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Àííîòàöèÿ

Äàííûé ñïåöêóðñ ïîñâÿùåí îáùåé òåîðèè ïàðàáîëè÷åñêèõ óðàâíåíèé. Ïåðâàÿ ÷àñòü êóðñà
ôàêòè÷åñêè ÿâëÿåòñÿ ïðÿìûì ïðîäîëæåíèåì âòîðîãî ñåìåñòðà îáùåãî êóðñà ìàòôèçèêè â áàêà-
ëàâðèàòå ÌÊÍ. Âñå îñíîâíûå êîíöåïöèè èç îáùåãî êóðñà (ïîíÿòèå ñëàáûõ ðåøåíèé, ýíåðãåòè-
÷åñêèå îöåíêè, ñèëüíûå ðåøåíèÿ, òåîðåìû âëîæåíèÿ èòä), ðàçâèòûå ðàíåå äëÿ ýëëèïòè÷åñêèõ
óðàâíåíèé, áóäóò ïåðåíåñåíû íà ñëó÷àé ïàðàáîëè÷åñêèõ çàäà÷. Âòîðàÿ ÷àñòü êóðñà ÿâëÿåòñÿ
ñâîåîáðàçíûì �ìîñòèêîì� îò áàçîâîé òåîðèè óðàâíåíèé ýâîëþöèîííîãî òèïà ê åå �ïðîäâèíóòûì�
ðàçäåëàì � òàêèì, êàê, íàïðèìåð, òåîðèÿ óðàâíåíèé Íàâüå-Ñòîêñà, òåîðèÿ ðåãóëÿðíîñòè, òåîðèÿ
óñòîé÷èâîñòè, òåîðèÿ àòòðàêòîðîâ è ìíîãèì äðóãèì.

Ïðèáëèçèòåëüíûé ïëàí êóðñà

� Óðàâíåíèå òåïëîïðîâîäíîñòè â îãðàíè÷åííîé îáëàñòè. Ñõîäèìîñòü ìåòîäà Ôóðüå. �Ïàðà-
áîëè÷åñêèå� (àíèçîòðîïíûå) ïðîñòðàíñòâà Ñîáîëåâà. Ôóíêöèè ñî ñëàáîé ïðîèçâîäíîé ïî
âðåìåíè.

� Ñëàáûå ðåøåíèÿ ëèíåéíûõ ïàðàáîëè÷åñêèõ óðàâíåíèé. Ýíåðãåòè÷åñêàÿ îöåíêà, åäèíñòâåí-
íîñòü ñëàáûõ ðåøåíèé. Ìåòîä Ãàëåðêèíà, ñóùåñòâîâàíèå ñëàáûõ ðåøåíèé. Ñèëüíûå ðåøå-
íèÿ.

� Ëîêàëüíàÿ ãëàäêîñòü ñëàáûõ ðåøåíèé ïàðàáîëè÷åñêèõ óðàâíåíèé è ñèñòåì. Êðèòåðèé Êàì-
ïàíàòî íåïðåðûâíîñòè ôóíêöèè ïî Ãåëüäåðó, íåïðåðûâíîñòü ïî Ãåëüäåðó ñëàáûõ ðåøåíèé.

� Ìóëüòèïëèêàòèâíûå íåðàâåíñòâà. Ïàðàáîëè÷åñêèå òåîðåìû âëîæåíèÿ. Òåîðåìû î êîìïàêò-
íîñòè. Âëîæåíèÿ â ïðîñòðàíñòâà Ãåëüäåðà.
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Îáîçíà÷åíèÿ

Âñþäó â íàøåì êóðñå:

� ïî ïîâòîðÿþùèìñÿ ëàòèíñêèì èíäåêñàì ïîäðàçóìåâàåòñÿ ñóììèðîâàíèå îò 1 äî n

� a · b = ajbj ≡
∑n

j=1 ajbj , ∀ a, b ∈ Rn

� èíäåêñ j ïîñëå çàïÿòîé îçíà÷àåò äèôôåðåíöèðîâàíèå ïî xj , ò.å. ϕ,j = ∂ϕ
∂xj

, uj,k =
∂uj
∂xk

èòä

� ∂tu := ∂u
∂t

� åñëè ϕ : Rn → R, òî ∇ϕ = (ϕ,j), ∇2ϕ = (ϕ,jk)

� ‖ · ‖X � íîðìà â áàíàõîâîì ïðîñòðàíñòâå X

� (·, ·)H � ñêàëÿðíîå ïðîèçâåäåíèå â ãèëüáåðòîâîì ïðîñòðàíñòâå H

� X ↪→ Y � íåïðåðûâíîå âëîæåíèå áàíàõîâûõ ïðîñòðàíñòâ X ⊂ Y , ‖x‖Y ≤ c ‖x‖X , ∀x ∈ X
� ‖ · ‖X � ‖ · ‖Y ⇐⇒ ∃ c1, c2 > 0: c1 ‖u‖X ≤ ‖u‖Y ≤ c2 ‖u‖X ∀u ∈ X ∩ Y
� X∗ � ïð�âî, ñîïðÿæåííîå ê ñåïåðàáåëüíîìó áàíàõîâîìó ïð�âó X, ‖f‖X∗ := sup

‖x‖X≤1
|f(x)|

� 〈·, ·〉 � îòíîøåíèå äâîéñòâåííîñòè X è X∗, 〈f, x〉 ≡ 〈x, f〉 := f(x), x ∈ X, f ∈ X∗

� Ω ⊂ Rn � îãðàíè÷åííàÿ îáëàñòü êëàññà C2, |Ω| � n-ìåðíàÿ ìåðà Ëåáåãà Ω

� QT := Ω× (0, T ], |QT | � (n+ 1)-ìåðíàÿ ìåðà Ëåáåãà QT

� ∂Ω � ãðàíèöà Ω, ∂′QT := Q̄T \QT � ïàðàáîëè÷åñêàÿ ãðàíèöà QT

� E1 b E2 ⇐⇒ E1 � êîìïàêò è Ē1 ⊂ E2 (E1, E2 ⊂ Rn, Ē1 � çàìûêàíèå E1)

� Åñëè u : QT → R, òî ÷åðåç u(t) := u(·, t) ìû îáîçíà÷àåì ôóíêöèè x ∈ Ω 7→ u(x, t). Êàê
ïðàâèëî, ýòè ôóíêöèè îïðåäåëåíû êàê ìèíèìóì ïðè ï.â. t ∈ (0, T ).

� u = u(x) =⇒ [u]Ω := 1
|Ω|
∫
Ω

u(x) dx =
∫
−
Ω

u(x) dx

� u = u(x, t) =⇒ (u)QT := 1
|QT |

∫
QT

u(x, t) dxdt, [u(t)]Ω := 1
|Ω|
∫
Ω

u(x, t) dx

� BR(x0) := { x ∈ Rn : |x− x0| < R }, QR(x0, t0) := BR(x0)× (t0 −R2, t0]

� BR := BR(0), QR := QR(0, 0)

� z ∈ Rn+1, z = (x, t) ãäå x ∈ Rn, t ∈ R

�

∫
QT

u dz :=
∫
QT

u(x, t) dxdt,
∫
−
QT

u dz := 1
|QT |

∫
QT

u(x, t) dxdt

� Êàê ïðàâèëî, â îáîçíà÷åíèè ôóíêöèîíàëüíûõ êëàññîâ ìû íå äåëàåì ðàçëè÷íèÿ ìåæäó ïðî-
ñòðàíñòâàìè ñêàëÿðíûõ, âåêòîðîçíà÷íûõ èëè ìàòðè÷íîçíà÷íûõ ôóíêöèé, èñïîëüçóÿ äëÿ
íèõ îäíè è òå æå îáîçíà÷åíèÿ. Â çàâèñèìîñòè îò êîíòåêñòà Lp(Ω) ìîæåò îáîçíà÷àòü ëè-
áî ïðîñòðàíñòâî ñêàëÿðíûõ ôóíêöèé ñî çíà÷åíèÿìè â R èëè C, ëèáî ïðîñòðàíñòâî âåê-
òîðîçíà÷íûõ ôóíêöèé Lp(Ω;Rn) èòä. Îäíàêî â òåõ ñëó÷àÿõ, ãäå ýòî íåîáõîäèìî, èíîãäà
ìû áóäåì ÿâíî óêàçûâàòü ïðîñòðàíñòâî îáðàçîâ â îáîçíà÷åíèÿõ ôóíêöèîíàëüíûõ êëàññîâ:
C∞0 (Ω;Rn), Lp(Ω;Rn×n) èòä.

� C∞0 (Ω) := { u ∈ C∞(Ω̄) : suppu � êîìïàêò, suppu b Ω }
� Lp(Ω) � ïðîñòðàíñòâî Ëåáåãà, p ∈ [1,+∞]

� W k
p (Ω), k ∈ N � ïðîñòðàíñòâî Ñîáîëåâà,

◦
W k

p(Ω) = ClosureWk
p (Ω)C

∞
0 (Ω)
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� u ∈W 1
p (Ω) =⇒ u|∂Ω ∈ Lp(∂Ω) � ñëåä ôóíêöèè u íà ∂Ω

� W 1,0
p (QT ) := { u ∈ Lp(QT ) : ∇u ∈ Lp(QT ) }

� W 1,1
p (QT ) := { u ∈ Lp(QT ) : ∇u, ∂tu ∈ Lp(QT ) }

� W 2,1
p (QT ) := { u ∈W 1,0

p (QT ) : ∇2u, ∂tu ∈ Lp(QT ) }

� W−1
p (Ω) =

( ◦
W 1

p′(Ω)
)∗
, p ∈ (1,+∞), p′ = p

p−1

‖f‖W−1
p (Ω) := sup

η∈
◦
W 1
p′ (Ω), ‖η‖

W1
p′

(Ω)
≤1

|〈f, η〉|

� Cµ(Ω̄), µ ∈ (0, 1) � ïðîñòðàíñòâî ôóíêöèé, íåïðåðûâíûõ ïî Ãåëüäåðó, ñ íîðìîé

‖u‖Cµ(Ω̄) = ‖u‖C(Ω̄) + 〈u〉Cµ(Ω̄), 〈u〉Cµ(Ω̄) := sup
x′,x′′∈Ω̄, x′ 6=x′′

|u(x′)− u(x′′)|
|x′ − x′′|µ

� Cµ,
µ
2 (Q̄T ), µ ∈ (0, 1) � ïðîñòðàíñòâî ôóíêöèé, íåïðåðûâíûõ ïî Ãåëüäåðó â ïàðàáîëè÷åñêîé

ìåòðèêå, ñ íîðìîé

‖u‖
Cµ,

µ
2 (Q̄T )

= ‖u‖C(Q̄T ) + 〈u〉
Cµ,

µ
2 (Q̄T )

, 〈u〉
Cµ,

µ
2 (Q̄T )

:= sup
(x′,t′) 6=(x′′,t′′)

|u(x′, t′)− u(x′′, t′′)|
|x′ − x′′|µ + |t′ − t′′|

µ
2
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1 Óðàâíåíèå òåïëîïðîâîäíîñòè â îãðàíè÷åííîé îáëàñòè

1.1 Ìåòîä Ôóðüå äëÿ îïåðàòîðà Ëàïëàñà

1. Ñîáñòâ. ÷èñëà è ñîáñòâ. ôóíêöèè çàäà÷è Äèðèõëå äëÿ îïåðàòîðà Ëàïëàñà

Âñþäó â íàøåì êóðñå Ω ⊂ Rn � îãðàíè÷åííàÿ îáëàñòü. Çàìåòèì, ÷òî â ýòîì ñëó÷àå

âëîæåíèå
◦
W 1

2(Ω) ↪→ L2(Ω) êîìïàêòíî.

Îïðåäåëåíèå. Ôóíêöèÿ u ∈
◦
W 1

2(Ω) íàçûâàåòñÿ ñîáñòâåííîé ôóíêöèåé çàäà÷è Äèðèõëå
äëÿ îïåðàòîðà −∆, ñîîòâåòñòâóþùåé ñîáñòâåííîìó ÷èñëó λ ∈ C, åñëè u 6≡ 0 â Ω è ñïðàâåä-
ëèâî òîæäåñòâî ∫

Ω

∇u · ∇η dx = λ

∫
Ω

uη dx, ∀ η ∈ C∞0 (Ω). (∗)

2. Îïåðàòîðíîå óðàâíåíèå, ñîîòâåòñòâóþùåå çàäà÷å (∗)

Ðàññìîòðèì ãèëüáåðòîâî ïðîñòðàíñòâî H :=
( ◦
W 1

2(Ω), [·, ·]
)
ñî ñêàëÿðíûì ïðîèçâåäåíèåì

[u, η] := (∇u,∇η)L2(Ω).

Òîãäà çàäà÷à (∗) ýêâèâàëåíòíà âûïîëíåíèþ îïåðàòîðíîãî óðàâíåíèÿ

u ∈ H : u = λKu â H, (∗)

ãäå K : H → H � êîìïàêòíûé ñ/ñ ïîëîæèòåëüíûé îïåðàòîð, çàäàííûé áèëèíåéíîé ôîðìîé

[Ku, η] =

∫
Ω

uη dx, ∀u, η ∈ H.

3. Òåîðåìà Ãèëüáåðòà�Øìèäòà

Òåîðåìà.

1) ñîáñòâåííûå λk ÷èñëà çàäà÷è (∗) âåùåñòâåííû è ïîëîæèòåëüíû;

2) ñîáñòâ. ÷èñëà λk çàä÷è (∗) îáðàçóþò ñ÷åòíîå ìí�âî è íàêàïëèâàþòñÿ òîëüêî íà +∞;

3) ñîáñòâåííûå ï/ïð�âà Nλk ⊂ H, îòâå÷àþùèå ñîáñòâåííûì ÷èñëàì λk, êîíå÷íîìåðíû;

4) ñîáñòâåííûå ôóíêöèè {ϕk}∞k=1 ⊂ H çàäà÷è (∗) îðáàçóþò îðòîãîíàëüíûé áàçèñ â H

4. Îáîçíà÷åíèÿ (âñþäó â íàøåì êóðñå)

� {λk}∞k=1 � ñ.÷. çàäà÷è (∗), çàíóìåðîâàííûå â ïîðÿäêå âîçðàñòàíèÿ ñ ó÷åòîì êðàòíîñòè

0 < λ1 < λ2 ≤ λ3 ≤ . . . ≤ λk ≤ . . . → +∞

� {ϕk}∞k=1 ⊂
◦
W 1

2(Ω) � ñ.ô. çàäà÷è (∗), îòâå÷àþùèå {λk}∞k=1, îðòîíîðìèðîâàíííûå â L2(Ω):

‖ϕk‖L2(Ω) = 1, ∀ k ∈ N.
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5. Ïîëíîòà ñèñòåìû ñîáñòâåííûõ ôóíêöèé çàäà÷è Äèðèõëå äëÿ îïåðàòîðà Ëàïëàñà

Òåîðåìà. Ïóñòü u ∈ L2(Ω) è f ∈W−1
2 (Ω). Îáîçíà÷èì

ck := (u, ϕk)L2(Ω), fk := 〈f, ϕk〉, k = 1, 2, . . .

è äëÿ ëþáîãî N ∈ N îáîçíà÷èì

uN (x) :=
N∑
k=1

ckϕk(x), fN (x) =
N∑
k=1

fkϕk(x)

Òîãäà uN , fN ∈
◦
W 1

2(Ω) è

1) íàáîð {ϕk}∞k=1 îáðàçóåò îðòîíîðìèðîâàííûé áàçèñ ïðîñòðàíñòâà L2(Ω), òî åñòü

Closure L2(Ω) Lin{ϕk}∞k=1 = L2(Ω),

è, ñëåäîâàòåëüíî,

∀ u ∈ L2(Ω) uN → u â L2(Ω), ‖u‖2L2(Ω) =
∞∑
k=1

|ck|2;

2) íàáîð
{

ϕk√
λk

}∞
k=1

ÿâëÿåòñÿ îðòîíîðìèðîâàííûì áàçèñîì ïðîñòðàíñòâà
◦
W 1

2(Ω), ñíàáæåí-

íîãî ñêàëÿðíûì ïðîèçâåäåíèåì (∇u,∇v)L2(Ω) è, ñëåäîâàòåëüíî,

∀ u ∈
◦
W 1

2(Ω) uN → u â W 1
2 (Ω), ‖u‖2W 1

2 (Ω) �
∞∑
k=1

λk|ck|2;

3) äëÿ ëþáîãî f ∈W−1
2 (Ω)

fN → f â W−1
2 (Ω), ‖f‖2

W−1
2 (Ω)

�
∞∑
k=1

|fk|2

λk
< +∞;

4) åñëè ∂Ω ⊂ C2, òî íàáîð
{
ϕk
λk

}∞
k=1

ÿâëÿåòñÿ îðòîíîðìèðîâàííûì áàçèñîì ïðîñòðàíñòâà
◦
W 1

2(Ω) ∩W 2
2 (Ω), ñíàáæåííîãî ñêàëÿðíûì ïðîèçâåäåíèåì (∆u,∆v)L2(Ω). Ïðè ýòîì

∀ u ∈
◦
W 1

2(Ω) ∩W 2
2 (Ω) uN → u â W 2

2 (Ω), ‖u‖2W 2
2 (Ω) �

∞∑
k=1

λ2
k |ck|2.

Äîêàçàòåëüñòâî: Îáîçíà÷èì [u, v] := (∇u,∇v)L2(Ω), u, v ∈ H. Ñèñòåìà {ϕk}∞k=1 ÿâëÿåòñÿ
îðòîãîíàëüíûì áàçèñîì â H, òî åñòü âûïîëíÿåòñÿ èìïëèêàöèÿ

f ∈ H, [f, ϕk] = 0, ∀ k ∈ N =⇒ f = 0

Êðîìå òîãî, ïî óñëîâèþ ìû ñ÷èòàåì ôóíêöèè ϕk íîðìèðîâàííûìè â ïðîñòðàíñòâå L2(Ω):

‖ϕk‖L2(Ω) = 1.
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1. Äîêàæåì, ÷òî {ϕk}∞k=1 � îðòîíîðìèðîâàííûé áàçèñ â L2(Ω). Ñíà÷àëà äîêàæåì, ÷òî ýòî
îðòîãîíàëüíàÿ ñèñòåìà â L2(Ω). Äåéñòâèòåëüíî,

ϕk = λkKϕk â H =⇒ (∇ϕk,∇ϕj)L2(Ω)︸ ︷︷ ︸
=[ϕk,ϕj ]=δkj

= λk(ϕk, ϕj)L2(Ω)

Òàê êàê λk 6= 0, ïîëó÷àåì (ϕk, ϕj)L2(Ω) = δkj .

Òåïåðü äîêàæåì, ÷òî {ϕk}∞k=1 � áàçèñ â L2(Ω). Ïóñòü f ∈ L2(Ω) òàêîâà, ÷òî

(f, ϕk)L2(Ω) = 0, ∀ k ∈ N.

Ïóñòü u ∈
◦
W 1

2(Ω) � (åäèíñòâåííîå) îáîáùåííîå ðåøåíèå çàäà÷è{
−∆u = f â Ω

u|∂Ω = 0

Òîãäà (∇u,∇η)L2(Ω) = (f, η)L2(Ω), ∀ η ∈
◦
W 1

2(Ω). Ïîëàãàÿ η = ϕk, ïîëó÷àåì

[u, ϕk] ≡ (∇u,∇ϕk)L2(Ω) = (f, ϕk)L2(Ω) = 0.

Ïîñêîëüêó {ϕk}∞k=1 � îðòîãîíàëüíûé áàçèñ â ãèëüáåðòîâîì ïðîñòðàíñòâå H ñî ñêàëÿðíûì
ïðîèçâåäåíèåì [·, ·], çàêëþ÷àåì ÷òî u = 0, îòêóäà f = 0. Ñëåäîâàòåëüíî, {ϕk}∞k=1 � îðòî-
íîðìèðîâàííûé áàçèñ â L2(Ω). Òîãäà ñâîéñòâà

∀ u ∈ L2(Ω) uN → u â L2(Ω), ‖u‖2L2(Ω) =
∞∑
k=1

|ck|2;

âûòåêàþò èç îáùèõ ñâîéñòâ ðÿäîâ Ôóðüå â ãèëüáåðòîâûõ ïðîñòðàíñòâàõ.

2. Ôóíêöèè {ϕk}∞k=1 îáðàçóþò îðòîãîíàëüíûé áàçèñ â ãèëüáåðòîâîì ïðîñòðàíñòâå H ñî ñêà-
ëÿðíûì ïðîèçâåäåíèåì [·, ·] ïî ïîñòðîåíèþ (èëè ïî òåîðåìå Ãèëüáåðòà�Øìèäòà). Äîêàæåì,
÷òî ôóíêöèè ϕk√

λk
íîðìèðîâàíû â H. Äåéñòâèòåëüíî

‖ϕk‖2H = [ϕk, ϕk] = (∇ϕk,∇ϕk)L2(Ω) = λk (ϕk, ϕk)L2(Ω)︸ ︷︷ ︸
= 1

= λk.

Èòàê,
{

ϕk√
λk

}∞
k=1

� îðòîíîðìèðîâàííûé áàçèñ â (H, [·, ·]). Ïîñêîëüêó íà
◦
W 1

2(Ω) íîðìà ‖u‖W 1
2 (Ω)

ýêâèâàëåíòíà íîðìå
√

[u, u], èç îáùèõ ñâîéñòâ ðÿäîâ Ôóðüå â ãèëüáåðòîâûõ ïðîñòðàíñòâàõ
ïîëó÷àåì, ÷òî

∀ u ∈
◦
W 1

2(Ω)
N∑
k=1

dk
ϕk√
λk
→ u â W 1

2 (Ω), dk :=
1√
λk

[u, ϕk]

‖u‖2W 1
2 (Ω) � [u, u] =

∞∑
k=1

|dk|2.

Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà îñòàåòñÿ çàìåòèòü, ÷òî

dk =
1√
λk

[u, ϕk] =
1√
λk

(∇u,∇ϕk)L2(Ω) =
√
λk (u, ϕk)L2(Ω) =

√
λk ck
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3. Ïóñòü f ∈W−1
2 (Ω) è fk := 〈f, ϕk〉. Äîêàæåì, ÷òî ðÿä

∞∑
k=1

|fk|2
λk

ñõîäèòñÿ.

Ðàññìîòðèì ôóíêöèþ ηN :=
N∑
k=1

fk
λk
ϕk ∈

◦
W 1

2(Ω). Èç ïóíêòà 2 ìû çíàåì, ÷òî

‖ηN‖2W 1
2 (Ω) �

N∑
k=1

|fk|2

λk

Ñëåäîâàòåëüíî,

N∑
k=1

|fk|2

λk
≤ |〈f, ηN 〉| ≤ ‖f‖W−1

2 (Ω)‖η
N‖W 1

2 (Ω) ≤ c ‖f‖W−1
2 (Ω)

( N∑
k=1

|fk|2

λk

)1/2

÷òî äàåò
∞∑
k=1

|fk|2

λk
≤ c ‖f‖2

W−1
2 (Ω)

Äîêàæåì îáðàòíîå íåðàâåíñòâî. Ïóñòü η ∈
◦
W 1

2(Ω) � ïðîèçâîëüíàÿ. Òîãäà èç ïóíêòà 2 ìû
èìååì

ηN =
N∑
k=1

ckϕk → η â
◦
W 1

2(Ω), ‖η‖2W 1
2 (Ω) �

∞∑
k=1

λk|ck|2, ck = (η, ϕk)L2(Ω)

Òîãäà

〈f, η〉 = lim
N→∞

〈f, ηN 〉, 〈f, ηN 〉 =
∞∑
k=1

fkck

Ïîýòîìó

|〈f, ηN 〉| ≤
( N∑
k=1

|fk|2

λk

)1/2( N∑
k=1

λk|ck|2
)1/2

≤ c
( ∞∑
k=1

|fk|2

λk

)1/2
‖η‖W 1

2 (Ω)

Ïåðåõîäÿ ê ïðåäåëó ïðè N →∞, ïîëó÷àåì

|〈f, η〉| ≤ c
( ∞∑
k=1

|fk|2

λk

)1/2
‖η‖W 1

2 (Ω), ∀ η ∈
◦
W 1

2(Ω),

òî åñòü

‖f‖2
W−1

2 (Ω)
≤ c

( ∞∑
k=1

|fk|2

λk

)1/2
.

Íàêîíåö, îáîçíà÷èì fN :=
N∑
k=1

fkϕk ∈
◦
W 1

2(Ω). Òîãäà ïî óæå äîêàçàííîìó íåðàâåíñòâó

‖f − fN‖W−1
2 (Ω) ≤ c

( ∞∑
k=N+1

|fk|2

λk

)1/2
→ 0 ïðè N →∞.

4. Îáîçíà÷èì [[u, v]] = (∆u,∆v)L2(Ω). Ïðè ∂Ω ⊂ C2 ìû èìååì ϕk ∈
◦
W 1

2(Ω) ∩ W 2
2 (Ω) è

−∆ϕk = λkϕk ï.â. â Ω. Òîãäà

[[ϕk, ϕj ]] = (∆ϕk,∆ϕj)L2(Ω) = λkλj (ϕk, ϕj)L2(Ω) = λ2
k δkj ,
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è, ñëåäîâàòåëüíî,
{
ϕk
λk

}∞
k=1

� îðòîíîðìèðîâàííàÿ ñèñòåìà â ïðîñòðàíñòâå
◦
W 1

2(Ω) ∩W 2
2 (Ω)

îòíîñèòåëüíî ñêàëÿðíîãî ïðîèçâåäåíèÿ [[u, v]]. Äîêàæåì, ÷òî ýòà ñèñòåìà ÿâëÿåòñÿ áàçèñîì.

Ïóñòü f ∈
◦
W 1

2(Ω) ∩W 2
2 (Ω) òàêîâà, ÷òî

[[f, ϕk]] = 0, ∀ k ∈ N.

Òîãäà

0 = (∆f,∆ϕk)L2(Ω) = λk(∆f, ϕk)L2(Ω) (∆f, ϕk)L2(Ω) = 0, ∀ k ∈ N.

Ïîñêîëüêó {ϕj}∞k=1 îáðàçóåò îðòîíîðìèðîâàííûé áàçèñ â L2(Ω), çàêëþ÷àåì, ÷òî ∆f = 0

ï.â. â Ω. Ñëåäîâàòåëüíî, f ∈
◦
W 1

2(Ω) ∩W 2
2 (Ω) � ñèëüíîå ðåøåíèå çàäà÷è{
−∆f = 0 â Ω

f |∂Ω = 0

Ïî òåîðåìå åäèíñòâåííîñòè ïîëó÷àåì f ≡ 0. Ïîýòîìó
{
ϕk
λk

}∞
k=1

� îðòîíîðìèðîâàííûé áàçèñ

â ïðîñòðàíñòâå
◦
W 1

2(Ω) ∩W 2
2 (Ω) ñî ñêàëÿðíûì ïðîèçâåäåíèåì [[·, ·]].

Ïîñêîëüêó íà
◦
W 1

2(Ω)∩W 2
2 (Ω) íîðìà ‖u‖2,2,Ω ýêâèâàëåíòíà íîðìå

√
[[u, u]], èç îáùèõ ñâîéñòâ

ðÿäîâ Ôóðüå â ãèëüáåðòîâûõ ïðîñòðàíñòâàõ ïîëó÷àåì, ÷òî

∀ u ∈
◦
W 1

2(Ω) ∩W 2
2 (Ω)

N∑
k=1

dk
ϕk
λk
→ u â W 2

2 (Ω), dk :=
1

λk
[[u, ϕk]]

‖u‖2W 2
2 (Ω) � [[u, u]] =

∞∑
k=1

|dk|2.

Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà îñòàåòñÿ çàìåòèòü, ÷òî

dk =
1

λk
[[u, ϕk]] =

1

λk
(∆u,∆ϕk)L2(Ω) = −(∆u, ϕk)L2(Ω) = −(u,∆ϕk)L2(Ω) = λkck.

Òåîðåìà äîêàçàíà ïîëíîñòüþ. �

6. Ìåòîä Ôóðüå äëÿ îïåðàòîðà Ëàïëàñà

Òåîðåìà. Ïóñòü f ∈W−1
2 (Ω). Îáîçíà÷èì

fk := 〈f, ϕk〉, ck :=
1

λk
fk, uN (x) :=

N∑
k=1

ckϕk(x).

Òîãäà uN ñõîäÿòñÿ â W 1
2 (Ω) ê îáîáùåííîìó ðåøåíèþ u ∈

◦
W 1

2(Ω) çàäà÷è{
−∆u = f â Ω

u|∂Ω = 0
(D)

Äîêàçàòåëüñòâî: Åñëè f ∈W−1
2 (Ω), èìååì

∞∑
k=1

λk|ck|2 =
∞∑
k=1

|fk|2

λk
≤ c ‖f‖2

W−1
2 (Ω)

< +∞,
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Ïîýòîìó ðÿä
∞∑
k=1

ckϕk ñõîäèòñÿ â W 1
2 (Ω). Ñëåäîâàòåëüíî, ñóùåñòâóåò u ∈

◦
W 1

2(Ω), òàêàÿ ÷òî

uN → u â W 1
2 (Ω).

Äîêàæåì, ÷òî u � îáîáùåííîå ðåøåíèå çàäà÷è (D). Äåéñòâèòåëüíî, äëÿ ëþáîãî j ∈ N ïðè
N ≥ j ñïðàâåäëèâî òîæäåñòâî

(∇uN ,∇ϕj)L2(Ω) = 〈f, ϕj〉 ⇐⇒ cj =
1

λj
fj

Ôèêñèðóÿ j ∈ N è ïåðåõîäÿ â ýòîì òîæäåñòâå ê ïðåäåëó ïðè N →∞, ïîëó÷àåì

(∇u,∇ϕj)L2(Ω) = 〈f, ϕj〉, ∀ j ∈ N.

Ñëåäîâàòåëüíî,
(∇u,∇ηN )L2(Ω) = 〈f, ηN 〉, ∀ ηN ∈ Lin{ϕk}∞k=1.

Ïîñêîëüêó Lin{ϕk}∞k=1 âñþäó ïëîòíî â
◦
W 1

2(Ω), ïîëó÷àåì

(∇u,∇η)L2(Ω) = 〈f, η〉, ∀ η ∈
◦
W 1

2(Ω),

òî åñòü u ∈
◦
W 1

2(Ω) � îáîáùåííîå ðåøåíèå çàäà÷è (D). �

7. Ñõîäèìîñòü ðÿäà Ôóðüå â ïðîñòðàíñòâå W 2
2 (Ω)

Òåîðåìà. Ïóñòü ∂Ω ⊂ C2, f ∈ L2(Ω) è êîýôôèöèåíòû ck îïðåäåëåíû ïî ôîðìóëå

fk := (f, ϕk)L2(Ω), ck :=
1

λk
fk, uN (x) :=

N∑
k=1

ckϕk(x).

Òîãäà uN ñõîäèòñÿ â W 2
2 (Ω) ê ñèëüíîìó ðåøåíèþ u ∈

◦
W 1

2(Ω) ∩W 2
2 (Ω) çàäà÷è (D).

Äîêàçàòåëüñòâî: Ïóñòü f ∈ L2(Ω). Ïîñêîëüêó

∞∑
k=1

λ2
k|ck|2 =

∞∑
k=1

|fk|2 = ‖f‖22,Ω < +∞,

ðÿä
∞∑
k=1

ckϕk ñõîäèòñÿ â W 2
2 (Ω). Ñëåäîâàòåëüíî, uN → u â W 2

2 (Ω) è u ∈
◦
W 1

2(Ω) ∩W 2
2 (Ω) �

ñèëüíîå ðåøåíèå çàäà÷è (D). �
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1.2 �Ïàðàáîëè÷åñêèå� ïðîñòðàíñòâà Ñîáîëåâà

1. Ïðîñòðàíñòâî Lp(QT ) êàê ïðîñòðàíñòâî áàíàõîâîçíà÷íûõ ôóíêèöèé

Ïóñòü QT := Ω× (0, T ], u ∈ Lp(QT ), p ∈ [1,+∞). Òîãäà

Lp(QT ) = Lp(0, T ;Lp(Ω))

ò.å. äëÿ ï.â. t ∈ (0, T ) ôóíêöèÿ x ∈ Ω 7→ u(x, t) ïðèíàäëåæèò Lp(Ω) è

t ∈ (0, T ) 7→ ‖u(·, t)‖Lp(Ω) ∈ Lp(0, T ), ‖u‖pLp(QT ) =

T∫
0

‖u(·, t)‖pLp(Ω) dt

2. Ðàçëîæåíèå â ðÿä Ôóðüå ôóíêöèé, çàâèñÿùèõ îò âðåìåíè

Äëÿ ëþáîé u ∈ L2(QT ) áóäåì îáîçíà÷àòü ÷åðåç uN ÷àñòè÷íóþ ñóììó ðÿäà Ôóðüå ôóíêöèè
u ïî ñîáñâåííîìó áàçèñó {ϕk}∞k=1 çàäà÷è Äèðèõëå äëÿ îïåðàòîðà −∆ â Ω:

uN (x, t) =
N∑
k=1

ck(t)ϕk(x), ck(t) :=

∫
Ω

u(x, t)ϕk(x) dx

Î÷åâèäíî, ÷òî

u ∈ L2(QT ) ⇐⇒


ck ∈ L2(0, T ),

‖u‖2L2(QT ) =

∞∑
k=1

T∫
0

|ck(t)|2 dt < +∞

è
u ∈ L2(QT ) =⇒ ‖uN − u‖L2(QT ) → 0

3. Ïðîñòðàíñòâà L∞(0, T ;Lp(Ω)) è C([0, T ];Lp(Ω))

Äëÿ ëþáîãî p ∈ [1,+∞) îïðåäåëèì

L∞(0, T ;Lp(Ω)) :=
{
u ∈ Lp(QT ) : t ∈ (0, T ) 7→ ‖u(·, t)‖Lp(Ω) ñóù. îãðàíè÷. íà (0, T )

}
C([0, T ];Lp(Ω)) :=

{
u ∈ Lp(QT ) : ∀ t ∈ [0, T ] u(·, t) ∈ Lp(Ω) è ‖u(·, t)−u(·, t0)‖Lp(Ω) →

t→t0
0
}

Ïðè ýòîì

‖u‖L∞(0,T ;Lp(Ω)) := esssup
t∈(0,T )

‖u(·, t)‖Lp(Ω), ‖u‖C([0,T ];Lp(Ω)) := sup
t∈(0,T )

‖u(·, t)‖Lp(Ω)

Çàìåòèì, ÷òî åñëè u ∈ C([0, T ];Lp(Ω)) òî ôóíêöèÿ t ∈ [0, T ] 7→ ‖u(t)‖Lp(Ω) íåïðåðûâíà è

C([0, T ];Lp(Ω)) ↪→ L∞(0, T ;Lp(Ω))
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4. Ïðîñòðàíñòâî W 1,0
p (QT )

Ïóñòü u ∈ Lp(QT ), p ∈ [1,+∞). Òîãäà ìîæíî ãîâîðèòü î òîì, ÷òî ó ôóíêöèè u ñóùåñòâóþò
îáîáùåííûå ïðîèçîâäíûå â ñìûñëå Ñîáîëåâà ïî ïåðåìåííûì x1, . . . , xn.

