,∇w) = (u⊗ Tε(vm − v),∇w)

Ïóñòü w = um(t)− u(t) ∈
◦
J1

2(Ω). Ñ ó÷åòîì Tεv
m ∈ L∞(Ω), div Tεv

m = 0 â Ω, ïîëó÷àåì∫
Ω

(um − u)⊗ Tεvm : ∇(um − u) dx = 0

Ñëåäîâàòåëüíî,

d
dt
‖um − u‖2

L2(Ω) + ‖∇um −∇u‖2
L2(Ω) ≤ c ‖Tε(vm − v)‖2

L∞(Ω)‖u‖2
L2(Ω)

Èíòåãðèðóÿ ýòî íåðàâåíñòâî ïî t ∈ (0, T ), ñ ó÷åòîì um|t=0 = u|t=0 = a, ïîëó÷àåì

‖um − u‖L2,∞(QT ) + ‖∇um −∇u‖L2(QT ) ≤ c ‖Tε(vm − v)‖L∞(QT )‖u‖L2(QT )
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Èç ñâîéñòâ îïåðàòîðà óñðåäíåíèÿ ìû çíàåì îöåíêó

‖Tε(vm − v)‖L∞(QT ) ≤ c(ε) ‖vm − v‖L2(QT )

Ñëåäîâàòåëüíî,

‖um − u‖L2,∞(QT ) + ‖∇um −∇u‖L2(QT ) ≤ c(ε) ‖vm − v‖L2(QT )‖u‖L2(QT )

îòêóäà âûòåêàåò, ÷òî åñëè vm → v â L2(QT ), òî um → u â L2(QT ).

7. Êîìïàêòíîñòü îïåðàòîðà A

Òåîðåìà. Åñëè {vm} îãðàíè÷åíà â L2(QT ), òî {A(vm)} ïðåäêîìïàêòíà â L2(QT ).

Äîêàçàòåëüñòâî. Ïóñòü um := A(vm). Ïîñêîëüêó vm ÿâëÿþòñÿ ðåøåíèÿìè çàäà÷ (SO)
ñ wm := Tεv

m, îíè óäîâëåòâîðÿþò îöåíêàì

‖um‖L2,∞(QT ) + ‖um‖W 1,0
2 (QT ) ≤ c ‖a‖L2(Ω)

‖∂tum‖L2(0,T ;J−1
2 (Ω)) ≤ c

(
1 + ‖wm‖L∞(QT )

)
‖um‖W 1,0

2 (QT )

Ïóñòü
sup
m
‖vm‖L2(QT ) ≤ M.

Òîãäà ñ ó÷åòîì ñâîéñòâ îïåðàòîðà óñðåäíåíèÿ

‖wm‖L∞(QT ) = ‖Tεvm‖L∞(QT ) ≤ c(ε) ‖vm‖L2(QT ) ≤ c(ε)M

è ïîýòîìó ñïðàâåäëèâû îöåíêè

‖um‖W 1,0
2 (QT ) ≤ c ‖a‖L2(Ω), ‖∂tum‖L2(0,T ;J−1

2 (Ω)) ≤ c
(

1 + c(ε)M
)
‖a‖L2(Ω)

Îáîçíà÷èì X :=
◦
J1

2(Ω), Y :=
◦
J2(Ω), Z := J−1

2 (Ω). Òîãäà X ↪→ Y êîìïàêòíî è ïðè ýòîì ìû
óñòàíîâèëè, ÷òî ïîñëåäîâàòåëüíîñòü {vm} îãðàíè÷åíà ïî íîðìå ïðîñòðàíñòâà

W :=
{
w ∈ L2(0, T ;X) : ∂tw ∈ L2(0, T ;Z)

}
.

Â ñèëó êîìïàêòíîñòè âëîæåíèÿ W ↪→ L2(0, T ;Y ) ìû çàêëþ÷àåì, ÷òî

{um} ïðåäêîìïàêòíà â
◦
J2(QT ) = L2(0, T ;

◦
J2(Ω)).

8. Àïðèîðíàÿ îöåíêà äëÿ íåïîäâèæíûõ òî÷åê îïåðàòîðà λA

Òåîðåìà. Ñóùåñòâóåò ïîñòîÿííàÿ ca > 0, çàâèñÿùàÿ òîëüêî îò ‖a‖L2(Ω), òàêàÿ ÷òî âû-
ïîëíÿåòñÿ èìïëèêàöèÿ

∀u ∈
◦
J2(QT ), ∀λ ∈ [0, 1] : u = λA(u) =⇒ ‖u‖L2(QT ) ≤ ca.
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Äîêàçàòåëüñòâî. Îáîçíà÷èì v := 1
λ
u. Òîãäà v = A(u) è, ñëåäîâàòåëüíî, v ÿâëÿåòñÿ îáîá-

ùåííûì ðåøåíèåì çàäà÷è (SOε). Ïîýòîìó ïðè λ ∈ [0, 1] ôóíêöèÿ u ÿâëÿåòñÿ îáîáùåííûì
ðåøåíèåì ñëåäóþùåé çàäà÷è Ñòîêñà-Îçèíà

∂tu − ∆u + (λTεu · ∇)u + ∇p = 0

div u = 0
â QT

u|t=0 = a, u|∂Ω×(0,T ) = 0

Ïîñêîëüêó äëÿ ëþáîãî λ ∈ [0, 1] äðèôò wε := λTεu óäîâëåòâîðÿåò óñëîâèÿì wε ∈ L∞(QT )
è divwε = 0 â QT , äëÿ u âûïîëíÿåòñÿ ýíåðãåòè÷åñêàÿ îöåíêà

‖u‖L2,∞(QT ) + ‖u‖W 1,0
2 (QT ) ≤ c ‖a‖L2(Ω) =⇒ ‖u‖L2(QT ) ≤ ca.

9. Ñóùåñòâîâàíèå íåïîäâèæíîé òî÷êè îïåðàòîðà A

Òåîðåìà. Ïóñòü ε > 0 ôèêñèðîâàíî. Òîãäà ñóùåñòâóåò åäèíñòâåííàÿ ôóíêöèÿ u, ÿâëÿþ-
ùèåñÿ îáîáùåííûì ðåøåíèåì çàäà÷è (NS)ε.

Äîêàçàòåëüñòâî. Âûòåêàåò èç ïðèíöèïà Ëåðå-Øàóäåðà. �
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5.4 Ìóëüòèïëèêàòèâíûå íåðàâåíñòâà

1. Íåðàâåíñòâà Î.À. Ëàäûæåíñêîé

Òåîðåìà. Ïóñòü Ω ⊂ Rn, n = 2, 3 � ïðîèçâîëüíàÿ îáëàñòü (îãð. èëè íåîãð.). Òîãäà

1) åñëè n = 2, òî

‖u‖4
L4(Ω) ≤ 2 ‖w‖2

L2(Ω) ‖∇w‖2
L2(Ω), ∀ w ∈ C∞0 (Ω)

2) åñëè n = 3, òî

‖w‖4
L4(Ω) ≤ 4 ‖w‖L2(Ω) ‖∇w‖3

L2(Ω), ∀ w ∈ C∞0 (Ω)

Äîêàçàòåëüñòâî.

