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� ©¤¥­® ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ í©«¥à®¢®© å à ªâ¥à¨áâ¨ª¨ £¨-
¯¥à¯®¢¥àå­®áâ¨ ¯à®áâà ­áâ¢  RPn (n ­¥çñâ­®), ®¯à¥¤¥«ï¥¬®© á«ã-
ç ©­ë¬ ¬­®£®ç«¥­®¬ áâ¥¯¥­¨ m, ¨¬¥îé¨¬ ­®à¬ «ì­®¥ à á¯à¥¤¥«¥-
­¨¥ á® áà¥¤­¨¬ 0, ¨­¢ à¨ ­â­®¥ ®â­®á¨â¥«ì­® ¤¥©áâ¢¨ï ®àâ®£®­ «ì-
­®© £àã¯¯ë O(n+ 1).

�®£¤  X | á«ãç ©­ë© í«¥¬¥­â, ¯à¨­¨¬ îé¨© §­ ç¥­¨ï ¢ ¨§¬¥à¨¬®¬ ¯à®-
áâà ­áâ¢¥ Q, ¡ã¤¥¬ ¨á¯®«ì§®¢ âì § ¯¨áì X ∈̂ Q.

�ãáâì Hm(Rn+1) | ¢¥ªâ®à­®¥ ¯à®áâà ­áâ¢® ®¤­®à®¤­ëå ¬­®£®ç«¥­®¢ áâ¥-
¯¥­¨ m ­  ¯à®áâà ­áâ¢¥ Rn+1. �  ¯à®áâà ­áâ¢¥ Hm(Rn+1) ®ç¥¢¨¤­ë¬ ®¡à §®¬
¤¥©áâ¢ã¥â ®àâ®£®­ «ì­ ï £àã¯¯  O(n+ 1).

�®®à¤¨­ âë â®çª¨ x ∈ Rn+1 ¡ã¤¥¬ ®¡®§­ ç âì x0, . . . , xn. �ãáâì Sn = {x ∈
Rn+1 | |x| = 1} | ¥¤¨­¨ç­ ï áä¥à . �ãáâì o = (1, 0, . . . , 0) ∈ Sn | ®â¬¥ç¥­­ ï
â®çª .

�«ãç ©­ë© ¬­®£®ç«¥­ F ∈̂ Hm(Rn+1) ¡ã¤¥¬ ­ §ë¢ âì ã¤®¢«¥â¢®à¨â¥«ì-
­ë¬, ¥á«¨ ®­ ¨¬¥¥â ­¥âà¨¢¨ «ì­®¥ ­®à¬ «ì­®¥ à á¯à¥¤¥«¥­¨¥ á® áà¥¤­¨¬ 0,
¨­¢ à¨ ­â­®¥ ®â­®á¨â¥«ì­® ¤¥©áâ¢¨ï £àã¯¯ë O(n + 1), ¯à¨ íâ®¬ ¯ à ¬¥âà®¬
á«ãç ©­®£® ¬­®£®ç«¥­  F ¡ã¤¥¬ ­ §ë¢ âì ç¨á«®

r =
E
( ∂F

∂x1
(o)

)2
EF (o)2

.

�®¦­® ¯à®¢¥à¨âì, çâ® §­ ç¥­¨ï ¯ à ¬¥âà®¢ ã¤®¢«¥â¢®à¨â¥«ì­ëå á«ãç ©-
­ëå ¬­®£®ç«¥­®¢ F ∈̂ Hm(Rn+1) § ¯®«­ïîâ ®âà¥§®ª

1− (−1)m

2
6 r 6 m(m+ n− 1)

n
.

�à¨¬¥à 1. �¯à¥¤¥«¨¬ á«ãç ©­ë© ¬­®£®ç«¥­ F ∈̂ Hm(Rn+1) ä®à¬ã«®©

F (x) =
∑

m0+···+mn=m

Fm0...mnx
m0

0 . . . xmn
n , x ∈ Rn+1,

£¤¥ Fm0...mn | ­¥§ ¢¨á¨¬ë¥ ­®à¬ «ì­ë¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë á® áà¥¤­¨¬ 0 ¨
¤¨á¯¥àá¨¥©

EF 2
m0...mn

=
m!

m0! . . .mn!
.
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�®¦­® ¯à®¢¥à¨âì, çâ® â®£¤  á«ãç ©­ë© ¬­®£®ç«¥­ F ã¤®¢«¥â¢®à¨â¥«¥­, ¥£®
¯ à ¬¥âà

r = m.

