
6 Ïðîáëåìà ãëîáàëüíîé îäíîçíà÷íîé ðàçðåøèìîñòè

6.1 Ñèëüíûå ðåøåíèÿ

1. Ñèëüíûå ðåøåíèÿ

Îïðåäåëåíèå. Ïóñòü a ∈
◦
J1

2(Ω). Ôóíêöèè u è p íàç. ñèëüíûì ðåøåíèåì óð�èé (NS), åñëè

u ∈ W 2,1
2 (QT ), p ∈ W 1,0

2 (QT ),

è u è p óäîâëåòâîðÿþò óðàâíåíèÿì (NS) ï.â. â QT , à íà÷àëüíîìó è êðàåâîìó óñëîâèþ � â
ñìûñëå òåîðèè ñëåäîâ.

Çàìå÷àíèå.

1) åñëè u è p � ñèëüíîå ðåøåíèå óðàâíåíèé (NS), òî u ÿâëÿåòñÿ ðåøåíèåì Ëåðå�Õîïôà

2) åñëè u è p � ñèëüíîå ðåøåíèå óðàâíåíèé (NS), òî ∇u ∈ C([0, T ];L2(Ω))

2. Òåîðåìà åäèíñòâåííîñòè äëÿ ñèëüíûõ ðåøåíèé

Òåîðåìà. Ïóñòü a ∈
◦
J1

2(Ω) è ïóñòü u1 è u2 � äâà ðåøåíèÿ Ëåðå�Õîïôà óðàâíåíèé (NS),
ñîîòâåòñòâóþùèõ íà÷àëüíîìó äàííîìó a. Òîãäà åñëè

∇u1 ∈ L∞(0, T ;L2(Ω)) è ∇u2 ∈ L∞(0, T ;L2(Ω)),

òî u1 ≡ u2 â QT .

Äîêàçàòåëüñòâî.

1. Ïîêàæåì, ÷òî äëÿ âñÿêîãî ðåøåíèÿ Ëåðå-Õîïôà, òàêîãî ÷òî ∇u ∈ L∞(0, T ;L2(Ω)),
ñïðàâåäëèâî âêëþ÷åíèå

∂tu ∈ L2(0, T ;
◦
J1

2(Ω)).

Äåéñòâèòåëüíî èç âëîæåíèÿ W 1
2 (Ω) ↪→ L6(Ω) èìååì u ∈ L∞(0, T ;L6(Ω)), îòêóäà u ⊗ u ∈

L∞(0, T ;L3(Ω)) è, òåì áîëåå, u⊗ u ∈ L2(QT ). Ñëåäîâàòåëüíî, äëÿ u ñîîòíîøåíèå

〈∂tu(t), w〉+ (∇u(t),∇w)− (u(t)⊗ u(t),∇w) = 0 ï.â. t ∈ (0, T )

âûïîëíÿåòñÿ äëÿ ëþáîé ôóíêöèè w ∈
◦
J1

2(Ω).

2. Îáîçíà÷èì v := u2 − u1. Ïîñêîëüêó v(t) ∈
◦
J1

2(Ω) äëÿ ï.â. t ∈ (0, T ), â óðàâíåíèè

〈∂tv(t), w〉+ (∇v(t),∇w) = (u2(t)⊗ u2(t)− u1(t)⊗ u1(t),∇w) = 0 ï.â. t ∈ (0, T )

ìû ìîæåì âçÿòü w = v(t). Àíàëîãè÷íî äâóìåðíîìó ñëó÷àþ, ïðè ïîìîùè íåðàâåíñòâà

‖v(t)‖L4(Ω) ≤ c ‖v(t)‖
1
4

L2(Ω)‖∇v(t)‖
3
4

L2(Ω)
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ïîëó÷àåì

1

2

d

dt
‖v(t)‖2

L2(Ω) + ‖∇v(t)‖2
L2(Ω) ≤ c ‖u1(t)‖L4(Ω)‖v(t)‖

1
4

L2(Ω)‖∇v(t)‖
7
4

L2(Ω)

îòêóäà ïî íåðàâåíñòâó Þíãà

1

2

d

dt
‖v(t)|2L2(Ω) +

1

2
‖∇v(t)‖2

L2(Ω) ≤ c ‖u1(t)‖8
L4(Ω)‖v(t)‖2

L2(Ω)

Ñëåäîâàòåëüíî, y(t) := ‖v(t)‖2
L2(Ω) óäîâëåòâîðÿåò îöåíêå

y′(t) ≤ c b(t) y(t), ãäå b(t) := ‖u1(t)‖8
L4(Ω).

Íî èç âëîæåíèè W 1
2 (Ω) ↪→ L4(Ω) (n = 3) âûòåêàåò

u1 ∈ L∞(0, T ;W 1
2 (Ω)) =⇒ u1 ∈ L∞(0, T ;L4(Ω)) =⇒ b ∈ L∞(0, T )

Ïî ëåììå Ãðîíóîëëà ïîëó÷àåì

y(t) ≤ y(0) ec
∫ t
0 b(τ) dτ , ∀ t ∈ (0, T ),

è ïîñêîëüêó y(0) = ‖u2(0)−u1(0)‖2
L2(Ω) = 0, çàêëþ÷àåì, ÷òî y(t) = 0 ïðè âñåõ t ∈ (0, T ). �

3. Îöåíêà ðåøåíèé ðåãóëÿðèçîâàííîé çàäà÷è

Òåîðåìà. Ïóñòü a ∈
◦
J1

2(Ω) è ε > 0. Îáîçíà÷èì ÷åðåç uε ∈ W 2,1
2 (QT ) è pε ∈ W 1,0

2 (QT )
ñèëüíîå ðåøåíèå ðåãóëÿðèçîâàííîé çàäà÷è

∂tu
ε − ∆uε + (Tεu

ε · ∇)uε + ∇pε = 0

div uε = 0
â QT

uε|t=0 = a, uε|∂Ω×(0,T ) = 0

Òîãäà äëÿ ï.â. t ∈ (0, T ) âûïîëíÿåòñÿ íåðàâåíñòâî

d

dt
‖∇uε(t)‖2

L2(Ω) + ‖∇2uε(t)‖2
L2(Ω) ≤ cΩ ‖∇uε(t)‖4

L2(Ω)

(
1 + ‖∇uε(t)‖2

L2(Ω)

)
Äîêàçàòåëüñòâî.

