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1 Çàíÿòèå 1

1.1 Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ

1. Íåêîòîðûå óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè

Óðàâíåíèå Ëàïëàñà

Óðàâíåíèå òåïëîïðîâîäíîñòè

Âîëíîâîå óðàâíåíèå

2. Ïîñòàíîâêà êðàåâûõ çàäà÷

Óñëîâèÿ Äèðèõëå

Óñëîâèÿ Íåéìàíà

Óñëîâèÿ Ðîáåíà (3-ÿ êðàåâàÿ çàäà÷à)

Íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè

Íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ âîëíîâîãî óðàâíåíèÿ

3. �Íàèâíûé� ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ

4. Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ �ïî-âçðîñëîìó�

5. Ñîáñòâåííûé áàçèñ çàäà÷è Øòóðìà�Ëèóâèëëÿ

6. Ðàçëè÷íûå êðàåâûå óñëîâèÿ íà îòðåçêå

7. Ïðèìåðû
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1.2 Ðàçáîð íåêîòîðûõ çàäà÷ èç HW-01

1. Îðòîãîíàëüíûé áàçèñ èç ñîáñòâåííûõ ôóíêöèé çàäà÷è Øòóðìà-Ëèóâèëëÿ

Íàéäèòå îðòîãîíàëüíóþ è ïîëíóþ â L2(0, π) ñèñòåìó ñîáñâåííûõ ôóíêöèé çàäà÷èØòóðìà�
Ëèóâèëëÿ ñ òðåòüèìè êðàåâûìè óñëîâèÿìè (ò.í. óñëîâèÿìè Ðîáåíà):{

−y′′(x) = λ y(x), x ∈ (0, π)

y′(0)− y(0) = 0, y′(π)− y(π) = 0

Îòâåò:

λ−1 = −1, y−1(x) = ex

λ0 = 0, y0(x) = 1

λk = k2, yk(x) = cos kx+ 1
k
sin kx

2. Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ äëÿ óðàâíåíèÿ Ëàïëàñà
∂2u
∂x2

+ ∂2u
∂y2

= 0 (x, y) ∈ (0, π)× (0, 1)

u(0, y) = 0, u(π, y) = 0
u(x, 0) = 0, u(x, 1) = f(x)

(îáñóæäàëè íà çàíÿòèÿõ).

Îòâåò:

u(x, y) =
∞∑
k=1

Ak sin kx sh ky,

Ak =
2

π

1

sh k

π∫
0

f(x) sin kx dx

3. Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè
∂u
∂t

− ∂2u
∂x2

= 0 (x, t) ∈ (0, π)× (0,+∞)
∂u
∂x
(0, t) = 0, ∂u

∂x
(π, t) = 0

u(x, 0) = f(x)

Îòâåò:

u(x, t) =
∞∑
k=1

Ak e
−k2t cos kx

Ak =
2

π

π∫
0

f(x) cos kx dx
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4. Îòâåò ñ êîíå÷íûì ÷èñëîì íåíóëåâûõ ñëàãàåìûõ (÷òî òèïè÷íî äëÿ êîíòðîëü-
íîé)

∂u
∂t

− ∂2u
∂x2

= sin t sin 2x (x, t) ∈ (0, π)× (0,+∞)
u(0, t) = 0, u(π, t) = 0

u(x, 0) = 0

Ðåøåíèå:

1. Èùåì ðåøåíèå â âèäå ðÿäà

u(x, t) =
∞∑
k=0

Yk(t)Xk(x), f(x, y) =
∞∑
k=0

Fk(t)Xk(x)

ïî ñîáñòâåííûì ôóíêöèÿì {Xk} íåêîòîðîé çàäà÷è Øòóðìà�Ëèóâèëëÿ.

2. Ðåøàåì çàäà÷ó Øòóðìà�Ëèóâèëëÿ ïî ïåðåìåííîé x:{
−X ′′(x) = λX(x)
X(0) = 0, X(π) = 0

λk = k2, Xk(x) = sin kx

3. Ðàñêëàäûâàåì ïðàâóþ ÷àñòü â ðÿä Ôóðüå ïî îðòîãîíàëüíîé ñèñòåìå {Xk}∞k=1:

∥Xk∥2L2(0,π)
=

π∫
0

sin2 kx dx = π
2

sin t sin 2x =
∞∑
k=0

Fk(t) sin kx F2(t) = sin t, k = 2, Fk(t) = 0, k ̸= 2

4. Ðåøàåì ODE ïî ïåðåìåííîé t:

∞∑
k=0

(
Y ′
k(t)Xk(x) + λkYk(t)Xk(x)

)
=

∞∑
k=0

Fk(t)Xk(x)

Yk(t) ≡ 0 k ̸= 2{
Y ′
2(t) + 4Y2(t) = sin t

Y2(0) = 0

Y2(t) = Im
eit

4 + i
+ A e−4t =

4 sin t− cos t

17
+ Ae−4t

Y2(0) = 0 =⇒ A =
1

17

Îòâåò:

u(x, t) =
1

17

(
4 sin t− cos t+ e−4t

)
sin 2x
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5. Óðàâíåíèå Ëàïëàñà â ïîëóáåñêîíå÷íîé îáëàñòè
∂2u
∂x2

+ ∂2u
∂y2

= 0 (x, y) ∈ (0, π)× (0,+∞)

u(0, y) = 0, u(π, y) = 0
u(x, 0) = f(x), u(x,+∞) = 0

Îòâåò:

u(x, y) =
∞∑
k=1

Bk sin kx e
−ky,

Bk =
2

π

π∫
0

f(x) sin kx dx

6. ×òî äåëàòü, åñëè êðàåâûå óñëîâèÿ íå ÿâëÿþòñÿ îäíîðîäíûìè?
∂2u
∂x2

+ ∂2u
∂y2

= 0 (x, y) ∈ (0, π)× (0, π)

u|x=0 = sin y, u|x=π = 0
u|y=0 = sin x, u|y=π = 0

Ðåøåíèå: Â ýòîé çàäà÷å êðàåâûå óñëîâèÿ ïî êàæäîé ïåðåìåííîé íåîäíîðîäíû, ïî-
ýòîìó íè ïî îäíîé ïåðåìåííîé ñ õîäó ó íàñ íåò çàäà÷è Øòóðìà�Ëèóâèëëÿ, êîòîðàÿ
äàëà áû íàì îðòîãîíàëüíóþ ñèñòåìó ñîáñòâåííûõ ôóíêöèé, ïî êîòîðîé ìû áû ìîãëè
ðàçëîæèòü ðåøåíèå. Íî, ïîñêîëüêó óðàâíåíèå ëèíåéíî, ìû ìîæåì íàéòè åãî ðåøåíèå
â âèäå ñóììû

u = v + w,

ãäå v è w � ðåøåíèÿ äâóõ êðàåâûõ çàäà÷:
∆v = 0 â Ω

v|x=0 = 0, v|x=π = 0
v|y=0 = sin x, v|y=π = 0

∆w = 0 â Ω
w|x=0 = sin y, w|x=π = 0
w|y=0 = 0, w|y=π = 0

Ôóíêöèþ v(x, y) èùåì â âèäå ðÿäà ïî ñîáñòâåííûì ôóíêöèÿì Vk(x) çàäà÷è Øòóðìà�
Ëèóâèëëÿ ïî ïåðåìåííîé x{

−V ′′(x) = λV (x)

V (0) = V (π) = 0
=⇒ λk = k2, Vk(x) = sin kx

Ïîëó÷àåì

v(x, y) =
∞∑
k=1

Ck(y) sin kx =⇒ C ′′
k (y)− k2Ck(y) = 0, y ∈ (0, π)

Ck(y) = Ak ch ky +Bk sh ky

v(x, 0) =
∞∑
k=1

Ak sin kx = sinx =⇒ A1 = 1, Ak = 0, k ̸= 1
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v(x, π) =
∞∑
k=1