1. Ïóñòü n = 2, u ∈ C1
0(R2). Òîãäà

|u(x1, x2)|2 ≤ 2

+∞∫
−∞

|u(x1, s)| |u,2(x1, s)| ds ≤ 2 ‖u(x1, ·)‖L2(R)︸ ︷︷ ︸
=:F1(x1)

‖u,2(x1, ·)‖L2(R)︸ ︷︷ ︸
=:G1(x1)

|u(x1, x2)|2 ≤ 2

+∞∫
−∞

|u(s, x2)| |u,1(s, x2)| ds ≤ 2 ‖u(·, x2)‖L2(R)︸ ︷︷ ︸
=:F2(x2)

‖u,1(·, x2)‖L2(R)︸ ︷︷ ︸
=:G2(x2)

Ïåðåìíîæèì ýòè íåðàâåíñòâà è ðåçóëüòàò ïðîèíòåãðèðóåì ïî R2:∫
R2

|u(x1, x2)|4 dx1dx2 = 4

∫
R2

F1(x1)G1(x1)F2(x2)G2(x2) dx1dx2 =

= 4

+∞∫
−∞

F1(x1)G1(x1) dx1 ·
+∞∫
−∞

F2(x2)G2(x2) dx2 ≤

≤ 4
( +∞∫
−∞

F 2
1 (x1) dx1

)1/2

︸ ︷︷ ︸
= ‖u‖L2(R2)

( +∞∫
−∞

G2
1(x1) dx1

)1/2

︸ ︷︷ ︸
= ‖u,2‖L2(R2)

( +∞∫
−∞

F 2
2 (x2) dx2

)1/2

︸ ︷︷ ︸
= ‖u‖L2(R2)

( +∞∫
−∞

G2
2(x2) dx2

)1/2

︸ ︷︷ ︸
= ‖u,1‖L2(R2)

=

= 4 ‖u‖2
L2(R2)‖u,1‖L2(R2)‖u,2‖L2(R2) ≤ 2 ‖u‖2

L2(R2)

(
‖u,1‖2

L2(R2) + ‖u,2‖2
L2(R2)

)
=

= 2 ‖u‖2
L2(R2) ‖∇u‖2

L2(R2)

2. Ïóñòü n = 3, u ∈ C1
0(R3). Ïî íåðàâåíñòâó Ãåëüäåðà∫

R3

|u|4 dx =

∫
R3

|u| |u|3 dx ≤
(∫
R3

|u|2 dx
)1/2(∫

R3

|u|6 dx
)1/2

= ‖u‖L2(R3)‖u‖3
L6(R3)
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Íàïîìíèì íåðàâåíñòâî Ãàëüÿðäî�Íèðåíáåðãà ïðè n = 3:

‖u‖L6(R3) ≤ 4 ‖∇u‖L2(R3), ∀ u ∈ C1
0(R3)

Òîãäà
‖u‖4

L4(R3) ≤ ‖u‖L2(R3)‖u‖3
L6(R3) ≤ 4 ‖u‖L2(R3)‖∇u‖3

L6(R3)

�

2. Îáùåå ìóëüòèïëèêàòèâíîå íåðàâåíñòâî

Òåîðåìà. Ïóñòü Ω ⊂ R3 � ïðîèçâîëüíàÿ îáëàñòü (îãð. èëè íåîãð.) è s ∈ [2, 6]. Òîãäà

‖w‖Ls(Ω) ≤ cs ‖w‖1−λ
L2(Ω) ‖∇w‖

λ
L2(Ω), ∀ w ∈ C1

0(Ω).

ãäå λ ∈ [0, 1], λ := 3(s−2)
2s

⇔ 1
s

= 1−λ
2

+ λ
6
.

3. Âëîæåíèå ýíåðãåòè÷åñêîãî êëàññà â Ls(QT )

Òåîðåìà. Ïóñòü Ω ⊂ Rn, n = 2, 3 � ïðîèçâîëüíàÿ îáëàñòü (îãð. èëè íåîãð.). Òîãäà

1) åñëè n = 2, òî

‖u‖4
L4(QT ) ≤ c ‖u‖2

L2,∞(QT )‖∇u‖2
L2(QT ), ∀ u ∈ L2,∞(QT ) ∩ L2(0, T ;

◦
W 1

2(Ω))

2) åñëè n = 3, òî

‖u‖
10
3

L 10
3

(QT ) ≤ c ‖u‖
4
3

L2,∞(QT )‖∇u‖
2
L2(QT ), ∀ u ∈ L2,∞(QT ) ∩ L2(0, T ;

◦
W 1

2(Ω))

4. Âëîæåíèå ýíåðãåòè÷åñêîãî êëàññà â Ls,l(QT )

Òåîðåìà. Ïóñòü Ω ⊂ R3 � ïðîèçâîëüíàÿ îáëàñòü (îãð. èëè íåîãð.). Òîãäà

∀ s ∈ [2, 6], l ∈ [2,∞] :
3

s
+

2

l
=

3

2

ñóùåñòâóåò ïîñòîÿíííàÿ c(s, l) > 0, òàêàÿ ÷òî

‖u‖Ls,l(QT ) ≤ c(s, l) ‖u‖1− 2
l

L2,∞(QT )‖∇u‖
2
l

L2(QT ), ∀ u ∈ L2,∞(QT ) ∩ L2(0, T ;
◦
W 1

2(Ω))
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5.5 Ðåøåíèÿ Ëåðå-Õîïôà

1. Îïðåäåëåíèå ðåøåíèé Ëåðå�Õîïôà

Îïðåäåëåíèå. Ïóñòü a ∈
◦
J2(Ω). Ôóíêöèÿ u : QT → Rn íàçûâàåòñÿ ðåøåíèåì Ëåðå�

Õîïôà óðàâíåíèé Íàâüå�Ñòîêñà
∂tu − ∆u + (u · ∇)u + ∇p = 0

div u = 0
â QT

u|t=0 = a, u|∂Ω×(0,T ) = 0

(NS)

åñëè âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ

1) u ∈ L∞(0, T ;
◦
J2(Ω)) ∩ L2(0, T ;

◦
J1

2(Ω))

2) u ∈ Cw([0, T ];L2(Ω)), ò.å. äëÿ ëþáîãî t ∈ [0, T ] u(·, t) ∈ L2(Ω) è

∀ w ∈ L2(Ω) ôóíêöèÿ t 7→
∫
Ω

u(x, t)w(x) dx íåïðåðûâíà íà [0, T ]