1. Óìíîæèì óðàâíåíèå íà ∆̃uε = PJ∆uε è ïðîèíòåãðèðóåì ðåçóëüòàò ïî Ω. Ñ ó÷åòîì

(∂tu
ε, ∆̃uε) = (∂tu

ε,∆uε) = −1

2

d

dt
‖∇uε‖2

L2(Ω)

ïîëó÷èì
1

2

d

dt
‖∇uε(t)‖2

L2(Ω) +
1

2
‖∆̃uε(t)‖2

L2(Ω) ≤ c

∫
Ω

|Tεuε(t)|2|∇uε(t)|2 dx
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2. Ïî íåðàâåíñòâó Êàòòàáðèãà�Ñîëîííèêîâà

‖∇2w‖L2(Ω) ≤ cΩ ‖∆̃w‖L2(Ω), ∀ w ∈
◦
J1

2(Ω) ∩W 2
2 (Ω)

ìû ïîëó÷àåì

d

dt
‖∇uε(t)‖2

L2(Ω) + ‖∇2uε(t)‖2
L2(Ω) ≤ cΩ

∫
Ω

|Tεuε(t)|2|∇uε(t)|2 dx

3. Ïîëüçóÿñü ñâîéñòâîì îïåðàòîðà óñðåäíåíåèÿ ‖Tεuε(t)‖L6(Ω) ≤ ‖uε(t)‖L6(Ω), îöåíèâàåì∫
Ω

|Tεuε(t)|2|∇uε(t)|2 dx ≤ ‖Tεuε(t)‖2
L6(Ω)‖∇uε(t)‖2

L3(Ω) ≤ ‖uε(t)‖2
L6(Ω)‖∇uε(t)‖2

L3(Ω)

Ïî òåîðåìå âëîæåíèÿ W 1
2 (Ω) ↪→ L6(Ω) (n = 3) ïîëó÷àåì

‖uε(t)‖2
L6(Ω) ≤ c ‖∇uε(t)‖2

L2(Ω)

Èñïîëüçóÿ ìóëüòèïëèêàòèâíîå íåðàâåíñòâî, ïîëó÷àåì

‖∇uε(t)‖2
L3(Ω) ≤ cΩ ‖∇uε(t)‖L2(Ω)‖∇uε(t)‖W 1

2 (Ω)

òî åñòü
‖∇uε(t)‖2

L3(Ω) ≤ cΩ ‖∇uε(t)‖L2(Ω)

(
‖∇2uε(t)‖L2(Ω) + ‖∇uε(t)‖L2(Ω)

)
Ñëåäîâàòåëüíî,∫

Ω

|Tεuε(t)|2|∇uε(t)|2 dx ≤ cΩ ‖∇uε(t)‖3
L2(Ω)

(
‖∇2uε(t)‖L2(Ω) + ‖∇uε(t)‖L2(Ω)

)
Òåïåðü ïðè ïîìîùè íåðàâåíñòâà ab ≤ εa2 + cεb

2 ìû ïðèõîäèì ê îöåíêå

d

dt
‖∇uε(t)‖2

L2(Ω) + ‖∇2uε(t)‖2
L2(Ω) ≤ cΩ ‖∇uε(t)‖4

L2(Ω)

(
1 + ‖∇uε(t)‖2

L2(Ω)

)

4. Ãëîáàëüíîå ñóùåñòâîâàíèå ñèëüíûõ ðåøåíèé ïðè ìàëûõ íà÷àëüíûõ äàííûõ

Òåîðåìà. Ñóùåñòâóåò ïîñòîÿííàÿ cΩ > 0, òàêàÿ ÷òî äëÿ ëþáîãî a ∈
◦
J1

2(Ω), òàêîãî ÷òî

arctg ‖∇a‖2
L2(Ω) + cΩ ‖a‖2

L2(Ω) <
π

2
,

è äëÿ ëþáîãî T > 0 ñóùåñòâóåò ñèëüíîå ðåøåíèå u è p óðàâíåíèé (NS) â QT .

Äîêàçàòåëüñòâî.

1. Îáîçíà÷èì yε(t) := ‖∇uε(t)‖2
L2(Ω). Òîãäà èç ïðåäûäóùåãî ïóíêòà âûòåêàåò îöåíêà

y′ε(t) ≤ cΩ y
2
ε(t)

(
1 + yε(t)

)
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Ñ ó÷åòîì íåðàâåíñòâ yε(1 + yε) ≤ yε(2 + yε) ≤ 1 + 2y2
ε ≤ 2(1 + y2

ε) ìû ïîëó÷àåì

y′ε(t) ≤ 2cΩ yε(t)
(
1 + y2

ε(t)
)

îòêóäà
y′ε(t)

1 + y2
ε(t)

≤ 2cΩ yε(t), ∀ t ∈ (0, T )

Èíòåãðèðóÿ ýòó îöåíêó, äëÿ ëþáîãî t ∈ (0, T ) ïîëó÷àåì

arctg yε(t) ≤ arctg yε(0) + 2cΩ

T∫
0

yε(τ) dτ

2. Èç ýíåðãåòè÷åñêîãî òîæäåñòâà äëÿ uε ïîëó÷àåì

T∫
0

yε(τ) dτ =

T∫
0

‖∇uε(τ)‖2
L2(Ω) dτ ≤ 1

2
‖a‖2

L2(Ω)

÷òî ñ ó÷åòîì yε(0) = ‖∇a‖2
L2(Ω) äàåò íàì

arctg yε(t) ≤ ‖∇a‖2
L2(Ω) + cΩ ‖a‖2

L2(Ω)

3. Îáîçíà÷èì
γa := ‖∇a‖2

L2(Ω) + cΩ ‖a‖2
L2(Ω)

Òîãäà ïî óñëîâèþ γa <
π
2
è, ñëåäîâàòåëüíî,

sup
t∈(0,T )

yε(t) ≤ tg γa < +∞

Ïîýòîìó
{uε} îãðàíè÷åíà â L∞(0, T ;W 1

2 (Ω)).

4. Èíòåãðèðóÿ ïî t ∈ (0, T ) ñîîòíîøåíèå

d

dt
‖∇uε(t)‖2

L2(Ω) + ‖∇2uε(t)‖2
L2(Ω) ≤ cΩ ‖∇uε(t)‖4

L2(Ω)

(
1 + ‖∇uε(t)‖2

L2(Ω)

)
,

ïîëó÷èì

‖∇2uε‖2
L2(QT ) ≤ ‖∇a‖2

L2(Ω) + cΩ T ‖∇uε‖4
L∞(0,T ;L2(Ω))

(
1 + ‖∇uε‖2

L∞(0,T ;L2(Ω))

)
÷òî ñ ó÷åòîì óæå óñòàíîâëåííîé îöåíêè

‖∇uε‖2
L∞(0,T ;L2(Ω)) ≤ tg γa

è ýíåðãåòè÷åñêîãî íåðàâåíñâà äëÿ uε îçíà÷àåò, ÷òî

{uε} îãðàíè÷åíà â L2(0, T ;W 2
2 (Ω)).
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5. Îáîçíà÷èì
f ε := −(Tεu

ε · ∇)uε

Òîãäà

‖f ε(t)‖2
L2(Ω) ≤

∫
Ω

|Tεuε(t)|2|∇uε(t)|2 dx

è ñ ó÷åòîì óæå óñòàíîâëåííîé îöåíêè

‖f ε(t)‖2
L2(Ω) ≤ cΩ ‖∇uε(t)‖3

L2(Ω)

(
‖∇2uε(t)‖L2(Ω) + ‖∇uε(t)‖L2(Ω)

)
Òàê êàê {uε} îãðàíè÷åíà â L∞(0, T ;W 1

2 (Ω)) ∩ L2(0, T ;W 2
2 (Ω)), ïîëó÷àåì

{f ε} îãðàíè÷åíà â L2(QT ).