(Ak ch kπ +Bk sh kπ) sin kx = 0 =⇒ Bk = −Ak
ch kπ

sh kπ

Bk = 0, k ̸= 1, B1 = −chπ

sh π

Ñëåäîâàòåëüíî,

v(x, y) =
(
ch y − chπ

sh π
sh y

)
sinx =

shπ ch y − sh y chπ

shπ
sinx =

sh(π − y)

shπ
sin x

Ðåøàÿ àíàëîãè÷íóþ çàäà÷ó äëÿ ôóíêöèè w(x, y), íàõîäèì

w(x, y) =
sh(π − x)

sh π
sin y

Îòâåò:
sh(π−x)

shπ
sin y + sh(π−y)

shπ
sinx

7. Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ äëÿ âîëíîâîãî óðàâíåíèÿ
∂2u
∂t2

− ∂2u
∂x2

= 0 (x, t) ∈ (0, π)× (0,+∞)
u(0, t) = 0, u(π, t) = 0

u(x, 0) = 0, ∂u
∂t
(x, 0) = f(x)

Îòâåò:

u(x, t) =
∞∑
k=1

Bk sin kt sin kx

Bk =
2

π

1

k

π∫
0

f(x) sin kx dx

8. Âîëíîâîå óðàâíåíèå ñ íåíóëåâîé ïðàâîé ÷àñòüþ
∂2u
∂t2

− ∂2u
∂x2

= sinωt (x, t) ∈ (0, π)× (0,+∞)
u(0, t) = 0, u(π, t) = 0
u(x, 0) = 0, ∂u

∂t
(x, 0) = 0

Ðåøåíèå:

1. Èùåì ðåøåíèå â âèäå ðÿäà

u(x, t) =
∞∑
k=0

Yk(t)Xk(x), f(x, y) =
∞∑
k=0

Fk(t)Xk(x)

ïî ñîáñòâåííûì ôóíêöèÿì {Xk} íåêîòîðîé çàäà÷è Øòóðìà�Ëèóâèëëÿ.

2. Ðåøàåì çàäà÷ó Øòóðìà�Ëèóâèëëÿ ïî ïåðåìåííîé x:{
−X ′′(x) = λX(x)
X(0) = 0, X(π) = 0

λk = k2, Xk(x) = sin kx
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3. Ðàñêëàäûâàåì ïðàâóþ ÷àñòü â ðÿä Ôóðüå ïî îðòîãîíàëüíîé ñèñòåìå {Xk}∞k=1:

∥Xk∥2L2(0,π)
=

π∫
0

sin2 kx dx = π
2

sinωt =
∞∑
k=0

Fk(t) sin kx Fk(t) =
2
k
sinωt

4. Ðåøàåì ODE ïî ïåðåìåííîé t:

∞∑
k=0

(
Y ′′
k (t)Xk(x) + λkYk(t)Xk(x)

)
=

∞∑
k=0

Fk(t)Xk(x)

Y ′′
k (t) + k2Yk(t) =

2

k
sinωt

Yk(t) =
2

k
· 1

k2 − ω2
sinωt + Ak cos kt+Bk sin kt

Yk(0) = 0 =⇒ Ak = 0

Y ′
k(t) =

2

k
· ω

k2 − ω2
cosωt + Bkk cos kt

Y ′
k(0) = 0 =⇒ Bk = − 2

k2
· ω

k2 − ω2

Îòâåò:

u(x, t) =
∞∑
k=1

2

k
· 1

k2 − ω2

(
sinωt− ω

k
sin kt

)
sin kx, ω ̸= k
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2 Çàíÿòèå 2

2.1 Ðåøåíèå óðàâíåíèÿ Ïóàññîíà �èç ôèçè÷åñêèõ ñîîáðàæåíèé�

1. Ïîòåíöèàëüíûå âåêòîðíûå ïîëÿ

Ïðèìåðû ïîòåíöèàëüíûõ ïîëåé: ãðàâèòàöèîííûå è ýëåêòðîñòàòè÷åñêèå ïîëÿ

2. Ôèçè÷åñêèé ñìûñë äèâåðãåíöèè âåêòîðíîãî ïîëÿ

3. Ôèçè÷åñêèé ñìûñë óðàâíåíèÿ Ïóàññîíà

4. Ïëîòíîñòü ðàñïðåäåëåíèÿ èñòî÷íèêîâ

Çàðÿä, ìàññà � ìåðà íà R3

5. Óðàâíåíèå Ïóàññîíà â êëàññå îáîáùåííûõ ôóíêöèé

Ïîòåíöèàë òî÷å÷íîãî èñòî÷íèêà

6. Òåîðåìà Ãàóññà

Òîãäà ïîòîê ýëåêòðè÷åñêîãî ïîëÿ, ñîçäàâàåìîãî ñèñòåìîé âñåõ çàðÿäîâ (êàê âíóòðè,
òàê è âíå îáëàñòè Ω), ÷åðåç çàìêíóòóþ ïîâåðõíîñòü ∂Ω, ïðîïîðöèîíàëåí ñóììàðíîìó
çàðÿäó, çàêëþ÷åííîìó â Ω: ∫

∂Ω

E(x) · ν(x) dSx = 4π q(Ω)

7. Ðåøåíèå óðàâíåíèÿ Ïóàññîíà �èç ôèçè÷åñêèõ ñîîáðàæåíèé�

Çàäà÷à. Íàéòè ôóíêöèþ u ∈ L1,loc(R3), óäîâëåòâîðÿþùóþ ñîîòíîøåíèÿì −∆u = 4π
(
qδ0 −

q
4
3
πR3

χBR

)
â D′(R3)

u||x|→∞ = 0

Çäåñü δ0 ∈ D′(R3) � äåëüòà-ôóíêöèÿ, ñîñðåäîòî÷åííàÿ â òî÷êå 0, χBR
� õàðàêòåðèñòè-

÷åñêàÿ ôóíêöèÿ øàðà BR := { x ∈ R3 : |x| < R }.

Ðåøåíèå:

1. �Ïåðåâîäèì� çàäà÷ó íà �ôèçè÷åñêèé� ÿçûê: íàì íàäî íàéòè ïîòåíöèàë ýëåêòðîñòàòè-
÷åñêîãî ïîëÿ, ñîçäàâàåìîãî òî÷å÷íûì çàðÿäîì q â íà÷àëå êîîðäèíàò è îòðèöàòåëüíûì
çàðÿäîì, íåïðåðûâíî ðàñïðåäåëåííûì ñ ïîñòîÿííîé ïëîòíîñòüþ ρ := q

4
3
πR3 â øàðå ðà-

äèóñà R.

2. Â ñèëó ëèíåéíîñòè óðàâíåíèÿ u = u1 − u2, ãäå{
−∆u1 = 4πqδ0 â D′(R3)

u||x|→∞ = 0

{
−∆u2 = 4πρχBR

â D′(R3)

u||x|→∞ = 0
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3. Ïîòåíöèàë u1 òî÷å÷íîãî èñòî÷íèêà ìû çíàåì (õîòÿ áû èç øêîëüíîãî êóðñà ôèçèêè):

u1(x) =
q

|x|

4. ×òîáû íàéòè ïîòåíöèàë u2, ñíà÷àëà ïðèêèíåì, êàêèìè ñèììåòðèÿìè áóäåò îáëàäàòü
íàøå ïîëå. Âî-ïåðâûõ, ïîñêîëüêó ñèñòåìà çàðÿäîâ âðàùàòåëüíî ñèììåòðè÷íî (ïðè âðà-
ùåíèè ïðîñòðàíñòâà ïåðåõîäèò â òàóþ æå ñèñòåìó çàðÿäîâ), òî òàêèì æå áóäåò è ñî-
çäàâàåìîå ýòèìè çàðÿäàìè ïîëå. Ïîýòîìó ìîäóëü íàïðÿæåííîñòè ïîëÿ çàâèñèò òîëüêî
îò |x|. Âî-âòîðûõ, ñèñòåìà çàðÿäîâ ðàçáèâàåòñÿ íà �ïàðî÷êè� òî÷å÷íûõ çàðÿäîâ, òàêèõ
÷òî ñóììàðíîå ïîëå, ñîçäàâàåìîå êàæäîé ïàðî÷êîé, íàïðàâëåííî âäîëü âåêòîðà er (à
îñòàëüíûå êîìïîíåíòû ïîëÿ êàæäîé ïàðî÷êè âçàèìíî êîìïåíñèðóþòñÿ). Ïîýòîìó