3) u óäîâëåòâîðÿåò èíòåãðàëüíîìó òîæäåñòâó∫
QT

(
− u · ∂tη +∇u : ∇η − u⊗ u : ∇η

)
dxdt = 0, ∀ η ∈ J∞0 (QT )

4) u óäîâëåòâîðÿåò ãëîáàëüíîìó ýíåðãåòè÷åñêîìó íåðàâåíñòâó

∀ t ∈ [0, T ]
1

2

∫
Ω

|u(x, t)|2 dx +

t∫
0

∫
Ω

|∇u(x, τ)|2 dxdτ ≤ 1

2

∫
Ω

|a(x)|2 dx

5) u óäîâëåòâîðÿåò íà÷àëüíîìó óñëîâèþ u(x, 0) = a(x) ï.â. x ∈ Ω è

‖u(t)− a‖L2(Ω) → 0 ïðè t→ +0

2. Ãëîáàëüíîå ñóùåñòâîâàíèå ðåøåíèé Ëåðå�Õîïôà

Òåîðåìà. Ïóñòü T > 0 ïðîèçâîëüíîå è QT := Ω × (0, T ). Äëÿ ëþáîãî a ∈
◦
J2(Ω) ñóùå-

ñòâóåò ïî êðàéíåé ìåðå îäíà ôóíêöèÿ u : QT → Rn, ÿâëÿþùàÿñÿ ðåøåíèåì Ëåðå�Õîïôà
óðàâíåíèé Íàâüå�Ñòîêñà (NS).

3. Ïëàí

� Ýíåðãåòè÷åñêàÿ îöåíêà ðåøåíèé uε ðåãóëÿðèçîâàííîé çàäà÷è (NSε).

� Îöåíêà ñëàáîé ïðèçâîäíîé ïî âðåìåíè ∂tu
ε è êîìïàêòíîñòü uε â L2(QT ).
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� Ïðåäåëüíûé ïåðåõîä â óðàâíåíèÿõ.

� Íåïðåðûâíîñòü ðåøåíèÿ â ñëàáîé òîïîëîãèè L2(Ω).

� Ýíåðãåòè÷åñêîå íåðàâåíñòâî.

� Ñèëüíàÿ íåïðåðûâíîñòü ðåøåíèÿ â L2(Ω) â íà÷àëüíûé ìîìåíò.

4. Äîêàçàòåëüñòâî òåîðåìû ñóùåñòâîâàíèÿ â êëàññå Ëåðå-Õîïôà

1. Äëÿ ëþáîãî ε > 0 îáîçíà÷èì ÷åðåç uε ∈ L2,∞(QT ) ∩ W 1,0
2 (QT ) îáîáùåííîå ðåøåíèå

ðåãóëÿðèçîâàííîé çàäà÷è (NSε).

Ïîñêîëüêó ïðè ï.â. t ∈ (0, T ) èìååò ìåñòî âêëþ÷åíèå uε(t) ∈
◦
J1

2(Ω), ìû èñïîëüçîâàòü
w = uε(t) â êà÷åñòâå ïðîáíîé ôóêíöèè â òîæäåñòâå äëÿ uε. Ìû ïîëó÷èì îöåíêó

‖uε‖L2,∞(QT ) + ‖uε‖W 1,0
2 (QT ) ≤ c ‖a‖L2(Ω)

Ïîýòîìó ñóùåñòâóåò u ∈ L∞(0, T ;
◦
J2(Ω))∩L2(0, T ;

◦
J1

2(Ω)), òàêàÿ ÷òî äëÿ íåêîòîðîé ïîäïî-
ñëåäîâàòåëüíîñòè (çà êîòîðîé ìû ñîõðàíèì îáîçíà÷åíèå {uε}) èìåþò ìåñòî ñõîäèìîñòè

uε
∗
⇀ u â L2,∞(QT ), uε ⇀ u â W 1,0

2 (QT )

2. Ðàññìîòðèì ñíà÷àëà ñëó÷àé n = 3. Èç òîæäåñòâà

〈∂tuε(t), w〉+ (∇uε(t),∇w)− (uε(t)⊗ (Tεu
ε)(t),∇w) = 0, ∀ w ∈

◦
J1

5
2
(Ω)

âûòåêàåò îöåíêà

‖∂tuε(t)‖J−1
5
3

(Ω) ≤ ‖∇u
ε(t)‖L 5

3
(Ω) + ‖uε(t)⊗ (Tεu

ε)(t)‖L 5
3

(Ω)

îòêóäà ñ ó÷åòîì íåðàâåíñòâà Ãåëüäåðà ìû ïîëó÷èì

‖∂tuε‖L 5
3

(0,T ;J−1
5
3

(Ω)) ≤ c ‖∇uε‖L2(QT ) + ‖uε‖L 10
3

(QT )‖Tεuε‖L 10
3

(QT )

Èç ñâîéñòâ îïåðàòîðà óñðåäíåíèÿ âûòåêàåò, ÷òî

‖Tεuε‖L 10
3

(QT ) ≤ ‖uε‖L 10
3

(QT )

îòêóäà
‖∂tuε‖L 5

3
(0,T ;J−1

5
3

(Ω)) ≤ c ‖∇uε‖L2(QT ) + ‖uε‖2
L 10

3
(QT )

Èç ìóëüòèïëèêàòèâíîãî íåðàâåíñòâà ìû çíàåì, ÷òî

‖uε‖L 10
3

(QT ) ≤ ‖uε‖
2
5

L2,∞(QT )‖∇u
ε‖

3
5

L2(QT )

è, ñ ó÷åòîì ýíåðãåòè÷åñêîé îöåíêè, ìû ïîëó÷àåì íåðàâåíñòâî

‖∂tuε‖L 5
3

(0,T ;J−1
5
3

(Ω)) ≤ c
(
‖a‖L2(Ω) + ‖a‖2

L2(Ω)

)
15



Â ñëó÷àå n = 2 ìû àíàëîãè÷íûìè ðàññóæäåíèÿìè ïðèõîäèì ê îöåíêå

‖∂tuε‖L2(0,T ;J−1
2 (Ω)) ≤ c

(
‖a‖L2(Ω) + ‖a‖2

L2(Ω)

)
Îáîçíà÷èì X :=

◦
J1

2(Ω), Y :=
◦
J2(Ω), Z :=

◦
J−1

5
3

(Ω), X ↪→ Y ↪→ Z, è ïóñòü

W := { v ∈ L2(0, T ;X) : ∂tu
ε ∈ L 5

3
(0, T ;Z) }

Ïîñêîëüêó âëîæåíèå X ↪→ Y êîìïàêòíî, âëîæåíèå W ↪→ L2(0, T ;Y ) òàêæå êîìïàêòíî.
Ïîñêîëüêó {uε} îãðàíè÷åíî â W , {uε} ïðåäêîìïàêòíî â L2(0, T ;Y ). Ñ ó÷åòîì ñõîäèìîñòè
uε ⇀ u â W 1,0