�à¨¬¥à 2. �¢¥¤ñ¬ ¢ ¯à®áâà ­áâ¢¥ Hm(Rn+1) áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥

(f, f ′) =

∫
x∈Sn

f(x)f ′(x) dx, f, f ′ ∈ Hm(Rn+1).

�ãáâì F ∈̂ Hm(Rn+1) | â ª®© ­®à¬ «ì­ë© á«ãç ©­ë© ¬­®£®ç«¥­, çâ®

E ((f, F )(f ′, F )) = (f, f ′), f, f ′ ∈ Hm(Rn+1).

�®¦­® ¯à®¢¥à¨âì, çâ® â®£¤  á«ãç ©­ë© ¬­®£®ç«¥­ F ã¤®¢«¥â¢®à¨â¥«¥­, ¥£®
¯ à ¬¥âà

r =
m(m+ n+ 1)

n+ 2
.

�â®â ¯à¨¬¥à ¯à¨ n = 3 à áá¬ âà¨¢ «áï ¢ [1].
�«ï ¬­®£®ç«¥­  f ∈ Hm(Rn+1) ¯ãáâì Vf ⊂ RPn | ¬­®¦¥áâ¢® ¥£® ­ã«¥©. �á-

«¨ F ∈̂ Hm(Rn+1) | ã¤®¢«¥â¢®à¨â¥«ì­ë© á«ãç ©­ë© ¬­®£®ç«¥­, â® ¬­®¦¥áâ¢®
VF ¥áâì £« ¤ª ï £¨¯¥à¯®¢¥àå­®áâì ¯®çâ¨ ­ ¢¥à­®¥ (á¬. ¯à¥¤«®¦¥­¨¥ 2.1).

�«ï ­¥çñâ­®£® ­ âãà «ì­®£® n ¯®«®¦¨¬

In(s) =

∫ s

0

(1− t2)
n−1
2 dt, s ∈ R, Mn(r) =

In(r
1

2 )

In(1)
, r > 0.

�¥®à¥¬ . �ãáâì F ∈̂ Hm(Rn+1) (n ­¥çñâ­®) | ã¤®¢«¥â¢®à¨â¥«ì­ë© á«ã-
ç ©­ë© ¬­®£®ç«¥­ á ¯ à ¬¥âà®¬ r. �®£¤  Eχ(VF ) = Mn(r).

�â®â à¥§ã«ìâ â ¡ë«  ­®­á¨à®¢ ­ ¢ [2].

�®ª § â¥«ìáâ¢®

�ãáâì ¤ ­® ¥¢ª«¨¤®¢® ¢¥ªâ®à­®¥ ¯à®áâà ­áâ¢® E. �ª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥
¢¥ªâ®à®¢ v, v′ ∈ E ¡ã¤¥¬ ®¡®§­ ç âì (v, v′), ¤«¨­ã ¢¥ªâ®à  v ∈ E | |v|. �ãáâì
L+(E) | ¯à®áâà ­áâ¢® á¨¬¬¥âà¨ç¥áª¨å ®¯¥à â®à®¢ ­  ¯à®áâà ­áâ¢¥ E. �ãáâì
e ∈ L+(E) | ¥¤¨­¨ç­ë© ®¯¥à â®à. �«ï w ∈ L+(E) ¯ãáâì trw ¨ detw |
á®®â¢¥âáâ¢¥­­® á«¥¤ ¨ ®¯à¥¤¥«¨â¥«ì ®¯¥à â®à  w, adw ∈ L+(E) | ¯à¨á®¥¤¨-

­ñ­­ë© ®¯¥à â®à, â ª çâ® w adw = detw e, ¨ ∥w∥ = (trw2)
1

2 | ¥¢ª«¨¤®¢ 
­®à¬  ®¯¥à â®à  w.

�àâ®£®­ «ì­ ï £àã¯¯  O(n) ®ç¥¢¨¤­ë¬ ®¡à §®¬ ¤¥©áâ¢ã¥â ­  ¯à®áâà ­áâ¢¥
L+(Rn),   â ª¦¥ ­  ¯à®áâà ­áâ¢ å R×L+(Rn) ¨ R×Rn ×L+(Rn) | ¯®ª®¬¯®-
­¥­â­®.