E(x) = E(r) er, r = |x|, E(x) = −∇u2(x)

5. Òåïåðü ìû ìîæåì íàéòè E(r) èç òåîðåìû Ãàóññà. Âîçüìåì Ω := Br è ïðåäïîëîæèì
ñíà÷àëà, ÷òî r < R. Òîãäà ïîñêîëüêó ν = er, ïîëó÷àåì∫

∂Ω

E(x) · ν(x) dSx =

∫
∂Br

E(r) dSx = E(r) |∂Br| = 4πr2E(r)

Ñ äðóãîé ñòîðîíû,

q(Ω) =

∫
Br

ρ dx = ρ|Br| =
q

4
3
πR3

|Br| = q
r3

R3

Òàêèì îáðàçîì,

4πr2E(r) = 4πq
r3

R3
=⇒ E(r) =

q

R3
r

Ïðè r ≥ R àíàëîãè÷íî ïîëó÷àåì

4πr2E(r) = 4πq =⇒ E(r) =
q

r2

Èòàê,

E(r) =

{
q
R3 r, r < R
q
r2
, r ≥ R

Òàê êàê
E(x) = −∇u2(x), u2(x) → 0 ïðè |x| → +∞,

íåòðóäíî âèäåòü, ÷òî u2(x) = u2(r), ãäå

u2(r) =

{
C − q

2R3 r
2, r < R

q
r
, r ≥ R

6. Íàì îñòàëîñü îïðåäåëèòü çíà÷åíèå ïîñòîÿííîé C. Íî èç ëåêöèé ìû çíàåì, ÷òî ïîòåí-
öèàë Íüþòîíà ñ îãðàíè÷åííîé ïëîòíîñòüþ (ñ êîìïàêòíûì íîñèòåëåì) ÿâëÿåòñÿ íåïðå-
ðûâíîé â R3 ôóíêöèåé. Ñëåäîâàòåëüíî, C = 3q

2R
.

Îòâåò:

u(x) =

{ q
|x| −

3q
2R

+ q
2R3 |x|2, |x| ≤ R

0, |x| > R
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2.2 Ðàçáîð íåêîòîðûõ çàäà÷ èç HW-02

1. −∆u = 4πχBR
(x) |x|2 â D′(R3)

Îòâåò: u(x) =

{
π
(
R4 − |x|4

5

)
|x| < R

4
5
πR

5

|x| , |x| ≥ R

2. −∆u = 4π
(
2δ0 − 1

4πR2 δSR

)
â D′(R3)

Îòâåò: u(r) =

{
2
|x| −

2
R
, |x| < R

1
|x| , |x| ≥ R

3. −∆u = 4π
(
δ0 − 1

4
3
πR3χBR

)
â D′(R3)

4. −∆u = −4π ∂δ0
∂x3

â D′(R3)

Îòâåò: u(x) = x3
|x|3

5. −∆u = 4π
(

1
4πr2

δSr − 1
4πR2 δSR

)
â D′(R3) (0 < r < R)

Îòâåò: u(x) =


1
r
− 1

R
, |x| ≤ r

1
|x| −

1
R
, r < |x| < R

0, |x| ≥ R

6. −∆u = 4πχΩ â D′(R3), Ω := B2 \B 1
2
(x0), x0 := (1, 0, 0)T

7. Äàíû: òî÷êà x0, êðèâàÿ Γ, ïîâåðõíîñòè Σ1 è Σ2, îáëàñòü Ω. (Âñå îáúåêòû ÿâëÿþòñÿ
ãëàäêèìè, êîìïàêòíûìè è íåïåðåñåêàþùèìèñÿ). Ôóíêöèÿ u ∈ L1,loc(R3) óäîâëåòâîðÿåò
ñëåäóþùåìó ñîîòíîøåíèþ â ñìûñëå òåîðèè îáîáùåííûõ ôóíêöèé

−∆u = 4π (δx0 + δΓ + δΣ1 +
∂

∂ν
δΣ2 + χΩ) â D′(R3).

Óêàæèòå, êàêîâà ãëàäêîñòü ôóíêöèè u è îïèøèòå åå àñèìïòîòè÷åñêîå ïîâåäåíèå âáëèçè
x0, Γ, Σ1, Σ2 è ∂Ω. Çäåñü⟨

∂

∂ν
δΣ2 , η

⟩
:= −

∫
Σ2

∂η

∂ν
dS, ∀ η ∈ C∞

0 (R3)

ν � ïîëå íîðìàëè ê ãëàäêîé îðèåíòèðîâàííîé ïîâåðõíîñòè Σ2.
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Èñòî÷íèê Ãëàäêîñòü Îñîáåííîñòü Ýíåðãèÿ Ïëîòíîñòü

Òî÷å÷íûé

çàðÿä

(q,x0)
u ∈ C∞(R3 \ {x0})

u(x) ∼ 1
|x−x0|

E(x) ∼ 1
|x−x0|2

= ∞ qδx0 ∈ D′(R3)

Ëèíåéíûé

êîíòóð

Γ
u ∈ C∞(R3 \ Γ)

u(x) ∼ ln 1
dist(x,Γ)

E(x) ∼ 1
dist(x,Γ)

= ∞ λδΓ ∈ D′(R3)

Äâîéíîé ñëîé

íà ïîâåðõíîñòè

Σ

u ∈ C∞(R3 \ Σ)
u ∈ L∞(R3)

(u2 − u1)|Σ = 4πµ
ñêà÷îê íà Σ

< ∞ − ∂
∂ν (µδΣ) ∈ D′(R3)

Ïðîñòîé ñëîé

íà ïîâåðõíîñòè

Σ

u ∈ C∞(R3 \ Σ)
u ∈ C(R3)

u íåïð. íà Σ
(E2ν −E1ν)|Σ = 4πσ

ñêà÷îê íà Σ
< ∞ σδΣ ∈ W−1

2 (R3)

Îáúåìíûé

çàðÿä

ρ
u ∈ C1(R3)

íåò

îñîáåííîñòåé
< ∞ ρχBR

∈ L∞(R3)
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3 Çàíÿòèå 3

3.1 Ôóíäàìåíòàëüíûå ðåøåíèÿ è ôóíêöèè Ãðèíà

1. Ôóíäàìåíòàëüíûå ðåøåíèÿ ODE

Òåîðåìà. Ðàññìîòðèì ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð ñ ïîñòîÿííûìè êîýô-
ôèöèåíòàìè:

Lu(t) = u′′(t) + bu′(t) + cu(t)

Îáîçíà÷èì ÷åðåç w ∈ C∞(R) ðåøåíèå çàäà÷è Êîøè:{
Lw(t) = 0 t ∈ R
w(0) = 0, w′(0) = 1

Òîãäà ðåãóëÿðíàÿ îáîáùåííûÿ ôóíêöèÿ

u(t) := χ(t)w(t), χ(t) := χ(0,+∞)(t) � ôóíêöèÿ Õåâèñàéäà

ÿâëÿåòñÿ ôóíäàìåíòàëüíûì ðåøåíèåì äëÿ îïåðàòîðà L.

Çàìå÷àíèå. Äàííûé �ðåöåïò� ïîñòðîåíèÿ ôóíäàìåíòàëüíûõ ðåøåíèé ODE áåç èç-
ìåíåíèé ïåðåíîñèòñÿ íà äèôôåðåíöèàëüíûå îïåðàòîðû ëþáîãî ïîðÿäêà, à òàêæå íà
îïåðàòîðû ñ ãëàäêèìè ïåðåìåííûìè êîýôôèöèåíòàìè.