W 1,0
p (QT ) := {u ∈ Lp(QT ) : ∇u ∈ Lp(QT ) }, ‖u‖

W 1,0
p (QT )

:= ‖u‖Lp(QT ) + ‖∇u‖Lp(QT )

Çàìåòèì, ÷òî
W 1,0
p (QT ) = Lp(0, T ;W 1

p (Ω)),

ò.å. äëÿ ï.â. t ∈ (0, T ) ôóíêöèÿ x ∈ Ω 7→ u(x, t) ïðèíàäëåæèò W 1
p (Ω) è

t ∈ (0, T ) 7→ ‖u(·, t)‖W 1
p (Ω) ∈ Lp(0, T ), ‖u‖p

W 1,0
p (QT )

�
T∫

0

‖u(·, t)‖p
W 1
p (Ω)

dt

5. �Ýíåðãåòè÷åñêîå� ïðîñòðàíñòâî

Â ïðîñòðàíñòâå W 1,0
2 (QT ) ìîæíî âûäåëèòü ïîäïðîñòðàíñòâî ôóíêöèé

W 1,0
2,0 (QT ) := L2(0, T ;

◦
W 1

2(Ω)),

îáðàùàþùèõñÿ â íîëü íà áîêîâîé ïîâåðõíîñòè ∂Ω × (0, T ) öèëèíäðà QT = Ω × (0, T ). Ïðè
ðåøåíèè ïåðâîé íà÷àëüíî-êðàåâîé çàäà÷è äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ ýòî ïðîñòðàíñòâî
èãðàåò ðîëü �ýíåðãåòè÷åñêîãî ïðîñòðàíñâà�, â êîòîðîì ìû áóäåì äîêàçûâàòü ñóùåñòâîâàíèå
ñëàáûõ ðåøåíèé. Î÷åâèäíî, ÷òî

u ∈W 1,0
2,0 (QT ) ⇐⇒


ck ∈ L2(0, T ),

‖u‖2
W 1,0

2 (QT )
�

∞∑
k=1

λk

T∫
0

|ck(t)|2 < +∞

è
u ∈W 1,0

2,0 (QT ) =⇒ ‖uN − u‖
W 1,0

2 (QT )
→ 0

6. Ïðîñòðàíñòâî W 1,1
p (QT )

Ïðîñòðàíñòâî W 1,1
p (QT ) � ýòî ñàìîå îáû÷íîå ïðîñòðàíñòâî Ñîáîëåâà äëÿ ôóíêöèé (n+ 1)

ïåðåìåííîé x1, . . . , xn, t, îïðåäåëåííûõ â îáëàñòè QT . Î÷åâèäíî, ÷òî îíî ÿâëÿåòñÿ ïîäïðî-
ñòðàíñòâîì W 1,0

p (QT ) è

‖u‖
W 1,1
p (QT )

:= ‖u‖
W 1,0
p (QT )

+ ‖∂tu‖Lp(QT )

7. Âëîæåíèå ïðîñòðàíñòâà W 1,1
p (QT ) â C([0, T ];Lp(Ω))

Òåîðåìà. p ∈ [1,+∞) =⇒ W 1,1
p (QT ) íåïðåðûâíî âêëàäûâàåòñÿ â C([0, T ];Lp(Ω)).
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8. Äèôôåðåíöèðîâàíèå ðÿäà Ôóðüå ïî âðåìåíè

Ïóñòü u ∈ L2(QT ) è ck ∈ L2(0, T ) � êîýôôèöèåíòû Ôóðüå ôóíêöèè u îòí. {ϕk}∞k=1. Òîãäà

∂tu ∈ L2(QT ) ⇐⇒


ck ∈W 1

2 (0, T ),

‖∂tu‖2L2(QT ) =

∞∑
k=1

T∫
0

|c′k(t)|2 dt < +∞

9. Ïðîñòðàíñòâî �ïðîáíûõ ôóíêöèé�

Êîãäà ìû áóäåì ðåøàòü ïåðâóþ íà÷àëüíî-êðàåâóþ çàäà÷ó äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ,
íàì ïîíàäîáèòñÿ ïîäïðîñòðàíñòâî W 1,1

2 (QT ), ñîñòîÿùèå èç ôóíêöèé, îáðàùàþùèõñÿ â íîëü
íà áîêîâîé ïîâåðõíîñòè ∂Ω× (0, T ) öèëèíäðà QT :

W 1,1
2,0 (QT ) := W 1,1

2 (QT ) ∩ L2(0, T ;
◦
W 1

2(Ω))

Î÷åâèäíî, ÷òî

u ∈W 1,1
2,0 (QT ) ⇐⇒


ck ∈W 1

2 (0, T ),

‖u‖2
W 1,1

2 (QT )
�

∞∑
k=1

(
λk

T∫
0

|ck(t)|2 dt+

T∫
0

|c′k(t)|2 dt
)
< +∞

è
u ∈W 1,1

2,0 (QT ) =⇒ ‖uN − u‖
W 1,1

2 (QT )
→ 0

10. Îãðàíè÷åííûå ëèíåéíûå ôóíêöèîíàëû, çàâèñÿùèå îò âðåìåíè

Íàïîìíèì, ÷òî W−1
p (Ω) := (

◦
W 1

p′(Ω))∗, p′ = p
p−1 . Ïóñòü îòîáðàæåíèå f : (0, T ) → W−1

p (Ω)

ñîïîñòàâëÿåò ïî÷òè êàæäîìó t ∈ (0, T ) ëèíåéíûé îãðàíè÷åííûé ôóíêöèîíàë f(t) ∈W−1
p (Ω).

Íîðìà ýòîãî ôóíêöèîíàëà îïðåäåëÿåòñÿ êàê

‖f(t)‖W−1
p (Ω) = sup

w∈
◦
W 1
p′ (Ω): ‖w‖

W1
p′

(Ω)
≤1

|〈f(t), w〉|

Òîãäà

Lp(0, T ;W−1
p (Ω)) =

{
f : (0, T )→W−1

p (Ω) : ‖f‖Lp(0,T ;W−1
p (Ω)) < +∞

}
ãäå

‖f‖p
Lp(0,T ;W−1

p (Ω))
:=

T∫
0

‖f(t)‖p
W−1
p (Ω)

dt

11. Ïðîñòðàíñòâî �ïðàâûõ ÷àñòåé�

Äëÿ f ∈ L2(0, T ;W−1
2 (Ω)) ìîæíî îïðåäåëèòü ÷àñòè÷íóþ ñóììó ðÿäà Ôóðüå

fN (x, t) =
N∑
k=1

fk(t)ϕk(x), fk(t) := 〈f(t), ϕk〉
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Î÷åâèäíî, ÷òî

f ∈ L2(0, T ;W−1
2 (Ω)) ⇐⇒


fk ∈ L2(0, T ),

‖f‖2
L2(0,T ;W−1

2 (Ω))
=

∞∑
k=1

1

λk

T∫
0

|fk(t)|2 dt < +∞

è
f ∈ L2(0, T ;W−1

2 (Ω)) =⇒ ‖fN − f‖L2(0,T ;W−1
2 (Ω)) → 0

12. Ïðîñòðàíñòâî W 2,1
p (QT )

Ïóñòü u ∈W 1,1
p (QT ). Ìîæíî ãîâîðèòü î òîì, ÷òî ó ôóíêöèè u ñóùåñòâóþò âòîðûå îáîáùåí-

íûå ïðîèçîâäíûå â ñìûñëå Ñîáîëåâà ïî ïðîñòðàíñòâåííûì ïåðåìåííûì.

W 2,1
p (QT ) := {u ∈W 1,1

p (QT ) : ∇2u ∈ Lp(QT ) },
‖u‖

W 2,1
p (QT )

:= ‖u‖
W 1,1
p (QT )

+ ‖∇2u‖Lp(QT )

Çàìåòèì, ÷òî
W 2,1
p (QT ) = W 1,1

p (QT ) ∩ Lp(0, T ;W 2
p (Ω))

ò.å. äëÿ ï.â. t ∈ (0, T ) ôóíêöèÿ x ∈ Ω 7→ u(x, t) ïðèíàäëåæèò W 2
p (Ω), à x ∈ Ω 7→ ∂tu(x, t)

ïðèíàäëåæèò Lp(Ω), ïðè÷åì

t ∈ (0, T ) 7→ ‖u(·, t)‖W 2
p (Ω) ∈ Lp(0, T ), t ∈ (0, T ) 7→ ‖∂tu(·, t)‖Lp(Ω) ∈ Lp(0, T ),

‖u‖p
W 2,1
p (QT )

�
T∫

0

(
‖u(·, t)‖p

W 2
p (Ω)

+ ‖∂tu(·, t)‖pLp(Ω)

)
dt

13. Ïðîñòðàíñòâî �ñèëüíûõ ðåøåíèé�

Â ïðîñòðàíñòâå W 2,1
2 (QT ) ìîæíî âûäåëèòü ïîäïðîñòðàíñòâî ôóíêöèé, îáðàùàþùèõñÿ â

íîëü íà áîêîâîé ïîâåðõíîñòè ∂Ω× (0, T ] öèëèíäðà QT :

W 2,1
2,0 (QT ) := W 2,1

2 (QT ) ∩ L2(0, T ;
◦
W 1

2(Ω))

Åñëè ∂Ω ⊂ C2, òî ϕk ∈
◦
W 1

2(Ω) ∩W 2
2 (Ω) è

u ∈W 2,1
2,0 (QT ) ⇐⇒


ck ∈W 1

2 (0, T ),

‖u‖2
W 2,1

2 (QT )
�

∞∑
k=1

(
λ2
k

T∫
0

|ck(t)|2 dt+

T∫
0

|c′k(t)|2 dt
)
< +∞

è
u ∈W 2,1

2,0 (QT ) =⇒ ‖uN − u‖
W 2,1

2 (QT )
→ 0
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1.3 Ñëàáàÿ ïðîèçâîäíàÿ ïî âðåìåíè

1. Îïðåäåëåíèå ñëàáîé ïðîèçâîäíîé ïî âðåìåíè

Îïðåäåëåíèå. Ïóñòü p ∈ (1,+∞), p′ = p
p−1 . Áóäåì ãîâîðèòü, ÷òî u ∈ Lp(QT ) èìååò ñëàáóþ

ïðîèçâîäíóþ ïî âðåìåíè ∂tu ∈ Lp(0, T ;W−1
p (Ω)), åñëè ñóùåñòâóåò v ∈ Lp(0, T ;W−1

p (Ω)),
òàêàÿ ÷òî

∫
QT

u(x, t)w(x)ξ′(t) dxdt = −
T∫

0

〈v(t), w〉 ξ(t) dt, ∀w ∈
◦
W 1

p′(Ω), ∀ ξ ∈ C∞0 (0, T ).

2. Ðÿä Ôóðüå äëÿ ôóíêöèé ñî ñëàáîé ïðîèçâîäíîé ïî âðåìåíè

Ïóñòü u ∈ L2(QT ) è ck ∈ L2(0, T ) � êîýôôèöèåíòû Ôóðüå ôóíêöèè u îòí. {ϕk}∞k=1. Òîãäà

∂tu ∈ L2(0, T ;W−1
2 (Ω)) ⇐⇒


ck ∈W 1

2 (0, T ),

‖∂tu‖2L2(0,T ;W−1
2 (Ω))

=
∞∑
k=1

1

λk

T∫
0

|c′k(t)|2 dt < +∞

Ïðè ýòîì
‖uN − u‖L2(QT ) → 0, ‖∂tuN − ∂tu‖L2(0,T ;W−1

2 (Ω)) → 0

3. Òåîðåìà î ñèëüíîé íåïðåðûâíîñòè

Òåîðåìà. Ïóñòü u ∈ L2(0, T ;
◦
W 1

2(Ω)) òàêîâà, ÷òî ∂tu ∈ L2(0, T ;W−1
2 (Ω)). Òîãäà

1) ôóíêöèÿ t 7→ ‖u(t)‖2L2(Ω) àáñîëþòíî íåïðåðûâíà íà [0, T ] è

d

dt
‖u(t)‖2L2(Ω) = 2 〈∂tu(t), u(t)〉, ï.â. t ∈ (0, T ).

2) u ∈ C([0, T ];L2(Ω)) è

‖u‖C([0,T ];L2(Ω)) ≤ c
(
‖u‖L2(0,T ;W 1

2 (Ω)) + ‖∂tu‖L2(0,T ;W−1
2 (Ω))

)
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1.4 Ìåòîä Ôóðüå äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè

1. Ïåðâàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè

Ïóñòü Ω ⊂ Rn � îãðàíè÷åííàÿ îáëàñòü, QT := Ω× (0, T ). Ðàññìîòðèì çàäà÷ó
∂tu−∆u = f â QT

u|∂Ω×(0,T ) = 0

u|t=0 = a

(∗)

Çäåñü u : QT → R � íåèçâåñòíàÿ, à f : QT → R è a : Ω→ R � çàäàííûå ôóíêöèè.

2. Ôîðìàëüíàÿ ñõåìà ìåòîäà Ôóðüå

Ïóñòü
a ∈ L2(Ω), f ∈ L2(0, T ;W−1

2 (Ω)).

Ðàçëîæèì a è f â ðÿäû Ôóðüå ïî ñîáñòâåííûì ôóíêöèÿì {ϕk}∞k=1 çàäà÷è Äèðèõëå äëÿ
îïåðàòîðà −∆ â Ω:

a(x) =
∞∑
k=1

ak ϕk(x), ak :=

∫
Ω

a(x)ϕk(x) dx

f(t) =

∞∑
k=1

fk(t)ϕk, fk(t) := 〈f(t), ϕk〉

Áóäåì èñêàòü ðåøåíèå u â âèäå ðÿäà

u(x, t) =

∞∑
k=1

ck(t)ϕk(x)

Ôîðìàëüíî ïîäñòàâëÿÿ ýòîò ðÿä â óðàâíåíèå è ó÷èòûâàÿ, ÷òî

−∆ϕk = λk ϕk â Ω, ∀ k ∈ N,

ïîëó÷àåì

∂tu−∆u− f =

∞∑
k=1

(dck
dt

+ λkck − fk
)
ϕk = 0 â QT

Ïîñêîëüêó ôóíêöèè {ϕk}∞k=1 îáðàçóþò áàçèñ â L2(Ω), çàêëþ÷àåì, ÷òî êîýôôèöèåíòû ck(t)
ïðè ï.â. t ∈ (0, T ) óäîâëåòâîðÿþò ODE

dck
dt

(t) + λkck(t) = fk(t), ∀ k ∈ N

Èç ñîîòíîøåíèÿ u(x, 0) = a(x) ïðè x ∈ Ω çàêëþ÷àåì, ÷òî

ck(0) = ak, ∀ k ∈ N

Ñëåäîâàòåëüíî, ïðè âñåõ k ∈ N ôóíêöèè ck(t) ÿâëÿþòñÿ ðåøåíèÿìè çàäà÷è Êîøè
dck
dt

(t) + λkck(t) = fk(t), ï.â. t ∈ (0, T )

ck(0) = ak
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3. ßâíûå âûðàæåíèÿ äëÿ êîýôôèöèåíòîâ Ôóðüå ðåøåíèÿ

Òàê êàê fk ∈ L2(0, T ), ìû çàêëþ÷àåì, ÷òî ck ∈W 1
2 (0, T ) è íàõîäèì

ck(t) = e−λkt

ak +

t∫
0

eλkτfk(τ) dτ

 , ∀, k ∈ N

Íàñ èíòåðåñóåò âîïðîñ, êàêîé ãëàäêîñòüþ îáëàäàåò ôóíêèÿ u, êîýôôèöèåíòû Ôóðüå êîòî-
ðîé çàäàþòñÿ ïîëó÷åííûìè âûøå ôîðìóëàìè?

4. Ñõîäèìîñòü ðÿäà Ôóðüå â L∞(0, T ;L2(Ω))

Ïîñêîëüêó a ∈ L2(Ω) è f ∈ L2(0, T ;W−1
2 (Ω)), ìû çíàåì, ÷òî

‖a‖2L2(Ω) =
∞∑
k=1

|ak|2 < +∞, ‖f‖2
L2(0,T ;W−1

2 (Ω))
�

∞∑
k=1

1

λk

T∫
0

|fk(τ)|2 dτ < +∞

Ñ ïîìîùüþ íåðàâåíñòâà (x+ y)2 ≤ 2x2 + 2y2 ìû ïîëó÷àåì

|ck(t)|2 ≤ 2e−2λkt|ak|2 + 2e−2λkt

 T∫
0

eλkτ |fk(τ)| dτ

2

Ïî íåðàâåíñòâó Ãåëüäåðà ìû èìååì T∫
0

eλkτ |fk(τ)| dτ

2

≤
T∫

0

e2λkτ dτ ·
T∫

0

|fk(τ)|2 dτ =
e2λkt − 1

2λk

T∫
0

|fk(τ)|2 dτ

è, ñëåäîâàòåëüíî,

|ck(t)|2 ≤ 2 e−2λkt︸ ︷︷ ︸
≤ 1

|ak|2 + (1− e−2λkt)︸ ︷︷ ︸
≤ 1

1

λk

T∫
0

|fk(τ)|2 dτ

èç êîòîðîé äëÿ ëþáîãî t ∈ [0, T ] âûòåêàåò îöåíêà

∞∑
k=1

|ck(t)|2 ≤ 2

∞∑
k=1

|ak|2 +

∞∑
k=1

1

λk

T∫
0

|fk(τ)|2 dτ

Ïîñêîëüêó

‖u(t)‖2L2(Ω) =
∞∑
k=1

|ck(t)|2,

ìû ïîëó÷àåì

u ∈ L∞(0, T ;L2(Ω)), ‖u‖L∞(0,T ;L2(Ω)) ≤ 2 ‖a‖2L2(Ω) + c ‖f‖2
L2(0,T ;W−1

2 (Ω))
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5. Ñõîäèìîñòü ðÿäà Ôóðüå â ýíåðãåòè÷åñêîì ïðîñòðàíñòâå

Óìíîæàÿ ñîîòíîøåíèå dck
dt (t) + λkck(t) = fk(t) íà ck(t), ïîëó÷àåì

1

2

d

dt
|ck(t)|2 + λk |ck(t)|2 = fk(t)ck(t)

Èíòåãðèðóÿ äàííîå òîæäåñòâî ïî t ∈ (0, T ) è èñïîëüçóÿ íåðàâåíñòâî Ãåëüäåðà

∣∣∣ T∫
0

fk(t)ck(t) dt
∣∣∣ ≤ λk

2

T∫
0

|ck(t)|2 dt +
1

2λk

T∫
0

|fk(t)|2 dt

ïîëó÷àåì

1

2
|ck(T )|2 +

λk
2

T∫
0

|ck(t)|2 ≤
1

2
|ak|2 +

1

2λk

T∫
0

|fk(t)|2 dt

îòêóäà ìû íàõîäèì

∞∑
k=1

λk

T∫
0

|ck(t)|2 ≤
∞∑
k=1

|ak|2 +
∞∑
k=1

1

λk

T∫
0

|fk(t)|2

÷òî ñ ó÷åòîì

‖∇u‖2L2(Ω) =

∞∑
k=1

λk

T∫
0

|ck(t)|2

äàåò
u ∈W 1,0

2 (QT ), ‖∇u‖2L2(Ω) ≤ ‖a‖
2
L2(Ω) + c ‖f‖2

L2(0,T ;W−1
2 (Ω))

Ñëåäîâàòåëüíî,

a ∈ L2(Ω), f ∈ L2(0, T ;W−1
2 (Ω)) =⇒ u ∈ L∞(0, T ;L2(Ω)) ∩ L2(0, T ;

◦
W 1

2(Ω))

6. Ïðîèçâîäíàÿ ïî âðåìåíè ðåøåíèÿ

Ïîëüçóÿñü ñîîòíîøåíèåì dck
dt (t) = fk(t)− λkck(t), íàõîäèì

1

λk
|c′k(t)|2 ≤ 2λk |ck(t)|2 +

2

λk
|fk(t)|2

îòêóäà
∞∑
k=1

1

λk
|c′k(t)|2 ≤ 2

∞∑
k=1

λk |ck(t)|2 + 2

∞∑
k=1

1

λk
|fk(t)|2

÷òî ñ ó÷åòîì

‖∂tu‖L2(0,T ;W−1
2 (Ω)) �

∞∑
k=1

1

λk

T∫
0

|c′k(t)|2 dt

äàåò
a ∈ L2(Ω), f ∈ L2(0, T ;W−1

2 (Ω)) =⇒ ∂tu ∈ L2(0, T ;W−1
2 (Ω))

‖∂tu‖L2(0,T ;W−1
2 (Ω)) ≤ c

(
‖u‖

W 1,0
2 (QT )

+ ‖f‖L2(0,T ;W−1
2 (Ω))

)
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7. Ñõîäèìîñòü ðÿäà Ôóðüå â ïðîñòðàíñòâå W 2,1
2 (QT )

Åñëè ìû ïðåäïîëîæèì, ÷òî äàííûå çàäà÷è îáëàäàþò áîëüøåé ãëàäêîñòüþ

a ∈
◦
W 1

2(Ω), f ∈ L2(QT ), ∂Ω ⊂ C2

òî ñõîäÿòñÿ ðÿäû

‖∇a‖2L2(Ω) =
∞∑
k=1

λk|ak|2 < +∞, ‖f‖2L2(QT ) =
∞∑
k=1

T∫
0

|fk(τ)|2 dτ < +∞

Èç ïóíêòîâ 5 è 6 âûòåêàþò íåðàâåíñòâà

λ2
k

T∫
0

|ck(t)|2 dt ≤ λk |ak|2 +

T∫
0

|fk(t)|2 dt,

T∫
0

|c′k(t)|2 dt ≤ 2λ2
k

T∫
0

|ck(t)|2 dt + 2

T∫
0

|fk(t)|2 dt,

ïðîñóììèðîâàâ êîòîðûå ìû, ñ ó÷åòîì,

‖∇2u‖2L2(QT ) �
∞∑
k=1

λ2
k

T∫
0

|ck(t)|2 dt, ‖∂tu‖2L2(QT ) =
∞∑
k=1

T∫
0

|c′k(t)|2 dt

ìû ïîëó÷èì

a ∈
◦
W 1

2(Ω), f ∈ L2(QT ) =⇒ u ∈W 2,1
2 (QT ),

‖∇2u‖L2(QT ) + ‖∂tu‖L2(QT ) ≤ c
(
‖∇a‖L2(Ω) + ‖f‖L2(QT )

)
8. Èòîãè

Ïóñòü ak := (a, ϕk)L2(Ω), fk(t) := 〈f(t), ϕk〉 è

u(x, t) =
∞∑
k=1

ck(t)ϕk(x),

ãäå êîýôôèöèåíòû ck îïðåäåëåíû ïî ôîðìóëàì

ck(t) = e−λkt

 ak +

t∫
0

eλkτfk(τ) dτ

 , ∀, k ∈ N

Òîãäà

a ∈ L2(Ω), f ∈ L2(0, T ;W−1
2 (Ω)) =⇒ u ∈ C([0, T ];L2(Ω)) ∩ L2(0, T ;

◦
W 1

2(Ω))

∂tu ∈ L2(0, T ;W−1
2 (Ω))

a ∈
◦
W 1

2(Ω), f ∈ L2(QT ), ∂Ω ⊂ C2 =⇒ u ∈W 2,1
2 (QT )
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2 Íà÷àëüíî-êðàåâûå çàäà÷è äëÿ ïàðàáîëè÷. óðàâíåíèé

2.1 Ïîñòàíîâêà çàäà÷è

1. Ëèíåéíûå ïàðàáîëè÷åñêèå óðàâíåíèÿ 2-ãî ïîðÿäêà

Ìû áóäåì ðàññìàðèâàòü PDE âèäà

∂tu− div
(
a(x, t)∇u

)
+ b(x, t) · ∇u+ c(x, t)u = f(x, t) â QT

Çäåñü u : QT → R � íåèçâåñòíàÿ ôóíêöèÿ, à ôóíêöèÿ f : QT → R è êîýôôèöèåíòû ajk, bj ,
c : QT → R ñ÷èòàþòñÿ çàäàííûìè.

2. Óëîâèÿ íà êîýôôèöèåíòû äèôôåðåíöèàëüíîãî îïåðàòîðà

Íà ïðîòÿæåíèè âñåãî íàøåãî êóðñà ìû âñåãäà áóäåì ñ÷èòàòü, ÷òî ñëåäóþùèå óñëîâèÿ âû-
ïîëíÿþòñÿ ïî óìîë÷àíèþ:

� a(x, t) := (ajk(x, t)) � ñèììåòðè÷íàÿ âåùåñòâåííàÿ n × n-ìàòðèöà, óäîâëåòâîðÿþùàÿ
óñëîâèþ ðàâíîìåðíîé ýëëèïòè÷íîñòè:

ajk = akj , ajk ∈ L∞(QT ),

� b(x, t) := (bj(x, t)) � âåùåñòâåííûé n�ìåðíûé âåêòîð, c(x, t) � ñêàëÿðíàÿ ôóíêöèÿ:

bj ∈ L∞(QT ), c ∈ L∞(QT )

� ν1 > 0 � ìàæîðàíòà L∞�íîðì êîýôôèöèåíòîâ:

‖a‖L∞(QT ) + ‖b‖L∞(QT ) + ‖c‖L∞(QT ) ≤ ν1,

3. Óñëîâèå ðàâíîìåðíîé ïàðàáîëè÷íîñòè

Ìû áóäåì èñïîëüçîâàòü ñëåäóþùèå îáîçíà÷åíèÿ äëÿ äèôôåðåíöèàëüíûõ îïåðàòîðîâ:

Bu := b · ∇u+ cu, Lu := −div(a∇u) + Bu, Mu := ∂tu+ Lu

Íà ïðîòÿæåíèè âñåãî êóðñà ìû áóäåì ñ÷èòàòü âûïîëííåííûì ñëåäóþùåå óñëîâèå:

∃ ν0 > 0 : ajk(x, t)ξjξk ≥ ν0|ξ|2, ï.â. (x, t) ∈ QT , ∀ ξ ∈ Rn.

Ïðè âûïîëíåíèè ýòîãî óñëîâèÿ äèôôåðåíöèàëüíûé îïåðàòîð L ïðè ï.â. t ∈ (0, T ) ÿâëÿåòñÿ
ðàâíîìåðíî ýëëèïòè÷åñêèì â Ω. Â ýòîì ñëó÷àå ñîîòâåòñòâóþùèé åìó äèôôåðåíöèàëüíûé
îïåðàòîðM = ∂t + L íàç. ðàâíîìåðíî ïàðàáîëè÷åñêèì â QT .

4. Ïåðâàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé

×òîáû äàííûå çàäà÷è îïðåäåëÿëè ðåøåíèå u îäíîçíà÷íî, íàì íåîáõîäèìî äîïîëíèòü óðàâíå-
íèå êðàåâûìè è íà÷àëüíûìè óñëîâèÿìè. Â íàøåì êóðñå ìû áóäåì èçó÷àòü ïåðâóþ íà÷àëüíî-
êðàâåâóþ çàäà÷ó ñ îäíîðîäíûìè êðàåâûìè óñëîâèÿìè.

∂tu+ Lu = f â QT

u|∂Ω×(0,T ) = 0

u|t=0 = u0

(∗)

Íà÷àëüíîå äàííîå u0 : Ω→ R ñ÷èòàåòñÿ çàäàííîé ôóíêöèåé.
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2.2 Ñëàáûå ðåøåíèÿ

1. Áèëèíåéàÿ ôîðìà, ñîîòâåòñòâóþùàÿ ìëàäøèì ÷ëåíàì

Îïðåäåëåíèå. Îïðåäåëèì íà ïðîñòðàíñòâå W 1,0
2 (QT ) áèëèíåéíóþ ôîðìó

B[u, η] :=

∫
QT

(
b · ∇u+ cu

)
η dxdt, u, η ∈W 1,0

2 (QT ).

2. Îïðåäåëåíèå ñëàáîãî ðåøåíèÿ

Îïðåäåëåíèå. Ïóñòü u0 ∈ L2(Ω) è f ∈ L2(0, T ;W−1
2 (Ω)). Ôóíêöèÿ u ∈ L2(0, T ;

◦
W 1

2(Ω)) íàç.
ñëàáûì ðåøåíèåì çàäà÷è (∗), åñëè îíà óäîâëåòâîðÿåò òîæäåñòâó

∫
QT

(
− u∂tη + a∇u · ∇η

)
dxdt + B[u, η] =

∫
Ω

u0(x)η(x, 0) dx +

T∫
0

〈f(t), η(t)〉 dt,

∀ η ∈W 1,1
2 (QT ) : η|∂Ω×(0,T ) = 0, η|t=T = 0.

Çàìå÷àíèå. Åñëè u ãëàäêàÿ, òî u ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì òîãäà è òîëüêî òîãäà,
êîãäà îíà ÿâëÿåòñÿ ñëàáûì ðåøåíèé.

3. Ïðîèçâîäíàÿ ïî âðåìåíè ñëàáîãî ðåøåíèÿ

Òåîðåìà. Ïóñòü u0 ∈ L2(Ω), f ∈ L2(0, T ;W−1
2 (Ω)) è u ∈ L2(0, T ;

◦
W 1

2(Ω)) � ñëàáîå ðåøåíèå
çàäà÷è (∗). Òîãäà

∂tu ∈ L2(0, T ;W−1
2 (Ω)), u ∈ C([0, T ];L2(Ω)),

è ïðè ï.â. t ∈ (0, T ) âûïîëíÿåòñÿ òîæäåñòâî〈
∂tu(t), w

〉
+
(
a(t)∇u(t),∇w

)
L2(Ω)

+
(
b(t) · ∇u(t) + c(t)u(t), w

)
L2(Ω)

=
〈
f(t), w

〉
,

∀w ∈
◦
W 1

2(Ω).

Â ÷àñòíîñòè, ñïðàâåäëèâà îöåíêà

‖∂tu‖L2(0,T ;W−1
2 (Ω)) ≤ c

(
‖u‖

W 1,0
2 (QT )

+ ‖f‖L2(0,T ;W−1
2 (Ω))

)
Äîêàçàòåëüñòâî. Äëÿ ï.â. t ∈ (0, T ) îïðåäåëèì f0(t) ∈W−1

2 (Ω) ïî ôîðìóëå

〈f0(t), w〉 = 〈f(t), w〉 − (a(t)∇u(t),∇w)L2(Ω) − (b(t) · ∇u(t) + c(t)u(t), w)L2(Ω), w ∈
◦
W 1

2(Ω)

Ïîñêîëüêó ïî îïðåäåëåíèþ

‖f0(t)‖W−1
2 (Ω) := sup

w∈
◦
W 1

2(Ω), ‖w‖
W1

2 (Ω)
≤1

|〈f0(t), w〉|,

ïðè ïîìîùè íåðàâåíñòâà Ãåëüäåðà ïîëó÷àåì, ÷òî

‖f0(t)‖W−1
2 (Ω) ≤ ‖f(t)‖W−1

2 (Ω) + c(ν1)‖u(t)‖W 1
2 (Ω)
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è, ñëåäîâàòåëüíî, f0 ∈ L2(0, T ;W−1
2 (Ω)) è

‖f0‖L2(0,T ;W−1
2 (Ω)) ≤ ‖f‖L2(0,T ;W−1

2 (Ω)) + c(ν1) ‖u‖
W 1,0

2 (QT )

Ïîêàæåì, ÷òî u èìååò ñëàáóþ ïðîèçâîäíóþ ïî âðåìåíè è ∂tu = f0.

Ïóñòü w ∈
◦
W 1

2(Ω) è ξ ∈ C∞0 (0, T ) � ïðîèçâîëüíûå. Âîçüìåì â èíòåãðàëüíîì òîæäåñòâå èç
îïðåäåëåíèÿ ñëàáîãî ðåøåíèÿ ïðîáíóþ ôóíêöèþ η, ðàâíóþ

η(x, t) = w(x)ξ(t).

Ïîñêîëüêó
η ∈W 1,1

2 (QT ), η|∂Ω×(0,T ) = 0, η|t=0 = η|t=T = 0,

òàêàÿ ïðîáíàÿ ôóíêöèÿ äîïóñòèìà è ìû ïîëó÷àåì òîæäåñòâî

∫
QT

u(x, t)w(x)ξ′(t) dxdt = −
T∫

0

〈f0(t), w〉 ξ(t) dt, ∀w ∈
◦
W 1

2(Ω), ∀ ξ ∈ C∞0 (0, T ).

Ñîãëàñíî îïðåäåëåíèþ ñëàáîé ïðîèçâîäíîé èç ïàðàãðàôà �1.3, ýòî òîæäåñòâî îçíà÷àåò, ÷òî
ôóíêöèÿ u èìååò ñëàáóþ ïðîèçâîäíóþ ïî âðåìåíè è

∂tu = f0 ∈ L2(0, T ;W−1
2 (Ω))

Ñëåäîâàòåëüíî,

‖∂tu‖L2(0,T ;W−1
2 (Ω)) ≤ c(ν1) ‖u‖

W 1,0
2 (QT )

+ c ‖f‖L2(0,T ;W−1
2 (Ω))

Òåïåðü èç òåîðåìû î ñèëüíîé íåïðåðûâíîñòè âûòåêàåò u ∈ C([0, T ];L2(Ω)). �

4. Ëåììà Ãðîíóîëëà

Òåîðåìà. Ïóñòü a ∈ L1(0, T ) è f ∈ L1(0, T ) � íåîòðèöàòèåëüíûå ôóíêöèè, è ïðåäïîëîæèì,
÷òî íåîòðèöàòåëüíàÿ ôóíêöèÿ y ∈W 1

1 (0, T ) óäîâëåòâîðÿåò íåðàâåíñòâó

y′(t) ≤ a(t)y(t) + f(t), ï.â. t ∈ (0, T ).

Òîãäà äëÿ âñåõ t ∈ [0, T ] ñïðàâåäëèâà îöåíêà

y(t) ≤ e

t∫
0

a(τ) dτ

 y(0) +

t∫
0

f(τ) dτ

 .

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî

t 7→ y(t) e
−

t∫
0

a(τ) dτ
∈ W 1

1 (0, T ),

d

dt

y(t)e
−

t∫
0

a(τ) dτ

 = y′(t) e
−

t∫
0

a(τ) dτ
− a(t) y(t) e

−
t∫
0

a(τ) dτ
ï.â. t ∈ (0, T )
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Ïîýòîìó èç óñëîâèÿ âûòåêàåò îöåíêà

d

dt

y(t) e
−

t∫
0

a(τ) dτ

 ≤ f(t) e
−

t∫
0

a(τ) dτ
ï.â. t ∈ (0, T )

èíòåãðèðóÿ êîòîðóþ ïî t ∈ (0, t0) ìû ïîëó÷àåì

y(t0) e
−
t0∫
0

a(τ) dτ
≤ y(0) +

t0∫
0

f(t) e
−

t∫
0

a(τ) dτ︸ ︷︷ ︸
≤ 1 ò.ê. a≥ 0

dt

5. Ýíåðãåòè÷åñêîå íåðàâåíñòâî äëÿ ñëàáûõ ðåøåíèé

Òåîðåìà. Ïóñòü u0 ∈ L2(Ω), f ∈ L2(0, T ;W−1
2 (Ω)) è u ∈ L2(0, T ;

◦
W 1

2(Ω)) � ñëàáîå ðåøåíèå
çàäà÷è (∗). Òîãäà

u ∈ C([0, T ];L2(Ω))

è u óäîâëåòâîðÿåò ýíåðãåòè÷åñêîìó íåðàâåíñòâó

‖u‖L∞(0,T ;L2(Ω)) + ‖u‖
W 1,0

2 (QT )
≤ c

(
‖u0‖L2(Ω) + ‖f‖L2(0,T ;W−1

2 (Ω))

)
Äîêàçàòåëüñòâî. Ïóñòü u � îá. ðåøåíèå çàäà÷è (∗).