2 (QT ) ìû çàêëþ÷àåì, ÷òî ñóùåñòâóåò ïîäïîñëåäîâàòåëüíîñòü {uε}, òàêàÿ ÷òî

uε → u â L2(QT )

Êðîìå òîãî, èç îãðàíè÷åííîñòè {∂tuε} â L 5
3
(0, T ; J−1

5
3

(Ω)) âûòåêàåò ÷òî

∂tu ∈ L 5
3
(0, T ; J−1

5
3

(Ω)), ∂tu
ε ⇀ ∂tu â L 5

3
(0, T ; J−1

5
3

(Ω))

3. Èç ñîîòíîøåíèé ïðè ï.â. t ∈ (0, T )

〈∂tuε(t), w〉+ (∇uε(t),∇w)− (uε(t)⊗ (Tεu
ε)(t),∇w) = 0, ∀ w ∈

◦
J1

2(Ω)

ñòàíäàðòíûìè ðàññóæäåíèÿìè âûòåêàåò òîæäåñòâî∫
QT

(
− uε · ∂tη +∇uε : ∇η − uε ⊗ Tεuε : ∇η

)
dxdt = 0, ∀ η ∈ J∞0 (QT )

Çàìåòèì, ÷òî äëÿ η ∈ J∞0 (Ω) ñïðàâåëèâî íåðàâåíñòâî∣∣∣ ∫
QT

(uε ⊗ Tεuε − u⊗ u) : ∇η dxdt
∣∣∣ ≤ ∥∥uε ⊗ Tεuε − u⊗ u∥∥L1(QT )

‖∇η‖L∞(QT )

Äëÿ ïåðâîãî ñîìíîæèòåëÿ â ïðàâîé ÷àñòè ìû èìååì îöåíêó∥∥uε ⊗ Tεuε − u⊗ u∥∥L1(QT )
≤

≤ ‖uε − u‖L2(QT )

∥∥Tεuε∥∥L2(QT )
+ ‖u‖L2(QT )

∥∥Tε(uε − u)
∥∥
L2(QT )

+ ‖u‖L2(QT )

∥∥Tεu− u∥∥L2(QT )

Ñ ó÷åòîì ñâîéñòâ îïåðàòîðà óñðåäíåíèÿ∥∥Tεuε∥∥L2(QT )
≤ ‖uε‖L2(QT ),

∥∥Tε(uε − u)
∥∥
L2(QT )

≤ ‖uε − u‖L2(QT )

ìû ïîëó÷àåì∥∥uε ⊗ Tεuε − u⊗ u∥∥L1(QT )
≤ c

(
‖uε‖L2(QT ) + ‖u‖L2(QT )

)
‖uε − u‖L2(QT )
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è ïîýòîìó èç ñõîäèìîñòè uε → u â L2(QT ) âûòåêàåò ñõîäèìîñòü∫
QT

uε ⊗ Tεuε : ∇η dxdt →
∫
QT

u⊗ u : ∇η dxdt, ∀ η ∈ J∞0 (QT )

Ñ ó÷åòîì ñëàáîé ñõîäèìîñòè uε ⇀ u â W 1,0
2 (QT ) ìû ìîæåì òàêæå ïåðåéòè ê ïðåäåëó â

ëèíåéíûõ ÷ëåíàõ. Â èòîãå ìû ïîëó÷àåì òîæäåñòâî∫
QT

(
− u · ∂tη +∇u : ∇η − u⊗ u : ∇η

)
dxdt = 0, ∀ η ∈ J∞0 (QT )

4. Ïóñòü εm → 0. Âîçüìåì ïðîèçâîëüíóþ w ∈
◦
J1

5
2

(Ω) è îáîçíà÷èì

fm(t) := (uεm(t), w) =

∫
Ω

uεm(x, t) · w(x) dx

Ïîñêîëüêó uεm ∈ C([0, T ];L2(Ω)), çàêëþ÷àåì, ÷òî fm ∈ C([0, T ]), ∀ m ∈ N.

Äîêàæåì, ÷òî ïîñëåäîâàòåëüíîñòü {fm} ïðåäêîìïàêòíà â C([0, T ]). Ðàâíîìåðíàÿ îãðàíè-
÷åííîñòü âûòåêàåò èç ýíåðãåòè÷åñêîãî íåðàâåíñòâà:

sup
t∈[0,T ]

|fm(t)| ≤ ‖uεm‖L2,∞(QT )‖w‖L2(Ω) ≤ ‖a‖L2(Ω)‖w‖L2(Ω)

Äëÿ äîêàçàòåëüñòâà ðàâíîñòåïåííîé íåïðåðûâíîñòè âîñïîëüçóåìñÿ òîæäåñòâîì

d

dt
(uεm(t), w) = 〈∂tuεm(t), w〉, w ∈

◦
J1

5
2
(Ω)

è ïðîèíòåãðèðóåì åãî ïî ïðîìåæóòêó (t, t+ ∆t). Ïîëó÷èì

|fm(t+ ∆t)− fm(t)| ≤
t+∆t∫
t

|〈∂tuεm(τ), w〉| dτ ≤
∥∥w∥∥◦

J1
5
2

(Ω)

t+∆t∫
t

‖∂tuεm‖J−1
5
3

(Ω) dτ

è ïî íåðàâåíñòâó Ãåëüäåðà

|fm(t+ ∆t)− fm(t)| ≤
∥∥w∥∥◦

J1
5
2

(Ω)
|∆t|

2
5 ‖∂tuεm‖L 5

3
(0,T ;J−1

5
3

(Ω))

Ñ ó÷åòîì óæå ïîëó÷åííîé îöåíêè

‖∂tuεm‖L 5
3

(0,T ;J−1
5
3

(Ω)) ≤ c ‖a‖L2(Ω)(1 + ‖a‖L2(Ω))

ìû ïîëó÷àåì
|fm(t+ ∆t)− fm(t)| ≤ ca,w |∆t|

2
5
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÷òî îçíà÷àåò, ÷òî ïîñëåäîâàòåëüíîñòü {fm} ðàâíîñòåïåííî íåïðåðûâíà. Òàêèì îáðàçîì,
ïîñëåäîâàòåëüíîñòü {fm} ïðåäêîìïàêòíà â C([0, T ]), è ïîýòîìó äëÿ íåêîòîðîé ïîäïîñëå-
äîâàòåëüíîñòè

sup
t∈[0,T ]

|(uεm(t), w)− (uεk(t), w)| = sup
t∈[0,T ]

|fm(t)− fk(t)| → 0.

Òàêèì îáðàçîì,
‖uεm‖

L∞(0,T ;
◦
J2(Ω))

≤ ‖a‖L2(Ω),

∀w ∈
◦
J1

5
2
(Ω) sup

t∈[0,T ]

|(uεm(t), w)− (uεk(t), w)| → 0 ïðè m, k →∞.