Íî ïîñêîëüêó uε è pε ÿâëÿþòñÿ ñèëüíûì ðåøåíèåì çàäà÷è Ñòîêñà
∂tu

ε − ∆uε + ∇pε = f ε

div uε = 0
â QT

uε|t=0 = a, uε|∂Ω×(0,T ) = 0

ñïðàâåäëèâà îöåíêà

‖uε‖W 2,1
2 (QT ) + ‖pε‖W 1,0

2 (QT ) ≤ c
(
‖a‖W 1

2 (Ω) + ‖f ε‖L2(QT )

)
Ñëåäîâàòåëüíî,

{uε} îãðàíè÷åíà â W 2,1
2 (QT ), {pε} îãðàíè÷åíà â W 1,0

2 (QT ).

6. Âûäåëÿÿ ïîäïîñëåäîâàòåëüíîñòè, òàêèå ÷òî

uε ⇀ u â W 2,1
2 (QT ), pε ⇀ p â W 2,1

2 (QT ),

íåòðóäíî ïîêàçàòü, ÷òî u è p � ñèëüíîå ðåøåíèå (NS) â QT . �

5. Ëîêàëüíîå ïî âðåìåíè ñóùåñòâîâàíèå ñèëüíûõ ðåøåíèé è îöåíêà Ëåðå

Òåîðåìà. Ïóñòü a ∈
◦
J1

2(Ω), a 6≡ 0, è îáîçíà÷èì

T0 :=
c(Ω)

‖∇a‖4
L2(Ω)

(âðåìÿ Ëåðå),

ãäå c(Ω) > 0 � íåêîòîðàÿ ôèêñèðîâàííàÿ ïîñòîÿííàÿ. Òîãäà â îáëàñòè QT0 = Ω × (0, T0)
ñóùåñòâóåò ñèëüíîå ðåøåíèå óðàâíåíèé (NS).

Äîêàçàòåëüñòâî.
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1. Ïî íåðàâåíñòâó Cattabriga-Solonnikov ïðè ï.â. t ∈ (0, T ) ïîëó÷àåì

‖uε(t)‖W 2
2 (Ω) ≤ cΩ ‖∆̃uε(t)‖L2(Ω), uε(t) ∈

◦
J1

2(Ω) ∩W 2
2 (Ω),

îòêóäà
λ1 ‖∇uε(t)‖2

L2(Ω) ≤ ‖∆̃uε(t)‖2
L2(Ω)

ñ íåêîòîðîé ïîëîæèòåëüíîé ïîñòîÿííîé λ1 = λ1(Ω) > 0.

2. Îáîçíà÷èì yε(t) := ‖∇uε(t)‖2
L2(Ω). Èç îöåíêè ðåøåíèé ðåãóëÿðèçîâàííîé çàäà÷è ïîëó-

÷àåì
y′ε(t) + λ1yε(t) ≤ cΩ y

2
ε(t)

(
1 + yε(t)

)
Ñ ó÷åòîì íåðàâåíñòâ cΩ y

2
ε ≤ λ1

2
yε + c̃Ω y

3
ε ìû ïîëó÷àåì

y′ε(t) ≤ cΩ y
3
ε(t), ï.â. t ∈ (0, T )

îòêóäà
y′ε(t)

y3
ε(t)

≤ cΩ, ï.â. t ∈ (0, T ).

Ñëåäîâàòåëüíî,
1

y2
ε(0)

− 1

y2
ε(t)

≤ 2cΩ t, ∀ t ∈ (0, T ),

òî åñòü
y2
ε(t)

(
1− 2cΩ t y

2
ε(0)

)
≤ y2

ε(0)

3. Ïîëîæèì

T0 :=
1

4cΩ y2
ε(0)

=
1

4cΩ ‖∇a‖4
L2(Ω)

Òîãäà
y2
ε(t) ≤ 2 y2

ε(0), ∀ t ∈ (0, T0),

îòêóäà
{uε} îãðàíè÷åíà â L∞(0, T0;W 1

2 (Ω)).

4. Àíàëîãè÷íî äîêàçàòåëüòñâó ïðåäûäóùåé òåîðåìû, ïîëó÷àåì

{uε} îãðàíè÷åíà â L2(0, T0;W 2
2 (Ω)),

è äàëåå

{uε} îãðàíè÷åíà â W 2,1
2 (QT0), {pε} îãðàíè÷åíà â W 1,0

2 (QT0).

5. Âûäåëÿÿ ïîäïîñëåäîâàòåëüíîñòè, òàêèå ÷òî

uε ⇀ u â W 2,1
2 (QT0), pε ⇀ p â W 2,1

2 (QT0),

íåòðóäíî ïîêàçàòü, ÷òî u è p � ñèëüíîå ðåøåíèå (NS) â QT0 . �
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6.2 �Weak-strong� òåîðåìà åäèíñòâåííîñòè

1. �Ñëàáàÿ�ñèëüíàÿ� òåîðåìà åäèíñòâåííîñòè

Òåîðåìà. Ïóñòü a ∈
◦
J1

2(Ω). Ïóñòü u è p � ñèëüíîå ðåøåíèå óðàâíåíèé (NS) â QT , à
v � ðåøåíèå Ëåðå�Õîïôà óðàâíåíèé (NS) â QT , ñîîòâåòñòâóþùåå òîìó æå íà÷àëüíîìó
äàííîìó a. Òîãäà u = v ï.â. â QT .