�ãáâì |Sn| | n-¬¥à­ ï ¬¥à  áä¥àë Sn. �«ï â®çª¨ x ∈ Sn ¯ãáâì TxS
n =

{v ∈ Rn+1 | (x, v) = 0} | ª á â¥«ì­®¥ ¯à®áâà ­áâ¢® áä¥àë Sn ¢ â®çª¥ x.
�«ï ¬­®£®ç«¥­  f ∈ Hm(Rn+1) ¨ â®çª¨ x ∈ Sn ¯ãáâì Df(x) ∈ TxS

n ¨
D2f(x) ∈ L+(TxS

n) | á®®â¢¥âáâ¢¥­­® £à ¤¨¥­â ¨ ®¯¥à â®à ¢â®à®© ¯à®¨§¢®¤­®©
áã¦¥­¨ï ¬­®£®ç«¥­  f ­  áä¥àã Sn ¢ â®çª¥ x, â ª çâ®

f
( x+ tv

|x+ tv|

)
= f(x) + (Df(x), v)t+ (D2f(x)v, v)

t2

2
+O(t3), t → 0, v ∈ TxS

n.
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�­®£®ç«¥­ f ∈ Hm(Rn+1) ¡ã¤¥¬ ­ §ë¢ âì à¥£ã«ïà­ë¬, ¥á«¨ ­¥â â ª¨å â®ç¥ª
x ∈ Sn, çâ® ®¤­®¢à¥¬¥­­® f(x) = 0 ¨ Df(x) = 0.

�«ï ­ âãà «ì­®£® n ¯ãáâì

an = E |Z|n,

£¤¥ Z | áâ ­¤ àâ­ ï ­®à¬ «ì­ ï á«ãç ©­ ï ¢¥«¨ç¨­ .

�«ï c ∈ R, f ∈ Hm(Rn+1) ®¯à¥¤¥«¨¬ äã­ªæ¨¨ Ac
f , Bc

f , Jc
f ­  áä¥à¥ Sn

ä®à¬ã« ¬¨

Ac
f (x) =

cf(x) det (cf(x)e+D2f(x))

(c2f(x)2 + |Df(x)|2)
n+1
2

,

Bc
f (x) =

(1− c)(ad (cf(x)e+D2f(x))Df(x), Df(x))

(c2f(x)2 + |Df(x)|2)
n+1
2

, x ∈ Sn,

Jc
f = Ac

f +Bc
f .

1. 2-áâàãï á«ãç ©­®£® ¬­®£®ç«¥­ 

�ãáâì F ∈̂ Hm(Rn+1) | ã¤®¢«¥â¢®à¨â¥«ì­ë© á«ãç ©­ë© ¬­®£®ç«¥­ á ¯ à -
¬¥âà®¬ r. �â®¦¤¥áâ¢«ïï ®ç¥¢¨¤­ë¬ ®¡à §®¬ ¯à®áâà ­áâ¢  ToS

n ¨ Rn, ¡ã¤¥¬
áç¨â âì, çâ® F (o) ∈̂ R, DF (o) ∈̂ Rn, D2F (o) ∈̂ L+(Rn).

1.1. �à¥¤«®¦¥­¨¥. �«ãç ©­ë¥ í«¥¬¥­âë F (o), DF (o), D2F (o) ¨¬¥îâ ­®à-
¬ «ì­®¥ á®¢¬¥áâ­®¥ à á¯à¥¤¥«¥­¨¥ á® áà¥¤­¨¬ 0, ¨­¢ à¨ ­â­®¥ ®â­®á¨â¥«ì­®
¤¥©áâ¢¨ï £àã¯¯ë O(n).

�®ª § â¥«ìáâ¢®. �â® ®ç¥¢¨¤­®. �

1.2. �«¥¤áâ¢¨¥. � à  F (o), D2F (o) ¨ á«ãç ©­ë© ¢¥ªâ®à DF (o) ­¥§ ¢¨á¨¬ë.

�®ª § â¥«ìáâ¢®. �¢¨¤ã ¯à¥¤«®¦¥­¨ï 1.1 íâ® á«¥¤ã¥â ¨§ ¨­¢ à¨ ­â­®áâ¨ ®â-
­®á¨â¥«ì­® ®àâ®£®­ «ì­®£® ¯à¥®¡à §®¢ ­¨ï v 7→ −v ¯à®áâà ­áâ¢  Rn. �

1.3. �à¥¤«®¦¥­¨¥. �¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ :

 ) nrEF (o)2 = E |DF (o)|2;
¡) E (F (o) trD2F (o)) = −E |DF (o)|2;
¢) E (trD2F (o))2 −E ∥D2F (o)∥2 = (n− 1)E |DF (o)|2.