2. Âûâîä ôîðìóë ôóíäàìåíòàëüíûõ ðåøåíèé ìåòîäîì ïðåîáðàçîâàíèÿ Ôóðüå

3. Ïðåîáðàçîâàíèÿ Ôóðüå íåêîòîðûõ îáîáùåííûõ ôóíêöèé

4. Ìåòîä ýëåêòðè÷åñêèõ èçîáðàæåíèé
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3.2 Ðàçáîð íåêîòîðûõ çàäà÷ èç HW-03

1. Ôóíäàìåíòàëüíûå ðåøåíèÿ ODE

Ïóñòü a > 0. Íàéäèòå êàêîå-ëèáî ôóíäàìåíòàëüíîå ðåøåíèå äëÿ ñëåäóþùèõ äèôôå-
ðåíöèàëüíûõ îïåðàòîðîâ:

(a) u′

(b) u′ + au

(c) u′ − au

(d) u′′

(e) u′′ + a2u

(f) u′′ − a2u

(g) d4u
dx4

− u

(h) d4u
dx4

− 2d
2u
dx2

+ u

2. Ïðåîáðàçîâàíèå Ôóðüå íåêîòîðûõ îáîáùåííûõ ôóíêöèé

Äîêàæèòå ôîðìóëû äëÿ îáðàòíûõ ïðåîáðàçîâàíèé Ôóðüå ñëåäóþùèõ ðåãóëÿðíûõ ðàñ-
ïðåäåëåíèé (ξ ∈ Rn):

(a) F−1
[

1
|ξ|2

]
=

√
π
2

1
|x| , n = 3

(b) F−1
[
e−ξ

2t
]

= 1√
2t
e−

x2

4t , n = 1

(c) F−1
[
sin aξ
ξ

]
=

√
π
2
χ(−a,a), n = 1

(d) F−1
[
sin a|ξ|

|ξ|

]
=

√
π
2

1
a
δSa , n = 3

3. Ôóíäàìåíòàëüíûå ðåøåíèÿ íåêîòîðûõ PDE

Èñïîëüçóÿ ìåòîä ïðåîáðàçîâàíèÿ Ôóðüå, íàéäèòå ôóíäàìåíòàëüíûå ðåøåíèÿ äëÿ ñëå-
äóþùèõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ (x ∈ Rn):

(a) −∆u, n = 3

(b) ∂u
∂t

− ∂2u
∂x2

, n = 1

(c) ∂2u
∂t2

− a2 ∂
2u
∂x2

, n = 1

(d) ∂2u
∂t2

− a2∆u, n = 3

4. Ïîñòðîåíèå ôóíêöèè Ãðèíà çàäà÷è Äèðèõëå. Ìåòîä ýëåêòðè÷åñêèõ èçîáðà-
æåíèé

Íàéäèòå ôóíêöèþ Ãðèíà çàäà÷è Äèðèõëå äëÿ ñëåäóþùèõ îáëàñòåé:

(a) Ω := { x ∈ R2 : x2 > 0 }
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(b) Ω := { x ∈ R3 : x3 > 0 }
(c) Ω := { x ∈ R2 : x1 > 0, x2 > 0 }
(d) Ω := { x ∈ R2 : x21 + x22 < 1 }
(e) Ω := { x ∈ R3 : x21 + x22 + x23 < R2 }
(f) Ω := { x ∈ R3 : x21 + x22 + x23 > R2 }
(g) Ω := { x ∈ R3 : x21 + x22 + x23 < R2, x3 > 0 }

5. Ðåøåíèå êðàåâûõ çàäà÷ â íåîãðàíè÷åííûõ îáëàñòÿõ

Íàéäèòå ðåøåíèå ñëåäóþùèõ çàäà÷.

(a)


∂2u
∂x2

+ ∂2u
∂y2

= 0 (x, y) ∈ (−∞,+∞)× (0,+∞)

u(−∞, y) = 0, u(+∞, y) = 0
u(x, 0) = f(x), u(x,+∞) = 0

(b)


∂2u
∂x2

+ ∂2u
∂y2

= 0 (x, y) ∈ (0,+∞)× (0,+∞)

u(0, y) = 0, u(+∞, y) = 0
u(x, 0) = f(x), u(x,+∞) = 0
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4 Çàíÿòèå 4

4.1 Îïåðàòîð Ëàïëàñà â öèëèíäðè÷åñêèõ è ñôåðè÷åñêèõ êîîðäèíà-

òàõ

1. Êðèâîëèíåéíûå êîîðäèíàòû

Ïóòü â îáëàñòè Ω ⊂ Rn îïðåäåëåíà çàìåíà êîîðäèíàò

x = Φ(y), y ∈ ω

Çàìåíà êîîðäèíàò Φ : ω → Ω ííàçûâàåòñÿ íåâûðîæäåííîé â òî÷êå y ∈ ω, åñëè

det∇Φ(y) ̸= 0.

2. Êîâàðèàíòíûé è êîíòðàâàðèàíòíûé áàçèñû êðèâîëèíåéíîé ñèñòåìû êîîð-
äèíàò

Äëÿ çàìåíû êîîðäèíàò x = Φ(y), íåâûðîæäåííîé â òî÷êå y, ìû ìîæåì îïðåäåëèòü
êîâàðèàíòíûé áàçèñ {e

	
j}nj=1 è êîíòðàâàðèàíòíûé (äóàëüíûé) áàçèñ {ēk}nk=1 â òî÷êå y:

e
	
j(y) :=

∂Φ

∂yj
(y), ēk(y) · e

	
j(y) = δkj

3. Îðòîãîíàëüíûå ñèñòåìû êîîðäèíàò è ôèçè÷åñêèé áàçèñ

Ñèñòåìà êîîðäèíàò x = Φ(y) íàçûâàåòñÿ îðòîãîíàëüíîé â îáëàñòè ω, åñëè

∀ y ∈ ω e
	
j(y) · e

	
k(y) = 0, ∀ j ̸= k

Äëÿ îðòîãîíàëüíîé ñèñòåìû êîîðäèíàò e
	
j(y) ∥ ēj(y) ïðè ëþáûõ j = 1, . . . , n, y ∈ ω, è ïî-

ýòîìó ìîæíî îïðåäåëèòü îðòîíîðìèðîâàííûé ôèçè÷åñêèé áàçèñ {ej}nj=1 îðòîãîíàëüíîé
ñèñòåìû êîîðäèíàò:

ej(y) =
e
	
j(y)

|e
	
j(y)|

=
ēj(y)

|ēj(y)|
Ñèìâîëû Êðèñòîôåëÿ:

∂kej = Γskjes

4. Äèôôåðåíöèàëüíûå îïåðàöèè â êðèâîëèíåéíûõ êîîðäèíàòàõ

Ïóñòü u : Rn → R � ãëàäêàÿ ôóíêöèÿ, w : Rn → Rn � ãëàäêîå âåêòîðíîå ïîëå. Ïóñòü
x = Φ(y) � ãëàäêàÿ îðòîãîíàëüíàÿ ñèñòåìà êîîðäèíàò íà Rn è

ũ(y) = u(x)|x=Φ(y), w̃(y) = w(x)|x=Φ(y), w̃(y) = w̃j(y)ej(y)

Òîãäà

∇u(x)|x=Φ(y) = ∂jũ(y)ē
j(y), ∂jũ :=

∂ũ

∂yj

∇w(x)|x=Φ(y) = ∂jw̃(y)⊗ ēj(y), ∂jw̃(y) :=
∂w̃

∂yj
=

∂

∂yj
(w̃kek)

divw(x)|x=Φ(y) = tr∇w(x)|x=Φ(y) = ∂jw̃(y) · ēj(y),
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5. Öèëèíäðè÷åñêèå êîîðäèíàòû â R3