2. Èíãðåäèåíòû äîêàçàòåëüñòâà

� ôîðìóëû äëÿ ðàçíîñòè êâàäðàòîâ:

‖u(t)− v(t)‖2
L2(Ω) = ‖u(t)‖2

L2(Ω) + ‖v(t)‖2
L2(Ω) − 2(u(t), v(t))L2(Ω) (1)

2‖∇u−∇v‖2
L2(Qt) = 2‖∇u‖2

L2(Qt) + 2‖∇v‖2
L2(Qt) − 4(∇u,∇v)L2(Qt) (2)

� ýíåðãåòè÷åñêèå òîæäåñòâî äëÿ u è íåðàâåíñòâî äëÿ v:

‖u(t)‖2
L2(Ω) + 2‖∇u‖2

L2(Qt) = ‖a‖2
L2(Ω)

‖v(t)‖2
L2(Ω) + 2‖∇v‖2

L2(Qt) ≤ ‖a‖
2
L2(Ω)

� îáîñíîâàíèå âîçìîæíîñòè èñïîëüçîâàíèÿ â êà÷åñòâå òåñòîâûõ ôóíêöèé:

� ãëàäêîé u â óðàâíåíèè äëÿ íåãëàäêîé v

� íåãëàäêîé v â óðàâíåíèè äëÿ ãëàäêîé u

è âûòåêàþùèå èç ýòîãî òîæäåñòâà äëÿ ñêàëÿðíûõ ïðîèçâåäåíèé

(u(t), v(t))L2(Ω) + 2(∇u,∇v)L2(Qt) = ‖a‖2
L2(Ω) + (u⊗ u,∇v)L2(Qt) (3)

(v(t), u(t))L2(Ω) + 2(∇v,∇u)L2(Qt) = ‖a‖2
L2(Ω) + (v ⊗ v,∇u)L2(Qt) (4)

� (1) + (2) + (3) + (4) =⇒

‖u(t)− v(t)‖2
L2(Ω) + 2‖∇u−∇v‖2

L2(Qt) ≤ −(u⊗ u,∇v)L2(Qt) − (v ⊗ v,∇u)L2(Qt)

� ñâîéñòâî âçàèìíîé êîìïåíñàöèè êîíâåêòèâíûõ ÷ëåíîâ:

(u⊗ u,∇v)L2(Qt) + (v ⊗ v,∇u)L2(Qt) = ((u− v)⊗ (u− v),∇u)L2(Qt)

� íåðàâåíñòâî Ãåëüäåðà è ìóëüòèïëèêàòèâíîå íåðàâåíñòâî

|((u− v)⊗ (u− v),∇u)L2(Qt)| ≤ ‖∇u‖L2,∞(Qt)

t∫
0

‖u(τ)− v(τ)‖2
L4(Ω) dτ ≤

≤ ‖∇u‖L2,∞(Qt)

( t∫
0

‖u(τ)− v(τ)‖2
L2(Ω) dτ

)1/4

‖∇u−∇v‖3/2
L2(Qt)
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� ëåììà Ãðîíóîëëà

‖u(t)− v(t)‖2
L2(Ω) ≤ c ‖∇u‖4

L2,∞(QT )

t∫
0

‖u(τ)− v(τ)‖2
L2(Ω) dτ

3. Íà÷àëî äîêàçàòåëüñòâà

Äëÿ u è v ïðè ëþáîì t ∈ (0, T ) ñïðàâåäëèâû ñîîòíîøåíèÿ

1

2

∫
Ω

|u|2 dx +

t∫
0

∫
Ω

|∇u|2 dxdτ =
1

2

∫
Ω

|a|2 dx

1

2

∫
Ω

|v|2 dx +

t∫
0

∫
Ω

|∇v|2 dxdτ ≤ 1

2

∫
Ω

|a|2 dx

Êðîìå òîãî, ïðè ï.â. t ∈ (0, T ) èìåþò ìåñòî èíòåãðàëüíûå òîæäåñòâà

〈∂tu(t), w〉 + (∇u(t),∇w) = (u(t)⊗ u(t),∇w), ∀ w ∈
◦
J1

2(Ω), (1)

〈∂tv(t), w〉 + (∇v(t),∇w) = (v(t)⊗ v(t),∇w), ∀ w ∈
◦
J1

5
2
(Ω). (2)

Ïîñêîëüêó ïðè ï.â. t ∈ (0, T ) v(t) ∈
◦
J1

2(Ω), â òîæäåñòâå (1) ìû ìîæåì âçÿòü w = v(t). Ñ
äðóãîé ñòîðîíû, òàê êàê ïðè n = 3

W 2,1
2 (QT ) ↪→ W 1,0

10
3

(QT ),
10

3
>

5

2
,

äëÿ ñèëüíîãî ðåøåíèÿ ïðè ï.â. t ∈ (0, T ) ìû èìååì u(t) ∈
◦
J1

5
2

(Ω), è ïîýòîìó â (2) ìû

ìîæåì âçÿòü w = u(t). Â èòîãå ìû ïîëó÷èì òîæäåñòâà

〈∂tu(t), v(t)〉 + (∇u(t),∇v(t)) = (u(t)⊗ u(t),∇v(t)),

〈∂tv(t), u(t)〉 + (∇v(t),∇u(t)) = (v(t)⊗ v(t),∇u(t)).

Íàøà öåëü � ïîêàçàòü, ÷òî ôóíêöèÿ t 7→ (u(t), v(t)) àáñîëþòíî íåïðåðûâíà íà [0, T ] è

d

dt
(u(t), v(t)) = 〈∂tu(t), v(t)〉 + 〈∂tv(t), u(t)〉 , ï.â. t ∈ I.

Ýòî óòâåðæäåíèå âûòåêàåò èç ñëåäóþùåé àáñòðàêòíîé òåîðåìû ïðè

H =
◦
J2(Ω), V =

◦
J1

2(Ω), V1 =
◦
J1

5
2
(Ω)
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4. Âñïîìîãàòåëüíàÿ ëåììà

Òåîðåìà. Ïóñòü V , V1 � ðåôëåêñèâíûå ñåïåðàáåëüíûå áàíàõîâû ïðîñòðàíñòâà,H � ãèëü-
áåðòîâî ïðîñòðàíñòâî, ïðè÷åì

V1
dense

↪→ V
dense

↪→ H ↪→ V ∗ ↪→ V ∗1

Ïðåäïîëîæèì, ÷òî ôóíêöèè u è v òàêîâû, ÷òî

u ∈ L 5
2
(I;V1) : ∃ du

dt
∈ L2(I;V ∗),

v ∈ L2(I;V ) : ∃ dv
dt
∈ L 5

3
(I;V ∗1 ).

Òîãäà ôóíêöèÿ t 7→ (u(t), v(t)) ÿâëÿåòñÿ àáñîëþòíî íåïðåðûâíîé íà Ī è

d

dt
(u(t), v(t)) =

〈
du

dt
(t), v(t)

〉
+

〈
dv

dt
(t), u(t)

〉
, ï.â. t ∈ I.