1. Îöåíêà ‖u‖L2,∞(QT ). Ïî òåîðåìå �2.2 ï.4 äëÿ ëþáîé w ∈
◦
W 1

2(Ω) âûïîëíÿåòñÿ ñîîòíîøåíèå

〈∂tu(t), w〉 +

∫
Ω

(
a(t)∇u(t) · ∇w + b(t) · ∇u(t)w + c(t)u(t)w

)
dx = 〈f(t), w〉,

ï.â. t ∈ (0, T ).

Ïîëàãàÿ â ýòîì òîæäåñòâå w = u(t) ∈
◦
W 1

2(Ω), ñ ó÷åòîì ðàâåíñòâà

1

2

d

dt
‖u(t)‖2L2(Ω) = 〈∂tu(t), u(t)〉, ï.â. t ∈ (0, T ),

ïîëó÷àåì ñîîòíîøåíèå

1

2

d

dt
‖u(t)‖2L2(Ω) +

∫
Ω

(
a(t)∇u(t) · ∇u(t) + b(t) · ∇u(t)u(t) + c(t)|u(t)|2

)
dx = 〈f(t), u(t)〉

Èç óñëîâèÿ ðàâíîìåðíîé ýëëèïòè÷íîñòè ìàòðèöû a(t) âûòåêàåò îöåíêà∫
Ω

a(t)∇u(t) · ∇u(t) dx ≥ ν0 ‖∇u(t)‖2L2(Ω)

Ñëåäîâàòåëüíî, ìû ïîëó÷àåì îöåíêó

1

2

d

dt
‖u(t)‖2L2(Ω) + ν0 ‖∇u(t)‖2L2(Ω) ≤

≤ ν1

(
‖∇u(t)‖L2(Ω)‖u(t)‖L2(Ω) + ‖u(t)‖2L2(Ω)

)
+ ‖f(t)‖W−1

2 (Ω)‖u(t)‖W 1
2 (Ω)
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Èñïîëüçóÿ íåðàâåíñòâî Ôðèäðèõñà

‖u(t)‖W 1
2 (Ω) ≤ cΩ ‖∇u(t)‖L2(Ω), u(t) ∈

◦
W 1

2(Ω),

à òàêæå íåðàâåíñòâî Þíãà ab ≤ εa2 + Cεb
2, ïîëó÷åì îöåíêó

1

2

d

dt
‖u(t)‖2L2(Ω) +

ν0

2
‖∇u(t)‖2L2(Ω) ≤ c(ν1, ν0) ‖u(t)‖2L2(Ω) + c(Ω, ν0) ‖f(t)‖2

W−1
2 (Ω)

Îáîçíà÷èì
y(t) := ‖u(t)‖2L2(Ω), g(t) := ‖f(t)‖2

W−1
2 (Ω)

.

Òîãäà y ∈W 1
1 (0, T ) è g ∈ L1(0, T ). Ïðè ýòîì ôóíêöèè y(t) è g(t) óäîâëåòâîðÿþò îöåíêå

y′(t) ≤ c(ν0, ν1) y(t) + c(Ω, ν0) g(t), ï.â. t ∈ (0, T ).

Ïî ëåììå Ãðîíóîëëà ïîëó÷àåì îöåíêó

y(t) ≤ ec1t

y(0) +

t∫
0

g(τ)dτ

 , ∀ t ∈ (0, T )

Ðàñøèðÿÿ ïðåäåëû èíòåãðèðîâàíèÿ â ïðàâîé ÷àñòè è ïåðåõîäÿ ê ñóïðåìóìó ïî t ∈ (0, T ) â
ëåâîé ÷àñòè, ïîëó÷àåì

sup
t∈(0,T )

y(t) ≤ ec1T

y(0) +

T∫
0

g(τ)dτ

 ,

÷òî ýêâèâàëåíòíî

‖u‖L2,∞(QT ) ≤ c
(
‖u0‖L2(Ω) + ‖f‖L2(0,T ;W−1

2 (Ω))

)
2. Îöåíêà ‖u‖

W 1,0
2 (QT )

. Äëÿ ï.â. t ∈ (0, T ) ìû çíàåì îöåíêó

ν0

2
‖∇u(t)‖2L2(Ω) ≤ c(ν1, ν0) ‖u(t)‖2L2(Ω) + c(Ω, ν0) ‖f(t)‖2

W−1
2 (Ω)

− 1

2

d

dt
‖u(t)‖2L2(Ω)

Èíòåãðèðóÿ ýòî íåðàâåíñòâî ïî t ∈ (0, T ), ìû ïîëó÷èì

ν0

2

T∫
0

‖∇u(t)‖2L2(Ω) dt ≤ c(ν1, ν0)

T∫
0

‖u(t)‖2L2(Ω) dt + c(Ω, ν0)

T∫
0

‖f(t)‖2
W−1

2 (Ω)
dt +

+
1

2

(
‖u0‖2L2(Ω) − ‖u(·, T )‖2L2(Ω)

)
,

îòêóäà

‖∇u‖2L2(QT ) ≤ c(ν1, ν0) ‖u‖2L2(QT ) + c(Ω, ν0) ‖f‖2
L2(0,T ;W−1

2 (Ω))
+ c ‖u0‖2L2(Ω)

Ñ ó÷åòîì íåðàâåíñòâà
‖u‖L2(QT ) ≤ T 1/2‖u‖L2,∞(QT )

ìû ïîëó÷àåì

‖u‖
W 1,0

2 (QT )
≤ c(ν0, ν1, T ) ‖u‖L2,∞(QT ) + c

(
‖u0‖L2(Ω) + ‖f‖L2(0,T ;W−1

2 (Ω))

)
îòêóäà ñ ó÷åòîì óæå äîêàçàííîãî â 1 âûòåêàåò òðåáóåìàÿ îöåíêà. �
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6. Òåîðåìà åäèíñòâåííîñòè äëÿ ñëàáûõ ðåøåíèé

Òåîðåìà. Ïóñòü u1 è u2 � äâà ñëàáûõ ðåøåíèÿ çàäà÷è (∗) â QT , ñîîòâåòñòâóþùèå îäíîìó è
òîìó æå íà÷àëüíîìó äàííîìó a ∈ L2(Ω) è ïðàâîé ÷àñòè f ∈ L2(0, T ;W−1

2 (Ω)). Òîãäà u1 ≡ u2

ï.â. â QT .

Äîêàçàòåëüñòâî. Ôóíêöèÿ u := u2 − u1 ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì çàäà÷è{
∂tu+ Lu = 0 â QT

u|∂′QT = 0

Òîãäà èç ýíåðãåòè÷åñêîé îöåíêè âûòåêàåò, ÷òî u ≡ 0 â QT . �
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2.3 Ñóùåñòâîâàíèå ñëàáûõ ðåøåíèé. Ìåòîä Ãàëåðêèíà

1. Áàçèñíûå ôóíêöèè â ìåòîäå Ãàëåðêèíà

Ïóñòü ôóíêöèè {ϕk}∞k=1 ⊂
◦
W 1

2(Ω) îáðàçóþò ôóíäàìåíòàëüíóþ ñèñòåìó â
◦
W 1

2(Ω):

� Lin{ϕ1, ϕ2, . . . } (= êîíå÷íûå ëèí. êîìáèíàöèè ϕk) âñþäó ïëîòíû â
◦
W 1

2(Ω)

� ∀N ∈ N êîíå÷íàÿ ïîäñèñòåìà {ϕ1, ϕ2, . . . ϕN } ëèíåéíî íåçàâèñèìà
Äëÿ óäîáñòâà áóäåì òàêæå ïðåäïîëàãàòü, ÷òî

� {ϕk}∞k=1 îáðàçóþò îðòîíîðìèðîâàííûé áàçèñ â L2(Ω)

2. Ãàëåðêèíñêèå ïðèáëèæåíèÿ

Îïðåäåëåíèå. Ïóñòü u0 ∈ L2(Ω), f ∈ L2(0, T ;W−1
2 (Ω)) è N ∈ N. Ôóíêöèè

uN (x, t) :=

N∑
k=1

CNk (t)ϕk(x), CNk ∈W 1
2 (0, T ), k = 1, . . . , N,

íàçûâàþòñÿ ãàëåðêèíñêèìè ïðèáëèæåíèÿìè â çàäà÷å (∗), åñëè îíè óäîâëåòâîðÿþò

(∂tu
N (t), ϕk) + (a(t)∇uN (t),∇ϕk) + (b(t)∇uN (t), ϕk) + (c(t)uN (t), ϕk) = 〈f(t), ϕk〉,

à òàêæå íà÷àëüíîìó óñëîâèþ

uN (x, 0) = uN0 (x) ï.â. x ∈ Ω,

Çäåñü (u, v) := (u, v)L2(Ω) è

uN0 (x) :=

N∑
k=1

ak ϕk(x), ak :=

∫
Ω

u0(x)ϕk(x) dx, k = 1, 2, . . .

3. Ñèñòåìà ODE äëÿ êîýôôèöèåíòîâ ãàëåðêèíñêèõ ïðèáëèæåíèé

Òåîðåìà. Ôóíêöèÿ

uN (x, t) :=

N∑
k=1

CNk (t)ϕk(x)

ÿâëÿåòñÿ ãàëåðêèíñêèì ïðèáëèæåíèåì â çàäà÷å (∗) òîãäà è òîëüêî òîãäà, êîãäà êîýôôèöè-
åíòû {CNk }Nk=1 ⊂W 1

2 (0, T ) ÿâëÿþòñÿ ðåøåíèÿìè ñëåäóþùåé ñèñòåìû ODE:
dCNk
dt

(t) +

N∑
j=1

Akj(t)C
N
j (t) = Fk(t),

CNk (0) = ak

k = 1, 2, . . . , N.

ãäå

Akj(t) :=

∫
Ω

(
a(x, t)∇ϕk(x) · ∇ϕj(x) + b(x, t) · ∇ϕk(x)ϕj(x) + c(x, t)ϕk(x)ϕj(x)

)
dx

Fk(t) := 〈f(t), ϕk〉
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Çàìåòèì, ÷òî èç óñëîâèé êà êîýôôèöèåíòû îïåðàòîðà L è ïðàâóþ ÷àñòü f âûòåêàåò, ÷òî

Akj ∈ L∞(0, T ), Fk ∈ L2(0, T ).

Â ìàòðè÷íîé ôîðìå ýòà ñèñòåìà èìååò âèä
dCN

dt
(t) + AN (t)CN (t) = FN (t), t ∈ (0, T )

CN (0) = aN

ãäå

� CN (t) = (CN1 (t), CN2 (t), . . . , CNN (t)) � N�ìåðíûé âåêòîð

� FN (t) = (F1(t), F2(t), . . . , FN (t)) � N�ìåðíûé âåêòîð

� AN (t) = (Akj(t)) � N ×N�ìàòðèöà

� aN = (a1, a2, . . . , aN ) � N�ìåðíûé âåêòîð

4. Ìåòîä Ôóðüå � ÷àñòíûé ñëó÷àé ìåòîäà Ãàëåðêèíà

Ïóñòü b ≡ 0, c = c(x), c ≥ 0 è a = a(x) (ò.å. ýëëèïòè÷åñêàÿ ìàòðèöà a è íåîòðèöàòåëüíàÿ ñêà-
ëÿðíàÿ ôóíêöèÿ c íå çàâèñÿò îò t). Òîãäà ýëëèïòè÷åñêèé îïåðàòîð L ÿâëÿåòñÿ ôîðìàëüíî
ñàìîñîïðÿæåííûì è ïîëîæèòåëüíûì, è ïî òåîðåìå Ãèëüáåðòà�Øìèäòà ñîáñòâåííûå ôóíê-
öèè çàäà÷è Äèðèõëå äëÿ îïåðàòîðà L â Ω

{ϕk}∞k=1 ⊂
◦
W 1

2(Ω),

ÿâëÿþùèåñÿ îáîáùåííûìè ðåøåíèÿìè êðàåâûõ çàäà÷{
−div(a(x)∇ϕk) + c(x)u = λk ϕk â Ω

ϕk|∂Ω = 0

îáðàçóþò îðòîíîðìèðîâàííûé áàçèñ â L2(Ω), à òàêæå ôóíäàìåíòàëüíóþ ñèñòåìó â
◦
W 1

2(Ω).
Ïîýòîìó ôóíêöèè {ϕk}∞k=1 ìîæíî âçÿòü â êà÷åñòâå áàçèñíûõ ôóíêöèé â ìåòîäå Ãàëåðêèíà.
Ïðè÷åì ïðè òàêîì âûáîðå áàçèñíûõ ôóíêöèé

� N×N -ìàòðèöà AN èç ïðåäûäóùåãî ïóíêòà äèàãîíàëèçóåòñÿ: AN = diag(λ1, λ2, . . . , λN )

� êîýôôèöèåíòû Ck(t) := CNk (t) óäîâëåòâîðÿþò ñîîòíîøåíèÿì
dCk
dt

(t) + λk Ck(t) = Fk(t),

Ck(0) = ak

∀ k ∈ N,

� êàæäûé èç êîýôôèöèåíòîâ Ck(t) ýâîëþöèîíèðóåò ñàì ïî ñåáå, ýâîëþöèÿ äðóãèõ ìîä
Ôóðüå Cj(t) íå âëèÿåò íà ýâîëþöèþ äàííîé ìîäû;

� êîýôôèöèåíòû Ck(t) âûðàæàþòñÿ ÷åðåç λk è êîýôôèöèåíòû Ôóðüå äàííûõ çàäà÷è ïðè
ïîìîùè ÿâíîé ôîðìóëû

Ck(t) = e−λkt

ak +

t∫
0

eλkτFk(τ) dτ


� ìåòîä Ãàëåðêèíà ïðåâðàùàåòñÿ â êëàññè÷åñêèé ìåòîä Ôóðüå (ðàçëîæåíèå ðåøåíèÿ ïî
ñîáñòâåííûì ôóíêöèÿì ñàìîñîïðÿæåííîãî ýëëèïòè÷åñêîãî îïåðàòîðà);
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� òåì ñàìûì âñå ðåçóëüòàòû î ñõîäèìîñòè ìåòîäà Ãàëåðêèíà, êîòîðûå áóäóò ïîëó÷åíû
â äàííîé ãëàâå, àâòîìàòè÷åñêè îñòàþòñÿ ñïðàâåäëèâûìè è äëÿ ÷àñòè÷íûõ ñóìì ðÿäà
Ôóðüå ðåøåíèÿ ïåðâîé íà÷àëüíî-êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè â
îãðàíè÷åííîé îáëàñòè.

� Â ÷àñòíîñòè, â ýòîé ãëàâå ìû óñòàíîâèì, ÷òî ñîîòâåòñòâóþùèå ÷àñòè÷íûå ñóììû ðÿäà
Ôóðüå ñõîäÿòñÿ ê ñëàáîìó (èëè ñèëüíîìó, â çàâèñèìîñòè îò ãëàäêîñòè äàííûõ çàäà÷è)
ðåøåíèþ ïåðâîé íà÷àëüíî-êðàåâîé çàäà÷è. Ýòîò ðåçóëüàò íå áûë óñòàíîâëåí â ïðåäû-
äóùåé ãëàâå, òàì ìû äîêàçàëè òîëüêî òî, ÷òî ñîîòâåòñòâóþùèå ðÿäû ñõîäÿòñÿ â òåõ
èëè èíûõ ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ. À òî, ÷òî ïðåäåë ÷àñòè÷íûõ ñóìì ÿâëÿåò-
ñÿ ðåøåíèåì ñîîòâåòñòâóþùåé íà÷àëüíî-êðàåâîé çàäà÷è, ìû êàê ðàç óñòàíîâèì â ýòîì
ïàðàãðàôå, ïðè÷åì â ïîëó÷èì ýòîò ðåçóëüòàò â îáùåé ôîðìå ìåòîäà Ãàëåðêèíà, à íå
òîëüêî äëÿ åãî ÷àñòíîãî ñëó÷àÿ (êàêîâûì ÿâëÿåòñÿ ìåòîä Ôóðüå).

5. Ïðîáëåìà âûáîðà áàçèñíûõ ôóíêöèé â ìåòîäå Ãàëåðêèíà

Åñëè ðå÷ü èäåò î ôîðìàëüíîì äîêàçàòåëüñòâå òåîðåì ñóùåñòâîâàíèÿ, òî âûáîð â êà÷åñòâå
{ϕk}∞k=1 ïîëíîé ñèñòåìû ñîáñòâåííûõ ôóíêöèé íåêîòîðîãî ñàìîñîïðÿæåííîãî îïåðàòîðà
÷àñòî îêàçûâàåòñÿ óäîáíûì è óïðîùàåò âûêëàäêè.

Ïðîáëåìà â òîì, ÷òî äàæå â ñëó÷àå îïåðàòîðà Ëàïëàñà ìû î÷åíü ðåäêî (ò.å. äëÿ î÷åíü îãðà-
íè÷åííîãî êðóãà çàäà÷) çíàåì ÿâíûå âûðàæåíèÿ äëÿ ñîáñòâåííûõ ôóíêöèé. Ïîýòîìó åñëè
íàì òðåáóåòñÿ íå ïðîñòî äîêàçàòü òåîðåìó ñóùåñòâîâàíèÿ, íî òàêæå ïîñòðîèòü àëãîðèòì
ïðèáëèæåííîãî íàõîæäåíèÿ ðåøåíèÿ, òî â êà÷åñòâå áàçèñà íåîáõîäèìî âçÿòü êàêóþ-ëèáî
ôóíäàìåíòàëüíóþ ñèñòåìó â Ω, äëÿ êîòîðîé èìåþòñÿ ÿâíûå âûðàæåíèÿ.

6. Ðàçðåøèìîñòü ñèñòåìû ODE äëÿ êîýôôèöèåíòîâ ãàëåðêèíñêèõ ïðèáëèæåíèé

Òåîðåìà. Äëÿ ëþáîãî N ∈ N, äëÿ ëþáîãî T > 0, è äëÿ ëþáîãî íàáîðà äàííûõ

Akj ∈ L∞(0, T ), Fk ∈ L2(0, T ), ak ∈ R, k, j = 1, 2, . . . , N,

ñóùåñòâóåò åäèíñòâåííûé íàáîð ôóíêöèé CNk ∈ W 1
2 (0, T ), k = 1, 2, . . . , N , ÿâëÿþùèõñÿ ðå-

øåíèåì ëèíåéíîé ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
dCNk
dt

(t) +

N∑
j=1

Akj(t)C
N
j (t) = Fk(t),

CNk (0) = ak

k = 1, 2, . . . , N.

Äîêàçàòåëüñòâî. Ñì. êóðñ ODE. �

7. Èíòåãðàëüíîå òîæäåñòâî äëÿ ãàëåðêèíñêèõ ïðèáëèæåíèé

Òåîðåìà. Äëÿ ëþáîãî m ≤ N è äëÿ ëþáîé ôóíêöèè ηm ∈W 1,1
2 (QT ) âèäà

ηm(x, t) =

m∑
k=1

ξk(t)ϕk(x), ξk ∈W 1
2 (0, T ) : ξk(T ) = 0.

ôóíêöèè uN , f è u0 óäîâëåòâîðÿþò èíòåãðàëüíîìó òîæäåñòâó∫
QT

(
− uN∂tηm + a∇uN · ∇ηm

)
dxdt + B[uN , ηm] =

∫
Ω

u0(x)ηm(x, 0) dx +

T∫
0

〈f(t), ηm(t)〉 dt
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Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî uN ∈W 1,1
2 (QT ) è ïîýòîìó äëÿ ëþáîãî k ∈ N

(
∂tu

N (t), ϕk
)

=
dCNk
dt

(t) =
d

dt

(
uN (t), ϕk

)
Óìíîæèì êàæäîå èç ñîîòíîøåíèé

d

dt
(uN (t), ϕk) + (a(t)∇uN (t),∇ϕk) + (b(t) · ∇uN (t) + c(t)uN (t), ϕk) = 〈f(t), ϕk〉, (?)

íà ξk, ïðîèíòåãðèðóåì ðåçóëüòàò ïî t ∈ (0, T ) è ïðîèíòåãðèðóåì ïî ÷àñòÿì â ñëàãàåìîì

T∫
0

ξk(t)
d

dt
(uN (t), ϕk) dt = (uN (T ), ϕk) ξk(T )︸ ︷︷ ︸

= 0

−(uN (0), ϕk)ξk(0)−
T∫

0

(uN (t), ϕk)ξ
′
k(t) dt

Ïîëó÷èì

T∫
0

(
−
(
uN (t), ϕk

)
L2(Ω)

ξ′k(t) +
(
a(t)∇uN (t),∇ϕk

)
L2(Ω)

ξk(t)
)
dt + B[uN , ϕkξk] =

= (u0, ϕk)L2(Ω)ξ(0) +

T∫
0

〈f(t), ϕk〉 ξk(t) dt

Ñóììèðóÿ ïîëó÷åííûå òîæäåñòâà ïî k îò 1 äî m, äëÿ ëþáîãî N ≥ m ïîëó÷àåì òîæäåñòâî

∫
QT

(−uN∂tηm + a∇uN · ∇ηm) dxdt + B[uN , ηm] =

∫
Ω

u0(x)ηm(x, 0) dx +

T∫
0

〈f(t), ηm(t)〉 dt

8. Ýíåðãåòè÷åñêàÿ îöåíêà äëÿ ãàëåðêèíñêèõ ïðèáëèæåíèé

Òåîðåìà. Ñóùåñòâóåò ïîñòîÿííàÿ C = C(Ω, T, n, ν0, ν1) > 0, òàêàÿ ÷òî äëÿ ëþáîãî N ∈ N
ãàëåðêèíñêèå ïðèáëèæåíèÿ uN ∈W 1,1

2 (QT ) óäîâëåòâîðÿþò îöåíêàì

‖uN‖L2,∞(QT ) + ‖uN‖
W 1,0

2 (QT )
≤ C

(
‖u0‖L2(Ω) + ‖f‖L2(0,T ;W−1

2 (Ω))

)
Äîêàçàòåëüñòâî. Óìíîæèì êàæäîå èç ñîîòíîøåíèé

(∂tu
N (t), ϕk) +

(
a(t)∇uN (t),∇ϕk

)
+
(
b(t) · ∇uN (t) + c(t)uN (t), ϕk

)
= 〈f(t), ϕk〉,

íà CNk (t) è ïðîñóììèðóåì ïîëó÷åííûå ñîîòíîøåíèÿ ïî k îò 1 äî N . Ïîëó÷èì òîæäåñòâî

(∂tu
N (t), uN (t)) +

(
a(t)∇uN (t),∇uN (t)

)
+
(
b(t) · ∇uN (t) + c(t)uN (t), uN (t)

)
= 〈f(t), uN (t)〉,

êîòîðîå âûïîëíÿåòñÿ ïðè ï.â. t ∈ (0, T ). Çàìåòèì, ÷òî uN ∈ W 1,1
2 (QT ) è ïîýòîìó ôóíêöèÿ

t 7→ ‖uN (t)‖2L2(Ω) àáñîëþòíî íåïðåðûâíà íà (0, T ) è

1

2

d

dt
‖uN (t)‖2L2(Ω) = (∂tu

N (t), uN (t)) ï.â. t ∈ (0, T ).
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Èñïîëüçóÿ ñòàíäàðòíóþ òåõíèêó, ïîëó÷àåì îöåíêó

1

2

d

dt
‖uN (t)‖2L2(Ω) +

ν0

2
‖∇uN (t)‖2L2(Ω) ≤ c(ν1, ν0) ‖uN (t)‖2L2(Ω) + c(Ω, ν0) ‖f(t)‖2

W−1
2 (Ω)

îòêóäà ïî ëåììå Ãðîíóîëëà ïîëó÷àåì îöåíêó

‖uN‖L2,∞(QT ) ≤ c
(
‖uN0 ‖L2(Ω) + ‖f‖L2(0,T ;W−1

2 (Ω))

)
Ïîñêîëüêó ôóíêöèÿ uN0 ÿâëÿåòñÿ ÷àñòè÷íîé ñóììîé ðÿäà Ôóðüå ôóíêöèè u0, ñïðàâåäëèâà
îöåíêà

‖uN0 ‖L2(Ω) ≤ ‖u0‖L2(Ω),

îòêóäà

‖uN‖L2,∞(QT ) ≤ c
(
‖u0‖L2(Ω) + ‖f‖L2(0,T ;W−1

2 (Ω))

)
Âûðàæàÿ

ν0

2
‖∇uN (t)‖2L2(Ω) ≤ c(ν1, ν0) ‖uN (t)‖2L2(Ω) + c(Ω, ν0) ‖f(t)‖2

W−1
2 (Ω)

− 1

2

d

dt
‖uN (t)‖2L2(Ω)

è èíòåãðèðóÿ äàííîå íåðàâåíñòâî ïî t ∈ (0, T ), ïîëó÷àåì

‖∇uN‖2L2(QT ) ≤ c(ν1, ν0) ‖uN‖2L2(QT ) + c(Ω, ν0) ‖f‖2
L2(0,T ;W−1

2 (Ω))
+ c ‖uN0 ‖2L2(Ω)︸ ︷︷ ︸

≤‖u0‖2L2(Ω)

Ñ ó÷åòîì íåðàâåíñòâà
‖uN‖L2(QT ) ≤ T 1/2‖uN‖L2,∞(QT )

ìû ïîëó÷àåì

‖uN‖
W 1,0

2 (QT )
≤ c(ν0, ν1, T ) ‖uN‖L2,∞(QT ) + c

(
‖u0‖L2(Ω) + ‖f‖L2(0,T ;W−1

2 (Ω))

)
îòêóäà ñ ó÷åòîì óæå äîêàçàííîé îöåíêè äëÿ ‖uN‖L2,∞(QT ) ìû ïîëó÷àåì òðåáóåìîå íåðàâåí-
ñòâî. �

9. Ïðåäåëüíûé ïåðåõîä â èíòåãðàëüíîì òîæäåñòâå äëÿ ñëàáûõ ðåøåíèé

Òåîðåìà. Ïóñòü {ϕk}∞k=1 � îðòîíîðìèðîâàííûé â L2(Ω) áàçèñ èç ñîáñòâåííûõ ôóíêöèé

çàäà÷è Äèðèõëå äëÿ îïåðàòîðà −∆ â Ω, è ïóñòü ïîäïîñëåäîâàòåëüíîñòü {uN} ⊂ W 1,1
2 (QT )

ãàëåðêèíñêèõ ïðèáëèæåíèé â çàäà÷å (∗) ñõîäèòñÿ ñëàáî â W 1,0
2 (QT ) ê íåêîòîðîé ôóíêöèè

u ∈W 1,0
2 (QT ), ò.å.

uN ⇀ u â L2(QT ), ∇uN ⇀ ∇u â L2(QT ).

Òîãäà u ÿâëÿåòñÿ ñëàáûì ðåøåíèåì çàäà÷è (∗). Â ñèëó åäèíñòâåííîñòè ñëàáîãî ðåøåíèÿ
çàäà÷è (∗) âñÿ ïîñëåäîâàòåëüíîñòü ãàëåðêèíñêèõ ïðèáëèæåíèé (à íå òîëüêî êàêàÿ-òî åå
ïîäïîñëåäîâàòåëüíîñòü) ñõîäèòñÿ ê ôóíêöèè u öåëèêîì.

Äîêàçàòåëüñòâî. Äëÿ ëþáîé ïðîáíîé ôóíêöèè

η ∈W 1,1
2 (QT ), η|∂Ω×(0,T ) = 0, η|t=T = 0
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îáîçíà÷èì ÷åðåç ηm ∈W 1,1
2 (QT ) ÷àñòè÷íóþ ñóììó åå ðÿäà Ôóðüå:

ηm(x, t) =
m∑
k=1

ξk(t)ϕk(x), ξk(t) :=

∫
Ω

η(x, t)ϕk(x) dx

Ïîñêîëüêó η|t=0 = 0, çàêëþ÷àåì, ÷òî ξk(T ) = 0, k = 1, . . . ,m, è, ñëåäîâàòåëüíî, ïðè ôèêñè-
ðîâàííîì m ∈ N äëÿ ëþáîãî N ≥ m ñïðàâåäëèâû òîæäåñòâà∫
QT

(−uN∂tηm + a∇uN · ∇ηm) dxdt + B[uN , ηm] =

∫
Ω

u0(x)ηm(x, 0) dx +

T∫
0

〈f(t), ηm(t)〉 dt

Ñ ó÷åòîì
uN ⇀ u â L2(QT ), ∇uN ⇀ ∇u â L2(QT ),

ïðè ôèêñèðîâàííîì m ∈ N óñòðåìëÿÿ N →∞ ïîëó÷àåì ñõîäèìîñòè∫
QT

(−uN∂tηm + a∇uN · ∇ηm) dxdt →
∫
QT

(−u∂tηm + a∇u · ∇ηm) dxdt,

B[uN , ηm] =

∫
QT

(b · ∇uN + cuN )ηm dxdt → B[u, ηm],

èç êîòîðûõ âûòåêàåò òîæäåñòâî∫
QT

(−u∂tηm + a∇u · ∇ηm) dxdt + B[u, ηm] =

∫
Ω

u0(x)ηm(x, 0) dx +

T∫
0

〈f(t), ηm(t)〉 dt (?)

Ïîñêîëüêó η ∈W 1,1
2,0 (QT ) := L2(0, T ;

◦
W 1

2(Ω)) ∩W 1,1
2 (QT ) è {ϕk}∞k=1 � îðòîíîðìèðîâàííûé â

L2(Ω) áàçèñ èç ñîáñòâåííûõ ôóíêöèé çàäà÷è Äèðèõëå äëÿ îïåðàòîðà −∆ â Ω, èç �1.2 ìû
çíàåì, ÷òî ÷àñòè÷íûå ñóììû ðÿäà Ôóðüå ôóíêöèè η ñõîäÿòñÿ â ïðîñòðàíñòâå W 1,1

2,0 (QT ), ò.å.

ηm → η â L2(QT ), ∇ηm → ∇η â L2(QT ), ∂tη
m → ∂tη â L2(QT )

è, ñëåäîâàòåëüíî, ïðè m→∞∫
QT

(−u∂tηm + a∇u · ∇ηm) dxdt →
∫
QT

(−u∂tη + a∇u · ∇η) dxdt,

B[u, ηm] =

∫
QT

(b · ∇u+ cu)ηm dxdt → B[u, η]

Ïîñêîëüêó η|t=0 ∈ L2(Ω) è ðÿä Ôóðüå ñõîäèòñÿ â L2(Ω), ïîëó÷àåì ηm|t=0 → η|t=0 â L2(Ω) è∫
Ω

u0(x)ηm(x, 0) dx →
∫
Ω

u0(x)η(x, 0) dx

Íàêîíåö, ïîñêîëüêó f ÿâëÿåòñÿ íåïðåðûâíûì ëèíåéíûì ôóíêöèîíàëîì íà L2(0, T ;
◦
W 1

2(Ω))

è ηm → η â L2(0, T ;
◦
W 1

2(Ω)), ìû ïîëó÷àåì

T∫
0

〈f(t), ηm(t)〉 dt →
T∫

0

〈f(t), η(t)〉 dt
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Ïåðåõîäÿ ê ïðåäåëó ïðè m→∞ â ñîîòíîøåíèè (?), ïîëó÷àåì

∫
QT

(−u∂tη + a∇u · ∇η) dxdt + B[u, η] =

∫
Ω

u0(x)η(x, 0) dx +

T∫
0

〈f(t), η(t)〉 dt

Ñëåäîâàòåëüíî, u ∈W 1,0
2 (QT ) ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì çàäà÷è (∗). �

10. Òåîðåìà ñóùåñòâîâàíèÿ â êëàññå ñëàáûõ ðåøåíèé

Òåîðåìà. Äëÿ ëþáûõ u0 ∈ L2(Ω) è f ∈ L2(0, T ;W−1
2 (Ω)) ñóùåñòâóåò åäèíñòâåííîå ñëàáîå

ðåøåíèå u ∈ L2(0, T ;
◦
W 1

2(Ω)) çàäà÷è (∗).

Äîêàçàòåëüñòâî. Ïóñòü uN � ãàëåðêèíñêèå ïðèáëèæåíèÿ â çàäà÷å (∗) ïî îðòîíîðìèðî-
âàííîìó â L2(Ω) áàçèñó èç ñîáñòâåííûõ ôóíêöèé çàäà÷è Äèðèõëå äëÿ îïåðàòîðà −∆ â Ω.
Òîãäà uN ⇀ u â W 1,0

2 (QT ), ãäå u � ñëàáîå ðåøåíèå çàäà÷è (∗). Åäèíñòâåííîñòü u âûòåêàåò
èç ýíåðãåòè÷åñêîãî íåðàâåíñòâà äëÿ ñëàáûõ ðåøåíèé. �
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2.4 Ñèëüíûå ðåøåíèÿ

1. Îïðåäåëåíèå ñèëüíîãî ðåøåíèÿ

Îïðåäåëåíèå. Ïóñòü u0 ∈
◦
W 1

2(Ω), f ∈ L2(QT ), ∇a ∈ L∞(QT ). Ñèëüíûì ðåøåíèåì çàäà÷è
∂tu− div(a∇u) + b · ∇u+ cu = f â QT

u|∂Ω×(0,T ) = 0

u|t=0 = u0

(∗)

ìû áóäåì íàçûâàòü ôóíêöèþ u ∈ W 2,1
2 (QT ), óäîâëåòâîðÿþùóþ óðàâíåíèþ ï.â. â QT , à

íà÷àëüíîìó è êðàåâîìó óñëîâèþ � â ñìûñëå ñëåäîâ.

Òåîðåìà. Ïðè çàÿâëåííûõ ïðåäïîëîæåíèÿõ íà ãëàäêîñòü a, u0, f

� âñÿêîå ñèëüíîå ðåøåíèå ÿâëÿåòñÿ ñëàáûì;

� îáðàòíî, åñëè u � ñëàáîå ðåøåíèå è u ∈W 2,1
2 (QT ), òî u � ñèëüíîå ðåøåíèå.

Äîêàçàòåëüñòâî. Ôîðìóëà èíòåãðèðîâàíèÿ ïî ÷àñòÿì è ëåììà Äþ Áóà�Ðåéìîíäà. �

2. Òåîðåìà ñóùåñòâîâàíèÿ â êëàññå ñèëüíûõ ðåøåíèé

Òåîðåìà. Ïóñòü ∂Ω êëàññà C2 è akj íåïðåðûâíû ïî Ëèïùèöó ïî (x, t) â QT , ò.å.

∃
∂ajk
∂xl

∈ L∞(QT ), ∃
∂ajk
∂t
∈ L∞(QT ), ‖∇a‖L∞(QT ) + ‖∂ta‖L∞(QT ) ≤ ν2.