�®ª § â¥«ìáâ¢®. �¢¨¤ã ¯à¥¤«®¦¥­¨ï 1.1 ç áâì  ) ®ç¥¢¨¤­ . � áâ¨ ¡), ¢) ¢
á¨«ã á¨¬¬¥âà¨¨ á«¥¤ãîâ ¨§ «¥£ª® ¯à®¢¥àï¥¬ëå â®¦¤¥áâ¢∫

x∈Sn

f(x) trD2f(x) dx = −
∫
x∈Sn

|Df(x)|2 dx,∫
x∈Sn

((trD2f(x))2 − ∥D2f(x)∥2) dx = (n− 1)

∫
x∈Sn

|Df(x)|2 dx, f ∈ Hm(Rn+1),

á®®â¢¥âáâ¢¥­­®. �
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2. �¥£ã«ïà­®áâì á«ãç ©­®£® ¬­®£®ç«¥­ 

�ãáâì F ∈̂ Hm(Rn+1) | ã¤®¢«¥â¢®à¨â¥«ì­ë© á«ãç ©­ë© ¬­®£®ç«¥­ á ¯ à -
¬¥âà®¬ r.

2.1. �à¥¤«®¦¥­¨¥. �«ãç ©­ë© ¬­®£®ç«¥­ F à¥£ã«ïà¥­ ¯®çâ¨ ­ ¢¥à­®¥.

�®ª § â¥«ìáâ¢®. �ãáâì r > 0 (¨­ ç¥ âà¨¢¨ «ì­®).
�«ï f ∈ Hm(Rn+1) ®¯à¥¤¥«¨¬ äã­ªæ¨î Rf ­  áä¥à¥ Sn ä®à¬ã«®©

Rf (x) = (f(x)2 + |Df(x)|2)−
n
2 , x ∈ Sn.

�á¯®«ì§ãï ¯à¥¤«®¦¥­¨¥ 1.1 ¨ á«¥¤áâ¢¨¥ 1.2, «¥£ª® ¯à®¢¥à¨âì, çâ® ERF (o) <
∞. � á¨«ã á¨¬¬¥âà¨¨ ¨¬¥¥¬

E
(∫

x∈Sn

RF (x) dx
)
< ∞.

�¥£ª® ¯à®¢¥à¨âì, çâ® ¥á«¨ ¬­®£®ç«¥­ f ∈ Hm(Rn+1) ­¥à¥£ã«ïà¥­, â®∫
x∈Sn

Rf (x) dx = ∞.

�âáî¤  á«¥¤ã¥â âà¥¡ã¥¬®¥. �

3. �¥«¨ç¨­ , á¢ï§ ­­ ï á® á«ãç ©­ë¬ ¢¥ªâ®à®¬

�¨ªá¨àã¥¬ ­ âãà «ì­®¥ n. �«ï c ∈ R, u ∈ R ®¯à¥¤¥«¨¬ äã­ªæ¨î jcu ­ 
¯à®áâà ­áâ¢¥ Rn ä®à¬ã«®©

jcu(v) =
cu

(c2u2 + |v|2)
n+1
2

, v ∈ Rn.

3.1. �â¢¥à¦¤¥­¨¥. �ãáâì u ∈ R. �®£¤ :  ) ¤«ï ¢á¥å c ∈ R äã­ªæ¨ï jcu
§­ ª®¯®áâ®ï­­  ¨ ¨¬¥¥¬∫

v∈Rn

jcu(v) dv =
(2π)

n
2

an
sgn c sgnu;

¡) ¤«ï «î¡®£® r > 0 ¨¬¥¥¬∫
v∈Rn, |v|>r

|jcu(v)| dv → 0, c → 0.

�®ª § â¥«ìáâ¢®.  ) �ãáâì c ∈ R. �®, çâ® äã­ªæ¨ï jcu §­ ª®¯®áâ®ï­­ , ®ç¥-
¢¨¤­®. �«ï ¢ëç¨á«¥­¨ï ¨­â¥£à «  ¤®áâ â®ç­® á¤¥« âì § ¬¥­ã

z =
(cu, v1, . . . , vn)

(c2u2 + |v|2)
1

2

, z ∈ Sn,

¨ ¨á¯®«ì§®¢ âì «¥£ª® ¯à®¢¥àï¥¬®¥ à ¢¥­áâ¢®

|Sn|
2

=
(2π)

n
2

an
.

¡) �â® á«¥¤ã¥â ¨§ ®æ¥­ª¨ |jcu(v)| 6 |c||u||v|−n−1, v ∈ Rn. �
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3.2. �â¢¥à¦¤¥­¨¥. �ãáâì u ∈ R. �ãáâì V ∈̂ Rn | á«ãç ©­ë© ¢¥ªâ®à, ¨¬¥-
îé¨© ­¥âà¨¢¨ «ì­®¥ áä¥à¨ç¥áª¨ á¨¬¬¥âà¨ç­®¥ ­®à¬ «ì­®¥ à á¯à¥¤¥«¥­¨¥ á®
áà¥¤­¨¬ 0. �ãáâì

N =
E |V |2

n
, G =

N−n
2

an
.