Ïîñêîëüêó
◦
J1

5
2

(Ω) âñþäó ïëîòíî â
◦
J2(Ω), ïî ñëåäñòâèþ èç òåîðåìû Áàíàõà�Øòåéíãàóçà

(ðâíîìåðíàÿ îãðàíè÷åííîñòü ïîñëåäîâàòåëüíîñòè ïëþñ åå ñëàáàÿ ñõîäèìîñòü íà ïëîòíîì
ïîäìíîæåñòâå âëå÷åò ñëàáóþ ñõîäèìîñòü íà âñåì áàíàõîâîì ïðîñòðàíñòâå) ìû ïîëó÷àåì

∀w ∈
◦
J2(Ω) sup

t∈[0,T ]

|(uεm(t), w)− (uεk(t), w)| → 0 ïðè m, k →∞.

òî åñòü

{uεm} ôóíäàìåíòàëüíà â Cw([0, T ];
◦
J2(Ω))

Ïîñêîëüêó Cw([0, T ];
◦
J2(Ω)) ñëàáî ñåêâåíöèàëüíî ïîëíî, ∃ ū ∈ Cw([0, T ];

◦
J2(Ω)), òàêàÿ òî

∀w ∈
◦
J2(Ω) sup

t∈[0,T ]

|(uεm(t), w)− (ū(t), w)| → 0 ïðè m→∞.

Òîãäà äëÿ ëþáîé v ∈ L2(Ω), èñïîëüçóÿ ðàçëîæåíèå Ãåëüìãîëüöà

v = w +∇π, w ∈
◦
J2(Ω), π ∈ W 1

2 (Ω),

ìû ïîëó÷àåì

(uεm(t), v) = (uεm(t), w) + (uεm(t),∇π)︸ ︷︷ ︸
= 0

, (ū(t), v) = (ū(t), w) + (u(t),∇π)︸ ︷︷ ︸
= 0

îòêóäà
∀ v ∈ L2(Ω) sup

t∈[0,T ]

|(uεm(t), v)− (ū(t), v)| → 0 ïðè m→∞.

Ñëåäîâàòåëüíî,

ū ∈ C([0, T ];L2(Ω)) è ∀ t ∈ [0, T ] uεm(t) ⇀ ū(t) â L2(Ω)

Ïîñêîëüêó uεm → u â L2(QT ), äëÿ ï.â. t ∈ (0, T ) èìååò ìåñòî uεm(t) → u(t) â L2(Ω).
Ñëåäîâàòåëüíî, u(t) = ū(t) äëÿ ï.â. t ∈ (0, T ). Ýòî, â ÷àñòíîñòè, îçíà÷àåò, ÷òî â êëàññå
ýêâèâàëåíòíîñòè u ∈ L∞(0, T ;L2(Ω)) ñóùåñòâóåò ïðåäñòàâèòåëü ū, òàêîé ÷òî

ū(t) ∈ L2(Ω) äëÿ ëþáîãî t ∈ [0, T ].
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5. Äëÿ ëþáîãî εm > 0 È ëþáîãî t ∈ [0, T ] èìååò ìåñòî ýíåðãåòè÷åñêîå òîæäåñòâî

1

2

∫
Ω

|uεm(x, t)|2 dx +

t∫
0

∫
Ω

|∇uεm(x, τ)|2 dxdτ ≤ 1

2

∫
Ω

|a(x)|2 dx

Ïîñêîëüêó ïðè ôèêñèðîâàííîì t ∈ [0, T ]

uεm(t) ⇀ u(t) â L2(Ω), ∇uεm ⇀ ∇u â L2(Qt)

â ñèëó ïîëóíåïðåðûâíîñòè ñíèçó íîðìû îòíîñèòåëüíî ñëàáîé ñõîäèìîñòè ïîëó÷àåì∫
Ω

|u(x, t)|2 dx ≤ lim inf
εm→0

∫
Ω

|uεm(x, t)|2 dx,

t∫
0

∫
Ω

|∇u(x, τ)|2 dxdτ ≤ lim inf
εm→0

t∫
0

∫
Ω

|∇uεm(x, τ)|2 dxdτ

îòêóäà âûòåêàåò ýíåðãåòè÷åñêîå íåðàâåíñòâî äëÿ u:

1

2

∫
Ω

|u(x, t)|2 dx +

t∫
0

∫
Ω

|∇u(x, τ)|2 dxdτ ≤ 1

2

∫
Ω

|a(x)|2 dx

6. Ïîñêîëüêó uεm(0) = a è uεm(0) ⇀ u(0) â L2(Ω), çàêëþ÷àåì, ÷òî u(0) = a â L2(Ω), ò.å.

u(x, 0) = a(x) äëÿ ï.â. x ∈ Ω.

Â ñèëó òîãî, ÷òî u ∈ Cw([0, T ];L2(Ω)), ìû çàêëþ÷àåì, ÷òî u(t) ⇀ u(0) ïðè t→ +0, îòêóäà
â ñèëó ïîëóíåïðåðûâíîñòè íîðìû

‖a‖L2(Ω) ≤ lim inf
t→+0

‖u(t)‖L2(Ω)

Ñ äðóãîé ñòîðîíû, èç ýíåðãåòè÷åñêîãî íåðàâåíñòâà âûòåêàåò, ÷òî

lim sup
t→+0

‖u(t)‖L2(Ω) ≤ ‖a‖L2(Ω)

Ïîñêîëüêó â ãèëüáåðòîâîì ïðîñòðàíñòâå ñëàáàÿ ñõîäèìîñòü ïëþñ ñõîäèìîñòü íîðì îçíà-
÷àþò ñèëüíóþ ñõîäèìîñòü, çàêëþ÷àåì

‖u(·, t)− a‖L2(Ω) → 0 ïðè t→ +0.

�

5. Ñëàáàÿ ïðîèçâîäíàÿ ïî âðåìåíè äëÿ ðåøåíèé Ëåðå�Õîïôà

Òåîðåìà. Ïóñòü Ω ⊂ Rn, n = 2, 3 � îãðàíè÷åííàÿ îáëàñòü, a ∈
◦
J2(Ω) è u � ðåøåíèå

Ëåðå�Õîïôà óðàâíåíèé (NS). Òîãäà
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1) åñëè n = 2, òî ∂tu ∈ L2(0, T ; J−1
2 (Ω)) è ñîîòíîøåíèå

〈∂tu(t), w〉+ (∇u(t),∇w)− (u(t)⊗ u(t),∇w) = 0 ï.â. t ∈ (0, T )

âûïîëíÿåòñÿ äëÿ ëþáîé ôóíêöèè w ∈
◦
J1

2(Ω). Â ÷àñòíîñòè, ñïðàâåäëèâà îöåíêà

‖∂tu‖L2(0,T ;J−1
2 (Ω)) ≤ ‖∇u‖L2(QT ) + ‖u‖2

L4(QT ).