5. Ïðîäîëæåíèå äîêàçàòåëüñòâà

Èòàê, ñêëàäûâàÿ ïîëó÷åííûå òîæäåñòâà, ïîëó÷àåì ñîîòíîøåíèå

d

dt
(u(t), v(t)) + 2(∇u(t),∇v(t)) = (u(t)⊗ u(t),∇v(t)) + (v(t)⊗ v(t),∇u(t)).

Èíòåãðèðóÿ äàííîå òîæäåòñâî ïî t, ïîëó÷àåì ñîîòíîøåíèå

∫
Ω

u(x, t) · v(x, t) dx + 2

t∫
0

∫
Ω

∇u : ∇v dxdτ =

∫
Ω

|a(x)|2 dx +

+

t∫
0

∫
Ω

(u⊗ u : ∇v + v ⊗ v : ∇u) dxdτ

(3)

Ñêëàäûâàÿ (1) è (2) è âû÷èòàÿ èç ýòîãî (3), ïîëó÷àåì íåðàâåíñòâî

1

2

∫
Ω

|u(x, t)− v(x, t)|2 dx +

t∫
0

∫
Ω

|∇(u− v)|2 dxdτ ≤ −
t∫

0

∫
Ω

(u⊗u : ∇v+ v⊗ v : ∇u) dxdτ

Ïîëüçóÿñü ñîîòíîøåíèåì

t∫
0

∫
Ω

u⊗ u : ∇v dxdτ = −
t∫

0

∫
Ω

v ⊗ u : ∇u dxdτ
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ïðåîáðàçóåì

I :=

t∫
0

∫
Ω

(u⊗ u : ∇v + v ⊗ v : ∇u) dxdτ =

t∫
0

∫
Ω

v ⊗ (v − u) : ∇u dxdτ

Äàëåå, ïîñêîëüêó
t∫

0

∫
Ω

u⊗ (v − u) : ∇u dxdτ = 0,

íàõîäèì

I :=

t∫
0

∫
Ω

(v − u)⊗ (v − u) : ∇u dxdτ

Ñëåäîâàòåëüíî,

|I| ≤
t∫

0

‖v − u‖2
L4(Ω) ‖∇u‖L2(Ω) dτ ≤ ‖∇u‖L2,∞(QT )

t∫
0

‖v − u‖2
L4(Ω) dτ

Ïîëüçóÿñü ìóëüòèïëèêàòèâíûì íåðàâåíñòâîì è íåðàâåíòñâîì Ãåëüäåðà, íàõîäèì

t∫
0

‖v − u‖2
L4(Ω) dτ ≤

t∫
0

‖v − u‖
1
2

L2(Ω) ‖∇(v − u)‖
3
2

L2(Ω) dτ ≤

≤
( t∫

0

‖v − u‖2
L2(Ω) dτ

) 1
4
( t∫

0

‖∇(v − u)‖2
L2(Ω) dτ

) 3
4

Îáúåäèíÿÿ ïîëó÷åííûå îöåíêè è ïîëüçóÿñü íåðàâåíñòâîì Þíãà, íàõîäèì

1

2

∫
Ω

|u− v|2 dx +
1

2

t∫
0

∫
Ω

|∇(u− v)|2 dxdτ ≤ C ‖∇u‖4
L2,∞(QT )

t∫
0

‖v − u‖2
L2(Ω) dτ,

îòêóäà äëÿ ôóíêöèè

y(t) :=

∫
Ω

|u(x, t)− v(x, t)|2 dx

ïîëó÷àåì íåðàâåíñòâî

y(t) ≤ C ‖∇u‖4
L2,∞(QT )

t∫
0

y(τ) dτ, ∀ t ∈ (0, T ).

Ñëåäîâàòåëüíî, y(t) = 0 äëÿ âñåõ t ∈ (0, T ). Òåîðåìà äîêàçàíà. �
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6.3 Blow up time

1. Ýêâèâàëåíòíàÿ õàðàêòåðèçàöèÿ ñèëüíûõ ðåøåíèé

Òåîðåìà. Ïóñòü a ∈
◦
J1

2(Ω) è u � ðåøåíèå Ëåðå-Õîïôà óðàâíåíèé (NS) â QT , è ïóñòü p
� àññîöèèðîâàííîå ñ íèì äàâëåíèå. Òîãäà åñëè

∇u ∈ L∞(0, T ;L2(Ω))

òî u è p ÿâëÿåòñÿ ñèëüíûì ðåøåíèåì óðàâíåíèé (NS) â QT .

Äîêàçàòåëüñòâî.

1. Îáîçíà÷èì M := ‖∇u‖L∞(0,T ;L2(Ω)). Ìîæíî âûáðàòü tk → +0 òàê, ÷òî

‖∇u(tk)‖L2(Ω) ≤M, u(tk) ⇀ a â W 1
2 (Ω) =⇒ ‖∇a‖L2(Ω) ≤M

2. Ïîëîæèì

TM :=
c(Ω)

M4

ãäå c(Ω) > 0 � ïîñòîÿííàÿ èç îïðåäåëåíèÿ âðåìåíè Ëåðå äëÿ ñèëüíîãî ðåøåíèÿ.

m ∈ N : m ≥ T

TM
, m = m

(
T, ‖∇a‖L2(Ω),Ω

)
3. Ðàçîáüåì ïðîìåæóòîê [0, T ] íà ìàëåíüêèå ïðîìåæóòêè [tj, tj+1] êàæäûé äëèíû 1

2
TM

t0 := 0, tj = tj−1 +
1

2
TM =

TM
2
j, j = 1, 2, . . . , 2m

4. Äîêàæåì, ÷òî äëÿ ëþáîãî j = 2, . . . , 2m èìåþò ìåñòî âêëþ÷åíèÿ

u ∈ W 2,1
2 (Qtj), p ∈ W 1,0

2 (Qtj), ãäå Qtj := Ω× (0, tj)

5. Áàçà ïðè j = 2. Ïîñêîëüêó

t2 = TM ≤
c(Ω)

‖∇a‖4
L2(Ω)

= T0 � âðåìÿ Ëåðå äëÿ íà÷àëüíîãî äàííîãî a ∈
◦
J1

2(Ω),

â îáëàñòè Qt2 := Ω × (0, t2) ñóùåñòâóåò ñèëüíîå ðåøåíèå u1 ∈ W 2,1
2 (Qt2) è p1 ∈ W 1,0

2 (Qt2)
óðàâíåíèé (NS), ñîîòâåòñòâóþùåå íà÷àëüíîìó äàííîìó a. Íî òîãäà ïî weak�strong òåîðåìå
åäèíñòâåííîñòè u = u1 è p = p1 â Qt2 . Ñëåäîâàòåëüíî,

u ∈ W 2,1
2 (Qt2), p ∈ W 2,1

2 (Qt2)
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è u è p ÿâëÿþòñÿ ñèëüíûì ðåøåíèåì (NS) â Qt2 .