Îïðåäåëåíèå. Öèëèíäðè÷åñêèìè êîîðäèíàòàìè â R3 íàç. ñèñòåìà êîîðäèíàò

(r, φ, z) ∈ (0,+∞)× [0, 2π)× (−∞,+∞),

çàäàííàÿ ñîîòíîøåíèÿìè

x = Φ(y), y =

 r
φ
z

 
x1 = r cosφ
x2 = r sinφ
x3 = z

Áàçèñû:

e
	
r =

∂Φ

∂r
=⇒ er =

 cosφ
sinφ
0

 = e
	
r = ēr

e
	
φ =

∂Φ

∂φ
=⇒ eφ =

 − sinφ
cosφ
0

 =
1

r
e
	
φ = r ēφ

e
	
z =

∂Φ

∂z
=⇒ ez =

 0
0
1

 = e
	
z = ēz

Ïðîèçâîäíûå âåêòîðîâ ôèçè÷åñêîãî áàçèñà:

er,r = 0 er,φ = eφ er,z = 0
eφ,r = 0 eφ,φ = −er eφ,z = 0
ez,r = 0 ez,φ = 0 ez,z = 0

6. Ëàïëàñèàí â öèëèíäðè÷åñêèõ êîîðäèíàòàõ

Òåîðåìà. Åñëè u : R3 → R è u(x) = ũ(r, φ, z), òî

∆u(x)
∣∣
x=Φ(r,φ,z)

= ũ,rr +
ũ,r
r

+
ũ,φφ
r2

+ ũ,zz

èëè

∆u(x)
∣∣
x=Φ(r,φ,z)

=
1

r

∂

∂r

(
r
∂ũ

∂r

)
+

1

r2
∂2ũ

∂φ2
+
∂2ũ

∂z2

7. Ñôåðè÷åñêèå êîîðäèíàòû â R3

Îïðåäåëåíèå. Ñôåðè÷åñêèìè êîîðäèíàòàìè â R3 íàç. ñèñòåìà êîîðäèíàò

(r, φ, θ) ∈ (0,+∞)× [0, 2π)× [0, π],

çàäàííàÿ ñîîòíîøåíèÿìè

x = Φ(y), y =

 r
φ
θ

 
x1 = r cosφ sin θ
x2 = r sinφ sin θ
x3 = r cos θ
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Áàçèñû:

e
	
r =

∂Φ

∂r
=⇒ er =

 cosφ sin θ
sinφ sin θ

cos θ

 = e
	
r = ēr

e
	
φ =

∂Φ

∂φ
=⇒ eφ =

 − sinφ
cosφ
0

 =
1

r sin θ
e
	
φ = r sin θ ēφ

e
	
θ =

∂Φ

∂θ
=⇒ eθ =

 cosφ cos θ
sinφ cos θ
− sin θ

 =
1

r
e
	
θ = r ēθ

Ïðîèçâîäíûå âåêòîðîâ ôèçè÷åñêîãî áàçèñà:

er,r = 0 er,φ = sin θ eφ er,θ = eθ

eφ,r = 0 eφ,φ = −

 cosφ
sinφ
0

 = − sin θ er − cos θ eθ eφ,θ = 0

eθ,r = 0 eθ,φ = cos θ eφ eθ,θ = −er

8. Ëàïëàñèàí â ñôåðè÷åñêèõ êîîðäèíàòàõ

Òåîðåìà. Åñëè u : R3 → R è u(x) = ũ(r, φ, θ), òî

∆u(x)
∣∣
x=Φ(r,φ,z)

= ũ,rr + 2
ũ,r
r

+
ũ,φφ

r2 sin2 θ
+
ũ,θθ
r2

+
u,θ
r

cos θ

sin θ

èëè

∆u(x)
∣∣
x=Φ(r,φ,z)

=
1

r2
∂

∂r

(
r2
∂ũ

∂r

)
+

1

r2

[
1

sin θ

∂

∂θ

(
sin θ

∂ũ

∂θ

)
+

1

sin2 θ

∂2ũ

∂φ2

]

9. Îïåðàòîð Áåëüòðàìè�Ëàïëàñà íà ñôåðå

Îïðåäåëåíèå. Ïóñòü S := { x ∈ R3 : |x| = 1 } è u ∈ C2(S), u(x) = ũ(φ, θ). Òîãäà
äèôôåðåíöèàëüíûé îïåðàòîð, îïðåäåëåííûé ïî ôîðìóëå

∆S u(x)
∣∣
x=Φ(φ,θ)

=
1

sin θ

∂

∂θ

(
sin θ

∂ũ

∂θ

)
+

1

sin2 θ

∂2ũ

∂φ2

íàçûâàåòñÿ îïåðàòîðîì Áåëüòðàìè�Ëàïëàñà íà ñôåðå.

4.2 Ðàçáîð íåêîòîðûõ çàäà÷ èç HW-04
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5 Çàíÿòèå 5

5.1 Ðåïåòèöèÿ êîíòðîëüíîé

1. Ïóñòü Ω =
(
0, π

2

)
⊂ R. Íàéäèòå ðåøåíèå u(x, t) ñëåäóþùåé êðàåâîé çàäà÷è:

∂u
∂t

= ∂2u
∂x2

+ u+ 2 sin 2x sin x â Ω× (0,+∞)
∂u
∂x

∣∣
x=0

= 0, u|x=π
2
= 0

u|t=0 = 0

2. Íàéäèòå ôóíêöèþ u ∈ L1,loc(R3), òàêóþ ÷òî{
−∆u = 4π χB2R\BR

â D′(R3)

u||x|→∞ = 0

ãäå χΩ îáîçíà÷àåò õàðàêòåðèñòè÷åñêóþ ôóíêöèþ ìíîæåñòâà Ω ⊂ R3.

3. Íàéòè ôóíäàìåíòàëüíîå ðåøåíèå äëÿ äèôôåðåíöèàëüíîãî îïåðàòîðà d2y
dx2

− 4 dy
dx

+ 5y

4. Ïóñòü ôóíêöèÿ u : R3 → R3 â ñôåðè÷åñêèõ êîîðäèíàòàõ ïðåäñòàâèìà â âèäå

u(r, φ, θ) = U(r)V (θ)W (φ).

Ïóñòü u ∈ C∞(R3\{0}) è u ÿâëÿåòñÿ ãàðìîíè÷åñêîé â R3\{0}. Íàïèøèòå îáûêíîâåííûå
äèôôåðåíöèàëüíûå óðàâíåíèÿ, êîòîðûì óäîâëåòâîðÿþò ôóíêöèè U(r), V (θ) è W (φ)
ñîîòâåòñòâåííî.
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5.2 Âàðèàíò îò 26.11.19

1. Ïóñòü Ω =
(
0, π

2

)
⊂ R. Íàéäèòå ðåøåíèå u(x, t) ñëåäóþùåé êðàåâîé çàäà÷è:

∂u
∂t

= ∂2u
∂x2

+ u+ 2 sin 2x cos x â Ω× (0,+∞)
u|x=0 = 0, ∂u

∂x

∣∣
x=π

2

= 0

u|t=0 = 0

2. Íàéäèòå ôóíêöèþ u ∈ L1,loc(R3), òàêóþ ÷òî −∆u = 4π
(
|x|χB2 − δS1

)
â D′(R3)

u||x|→∞ = 0

ãäå χΩ îáîçíà÷àåò õàðàêòåðèñòè÷åñêóþ ôóíêöèþ ìíîæåñòâà Ω ⊂ R3.