�®£¤ :  ) E |jcu(V )| 6 G, c ∈ R; ¡) E jcu(V ) → ±G sgnu, c → ±0.

�®ª § â¥«ìáâ¢®. �ãáâì p | ­¥¯à¥àë¢­ ï ¯«®â­®áâì à á¯à¥¤¥«¥­¨ï á«ãç ©-

­®£® ¢¥ªâ®à  V . �®£¤  p(v) 6 p(0) = (2π)−
n
2N−n

2 , v ∈ Rn. �¥¯¥àì âà¥¡ã¥¬®¥
á«¥¤ã¥â ¨§ ãâ¢¥à¦¤¥­¨ï 3.1. �

4. �¯à¥¤¥«¨â¥«ì á«ãç ©­®£® ®¯¥à â®à 

�«ï ­ âãà «ì­®£® n ®¯à¥¤¥«¨¬ ¬­®£®ç«¥­ bn ®â ¤¢ãå ¯¥à¥¬¥­­ëå à ¢¥­-
áâ¢®¬

E (t+ qY )n = bn(t, q
2), t, q ∈ R,

£¤¥ Y | áâ ­¤ àâ­ ï ­®à¬ «ì­ ï á«ãç ©­ ï ¢¥«¨ç¨­ .

4.1. �à¥¤«®¦¥­¨¥. �ãáâì W ∈̂ L+(Rn) | á«ãç ©­ë© ®¯¥à â®à, ¨¬¥î-
é¨© ­®à¬ «ì­®¥ à á¯à¥¤¥«¥­¨¥ á® áà¥¤­¨¬ 0, ¨­¢ à¨ ­â­®¥ ®â­®á¨â¥«ì­®
¤¥©áâ¢¨ï £àã¯¯ë O(n). �ãáâì

R =
E (trW )2 −E ∥W∥2

n(n− 1)
.

�®£¤ 
E det (te+W ) = bn(t, R), t ∈ R.

�â®ç­¥­¨¥. � á«ãç ¥ n = 1 ¢¥«¨ç¨­  R ®ª §ë¢ ¥âáï ­¥ ®¯à¥¤¥«¥­ , ­® ¬®¦­®
áç¨â âì, çâ® ãâ¢¥à¦¤¥­¨¥ ®áâ ñâáï á¯à ¢¥¤«¨¢ë¬, ¥á«¨ ãç¥áâì, çâ® b1(t, v) = t,
t, v ∈ R.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ­¥§ ¢¨á¨¬ë¥ áâ ­¤ àâ­ãî ­®à¬ «ì­ãî á«ãç ©-
­ãî ¢¥«¨ç¨­ã Z ¨ á«ãç ©­ë© ®¯¥à â®à T ∈ L+(Rn) â ª®©, çâ® í«¥¬¥­âë Tij

(= Tji) ¥£® ¬ âà¨æë ­¥§ ¢¨á¨¬ë ¨ ¨¬¥îâ ­®à¬ «ì­®¥ à á¯à¥¤¥«¥­¨¥ á® áà¥¤-
­¨¬ 0 ¨ ¤¨á¯¥àá¨¥©

ET 2
ij =

{
2, i = j,

1, i ̸= j.

�¥£ª® ¯à®¢¥à¨âì, çâ® à á¯à¥¤¥«¥­¨¥ á«ãç ©­®£® ®¯¥à â®à  T áä¥à¨ç¥áª¨ á¨¬-
¬¥âà¨ç­® ®â­®á¨â¥«ì­® ¥¢ª«¨¤®¢®© ­®à¬ë ¨, á«¥¤®¢ â¥«ì­®, ¨­¢ à¨ ­â­® ®â-
­®á¨â¥«ì­® ¤¥©áâ¢¨ï £àã¯¯ë O(n).