Òîãäà åñëè u0 ∈
◦
W 1

2(Ω), f ∈ L2(QT ) è u ∈ W 1,0
2 (QT ) � ñëàáîå ðåøåíèå çàäà÷è (∗), òî

u ∈W 2,1
2 (QT ), ò.å. ñëàáîå ðåøåíèå ÿâëÿåòñÿ ñèëüíûì. Ïðè ýòîì èìååò ìåñòî îöåíêà

‖u‖
W 2,1

2 (QT )
≤ c

(
‖f‖L2(QT ) + ‖u0‖W 1

2 (Ω)

)
,

â êîòîðîé ïîñòîÿííàÿ c > 0 çàâèñèò òîëüêî îò n, Ω, T , ν0, ν1 è ν2.

3. Âñïîìîãàòåëüíàÿ çàäà÷à

Òåîðåìà. Ïóñòü u ∈W 1,0
2 (QT ) � ñëàáîå ðåøåíèå çàäà÷è (∗). Îáîçíà÷èì

f0 := f − b · ∇u− cu, f0 ∈ L2(QT )

Òîãäà f0 ∈ L2(QT ) è u ∈W 1,0
2 (QT ) ÿâëÿåòñÿ ñëàáûì ðåøåíèåì çàäà÷è

∂tu− div(a∇u) = f0 â QT

u|∂Ω×(0,T ) = 0

u|t=0 = u0

(∗∗)

Êðîìå òîãî, ñ ó÷åòîì ýíåðãåòè÷åñêîãî íåðàâåíñòâà

‖u‖
W 1,0

2 (QT )
≤ c

(
‖f‖L2(0,T ;W−1

2 (Ω)) + ‖u0‖L2(Ω)

)
≤ c

(
‖f‖L2(QT ) + ‖u0‖L2(Ω)

)
äëÿ f0 ñïðàâåäëèâà îöåíêà

‖f0‖L2(QT ) ≤ c
(
‖f‖L2(QT ) + ‖u0‖L2(Ω)

)
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4. Ãàëåðêèíñêèå ïðèáëèæåíèÿ äëÿ âñïîìîãàòåëüíîé çàäà÷è

Îáîçíà÷èì ÷åðåç {ϕk}∞k=1 îðòîíîðìèðîâàííûé â L2(Ω) áàçèñ èç ñîáñòâåííûõ ôóíêöèé çà-
äà÷è Äèðèõëå äëÿ îïåðàòîðà Ëàïëàñà â îãðàíè÷åííîé îáëàñòè Ω{

−∆ϕk = λk ϕk â Ω

ϕk|∂Ω = 0

Ïîñòðîèì ãàëåðêèíñêèå ïðèáëèæåíèÿ äëÿ çàäà÷è (∗∗):

uN (x, t) :=
N∑
k=1

CNk (t)ϕk(x), uN ∈W 1,1
2 (QT )

ãäå CNk ∈W 1
2 (0, T ) è ôóíêöèè uN äëÿ ëþáîãî k = 1, 2, . . . , N óäîâëåòâîðÿþò òîæäåñòâó{

(∂tu
N (t), ϕk) + (a(t)∇uN (t),∇ϕk) = (f0(t), ϕk), t ∈ (0, T )

uN |t=0 = uN0

ãäå

uN0 (x) :=

N∑
k=1

ak ϕk(x), ak := (u0, wk)

Ìû óæå çíàåì, ÷òî

‖uN‖
W 1,0

2 (QT )
≤ c

(
‖f0‖L2(QT ) + ‖u0‖L2(Ω)

)
,

è
uN ⇀ v â L2(QT ),

ãäå v ∈ L2,∞(QT )∩W 1,0
2 (QT ) � íåêîòîðîå ñëàáîå ðåøåíèå çàäà÷è (∗∗). Íî òîãäà v è u � äâà

ñëàáûõ ðåøåíèÿ çàäà÷è (∗∗), ñîîòâåòñòâóþùèå îäíîìó è òîìó æå íà÷àëüíîìó äàííîìó u0 è
îäíîé è òîé æå ïðàâîé ÷àñòè f0. Ïî òåîðåìå åäèíñòâåííîñòè äëÿ ñëàáûõ ðåøåíèé ïîëó÷àåì
v ≡ u ï.â. â QT .

5. Îöåíêà ïðîèçâîäíîé ïî âðåìåíè

Óìíîæèì êàæäîå èç òîæäåñòâ

(∂tu
N (t), ϕk) + (a(t)∇uN (t),∇ϕk) = (f0(t), ϕk)

íà
dCNk
dt (t) è ïðîñóììèóåì ïî k îò 1 äî N . Ïîëó÷èì òîæäåñòâî(

∂tu
N (t), ∂tu

N
)

+
(
a(t)∇uN (t), ∂t∇uN

)
=
(
f0(t), ∂tu

N
)

Çàìåòèì, ÷òî

uN , ∂tu
N ∈ L2(0, T ;

◦
W 1

2(Ω))

Âòîðîå ñëàãàåìîå â ëåâîé ÷àñòè èìååò âèä(
a(t)∇uN (t), ∂t∇uN

)
:=

∫
Ω

a(x, t)∇uN (x, t) · ∂
∂t
∇uN (x, t) dx =

∫
Ω

ajku
N
,j ∂tu

N
,k dx
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Çàìåòèì, ÷òî â ñèëó óñëîâèÿ ajk = akj ïðè ï.â. x ∈ Ω ñïðàâåäëèâû òîæäåñòâà

∂

∂t

(
a∇uN · ∇uN

)
= ∂t

(
ajku

N
,j u

N
,k

)
= ajk∂tu

N
,j u

N
,k + ajku

N
,j ∂tu

N
,k +

∂ajk
∂t

uN,j u
N
,k =

= (akj + ajk)u
N
,j ∂tu

N
,k +

∂ajk
∂t

uN,j u
N
,k = 2 ajku

N
,j ∂tu

N
,k +

∂ajk
∂t

uN,j u
N
,k =

= 2 a∇uN · ∂t∇uN +
∂a

∂t
∇uN · ∇uN

Ïîýòîìó äëÿ uN ïðè ï.â. t ∈ (0, T ) âûïîëíÿåòñÿ òîæäåñòâî

2 ‖∂tuN (t)‖2L2(Ω) +
d

dt

(
a(t)∇uN (t),∇uN (t)

)
= 2

(
f0(t), ∂tu

N (t)
)

+
(∂a
∂t
∇uN (t),∇uN (t)

)
èç êîòîðîãî ïðè ïîìîùè íåðàâåíñòâà Þíãà ïðè ï.â. t ∈ (0, T ) âûòåêàåò îöåíêà

‖∂tuN (t)‖2L2(Ω) +
d

dt

(
a(t)∇uN (t),∇uN (t)

)
≤ c ‖f0(t)‖2L2(Ω) + c ‖∇uN (t)‖2L2(Ω)

Ôèêñèðóåì t0 ∈ (0, T ) è ïðîèíòåãðèðóåì ïîñëåäíåå íåðàâåíñòâî ïî t ∈ (0, t0). Ïîëó÷èì

‖∂tuN‖2L2(Qt0 ) +
(
a(t0)∇uN (t0),∇uN (t0)

)
≤ c ‖f0‖2L2(QT ) + c ‖∇uN‖2L2(QT )+

(
a(0)∇uN0 ,∇uN0

)
C ó÷åòîì ýëëèïòè÷íîñòè ìàòðèöû a îöåíèâàåì(

a(t0)∇uN (t0),∇uN (t0)
)
≥ ν0 ‖∇uN (t0)‖2L2(Ω),

(
a(0)∇uN0 ,∇uN0

)
≤ ν1 ‖∇uN0 ‖2L2(Ω)

Ïåðåõîäÿ ê ñóïðåìóìó ïî t0 ∈ (0, T ), ïîëó÷àåì íåðàâåíñòâî

‖∂tuN‖L2(QT ) + ‖∇uN‖L∞(0,T ;L2(Ω)) ≤ c
(
‖f0‖L2(QT ) + ‖∇uN‖L2(QT ) + ‖∇uN0 ‖L2(Ω)

)
Ïðèíèìàÿ âî âíèìàíèå ýíåðãåòè÷åñêóþ îöåíêó

‖∇uN‖L2(QT ) ≤ c
(
‖f0‖L2(QT ) + ‖u0‖L2(Ω)

)
ïîëó÷àåì

‖∂tuN‖L2(QT ) + ‖∇uN‖L∞(0,T ;L2(Ω)) ≤ c
(
‖f0‖L2(QT ) + ‖u0‖L2(Ω) + ‖∇uN0 ‖L2(Ω)

)
Îáîçíà÷èì ÷åðåç {λk}∞k=1 ñîáñòâåííûå ÷èñëà, ñîîòâåòñòâóþùèå ñîáñòâåííûì ôóíêöèÿì {ϕk}∞k=1

çàäà÷è Äèðèõëå äëÿ îïåðàòîðà −∆ â îáëàñòè Ω. Òîãäà

‖∇u0‖2L2(Ω) =
∞∑
k=1

λk|ak|2, ak := (u0, ϕk)L2(Ω)

Ñ äðóãîé ñòîðîíû,

‖∇uN0 ‖2L2(Ω) =

N∑
k=1

λk|ak|2 =⇒ ‖∇uN0 ‖2L2(Ω) ≤ ‖∇u0‖2L2(Ω)

è ìû ïîëó÷àåì

‖∂tuN‖L2(QT ) + ‖∇uN‖L∞(0,T ;L2(Ω)) ≤ c
(
‖f0‖L2(QT ) + ‖u0‖W 1

2 (Ω)

)
Ñëåäîâàòåëüíî, ∂tu

N îãðàíè÷åíà â L2(QT ), îòêóäà ñ ó÷åòîì uN ⇀ u â L2(QT ) âûòåêàåò, ÷òî

∂tu ∈ L2(QT ), ‖∂tu‖L2(QT ) ≤ c
(
‖f0‖L2(QT ) + ‖u0‖W 1

2 (Ω)

)
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6. Ïðèìåíåíèå ýëëèïòè÷åñêîé òåîðèè

Îáîçíà÷èì f1 := f0 − ∂tu. Òîãäà ñ ó÷åòîì îöåíîê ‖f0‖L2(QT ) è ‖∂tu‖L2(QT ) ïîëó÷àåì

‖f1‖L2(QT ) ≤ c
(
‖f‖L2(QT ) + ‖u0‖W 1

2 (Ω)

)
Èç òåîðåìû Ôóáèíè âûòåêàåò, ÷òî äëÿ ï.â. t ∈ (0, T ) èìååò ìåñòî âêëþ÷åíèå f1(t) ∈ L2(Ω).
Êðîìå òîãî, äëÿ ñëàáîãî ðåøåíèÿ çàäà÷è (∗) ïðè ï.â. t ∈ (0, T ) ñïðàâåäëèâî èíòåãðàëüíîå
òîæäåñòâî

(a(t)∇u(t),∇w) = (f1(t), w), ∀w ∈
◦
W 1

2(Ω).

Ñëåäîâàòåëüíî, äëÿ ï.â. t ∈ (0, T ) ôóíêöèÿ u(t) ∈
◦
W 1

2(Ω) ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì
çàäà÷è Äèðèõëå äëÿ ýëëèïòè÷åñêîãî óðàâíåíèÿ{

−div(a(t)∇u(t)) = f1(t) â Ω

u(t)|∂Ω = 0

Ïîñêîëüêó Ω � êëàññà C2, a(t) ∈ W 1
∞(Ω) è f1(t) ∈ L2(Ω), èç ýëëèïòè÷åñêîé òåîðèè çàêëþ-

÷àåì, ÷òî

ïðè ï.â. t ∈ (0, T ) u(t) ∈W 2
2 (Ω), ‖u(t)‖2W 2

2 (Ω) ≤ c ‖f1(t)‖2L2(Ω)

îòêóäà èíòåãðèðîâàíèåì ýòîé îöåíêè ïî t ∈ (0, T ) ïîëó÷àåì

‖u‖L2(0,T ;W 2
2 (Ω)) ≤ c ‖f1‖L2(QT )

Ñëåäîâàòåëüíî, u ∈ W 2,1
2 (QT ). Òàêèì îáðàçîì, u ÿâëÿåòñÿ ñèëüíûì ðåøåíèåì çàäà÷è (∗).

Êðîìå òîãî,

‖u‖
W 2,1

2 (QT )
= ‖∂tu‖L2(QT ) + ‖u‖L2(0,T ;W 2

2 (Ω)) ≤

≤ c
(
‖f0‖L2(QT ) + ‖u0‖W 1

2 (Ω)

)
+ c ‖f1‖L2(QT ) ≤ c

(
‖f‖L2(QT ) + ‖u0‖W 1

2 (Ω)

)
Åäèíñòâåííîñòü ðåøåíèÿ u èìååò ìåñòî â áîëåå øèðîêîì êëàññå îáîáùåííûõ ðåøåíèé. �
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3 Ëîêàëüíàÿ ãëàäêîñòü ñëàáûõ ðåøåíèé

3.1 Ëîêàëüíîå ýíåðãåòè÷åñêîå òîæäåñòâî

1. Ëîêàëèçàöèÿ

Òåîðåìà. Ïóñòü a ∈ L∞(QT ), f ∈ L2(QT ), g ∈ L2(QT ) è u ∈ W 1,0
2 (QT ) � ñëàáîå ðåøåíèå

óðàâíåíèÿ
∂tu− div(a∇u) = f − div g â D′(QT ). (∗)

Ïóñòü ζ ∈ C∞0 (QT ), òî åñòü supp ζ ⊂ Ω× (0, T ]. Îïðåäåëèì ôóíêöèè

v := ζu, f0 := ζf + g · ∇ζ + u∂tζ − a∇u · ∇ζ, g0 := ζg + ua∇ζ

Òîãäà

v ∈ L2(0, T ;
◦
W 1

2(Ω)), f0 ∈ L2(QT ), g0 ∈ L2(QT )

è v ÿâëÿåòñÿ ñëàáûì ðåøåíèåì íà÷àëüíî-êðàåâîé çàäà÷è
∂tv − div(a∇v) = f0 − div g0 â QT

v|∂Ω×(0,T ) = 0

v|t=0 = 0

(∗∗)

Äîêàçàòåëüñòâî. Âîçüìåì ïðîèçâîëüíóþ

η ∈W 1,1
2 (QT ), η|∂Ω×(0,T ) = 0, η|t=T = 0. (?)

Âîçüìåì â èíòåãðàëüíîì òîæäåñòâå∫
QT

(
− u∂tη̃ + a∇u · ∇η̃

)
dxdt =

∫
QT

(
fη̃ + g · ∇η̃

)
dxdt, η̃ ∈ C∞0 (Ω× (0, T ))

ïðîáíóþ ôóíêöèþ
η̃ = ζη.

Îòìåòèì, ÷òî òàêàÿ η̃ îáðàùàåòñÿ â íîëü íà âñåé ãðàíèöå ∂QT öåëèêîì, ò.å.

η̃ ∈
◦
W 1,1

2 (QT ) ⇐⇒ ∃ η̃m ∈ C∞0 (Ω× (0, T )) : η̃m → η̃ â W 1,1
2 (QT ),

è ïîýòîìó òàêàÿ ïðîáíàÿ ôóíêöèÿ η̃ ÿâëÿåòñÿ äîïóñòèìîé äëÿ íàøåãî èíòåãàëüíîãî òîæäå-
ñòâà. Ñ ó÷åòîì òîæäåñòâ

u∂tη̃ = v∂tη + u∂tζη, a∇u · ∇η̃ = a∇v · ∇η − ua∇ζ · ∇η + a∇u · ∇ζ η

fη̃ + g · ∇η̃ = ζfη + g · ∇ζ η + ζg · ∇η

ìû ïîëó÷àåì∫
QT

(
−v∂tη+a∇v·∇η

)
dxdt =

∫
QT

(
(ζf + u∂tζ − a∇u · ∇ζ + g · ∇ζ) η+(ζg + ua∇ζ)·∇η

)
dxdt,
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Ñëåäîâàòåëüíî, ìû ïîëó÷àåì òîæäåñòâî∫
QT

(
− v∂tη + a∇v · ∇η

)
dxdt =

∫
QT

(
f0η + g0 · ∇η

)
dxdt,

êîòîðîå âûïîëíÿåòñÿ äëÿ ëþáîé η, óäîâëåòâîðÿþùåé (?). Ýòî îçíà÷àåò, ÷òî v ∈ W 1,0
2 (QT )

ÿâëÿåòñÿ ðåøåíèåì ïåðâîé íà÷àëüíî-êðàåâîé çàäà÷è (∗∗). �

2. Ëîêàëüíîå ýíåðãåòè÷åñêîå òîæäåñòâî

Òåîðåìà. Ïóñòü a ∈ L∞(QT ), f ≡ 0, g ∈ L2(QT ) è u ∈W 1,0
2 (QT ) � ñëàáîå ðåøåíèå óðàâíå-

íèÿ (∗). Òîãäà äëÿ ëþáîé ïîäîáëîñòè Ω′ b Ω è ëþáîãî δ ∈ (0, T ] èìååò ìåñòî âêëþ÷åíèå

u ∈ C([δ, T ];L2(Ω′))

è äëÿ ëþáûõ ζ ∈ C∞0 (QT ) è t ∈ (0, T ] ñïðàâåäëèâî òîæäåñòâî

1
2

∫
Ω

ζ2(x, t)|u(x, t)|2 dx +

∫
Qt

ζ2a∇u · ∇u dxdt =

= 1
2

∫
Qt

|u|2∂tζ2 dxdt −
∫
Qt

u a∇u · ∇ζ2 dxdt +

∫
Qt

g(ζ2∇u+ u∇ζ2) dxdt

ãäå Qt := Ω× (0, t].

Äîêàçàòåëüñòâî. Îïðåäåëèì ôóíêöèè

v := ζu, f0 := g · ∇ζ + u∂tζ − a∇u · ∇ζ, g0 := ζg + ua∇ζ

Ïîñêîëüêó v ∈W 1,0
2 (QT ) ÿâëÿåòñÿ ñëàáûì ðåøåíèåì íà÷àëüíî-êðàåâîé çàäà÷è (∗∗), ñ ó÷åòîì

òåîðåìû î ñèëüíîé íåïðåðûâíîñòè èìåþò ìåñòî âêëþ÷åíèÿ

∂tv ∈ L2(0, T ;W−1
2 (Ω)), v ∈ C([0, T ];L2(Ω)).

Â ÷àñòíîñòè, åñëè ìû âîçüìåì ζ ≡ 1 íà Ω′ × (δ, T ], ìû ïîëó÷èì v ≡ u íà Ω′ × (δ, T ] è òîãäà
u ∈ C([δ, T ];L2(Ω′)). Êðîìå òîãî, äëÿ ñëàáîãî ðåøåíèÿ v ïðè ï.â. t ∈ (0, T ) ñïðàâåäëèâî
òîæäåñòâî

〈∂tv(t), w〉+ (a(t)∇v(t),∇w) = (f0(t), w) + (g0(t),∇w), ∀w ∈
◦
W 1

2(Ω).

Ïîñêîëüêó ïðè ï.â. t ∈ (0, T ) ìû èìååì v(t) ∈
◦
W 1

2(Ω), ïîëàãàÿ â ýòîì òîæäåñòâå w = v(t), ñ
ó÷åòîì ñîîòíîøåíèé

〈∂tv(t), v(t)〉 =
1

2

d

dt
‖v(t)‖2L2(Ω) =

1

2

d

dt

∫
Ω

ζ2(x, t)|u(x, t)|2 dx

(a(t)∇v(t),∇v(t)) =
(
a(ζ∇u+u∇ζ), ζ∇u+u∇ζ

)
= (ζ2a∇u,∇u) + 2(ζa∇u, u∇ζ)+(u2a∇ζ,∇ζ)

(f0(t), v(t)) + (g0(t),∇v(t)) = (g · ∇ζ + u∂tζ − a∇u · ∇ζ, ζu) + (ζg + ua∇ζ, ζ∇u+ u∇ζ) =

= (g, 2uζ∇ζ + ζ2∇u) +

∫
Ω

|u|2 ζ∂tζ︸︷︷︸
= 1

2
∂tζ2

dx − (a∇u · ∇ζ, ζu) + (ua∇ζ, ζ∇u)︸ ︷︷ ︸
= 0

+ (ua∇ζ, u∇ζ)
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ïðè ï.â. t ∈ (0, T ) ìû ïîëó÷àåì ðàâåíñòâî

1

2

d

dt

∫
Ω

ζ2(x, t)|u(x, t)|2 dx +

∫
Ω

ζ2a∇u · ∇u dx =

=
1

2

∫
Ω

|u|2∂tζ2 dx −
∫
Ω

u a∇u · ∇ζ2dx +

∫
Ω

g(ζ2∇u+ u∇ζ2) dx,

Èíòåãðèðóÿ ýòî ðàâåíñòâî ïî t, ìû ïîëó÷àåì ýíåðãåòè÷åñêîå òîæäåñòâî. �

3. Ëîêàëüíîå ýíåðãåòè÷åñêîå íåðàâåíñòâî

Òåîðåìà. Ïóñòü a ∈ L∞(QT ), f ≡ 0, g ∈ L2(QT ) è u ∈ W 1,0
2 (QT ) � ñëàáîå ðåøåíèå

óðàâíåíèÿ (∗). Òîãäà äëÿ ëþáîé ζ ∈ C∞0 (QT ), 0 ≤ ζ ≤ 1, è ëþáîãî t ∈ (0, T ] ñïðàâåäëèâî
íåðàâåíñòâî∫

Ω

ζ2(x, t)|u(x, t)|2 dx +

∫
Qt

ζ2|∇u|2 dxdt ≤ c

∫
Qt

|u|2
(
|∇ζ|2 + |∂tζ|

)
dxdt + c

∫
Qt

ζ2|g|2 dxdt

ãäå ïîñòîÿííàÿ c > 0 çàâèñèò òîëüêî îò ν0, ν1.

Äîêàçàòåëüñòâî. Âûòåêàåò èç òîæäåñòâà ïðè ïîìîùè ôîðìóëû ab ≤ εa2 + 1
4εb

2. �

4. Ñëàáûå ðåøåíèÿ ÿâëÿþòñÿ ñèëüíûìè ëîêàëüíî

Òåîðåìà. Ïóñòü a ∈ L∞(QT ), f ∈ L2(QT ), g ≡ 0 è u ∈ W 1,0
2 (QT ) � ñëàáîå ðåøåíèå

óðàâíåíèÿ (∗). Ïðåäïîëîæèì äîïîëíèòåëüíî, ÷òî

∇a ∈ L∞(QT ), ∂ta ∈ L∞(QT ), ‖∇a‖L∞(QT ) + ‖∂ta‖L∞(QT ) ≤ ν2

Òîãäà äëÿ ëþáîãî Ω′ b Ω è δ ∈ (0, T )

u ∈W 2,1
2 (Q′δ,T ), Q′δ,T := Ω′ × (δ, T ],

è ñïðàâåäëèâà îöåíêà

‖u‖
W 2,1

2 (Q′δ,T )
≤ c

(
‖u‖

W 1,0
2 (QT )

+ ‖f‖L2(QT )

)
â êîòîðîé ïîñòîÿííàÿ c > 0 çàâèñèò òîëüêî îò n, ν0, ν1, ν2, Ω, Ω′, T è δ.

Äîêàçàòåëüñòâî. Ïóñòü ζ ∈ C∞0 (QT ) òàêîâà, ÷òî

supp ζ ⊂ Ω× (0, T ], ζ ≡ 1 íà Q′δ,T , 0 ≤ ζ ≤ 1 â QT .

Îïðåäåëèì ôóíêöèè

v := ζu, f0 := ζf + u∂tζ − a∇u · ∇ζ, g0 = ua∇ζ

è çàìåòèì, ÷òî ñïðàâåäëèâà îöåíêà

‖f0‖L2(QT ) + ‖∇g0‖L2(QT ) ≤ ‖f‖L2(QT ) + c ‖u‖
W 1,0

2 (QT )
.

â êîòîðîé ïîñòîÿííàÿ c > 0 çàâèñèò òîëüêî îò ν1, ν2 è ζ. Òîãäà v ∈ W 1,0
2 (QT ) ÿâëÿåòñÿ

ñëàáûì ðåøåíèåì íà÷àëüíî-êðàåâîé çàäà÷è (∗∗).
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Ïîñêîëüêó v îáðàùàåòñÿ â íîëü â îêðåñòíîñòè ïàðàáîëè÷åñêîé ãðàíèöû ∂′QT , íå îãðàíè÷è-
âàÿ îáùíîñòü ìû ìîæåì ñ÷èòàòü, ÷òî ∂Ω ÿâëÿåòñÿ C2-ãëàäêîé (èíà÷å ìû ñ ñàìîãî íà÷àëà ìî-
æåì çàìåíèòü Ω íà ãëàäêóþ îáëàñòü Ω′′, òàêóþ ÷òî Ω′ b Ω′′ b Ω è âçÿòü ζ ∈ C∞0 (Ω′′×(0, T ])).
Ïîñêîëüêó ïðè óñëîâèÿõ

∂Ω ⊂ C2, ∇a ∈ L∞(QT ), ∂ta ∈ L∞(QT ), f0 − div g0 ∈ L2(QT )

ñëàáîå ðåøåíèå v ∈W 1,0
2 (QT ) çàäà÷è (∗∗) ÿâëÿåòñÿ ñèëüíûì, ìû ïîëó÷àåì

v ∈W 2,1
2 (QT ), ‖v‖

W 2,1
2 (QT )

≤ c
(
‖f0‖L2(QT ) + ‖∇g0‖L2(QT )

)
Ïîñêîëüêó v ≡ u â Q′δ,T , ìû ïîëó÷àåì òðåáóåìîå óòâåðäåíèå. �
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3.2 Óðàâíåíèÿ ñ ãëàäêèìè êîýôôèöèåíòàìè

1. Ïîñòàíîâêà çàäà÷è

Ïóñòü QR = BR × (−R2, 0]. Â ýòîì ïàðàãðàôå ìû áóäåì ðàññìàòðèâàòü ïàðàáîëè÷åñêîå
óðàâíåíèå ñ ãëàäêèìè êîýôôèöèåíòàìè âèäà

∂tu− div(a(x, t)∇u) = f â D′(QR) (∗)

ãäå
a ∈ C∞(QR), f ∈ C∞(QR)

Ìåòîäû, ðàçâèòûå â ýòîì ïàðàãðàôå, áåç òðóäà ìîãóò áûòü ðàñïðîñòðàíåíû íà óðàâåíåíèÿ
ñ ìëàäøèìè êîýôôèöèåíòàìè

∂tu− div(a(x, t)∇u) + b(x, t) · ∇u+ c(x, t)u = f â D′(QR)

ïðè óñëîâèè
a ∈ C∞(QR), b ∈ C∞(QR), c ∈ C∞(QR), f ∈ C∞(QR)

Îäíàêî ðàäè ñîêðàùåíèÿ âûêëàäîê ìû îãðàíè÷èìñÿ èçó÷åíèåì óðàâíåíèÿ âèäà (∗).

2. Ïðîèçâîäíàÿ ïî êîîðäèíàòå ñëàáîãî ðåøåíèÿ ÿâëÿåòñÿ ñëàáûì ðåøåíèåì

Òåîðåìà. Ïðåäïîëîæèì, ÷òî

a ∈ C1(Q̄R), f ∈ L2(QR).

Ïóñòü u ∈ W 1,0
2 (QR) óäîâëåòâîðÿåò óðàâíåíèþ (∗) â D′(QR). Òîãäà ∇u ∈ W 1,0

2,loc(QR) è äëÿ

ëþáîãî k = 1, . . . , n ôóíêöèÿ v := u,k ≡ ∂u
∂xk

óäîâëåòâîðÿåò óðàâíåíèþ

∂tv − div(a∇v) = g â D′(QR),

ãäå

g := f,k + div
( ∂a
∂xk
∇u
)
, g ∈ L2(−R2, 0;W−1

2 (BR))

Äîêàçàòåëüñòâî. Îáîçíà÷èì v = u,k. Ïîñêîëüêó a ∈ C1(Q̄R) è f ∈ L2(QT ), ñëàáîå ðåøå-
íèå u ÿâëÿåòñÿ ñèëüíûì, è ïîýòîìó

u ∈W 1,0
2 (QR) =⇒ u ∈W 2,1

2 (Qr) =⇒ u,k ∈W 1,0
2 (Qr) =⇒ v ∈W 1,0

2 (Qr)

Âîçüìåì â èíòåãðàëüíîì òîæäåñòâå∫
QR

(
− u∂tη̃ + a∇u · ∇η̃

)
dxdt =

∫
QR

fη̃ dxdt, η̃ ∈ C∞0 (BR × (−R2, 0))

ïðîáíóþ ôóíêöèþ
η̃ = η,k, η ∈ C∞0 (BR × (−R2, 0)).

Òàê êàê u ∈W 2,1
2,loc(QR) è a ∈ C1(Q̄R), ìû ìîæåì ïðîèíòåãðèðîâàòü ïî ÷àñòÿì∫

QR

(
− u∂tη,k + a∇u · ∇η,k

)
dxdt = −

∫
QR

(
− u,k∂tη + a∇u,k · ∇η +

∂a

∂xk
∇u · ∇η

)
dxdt,
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Ñ äðóãîé ñòîðîíû, ìû èìååì

0∫
−R2

〈g(t), η(t)〉 dt = −
∫
QR

(
fη,k +

∂a

∂xk
∇u · ∇η

)
dxdt

Â èòîãå ìû ïîëó÷àåì

∫
QR

(
− v∂tη + a∇v · ∇η

)
dxdt =

0∫
−R2

〈g(t), η(t)〉 dt, η ∈ C∞0 (BR × (−R2, 0))

Ýòî òîæäåñòâî îçíà÷àåò, ÷òî v ∈W 1,0
2,loc(QR) óäîâëåòâîðÿåò óðàâíåíèþ

∂tv − div(a∇v) = g â D′(QR).

3. Ãëàäêîñòü ðåøåíèé ïî ïðîñòðàíñòâåííûì ïåðåìåííûì

Òåîðåìà. Ïóñòü a ∈ C∞(QR) è ñóùåñòâóåò m ∈ Z+, òàêîå ÷òî

f ∈ L2(−R2, 0;Wm
2 (BR)) ⇐⇒ ∇kf ∈ L2(QR), ∀ k = 0, 1, 2, . . . ,m

‖f‖L2(−R2,0;Wm
2 (BR)) :=

∑
|α|≤m

‖Dαf‖L2(QR) < +∞

Ïóñòü u ∈W 1,0
2 (QR) óäîâëåòâîðÿåò óðàâíåíèþ (∗) â D′(QR). Òîãäà

∀ |α| ≤ m Dαu ∈W 2,1
2,loc(QR), Dαu :=

∂|α|u

∂xα1
1 ∂xα2

2 . . . ∂xαnn

è äëÿ ëþáûõ 0 < ρ < R ñïðàâåäëèâà îöåíêà∑
|α|≤m

‖Dαu‖
W 2,1

2 (Qρ)
≤ cm,a

(
‖u‖

W 1,0
2 (QR)

+ ‖f‖L2(−R2,0;Wm
2 (BR))

)
â êîòîðîé ïîñòîÿííàÿ cm,a > 0 çàâèñèò òîëüêî îò n, m, ρ, R è a. Â ÷àñòíîñòè,

u ∈W 1,0
2 (QR), f ∈ C∞(QR) =⇒ u ∈ L2,loc(−R2, 0;C∞loc(BR))

Äîêàçàòåëüñòâî. Èíäóêöèÿ ïî m.

Áàçà ïðè m = 0 âûòåêàåò èç òîãî, ÷òî âñÿêîå ñëàáîå ðåøåíèå ÿâëÿåòñÿ ñèëüíûì.

Èíäóêöèîííîå ïðåäïîëîæåíèå ïðè m. Ïóñòü ìû çíàåì, ÷òî åñëè u ∈W 1,0
2 (QR) � êàêîå-ëèáî

ñëàáîå ðåøåíèå óðàâíåíèÿ (∗) â D′(QR) è f ∈ L2(−R2, 0;Wm
2 (BR)), òî Dαu ∈W 2,1

2,loc(QR) äëÿ
ëþáîãî |α| ≤ m è ïðè r < R∑

|α|≤m

‖Dαu‖
W 2,1

2 (Qr)
≤ cm,a

(
‖u‖

W 1,0
2 (QR)

+ ‖f‖L2(−r2,0;Wm
2 (BR))

)

Ïåðåõîä m→ m+ 1. Ïóñòü u ∈W 1,0
2 (QR) � ñëàáîå ðåøåíèå (∗) è

f ∈ L2(−R2, 0;Wm+1
2 (BR)).
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Îáîçíà÷èì v = u,k è r = 1
2(ρ+R). Òîãäà v ∈W 1,0

2 (Qr) ÿâëÿåòñÿ ñëàáûì ðåøåíèåì óðàâíåíèÿ

∂tv − div(a∇v) = g â D′(Qr).

ãäå

g := f,k + div
( ∂a
∂xk
∇u
)

Äëÿ ïðàâîé ÷àñòè g ìû ìîæåì íàïèñàòü îöåíêó

‖g‖L2(−r2,0;Wm
2 (Br)) ≤ c

‖f‖L2(−r2,0;Wm+1
2 (Br)) +

∑
|α|≤m

∥∥∥Dα div
( ∂a
∂xk
∇u
)∥∥∥

L2(Qr)


Â ñèëó èíäóêöèîííîãî ïðåäïîëîæåíèÿ ìû èìååì∑

|α|≤m

∥∥∥Dα div
( ∂a
∂xk
∇u
)∥∥∥

L2(Qr)
≤ ca

∑
|α|≤m

‖Dαu‖
W 2,1

2 (Qr)
≤

≤ ca cm,a

(
‖u‖

W 1,0
2 (QR)

+ ‖f‖L2(−R2,0;Wm
2 (BR))

)
,

îòêóäà

‖g‖L2(−r2,0;Wm
2 (Br)) ≤ cm,a

(
‖u‖

W 1,0
2 (QR)

+ ‖f‖L2(−R2,0;Wm+1
2 (BR))

)
(?)