6. Ïåðåõîä j → j + 1. Ïðåäïîëîæèì, ÷òî

u ∈ W 2,1
2 (Qtj), p ∈ W 2,1

2 (Qtj)

è u è p ÿâëÿþòñÿ ñèëüíûì ðåøåíèåì (NS) âQtj . Â ñèëó âëîæåíèÿW 2,1
2 (Qtj) ↪→ C([0, tj];W

1
2 (Ω))

u ∈ C([0, tj];
◦
J1

2(Ω)),

è ïîýòîìó

aj−1 := u(tj−1) ∈
◦
J1

2(Ω), ‖∇aj−1‖L2(Ω) ≤ M.

7. Ïîñêîëüêó

tj+1 − tj−1 = TM ≤
cΩ

‖∇aj−1‖4
L2(Ω)

� âðåìÿ Ëåðå äëÿ íà÷àëüíîãî äàííîãî aj−1 ∈
◦
J1

2(Ω),

â îáëàñòè Qtj−1,tj+1
:= Ω× (tj−1, tj+1) ñóùåñòâóåò ñèëüíîå ðåøåíèå

uj ∈ W 2,1
2 (Qtj−1,tj+1

), pj ∈ W 1,0
2 (Qtj−1,tj+1

)

óðàâíåíèé (NS), ñîîòâåòñòâóþùåå íà÷àëüíîìó äàííîìó aj−1.

8. Òåïåðü ó íàñ åñòü
u è p � ñèëüíîå ðåøåíèå â îáëàñòè Qtj−1,tj , ñîîòâåòñòâóþùåå u|t=tj−1

= aj−1

u è p � ðåøåíèå Ëåðå�Õîïôà â îáëàñòè Qtj−1,tj+1
, ñîîòâåòñòâóþùåå u|t=tj−1

= aj−1

uj è pj � ñèëüíîå ðåøåíèå â îáëàñòè Qtj−1,tj+1
, ñîîòâåòñòâóþùåå u|t=tj−1

= aj−1

è ïî weak�strong òåîðåìå åäèíñòâåííîñòè u = uj, p = pj â Qtj−1,tj+1
. Ñëåäîâàòåëüíî,

u ∈ W 2,1
2 (Qtj−1,tj+1

), p ∈ W 2,1
2 (Qtj−1,tj+1

)

u ∈ W 2,1
2 (Qtj), p ∈ W 2,1

2 (Qtj)

}
=⇒ u ∈ W 2,1

2 (Qtj+1
), p ∈ W 2,1

2 (Qtj+1
)

è u è p ÿâëÿþòñÿ ñèëüíûì ðåøåíèåì (NS) â Qtj+1
.

2. Blow up time

Îïðåäåëåíèå. Ïóñòü a ∈
◦
J1

2(Ω). Îïðåäåëèì T∗ ∈ (0,+∞]

T∗ = sup
{
T > 0

∣∣∣ ∃ u è p � ñèëüíîå ðåøåíèå (NS) â QT = Ω× (0, T )
}

×èñëî T∗, çàâèñÿùåå îò a, ìû áóäåì íàçûâàòü blow up time äëÿ íà÷àëüíîãî äàíííîãî a.
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3. Çàìå÷àíèÿ

1) T∗ = +∞ îçíà÷àåò, ÷òî äëÿ íà÷àëüíîãî äàííîãî a óðàâíåíèå (NS) èìååò ñèëüíîå
ðåøåíèå íà ëþáîì êîíå÷íîì ïðîìåæóòêå âåðåìåíè (0, T ).

2) T∗ > 0, ïîñêîëüêó T∗ ≥ T0 = c(Ω)

‖∇a‖4
L2(Ω)

� âðåìÿ Ëåðå äëÿ íà÷. äàííîãî a ∈
◦
J1

2(Ω).

3) åñëè ‖a‖W 1
2 (Ω) � 1, òî T∗ = +∞.

4. Ïîâåäåíèå íîðìû ‖∇u(t)‖L2(Ω) ïðè ïðèáëèæåíèè ê blow up time

Òåîðåìà. Ïóñòü a ∈
◦
J1

2(Ω), è ïóñòü T∗ � ýòî blow up time äëÿ a. Òîãäà åñëè T∗ < +∞, òî

‖∇u(t)‖L2(Ω) ≥
c(Ω)1/4

(T∗ − t)1/4
∀ t ∈ (0, T∗),

ãäå c(Ω) > 0 � ýòî ïîñòîÿííàÿ èç îïðåäåëåíèÿ âðåìåíè Ëåðå äëÿ ñèëüíîãî ðåøåíèÿ.

Äîêàçàòåëüñòâî. Îò ïðîòèâíîãî, ïðåäïîëîæèì, ÷òî ñóùåñòâóåò t1 ∈ (0, T∗), òàêîå ÷òî

‖∇u(t1)‖4
L2(Ω) <

c(Ω)

T∗ − t1

Îáîçíà÷èì

T1 =
c(Ω)

‖∇u(t1)‖4
L2(Ω)

� âðåìÿ Ëåðå äëÿ íà÷àëüíîãî äàííîãî u(t1) ∈
◦
J1

2(Ω)

Òîãäà â îáëàñòè Qt1,t1+T1 := Ω× (t1, t1 + T1) ñóùåñòâóåò ñèëüíîå ðåøåíèå

u1 ∈ W 2,1
2 (Qt1,t1+T1), p1 ∈ W 1,0

2 (Qt1,t1+T1)

óðàâíåíèé (NS), ñîîòâåòñòâóþùåå íà÷àëüíîìó äàííîìó

u1|t=t1 = u(t1) ∈
◦
J1

2(Ω)

Íî òîãäà ïî òåîðåìå åäèíñòâåííîñòè â êëàññå ñèëüíûõ ðåøåíèé ïðè T ′ < T∗ â îáëàñòè
Qt1,T ′ := Ω×(t1, T

′) ðåøåíèÿ u è u1 ñîâïàäàþò. Ñëåäîâàòåëüíî, ñèëüíîå ðåøåíèå óðàâíåíèé
(NS) ñóùåñòâóåò â îáëàñòè Qt1+T1 = Ω × (0, t1 + T1). Íî ýòî ïðîòèâîðå÷èò îïðåäåëåíèþ
blow up time T∗, ïîñêîëüêó ìû ïðåäïîëîæèëè, ÷òî