3. Íàéòè ôóíäàìåíòàëüíîå ðåøåíèå äëÿ äèôôåðåíöèàëüíîãî îïåðàòîðà d2y
dx2

+ 4 dy
dx

4. Íàïèøèòå âûðàæåíèå â ïîëÿðíûõ êîîðäèíàòàõ äëÿ ëàïëàñèàíà âåêòîðíîãî ïîëÿ

u = ur(r, φ)er + uφ(r, φ)eφ

5. Ïóñòü Ω = B2 \B1 ⊂ R3. Íàéäèòå ðåøåíèå u(r, φ, θ) ñëåäóþùåé êðàåâîé çàäà÷è:
∆u = 0 â Ω

u||x|=1 = sin θ sinφ
u||x|=2 = 0

Îòâåòû:

1. u(x, t) = t sin x+ 1
8
(1− e−8t) sin 3x

2. u(r) = u1(r)− u2(r) u1(r) =

{
π
3
(32− r3), r < 2

16π
r
, r ≥ 2

u2(r) =

{
4π, r < 1
4π
r
, r ≥ 1

3. 1
4
χ(x) (1− e−4x)

4. ∆u =
(
∆ur − ur

r2
− 2

r2
uφ,φ

)
er +

(
∆uφ − uφ

r2
+ 2

r2
ur,φ

)
eφ

Çäåñü ∆ψ := ëàïëàñèàí ñêàëÿðíîé ôóíêöèè ψ = ψ,rr +
ψ,r

r
+ ψ,φφ

r2

5. u(r, φ, θ) = 1
7
(−r + 8

r2
) sinφ sin θ
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6 Çàíÿòèå 6

6.1 Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ â êðóãå è øàðå

1. Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ â êðóãå

Çàäà÷à. Ïóñòü BR := { x ∈ R2 : x21 + x22 < R2 }. Íàéäèòå ðåøåíèÿ ñëåäóþùåé êðàåâîé
çàäà÷è: {

−∆u = x1x2 â BR

u|∂BR
= 0

Ðåøåíèå: Äëÿ ëþáîãî r ∈ (0, R) ôóíêöèÿ u(r, ·) ∈ L2(S
1).

Ðàññìîòðèì îðòîãîíàëüíûé áàçèñ â L2(S
1):

{Yk} = {cos kφ, sin kφ}

Ðàçîëæèì ôóíêöèþ u(r, ·) â ðÿä ïî ýòîìó áàçèñó:

u(r, φ) =
∞∑
k=0

(
Vk(r) cos kφ+ Uk(r) sin kφ

)
Ïðàâóþ ÷àñòü òîæå ðàçëîæèì â ðÿä ïî ýòîìó áàçèñó:

f(r, φ) =
∞∑
k=0

(
Gk(r) cos kφ+ Fk(r) sin kφ

)
Òîãäà î÷åâèäíî, ÷òî Gk = 0, Fk = 0 ïðè k ̸= 2 è F2(r) = − r2

2

Äëÿ Vk(r) è Uk(r) ïîëó÷àåì óðàâíåíèÿ

r2V ′′
k (r) + rV ′

k(r)− k2Vk(r) = 0, |Vk(0)| < +∞, Vk(R) = 0

r2U ′′
k (r) + rU ′

k(r)− k2Uk(r) = r2Fk(r), |Uk(0)| < +∞, Uk(R) = 0

Îòêóäà Vk ≡ 0, Uk ≡ 0 ïðè k ̸= 2. Îáîçíà÷èì U(r) := U2(r). Òîãäà

r2U ′′(r) + rU(r)− 4U(r) = −r
4

2
, |Uk(0)| < +∞, Uk(R) = 0

Ýòî îäíîðîäíîå óðàâíåíèå. Åãî ÷àñòíîå è îáùåå ðåøåíèå èùóòñÿ â âèäå ñòåïåííîé
ôóíêöèè

U0(r) = Arβ, Ur(r) = Crα

Òîãäà

U(r) = Ar2 +Br−2 − r4

24

Èç óñëîâèé |Uk(0)| < +∞, Uk(R) = 0 íàõîäèì A = R2

24
, B = 0.

Îòâåò: u(r, φ) = r2

24
(R2 − r2) sin 2φ
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2. Òàáëèöà ïðèñîåäèíåííûõ ôóíêöèé Ëåæàíäðà

Íàïîìíèì, ÷òî

Plm(s) := (1− s2)
m
2
dmPl
dsm

(s), Pl(s) :=
1

2ll!

dl

dsl
(s2 − 1)l

l Pl(s) Plm(s) Plm(cos θ)

0 P0(s) = 1 P00(s) = 1 P00(cos θ) = 1

1 P1(s) = s
P10(s) = s
P11(s) = (1− s2)1/2

P10(cos θ) = cos θ
P11(cos θ) = sin θ

2 P2(s) =
1
2 (3s

2 − 1)
P20(s) =

1
2 (3s

2 − 1)
P21(s) = 3s(1− s2)1/2

P22(s) = 3(1− s2)

P20(cos θ) =
1
2 (3 cos

2 θ − 1)
P21(cos θ) = 3 cos θ sin θ
P22(cos θ) = 3 sin2 θ

3 P3(s) =
1
2s(5s

2 − 3)

P30(s) =
1
2s(5s

2 − 3)
P31(s) =

3
2 (5s

2 − 1)(1− s2)1/2

P32(s) = 15s(1− s2)
P33(s) = 15(1− s2)3/2

P30(cos θ) =
1
2 cos θ(5 cos

2 θ − 3)
P31(cos θ) =

3
2 (5 cos

2 θ − 1) sin θ
P32(cos θ) = 15 cos θ sin2 θ
P33(cos θ) = 15 sin3 θ

3. Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ â øàðå

Çàäà÷à. Ïóñòü B := { x ∈ R3 : |x| < 1 }. Íàéäèòå ðåøåíèÿ ñëåäóþùèõ íà÷àëüíî�
êðàåâûõ çàäà÷: {

∆u = x1x3 â B
u|∂B = 0

Ðåøåíèå: Áóäåì èñêàòü ðåøåíèå â âèäå:

u(r, φ, θ) =
+∞∑
l=0

l∑
m=−l

Ulm(r)Ylm(φ, θ)

ãäå Ylm(φ, θ) � ñîáñòâåííûå ôóíêöèè îïåðàòîðà Áåëüòðàìè�Ëàïëàñà:

−∆SYlm = l(l + 1) Ylm

Ylm(φ, θ) = Plm(cos θ)

{
cosmφ, m ≥ 0

sinmφ, m < 0

Çàìåòèì, ÷òî ïðàâàÿ ÷àñòü çàïèñûâàåòñÿ â âèäå

x1x3 = r2 cos θ sin θ cosφ

Ñ ó÷åòîì òàáëèöû èç ïóíêòà 2 èìååì

sin θ cos θ =
1

3
P21(cos θ)
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Èòàê, ìû ðàñêëàäûâàåì ðåøåíèå â ðÿä Ôóðüå ïî Ylm(φ, θ):

u(r, φ, θ) =
∞∑
l=0

l∑
m=0

(
Ulm(r)Plm(cos θ) cosmφ+ Vlm(r)Plm(cos θ) sinmφ

)

x1x3 =
r2

3
P21(cos θ) cosφ =

r2

3
Y21(φ, θ)

Îòñþäà ïîëó÷àåì: Vlm(r) ≡ 0, Ulm(r) = 0 ïðè (l,m) ̸= (2, 1). Îáîçíà÷èèì U21(r) = U(r).
Òîãäà (

U ′′(r) +
2

r
U ′(r)

)
Y21(φ, θ) +

U(r)

r2
∆SY21(φ, θ)︸ ︷︷ ︸

=−2(2+1)Y21(φ,θ)