Òàêèì îáðàçîì
g ∈ L2(−r2, 0;Wm

2 (Br))

Ïî èíäóêöèîííîìó ïðåäïîëîæåíèþ ìû ïîëó÷àåì âêëþ÷åíèå

∀ |α| ≤ m Dαv ∈W 2,1
2,loc(Qr),

à òàêæå îöåíêó∑
|α|≤m

‖Dαv‖
W 2,1

2 (Qρ)
≤ cm,a

(
‖v‖

W 1,0
2 (Qr)

+ ‖g‖L2(−r2,0;Wm
2 (Br))

)
Ñ ó÷åòîì v = u,k è îöåíêè (?) ïîñëåäíèå äâà óòâåðæäåíèÿ îçíà÷àþò, ÷òî

∀ |α| ≤ m+ 1 Dαu ∈W 2,1
2,loc(Qr),

à òàêæå îöåíêó∑
|α|≤m+1

‖Dαu‖
W 2,1

2 (Qρ)
≤ cm

(
‖u‖

W 2,1
2 (Qr)

+ ‖f‖L2(−R2,0;Wm+1
2 (BR))

)
Ñ ó÷åòîì îöåíêè

‖u‖
W 2,1

2 (Qr)
≤ c

(
‖u‖

W 1,0
2 (QR)

+ ‖f‖L2(QR)

)
ïîëó÷àåì òðåáóåìîå óòâåðæäåíèå. �

4. Ïðîèçâîäíàÿ ïî âðåìåíè ñëàáîãî ðåøåíèÿ ÿâëÿåòñÿ ñëàáûì ðåøåíèåì

Òåîðåìà. Ïðåäïîëîæèì, ÷òî

a ∈ C2,1(Q̄R), f ∈W 1,1
2 (QR).
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Ïóñòü u ∈ W 1,0
2 (QR) óäîâëåòâîðÿåò óðàâíåíèþ (∗) â D′(QR). Òîãäà ∂tu ∈ W 1,0

2,loc(QR) è
ôóíêöèÿ v := ∂tu óäîâëåòâîðÿåò óðàâíåíèþ

∂tv − div(a∇v) = g â D′(QR),

ãäå

g := ∂tf + div
(∂a
∂t
∇u
)
, g ∈ L2(−R2, 0;W−1

2 (BR)).

Äîêàçàòåëüñòâî. Îáîçíà÷èì v = ∂tu. Ïîñêîëüêó a ∈ C1(Q̄R) è f ∈ L2(QR), ìû çíàåì,
÷òî ñëàáîå ðåøåíèå u ÿâëÿåòñÿ ñèëüíûì, è ïîýòîìó

u ∈W 1,0
2 (QR) =⇒ u ∈W 2,1

2,loc(QR) =⇒ ∂tu ∈ L2,loc(QR) =⇒ v ∈ L2,loc(QR)

è äëÿ ëþáîãî k = 1, . . . , n ôóíêöèÿ u,k òàêæå ÿâëÿåòñÿ ñëàáûì ðåøåíèåì óðàâíåíèÿ

∂tu,k − div(a∇u,k) = gk â D′(Qr).

ãäå

gk := f,k + div
( ∂a
∂xk
∇u
)
, gk ∈ L2,loc(QR).

Íî ïîñêîëüêó â ýòîì óðàâíåíèè a ∈ C1(QR) è gk ∈ L2,loc(QR), ìû çíàåì, ÷òî ñëàáîå ðåøåíèå
u,k òàêæå ÿâëÿåòñÿ ñèëüíûì, è ïîýòîìó

∇u ∈W 1,0
2,loc(QR) =⇒ ∇u ∈W 2,1

2,loc(QR) =⇒ ∂t∇u ∈ L2,loc(QR) =⇒ ∇v ∈ L2,loc(QR)

îòêóäà ìû çàêëþ÷àåì, ÷òî
v ∈W 1,0

2,loc(QR).

Âîçüìåì â èíòåãðàëüíîì òîæäåñòâå∫
QR

(
− u∂tη̃ + a∇u · ∇η̃

)
dxdt =

∫
QR

fη̃ dxdt, η̃ ∈ C∞0 (BR × (−R2, 0))

ïðîáíóþ ôóíêöèþ
η̃ = ∂tη, η ∈ C∞0 (BR × (−R2, 0)).

Òàê êàê u, ∇u ∈W 2,1
2,loc(QR) è f , ∂tf ∈ L2(QR), ìû ìîæåì ïðîèíòåãðèðîâàòü ïî ÷àñòÿì∫

QR

(
− u∂2

t η + a∇u · ∇(∂tη)
)
dxdt = −

∫
QR

(
− ∂tu∂tη + a∇(∂tu) · ∇η +

∂a

∂t
∇u · ∇η

)
dxdt,

∫
QR

f∂tη dxdt = −
∫
QR

∂tfη dxdt,

Òàê êàê ∂a
∂t ∇u ∈ L2,loc(QR), ìû èìååì g ∈ L2(−R2, 0;W−1

2 (BR)) è

0∫
−R2

〈g(t), η(t)〉 dt =

∫
QR

(
∂tf η −

∂a

∂t
∇u · ∇η

)
dxdt
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Â èòîãå ìû ïîëó÷àåì

∫
QR

(
− v∂tη + a∇v · ∇η

)
dxdt =

0∫
−R2

〈g(t), η(t)〉 dt, η ∈ C∞0 (BR × (−R2, 0))

Ïîñëåäíåå òîæäåñòâî îçíà÷àåò, ÷òî v ∈W 1,0
2,loc(QR) óäîâëåòâîðÿåò óðàâíåíèþ

∂tv − div(a∇v) = g â D′(QR).

ãäå

g := ∂tf + div
(∂a
∂t
∇u
)
, g ∈ L2(−R2, 0;W−1

2 (BR)).

5. Îöåíêà ïðîèçâîäíûõ ïî âðåìåíè

Òåîðåìà. Ïóñòü a ∈ C∞(QR) è ñóùåñòâóþò m, l ∈ N, òàêèå ÷òî

f, ∂tf, ∂
2
t f, . . . , ∂

l
tf ∈ L2(−R2, 0;Wm

2 (BR))

Ïóñòü u ∈W 1,0
2 (QR) óäîâëåòâîðÿåò óðàâíåíèþ (∗) â D′(QR). Òîãäà

∀ k ≤ l, ∀ |α| ≤ m ∂ktD
αu ∈W 2,1

2,loc(QR),

è äëÿ ëþáûõ 0 < ρ < R ñïðàâåäëèâà îöåíêà

l∑
k=0

∑
|α|≤m

‖∂ktDαu‖
W 2,1

2 (Qρ)
≤ cm,l,a

(
‖u‖

W 1,0
2 (QR)

+
l∑

k=0

‖∂kt f‖L2(−R2,0;Wm
2 (BR))

)
â êîòîðîé ïîñòîÿííàÿ cm,l,a > 0 çàâèñèò òîëüêî îò n, m, l, ρ, R è a.

Äîêàçàòåëüñòâî. Èíäóêöèÿ ïî l.

Áàçà l = 1. Ïóñòü m ∈ N ïðîèçâîëüíîå è r = 1
2(ρ + R). Ïîñêîëüêó a ∈ C∞(Q̄R) è f ∈

L2(−R2, 0;Wm
2 (BR)), èç ïóíêòà 3 ìû ïîëó÷àåì îöåíêó∑
|α|≤m

‖Dαu‖
W 2,1

2 (Qr)
≤ cm,a

(
‖u‖

W 1,0
2 (QR)

+ ‖f‖L2(−R2,0;Wm
2 (BR))

)
(?)

Ïîñêîëüêó a ∈ C2,1(Q̄R) è f ∈ W 1,1
2 (QR), èç ïóíêòà 4 ìû çàêëþ÷àåì, ÷òî v ∈ W 1,0

2,loc(QR)
ÿâëÿåòñÿ ñëàáûì ðåøåíèåì óðàâíåíèÿ

∂tv − div(a∇v) = g â D′(QR),

ãäå

g := ∂tf + div
(∂a
∂t
∇u
)
.

Äëÿ ôóíêöèè g ìû èìååì îöåíêó

‖g‖L2(−R2,0;Wm
2 (BR)) ≤ ‖∂tf‖L2(−R2,0;Wm

2 (BR)) + ca
∑
|α|≤m

‖Dαu‖
W 2,1

2 (Qr)
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÷òî ñ ó÷åòîì îöåíêè (?) äàåò

‖g‖L2(−R2,0;Wm
2 (BR)) ≤ cm,a

(
‖u‖

W 1,0
2 (QR)

+ ‖f‖L2(−R2,0;Wm
2 (BR)) + ‖∂tf‖L2(−R2,0;Wm

2 (BR))

)
Òàêèì îáðàçîì, g ∈ L2(−R2, 0;Wm

2 (BR)) è ïîýòîìó èç ïóíêòà 3 ìû ïîëó÷àåì îöåíêó∑
|α|≤m

‖Dαv‖
W 2,1

2 (Qρ)
≤ cm,a

(
‖u‖

W 1,0
2 (Qr)

+ ‖g‖L2(−R2,0;Wm
2 (Br))

)
Ñêëàäûâàÿ ýòó îöåíêó ñ (?) ìû ïîëó÷àåì

1∑
k=0

∑
|α|≤m

‖∂ktDαu‖
W 2,1

2 (Qρ)
≤ cm,a

(
‖u‖

W 1,0
2 (QR)

+
1∑

k=0

‖∂kt f‖L2(−R2,0;Wm
2 (BR))

)

Èíäóêöèîííîå ïðåäïîëîæåíèå ïðè l. Ïóñòü ìû çíàåì, ÷òî åñëè u ∈W 1,0
2 (QR) � êàêîå-ëèáî

ñëàáîå ðåøåíèå óðàâíåíèÿ (∗) â D′(QR) è

f, ∂tf, ∂
2
t f, . . . , ∂

l
tf ∈ L2(−R2, 0;Wm

2 (BR)), l,m ∈ N,

òî ∂ktD
αu ∈W 2,1

2,loc(QR) äëÿ ëþáûõ k ≤ l, |α| ≤ m, ïðè÷åì ïðè r < R ñïðàâåäëèâà îöåíêà

l∑
k=0

∑
|α|≤m

‖∂ktDαu‖
W 2,1

2 (Qr)
≤ cm,l,a

(
‖u‖

W 1,0
2 (QR)

+

l∑
k=0

‖∂kt f‖L2(−r2,0;Wm
2 (BR))

)
(??)

Ïåðåõîä l→ l + 1. Ïóñòü u ∈W 1,0
2 (QR) � ñëàáîå ðåøåíèå (∗) è ïðåäïîëîæèì, ÷òî

f, ∂tf, ∂
2
t f, . . . , ∂

l+1
t f ∈ L2(−R2, 0;Wm

2 (BR)), l,m ∈ N,

Òîãäà ïî èíäóêöèîííîìó ïðåäïîëîæåíèþ ìû çíàåì îöåíêó (??). Îáîçíà÷èì v = ∂tu è r =
1
2(ρ + R). Ïîñêîëüêó a ∈ C2,1(Q̄R) è f ∈ W 1,1

2 (QR) èç ïóíêòà 4 ìû çàêëþ÷àåì, ÷òî v ∈
W 1,0

2 (Qr) ÿâëÿåòñÿ ñëàáûì ðåøåíèåì óðàâíåíèÿ

∂tv − div(a∇v) = g â D′(Qr),

ãäå

g := ∂tf + div
(∂a
∂t
∇u
)

Äëÿ ïðàâîé ÷àñòè g ìû ìîæåì íàïèñàòü îöåíêó

l∑
k=0

‖∂kt g‖L2(−r2,0;Wm
2 (Br)) ≤

l∑
k=0

‖∂k+1
t f‖L2(−r2,0;Wm

2 (Br)) + cm,l,a

l∑
k=0

∑
|α|≤m

‖∂ktDαu‖
W 2,1

2 (Qr)

Â ñèëó (??) ìû èìååì

l∑
k=0

∑
|α|≤m

‖∂ktDαu‖
W 2,1

2 (Qr)
≤ cm,l,a

(
‖u‖

W 1,0
2 (QR)

+

l∑
k=0

‖∂kt f‖L2(−r2,0;Wm
2 (BR))

)
,
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îòêóäà

l∑
k=0

‖∂kt g‖L2(−r2,0;Wm
2 (Br)) ≤ cm,l,a

(
‖u‖

W 1,0
2 (QR)

+
l+1∑
k=0

‖∂kt f‖L2(−r2,0;Wm
2 (BR))

)
Òàêèì îáðàçîì

g, ∂tg, ∂
2
t g, . . . , ∂

l
tg ∈ L2(−R2, 0;Wm

2 (Br)),

è ïî èíäóêöèîííîìó ïðåäïîëîæåíèþ ìû ïîëó÷àåì âêëþ÷åíèÿ

∂ktD
αv ∈W 2,1

2,loc(Qr), ∀ k ≤ l, ∀ |α| ≤ m,

ïðè÷åì ïðè ρ < r ñïðàâåäëèâà îöåíêà

l∑
k=0

∑
|α|≤m

‖∂ktDαv‖
W 2,1

2 (Qr)
≤ cm,l,a

(
‖u‖

W 1,0
2 (QR)

+

l∑
k=0

‖∂kt g‖L2(−r2,0;Wm
2 (BR))

)
òî åñòü

l+1∑
k=1

∑
|α|≤m

‖∂ktDαu‖
W 2,1

2 (Qr)
≤ cm,l,a

(
‖u‖

W 1,0
2 (QR)

+
l+1∑
k=0

‖∂kt f‖L2(−r2,0;Wm
2 (BR))

)
Ñêëàäûâàÿ ýòó îöåíêó ñ îöåíêîé (??), ìû ïîëó÷àåì òðåáóåìîå óòâåðæäåíèå.

6. Ãèïîýëëèïòè÷íîñòü ïàðàáîëè÷. óðàâíåíèé ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

Òåîðåìà. Ïóñòü u ∈W 1,0
2 (QT ) óäîâëåòâîðÿåò óðàâíåíèþ (∗) â D′(QT ) è ïóñòü

a ∈ C∞(QT ), f ∈ C∞(QT ).

Òîãäà ôóíêöèÿ u ÿâëÿåòñÿ ãëàäêîé íà ìíîæåñòâå QT := Ω× (0, T ]

u ∈ C∞(QT )
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3.3 Íåðàâåíñòâî Êà÷÷èîïïîëè

1. Ïîñòàíîâêà çàäà÷è

ÏóñòüQT = Ω×(0, T ]. Â ýòîì ïàðàãðàôå ìû áóäåì ðàññìàòðèâàòü ïàðàáîëè÷åñêîå óðàâíåíèå
ñ íåãëàäêèìè êîýôôèöèåíòàìè âèäà

∂tu− div(a(x, t)∇u) = 0 â D′(QT ) (∗)

ãäå
a ∈ L∞(QT )

Íàïîìíèì, ÷òî ôóíêöèÿ u ∈ W 1,0
2 (QT ) íàçûâàåòñÿ ñëàáûì ðåøåíèåì óðàâíåíèÿ (∗), åñëè

îíà óäîâëåòâîðÿåò èíòåãðàëüíîìó òîæäåñòâó∫
QT

(
− u∂tη + a(x, t)∇u · ∇η

)
dxdt = 0, ∀ η ∈ C∞0 (Ω× (0, T )).

2. Íåðàâåíñòâî Êà÷÷èîïïîëè

Òåîðåìà. Ïóñòü u ∈W 1,0
2 (QT ) � ñëàáîå ðåøåíèå óðàâíåíèÿ (∗) è z0 = (x0, t0) ∈ QT òàêîâà,

÷òî Q2R(z0) := B2R(x0)× (t0 − 4R2, t0] ⊂ QT . Òîãäà äëÿ ëþáîãî b ∈ R âûïîëíÿåòñÿ îöåíêà

sup
t∈(t0−R2,t0)

∫
BR(x0)

|u− b|2 dx +

∫
QR(z0)

|∇u|2 dxdt ≤ c

R2

∫
Q2R(z0)\QR(z0)

|u− b|2 dxdt

â êîòîðîé ïîñòîÿííàÿ c > 0 çàâèñèò òîëüêî îò n, ν0, ν1.

Äîêàçàòåëüñòâî. Îáîçíà÷èì ū := u− b. Òîãäà ū ∈W 1,0
2 (Q2R(z0)) òàêæå ÿâëÿåòñÿ ñëàáûì

ðåøåíèåì óðàâíåíèÿ (∗) â Q2R(z0). Ñëåäîâàòåëüíî, ū óäîâëåòâîðÿåò ëîêàëüíîìó ýíåðãåòè-
÷åñêîìó íåðàâåíñòâó (ñì. �3.1): äëÿ ëþáûõ ζ ∈ C∞0 (Q2R(z0)), 0 ≤ ζ ≤ 1 è t ∈ (t0 − 4R2, t0)
ñïðàâåäëèâî íåðàâåíñòâî∫

B2R(x0)

ζ2(x, t)|ū(x, t)|2 dx +

∫
Q2R(z0)

ζ2|∇ū|2 dxdτ ≤ c

∫
Q2R(z0)

|ū|2
(
|∇ζ|2 + |∂tζ|

)
dxdτ

ãäå ïîñòîÿííàÿ c > 0 çàâèñèò òîëüêî îò ν0, ν1. Âûáåðåì êàêóþ-ëèáî ôóíêöèþ ζ∗ ∈ C∞0 (Q2),
òàêóþ ÷òî ζ∗ ≡ 1 íà Q, 0 ≤ ζ∗ ≤ 1, è îïðåäåëèì

ζR(x, t) := ζ∗

(
x− x0

R
,
t− t0
R2

)
, (x, t) ∈ Q2R(z0)

Òîãäà ζR ∈ C∞0 (Q2R(z0)), 0 ≤ ζR ≤ 1, è

ζR ≡ 1 íà QR(z0), |∇ζR(z)| ≤ c

R
, |∂tζR(z)| ≤ c

R2
, ∀ z ∈ Q2R(z0)

Ïðèìåíÿÿ ëîêàëüíîå ýíåðãåòè÷åñêîå íåðàâåíñòâî ê ôóíêöèè ζ = ζR, ó÷èòûâàÿ ∇ū = ∇u è
ζR ≡ 1 íà QR(z0), ∇ζR = 0 íà QR(z0) è ∂tζR = 0 íà QR(z0), äëÿ ëþáîãî t ∈ (t0 − R2, t0) ìû
ïîëó÷àåì òðåáóåìóþ îöåíêó∫

BR(x0)

|ū(x, t)|2 dx +

∫
QR(z0)

|∇u|2 dxdτ ≤ c

R2

∫
Q2R(z0)\QR(z0)

|ū|2 dxdτ

49



3. Íåðàâåíñòâî Ïóàíêàðå ñî ñðåäíèìè ïî ïðîñòðàíñòâåííûì ïåðåìåííûì

Íàïîìíèì íàøè îáîçíà÷åíèÿ äëÿ ñðåäíèõ çíà÷åíèé ôóíêöèè u = u(x, t):

(u)QT :=
1

|QT |

∫
QT

u(x, t) dxdt, [u(t)]Ω :=
1

|Ω|

∫
Ω

u(x, t) dx

(u)z0,R := (u)QR(z0), [u(t)]x0,R := [u(t)]BR(x0)

Òåîðåìà. Äëÿ ëþáîé ôóíêöèè u ∈ W 1,0
2 (QR(z0)) ñïðàâåäëèâî íåðàâåíñòâî Ïóàíêàðå ñî

ñðåäíèìè ïî ïðîñòðàíñòâåííûì ïåðåìåííûì:∫
QR(z0)

|u− [u]x0,R|2 dxdt ≤ c(n)R2

∫
QR(z0)

|∇u|2 dxdt

Çàìå÷àíèå. Îäíàêî çàìåíèòü â ýòîì íåðàâåíñòâå [u]x0,R íà (u)z0,R ìû íå ìîæåì (ïîñêîëü-
êó òîãäà â ïðàâîé ÷àñòè äîëæíà ïîÿâèòüñÿ ïðîèçâîäíàÿ ïî âðåìåíè, êîòîðîé ó ôóíêöèé èç
êëàññà u ∈ W 1,0

2 (QT ) íåò). ×òîáû ðàáîòàòü ñ òàêèìè ôóíêöèÿìè, ìû îïðåäåëèì �âçâåøåí-
íûå� ñðåäíèå ïî ïðîñòðàíñòâåííûì ïåðåìåííûì.

4. �Âçâåøåííûå� ñðåäíèå ïî ïðîñòðàíñòâåííûì ïåðåìåííûì

Ïóñòü ζ ∈ C∞0 (B2) òàêîâà, ÷òî

0 ≤ ζ ≤ 1 íà B2, ζ(x) = 1 ∀x ∈ B.

Îáîçíà÷èì

ζx0,R(x) := ζ
(x− x0

R

)
, ζx0,R ∈ C∞0 (B2R(x0)), ζx0,R(x) ≡ 1 ∀x ∈ BR(x0)

Äëÿ ëþáîé ôóíêöèè u ∈ L1(Q2R(z0)) îïðåäåëèì åå �âçâåøåííîå� ñðåäíåå ïî ïðîñòðàíñòâåí-
íûì ïåðåìåíííûì êàê

bx0,R(t) :=

∫
B2R(x0)

u(x, t)ζ2
x0,R

(x) dx∫
B2R(x0)

ζ2
x0,R

(x) dx
, t ∈ (t0 − 4R2, t0)

Òåîðåìà. Ïóñòü u ∈ L1(Q2R(z0)) è îáîçíà÷èì ū := u−bx0,R. Òîãäà äëÿ ï.â. t ∈ (t0−4R2, t0]∫
B2R(x0)

ū(x, t) ζ2
x0,2R(x) dx = 0.

5. �Âçâåøåííûå� ñðåäíèå ñëàáûõ ðåøåíèé ñóòü àáñîëþòíî íåïðåðûâíûå ôóíêöèè

Òåîðåìà. Åñëè u ∈W 1,0
2 (QT ) � ñëàáîå ðåøåíèå óðàâíåíèÿ (∗), è bx0,R � åãî �âçâåøåííîå�

ñðåäíåå ïî ïðîñòðàíñòâåííûì ïåðåìåííûì ïî øàðó B2R(x0) ⊂ Ω, òî bx0,R ∈W 1
2 (0, T ) è äëÿ

ï.â. t ∈ (t0 − 4R2, t0)

dbx0,R

dt
(t) = − 1

cR

∫
B2R(x0)

a(x, t)∇u(x, t) · ∇ζ2
x0,R(x) dx,
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ãäå

cR :=

∫
B2R(x0)

ζ2
x0,R(x) dx = Rn

∫
B2

ζ2(x) dx

Äîêàçàòåëüñòâî. Ïóñòü ξ ∈ C∞0 (0, T ) ïðîèçâîëüíàÿ, è âîçüìåì â èíòåãðàëüíîì òîæäåñòâå∫
QT

(
− u∂tη + a(x, t)∇u · ∇η

)
dxdt = 0, ∀ η ∈ C∞0 (Ω× (0, T )).

ïðîáíóþ ôóíêöèþ

η(x, t) = ζ2
x0,R(x)ξ(t), η ∈ C∞0 (Ω× (0, T )).

Ïîäåëèâ ðåçóëüòàò íà cR, ïîëó÷èì òîæäåñòâî

T∫
0

bx0,R(t)ξ′(t) dt = − 1

cR

T∫
0

Fx0,R(t)ξ(t) dt

ãäå Fx0,R ∈ L2(0, T ),

Fx0,R(t) := −
∫

B2R(x0)

a(x, t)∇u(x, t) · ∇ζ2
x0,R(x) dx

Ýòî îçíà÷àåò, ÷òî ôóíêöèÿ bx0,R èìååò îáîáùåííóþ ïðîèçâîäíóþ, ðàâíóþ 1
cR
Fx0,R. �

6. Íåðàâåíñòâî Êà÷÷èîïïîëè ñî �âçâåøåííûì� ñðåäíèì ïî ïðîñòðàíñòâåííûì ïå-

ðåìåííûì

Òåîðåìà. Ïóñòü u ∈ W 1,0
2 (QT ) � ñëàáîå ðåøåíèå óðàâíåíèÿ (∗). Òîãäà äëÿ ëþáîé òî÷êè

z0 = (x0, t0) ∈ QT , òàêîé ÷òî Q2R(z0) := B2R(x0)× (t0 − 4R2, t0] ⊂ QT , âûïîëíÿåòñÿ îöåíêà

sup
t∈(t0−R2,t0)

∫
BR(x0)

|u− bx0,R|2 dx +

∫
QR(z0)

|∇u|2 dxdt ≤ c

R2

∫
Q2R(z0)

|u− bx0,R|2 dxdt

â êîòîðîé ïîñòîÿííàÿ c > 0 çàâèñèò òîëüêî îò n, ν0, ν1.

Äîêàçàòåëüñòâî. Îáîçíà÷èì äëÿ êðàòêîñòè

ζR(x) := ζx0,R(x), bR(t) := bx0,R(t), ū := u− bR

Ïóñòü ξR := ξt0,R ∈ C∞0 ((t0 − 4R2, t0]) òàêîâà, ÷òî

0 ≤ ξR ≤ 1, ξR(t) = 1, t ∈ [t0 −R2, t0], |ξ′R| ≤
c

R2
.

Â ëîêàëüíîì ýíåðãåòè÷åñêîì òîæäåñòâå äëÿ ñëàáîãî ðåøåíèÿ u

1
2

∫
B2R(x0)

ζ2(x, t)|u(x, t)|2 dx +

t∫
t0−4R2

∫
B2R(x0)

ζ2a∇u · ∇u dxdt =

= 1
2

t∫
t0−4R2

∫
B2R(x0)

|u|2∂tζ2 dxdt −
t∫

t0−4R2

∫
B2R(x0)

u a∇u · ∇ζ2 dxdt
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âîçüìåì
ζ(x, t) = ζR(x) ξR(t), ζ ∈ C∞0 (Q2R(z0))

Çàìåòèì, ÷òî∫
B2R(x0)

ζ2(x, t)|u(x, t)|2 dx = ξ2
R(t)

∫
B2R(x0)

ζ2
R(x) |ū(x, t) + bR(t)|2 dx (a+b)2=a2+2ab+b2

=

= ξ2
R

∫
B2R(x0)

ζ2
R |ū|2 dx + 2 ξ2

R bR

∫
B2R(x0)

ζ2
R ū dx

︸ ︷︷ ︸
= 0

+ ξ2
R |bR|2

∫
B2R(x0)

ζ2
R dx

︸ ︷︷ ︸
= cRξ

2
R(t) |bR(t)|2

t∫
t0−4R2

∫
B2R(x0)

|u|2∂tζ2 dxdt =

t∫
t0−4R2

∂tξ
2
R

∫
B2R(x0)

|ū+ bR|2ζ2
R dxdt =

=

t∫
t0−4R2

∂tξ
2
R

∫
B2R(x0)

|ū|2ζ2
R dxdt + 2

t∫
t0−4R2

∂tξ
2
R bRdt

∫
B2R(x0)

ζ2
Rū dx

︸ ︷︷ ︸
= 0

+ cR

t∫
t0−4R2

∂tξ
2
R |bR|2 dt

Â ïîñëåäíåì ñëàãàåìîì âûïîëíèì èíòåãðèðîâàíèå ïî ÷àñòÿì:

cR

t∫
t0−4R2

∂tξ
2
R |bR|2 dt = cRξ

2
R(t)|bR(t)|2 − 2cR

t∫
t0−4R2

ξ2
R bR

dbR
dt

dt

Âîñïîëüçóåìñÿ ôîðìóëîé äëÿ dbR
dt :

dbR
dt

= − 1

cR

∫
B2R(x0)

a∇u · ∇ζ2
R dx

Òîãäà

− 2cR

t∫
t0−4R2

ξ2
R bR

dbR
dt

dt = 2

t∫
t0−4R2

∫
B2R(x0)

ξ2
R bR a∇u · ∇ζ2

R dxdt

Íî òåïåðü ýòî ñëàãàåìîå ìîæåíî îáúåäèíèòü ñ äðóãèì ñëàãàåìûì â ëîêàëüíîì ýíåðãåòè÷å-
ñêîì òîæäåñòâå:

−
t∫

t0−4R2

∫
B2R(x0)

u a∇u · ∇ζ2 dxdt +

t∫
t0−4R2

∫
B2R(x0)

ξ2
R bR a∇u · ∇ζ2

R dxdt =

= −
t∫

t0−4R2

ξ2
R

∫
B2R(x0)

ū a∇u · ∇ζ2
R dxdt
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Òàêèì îáðàçîì, òåïåðü ëîêàëüíîå ýíåðãåòè÷åñêîå òîæäåñòâî ìû ìîæåì ïåðåïèñàòü êàê òîæ-
äåñòâî äëÿ ôóíêöèè ū = u− bR:

1
2

∫
B2R(x0)

ζ2(x, t)|ū(x, t)|2 dx +

t∫
t0−4R2

∫
B2R(x0)

ζ2a∇u · ∇u dxdt =

= 1
2

t∫
t0−4R2

∫
B2R(x0)

|ū|2∂tζ2 dxdt −
t∫

t0−4R2

∫
B2R(x0)

ū a∇u · ∇ζ2 dxdt

Èç ýòîãî òîæäåñòâà íåðàâåíñòâî Êà÷÷èîïïîëè ñî �âçâåøåííûì� ñðåäíèì ñëåäóåò ñòàíäàðò-
íûì îáðàçîì ïðè ïîìîùè ôîðìóëû ab ≤ εa2 + 1

4εb
2. �

7. Íåðàâåíñòâî Ïóàíêàðå ñî �âçâåøåííûìè� ñðåäíèìè ïî ïðîñòðàíñòâåííûì ïåðå-

ìåííûì

Òåîðåìà. Äëÿ ëþáîé ôóíêöèè u ∈ W 1,0
2 (Q2R(z0)) ñïðàâåäëèâî íåðàâåíñòâî Ïóàíêàðå ñî

�âçâåøåííûìè� ñðåäíèìè ïî ïðîñòðàíñòâåííûì ïåðåìåííûì:∫
Q2R(z0)

|u− bx0,R|2 dxdt ≤ c(n)R2

∫
Q2R(z0)

|∇u|2 dxdt

ãäå

bx0,R(t) :=
1

cR

∫
B2R(x0)

u(x, t)ζ2
x0,R(x) dx, cR :=

∫
B2R(x0)

ζ2
x0,R(x) dx = Rn

∫
B2

ζ2(x) dx

Äîêàçàòåëüñòâî. Ïðè ï.â. t ∈ (t0 − 4R2, t0) ìû èìååì íåðàâåíñòâî∫
B2R(x0)

|u− bx0,R|2 dx ≤ 2

∫
B2R(x0)

|u− [u]x0,2R|2 dx + 2

∫
B2R(x0)

|bx0,R − [u]x0,2R|2 dx

︸ ︷︷ ︸
= |B2R| |bx0,R

−[u]x0,2R
|2

Äëÿ âòîðîãî ñëàãàåìîãî ìû èìååì îöåíêó

|B2R|
∣∣bx0,R − [u]x0,2R

∣∣2 =
|B2R|
c2
R

∣∣∣∣∣∣∣
∫

B2R(x0)

u(x, t)ζ2
x0,R(x) dx − [u(t)]x0,2R

∫
B2R(x0)

ζ2
x0,R(x) dx

∣∣∣∣∣∣∣
2

≤

≤ |B2R|
c2
R

 ∫
B2R(x0)

∣∣u(x, t)− [u(t)]x0,2R

∣∣ ζ2
x0,R(x)︸ ︷︷ ︸
≤ 1

dx


2

Ãåëüäåð

≤ |B2R|2

c2
R︸ ︷︷ ︸

=
|B2|
c1

∫
B2R(x0)

∣∣u− [u]x0,2R

∣∣2 dx

Ïðèìåíÿÿ íåðàâåíñòâî Ïóàíêàðå ñ îáû÷íûìè ñðåäíèìè ïî ïðîñòðàíñòâåííûì ïåðåìåííûì∫
B2R(x0)

|u− [u]x0,2R|2 dx ≤ c(n)R2

∫
B2R(x0)

|∇u|2 dx

ïîëó÷àåì òðåáóåìûé ðåçóëüòàò. �
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8. Ñðåäíåå ïî âðåìåíè ôóíêöèè bx0,R

Îïðåäåëèì ñðåäíåå ïî âðåìåíè ôóíêöèè bx0,R êàê

〈bx0,R〉 :=

t0∫
−

t0−4R2

bx0,R(t) dt ≡ 1

4R2

t0∫
t0−4R2

bx0,R(t) dt

Òåîðåìà. Åñëè u � ñëàáîå ðåøåíèå óðàâíåíèÿ (∗), òî ñïðàâåäëèâî íåðàâåíñòâî

t0∫
−

t0−4R2

∣∣bx0,R(t)− 〈bx0,R〉
∣∣2 dt ≤ cR2

∫
−

Q2R(z0)

|∇u|2 dxdt

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî

bx0,R(t)− 〈bx0,R〉 =

t0∫
−

t0−4R2

(
bx0,R(t)− bx0,R(s)

)
ds

t0∫
−

t0−4R2

∣∣bx0,R(t)− 〈bx0,R〉
∣∣2 dt =

t0∫
−

t0−4R2

 t0∫
−

t0−4R2

∣∣bx0,R(t)− bx0,R(s)
∣∣ ds


2

dt
Ãåëüäåð

≤

≤
t0∫
−

t0−4R2

t0∫
−

t0−4R2

∣∣bx0,R(t)− bx0,R(s)
∣∣2 dsdt

Íî ìû çíàåì, ÷òî ôóíêöèè bx0,R àáñîëþòíî íåïðåðûâíû è

dbx0,R

dt
(t) = − 1

cR

∫
B2R(x0)

a(x, t)∇u(x, t) · ∇ζ2
x0,R(x) dx,

ãäå

cR :=

∫
B2R(x0)

ζ2
x0,R(x) dx = Rn

∫
B2

ζ2(x) dx

Ïîýòîìó

∣∣bx0,R(t)− bx0,R(s)
∣∣ =

∣∣∣∣∣∣
t∫
s

dbx0,R

dτ
(τ) dτ

∣∣∣∣∣∣ ≤
≤ 1

cR

t0∫
t0−4R2

∫
B2R(x0)

|a(x, τ)|︸ ︷︷ ︸
≤ ν1

|∇u(x, τ)| |∇ζ2
x0,R(x)|︸ ︷︷ ︸
≤ c
R

dxdτ ≤ c

cRR︸ ︷︷ ︸
= cR
|Q2R|

∫
Q2R(z0)

|∇u| dxdt

Ñëåäîâàòåëüíî, ïî íåðàâåíñòâó Ãåëüäåðà ìû ïîëó÷àåì∣∣bx0,R(t)− bx0,R(s)
∣∣2 ≤ cR2

∫
−

Q2R(z0)

|∇u|2 dxdt
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è ïîýòîìó

t0∫
−

t0−4R2

∣∣bx0,R(t)−〈bx0,R〉
∣∣2 dt ≤ t0∫

−
t0−4R2

t0∫
−

t0−4R2

∣∣bx0,R(t)−bx0,R(s)
∣∣2 dsdt ≤ cR2

∫
−

Q2R(z0)

|∇u|2 dxdt

9. Íåðàâåíñòâî äëÿ ñëàáûõ ðåøåíèé, ïîõîæåå íà íåðàâåíñòâî Ïóàíêàðå

Òåîðåìà. Ïóñòü a ∈ L∞(QT ) è ïóñòü u ∈W 1,0
2 (QT ) � ñëàáîå ðåøåíèå óðàâíåíèÿ

∂tu− div(a∇u) = 0 â D′(QT ).

Òîãäà äëÿ ëþáîãî z0 = (x0, t0) ∈ QT , òàêîãî ÷òî Q2R(z0) ⊂ QT , âûïîëíÿåòñÿ îöåíêà∫
QR(z0)

|u− (u)z0,R|2 dxdt ≤ cR2

∫
Q2R(z0)

|∇u|2 dxdt

ãäå c > 0 çàâèñèò òîëüêî îò n, ν0, ν1.