�á¯®«ì§ãï á®®¡à ¦¥­¨ï ¨­¢ à¨ ­â­®áâ¨, «¥£ª® ¯®ª § âì, çâ® ¤®áâ â®ç­®
¯à®¢¥à¨âì âà¥¡ã¥¬®¥ à ¢¥­áâ¢® ¢ á«ãç ¥, ¥á«¨ W = rZe + sT , £¤¥ r, s ∈ R.
�®£¤  R = r2 − s2 ¨ ¯à®¢¥àª  ¯à®¢®¤¨âáï ¯àï¬ë¬ ¢ëç¨á«¥­¨¥¬. �

�«ï ­¥çñâ­®£® ­ âãà «ì­®£® n ®¯à¥¤¥«¨¬ ®¤­®à®¤­ë© ¬­®£®ç«¥­ sn áâ¥¯¥­¨
n− 1

2
®â ¤¢ãå ¯¥à¥¬¥­­ëå à ¢¥­áâ¢®¬

E (sgnX (pX + qY )n) = p sn(p
2, q2), p, q ∈ R,

£¤¥ X, Y | ­¥§ ¢¨á¨¬ë¥ áâ ­¤ àâ­ë¥ ­®à¬ «ì­ë¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë.
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4.2. �¥¬¬ . �«ï ­¥çñâ­®£® ­ âãà «ì­®£® n ¨¬¥¥¬

E (sgnX bn(pX, v)) = p sn(p
2, v), p, v ∈ R,

£¤¥ X | áâ ­¤ àâ­ ï ­®à¬ «ì­ ï á«ãç ©­ ï ¢¥«¨ç¨­ .

�®ª § â¥«ìáâ¢®. �®áâ â®ç­® ¯à®¢¥à¨âì íâ® ¤«ï v = q2, q ∈ R, ª®£¤  íâ®
®ç¥¢¨¤­®. �

4.3. �â¢¥à¦¤¥­¨¥. �ãáâì U ∈̂ R | á«ãç ©­ ï ¢¥«¨ç¨­ , W ∈̂ L+(Rn) (n
­¥çñâ­®) | á«ãç ©­ë© ®¯¥à â®à, ¨¬¥îé¨¥ ­®à¬ «ì­®¥ á®¢¬¥áâ­®¥ à á¯à¥-
¤¥«¥­¨¥ á® áà¥¤­¨¬ 0, ¨­¢ à¨ ­â­®¥ ®â­®á¨â¥«ì­® ¤¥©áâ¢¨ï £àã¯¯ë O(n),
¯à¨çñ¬ à á¯à¥¤¥«¥­¨¥ á«ãç ©­®© ¢¥«¨ç¨­ë U ­¥âà¨¢¨ «ì­®. �ãáâì

P = EU2, Q =
E (U trW )

n
, R =

E (trW )2 −E ∥W∥2

n(n− 1)
, k = P−1

2Q.

�®£¤ 

E (sgnU detW ) = k sn(k
2, R− k2).

�â®ç­¥­¨¥. � á«ãç ¥ n = 1 ¢¥«¨ç¨­  R ®ª §ë¢ ¥âáï ­¥ ®¯à¥¤¥«¥­ , ­® ¬®¦­®
áç¨â âì, çâ® ãâ¢¥à¦¤¥­¨¥ ®áâ ñâáï á¯à ¢¥¤«¨¢ë¬, ¥á«¨ ãç¥áâì, çâ® s1(u, v) =
a1, u, v ∈ R.

�®ª § â¥«ìáâ¢®. �ãáâì X = P− 1

2U , W 0 = W − kXe. �®£¤  á«ãç ©­ ï ¢¥«¨-
ç¨­  X ¨ á«ãç ©­ë© ®¯¥à â®à W 0 ¨¬¥îâ ­®à¬ «ì­®¥ á®¢¬¥áâ­®¥ à á¯à¥¤¥«¥-
­¨¥ á® áà¥¤­¨¬ 0, ¨­¢ à¨ ­â­®¥ ®â­®á¨â¥«ì­® ¤¥©áâ¢¨ï £àã¯¯ë O(n), ¯à¨çñ¬
á«ãç ©­ ï ¢¥«¨ç¨­  X ¨¬¥¥â áâ ­¤ àâ­®¥ ­®à¬ «ì­®¥ à á¯à¥¤¥«¥­¨¥. �¥£ª®
¯à®¢¥à¨âì, çâ® E (X trW 0) = 0. � á¨«ã á¨¬¬¥âà¨¨ ®âáî¤  á«¥¤ã¥â, çâ® á«ã-
ç ©­ ï ¢¥«¨ç¨­  X ¨ á«ãç ©­ë© ®¯¥à â®à W 0 ­¥§ ¢¨á¨¬ë. �ãáâì

R0 =
E (trW 0)2 −E ∥W 0∥2

n(n− 1)
.