=
r2

3
Y21(φ, θ)

Îòêóäà

r2U ′′(r) + 2rU ′(r)− 6U(r) =
r4

3
Ðåøåíèå ýòîãî óðàâíåíèÿ

U(r) = Ar2 +Br−3 +
r4

42
Èç êðàåâûõ óñëâèé íàõîäèì

|U(0)| < +∞, U(1) = 0 =⇒ B = 0, A = − 1

42

Îòâåò:

u(r, φ, θ) =
1

42
r2 (r2 − 1)P21(cos θ) cosφ

4. Íåíóëåâûå êðàåâûå óñëîâèÿ

Çàäà÷à. Ïóñòü B := { x ∈ R3 : |x| < 1 }. Íàéäèòå ðåøåíèå ñëåäóþùåé çàäà÷è:{
∆u = 0 â B

u|∂B = sin 3θ cosφ

Ðåøåíèå: Ïðåäñòàâèì êðàåâîå óñëîâèå â âèäå ëèíåéíîé êîìáèíàöèè ñôåðè÷åñêèõ
ôóíêöèé:

sin 3θ = sin θ(4 cos2 θ − 1) = aP11(cos θ) + bP31(cos θ)

P11(cos θ) = sin θ, P31(cos θ) =
3

2
(5 cos2 θ − 1) sin θ

a = −1

5
, b =

8

15
Ñëåäîâàòåëüíî,

sin 3θ cosφ = −1

5
P11(cos θ) cosφ+

8

15
P31(cos θ) cosφ = −1

5
Y11(φ, θ) +

8

15
Y31(φ, θ)

Ïðè êàæäîì r ∈ (0, 1] èìååì u(r, ·) ∈ L2(S). Ïîýòîìó ôóíêöèþ u(r, ·) ìîæíî ïðåä-
ñòàâèòü â âèäå ðÿäà ïî îðòîãîíàëüíîìó áàçèñó {Ylm} â L2(S). Îáîçíà÷èì ÷åðåç Ulm(r)
êîýôôèöèåíòû Ôóðüå ôóíêöèè u(r, ·) îòíîñèòåëüíî áàçèñà {Ylm}:

u(r, φ, θ) =
+∞∑
l=0

l∑
m=−l

Ulm(r)Ylm(φ, θ)
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Ïîäñòàâëÿÿ ýòîò ðÿä â óðàâíåíèå è äèôôåðåíöèðóÿ ïî÷ëåííî, íàõîäèì

∆u =
+∞∑
l=0

l∑
m=−l

(
U ′′
lm(r)Ylm(φ, θ) +

2

r
U ′
lm(r)Ylm(φ, θ) +

1

r2
Ulm(r) ∆SYlm(φ, θ)︸ ︷︷ ︸

=−l(l+1)Ylm(φ,θ)

)
= 0

Ôóíêöèÿ òîæäåñòâåííî ðàâíà íóëþ òîãäà è òîëüêî òîãäà, êîãäà âñå åå êîýôôèöèåíòû
Ôóðüå ðàâíû íóëþ. Ñëåäîâàòåëüíî, äëÿ ëþáûõ l, m

r2U ′′
lm(r) + 2rU ′

lm(r)− l(l + 1)Ulm(r) = 0 r ∈ (0, 1) (∗)

Êðîìå òîãî,

u|r=1 =
+∞∑
l=0

l∑
m=−l

Ulm(1)Ylm(φ, θ) = −1

5
Y11(φ, θ) +

8

15
Y31(φ, θ)

îòêóäà

U11(1) = −1

5
, U31(1) =

8

15
, Ulm(1) = 0 äëÿ îñòàëüíûõ l,m

Íàêîíåö, èç òîãî, ÷òî u ∈ C∞(B), çàêëþ÷àåì, ÷òî

|Ulm(0)| < +∞.

Óðàâíåíèå (∗) � ýòî îäíîðîäíîå ODE. Íà ïðàêòèêå ïî ODE íàñ ó÷èëè, êàê åãî ðå-
øàòü. Ïîäñòàâëÿÿ â ýòî óðàâíåíèå U(r) = rα, íàõîäèì, ÷òî α = l èëè α = −l − 1.
Ñëåäîâàòåëüíî, îáùåå ðåøåíèå (∗) íà (0, 1) èìååò âèä

Ulm(r) = Almr
l +Blmr

−l−1

Èç óñëîâèÿ |Ulm(0)| < +∞ çàêëþ÷àåì, ÷òî Blm = 0. Èç êðàåâîãî óñëîâèÿ ïðè r = 1
çàêëþ÷àåì, ÷òî Alm = 0 ïðè âñåõ (l,m) êðîìå (1, 1) è (3, 1). Äëÿ íèõ èìååì

A11 = −1

5
, A31 =

8

15

Îòâåò: u(r, φ, θ) = −1
5
rY11(φ, θ) +

8
15
r3Y31(φ, θ). Ìîæíî ðàñïèñàòü ÷åðåç ñèíóñû è

êîñèíóñû:

u(r, φ, θ) = −1

5
r sin θ cosφ+

4

5
r3(5 cos2 θ − 1) sin θ cosφ

À ìîæíî è íå ðàñïèñûâàòü. :)

6.2 Ðàçáîð íåêîòîðûõ çàäà÷ èç HW-06

Íåêîòîðûå òèïîâûå çàäà÷è íàïèñàë â �6.1.
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7 Êîíòðîëüíàÿ ðàáîòà

1. Âàðèàíòû 1,2

�1. Ïóñòü Ω = (0, π) ⊂ R. Íàéäèòå ðåøåíèå u(x, t) ñëåäóþùåé êðàåâîé çàäà÷è:
∂2u
∂t2

= ∂2u
∂x2

+ 4u+ 2 sin2 x â Ω× (0,+∞)
∂u
∂x
|x=0 = 0, ∂u

∂x

∣∣
x=π

= 0
u|t=0 = 0, ∂u

∂t
|t=0 = 0

�2. Íàéäèòå ôóíêöèþ u ∈ L1,loc(R3), òàêóþ ÷òî −∆u = 4π
( 1

|x|
χB1 − δ0

)
â D′(R3)

u||x|→∞ = 0

ãäå χΩ îáîçíà÷àåò õàðàêòåðèñòè÷åñêóþ ôóíêöèþ ìíîæåñòâà Ω ⊂ R3, B1 � øàð â
R3 ðàäèóñà 1 ñ öåíòðîì â íóëå, δ0 � äåëüòà�ôóíêöèÿ â íóëå.

�3. Íàéòè ôóíäàìåíòàëüíîå ðåøåíèå äëÿ äèôôåðåíöèàëüíîãî îïåðàòîðà d2y
dx2

+3 dy
dx
+2y

�4. Íàéäèòå âûðàæåíèå â ñôåðè÷åñêèõ êîîðäèíàòàõ äëÿ îïåðàòîðà Ëàïëàñà îò âåê-
òîðíîãî ïîëÿ, èìåþùåãî â ñôåðè÷åñêèõ êîîðäèíàòàõ âèä u = eθ

�5. Ïóñòü Ω = B2 \B1 ⊂ R3. Íàéäèòå ðåøåíèå u(r, φ, θ) ñëåäóþùåé êðàåâîé çàäà÷è:
∆u = 0 â Ω
u||x|=1 = cos2 θ

u||x|=2 =
1
8
(cos2 θ + 1)

2. Îòâåòû ê âàðèàíòàì 1,2

�1. u(x, t) = 1
4
(ch 2t− 1)− t2

2
cos 2x

�2. u(x) = u1(x)− u2(x), u1(r) =

{
2π(2− r), r < 1

2π
r
, r ≥ 1

, u2(r) =
1
r

�3. χ(x)(e−x − e−2x)

�4. ∆eθ = − 2 cos θ
r2 sin θ

er − 1
r2 sin2 θ

eθ

�5. u(r, φ, θ) = 1
3r

+ 1
3r3

(3 cos2 θ − 1) = 1
3r
Y00(φ, θ) +

2
3r3
Y20(φ, θ)

3. Ðåøåíèå çàäà÷è �4

Íèêòî íå çíàåò îïðåäåëåíèÿ ëàïëàñèàíà âåêòîðîíîãî ïîëÿ.
Ñòóäåíòû ìàññîâî áåðóò ôîðìóëó äëÿ ñêàëÿðíîãî ëàïëàñèàíà