Äîêàçàòåëüñòâî. Ïîñêîëüêó∫
QR(z0)

|u− (u)z0,R|2 dxdt = inf
λ∈R

∫
QR(z0)

|u− λ|2 dxdt,

ïîëó÷àåì ∫
QR(z0)

|u− (u)z0,R|2 dxdt ≤
∫

QR(z0)

|u− 〈bx0,R〉|2 dxdt ≤

≤ 2

∫
QR(z0)

|u− bx0,R|2 dxdt + 2

∫
QR(z0)

|bx0,R − 〈bx0,R〉|2︸ ︷︷ ︸
íå çàâèñèò îò x

dxdt ≤

= 2

∫
QR(z0)

|u− bx0,R|2 dxdt + 2 |BR|
t0∫

t0−4R2

|bx0,R − 〈bx0,R〉|2 dt ≤

≤ c(n)R2

∫
Q2R(z0)

|∇u|2 dxdt +
c |BR|R4

|QR|︸ ︷︷ ︸
= cR2

∫
Q2R(z0)

|∇u|2 dxdt

�
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3.4 Óðàâíåíèÿ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

1. Ìîäåëüíàÿ çàäà÷à

Â ýòîì ïàðàãðàôå ìû áóäåì èçó÷àòü îäíîðîäíîå ïàðàáîëè÷åñêîå óðàâíåíèå ñ ïîñòîÿííûìè
êîýôôèöèåíòàìè âèäà

∂tu− div(a∇u) = 0 â D′(QT ) (∗)

ãäå a ∈ Rn×n, a = (ajk) � ñèììåòðè÷íàÿ ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðèöà, òàêàÿ ÷òî

ajkξjξk ≥ ν0|ξ|2, ∀ ξ ∈ Rn, div(a∇u) = a : ∇2u = akju,kj , |a| ≤ ν1

2. Ëîêàëüíàÿ îöåíêà ïðîèçâîäíûõ

Òåîðåìà. Ïóñòü u ∈ W 1,0
2 (QT ) � ñëàáîå ðåøåíèå óðàâíåíèÿ (∗) â QT . Òîãäà äëÿ ëþáûõ l,

k ∈ Z+ è ëþáîãî Q2R(z0) ⊂ QT ñïðàâåäëèâà îöåíêà

sup
z∈QR(z0)

|∂lt∇ku(z)| ≤ c

Rk+2l

( ∫
−

Q2R(z0)

|u(z)|2 dz
)1/2

â êîòîðîé ïîñòîÿííàÿ c > 0 çàâèñèò òîëüêî îò n, l, k, ν0, ν1 è
∫
−
ω
f dz = 1

|ω|
∫
ω
f dz.

Äîêàçàòåëüñòâî. Èç �3.2 ìû çíàåì, ÷òî u ∈ C∞loc(QT ).

Ïðåäïîëîæèì ñíà÷àëà, ÷òî z0 = 0, R = 1, Q = Q1(0). Âîñïîëüçóåìñÿ òåîðåìîé âëîæåíèÿ:

∃m ∈ N, m = m(n, k, l) : Wm
2 (Q) ↪→ Ck+l(Q̄), ‖u‖Ck+l(Q̄) ≤ cn ‖u‖Wm

2 (Q)

Çäåñü ïîñòîÿííàÿ cn > 0 çàâèñèò òîëüêî îò n, m, k è l. Çàìåòèì, ÷òî

sup
z∈Q
|∂lt∇ku(z)| ≤ ‖u‖Ck+l(Q̄) ≤ cn ‖u‖Wm

2 (Q)

Ñ äðóãîé ñòîðîíû,

‖u‖Wm
2 (Q) =

∑
k+|α|≤m

‖∂ktDαu‖L2(Q)

a â ñèëó îöåíîê, ïîëó÷åííûõ â ïðîøëîì ïàðàãðàôå, ìû èìååì

‖∂ktDαu‖L2(Q) ≤ ck,α ‖u‖W 1,0
2 (Q 3

2
)

Â ýòîì íåðàâåíñòâå ïîñòîÿííàÿ ck,α > 0 çàâèñèò óæå îò n, k, α, ν0 è ν1. Â ñèëó ëîêàëüíîãî
ýíåðãåòè÷åñêîãî íåðàâåíñòâà (ñì. �3.1) ìû èìååì

‖u‖
W 1,0

2 (Q 3
2

)
≤ cν0,ν1 ‖u‖L2(Q2),

îòêóäà ïîëó÷àåì îêîí÷àòåëüíî

sup
z∈Q
|∂lt∇ku(z)| ≤ c ‖u‖L2(Q2)
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Ðàññìîòðèì òåïåðü ïðîèçâîëüíûå R > 0 è z0 = (x0, t0), òàêèå ÷òî Q2R(z0) ⊂ QT . Îáîçíà÷èì

uR(x, t) := u(x0 +Rx, t0 +R2t), (x, t) ∈ Q2 := B2 × (−4, 0]

Òîãäà uR ∈W 1,0
2 (Q2) óäîâëåòâîðÿåò óðàâíåíèþ

∂tu
R − div(a∇uR) = 0 â D′(Q2).

Ïîýòîìó äëÿ uR ñïðàâåäëèâà îöåíêà

sup
z∈Q
|∂lt∇kuR(z)| ≤ c ‖uR‖L2(Q2)

ñ ïîñòîÿííîé c > 0, çàâèñÿùåé òîëüêî îò n, l, k, ν0, ν1. Ñ äðóãîé ñòîðîíû, ñïðàâåäëèâû
òîæäåñòâà

sup
z∈Q
|∂lt∇kuR(z)| = Rk+2l sup

z∈QR
|∂lt∇ku(z)|

‖uR‖2L2(Q2) =

∫
Q2

|uR(x, t)|2 dxdt =

∫
Q2

|u(x0 +Rx, t0 +R2t)|2 dxdt =

=

[
y = x0 +Rx
τ = t0 +R2t

dydτ = Rn+2dxdt

]
=

1

Rn+2

∫
Q2

|u(y, τ)|2 dydτ = |Q2|︸︷︷︸
= cn

∫
−

Q2R(z0)

|u(z)|2 dz

3. Decay estimates

Òåîðåìà. Ïóñòü u ∈W 1,0
2 (QT ) � ñëàáîå ðåøåíèå óðàâíåíèÿ (∗). Òîãäà äëÿ ëþáîãî QR(z0) ⊂

QT è ëþáîãî 0 < ρ < R âûïîëíÿþòñÿ îöåíêè∫
Qρ(z0)

|u|2 dxdt ≤ c1

( ρ
R

)n+2
∫

QR(z0)

|u|2 dxdt,

∫
Qρ(z0)

|u− (u)z0,ρ|2 dxdt ≤ c2

( ρ
R

)n+4
∫

QR(x0)

|u− (u)z0,R|2 dxdt,

ãäå ïîñòîÿííûå c1 è c2 çàâèñÿò òîëüêî îò n, ν0, ν1.

Äîêàçàòåëüñòâî. Èç �3.2 ìû çíàåì, ÷òî u ∈ C∞loc(QT ).

Ïðåäïîëîæèì ñíà÷àëà, ÷òî z0 = 0, R = 1, Q = Q1(0). Äîêàæåì, ÷òî äëÿ ëþáîãî θ ∈ (0, 1)
ñïðàâåäëèâû îöåíêè ∫

Qθ

|u|2 dxdt ≤ c1 θ
n+2

∫
Q

|u|2 dxdt,

∫
Qθ

|u− (u)Qθ |
2 dxdt ≤ c2 θ

n+4

∫
Q

|u− (u)Q|2 dxdt

Íà÷íåì ñ ïåðâîé îöåíêè. Ïðè θ ∈ (1
2 , 1) ýòà îöåíêà òðèâèàëüíà:∫

Qθ

|u|2 dxdt ≤
∫
Q

|u|2 dxdt ≤ 2n+2︸ ︷︷ ︸
= c1

1

2n+2︸ ︷︷ ︸
≤ θn+2

∫
Q

|u|2 dxdt ≤ c1 θ
n+2

∫
Q

|u|2 dxdt
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Ïóñòü θ ∈ (0, 1
2). Èç ëîêàëüíîé îöåíêè ïðîèçâîäíûõ (ñì. ïóíêò 2) ïðè k = l = 0 ìû çíàåì

‖u‖L∞(Q1/2) ≤ c
( ∫

Q

|u(z)|2 dz
)1/2

Ïîýòîìó ïðè θ < 1
2 ìû ïîëó÷àåì∫

Qθ

|u|2 dxdt ≤ ‖u‖2L∞(Qθ)︸ ︷︷ ︸
≤‖u‖2

L∞(Q1/2)

|Qθ|︸ ︷︷ ︸
= cn θn+2

≤ cn θ
n+2 ‖u‖2L∞(Q1/2) ≤ c1 θ

n+2

∫
Q

|u(z)|2 dz

Ïåðåéäåì ê äîêàçàòåëüñòâó âòîðîé îöåíêè. Ñíà÷àëà ðàññìîòðèì ñëó÷àé θ ∈ (1
2 , 1). Òàê êàê∫

Qθ

|u− (u)Qθ |
2 dxdt = inf

λ∈R

∫
Qθ

|u− λ|2 dxdt,

ïîëó÷àåì ∫
Qθ

|u− (u)Qθ |
2 dxdt ≤

∫
Qθ

|u− (u)Q|2 dxdt ≤
∫
Q

|u− (u)Q|2 dxdt

è ìû ïîëó÷àåì òðèâèàëüíóþ îöåíêó∫
Qθ

|u− (u)Qθ |
2 dxdt ≤ 2n+4︸ ︷︷ ︸

= c2

1

2n+4︸ ︷︷ ︸
≤ θn+4

∫
Q

|u− (u)Q|2 dxdt ≤ c2 θ
n+4

∫
Q

|u− (u)Q|2 dxdt

Ïåðåéäåì ê ñëó÷àþ θ ∈ (0, 1
2). Èñïîëüçóÿ íåðàâåíñòâî äëÿ ñëàáûõ ðåøåíèé, ïîõîæåå íà

íåðàâåíñòâî Ïóàíêàðå, ïîëó÷àåì∫
Qθ

|u− (u)Qθ |
2 dxdt ≤ c θ2

∫
Qθ

|∇u|2 dxdt

Ïðàâóþ ÷àñòü ìû îöåíèâàåì êàê

c θ2

∫
Qθ

|∇u|2 dxdt ≤ c θ2 ‖∇u‖2L∞(Qθ)︸ ︷︷ ︸
≤‖∇u‖2

L∞(Q1/2)

|Qθ| ≤ c θn+4 ‖∇u‖2L∞(Q1/2)

Èç ëîêàëüíîé îöåíêè ïðîèçâîäíûõ (ñì. ïóíêò 2) äëÿ ôóíêöèè ū := u − (u)Q ïðè k = 1,
l = 0, ìû ïîëó÷àåì

‖∇u‖L∞(Q1/2) ≤ c
( ∫

Q

|ū|2 dxdt
)1/2

= c
( ∫

Q

|u− (u)Q|2 dxdt
)1/2

Ïîýòîìó ïðè θ < 1
2 ìû ïîëó÷àåì∫

Qθ

|u− (u)Qθ |
2 dxdt ≤ c2 θ

n+4

∫
Q

|u− (u)Q|2 dxdt
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Ïðåäïîëîæèì òåïåðü, ÷òî z0 = (x0, t0) è 0 < ρ < R � ïðîèçâîëüíûå. Îáîçíà÷èì θ := ρ
R ,

θ ∈ (0, 1), è ðàññìîòðèì ôóíêöèè

uR(x, t) := u(x0 +Rx, t0 +R2t), (x, t) ∈ Q.

Íåòðóäíî âèäåòü, ÷òî uR ∈W 1,0
2 (Q) óäîâëåòîðÿåò óðàâíåíèþ

∂tu
R − div(a∇uR) = 0 â D′(Q),

è, ñëåäîâàòåëüíî, uR ∈ C∞loc(Q) è u óäîâëåòâîðÿåò îöåíêàì∫
Qθ

|uR|2 dxdt ≤ c1 θ
n+2

∫
Q

|uR|2 dxdt,

∫
Qθ

|uR − (uR)Qθ |
2 dxdt ≤ c2 θ

n+4

∫
Q

|uR − (uR)Q|2 dxdt

Çàìåòèì, ÷òî

(uR)Qθ :=
1

|Qθ|

∫
Qθ

uR(x, t) dxdt =
1

|Q| θn+2

∫
Qθ

u(x0 +Rx, t0 +R2t) dxdt =

=

[
y = x0 +Rx, τ = t0 +R2t

dydτ = Rn+2dxdt
(x, t) ∈ Qθ ⇔ (y, τ) ∈ QθR(z0)

]
=

1

|Q| θn+2Rn+2

∫
QθR(z0)

u(y, τ) dydτ =

=
1

|Qρ(z0)|

∫
Qρ

u(y, τ) dydτ = (u)z0,ρ

Àíàëîãè÷íî,
(uR)Q = (u)z0,R

è ïîñëå çàìåíû ïåðåìåííûõ y = x0 +Rx, τ = t0 +R2t íåðàâåíñòâà äëÿ uR ïðåâðàùàþòñÿ â
decay estimates. �
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3.5 Êðèòåðèé Êàìïàíàòî íåïðåðûâíîñòè ôóíêöèé ïî Ãåëüäåðó

1. Ïàðàáîëè÷åñêîå ïðîñòðàíñòâî Ãåëüäåðà

Îïðåäåëåíèå. Ïóñòü QT := Ω× (0, T ]. Ìû áóäåì ãîâîðèòü, ÷òî ôóíêöèÿ u íåïðåðûâíà ïî
Ãåëüäåðó íà QT ñ ïîêàçàòåëåì µ ∈ (0, 1) â ïàðàáîëè÷åñêîé ìåòðèêå, åñëè u ∈ C(Q̄T ) è

〈u〉
Cµ,

µ
2 (QT )

:= sup
(x′, t′), (x′′, t′′) ∈ QT

(x′, t′) 6= (x′′, t′′)

|u(x′, t′) − u(x′′, t′′) |
|x′ − x′′|µ + |t′ − t′′|

µ
2

< +∞

Ïðè ýòîì ìû áóäåì ïèñàòü u ∈ Cµ,
µ
2 (Q̄T ) è

‖u‖
Cµ,

µ
2 (Q̄T )

:= ‖u‖C(Q̄T ) + 〈u〉
Cµ,

µ
2 (QT )

2. Óñëîâèå Êàìïàíàòî

Ïóñòü u ∈ L1(QT ). Äëÿ ëþáîãî Qρ(z0) ⊂ QT îáîçíà÷èì

Φu(z0, ρ) :=

∫
−

Qρ(z0)

|u− (u)z0,ρ| dxdt ≡
1

|Qρ|

∫
Qρ(z0)

|u− (u)z0,ρ| dxdt

ãäå, êàê îáû÷íî,

(u)z0,ρ :=

∫
−

Qρ(z0)

u(x, t) dxdt

Îïðåäåëåíèå. Áóäåì ãîâîðèòü, ÷òî ôóíêöèÿ u ∈ L1(QT ) óäîâëåòâîðÿåò óñëîâèþ Êàìïà-

íàòî ëîêàëüíî â QT , åñëè ñóùåñòâóþò µ ∈ (0, 1) è K > 0, òàêèå ÷òî

∀Qρ(z0) ⊂ QT Φu(z0, ρ) ≤ Kρµ

3. Íåïðåðûâíîñòü ïî Ãåëüäåðó =⇒ óñëîâèå Êàìïàíàòî

Òåîðåìà. Ïóñòü µ ∈ (0, 1) è u ∈ Cµ,
µ
2 (Q̄T ). Òîãäà u óäîâëåòâîðÿåò óñëîâèþ Êàìïàíàòî ñ

ïîêàçàòåëåì µ ëîêàëüíî â QT .

Äîêàçàòåëüñòâî. Ïóñòü Qρ(z0) ⊂ QT . Òîãäà äëÿ ëþáîãî (x, t) ∈ Qρ(z0)

|u(x, t)− uz0,ρ| =

∣∣∣∣∣∣∣
∫
−

Qρ(z0)

(u(x, t)− u(y, τ)) dydτ

∣∣∣∣∣∣∣ ≤
∫
−

Qρ(z0)

|u(x, t)− u(y, τ)| dydτ

Çàìåòèì, ÷òî ïðè (x, t), (y, τ) ∈ Qρ(z0) ìû èìååì

|u(x, t)− u(y, τ)| ≤ 〈u〉
Cµ,

µ
2 (QT )

(
|x− y|µ︸ ︷︷ ︸
≤ (2ρ)µ

+ |t− τ |
µ
2︸ ︷︷ ︸

≤ ρ2
µ
2

)
≤ c 〈u〉

Cµ,
µ
2 (QT )

ρµ

è ïîýòîìó äëÿ ëþáîãî (x, t) ∈ Qρ(z0)

|u(x, t)− uz0,ρ| ≤ c 〈u〉
Cµ,

µ
2 (QT )

ρµ

èíòåãðèðóÿ ýòó îöåíêó ïî Qρ(z0), ïîëó÷àåì

∀Qρ(z0) ⊂ QT Φu(z0, ρ) ≤ c 〈u〉
Cµ,

µ
2 (QT )

ρµ
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4. Óñëîâèå Êàìïàíàòî =⇒ íåïðåðûâíîñòü ïî Ãåëüäåðó

Òåîðåìà. Ïóñòü u ∈ L1(QT ) óäîâëåòâîðÿåò óñëîâèþ Êàìïàíàòî ñ ïîêàçàòåëåì µ ∈ (0, 1)
ëîêàëüíî â QT :

∀Qρ(z0) ⊂ QT Φu(z0, ρ) ≤ Kρµ

Òîãäà ôóíêöèÿ u íåïðåðûâíà ïî Ãåëüäåðó ñ ïîêàçàòåëåì µ ∈ (0, 1) â ïàðàáîëè÷åñêîé ìåòðèêå
ëîêàëüíî â QT , ò.å. äëÿ ëþáûõ Ω′ b Ω è δ ∈ (0, T ) èìååò ìåñòî âêëþ÷åíèå

u ∈ Cµ,
µ
2 (Q̄′δ,T ), Q′δ,T := Ω′ × (δ, T ].

Ïðè ýòîì ñïðàâåäëèâà îöåíêà

‖u‖
Cµ,

µ
2 (Q̄′δ,T )

≤ c
(
K + ‖u‖L1(QT )

)
,

â êîòîðîé ïîñòîÿííàÿ c > 0 çàâèñèò òîëüêî îò n, Ω, Ω′, T è δ.

Äîêàçàòåëüñòâî. Ïóñòü 0 < ρ < R è QR(z0) ⊂ QT . Òîãäà∣∣(u)z0,ρ − (u)z0,R
∣∣ =

∣∣∣ ∫
−

Qρ(z0)

(u(x, t)− (u)z0,R) dxdt
∣∣∣ ≤

≤ 1

|Qρ|

∫
Qρ(z0)⊂QR(z0)

|u(x, t)− (u)z0,R| dxdt

︸ ︷︷ ︸
≤ |QR|Φu(z0,R)

≤ |QR|
|Qρ|

Φu(z0, R)

îòêóäà, èñïîëüçóÿ óñëîâèå Êàìïàíàòî, ìû ïðèõîäèì ê

|(u)z0,ρ − (u)z0,R| ≤
|QR|
|Qρ|

Φu(z0, R) ≤ cK
(R
ρ

)n+2
Rµ

Îáîçíà÷èì òåïåðü Rk := R
2k
, k = 0, 1, . . .. Òîãäà

|(u)z0,Rk+1
− (u)z0,Rk | ≤ cK 2n+2Rµk = cnKRµ0 2−µk

è ïîýòîìó äëÿ ëþáîãî m > k ìû èìååì

|(u)z0,Rm − (u)z0,Rk | ≤
m−1∑
j=k

|(u)z0,Rj+1 − (u)z0,Rj | ≤

≤ cnKRµ0

m−1∑
j=k

1

2µj
= cnKRµk

m−k−1∑
j=0

1

2µj︸ ︷︷ ︸
≤ 2

≤ cnKRµk

Ïóñòü òåïåðü R∗ = distpar{Q̄′δ,T , ∂′QT }, òî åñòü QR(z) ⊂ QT äëÿ ëþáîé z ∈ Q̄′δ,T è ëþáîãî
R ≤ R∗. Ïóñòü R ≤ R∗ ïðîèçâîëüíîå, è îáîçíà÷èì

fm(z) := (u)z,Rm , z ∈ Q′δ,T , Rm = R
2m , m = 0, 1, 2, . . .

Â ñèëó àáñîëþòíîé íåïðåðûâíîñòè èíòåãðàëà Ëåáåãà êàê ôóíêöèè ìíîæåñòâà ìû èìååì

fm ∈ C(Q̄′δ,T ),
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à èç ïîëó÷åííîé âûøå îöåíêè âûòåêàåò, ÷òî

sup
z∈Q̄′δ,T

|fm(z)− fk(z)| ≤ cnKRµk , ∀m ≥ k

è ïîýòîìó ïîñëåäîâàòåëüíîñòü {fk}∞k=0 ôóíäàìåíòàëüíà â C(Q̄′δ,T ). Ñëåäîâàòåëüíî,

∃ f ∈ C(Q̄′δ,T ) : fk ⇒ f íà Q̄′δ,T

Ñ äðóãîé ñòîðîíû, ïîñêîëüêó u ∈ L1(QT ), ïî òåîðåìå Ëåáåãà ìû çíàåì, ÷òî

ï.â. z ∈ QT u(z) = lim
Rk→0

∫
−

QRk (z)

u dxdt ≡ lim
k→∞

(u)z,Rk ≡ lim
k→∞

fk(z)

Ñëåäîâàòåëüíî,
u(z) = f(z) ï.â. z ∈ QT =⇒ u ∈ C(Q̄′δ,T )

Çàôèêñèðóåì òåïåðü k = 0, z ∈ Q̄′δ,T è ïåðåéäåì ê ïðåäåëó ïðè m→∞ â ñîîòíîøåíèè

|(u)z,Rm − (u)z,R0 | ≤ cnKRµk

Ïîñêîëüêó R0 = R è u(z) = lim
m→∞

(u)z,Rm äëÿ ëþáîãî z ∈ Q̄′δ,T , ïîëó÷èì

|u(z)− (u)z,R| ≤ cnKRµ, ∀ z ∈ Q̄′δ,T .

Ïîëàãàÿ R = R∗, äëÿ ëþáîãî z ∈ Q̄′δ,T ïîëó÷àåì

|u(z)| ≤ cnKRµ∗ + |(u)z,R∗ | ≤ cnK (diamQT )µ +
cn

Rn+2
∗

∫
QT

|u| dxdt

îòêóäà âûòåêàåò

‖u‖C(Q̄′δ,T ) ≤ c
(
K + ‖u‖L1(QT )

)
ñ ïîñòîÿííîé c > 0, çàâèñÿùåé òîëüêî îò n, Ω, Ω′, T è δ.

Ïóñòü òåïåðü z′ = (x′, t′), z′′ = (x′′, t′′) ∈ Q′δ,T òàêîâû, ÷òî

|z′ − z′′|par := |x′ − x′′| + |t′ − t′′|
1
2 < R∗

4

Îáîçíà÷èì

z0 := (x0, t0), x0 := 1
2 (x′ + x′′), t0 := max{t′, t′′}, R := |z′ − z′′|par

Íåòðóäíî âèäåòü, ÷òî â ýòîì ñëó÷àå

Q2R(z0) ⊂ QT , QR(z′) ⊂ Q2R(z0), QR(z′′) ⊂ Q2R(z0)

è ïîýòîìó

|u(z′)− u(z′′)| ≤ |u(z′)− (u)z′,R|︸ ︷︷ ︸
≤ cnKRµ

+ |(u)z′,R − (u)z′′,R| + |u(z′′)− (u)z′′,R|︸ ︷︷ ︸
≤ cnKRµ

Äëÿ �ñåðåäèííîãî� ñëàãàåìîãî ìû èìååì

|(u)z′,R − (u)z′′,R| ≤ |(u)z′,R − (u)z0,2R| + |(u)z′′,R − (u)z0,2R|
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Ïîñêîëüêó QR(z′) ⊂ Q2R(z0), ñïðàâåäëèâà îöåíêà

|(u)z′,R − (u)z0,2R| ≤
∫
−

QR(z′)

|u− (u)z0,2R| dxdt ≤
1

|QR|

∫
QR(z′)⊂Q2R(z0)

|u− (u)z0,2R| dxdt ≤

≤ |Q2R|
|QR|

Φu(z0, 2R) ≤ cnK (2R)µ

è àíàëîãè÷íî
|(u)z′′,R − (u)z0,2R| ≤ cnK (2R)µ

Èòîãî îêîí÷àòåëüíî ìû ïîëó÷àåì

|u(z′)− u(z′′)| ≤ cnKRµ = cnK |z′ − z′′|µpar,

÷òî âûïîëíÿåòñÿ äëÿ ëþáûõ z′, z′′ ∈ Q′δ,T , òàêèõ ÷òî |z′ − z′′|par ≤
1
4 R∗.

Ïðè |z′ − z′′|par ≥ 1
4 R∗ ñîîòâåòñòâóþùàÿ îöåíêà òðèâèàëüíî âûòåêàåò èç óæå äîêàçàííîé:

|u(z′)− u(z′′)| ≤ 2 ‖u‖C(Q̄′δ,T ) ≤ 4µR−µ∗︸ ︷︷ ︸
c(Ω′,δ...)

|z′ − z′′|µpar ‖u‖C(Q̄′δ,T ) ≤

≤ c
(
K + ‖u‖L1(QT )

)
|z′ − z′′|µpar

Òàêèì îáðàçîì,

〈u〉
Cµ,

µ
2 (Q̄′δ,T )

≤ c
(
K + ‖u‖L1(QT )

)
�
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3.6 Íåïðåðûâíîñòü ïî Ãåëüäåðó ñëàáûõ ðåøåíèé

1. Îñíîâíîé ðåçóëüòàò

Òåîðåìà. Ïóñòü a ∈ C(Q̄T ) è u ∈W 1,0
2 (QT ) � ñëàáîå ðåøåíèå óðàâíåíèÿ

∂tu− div(a∇u) = 0 â QT (∗)

Òîãäà äëÿ ëþáîãî µ ∈ (0, 1) ñïðàâåäëèâî âêëþ÷åíèå

u ∈ Cµ,
µ
2

loc (QT ),

è äëÿ ëþáûõ Ω′ b Ω, δ ∈ (0, T ) ñïðàâåäëèâà îöåíêà

‖u‖
Cµ,

µ
2 (Q′δ,T )

≤ c ‖u‖L2(QT )

ãäå ïîñòîÿííàÿ c > 0 çàâèñèò òîëüêî îò n, µ, ν0, ν1, Ω, Ω′, T , δ è ìîäóëÿ íåïðåðûâíîñòè
ôóíêöèè a.

2. �Çàìîðàæèâàíèå� êîýôôèöèåíòîâ

Òåîðåìà. Ïóñòü a ∈ C(Q̄R(z0)) è u ∈ W 1,0
2 (QR(z0)) � ñëàáîå ðåøåíèå óðàâíåíèÿ (∗) â

QR(z0). Îáîçíà÷èì
f := (a(z)− a(z0))∇u, f ∈ L2(QR(z0))

è ïóñòü v ∈W 1,0
2 (QR(z0)) � ñëàáîå ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è{

∂tv − div(a(z0)∇v) = div f â QR(z0)

v|∂′QR(z0) = 0
(∗∗)

Òîãäà ñïðàâåäëèâà îöåíêà∫
QR(z0)

|∇v|2 dxdt ≤ c ω2(z0, R)

∫
QR(z0)

|∇u|2 dxdt

ãäå c > 0 çàâèñèò òîëüêî îò n, ν0, ν1 è ω(z0, R) := sup
z∈QR(z0)

|a(z)− a(z0)|.

Äîêàçàòåëüñòâî. Äëÿ ñëàáîãî ðåøåíèÿ v íà÷àëüíî-êðàåâîé çàäà÷è (∗∗) ñïðàâåäëèâà ýíåð-
ãåòè÷åñêàÿ îöåíêà

‖v‖2L∞(t0−R2,t0;L2(BR(x0))) + ‖∇v‖2L2(QR(z0)) ≤ c ‖f‖2L2(QR(z0)),

êîòîðàÿ ñ ó÷åòîì ∫
QR(z0)

|f |2 dxdt ≤ ω2(z0, R)

∫
QR(z0)

|∇u|2 dxdt

äàåò òðåáóåìîå íåðàâåíñòâî.
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3. Çàäà÷à ñðàâíåíèÿ

Òåîðåìà. Ïóñòü a ∈ C(Q̄R(z0)) è u ∈ W 1,0
2 (QR(z0)) � ñëàáîå ðåøåíèå óðàâíåíèÿ (∗) â

QR(z0), à v ∈W 1,0
2 (QR(z0)) � ñëàáîå ðåøåíèå çàäà÷è (∗∗) â QR(z0). Îáîçíà÷èì

w := u− v

Òîãäà w ∈ W 1,0
2 (QR(z0)) ÿâëÿåòñÿ ñëàáûì ðåøåíèåì îäíîðîäíîãî ïàðàáîëè÷åñêîãî óðàâíå-

íèÿ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

∂tw − div(a(z0)∇w) = 0 â QR(z0)

à òàêæå óäîâëåòâîðÿåò íà÷àëüíî-êðàåâûì óñëîâèÿì

w|∂′QR(z0) = u|∂′QR(z0)

Äîêàçàòåëüñòâî. Äëÿ ëþáîé η ∈ C∞0 (BR(x0)× (t0 −R2, t0))∫
QR(z0)

(−w∂tη + a(z0)∇w · ∇η) dz =

=

∫
QR(z0)

(−u∂tη + a(z0)∇u · ∇η) dz −
∫

QR(z0)

(−v∂tη + a(z0)∇v · ∇η) dz =

=

∫
QR(z0)

(a(z0)− a(z))∇u · ∇η dz +

∫
QR(z0)

f0 · ∇η dz = 0

4. Decay estimate

Òåîðåìà. Ïóñòü a ∈ C(Q̄T ) è u ∈W 1,0
2 (QT ) � ñëàáîå ðåøåíèå óðàâíåíèÿ

∂tu− div(a∇u) = 0 â QT

Òîãäà äëÿ ëþáîãî QR(z0) ⊂ QT è ëþáîãî 0 < ρ < R ñïðàâåäëèâî íåðàâåíñòâî∫
Qρ(z0)

|∇u|2 dz ≤ c∗

[( ρ
R

)n+2
+ ω2(z0, R)

] ∫
QR(z0)

|∇u|2 dz

ãäå c∗ > 0 çàâèñèò òîëüêî îò n, ν0, ν1 è ω(z0, R) := sup
z∈QR(z0)

|a(z)− a(z0)|.

Äîêàçàòåëüñòâî. Ïóñòü QR(z0) ⊂ QT è ïðåäñòàâèì u â âèäå

u = v + w â QR(z0),

ãäå v ∈W 1,0
2 (QR(z0)) � ñëàáîå ðåøåíèå íà÷àëüíî êðàåâîé çàäà÷è ∂tv − div(a(z0)∇v) = div

(
(a(z)− a(z0))∇u

)
â QR(z0)

v|∂′QR(z0) = 0
(∗∗)
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à w ∈W 1,0
2 (QR(z0) � ñëàáîå (íî ïðè ýòîì ëîêàëüíî ãëàäêîå) ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ

ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

∂tw − div(a(z0)∇w) = 0 â QR(z0)

Ïîñêîëüêó w ∈ W 1,0
2 (QR(z0)) ÿâëÿåòñÿ ñëàáûì ðåøåíèåì îäíîðîäíîãî ïàðàáîëè÷åñêîãî

óðàâíåíèÿ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè, ìû èìååì w ∈ C∞loc(QT ). Áîëåå òîãî, äëÿ ëþ-
áîãî k = 1, . . . , n ôóíêöèÿ w,k = ∂w

∂xk
òàêæå ÿâëÿåòñÿ ñëàáûì ðåøåíèåì òîãî æå ñàìîãî

óðàâíåíèÿ, è ïîýòîìó äëÿ íåå è ñïðàâåäëèâû decay estimates:∫
Qρ(z0)

|∇w|2 dxdt ≤ c
( ρ
R

)n+2
∫

QR(z0)

|∇w|2 dxdt, 0 < ρ < R

Ñëåäîâàòåëüíî, äëÿ u = v + w ìû èìååì∫
Qρ(z0)

|∇u|2︸ ︷︷ ︸
≤ 2|∇w|2+2|∇v|2

dz ≤ 2

∫
Qρ(z0)

|∇w|2 dz + 2

∫
Qρ(z0)⊂QR(z0)

|∇v|2 dz ≤

≤ 2
( ρ
R

)n+2
∫

QR(z0)

|∇w|2︸ ︷︷ ︸
≤ 2|∇u|2+2|∇v|2

dz + 2

∫
QR(z0)

|∇v|2 dz ≤

≤ 2
( ρ
R

)n+2
∫

QR(z0)

|∇u|2 dz + 2
( ρ
R

)n+2

︸ ︷︷ ︸
≤ 1

∫
QR(z0)

|∇v|2 dz + 2

∫
QR(z0)

|∇v|2 dz

︸ ︷︷ ︸
≤ ω2(z0,R)

∫
QR(z0)

|∇u|2 dz

≤

≤ c

[( ρ
R

)n+2
+ ω2(z0, R)

] ∫
QR(z0)

|∇u|2 dz

5. Useful Lemma

Òåîðåìà. Äëÿ ëþáûõ A > 0 è 0 < β < α ñóùåñòâóþò ïîñòîÿííûå ε0 > 0 è c0 > 0, çàâèñÿùèå
òîëüêî îò A, α è β, òàêèå ÷òî åñëè äëÿ íåêîòîðîãî B > 0 íåîòðèöàòåëüíàÿ íåóáûâàþùàÿ
ôóíêöèÿ φ : [0, R∗]→ R óäîâëåòâîðÿåò íåðàâåíñòâó

φ(ρ) ≤ A
[ ( ρ

R

)α
+ ε0

]
φ(R) + BRβ, ∀ ρ, R : 0 < ρ < R ≤ R∗,

òî ñïðàâåäèâà îöåíêà

φ(ρ) ≤ c0 ρ
β

(
φ(R)

Rβ
+ B

)
, ∀ ρ, R : 0 < ρ < R ≤ R∗.