T∗ < t1 +
c(Ω)

‖∇u(t1)‖4
L2(Ω)

= t1 + T1

�
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6.4 Óñëîâèå Ëàäûæåíñêîé�Ïðîäè�Ñåððèíà

1. Óñëîâèå LPS

Îïðåäåëåíèå. Áóäåì ãîâîðèòü, ÷òî ôóíêöèÿ u : QT → Rn óäîâëåòâîðÿåò óñëîâèþ

Ëàäûæåíñêîé-Ïðîäè-Ñåððèíà, åñëè ñóùåñòâóþò s è l, òàêèå ÷òî

u ∈ Ls,l(QT ),
3

s
+

2

l
= 1, s ∈ (3,+∞], l ∈ [2,+∞). (LPS)

2. Èìïëèêàöèÿ u ∈ Ls,l(QT ) =⇒ ∇u ∈ L∞(0, T ;L2(Ω))

Òåîðåìà. Ïóñòü a ∈
◦
J1

2(Ω) è ïóñòü u óäîâëåòâîðÿåò óñëîâèþ (LPS). Ïóñòü ôóíêöèè u è
p ÿâëÿþòñÿ ñèëüíûì ðåøåíèåì óðàâíåíèé (NS) â QT . Òîãäà ñïðàâåäëèâà îöåíêà

‖∇u(t)‖2
L2(Ω) ≤ ‖∇a‖2

L2(Ω) e
c ‖u‖l

Ls,l(QT ) , ∀ t ∈ (0, T ).

Äîêàçàòåëüñòâî.

1. Óìíîæàÿ óðàâíåíèå Íàâüå-Ñòîêñà íà îïåðàòîð Ñòîêñà ∆̃u = PJ∆u è èíòåãðèðóÿ ðå-
çóëüòàò ïî Ω, ïîëó÷èì

1

2

d

dt
‖∇u(t)‖2

L2(Ω) + ‖∆̃u(t)‖2
L2(Ω) ≤ c

∫
Ω

|u(x, t)|2|∇u(x, t)|2 dx ï.â. t ∈ (0, T )

2. Ïî íåðàâåíñòâó Ãåëüäåðà ïîëó÷àåì∫
Ω

|u|2|∇u|2 dx ≤ ‖u‖2
Ls(Ω)‖∇u‖2

L 2s
s−2

(Ω)

Ïîñêîëüêó èç s−2
2s

= 1−λ
2

+ λ
6
âûòåêàåò λ = 3

s
, ïîëó÷àåì

‖∇u‖L 2s
s−2

(Ω) ≤ c ‖∇u‖1− 3
s

L 2s
s−2

(Ω)‖∇u‖
3
s

W 1
2 (Ω)

Ñ ó÷åòîì íåðàâåíñòâà Cattabriga-Solonnikov ïîëó÷àåì

‖∇u‖W 1
2 (Ω) ≤ ‖u‖W 2

2 (Ω) ≤ cΩ ‖∆̃u‖L2(Ω), ∀ u ∈
◦
J1

2(Ω) ∩W 2
2 (Ω)

Îáúåäèíÿÿ îöåíêè, ïîëó÷àåì∫
Ω

|u|2|∇u|2 dx ≤ c(Ω, s) ‖u‖2
Ls(Ω)‖∇u‖

2− 6
s

L2(Ω)‖∆̃u‖
6
s

L2(Ω), ∀ u ∈
◦
J1

2(Ω) ∩W 2
2 (Ω).
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3. Ìû ïîëó÷èëè

1

2

d

dt
‖∇u(t)‖2

L2(Ω) + ‖∆̃u(t)‖2
L2(Ω) ≤ c(Ω, s) ‖u(t)‖2

Ls(Ω)‖∇u(t)‖2− 6
s

L2(Ω)‖∆̃u(t)‖
6
s

L2(Ω)

Ïîëüçóÿñü íåðàâåíñòâîì Þíãà ab ≤ cεa
s

s−3 + εb
s
3 , ïîëó÷èì

d

dt
‖∇u(t)‖2

L2(Ω) + ‖∆̃u(t)‖2
L2(Ω) ≤ c(Ω, s) ‖u(t)‖

2s
s−3

Ls(Ω)‖∇u(t)‖2
L2(Ω), ï.â. t ∈ (0, T ).

C ó÷åòîì 2s
s−3

= l ⇔ 1 = 3
s

+ 2
l
ïîëó÷àåì

d

dt
‖∇u(t)‖2

L2(Ω) + ‖∆̃u(t)‖2
L2(Ω) ≤ c(Ω, s) ‖u(t)‖lLs(Ω)‖∇u(t)‖2

L2(Ω), ï.â. t ∈ (0, T ).

4. Îáîçíà÷èì y(t) := ‖∇u(t)‖2
L2(Ω). Òîãäà

y′(t) ≤ c(Ω, s) ‖u(t)‖lLs(Ω) y(t), ï.â. t ∈ (0, T ),

è ïî ëåììå Ãðîíóîëà ïîëó÷àåì

y(t) ≤ y(0) e
c ‖u‖l

Ls,l(QT ) , ∀ t ∈ (0, T )

ñ ïîñòîÿííîé c, çàâèñÿùåé òîëüêî îò Ω è s. �

3. Ðåøåíèÿ Ëåðå-Õîïôà, óäîâëåòâîðÿþùèå óñëîâèþ LPS, ÿâëÿþòñÿ ñèëüíûìè

Òåîðåìà. Ïóñòü a ∈
◦
J1

2(Ω) è u � ðåøåíèå Ëåðå�Õîïôà óðàâíåíèé (NS) â QT , à p �
àññîöèèðîâàííîå ñ íèì äàâëåíèå. Ïðåäïîëîæèì äîïîëíèòåëüíî, ÷òî äëÿ íåêîòîðûõ s ∈
(3,+∞], l ∈ [2,+∞) ôóíêöèÿ u óäîâëåòâîðÿåò óñëîâèþ (LPS). Òîãäà

u ∈ W 2,1
2 (QT ), p ∈ W 1,0

2 (QT ),

è u è p ÿâëÿþòñÿ ñèëüíûì ðåøåíèåì (NS) â QT .

Äîêàçàòåëüñòâî.