â ñôåðè÷åñêèõ êîîðäèíàòàõ è ïèõàþò â íåå âåêòîð. Ýòî ÷åïóõà.
Â ëó÷øåì ñëó÷àå ïðåäñòàâëÿþò âåêòîðíîå ïîëå â äåêàðòîâûõ

êîîðäèíàòàõ è îøèáàþòñÿ â ãðîìîçäêèõ âû÷èñëåíèÿõ.
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Ëàïëàñèàí âåêòîðîíîãî (ëþáîãî òåíçîðíîãî) ïîëÿ èíâàðèàíòíî îïðåäåëÿåòñÿ êàê äè-
âåðãåíöèÿ îò ãðàäèåíòà. Ãðàäèåíò è äèâåðãåíöèÿ òåíçîðíîãî ïîëÿ îïðåäåëÿþòñÿ â äèô-
ôåðåíöèàëüíîé ãåîìåòðèè. Ãðàäèåíò òåíçîðà � ýòî òåíçîð íà åäèíèöó áîëüøåãî ïîðÿä-
êà, äëÿ âåêòîðíîãî ïîëÿ ýòî áóäåò �ìàòðèöà�. Äèâåðãåíöèÿ � ýòî ñëåä ãðàäèåíòà, ò.å.
ñâåðòêà ñîîòâåòñòâóþùåãî òåíçîðíîãî ïîëÿ ïî ñîîòâåòñòâóþùåìó èíäåêñó.

Ýòî âñå íåâàæíî. Íèæå ïðèâîäèòñÿ ôîðìàëüíûé ðåöåïò âû÷èñëåíèÿ ëàïëàñèàíà âåê-
òîðíîãî ïîëÿ, ïðåäñòàâëåííîãî â ñôåðè÷åñêèõ êîîðäèíàòàõ, ñëåäóÿ êîòîðîìó âñåãäà
ïðèõîäèøü ê ïðàâèëüíîìó îòâåòó. (Íàïîìíèì, ÷òî çàäà÷à ïðàêòèêè ê ïåðâîìó ñåìåñò-
ðó êóðñà ìàòôèçèêè � íàó÷èòü ñòóäåòíòîâ õîòü ÷òî-òî âû÷èñëÿòü ðóêàìè. Âî âòîðîì
ñåìåñòðå ñòóäåíòû áóäóò óæå îáó÷àòüñÿ ÷òî-òî äîêàçûâàòü). Îäíàêî ñòóäåíòàì âñå æå
ðåêîìíäóåòñÿ îñìûñëèòü, ÷òî ïðåäëàãàåìûé íèæå ðåöåïò � ýòî è åñòü òî, ÷åìó íàñ
ó÷èò äèôôåðåíöèàëüíàÿ ãåîìåòðèÿ.

Ñôåðè÷åñêèå êîîðäèíàòû â R3:

x = Φ(y), y =

 r
φ
θ

 
x1 = r cosφ sin θ
x2 = r sinφ sin θ
x3 = r cos θ

Êîâàðèàíòíûé e
	
i, êîíòðàâàðèàíòíûé ēi è ôèçè÷åñêèé ei (îðòîíîðìèðîâàííûé) áàçèñû

ñôåðè÷åñêîé ñèñòåìû êîîðäèíàò:

e
	
r =

∂Φ

∂r
=⇒ er =

 cosφ sin θ
sinφ sin θ

cos θ

 = e
	
r = ēr

e
	
φ =

∂Φ

∂φ
=⇒ eφ =

 − sinφ
cosφ
0

 =
1

r sin θ
e
	
φ = r sin θ ēφ

e
	
θ =

∂Φ

∂θ
=⇒ eθ =

 cosφ cos θ
sinφ cos θ
− sin θ

 =
1

r
e
	
θ = r ēθ

Ïðîèçâîäíûå âåêòîðîâ ôèçè÷åñêîãî áàçèñà (ñèìâîëû Êðèñòîôåëÿ, êîýôôèöèåíòû Ëàìý):

er,r = 0 er,φ = sin θ eφ er,θ = eθ
eφ,r = 0 eφ,φ = − sin θ er − cos θ eθ eφ,θ = 0
eθ,r = 0 eθ,φ = cos θ eφ eθ,θ = −er

Îïðåäåëåíèå ãðàäèåíòà âåêòîðíîãî ïîëÿ u = urer + uφeφ + uθeθ:

∇u = u,r ⊗ ēr + u,φ ⊗ ēφ + u,θ ⊗ ēθ =

=
∂

∂r

(
urer + uφeφ + uθeθ

)
⊗ er +

+
∂

∂φ

(
urer + uφeφ + uθeθ

)
⊗ 1

r sin θ
eφ +

+
∂

∂θ

(
urer + uφeφ + uθeθ

)
⊗ 1

r
eθ

Òåíçîðíîå ïîëå ðàíãà 2 ïðåäñòàâëÿåòñÿ â áàçèñå ei ⊗ ej. Ðàáîòàÿ â ôèçè÷åñêîì áàçèñå,
ìû ïèøåì èíäåêñû ñíèçó, ïðåíåáðåãàÿ ïðèíÿòûìè â äèôôåðåíöèàëüíîé ãåîìåòðèè îáî-
çíà÷åíèÿìè (âåðõíèå èíäåêñû � äëÿ êîìïîíåíò òåíçîðà â êîâàðèàíòíîì áàçèñå, íèæíèå
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èíäåêñû � â êîíòðàâàðèàíòíîì):

T = Trrer ⊗ er + Trφer ⊗ eφ + Trθer ⊗ eθ +

+ Tφreφ ⊗ er + Tφφeφ ⊗ eφ + Tφθeφ ⊗ eθ +

+ Tθreθ ⊗ er + Tθφeθ ⊗ eφ + Tθθeθ ⊗ eθ

Îïðåäåëåíèå äèâåðãåíöèè òåíçîðíîãî ïîëÿ T :

div T =
∂

∂r
T · ēr + ∂

∂φ
T · ēφ + ∂

∂θ
T · ēθ =

=
∂

∂r
T · er +

∂

∂φ
T · 1

r sin θ
eφ +

∂

∂θ
T · 1

r
eθ

Îïðåäåëåíèå ñêàëÿðíîãî ïðîèçâåäåíèÿ òåíçîðà ei ⊗ ej íà âåêòîð ek:

(a⊗ b) · c = a(b · c)

Ïîñêîëüêó ôèçè÷åñêèé áàçèñ ÿâëÿåòñÿ îðòîíîðìèðîâàííûì, ñêàëÿðíûå ïðîèçâåäåíèÿ
îáëàäàþò ñâîéñòâîì ei ·ej = δij. Ïîýòîìó â ïîëó÷åííîé îãðîìíîé ñóììå êó÷à ñëàãàåìûõ
îáíóëÿåòñÿ è îòâåò çàïèñûâàåòñÿ â êðàñèâîé è êîìïàêòíîé ôîðìå.

Âû÷èñëèì òåïåðü ëàïëàñèàí âåêòîðíîãî ïîëÿ u = eθ:

∇eθ =
cos θ

r sin θ
eφ ⊗ eφ −

1

r
er ⊗ eθ

∆eθ =
∂

∂r

( cos θ

r sin θ
eφ ⊗ eφ −

1

r
er ⊗ eθ

)
· er +

+
∂

∂φ

( cos θ

r sin θ
eφ ⊗ eφ −

1

r
er ⊗ eθ

)
· 1

r sin θ
eφ +

+
∂

∂θ

( cos θ

r sin θ
eφ ⊗ eφ −

1

r
er ⊗ eθ

)
· 1
r
eθ

∆eθ = − cos θ

r2 sin2 θ
(sin θer + cos θeθ)−

cos θ

r2 sin θ
er − 1

r2
eθ

Îòâåò: ∆eθ = − 2 cos θ
r2 sin θ

er − 1
r2 sin2 θ

eθ
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