Äîêàçàòåëüñòâî. Îáîçíà÷èì γ = 1
2(α+β) è âûáåðåì θ ∈ (0, 1) è ε0 ∈ (0, 1) òàêèì îáðàçîì,

÷òîáû âûïîëíÿëèñü ñîîòíîøåíèÿ

Aθα−γ = 1
2 , ε0 = 1

2 θ
γ

Ïóñòü 0 < ρ < R ≤ R0. Îáîçíà÷èì Rm := θmR è ôèêñèðóåì m = 0, 1, 2, . . . òàê, ÷òîáû

Rm+1 < ρ ≤ Rm
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Òîãäà äëÿ ëþáîãî k = 0, . . . ,m ìû èìååì
Rk+1

Rk
= θ è ïîýòîìó

φ(Rk+1) ≤ A
[ (

Rk+1

Rk

)α
+ ε0

]
φ(Rk) + BRβk = A

(
θα + ε0

)
φ(Rk) + BRβk =

= θγ
(
Aθα−γ +

ε0

θγ

)
︸ ︷︷ ︸

≤ 1

φ(Rk) + BRβk ≤ θγ φ(Rk) + BRβk

Ñëåäîâàòåëüíî,

φ(ρ) ≤ φ(Rm) ≤ θγφ(Rm−1) +BRβm−1 ≤

≤ θγ
(
θγφ(Rm−2) +BRβm−2

)
+BRβm−1 =

= θ2γφ(Rm−2) +B
(
Rβm−1 + θγRβm−2

)
≤

≤ θ2γ
(
θγφ(Rm−3) +BRβm−3

)
+B

(
Rβm−1 + θγRβm−2

)
=

= θ3γφ(Rm−3) +B
(
Rβm−1 + θγRβm−2 + θ2γRβm−3

)
≤

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

≤ θmγ︸︷︷︸
≤ θmβ

φ(R0) + B
(
Rβm−1 + θγRβm−2 + θ2γRβm−3 + . . .+ . . . + θ(m−1)γRβ0

)
Çàìåòèì, ÷òî

Rβm−1 + θγRβm−2 + θ2γRβm−3 + . . .+ . . . + θ(m−1)γRβ0 =

= Rβm−1︸ ︷︷ ︸
≤ θ−2βRβm+1≤ θ−2βρβ

(
1 + θγ−β + θ2(γ−β) + . . .+ θ(m−1)(γ−β)

)
︸ ︷︷ ︸

≤ 1

1−θγ−β

≤ cθ ρ
β

Ïðèíèìàÿ âî âíèìàíèå íåðàâåíñòâî

θmβ =
(Rm
R0

)β
≤ θ−β

(Rm+1

R0

)β
≤ θ−β

( ρ
R

)β
,

ìû ïðèõîäèì ê

φ(ρ) ≤ cθ

( ρ
R

)β
φ(R) + cθ B ρ

β

6. Ïðèìåíåíèå Useful Lemma

Òåîðåìà. Ïóñòü a ∈ C(Q̄T ), è ïóñòü u ∈W 1,0
2 (QT ) � ñëàáîå ðåøåíèå óðàâíåíèÿ

∂tu− div(a∇u) = 0 â QT

Òîãäà äëÿ ëþáîãî µ ∈ (0, 1) ñóùåñòâóåò R0 > 0, òàêîå ÷òî äëÿ ëþáîãî Q2R0(z0) ⊂ QT è
ëþáûõ 0 < ρ < R ≤ R0 ñïðàâåäëèâû îöåíêè∫

Qρ(z0)

|∇u|2 dz ≤ c
( ρ
R

)n+2µ
∫

QR(z0)

|∇u|2 dz

∫
Qρ(z0)

|u− (u)z0,ρ|2 dz ≤ c
( ρ
R

)n+2+2µ
∫

Q2R(z0)

|u− (u)z0,2R|2 dz
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ãäå ïîñòîÿííàÿ c > 0 çàâèñèò òîëüêî îò n, µ, ν0, ν1 è ìîäóëÿ íåïðåðûâíîñòè ôóíêöèè a.

Äîêàçàòåëüñòâî. Äîêàæåì ïåðâóþ îöåíêó. Èç ïóíêòà Decay estimate ìû çíàåì, ÷òî äëÿ
ëþáîãî Q2R(z0) ⊂ QT ñïðàâåäëèâà îöåíêà∫

Qρ(z0)

|∇u|2 dz ≤ c∗

[( ρ
R

)n+2
+ ω2(z0, R)

] ∫
QR(z0)

|∇u|2 dz, 0 < ρ < R

Ïóñòü µ ∈ (0, 1). Îáîçíà÷èì

φ(ρ) :=

∫
Qρ(z0)

|∇u|2 dz, α = n+ 2, β = n+ 2µ, A = c∗, B = 0,

Ïóñòü ε0 > 0 � ïîñòîÿííàÿ èç Useful Lemma, ïîñòðîåííàÿ äëÿ äàííûõ A, α, β. Ïîñêîëüêó
a ðàâíîìåðíî íåïðåðûâíà íà Q̄T , äëÿ äàííîãî ε0 > 0 ñóùåñòâóåò R0 > 0, òàêîå ÷òî

ω2(z0, R) < ε0, ∀ z0 ∈ QT , ∀R ≤ R0 : Q2R0(z0) ⊂ QT .

Ïóñòü z0 ∈ QT òàêîâà, ÷òî Q2R0(z0) ⊂ QT . Òîãäà äëÿ φ ñïðàâåäëèâà îöåíêà

φ(ρ) ≤ A
[ ( ρ

R

)α
+ ε0

]
φ(R), ∀ ρ, R : 0 < ρ < R ≤ R0

îòêóäà ïðè ïîìîùè Useful Lemma âûòåêàåò íåðàâåíñòâî

φ(ρ) ≤ cA,α,β

( ρ
R

)β
φ(R), ∀ ρ, R : 0 < ρ < R ≤ R0

÷òî äàåò íàì ïåðâóþ èç îöåíîê.

Âòîðàÿ îöåíêà ïîëó÷àåòñÿ èç ïåðâîé ñ ó÷åòîì íåðàâåíñòâà äëÿ ñëàáûõ ðåøåíèé, ïîõîæåãî
íà íåðàâåíñòâî Ïóàíêàðå ∫

Qρ(z0)

|u− (u)z0,ρ|2 dz ≤ c ρ2

∫
Qρ(z0)

|∇u|2 dz

è íåðàâåíñòâà Êà÷÷èîïïîëè∫
QR(z0)

|∇u|2 dz ≤ c

R2

∫
Q2R(z0)

|u− (u)z0,2R|2 dz

7. Çàìå÷àíèå îá óäâîåíèè ðàäèóñà

Âûøå ìû ôàêòè÷åñêè äîêàçàëè, ÷òî äëÿ ëþáîãî QR(z0) ⊂ QT è ëþáîãî 0 < ρ < R
2 âûïîë-

íÿåòñÿ îöåíêà ∫
Qρ(z0)

|u− (u)z0,ρ|2 dz ≤ c
( ρ
R

)n+2+2µ
∫

QR(z0)

|u− (u)z0,R|2 dz

Îäíàêî ïðè R
2 ≤ ρ ≤ R äàííàÿ îöåíêà òîæå âûïîëíÿåòñÿ òðèâèàëüíûì îáðàçîì áëàãîäàðÿ

ñâîéñòâó �îïòèìàëüíîñòè� ñðåäíåãî çíà÷åíèÿ:∫
Qρ(z0)

|u− (u)z0,ρ|2 dz ≤
∫

Qρ(z0)⊂QR(z0)

|u− (u)z0,R|2 dz ≤

≤ 2n+2+2µ
( ρ
R

)n+2+2µ

︸ ︷︷ ︸
≥ 1

∫
QR(z0)

|u− (u)z0,R|2 dz
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8. Äîêàçàòåëüñòâî îñíîâíîãî ðåçóëüòàòà

Ïóñòü Ω′ b Ω, δ ∈ (0, T ), Q′δ,T := Ω′ × (δ, T ] è îáîçíà÷èì R∗ = 1
2 distpar{Q̄′δ,T , ∂′QT } è

µ ∈ (0, 1), òî åñòü Q2R(z0) ⊂ QT ïðè ëþáûõ z0 ∈ Q′δ,T è R < R∗.

Ôèêñèðóåì ïðîèçâîëüíîå µ ∈ (0, 1), è ïóñòü R0 ∈ (0, R∗) � ýòî ïîñòîÿííàÿ èç ïðåäûäóùåãî
ïóíêòà, çàâèÿùàÿ îò µ è îò ìîäóëÿ íåïðåðûâíîñòè a, òàêàÿ ÷òî äëÿ ëþáûõ z0 ∈ Q′δ,T è
0 < ρ < R ≤ R0 âûïîëíÿåòñÿ îöåíêà∫

Qρ(z0)

|u− (u)z0,ρ|2 dz ≤ c
( ρ
R

)n+2+2µ
∫

Q2R(z0)

|u− (u)z0,2R|2 dz

Òîãäà äëÿ z0 ∈ Q′δ,T è ëþáîãî 0 < ρ < R0∫
−

Qρ(z0)

|u− (u)z0,ρ|2 dz ≤ c

(
ρ

R0

)2µ ∫
−

Q2R0
(z0)

|u|2 dz

Ïîñêîëüêó ïî íåðàâåíñòâó Ãåëüäåðà∫
−

Qρ(z0)

|u− (u)z0,ρ| dxdt ≤
( ∫
−

Qρ(z0)

|u− (u)z0,ρ|2 dxdt
)1/2

ôóíêöèÿ u óäîâëåòâîÿåò óñëîâèþ Êàìïàíàòî â îáëàñòè Q′δ,T :∫
−

Qρ(z0)

|u− (u)z0,ρ| dxdt ≤ cK ρµ, ∀ z0 ∈ Q′T,δ, ∀ 0 < ρ < R0

ãäå

K :=
1

Rµ0

( ∫
−

Q2R0
(z0)

|u|2 dz
)1/2

Òåïåðü èç êðèòåòðèÿ Êàìïàíàòî âûòåêàåò, ÷òî

u ∈ Cµ,
µ
2 (Q̄′δ,T ), ‖u‖

Cµ,
µ
2 (Q̄′δ,T )

≤ c
(
K + ‖u‖L2(QT )

)
≤ c0 ‖u‖L2(QT )

ñ ïîñòîÿííîé c0 > 0, çàâèñÿùåé îò R0 > 0, êîòîðîå, â ñâîþ î÷åðåäü, çàâèñèò îò n, µ, ν0, ν1,
Ω, Ω′, T , δ è îò ìîäóëÿ íåïðåðûâíîñòè ôóíêöèè a.

9. Çàìå÷àíèÿ è âîçìîæíûå îáîáùåíèÿ

� Èçëîæåííûé ìåòîä òàêæå ïîçâîëÿåò óñòàíîâèòü íåïðåðûâíîñòü ïî Ãåëüäåðó ñëàáûõ
ðåøåíèé ïàðàáîëè÷åñêèõ ñèñòåì.

� Äëÿ ñêàëÿðíûõ óðàâíåíèé íåïðåðûâíîñòü ïî Ãåëüäåðó èìååò ìåñòî äàæå â ñëó÷àå èç-
ìåðèìûõ îãðàíè÷åííûõ êîýôôèöèåíòîâ a ∈ L∞(QR) (òåîðåìà Äå Äæîðäæè-Íýøà).

� Ïîëó÷åííûå ðåçóëüòàòû ìîæíî òàêæå îáîáùèòü íà ñëó÷àé óðàâíåíèé ñ íåíóëåâîé ïðà-
âîé ÷àñòüþ è ìëàäøèìè êîýôôèöèåíòàìè.
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3.7 Íåïðåðûâíîñòü ïî Ãåëüäåðó ãðàäèåíòà ñëàáûõ ðåøåíèé

1. Îñíîâíîé ðåçóëüòàò

Òåîðåìà. Ïóñòü a ∈ Cµ,
µ
2 (Q̄T ), µ ∈ (0, 1), è u ∈W 1,0

2 (QT ) � ñëàáîå ðåøåíèå óðàâíåíèÿ

∂tu− div(a∇u) = 0 â QT (∗)

Òîãäà äëÿ ëþáîãî λ ∈ (0, µ) ñïðàâåäëèâî âêëþ÷åíèå

∇u ∈ Cλ,
λ
2

loc (QT ),

è äëÿ ëþáûõ Ω′ b Ω, δ ∈ (0, T ), Q′T,δ := Ω′ × (δ, T ], ñïðàâåäëèâà îöåíêà

‖u‖
Cλ,

λ
2 (Q′δ,T )

≤ c ‖u‖L2(QT )

ãäå ïîñòîÿííàÿ c > 0 çàâèñèò òîëüêî îò n, µ, ν0, ν1, Ω, Ω′, T , δ, µ, λ è ‖a‖
Cµ,

µ
2 (Q̄T )

.

2. �Çàìîðàæèâàíèå� êîýôôèöèåíòîâ

Âîçüìåì ïðîèçâîëüíûé öèëèíäð QR(z0) ⊂ QT . Ïðåäñòàâèì ñëàáîå ðåøåíèå u ∈ W 1,0
2 (QT )

çàäà÷è (∗) â âèäå
u = w + v,

ãäå w ∈W 1,0
2 (QT ) � ñëàáîå (íî ïðè ýòîì ëîêàëüíî-ãëàäêîå) ðåøåíèå çàäà÷è ñðàâíåíèÿ{

∂tw − div(a(z0)∇w) = 0 â QR(z0)

w|∂′QR(z0) = u|∂′QR(z0)

Òîãäà v ∈W 1,0
2 (QT ) ÿâëÿåòñÿ ñëàáûì ðåøåíèåì íà÷àëüíî-êðàåâîé çàäà÷è ∂tv − div(a(z0)∇v) = div

(
(a(z)− a(z0))∇u

)
â QR(z0)

v|∂′QR(z0) = 0

3. Îöåíêà ðàçíîñòè ðåøåíèé èñõîäíîé çàäà÷è è çàäà÷è ñðàâíåíèÿ

Äëÿ ðåøåíèÿ v ∈W 1,0
2 (QT ) íà÷àëüíî-êðàåâîé çàäà÷è èìååò ìåñòî ýíåðãåòè÷åñêàÿ îöåíêà∫

QR(z0)

|∇v|2 dxdt ≤ ω2(z0, R)

∫
QR(z0)

|∇u|2 dxdt

ãäå ω(z0, R) := sup
z∈QR(z0)

|a(z)− a(z0)|. Ïîñêîëüêó a ∈ Cµ,
µ
2 (Q̄T ), ìû ïîëó÷àåì

ω2(z0, R) ≤ 〈a〉2
Cµ,

µ
2 (QT )

R2µ

ìû ïðèõîäèì ê îöåíêå ∫
QR(z0)

|∇v|2 dxdt ≤ caR
2µ

∫
QR(z0)

|∇u|2 dxdt
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4. Decay estimate

Òåîðåìà. Ïóñòü a ∈ Cµ,
µ
2 (Q̄T ) è u ∈W 1,0

2 (QT ) � ñëàáîå ðåøåíèå óðàâíåíèÿ

∂tu− div(a∇u) = 0 â QT

Òîãäà äëÿ ëþáîãî QR(z0) ⊂ QT è ëþáîãî 0 < ρ < R ñïðàâåäëèâû íåðàâåíñòâà∫
Qρ(z0)

|∇u|2 dz ≤ c

[( ρ
R

)n+2
+ R2µ

] ∫
QR(z0)

|∇u|2 dz

∫
Qρ(z0)

|∇u− (∇u)z0,ρ|2 dz ≤ c
( ρ
R

)n+4
∫

QR(z0)

|∇u− (∇u)z0,R|2 dz + cR2µ

∫
QR(z0)

|∇u|2 dz

ãäå c > 0 çàâèñèò òîëüêî îò n, ν0, ν1 è ‖a‖
Cµ,

µ
2 (Q̄T )

.

Äîêàçàòåëüñòâî. Ïîñêîëüêó w ∈ W 1,0
2 (QR(z0)) ÿâëÿåòñÿ ñëàáûì ðåøåíèåì îäíîðîäíîãî

ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè, ìû èìååì w ∈ C∞loc(QT ). Áîëåå
òîãî, äëÿ ëþáîãî k = 1, . . . , n ôóíêöèÿ w,k = ∂w

∂xk
òàêæå ÿâëÿåòñÿ ñëàáûì ðåøåíèåì òîãî æå

ñàìîãî óðàâíåíèÿ, è ïîýòîìó äëÿ íåå è ñïðàâåäëèâû decay estimates:∫
Qρ(z0)

|∇w|2 dxdt ≤ c
( ρ
R

)n+2
∫

QR(z0)

|∇w|2 dxdt, 0 < ρ < R

∫
Qρ(z0)

|∇w − (∇w)z0,ρ|2 dxdt ≤ c
( ρ
R

)n+4
∫

QR(z0)

|∇w − (∇w)z0,R|2 dxdt, 0 < ρ < R

Ñëåäîâàòåëüíî, äëÿ u = v + w ìû èìååì∫
Qρ(z0)

|∇u|2︸ ︷︷ ︸
≤ 2|∇w|2+2|∇v|2

dz ≤ c

[( ρ
R

)n+2
+ R2µ

] ∫
QR(z0)

|∇u|2 dz

(òàêóþ îöåíêó ìû óæå âûâîäèëè â ïðîøëîì ïàðàãðàôå), à òàêæå∫
Qρ(z0)

|∇u− (∇u)z0,ρ|2︸ ︷︷ ︸
≤ 2|∇w−(∇w)z0,ρ|2+2|∇v−(∇v)z0,ρ|2

dz ≤

≤ 2

∫
Qρ(z0)

|∇w − (∇w)z0,ρ|2 dz + 2

∫
Qρ(z0)

|∇v − (∇v)z0,ρ|2︸ ︷︷ ︸
≤ 2 |∇v|2+2 |(∇v)z0,ρ|2

dz ≤

≤ 2
( ρ
R

)n+4
∫

QR(z0)

|∇w − (∇w)z0,R|2︸ ︷︷ ︸
≤ 2|∇w−(∇w)z0,R|2+2|∇v−(∇v)z0,R|2

dz +

+ 4

∫
Qρ(z0)⊂QR(z0)

|∇v|2 dz + 4

∫
Qρ(z0)

|(∇v)z0,ρ|2 dz

≤ c
( ρ
R

)n+4
∫

QR(z0)

|∇u− (∇u)z0,R|2 dz + c

∫
QR(z0)

|∇v|2 dz +

+ c

∫
Qρ(z0)

|(∇v)z0,ρ|2 dz + c

∫
QR(z0)

|(∇v)z0,R|2 dz
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Îòìåòèì, ÷òî ïî íåðàâåíñòâó Ãåëüäåðà äëÿ ëþáîãî r ≤ R ìû èìååì∫
Qr(z0)

|(∇v)z0,r|2︸ ︷︷ ︸
const

dz = |Qr| |(∇v)z0,r|2 ≤
Ãåëüäåð

|Qr|
(
|∇v|2

)
z0,r

=

∫
Qr(z0)⊂QR(z0)

|∇v|2 dz

Ñëåäîâàòåëüíî,∫
Qρ(z0)

|∇u− (∇u)z0,ρ|2 dz ≤ c
( ρ
R

)n+4
∫

QR(z0)

|∇u− (∇u)z0,R|2 dz + c

∫
QR(z0)

|∇v|2 dz

︸ ︷︷ ︸
≤ cR2µ

∫
QR(z0)

|∇u|2 dz

5. Ïåðâîå ïðèìåíåíèå Useful Lemma

Òåîðåìà. Ïóñòü a ∈ Cµ,
µ
2 (Q̄T ), è ïóñòü u ∈W 1,0

2 (QT ) � ñëàáîå ðåøåíèå óðàâíåíèÿ

∂tu− div(a∇u) = 0 â QT

Òîãäà äëÿ ëþáîãî δ ∈ (0, 1) ñóùåñòâóåò R0 > 0, òàêîå ÷òî äëÿ ëþáîãî QR0(z0) ⊂ QT è ëþáûõ
0 < ρ < R ≤ R0 ñïðàâåäëèâû îöåíêè∫

Qρ(z0)

|∇u|2 dz ≤ c
( ρ
R

)n+2δ
∫

QR(z0)

|∇u|2 dz

ãäå ïîñòîÿííàÿ c > 0 çàâèñèò òîëüêî îò n, µ, ν0, ν1, µ è ‖a‖
Cµ,

µ
2 (Q̄T )

.

Äîêàçàòåëüñòâî. Èç ïóíêòà Decay estimate ìû çíàåì, ÷òî äëÿ ëþáîãî QR(z0) ⊂ QT
ñïðàâåäëèâà îöåíêà∫

Qρ(z0)

|∇u|2 dz ≤ c∗

[( ρ
R

)n+2
+ R2µ

] ∫
QR(z0)

|∇u|2 dz, 0 < ρ < R

Ïóñòü δ ∈ (0, 1). Îáîçíà÷èì

φ(ρ) :=

∫
Qρ(z0)

|∇u|2 dz, α = n+ 2, β = n+ 2δ, A = c∗, B = 0,

Ïóñòü ε0 > 0 � ïîñòîÿííàÿ èç Useful Lemma, ïîñòðîåííàÿ äëÿ äàííûõ A, α, β, è ïóñòü
R0 > 0 óäîâëåòâîðÿåò îöåíêå

R2µ
0 < ε0.

Òîãäà äëÿ φ ñïðàâåäëèâà îöåíêà

φ(ρ) ≤ A
[ ( ρ

R

)α
+ ε0

]
φ(R), ∀ ρ, R : 0 < ρ < R ≤ R0

îòêóäà ïðè ïîìîùè Useful Lemma âûòåêàåò íåðàâåíñòâî

φ(ρ) ≤ cA,α,β

( ρ
R

)β
φ(R), ∀ ρ, R : 0 < ρ < R ≤ R0

÷òî äàåò íàì òðåáóåìóþ îöåíêó.
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6. Âòîðîå ïðèìåíåíèå Useful Lemma

Òåîðåìà. Ïóñòü a ∈ Cµ,
µ
2 (Q̄T ), è ïóñòü u ∈W 1,0

2 (QT ) � ñëàáîå ðåøåíèå óðàâíåíèÿ

∂tu− div(a∇u) = 0 â QT

Òîãäà äëÿ ëþáîãî λ ∈ (0, µ) ñóùåñòâóåò R0 > 0, òàêîå ÷òî äëÿ ëþáîãî QR0(z0) ⊂ QT è
ëþáûõ 0 < ρ < R0 ñïðàâåäëèâà îöåíêà∫

Qρ(z0)

|∇u− (∇u)z0,ρ|2 dz ≤ c

(
ρ

R0

)n+2+2λ ∫
QR0

(z0)

|∇u|2 dz

ãäå ïîñòîÿííàÿ c > 0 çàâèñèò òîëüêî îò n, µ, ν0, ν1, µ, λ è ‖a‖
Cµ,

µ
2 (Q̄T )

.

Äîêàçàòåëüñòâî. Ìû óæå çíàåì, ÷òî äëÿ ëþáîãî δ ∈ (0, 1) ñóùåñòâóåò R0 > 0, òàêîå ÷òî
ïðè ëþáûõ 0 < R < R0 ñïðàâåäëèâà îöåíêà∫

QR(z0)

|∇u|2 dz ≤ c

(
R

R0

)n+2δ ∫
QR0

(z0)

|∇u|2 dz

Ôèêñèðóåì δ = 1− (µ− λ). Òîãäà èç decay estimate∫
Qρ(z0)

|∇u− (∇u)z0,ρ|2 dz ≤ c
( ρ
R

)n+4
∫

QR(z0)

|∇u− (∇u)z0,R|2 dz + cR2µ

∫
QR(z0)

|∇u|2 dz

ïðè ëþáûõ 0 < ρ < R ≤ R0 âûòåêàåò îöåíêà∫
Qρ(z0)

|∇u−(∇u)z0,ρ|2 dz ≤ c∗

( ρ
R

)n+4
∫

QR(z0)

|∇u−(∇u)z0,R|2 dz+ c∗∗
Rn+2+2λ

Rn+2δ
0

∫
QR0

(z0)

|∇u|2 dz

Îáîçíà÷èì

φ(ρ) :=

∫
Qρ(z0)

|∇u− (∇u)z0,ρ|2 dz, α = n+ 4, β = n+ 2 + 2λ,

A = c∗, B =
c∗∗

Rn+2δ
0

∫
QR0

(z0)

|∇u|2 dz

Ïóñòü ε0 > 0 � ïîñòîÿííàÿ èç Useful Lemma, ïîñòðîåííàÿ äëÿ äàííûõ A, α, β. Òîãäà äëÿ φ
ñïðàâåäëèâà îöåíêà

φ(ρ) ≤ A
( ρ
R

)α
φ(R) + BRβ, ∀ ρ, R : 0 < ρ < R ≤ R0

îòêóäà ïðè ïîìîùè Useful Lemma âûòåêàåò íåðàâåíñòâî

φ(ρ) ≤ cA,α,β ρ
β
( φ(R)

Rβ
+B

)
, ∀ ρ, R : 0 < ρ < R ≤ R0

÷òî äàåò íàì îöåíêó∫
Qρ(z0)

|∇u−(∇u)z0,ρ|2 dz ≤ c
( ρ
R

)n+2+2λ
∫

QR(z0)

|∇u−(∇u)z0,R|2 dz+ c
ρn+2+2λ

Rn+2δ
0

∫
QR0

(z0)

|∇u|2 dz
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Ïîëàãàÿ R = R0, ìû ïîëó÷àåì îöåíêó∫
Qρ(z0)

|∇u− (∇u)z0,ρ|2 dz ≤ cK1 ρ
n+2+2λ, ∀QR0(z0) ⊂ QT , ∀ 0 < ρ < R0,

ãäå

K1 :=
c

Rn+2+2λ
0

(
1 +R

2(µ−λ)
0

) ∫
QR0

(z0)

|∇u|2 dz

Åñëè ìû òàêæå ïðåäïîëîæèì, ÷òî Q2R0(z0) ⊂ QT , òî ïðè ïîìîùè íåðàâåíñòâà Êà÷÷èîïïîëè
ìû ìîæåì çàðàáîòàòü â ïðàâîé ÷àñòè ñëàáóþ íîðìó ôóíêöèè u:∫

QR0
(z0)

|∇u|2 dz ≤ c

R2
0

∫
Q2R0

(z0)

|u|2 dz

Ïîñêîëüêó ïî íåðàâåíñòâó Ãåëüäåðà ìû èìååì∫
−

Qρ(z0)

|∇u− (∇u)z0,ρ| dz ≤
( ∫
−

Qρ(z0)

|∇u− (∇u)z0,ρ|2 dz
)1/2

ìû ïîëó÷àåì óñëîâèå Êàìïàíàòî íåïðåðûâíîñòè ïî Ãåëüäåðó äëÿ ∇u∫
Qρ(z0)

|∇u− (∇u)z0,ρ| dz ≤ cK ρn+2+λ, ∀Q2R0(z0) ⊂ QT , ∀ 0 < ρ < R0,

ãäå
K := cR0 ‖u‖L2(QT )
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4 Êîìïàêòíîñòü ïàðàáîëè÷åñêèõ âëîæåíèé

4.1 Ìóëüòèïëèêàòèâíûå íåðàâåíñòâà

1. Íåðàâåíñòâà Î.À. Ëàäûæåíñêîé

Òåîðåìà. Ïóñòü Ω ⊂ R2 � ïðîèçâîëüíàÿ (îãð. èëè íåîãð.). Òîãäà

‖u‖4L4(Ω) ≤ 2 ‖u‖2L2(Ω) ‖∇u‖
2
L2(Ω), ∀ u ∈ C∞0 (Ω)

Äîêàçàòåëüñòâî.

|u(x1, x2)|2 ≤ 2

+∞∫
−∞

|u(x1, s)| |u,2(x1, s)| ds ≤ 2 ‖u(x1, ·)‖L2(R)︸ ︷︷ ︸
=:F1(x1)

‖u,2(x1, ·)‖L2(R)︸ ︷︷ ︸
=:G1(x1)

|u(x1, x2)|2 ≤ 2

+∞∫
−∞

|u(s, x2)| |u,1(s, x2)| ds ≤ 2 ‖u(·, x2)‖L2(R)︸ ︷︷ ︸
=:F2(x2)

‖u,1(·, x2)‖L2(R)︸ ︷︷ ︸
=:G2(x2)

Ïåðåìíîæèì ýòè íåðàâåíñòâà è ðåçóëüòàò ïðîèíòåãðèðóåì ïî R2:∫
R2

|u(x1, x2)|4 dx1dx2 = 4

∫
R2

F1(x1)G1(x1)F2(x2)G2(x2) dx1dx2 =

= 4

+∞∫
−∞

F1(x1)G1(x1) dx1 ·
+∞∫
−∞

F2(x2)G2(x2) dx2 ≤

≤ 4
( +∞∫
−∞

F 2
1 (x1) dx1

)1/2

︸ ︷︷ ︸
= ‖u‖L2(R2)

( +∞∫
−∞

G2
1(x1) dx1

)1/2

︸ ︷︷ ︸
= ‖u,2‖L2(R2)

( +∞∫
−∞

F 2
2 (x2) dx2

)1/2

︸ ︷︷ ︸
= ‖u‖L2(R2)

( +∞∫
−∞

G2
2(x2) dx2

)1/2

︸ ︷︷ ︸
= ‖u,1‖L2(R2)

=

= 4 ‖u‖2L2(R2)‖u,1‖L2(R2)‖u,2‖L2(R2) ≤ 2 ‖u‖2L2(R2)

(
‖u,1‖2L2(R2) + ‖u,2‖2L2(R2)

)
=

= 2 ‖u‖2L2(R2) ‖∇u‖
2
L2(R2)

�

2. Âëîæåíèå ýíåðãåòè÷åñêîãî êëàññà â 2D

Òåîðåìà. Ïóñòü Ω ⊂ R2 � ïðîèçâîëüíàÿ îáëàñòü. Òîãäà åñëè

u ∈ L∞(0, T ;L2(Ω)) ∩ L2(0, T ;
◦
W 1

2(Ω)),

òî
u ∈ L4(QT ), ‖u‖4L4(QT ) ≤ ‖u‖

2
L∞(0,T ;L2(Ω))‖∇u‖

2
L2(QT )
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Äîêàçàòåëüñòâî. Ïî íåðàâåíñòâó Î.À. Ëàäûæåíñêîé ïðè ï.â. t ∈ (0, T ) ïîëó÷àåì

‖u(t)‖4L4(Ω) ≤ 2 ‖u(t)‖2L2(Ω) ‖∇u(t)‖2L2(Ω), ∀ u(t) ∈
◦
W 1

2(Ω)

Èíòåãðèðóÿ ýòó îöåíêó ïî t ∈ (0, T ), ìû âûâîäèì

‖u‖4L4(QT ) =

T∫
0

‖u(t)‖4L4(Ω) dt ≤ 2

T∫
0

‖u(t)‖2L2(Ω) ‖∇u(t)‖2L2(Ω) dt ≤

≤ 2 esssup
t∈(0,T )

‖u(t)‖2L2(Ω)︸ ︷︷ ︸
= ‖u‖2

L∞(0,T ;L2(Ω))

T∫
0

‖∇u(t)‖2L2(Ω) dt︸ ︷︷ ︸
= ‖∇u‖2

L2(QT )

3. Îáùåå ìóëüòèïëèêàòèâíîå íåðàâåíñòâî

Òåîðåìà. Ïóñòü Ω ⊂ Rn � ïðîèçâîëüíàÿ, p ∈ [1, n), q ∈
[
1, np

n−p

)
, s ∈

[
q, np

n−p

]
. Òîãäà

‖u‖Ls(Ω) ≤ c ‖u‖1−λLq(Ω) ‖∇u‖
λ
Lp(Ω), ∀ u ∈ C∞0 (Ω).

ãäå λ ∈ [0, 1], 1
s = 1−λ

q + λ n−p
np .

Äîêàçàòåëüñòâî. Ïî íåðàâåíñòâó Ãåëüäåðà

‖u‖Ls(Ω) ≤ ‖u‖1−λLq(Ω) ‖u‖
λ
L np
n−p

(Ω), ∀ u ∈ C∞0 (Ω).

Ïî òåîðåìå âëîæåíèÿ

‖u‖L np
n−p

(Ω) ≤ cn,p ‖∇u‖Lp(Ω), ∀ u ∈ C∞0 (Ω),

ãäå ïîñòîÿííàÿ cn,p > 0 çàâèñèò òîëüêî îò n è p.

4. Âëîæåíèå ýíåðãåòè÷åñêîãî êëàññà â ìíîãîìåðíîì ñëó÷àå

Òåîðåìà. Ïóñòü Ω ⊂ Rn, n ≥ 3 � ïðîèçâîëüíàÿ îáëàñòü. Òîãäà åñëè

u ∈ L∞(0, T ;L2(Ω)) ∩ L2(0, T ;
◦
W 1

2(Ω)),

òî

u ∈ L2+ 4
n

(QT ), ‖u‖L
2+ 4

n
(QT ) ≤ cn ‖u‖

2
n+2

L∞(0,T ;L2(Ω))‖∇u‖
n
n+2

L2(QT )

Äîêàçàòåëüñòâî. Ïî ìóëüòèïëèêàòèâíîìó íåðàâåíñòâó ïðè 1
s = 1−λ

2 + λ n−2
2n

‖u(t)‖sLs(Ω) ≤ c ‖u(t)‖s(1−λ)
L2(Ω) ‖∇u(t)‖sλL2(Ω), u(t) ∈

◦
W 1

2(Ω) ïðè ï.â. t ∈ (0, T )

Íàéäåì s ∈
[
2, 2n

n−2

]
è λ ∈ [0, 1], ïðè êîòîðûõ âûïîëíÿþòñÿ ñîîòíîøåíèÿ{

λs = 2
1
s = 1−λ

2 + λ n−2
2n

=⇒ s = 2 + 4
n , λ = n

n+2

Äàëüøå âñå â òî÷íîñòè êàê â äâóìåðíîì ñëó÷àå.
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4.2 Òåîðåìà î êîìïàêòíîñòè

1. Ôóíêöèè ñî çíà÷åíèÿìè â áàíàõîâûõ ïðîñòðàíñòâàõ

Ïóñòü X � ñåïàðàáåëüíîå ðåôëåêñèâíîå áàíàõîâî ïðîñòðàíñòâî, I = (0, T ) è u : I → X

� u íàç. ïðîñòîé, åñëè îíà ïðèíèìàåò êîíå÷íîå ÷èñëî çíà÷åíèé u íà íåêîòîðîì èçìåðèìîì
ðàçáèåíèè ìíîæåñòâà I.

� u íàç. èçìåðèìîé, åñëè ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü ïðîñòûõ ôóíêöèé, ñõîäÿùèõñÿ
ê u ïî÷òè âñþäó.

� u äëÿ ïðîñòûõ ôóíêöèé åñòåñòâåííî îïðåäåëÿåòñÿ èíòåãðàë ïî I

� u íàç. ñóììèðóåìîé íà I, åñëè ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü ïðîñòûõ gk, òàêàÿ ÷òî∫
I

‖u(t)− gk(t)‖X dt→ 0, k → +∞

� äëÿ ñóììèðóåìîé ôóíêöèè u : I → X îïðåäåëÿåòñÿ èíòåãðàë Áîõíåðà S ∈ X

S =

∫
I

u(t) dt ⇐⇒
∥∥∥S − ∫

I

gk(t) dt
∥∥∥ → 0

ãäå gk � ýòî ïîñëåäîâàòåëüíîñòü ïðîñòûõ èç ïðåäûäóùåãî ïóíêòà. Îêàçûâàåòñÿ, ÷òî
èíòåãðàë Áîõíåðà íå çàâèñèò îò ïîñëåäîâàòåëüíîñòè ïðîñòûõ, àïïðîêñèìèðóþùèõ u

� Òåîðåìà (Áîõíåð) u ñóììèðóåìà ïî Áîõíåðó òîãäà è òîëüêî òîãäà, êîãäà u èçìåðèìà
è ôóíêöèÿ t 7→ ‖u(t)‖X ñóììèðóåìà íà I, ïðè÷åì∥∥∥ ∫

I

u(t) dt
∥∥∥ ≤ ∫

I

‖u(t)‖X dt,

〈
f ,

∫
I

u(t) dt

〉
=

∫
I

〈f, u(t)〉 dt, ∀ f ∈ X∗

� Åñòåñòâåííûì îáðàçîì îïðåäåëÿþòñÿ ïðîñòðàíñòâà áàíàõîâîçíà÷íûõ ôóíêöèé Lp(I;X),
à òàêæå ïðîñòðàíñòâî íåïðåðûâíûõ áàíîõîâîçíà÷ííûõ ôóíêöèé C(Ī;X).