�¥£ª® ¯à®¢¥à¨âì, çâ® R0 = R − k2. �á¯®«ì§ãï ¯à¥¤«®¦¥­¨¥ 4.1 ¨ «¥¬¬ã 4.2,
¯®«ãç ¥¬

E (sgnU detW ) = E (sgnX det (kXe+W 0)) =

= E (sgnX bn(kX,R0)) = k sn(k
2, R0) = k sn(k

2, R− k2).

�

4.4. �¥¬¬ . �«ï ­¥çñâ­®£® ­ âãà «ì­®£® n ¨¬¥¥¬

Mn(r) =
r
1

2 sn(r, 1− r)

an
, r > 0.

�®ª § â¥«ìáâ¢®. �â® ¯à®¢¥àï¥âáï ¢ëç¨á«¥­¨¥¬. �
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5. �¥«¨ç¨­ë, á¢ï§ ­­ë¥ á® á«ãç ©­ë¬ ¬­®£®ç«¥­®¬

�«ï ­ âãà «ì­®£® n ¢ë¡¥à¥¬ â ª¨¥ ¯®áâ®ï­­ë¥ kn, ln, çâ®¡ë ¢ë¯®«­ï«¨áì
­¥à ¢¥­áâ¢ 

|detw| 6 kn∥w∥n, ∥ adw∥ 6 ln∥w∥n−1, w ∈ L+(Rn).

�ãáâì F ∈̂ Hm(Rn+1) | ã¤®¢«¥â¢®à¨â¥«ì­ë© á«ãç ©­ë© ¬­®£®ç«¥­ á ¯ à -
¬¥âà®¬ r.

5.1. �â¢¥à¦¤¥­¨¥. �à¥¤¯®«®¦¨¬, çâ® r > 0. �®£¤ :  ) E |Ac
F (o)| < ∞,

c ∈ R; ¡) ¥á«¨ n ­¥çñâ­®, â® EAc
F (o) → ∓Mn(r), c → ±0.

�®ª § â¥«ìáâ¢®. �ãáâì

N =
E |DF (o)|2

n
, G =

N−n
2

an
.

�«ï c ∈ R, C > 0, f ∈ Hm(Rn+1) ¯®«®¦¨¬

Ec
f = E

cf(o) det (cf(o)e+D2f(o))

(c2f(o)2 + |DF (o)|2)
n+1
2

, KC
f = knG(Cn

1

2 |f(o)|+ ∥D2f(o)∥)n.

�á¯®«ì§ãï ãâ¢¥à¦¤¥­¨¥ 3.2  ), ¯®«ãç ¥¬ |Ec
f | 6 KC

f , |c| 6 C, f ∈ Hm(Rn+1).

�á¯®«ì§ãï ¯à¥¤«®¦¥­¨¥ 1.1, «¥£ª® ¯à®¢¥à¨âì, çâ® EKC
F < ∞, C > 0.

�¥¯¥àì ç áâì  ) á«¥¤ã¥â ¨§ â®£®, çâ®, ¢ á¨«ã á«¥¤áâ¢¨ï 1.2, ¨¬¥¥¬ E |Ac
F (o)| =

E |Ec
F |, c ∈ R.

�ãáâì n ­¥çñâ­®. �á¯®«ì§ãï ãâ¢¥à¦¤¥­¨¥ 3.2 ¡), ¯®«ãç ¥¬

Ec
f → ±G sgn f(o) detD2f(o), c → ±0, f ∈ Hm(Rn+1).

�á¯®«ì§ãï ¯à¥¤«®¦¥­¨ï 1.1, 1.3, ãâ¢¥à¦¤¥­¨¥ 4.3, «¥¬¬ã 4.4, ¯®«ãç ¥¬

E (sgnF (o) detD2F (o)) = −Mn(r)

G
.

�à¨¬¥­ïï â¥®à¥¬ã �¥¡¥£  ® ¯à¥¤¥«ì­®¬ ¯¥à¥å®¤¥, ¯®«ãç ¥¬ EEc
F → ∓Mn(r),

c → ±0. �¥¯¥àì ç áâì ¡) á«¥¤ã¥â ¨§ â®£®, çâ®, ¢ á¨«ã á«¥¤áâ¢¨ï 1.2, ¨¬¥¥¬
EAc

F (o) = EEc
F , c ∈ R. �

5.2. �â¢¥à¦¤¥­¨¥. �à¥¤¯®«®¦¨¬, çâ® r > 0. �®£¤ :  ) E |Bc
F (o)| < ∞,

c ∈ R; ¡) EBc
F (o) → EB0

F (o), c → 0.