1. Îáîçíà÷èì ÷åðåç T∗ > 0 blow up time äëÿ íà÷àëüíîãî äàííîãî a. Äîêàæåì, ÷òî åñëè
óñëîâèå (LPS) âûïîëíÿåòñÿ â öèëèíäðå QT , òî T∗ > T . Îò ïðîòèâíîãî, ïóñòü T∗ ≤ T .
Òîãäà, êàê ìû çíàåì, âûïîëíÿåòñÿ îöåíêà

‖∇u(t)‖L2(Ω) ≥
c(Ω)1/4

(T∗ − t)1/4
∀ t ∈ (0, T∗),

èç ÷åãî âûòåêàåò, ÷òî

‖∇u(t)‖L2(Ω) → +∞ ïðè t→ T∗ − 0.
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2. Ñ äðóãîé ñòîðîíû, äëÿ ëþáîãî t < T∗ ðåøåíèå u è p ÿâëÿåòñÿ ñèëüíûì â Qt := Ω×(0, t),
è ïîýòîìó

‖∇u(t)‖2
L2(Ω) ≤ ‖∇a‖2

L2(Ω) e
c ‖u‖l

Ls,l(QT ) , ∀ t ∈ (0, T∗),

Íî òîãäà
lim sup
t→T−0

‖∇u(t)‖L2(Ω) < +∞,

÷òî ïðîòèâîðå÷èò 1. �

4. �Weak�LPS� òåîðåìà åäèíñòâåííîñòè

Òåîðåìà. Ïóñòü a ∈
◦
J1

2(Ω). Åñëè â îáëàñòè QT ñóùåñòâóåò ðåøåíèå Ëåðå�Õîïôà u óðàâ-
íåíèé (NS), óäîâëåòâîðÿþùåå óñëîâèþ Ëàäûæåíñêîé�Ïðîäè�Ñåððèíà (LPS), òî îíî ÿâ-
ëÿåòñÿ åäèíñòâåííûì â êëàññå âñåõ ðåøåíèé Ëåðå�Õîïôà.
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6.5 �NSE Millenium Problem�

1. NSE Millennium Problem

Open problem. Ïóñòü Ω ⊂ R3 � îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé. Òðåáóåòñÿ

� ëèáî äîêàçàòü, ÷òî äëÿ ëþáûõ a ∈
◦
J1

2(Ω) è T > 0 ñóùåñòâóåò ñèëüíîå ðåøåíèå u è p
óðàâíåíèé (NS) â QT = Ω× (0, T );

� ëèáî ïðåäúÿâèòü a ∈
◦
J1

2(Ω) è T < +∞, òàêèå ÷òî ñèëüíîå ðåøåíèå u è p óðàâíåíèé
(NS) ñóùåñòâóåò â Ω̄× (0, T ′) äëÿ ëþáîãî T ′ < T è ïðè ýòîì �ðàçðóøàåòñÿ� â ìîìåíò
âðåìåíè t = T , ò.å.

‖∇u(t)‖L2(Ω) → +∞ ïðè t→ T − 0

2. Çàìå÷àíèÿ

1) ×òîáû èçáåæàòü âëèÿíèÿ ãðàíè÷íûõ ýôôåêòîâ íà âîçìîæíîå âîçíèêíîâåíèå îñîáåí-
íîñòåé ó ðåøåíèÿ, â îôèöèàëüíîì îïèñàíèè ïðîáëåìû íà ñàéòå èíñòèòóòà Êëýÿ îá-
ëàñòü Ω ïðåäïîëàãàåòñÿ ðàâíîé ëèáî R3 (íåêîìïàêòíàÿ îáëàñòü), ëèáî òðåõìåðíîìó
òîðó T3 := R3/Z3 (êîìïàêòíàÿ îáëàñòü ñ ïåðèîäè÷åñêèìè êðàåâûìè óñëîâèÿìè).

2) Òàêæå â îôèöèàëüíîì îïèñàíèè ïðîáëåìû íà ñàéòå èíñòèòóòà Êëýÿ ðåøåíèÿ ïðåä-
ïîëàãàþòñÿ ãëàäêèìè (u ∈ C∞(Q̄T ) è p ∈ C∞(Q̄T )), íî ìîæíî ïîêàçàòü, ÷òî ïðè
óñëîâèÿõ a ∈ C∞(Ω̄) è ∂Ω ⊂ C∞ ñèëüíûå ðåøåíèÿ àâòîìàòè÷åñêè îáëàäàþò ýòèìè
ñâîéñòâàìè.

3) Â òåðìèíàõ blow up time T∗ ïðîáëåìó ìîæíî ñôîðìóëèðîâàòü áîëåå ëàêîí÷èíî:

ëèáî äîêàçàòü, ÷òî äëÿ ëþáîãî a ∈
◦
J1

2(Ω) ñïðàâåäëèâî T∗ = +∞

ëèáî ïîñòðîèòü a ∈
◦
J1

2(Ω), òàêîå ÷òî T∗ < +∞

3. Êîíå÷íûé �çàçîð� ìåæäó êëàññàìè ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè

Ïóñòü a ∈ J∞0 (Ω). Ïðè òàêîì a íàì èçâåñòíî ãëîáàëüíîå (ò.å. â QT ïðè ëþáîì ñêîëü
óãîäíî áîëüøîì T ) ñóùåñòâîâàíèå (îäíîãî èëè íåñêîëüêèõ) ñëàáûõ ðåøåíèé Ëåðå�Õîïôà
óðàâíåíèé (NS). Â ñèëó òåîðåìû âëîæåíèÿ âñå ýòè ðåøåíèÿ óäîâëåòâîðÿþò óñëîâèþ

u ∈ Ls′,l′(QT ),
3

s′
+

2

l′
≥ 3

2
, s′ ∈ [2, 6], l′ ∈ [2,+∞].

Ñ äðóãîé ñòîðîíû, äëÿ òîãî, ÷òîáû ïîëó÷èòü åäèíñòâåííîñòü, íàì íåîáõîäèìî äîêàçàòü
ñóùåñòâîâàíèå õîòÿ áû îäíîãî ðåøåíèÿ â êëàññå

u ∈ Ls,l(QT ),
3

s
+

2

l
≤ 1, s ∈ [3,+∞], l ∈ [2,+∞].
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Êàê ìû âèäèì, ìåæäó ñóùåñòâîâàíèåì è åäèíñòâåííîñòüþ ðåøåíèé ñóùåñòâóåò êîíå÷íûé
ïðîìåæóòîê â äèàïàçîíå ïîêàçàòåëåé ñóììèðóåìîñòè. Íàïðèìåð, åñëè s = l, òî

èìååì: u ∈ L 10
3

(QT ), õîòèì: u ∈ L5(QT ).

Ïðåîäîëåíèå ýòîãî �êîíå÷íîãî çàçîðà� (äîêàçàòåëüñòâî ðåãóëÿðíîñòè ñëàáûõ ðåøåíèé) �
îäèí èç âîçìîæíûõ ñïîñîáîâ ðåøåíèÿ �Øåñòîé ïðîáëåìû òûñÿ÷åëåòèÿ�.
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