2) åñëè n = 3, òî ∂tu ∈ L 5
3
(0, T ; J−1

5
3

(Ω)) è ñîîòíîøåíèå

〈∂tu(t), w〉+ (∇u(t),∇w)− (u(t)⊗ u(t),∇w) = 0 ï.â. t ∈ (0, T )

âûïîëíÿåòñÿ äëÿ ëþáîé ôóíêöèè w ∈
◦
J1

5
2

(Ω). Â ÷àñòíîñòè, ñïðàâåäëèâà îöåíêà

‖∂tu‖L 5
3

(0,T ;J−1
5
3

(Ω)) ≤ ‖∇u‖L2(QT ) + ‖u‖2
L 10

3
(QT ).
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5.6 Äâóìåðíûé ñëó÷àé

1. Ñâîéñòâà êîíâåêòèâíîãî ÷ëåíà â 2D

Òåîðåìà. Ïóñòü Ω ⊂ R2 � ïðîèçâîëüíàÿ îáëàñòü (îãð. èëè íåîãð.). Òîãäà äëÿ ëþáîé

ôóíêöèè u ∈ L2,∞(QT ) ∩ L2(0, T ;
◦
J1

2(Ω)) èìååò ìåñòî âêëþ÷åíèå

u⊗ u : ∇u ∈ L1(QT )

è ïðè ï.â. t ∈ (0, T ) ∫
Ω

u(t)⊗ u(t) : ∇u(t) dx = 0.

Äîêàçàòåëüñòâî: Èç íåðàâåíñòâà Î.À. Ëàäûæåíñêîé ïðè n = 2 âûòåêàåò, ÷òî u ∈
L4(QT ), îòêóäà u⊗ u ∈ L2(QT ) è, ñëåäîâàòåëüíî, u⊗ u : ∇u ∈ L1(QT ).

Ñ äðóãîé ñòîðîíû, èç u ∈ L2(0, T ;
◦
J1

2(Ω)) âûòåêàåò, ÷òî ïðè ï.â. t ∈ (0, T ) u(t) ∈
◦
J1

2(Ω). Íî

äëÿ ëþáîé v ∈
◦
J1

2(Ω) ïðè ïîìîùè èíòåãðèðîâàíèÿ ïî ÷àñòÿì ìû ïîëó÷àåì∫
Ω

v ⊗ v : ∇v dx =

∫
Ω

vjvkvj,k dx =
1

2

∫
Ω

v · ∇|v|2 dx = −1

2

∫
Ω

div v︸︷︷︸
= 0

|v|2 dx = 0

�

2. Ýíåðãåòè÷åñêîå òîæäåñòâî â 2D

Òåîðåìà. Ïóñòü Ω ⊂ R2, a ∈
◦
J2(Ω), u � ðåøåíèå Ëåðå�Õîïôà óðàâíåíèé (NS). Òîãäà

∀ t ∈ [0, T ]
1

2

∫
Ω

|u(x, t)|2 dx +

t∫
0

∫
Ω

|∇u(x, τ)|2 dxdτ =
1

2

∫
Ω

|a(x)|2 dx

Äîêàçàòåëüñòâî: Ïðè n = 2 âûïîëíÿåòñÿ ∂tu ∈ L2(0, T ; J−1
2 (Ω)) è äëÿ ï.â. τ ∈ (0, T )

〈∂tu(τ), w〉+ (∇u(τ),∇w)− (u(τ)⊗ u(τ),∇w) = 0 ∀ w ∈
◦
J1

2(Ω).

Ïîëàãàÿ â ýòîì òîæäåñòâå w = u(τ) ∈
◦
J1

2(Ω), ïîëó÷àåì

1

2

d

dτ
‖u(τ)‖2

L2(Ω) + ‖∇u(τ)‖2
L2(Ω) = 0 ï.â. τ ∈ (0, T )

îòêóäà èíòåãðèðîâàíèåì ïî τ ∈ (0, t) ïîëó÷àåì òðåáóåìîå òîæäåñòâî. �
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3. Òåîðåìà åäèíñòâåííîñòè â 2D

Ñëåäóþùàÿ òåîðåìà äîêàçàíà:

� 1958, Î.À. Ëàäûæåíñêàÿ � äëÿ ñëó÷àÿ a ∈
◦
J1

2(Ω)

� 1959, J.L. Lions & Prodi � äëÿ ñëó÷àÿ a ∈
◦
J2(Ω)

Òåîðåìà. Ïóñòü Ω ⊂ R2 è a ∈
◦
J2(Ω). Ïðåäïîëîæèì, ÷òî u1 è u2 � äâà ðåøåíèÿ Ëåðå�

Õîïôà ñèñòåìû óðàâíåíèé Íàâüå�Ñòîêñà (NS), ñîîòâåòñòâóþùèõ íà÷àëüíîìó äàííîìó a.
Òîãäà u1 = u2 ï.â. â QT .

Äîêàçàòåëüñòâî: Îáîçíà÷èì v := u2 − u1. Òîãäà ïðè ï.â. t ∈ (0, T )

〈∂tv(t), w〉+ (∇v(t),∇w) = (u2(t)⊗ u2(t)− u1(t)⊗ u1(t),∇w) ∀ w ∈
◦
J1

2(Ω).

Ïîëîæèì w = v(t) è âîñïîëüçóåìñÿ òîæäåñòâîì

(u2(t)⊗ u2(t)− u1(t)⊗ u1(t),∇v(t)) = (v(t)⊗ u2(t),∇v(t))︸ ︷︷ ︸
= 0

+ (u1(t)⊗ v(t),∇v(t))

Ñ ïîìîùüþ íåðàâåíñòâà Ãåëüäåðà ïîëó÷àåì

1

2

d

dt
‖v(t)‖2

L2(Ω) + ‖∇v(t)‖2
L2(Ω) ≤ ‖u1(t)‖L4(Ω)‖v(t)‖L4(Ω)‖∇v(t)‖L2(Ω)

ïðè ïîìîùè íåðàâåíñòâà Ëàäûæåíñêîé ‖v(t)‖L4(Ω) ≤ ‖v(t)‖
1
2

L2(Ω)‖∇v(t)‖
1
2

L4(Ω)

1

2

d

dt
‖v(t)‖2

L2(Ω) + ‖∇v(t)‖2
L2(Ω) ≤ c ‖u1(t)‖L4(Ω)‖v(t)‖

1
2

L2(Ω)‖∇v(t)‖
3
2

L2(Ω)

îòêóäà ïî íåðàâåíñòâó Þíãà

1

2

d

dt
‖v(t)|2L2(Ω) +

1

2
‖∇v(t)‖2

L2(Ω) ≤ c ‖u1(t)‖4
L4(Ω)‖v(t)‖2

L2(Ω)

Ñëåäîâàòåëüíî, y(t) := ‖v(t)|2L2(Ω) óäîâëåòâîðÿåò îöåíêå

y′(t) ≤ c b(t) y(t), ãäå b(t) := ‖u1(t)‖4
L4(Ω).