�®ª § â¥«ìáâ¢®. �«ï C > 0, f ∈ Hm(Rn+1) ¯®«®¦¨¬

LC
f = ln(C + 1)

(Cn
1

2 |f(o)|+ ∥D2f(o)∥
|Df(o)|

)n−1
.

�¬¥¥¬ |Bc
f (o)| 6 LC

f , |c| 6 C, f ∈ Hm(Rn+1). �á¯®«ì§ãï ¯à¥¤«®¦¥­¨¥ 1.1 ¨

á«¥¤áâ¢¨¥ 1.2, «¥£ª® ¯à®¢¥à¨âì, çâ® ELC
F < ∞, C > 0. �âáî¤  ­¥¯®áà¥¤áâ¢¥­­®

á«¥¤ã¥â ç áâì  ) ¨ ¯® â¥®à¥¬¥ �¥¡¥£  ® ¯à¥¤¥«ì­®¬ ¯¥à¥å®¤¥ | ç áâì ¡). �
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6. �­â¥£à «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ í©«¥à®¢®© å à ªâ¥à¨áâ¨ª¨

�¨ªá¨àã¥¬ c ̸= 0 ¨ à¥£ã«ïà­ë© ¬­®£®ç«¥­ f ∈ Hm(Rn+1). �¯à¥¤¥«¨¬ ®â®¡-
à ¦¥­¨ï g : Sn → Rn+1, h : Sn → Sn ä®à¬ã« ¬¨

g(x) = cf(x)x+Df(x), h(x) =
g(x)

|g(x)|
, x ∈ Sn.

6.1. �â¢¥à¦¤¥­¨¥. �á«¨ n ­¥çñâ­®, â®

deg h = 1− sgn c χ(Vf ).

�â® ¢ à¨ ­â ä®à¬ã«ë �¨¬è¨ è¢¨«¨, á¬. [3].

6.2. �â¢¥à¦¤¥­¨¥. �¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

deg h =
1

|Sn|

∫
x∈Sn

Jc
f (x) dx.

�®ª § â¥«ìáâ¢®. �â® á«¥¤ã¥â ¨§ â®£®, çâ®, ª ª «¥£ª® ¯à®¢¥à¨âì, äã­ªæ¨ï Jc
f

¥áâì ïª®¡¨ ­ ®â®¡à ¦¥­¨ï h. �

7. �©«¥à®¢  å à ªâ¥à¨áâ¨ª  á«ãç ©­®© £¨¯¥à¯®¢¥àå­®áâ¨

�®ª § â¥«ìáâ¢® â¥®à¥¬ë. �ãáâì r > 0 (¨­ ç¥ âà¨¢¨ «ì­®).
�ë¡¥à¥¬ ¯à®¨§¢®«ì­®¥ c ̸= 0. � á¨«ã á¨¬¬¥âà¨¨ ¨ ãâ¢¥à¦¤¥­¨© 5.1  ), 5.2

 ) ¨¬¥¥¬ E |Jc
F (x)| = E |Jc

F (o)| < ∞, x ∈ Sn. �â® ®¯à ¢¤ë¢ ¥â ¡ã¤ãé¥¥ ¨á¯®«ì-
§®¢ ­¨¥ ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï ¨ ¨­â¥£à « . �á¯®«ì§ãï ¯à¥¤«®¦¥­¨¥ 2.1,
ãâ¢¥à¦¤¥­¨ï 6.1, 6.2 ¨ á®®¡à ¦¥­¨¥ á¨¬¬¥âà¨¨, ¯®«ãç ¥¬

1− sgn c Eχ(VF ) = E
( 1

|Sn|

∫
x∈Sn

Jc
F (x) dx

)
= EJc

F (o).

� á¨«ã ãâ¢¥à¦¤¥­¨© 5.1 ¡), 5.2 ¡) ¢ ¯à¥¤¥«¥ ¯à¨ c → ±0 ¯®«ãç ¥¬

1∓Eχ(VF ) = ∓Mn(r) +EB0
F (o),

®âªã¤  á«¥¤ã¥â âà¥¡ã¥¬®¥. �
� ¬¥ç ­¨¥. �®¯ãâ­® ¯®«ãç¨«®áì, çâ® EB0

F (o) = 1. �®¦­® ¯®ª § âì, çâ® ¥á«¨
áã¦¥­¨¥ ¬­®£®ç«¥­  f ∈ Hm(Rn+1) ­  áä¥àã Sn ¨¬¥¥â â®«ìª® ­¥¢ëà®¦¤¥­­ë¥
ªà¨â¨ç¥áª¨¥ â®çª¨, â®

1

|Sn|

∫
x∈Sn

B0
f (x) dx = 1.
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