2. Ñëàáàÿ ïðîèçâîäíàÿ ïî âðåìåíè äëÿ áàíàõîâîçíà÷íûõ ôóíêöèé

Îïðåäåëåíèå. Ïóñòü X, Z � áàíàõîâû è èìååò ìåñòî íåïðåðûâíîå âëîæåíèå X ↪→ Z.
Áóäåì ãîâîðèòü, ÷òî ôóíêöèÿ u ∈ Lp(I;X), p ∈ [1,+∞), èìååò ñëàáóþ ïðîèçâîäíóþ ïî

âðåìåíè, åñëè ñóùåñòâóåò ôóíêöèÿ v ∈ Lq(I;Z), q ∈ [1,+∞), òàêàÿ ÷òî∫
I

u(t)ϕ′(t) dt = −
∫
I

v(t)ϕ(t) dt â Z, ∀ ϕ ∈ C∞0 (I).

Áóäåì îáîçíà÷àòü ñëàáóþ ïðîèçâîäíóþ ïî âðåìåíè u′ èëè du
dt . Äëÿ ëþáûõ p, q ∈ [1,+∞)

îïðåäåëèì ëèí. ïð�âî

W :=

{
u ∈ Lp(I;X) : ∃ ñëàáàÿ ïðîèçâîäíàÿ ïî âðåìåíè

du

dt
∈ Lq(I;Z)

}
Ýòî ïðîñòðàíñòâî ÿâëÿåòñÿ áàíàõîâûì îòíîñèòåëüíî íîðìû

‖u‖W := ‖u‖Lp(I;X) +
∥∥∥du
dt

∥∥∥
Lq(I;Z)

ïðè÷åì åñëè X, Z ðåôëåêñèâíû è p, q ∈ (1,+∞), òî W òàêæå ÿâëÿåòñÿ ðåôëåêñèâíûì.
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3. Ôîðìóëà Íüþòîíà�Ëåéáíèöà äëÿ ôóíêöèé ñî ñëàáîé ïðîèçâîäíîé ïî âðåìåíè

Òåîðåìà. Ïóñòü ó ôóíêöèè u ∈ L1(I;X) ñóùåñòâóåò ñëàáàÿ ïðîèçâîäíàÿ u′ ∈ L1(I;X).
Òîãäà u ∈ C(Ī;X)

∀ s, t ∈ Ī u(t) − u(s) =

t∫
s

u′(τ) dτ â X.

Â ÷àñòíîñòè, ñóùåñòâóåò c > 0, çàâèñÿùåå òîëüêî îò I = (0, T ), òàêîå ÷òî

‖u‖C(Ī;X) ≤ c
(
‖u‖L1(I;X) + ‖u′‖L1(I;X)

)
Äîêàçàòåëüñòâî.

1. Ðàññìîòðèì ñíà÷àëà ñëó÷àé u ∈ C1(Ī;X), òî åñòü ñóùåñòâóåò v ∈ C(Ī;X), òàêàÿ ÷òî

∀ t ∈ Ī
∥∥∥ u(t+ h)− u(t)

h
− v(t)

∥∥∥
X
→ 0 ïðè h→ 0

Äëÿ òàêèõ ôóíêöèé íåòðóäíî ïîêàçàòü (òàê æå, êàê è â ñêàëÿðíîì ñëó÷àå), ÷òî

u′ = 0 =⇒ ∃u0 ∈ X : u(t) = u0, ∀ t ∈ Ī

∀ s, t ∈ Ī u(t) =

t∫
s

u′(τ) dτ + u(s) â X.

2. Ïóñòü ó ôóíêöèè u ∈ L1(I;X) ñóùåñòâóåò ñëàáàÿ ïðîèçâîäíàÿ u′ ∈ L1(I;X). Òîãäà
ñóùåñòâóþò ôóíêöèè um ∈ C∞(Ī;X), òàêèå ÷òî

um → u â L1(I;X), u′m → u′ â L1(I;X)

Äîêàçàòåëüñòâî ïîëíîñòüþ ïîâòîðÿåò ðàññóæäåíèÿ â ñêàëÿðíîì ñëó÷àå. Ñíà÷àëà �ðàñòÿíåì�
(îïðåäåëåííóþ íà ñèììåòðè÷íîì èíòåðâàëå I = (−T, T ) è ïðîäîëæåííóþ íóëåì) ôóíêöèþ
uλ(t) = u(t/λ), λ > 1 è ïîêàæåì, ÷òî îïåðàòîð �ðàñòÿæåíèÿ� íåïðåðûâåí â W 1

1 (I;X). À
ïîòîì �óñðåäíèì� ïî Ñîáîëåâó �ðàñòÿíóòóþ� ôóíêöèþ uλ

uλ,ε(t) =

+∞∫
−∞

ωε(t− τ)uλ(τ) dτ, t ∈ R

è ïîêàæåì, ÷òî ýòè óñðåäíåíèÿ ñõîäÿòñÿ â íóæíîì íàì ñìûñëå íà êîìïàêòíîì ïîäìíîæåñòâå
I ïðîìåæóòêà Iλ := (−T/λ, T/λ).

3. Ïóñòü um ∈ C∞(I;X), um → u â Lp(I;X), u′m → u′ â Lp(I;X). Òîãäà

um(t) = um(s) +

t∫
s

u′m(τ) dτ, ∀ s, t ∈ I

Âûáåðåì ï/ïîñë�òü {umk}, òàêóþ ÷òî umk(t)→ u(t) äëÿ ëþáîãî t ∈ I \ Σ è |Σ| = 0. Òîãäà

u(t) = u(s) +

t∫
s

u′(τ) dτ, ∀ t, s ∈ I \ Σ

Òàê êàê îòîáðàæåíèå t 7→
∫ t
s u
′(τ) dτ íåïðåðûâíî, ïîëó÷àåì, ÷òî îòîáðàæåíèå t 7→ u(t)

íåïðåðûâíî è ôîðìóëà Íüþòîíà�Ëåéáíèöà ñïðàâåäëèâà äëÿ ëþáûõ s, t ∈ I. �
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4. Ñëàáàÿ ñõîäèìîñòü íà ïðîñòðàíñòâå W

� Ïóñòü p ∈ (1,+∞) è X ðåëåêñèâíî. Òîãäà (Lp(I;X))∗ ' Lp′(I;X∗), ãäå p′ = p
p−1

� Ïóñòü p, q ∈ [1,+∞) è X è Z ðåëåêñèâíû. Òîãäà

uk ⇀ u â W ⇐⇒
{

uk ⇀ u â Lp(I;X)
u′k ⇀ u′ â Lq(I;Z)

5. Îñíîâíîé ðåçóëüòàò äàííîãî ïàðàãðàôà

Òåîðåìà. X, Y , Z � áàíàõîâû, p, q ∈ (1,+∞). Ïðåäïîëîæèì, ÷òî

1) X ↪→ Y ↪→ Z

2) X, Z � ðåôëåêñèâíû

3) âëîæåíèå X ↪→ Y êîìïàêòíî

Òîãäà âëîæåíèå W â ïðîñòðàíñòâî Lp(I;Y ) êîìïàêòíî, òî åñòü äëÿ âñÿêîé ïîñëåäîâà-
òåëüíîñòè {uk}∞k=1 ⊂ W

uk ⇀ u â W =⇒ ukj → u â Lp(I;Y ).

6. Ïðåäâàðèòåëüíûå ôàêòû

� åñëè {uk}∞k=1 ⊂ W, u ∈ Lp(I;X), v ∈ Lq(I;Z) òàêîâû, ÷òî

uk ⇀ u â Lp(I;X),
duk
dt

⇀ v â Lq(I;Z),

òî u ∈ W è du
dt = v â Z.

� äëÿ ëþáîé u ∈ W è ëþáûõ s, t ∈ Ī

(t− s)u(t) =

t∫
s

u(τ) dτ +

t∫
s

(τ − s)du
dτ

(τ) dτ â Z.

� ïóñòü vk, v ∈ Lp(I;X) è t, s ∈ I ôèêñèðîâàíû. Îïðåäåëèì ýëåìåíòû a
(t,s)
k , a(t,s) ∈ X

a
(t,s)
k :=

1

t− s

t∫
s

vk(τ) dτ, a(t,s) :=
1

t− s

t∫
s

v(τ) dτ

Òîãäà åñëè vk ⇀ v â Lp(I;X), òî a
(t,s)
k ⇀ a(t,s) â X ïðè k → +∞.

7. Êîìïàêòíîñòü âëîæåíèÿ â Lp(I;Z)

Òåîðåìà. Ïóñòü âûïîëíåíû óñëîâèÿ îñíîâíîé òåîðåìû è ïóñòü uk ∈ W òàêîâû, ÷òî

uk ⇀ 0 â Lp(I;X) è

{
duk
dt

}∞
k=1

îãðàíè÷åíà â Lq(I;Z).

Òîãäà uk → 0 â Lp(I;Z).
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Äîêàçàòåëüñòâî. Îáîçíà÷èì

ϕk(t) := ‖uk(t)‖pZ , t ∈ I.

Äîêàæåì, ÷òî ϕk → 0 â L1(I). Ìû õîòèì âîñïîëüçîâàòüñÿ òåîðåìîé Ëåáåãà.

1. Ðàâíîìåðíàÿ îãðàíè÷åííîñòü âûòåêàåò èç âëîæåíèÿ W ↪→ C(Ī;Z). Äåéñòâèòåëüíî,

ϕk(t) ≤ sup
t∈Ī
‖uk(t)‖pZ = ‖uk‖pC(Ī;Z)

≤ C ‖uk‖pW ,

è ïîñêîëüêó {uk}∞k=1 îãðàíè÷åíà â W, ìû çàêëþ÷àåì, ÷òî

0 ≤ ϕk(t) ≤ C Mp, ∀ t ∈ Ī ,

ãäå ìû îáîçíà÷èëè M := sup
k
‖uk‖W .

2. ×òîáû óñòàíîâèòü ïîòî÷å÷íóþ ñõîäèìîñòü ϕk(t) → 0, ∀ t ∈ I, ôèêñèðóåì ïðîèçâîëüíûå
t ∈ I è ε > 0 è âîçüìåì òî÷êó s ∈ I, s 6= t, s = s(t,M, q, ε) òàê, ÷òîáû âûïîëíÿëîñü
íåðàâåíñòâî

C(q) M |t− s|1/q′ < ε

2
, C(q) = (q′ + 1)

− 1
q′ , q′ =

q

q − 1
.

Âîñïîëüçóåìñÿ ñëåäñòâèåì èç ôîðìóëû Íüþòîíà�Ëåéáíèöà äëÿ êëàññà Wp,q:

uk(t) =
1

t− s

t∫
s

uk(τ) dτ

︸ ︷︷ ︸
:= a

(t,s)
k

+
1

t− s

t∫
s

(τ − s) duk
dτ

(τ) dτ

︸ ︷︷ ︸
:= b

(t,s)
k

3. Äëÿ ïîñëåäîâàòåëüíîñòè {b(t,s)k }∞k=1 ⊂ Z

‖b(t,s)k ‖Z ≤
1

|t− s|

∣∣∣∣∣∣
t∫
s

(τ − s)
∥∥∥duk
dτ

(τ)
∥∥∥
Z
dτ

∣∣∣∣∣∣
Ïðè ïîìîùè íåðàâåíñòâà Ãåëüäåðà ïîëó÷àåì îöåíêó

‖b(t,s)k ‖Z ≤
1

|t− s|

∥∥∥duk
dτ

∥∥∥
Lq(I;Z)

(
|t− s|q′+1

q′ + 1

)1/q′

≤ C(q) M |t− s|1/q′

Ñ ó÷åòîì íàøåãî âûáîðà òî÷êè s ∈ I ïîëó÷àåì

sup
k
‖b(t,s)k ‖Z ≤

ε

2
.

4. Ïåðåéäåì ê îöåíêå {a(t,s)
k }∞k=1. Òàê êàê uk ⇀ 0 â Lp(I;X), â ñèëó ïðåäâàðèòåëüíûõ ôàêòîâ

ìû çàêëþ÷àåì, ÷òî

a
(t,s)
k ⇀ 0 â X.
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Ïîñêîëüêó âëîæåíèå X ↪→ Y êîìïàêòíî, ìû çàêëþ÷àåì, ÷òî a
(t,s)
k → 0 â Y è, ñëåäîâà-

òåëüíî, a
(t,s)
k → 0 â Z. Ôèêñèðóåì k0 = k0(ε, t, s) òàê, ÷òîáû ïðè âñåõ k ≥ k0 âûïîëíÿëèñü

íåðàâåíñòâà

‖a(t,s)
k ‖Z <

ε

2
.

Òîãäà äëÿ ëþáîãî k ≥ k0

0 ≤ ‖uk(t)‖Z ≤ ‖a
(t,s)
k ‖Z + ‖b(t,s)k ‖Z <

ε

2
+

ε

2
= ε.

Ñëåäîâàòåëüíî, ∀ t ∈ I ϕk(t) = ‖uk(t)‖pZ → 0 ïðè k →∞. �

8. Îáùèé ôàêò î êîìïàêòíûõ âëîæåíèÿõ

Òåîðåìà. Ïóñòü áàíàõîâû ïðîñòðàíñòâà X, Y , Z òàêîâû, ÷òî

1) X ↪→ Y ↪→ Z (íåïðåðûâíûå âëîæåíèÿ)

2) âëîæåíèå X ↪→ Y êîìïàêòíî

Òîãäà äëÿ ëþáîãî ε > 0 ñóùåñòâóåò Cε > 0, òàêàÿ ÷òî

‖x‖Y ≤ ε ‖x‖X + Cε ‖x‖Z , ∀ x ∈ X.

9. Äîêàçàòåëüñòâî îñíîâîíîãî ðåçóëüòàòà

Òåîðåìà. Ïóñòü âûïîëíåíû óñëîâèÿ îñíîâíîé òåîðåìû è uk ∈ Lp(I;X) òàêîâû, ÷òî

uk ⇀ 0 â Lp(I;X) è uk → 0 â Lp(I;Z).

Òîãäà uk → 0 â Lp(I;Y ).

Äîêàçàòåëüñòâî. ∀ ε > 0 ∃ Cε > 0, òàêàÿ ÷òî äëÿ ï.â. t ∈ I

‖uk(t)‖Y ≤ ε ‖uk(t)‖X + Cε ‖uk(t)‖Z

Âîçâîäÿ ýòî íåðàâåíñòâî â ñòåïåíü p è èíòåãðèðóÿ ïî t, ïîëó÷àåì

‖uk‖Lp(I;Y ) ≤ ε ‖uk‖Lp(I;X) + Cε ‖uk‖Lp(I;Z)

Ïîñêîëüêó {uk}∞k=1 îãðàíè÷åíà â Lp(I;X) è uk → 0 â Lp(I;Z), ïîëó÷àåì

lim sup
k→∞

‖uk‖Lp(I;Y ) ≤ Mε.

Òàê êàê ε > 0 � ïðîèçâîëüíîå, ïîëó÷àåì

uk → 0 â Lp(I;Y ).
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4.3 Ñëåäñòâèÿ òåîðåìû î êîìïàêòíîñòè

1. Êîìïàêòíîñòü â Lp(QT )

Òåîðåìà. Ïóñòü Ω ⊂ Rn � îãðàíè÷åíàÿ ëèïøèöåâà, p, q ∈ (1,+∞) è ïóñòü um ∈W 1,0
p (QT )

èìåþò ñëàáûå ïðîèçâîäíûå ∂tum ∈ Lq(0, T ;W−1
q (Ω)), ïðè÷åì

1) {um}∞m=1 îãðàíè÷åíà â W 1,0
p (QT )

2) {∂tum}∞m=1 îãðàíè÷åíà â Lq(0, T ;W−1
q (Ω))

Òîãäà {um}∞m=1 ïðåäêîìïàêòíà â Lp(QT ).

Äîêàçàòåëüñòâî. Îáîçíà÷èì

X = W 1
p (Ω), Y = Lp(Ω), Z = W−1

q (Ω).

Ïîñêîëüêó p, q ∈ (1,+∞), ïðîñòðàíñòâà X è Z, ðàâíî êàê Lp(0, T ;X) è Lq(0, T ;Z) ðåôëåê-
ñèâíû. Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî q ≤ p. Òîãäà

X
comp

↪→ Y ↪→ Z

{
{um}∞m=1 îãðàíè÷åíà â Lp(0, T ;X)

{∂tum}∞m=1 îãðàíè÷åíà â Lq(0, T ;Z)

Òåïåðü ðåçóëüòàò ïðÿìî âûòåêàåò èç òåîðåìû î êîìïàêòíîñòè â ïðåäûäóùåì ïàðàãðàôå.

2. Êîìïàêòíîñòü â W 1,0
p (QT )

Òåîðåìà. Ïóñòü Ω ⊂ Rn � îãðàíè÷åííàÿ ëèïøèöåâà, p ∈ (1,+∞). Òîãäà

âëîæåíèå W 2,1
p (QT ) ↪→ W 1,0

p (QT ) êîìïàêòíî.

Äîêàçàòåëüñòâî. Îáîçíà÷èì

X = W 2
p (Ω), Y = W 1

p (Ω), Z = Lp(Ω).

Ïîñêîëüêó p ∈ (1,+∞), ïðîñòðàíñòâà X è Z, ðàâíî êàê Lp(0, T ;X) è Lp(0, T ;Z) ðåôëåêñèâ-
íû. Òîãäà

X
comp

↪→ Y ↪→ Z

{
{um}∞m=1 îãðàíè÷åíà â Lp(0, T ;X)

{∂tum}∞m=1 îãðàíè÷åíà â Lp(0, T ;Z)

Òåïåðü ðåçóëüòàò ïðÿìî âûòåêàåò èç òåîðåìû î êîìïàêòíîñòè â ïðåäûäóùåì ïàðàãðàôå.

3. Íåðàâåíñòâî Ïóàíêàðå�Ñîáîëåâà

Òåîðåìà. Äëÿ ëþáîãî p ∈ (1,+∞) ñóùåñòâóåò ïîñòîÿííàÿ c > 0, òàêàÿ ÷òî äëÿ ëþáîãî
R > 0 è ëþáîé ôóíêöèè u ∈W 2,1

p (QR) ñïðàâåäëèâî íåðàâåíñòâî( ∫
QR

|u− (∇u)QRx− (u)QR |
p dz

) 1
p

+ R
( ∫
QR

|∇u− (∇u)QR |
p dz

) 1
p ≤

≤ cR2
( ∫
QR

(
|∇2u|p + |∂tu|p

)
dz
) 1
p
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ãäå QR := BR × (−R2, 0] è (u)QR :=
∫
−
QR

u(z) dz ≡ 1
|QR|

∫
QR

u(z) dz.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ñíà÷àëà ñëó÷àé R = 1. Áóäåì ðàññóæäàòü îò ïðîòèâíîãî.
Ïðåäïîëîæèì, ÷òî äëÿ ëþáîãî m ∈ N ñóùåñòâóåò ôóíêöèÿ um ∈W 2,1

p (QT ), òàêàÿ ÷òî(∫
Q

|um − (∇um)Qx− (um)Q|p dz
) 1
p

+
(∫
Q

|∇um − (∇um)Q|p dz
) 1
p ≥

≥ m
(∫
Q

(
|∇2um|p + |∂tum|p

)
dz
) 1
p

Îáîçíà÷èì

vm(x, t) :=
1

Mm

(
um(x, t)− (∇um)Q x− (um)Q

)
, (x, t) ∈ Q

ãäå

Mm :=
(∫
Q

|um − (∇um)Q x− (um)Q︸ ︷︷ ︸
:= vm

|p dz
) 1
p

+
(∫
Q

| ∇um − (∇um)Q︸ ︷︷ ︸
:= ∇vm

|p dz
) 1
p

Òîãäà vm ∈W 2,1
p (Q) îáëàäàåò ñâîéñòâàìè

‖vm‖W 1,0
p (Q)

:= ‖vm‖Lp(Q) + ‖∇vm‖Lp(Q) = 1,

(vm)Q = 0, (∇vm)Q = 0

Ïî íàøåìó ïðåäïîëîæåíèþ

1 = ‖vm‖W 1,0
p (Q)

≥ m
(
‖∇2vm‖Lp(Q) + ‖∂tvm‖Lp(Q)

)
îòêóäà

∇2vm → 0 â Lp(Q), ∂tvm → 0 â Lp(Q)

Êðîìå òîãî,

{vm}∞m=1 îãðàíè÷åíà â W 1,0
p (Q), {∇2vm}∞m=1, {∂tvm}∞m=1 îãðàíè÷åíû â Lp(Q)

=⇒ {vm}∞m=1 îãðàíè÷åíà â W 2,1
p (Q)

Ïîñêîëüêó ïðè p ∈ (1,+∞) ïðîñòðàíñòâî W 2,1
p (Q) ðåôëåêñèâíî,

∃ v ∈W 2,1
p (Q) : vm ⇀ v â W 2,1

p (Q)

Òî òîãäà ïî ñâîéñòâó çàìêíóòîñòè îïåðàòîðà äèôôåðåíöèðîâàíèÿ:

∇2vm ⇀ ∇2v â Lp(Q), ∇2vm → 0 â Lp(Q)

∂tvm ⇀ ∂tv â Lp(Q), ∂tvm → 0 â Lp(Q)

}
=⇒

{
∇2v = 0 ï.â. â Q

∂tv = 0 ï.â. â Q

Ïîýòîìó
∃ c ∈ R, ∃ b ∈ Rn : v(x, t) = c+ b · x, (x, t) ∈ Q

Ñ äðóãîé ñòîðîíû,

(vm)Q = 0, (∇vm)Q = 0, vm ⇀ v â W 1,0
p (Q) =⇒ (v)Q = 0, (∇v)Q = 0,
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îòêóäà äëÿ ôóíêöèè v(x, t) = c+ b · x ìû ïîëó÷àåì

(v)Q = 0 =⇒ c = 0

(∇v)Q = 0 =⇒ b = 0

}
=⇒ v ≡ 0 ï.â. â Q

Òåïåðü ìû èñïîëüçóåì êîìïàêòíîñòü âëîæåíèÿ W 2,1
p (Q) ↪→W 1,0

p (Q):

vm ⇀ v â W 2,1
p (Q) =⇒ vm → v â W 1,0

p (Q),

îòêóäà â ñèëó íåïðåðûâíîñòè íîðìû îòíîñèòåëüíî ñèëüíîé ñõîäèìîñòè

‖v‖
W 1,0
p (Q)

= lim
m→∞

‖vm‖W 1,0
p (Q)︸ ︷︷ ︸

= 1

= 1

Ýòî ïðîòèâîðå÷èò òîìó, ÷òî v ≡ 0 â Q.

Äëÿ ôóíêöèè u ∈ W 2,1
p (QR) ñ ïðîèçâîëüíûì R > 0 òðåáóåìàÿ îöåíêà âûòåêàåò èç îöåíêè

ïðè R = 1 ïðè ïîìîùè ñòàíäàðòíîãî ìàñøòàáíîãî ïðåîáðàçîâàíèÿ è çàìåíû ïåðåìåííûõ:

uR(x, t) = u(Rx,R2t), (x, t) ∈ Q.

4. Åùå îäíî óñëîâèå íåïðåðûâíîñòè ôóíêöèè ïî Ãåëüäåðó

Òåîðåìà. Ïóñòü u ∈W 1,0
1 (QT ). Äëÿ ëþáîãî Qρ(z0) ⊂ QT îáîçíà÷èì

Ψu(z0, ρ) :=

∫
−

Qρ(z0)

|u− (∇u)z0,ρ (x− x0)− (u)z0,ρ| dxdt + ρ

∫
−

Qρ(z0)

|∇u− (∇u)z0,ρ| dxdt

ãäå, êàê îáû÷íî,

(u)z0,ρ :=

∫
−

Qρ(z0)

u(x, t) dxdt ≡ 1

|Qρ|

∫
Qρ(z0)

u(x, t) dxdt

Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò µ ∈ (0, 1) è K > 0, òàêèå ÷òî

∀Qρ(z0) ⊂ QT Ψu(z0, ρ) ≤ Kρµ

Òîãäà ôóíêöèÿ u íåïðåðûâíà ïî Ãåëüäåðó ñ ïîêàçàòåëåì µ ∈ (0, 1) â ïàðàáîëè÷åñêîé ìåòðèêå
ëîêàëüíî â QT , ò.å. äëÿ ëþáûõ Ω′ b Ω è δ ∈ (0, T ) èìååò ìåñòî âêëþ÷åíèå

u ∈ Cµ,
µ
2 (Q̄′δ,T ), Q′δ,T := Ω′ × (δ, T ].

Ïðè ýòîì ñïðàâåäëèâà îöåíêà

‖u‖
Cµ,

µ
2 (Q̄′δ,T )

≤ c
(
K + ‖u‖

W 1,0
1 (QT )

)
,

â êîòîðîé ïîñòîÿííàÿ c > 0 çàâèñèò òîëüêî îò n, Ω, Ω′, T è δ.
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Äîêàçàòåëüñòâî. Ïóñòü 0 < ρ < R è QR(z0) ⊂ QT . Òîãäà∣∣(∇u)z0,ρ − (∇u)z0,R
∣∣ =

∣∣∣ ∫
−

Qρ(z0)

(∇u(x, t)− (∇u)z0,R) dxdt
∣∣∣ ≤

≤ 1

|Qρ|

∫
Qρ(z0)⊂QR(z0)

|∇u(x, t)− (∇u)z0,R| dxdt

︸ ︷︷ ︸
≤ 1

R
|QR|Ψu(z0,R)

≤ 1

R

|QR|
|Qρ|

Ψu(z0, R)

îòêóäà, èñïîëüçóÿ óñëîâèå Ψu(z0, R) ≤ KRµ, ìû ïðèõîäèì ê îöåíêå

|(∇u)z0,ρ − (∇u)z0,R| ≤ K
(R
ρ

)n+2
Rµ−1 (∗)

Îáîçíà÷èì òåïåðü Rk := R
2k
, k = 0, 1, . . .. Òîãäà

|(u)z0,Rk+1
− (u)z0,Rk | ≤ cK 2n+2Rµ−1

k = cnKRµ−1
0 2(1−µ)k

Çàôèêñèðóåì m = 0, 1, 2, . . . òàê, ÷òî Rm+1 ≤ ρ ≤ Rm. Òîãäà

|(∇u)z0,Rm − (∇u)z0,R0 | ≤
m−1∑
j=0

|(∇u)z0,Rj+1 − (∇u)z0,Rj | ≤

≤ cnKRµ−1
0

m−1∑
j=0

2(1−µ)j ≤ cn,µK Rµ−1
0 2(1−µ)m︸ ︷︷ ︸

=Rµ−1
m

=
cK

R1−µ
m

≤ cK

ρ1−µ

Ñ äðóãîé ñòîðîíû, èç îöåíêè (∗) ìû ïîëó÷àåì

|(∇u)z0,ρ − (∇u)z0,Rm | ≤ K
(Rm
ρ

)n+2
Rµ−1
m = 2n+2K

(Rm+1

ρ

)n+2

︸ ︷︷ ︸
≤ 1

Rµ−1
m︸ ︷︷ ︸

≤ ρµ−1

≤ cK

ρ1−µ

è ñ ó÷åòîì R0 = R ìû ïðèõîäèì ê òîìó, ÷òî äëÿ ëþáûõ QR(z0) ⊂ QT è 0 < ρ < R
âûïîëíÿåòñÿ íåðàâåíñòâî

|(∇u)z0,ρ − (∇u)z0,R| ≤
cK

ρ1−µ

Ïóñòü òåïåðü R∗ = distpar{Q̄′δ,T , ∂′QT }, òî åñòü Qρ(z0) ⊂ QT äëÿ ëþáîé z0 ∈ Q̄′δ,T è ëþáîãî
ρ ≤ R∗. Òîãäà ïðè ëþáûõ z0 ∈ Q′δ,T è ρ ≤ R∗ ìû èìååì

|(∇u)z0,ρ| ≤
cK

ρ1−µ + |(∇u)z0,R∗ |,

Óìíîæèì îáå ÷àñòè ýòîãî ñîîòíîøåíèÿ íà ρ > 0. Ïîëó÷èì

ρ |(∇u)z0,ρ| ≤ c ρµ
(
K + ρ1−µ︸ ︷︷ ︸

≤R1−µ
∗

R
−(n+2)
∗ ‖∇u‖L1(QT )

)
(∗∗)

Îáîçíà÷èì

Φu(z0, ρ) :=

∫
−

Qρ(z0)

|u− (u)z0,ρ| dxdt
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Ïîñêîëüêó ∫
−

Qρ(z0)

|u− (u)z0,ρ| dxdt ≤

≤
∫
−

Qρ(z0)

|u− (∇u)z0,ρ(x− x0)− (u)z0,ρ| dxdt +

∫
−

Qρ(z0)

|(∇u)z0,ρ| |x− x0|︸ ︷︷ ︸
≤ ρ

dxdt ≤

≤
∫
−

Qρ(z0)

|u− (∇u)z0,ρ(x− x0)− (u)z0,ρ| dxdt + ρ |(∇u)z0,ρ|

ìû ïîëó÷àåì
Φu(z0, ρ) ≤ Ψu(z0, ρ) + ρ |(∇u)z0,ρ|

Òåïåðü ñ ó÷åòîì (∗∗) ÿñíî, ÷òî ôóíêöèÿ u óäîâëåòâîðÿåò â QT êðèòåðèþ Êàìàíàòî ëîêàëü-
íîé íåïðåðûâíîñòè ïî Ãåëüäåðó: äëÿ ëþáûõ z0 ∈ Q′T,δ è 0 < ρ ≤ R∗

Φu(z0, ρ) ≤ Ψu(z0, ρ)︸ ︷︷ ︸
≤ K ρµ

+ ρ |(∇u)z0,ρ|︸ ︷︷ ︸
≤ cR∗ ρ

µ (K+‖∇u‖L1(QT ))

≤ cR∗ ρ
µ
(
K + ‖∇u‖L1(QT )

)︸ ︷︷ ︸
=: K1

Ñëåäîâàòåëüíî,

‖u‖
Cµ,

µ
2 (Q̄′δ,T )

≤ cR∗

(
K1 + ‖u‖L1(QT )

)
≤ cR∗

(
K + ‖u‖

W 1,0
1 (QT )

)
5. Ïàðàáîëè÷åñêèå âëîæåíèÿ â ïðîñòðàíñòâà Ãåëüäåðà

Òåîðåìà. Ïóñòü Ω ⊂ Rn, QT := Ω× (0, T ] è u ∈W 2,1
p (QT ), p ∈ [1,+∞). Òîãäà

1) åñëè n+2
2 < p < n+ 2, òî

u ∈ Cµ,
µ
2

loc (QT ), µ = 2− n+2
p > 0,

è äëÿ ëþáûõ Ω′ b Ω, δ ∈ (0, T ] ñïðàâåäëèâà îöåíêà

‖u‖
Cµ,

µ
2 (Q′δ,T )

≤ c ‖u‖
W 2,1
p (QT )

,

â êîòîðîé ïîñòîÿííàÿ c > 0 çàâèñèò òîëüêî îò n, p, Ω, Ω′, T è δ.

2) åñëè p > n+ 2, òî

∇u ∈ Cµ,
µ
2

loc (QT ), µ = 1− n+2
p > 0,

è äëÿ ëþáûõ Ω′ b Ω, δ ∈ (0, T ] ñïðàâåäëèâà îöåíêà

‖∇u‖
Cµ,

µ
2 (Q′δ,T )

≤ c ‖u‖
W 2,1
p (QT )

,

â êîòîðîé ïîñòîÿííàÿ c > 0 çàâèñèò òîëüêî îò n, p, Ω, Ω′, T è δ.

Äîêàçàòåëüñòâî. Íà÷íåì ñ äîêàçàòåëüñòâà ïóíêòà 1). Ïóñòü p ∈
(
n+2

2 , n+ 2
)
. Òîãäà äëÿ

ëþáîãî QR(z0) ⊂ QT ïî íåðàâåíñòâó Ãåëüäåðà ìû èìååì

Ψu(z0, R) :=

∫
−

QR(z0)

|u− (∇u)z0,R (x− x0)− (u)z0,R| dz + R

∫
−

QR(z0)

|∇u− (∇u)z0,R| dz ≤

≤
( ∫
−

QR(z0)

|u− (∇u)z0,R(x− x0)− (u)z0,R|p dz
) 1
p

+ R
( ∫
−

QR(z0)

|∇u− (∇u)z0,R|p dz
) 1
p
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Îöåíèâàÿ ïðàâóþ ÷àñòü ïî ïàðàáîëè÷åñêîìó íåðàâåíñòâó Ïóàíêàðå-Ñîáîëåâà, ìû ïîëó÷àåì

Ψu(z0, R) ≤ cR2
( ∫
−

QR(z0)

(
|∇2u|p + |∂tu|p

)
dz
) 1
p

= cR
2−n+2

p

(
‖∇2u‖Lp(QT ) + ‖∂tu‖Lp(QT )

)
òî åñòü

Ψu(z0, R) ≤ c ‖u‖
W 2,1
p (QT )

Rµ, ∀QR(z0) ⊂ QT , µ := 2− n+2
p ∈ (0, 1)

Ýòî åñòü óñëîâèå ëîêàëüíîé íåïðåðûâíîñòè ïî Ãåëüäåðó ôóíêöèè u, äîêàçàííîå â ýòîì
ïàðàãðàôå.

Äîêàæåì òåïåðü ïóíêò 2). Ïóñòü p > n+ 2. Òîãäà äëÿ ëþáîãî QR(z0) ⊂ QT ïî íåðàâåíñòâó
Ãåëüäåðà ìû èìååì

Φ∇u(z0, R) :=

∫
−

QR(z0)

|∇u− (∇u)z0,R| dz ≤
( ∫
−

QR(z0)

|∇u− (∇u)z0,R|p dz
) 1
p

Îöåíèâàÿ ïðàâóþ ÷àñòü ïî ïàðàáîëè÷åñêîìó íåðàâåíñòâó Ïóàíêàðå-Ñîáîëåâà, ìû ïîëó÷àåì

Φ∇u(z0, R) ≤ cR
( ∫
−

QR(z0)

(
|∇2u|p + |∂tu|p

)
dz
) 1
p

= cR
1−n+2

p

(
‖∇2u‖Lp(QT ) + ‖∂tu‖Lp(QT )

)
òî åñòü

Φ∇u(z0, R) ≤ c ‖u‖
W 2,1
p (QT )

Rµ, ∀QR(z0) ⊂ QT , µ := 1− n+2
p ∈ (0, 1)

Ýòî åñòü óñëîâèå Êàìïàíàòî ëîêàëüíîé íåïðåðûâíîñòè ïî Ãåëüäåðó ôóíêöèè ∇u.

Ê Î Í Å Ö
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