Èç íåðàâåíñòâà Ëàäûæåíñêîé ïðè n = 2 ìû ïîëó÷àåì

u1 ∈ L2,∞(QT ) ∩ L2(0, T ;
◦
W 1

2(Ω)) =⇒ u1 ∈ L4(QT ) =⇒ b ∈ L1(0, T )

Ïî ëåììå Ãðîíóîëëà ïîëó÷àåì

y(t) ≤ y(0) ec
∫ t
0 b(τ) dτ , ∀ t ∈ (0, T ),

è ïîñêîëüêó y(0) = ‖u2(0)−u1(0)‖2
L2(Ω) = 0, çàêëþ÷àåì, ÷òî y(t) = 0 ïðè âñåõ t ∈ (0, T ). �
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5.7 Ñóùåñòâîâàíèå äàâëåíèÿ

1. Ñóììèðóåìîñòü êîíâåêòèâíîãî ÷ëåíà â òðåõìåðíîì ñëó÷àå

Òåîðåìà. Ïóñòü Ω ⊂ R3 � ïðîèçâîëüíàÿ îáëàñòü (îãð. èëè íåîãð.). Òîãäà äëÿ ëþáîé

ôóíêöèè u ∈ L2,∞(QT ) ∩ L2(0, T ;
◦
W 1

2(Ω)) ñïðàâåäëèâû îöåíêè

‖(u · ∇)u‖L 5
4

(QT ) ≤ c
(
‖u‖2

L2,∞(QT ) + ‖∇u‖2
L2(QT )

)
Áîëåå òîãî, äëÿ ëþáûõ s ∈ (1, 3

2
), l ∈ (1, 2), òàêèõ ÷òî

3

s
+

2

l
= 4,

‖(u · ∇)u‖Ls,l(QT ) ≤ c
(
‖u‖2

L2,∞(QT ) + ‖∇u‖2
L2(QT )

)
Äîêàçàòåëüñòâî.

1. Ïóñòü s = l = 5
4
. Òîãäà L2,∞(QT ) ∩W 1,0

2 (QT ) ↪→ L 10
3

(QT ) è ïî íåðàâåíñòâó Ãåëüäåðà

‖(u · ∇)u‖L 5
4

(QT ) ≤ ‖u‖L 10
3

(QT )‖∇u‖L2(QT ) ≤ c ‖u‖
2
5

L2,∞(QT )‖∇u‖
8
5

L2(QT )

2. Ïðîèçâîëüíûå 3
s

+ 2
l

= 4 � àíàëîãè÷íî ñàìîñòîÿòåëüíî.

�

2. Ñóùåñòâîâàíèå âòîðûõ ïðîèçâîäíûõ èç L5
4
(Qδ,T ) è äàâëåíèÿ èç L5

3
(Qδ,T )

Òåîðåìà. Ïóñòü Ω ⊂ R3 è a ∈
◦
J2(Ω). Ïóñòü u � ðåøåíèå Ëåðå�Õîïôà óðàâíåíèé (NS).

Òîãäà äëÿ ëþáûõ s, l ∈ (1,+∞), óäîâëåòâîðÿþùèõ ñîîòíîøåíèþ

3

s
+

2

l
= 4,

èìååò ìåñòî âêëþ÷åíèå

∀ δ ∈ (0, T ) u ∈ W 2,1
s,l (Qδ,T ), Qδ,T := Ω× (δ, T ) (∗)

è ñóùåñòâóåò åäèíñòâåííàÿ ôóíêöèÿ p : QT → R, [p(t)]Ω = 0 ï.â. t ∈ (0, T ), òàêàÿ ÷òî äëÿ
ëþáûõ s, l ∈ (1,+∞), óäîâëåòâîðÿþùèõ (∗), èìååò ìåñòî âêëþ÷åíèå

∀ δ ∈ (0, T ) p ∈ W 1,0
s,l (Qδ,T )

è ïðè ýòîì ôóíêöèè u è p óäîâëåòâîðÿþò ñèñòåìå Íàâüå�Ñòîêñà ï.â. â QT .

23



Äîêàçàòåëüñòâî.

1. Ôóíêöèÿ u óäîâëåòâîðÿåò ñîîòíîøåíèþ∫
QT

(−u · ∂tη̃ +∇u : ∇η̃) dxdt = −
∫
QT

(u · ∇)u · η̃ dxdt, ∀ η̃ ∈ J∞0 (QT ).

2. Ïóñòü χ ∈ C∞0 ((0, T ]), χ(t) = 1 ïðè t ∈ [δ, T ], è ïóñòü

η ∈ W 2,1
2 (QT ) òàêîâà, ÷òî div η = 0 ï.â. â QT , η|∂Ω×(0,T ) = 0, η|t=T = 0

Ïîëîæèì η̃ := χη. Çàìåòèì, ÷òî ïðè n = 3 ñïðàâåäëèâî ïàðàáîëè÷åñêîå âëîæåíèå

W 2,1
2 (QT ) ↪→ W 1,1

2 (QT ) ∩ L5(QT )

Ñëåäîâàòåëüíî, ôóíêöèÿ η̃ ∈ W 1,1
2 (QT )∩L5(QT ), div η̃ = 0 ï.â. â QT , η̃|∂QT = 0 ìîæåò áûòü

àïïðîêñèìèðîâàíà â W 1,1
2 (QT ) ∩ L5(QT ) ôóíêöèÿìè η̃m ∈ J∞0 (QT ). Ïîýòîìó òîæäåñòâî∫

QT

(−u · ∂tη̃ +∇u : ∇η̃) dxdt = −
∫
QT

(u · ∇)u · η̃ dxdt

âûïîëíÿåòñÿ äëÿ ëþáîé ôóíêöèè âèäà η̃ = χη, ãäå

η ∈ W 2,1
2 (QT ) : div η = 0 ï.â. â QT , η|∂Ω×(0,T ) = 0, η|t=T = 0

3. Îáîçíà÷èì
v(x, t) := χ(t)u(x, t), f := χ(u · ∇)u+ χ′u

Òîãäà
f ∈ L 5

4
(QT )

è v óäîâëåòâîðÿåò ñîîòíîøåíèþ∫
QT

(−v · ∂tη +∇v : ∇η) dxdt =

∫
QT

f · η dxdt,

∀ η ∈ W 2,1
2 (QT ) : div η = 0 ï.â. â QT , η|∂Ω×(0,T ) = 0, η|t=T = 0

Èíòåãðèðîâàíèåì ïî ÷àñòÿì ïîëó÷àåì∫
QT

v · (∂tη + ∆η) dxdt =

∫
QT

f · η dxdt,

∀ η ∈ W 2,1
2 (QT ) : div η = 0 ï.â. â QT , η|∂Ω×(0,T ) = 0, η|t=T = 0

òî åñòü, äðóãèìè ñëîâàìè, v ÿâëÿåòñÿ very weak solution çàäà÷è Ñòîêñà ñ ïðàâîé ÷àñòüþ
f ∈ L 5

4
(QT ) è íóëåâûì íà÷àëüíûì äàííûì.
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4. Ïî òåîðåìå Â.À. Ñîëîííèêîâà, äëÿ f ∈ L 5
4
(QT ) ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå

v̄ ∈ W 2,1
5
4

(QT ), p̄ ∈ W 1,0
5
4

(QT ), [p(t)]Ω = 0 ï.â. t ∈ (0, T )

çàäà÷è Ñòîêñà 
∂tv̄ −∆v̄ +∇p̄ = −f

div v̄ = 0
ï.â. â QT

v̄|∂Ω×(0,T ) = 0

v̄|t=0 = 0

5. Çàìåòèì, ÷òî â ñëó÷àå n = 3 áëàãîäàðÿ ïàðàáîëè÷åñêèì âëîæåíèÿì W 2,1
5
4

(QT ) ↪→ W 1,0
5
3

(QT ), W 2,1
5
4

(QT ) ↪→ L5(QT )

W 2,1
2 (QT ) ↪→ W 1,0

10
3

(QT ), W 2,1
2 (QT ) ↪→ L10(QT )

ìû ìîæåì çàêëþ÷èòü, ÷òî äëÿ ôóíêöèé{
v̄ ∈ W 2,1

5
4

(QT ) : div v̄ = 0 ï.â. â QT , v̄|∂Ω×(0,T ) = 0, v̄|t=0 = 0

η ∈ W 2,1
2 (QT ) : div η = 0 ï.â. â QT , η|∂Ω×(0,T ) = 0, η|t=T = 0

è p̄ ∈ W 1,0
5
4

(QT ) ñïðàâåäëèâû ôîðìóëû èíòåãðèðîâàíèÿ ïî ÷àñòÿì∫
QT

∂tv̄ · η dxdt = −
∫
QT

v̄ · ∂tη dxdt,

∫
QT

∆v̄ · η dxdt = −
∫
QT

∇v̄ · ∇η dxdt =

∫
QT

v̄ ·∆η dxdt,

∫
QT

∇q̄ · η dxdt = 0

Ïîýòîìó ôóíêöèÿ v̄ óäîâëåòâîðÿåò ñîîòíîøåíèþ∫
QT

v̄ · (∂tη + ∆η) dxdt =

∫
QT

f · η dxdt,

∀ η ∈ W 2,1
2 (QT ) : div η = 0 ï.â. â QT , η|∂Ω×(0,T ) = 0, η|t=T = 0

òî åñòü, äðóãèìè ñëîâàìè, v̄ òàêæå ÿâëÿåòñÿ very weak solution çàäà÷è Ñòîêñà ñ ïðàâîé
÷àñòüþ f ∈ L 5

4
(QT ) è íóëåâûì íà÷àëüíûì äàííûì.

6. Ôóíêöèÿ w := v − v̄ ∈ L2(QT ) óäîâëåòâîðÿåò ñîîòíîøåíèþ∫
QT

w · (∂tη + ∆η) dxdt = 0,

∀ η ∈ W 2,1
2 (QT ) : div η = 0 ï.â. â QT , η|∂Ω×(0,T ) = 0, η|t=T = 0
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è ïî òåîðåìå åäèíñòâåííîñòè Î.À. Ëàäûæåíñêîé â êëàññå very weak solutions ìû çàêëþ-
÷àåì, ÷òî w ≡ 0 ï.â. â QT , ò.å.

v = v̄ â QT

7. Âñïîìèíàÿ, ÷òî v ≡ u íà Qδ,T , è v̄ ∈ W 2,1
5
4

(QT ), ìû çàêëþ÷àåì, ÷òî

u ∈ W 2,1
5
4

(Qδ,T ), ∃ àññîöèèðîâàííîå äàâëåíèå p = p̄ ∈ W 1,0
5
4

(Qδ,T )

�

3. Êîììåíòàðèè

1) Ïî ïàðàáîëè÷åñêîé òåîðåìå âëîæåíèÿ ïðè n = 3 âûòåêàåò

u ∈ W 2,1
5
4

(Qδ,T ) =⇒ ∇u ∈ L 5
3
(Qδ,T ),

íî íå ∇u ∈ L2(Qδ,T ). Òàê ÷òî â ñëó÷àå n = 3 èç êîýðöèòèâíîé îöåíêè äëÿ ñòàðøèõ
ïðîèçîäíûõ íå óäàåòñÿ âîññòàíîâèòü äàæå òîé èíôîðìàöèè î ãëàäêîñòè ðåøåíèÿ,
êîòîðàÿ ó íàñ áûëà èçíà÷àëüíî èç ýíåðãåòè÷åñêîé îöåíêè. Ïîýòîìó êîýðöèòèâíóþ
îöåíêó äëÿ ðåøåíèé Ëåðå-Õîïôà íóæíî âîñïðèíèìàòü êàê î÷åíü ñëàáåíüêóþ.

2) Èç ïîëó÷åííîãî íàì âêëþ÷åíèÿ p ∈ W 1,0
5
4

(Qδ,T ) è âëîæåíèÿ

W 1,0
5
4

(Qδ,T ) ↪→ L 15
7
, 5
4
(Qδ,T )

âûòåêàåò ïðèíàäëåæíîñòü p àíèçîòðîïíîìó ïðîñòðàíñòâó p ∈ L 15
7
, 5
4
(Qδ,T ).

3) Îäíàêî åñëè íà øàãå 3 âìåñòî f ∈ L 5
4
(QT ) ìû çàìåòèì, ÷òî f ïðèíàäëåæèò àíèçî-

òðîïíîìó ïðîñòðàíñòâó

f ∈ L 15
14
, 5
3
(QT ),

3
15
14

+
2
5
3

= 4,

è äàëåå íà øàãå 4 âîñïîëüçóåìñÿ êîýðöèòèâíîé îöåíêîé â àíèçîòðîïíûõ ïðîñòðàí-
ñòâàõ Ñîáîëåâà, òî ìû ïîëó÷èì

v̄ ∈ W 2, 1
15
14
, 5
3

(QT ), p̄ ∈ W 1, 0
15
14
, 5
3

(QT )

îòêóäà ìû ïîëó÷èì p ∈ W 1, 0
15
14
, 5
3

(Qδ,T ). È ïî ïàðàáîëè÷åñêîìó âëîæåíèþ

W 1, 0
15
14
, 5
3

(Qδ,T ) = L 5
3
(δ, T ;W 1

15
14

(Ω)) ↪→ L 5
3
(δ, T ;L 5

3
(Ω)) = L 5

3
(Qδ,T )

ìû ïîëó÷èì
p ∈ L 5

3
(Qδ,T ).
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