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�®ª §ë¢ ¥âáï, çâ® ç¨á«  �â¨ä¥«ï | �¨â­¨ ª®¬¯ ªâ­®£® £« ¤ª®£® ¯®¤¬­®£®®¡-
à §¨ï ¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢  «¨­¥©­® § ¢¨áïâ ®â å à ªâ¥à¨áâ¨ç¥áª®© äã­ªæ¨¨
¬­®¦¥áâ¢  ¥£® à®áâª®¢ (ª ª ¯®¤¬­®¦¥áâ¢  ¬­®¦¥áâ¢  ¢á¥å à®áâª®¢ ¯®¤¬­®£®®¡-
à §¨©),   ¯®«ãå à ªâ¥à¨áâ¨ª  ª®¬¯ ªâ­®£® m-¬¥à­®£® vn-¯®¤¬­®£®®¡à §¨ï ¥¢-
ª«¨¤®¢  ¯à®áâà ­áâ¢ , m+1 = 2n, ª¢ ¤à â¨ç­® § ¢¨á¨â ®â å à ªâ¥à¨áâ¨ç¥áª®©
äã­ªæ¨¨ ¬­®¦¥áâ¢  ¥£® à®áâª®¢ (áç¨â ¥âáï, çâ® ä¨ªá¨à®¢ ­® â ª®¥ ­¥¯à¥àë¢­®¥
®â®¡à ¦¥­¨¥ ­¥ª®â®à®£® â®¯®«®£¨ç¥áª®£® ¯à®áâà ­áâ¢  ¢ ¬­®£®®¡à §¨¥ �à á-
á¬ ­  m-¬¥à­ëå «¨­¥©­ëå ¯®¤¯à®áâà ­áâ¢ ®¡ê¥¬«îé¥£® ¯à®áâà ­áâ¢ , çâ® ®¡-
à § ª« áá  � vn ª ­®­¨ç¥áª®£® à áá«®¥­¨ï ¯à¨ ¨­¤ãæ¨à®¢ ­­®¬ £®¬®¬®àä¨§¬¥
à ¢¥­ ­ã«î, ¨ ¯®¤ vn-¯®¤¬­®£®®¡à §¨¥¬ ¯®­¨¬ ¥âáï £« ¤ª®¥ ¯®¤¬­®£®®¡à §¨¥,
á­ ¡¦ñ­­®¥ ¯®¤­ïâ¨¥¬ ¢ íâ® ¯à®áâà ­áâ¢® á¢®¥£® ª á â¥«ì­®£® £ ãáá®¢  ®â®¡à -
¦¥­¨ï).

0. �¢¥¤¥­¨¥

�¥«ì à ¡®âë | â¥®à¥¬ë 0.1 ¨ 0.2.

�®£« è¥­¨ï ¨ â. ¯. �­®£®®¡à §¨ï ¨ ¯®¤¬­®£®®¡à §¨ï | £« ¤ª¨¥ ¡¥§ ªà ï.
�®æ¥¯¨, £®¬®«®£¨¨ ¨ â. ¤. | á¨­£ã«ïà­ë¥ á ª®íää¨æ¨¥­â ¬¨ ¢ ¯®«¥ Z2 (=
{0, 1}). �ãáª © Z+ = {0, 1, . . . }. �«ï ¬­®¦¥áâ¢  F ¯ãáª © !F | ¢¥ªâ®à­®¥
¯à®áâà ­áâ¢® ¢á¥å äã­ªæ¨© u : F → Z2.

�®¡®à¤¨§¬ë. �ãáâì ¤ ­® ç¨á«® m ∈ Z+. �ãáª © Nm | m-ï £àã¯¯  ­¥®à¨-
¥­â¨à®¢ ­­ëå ª®¡®à¤¨§¬®¢; áç¨â ¥¬ ¥ñ ¢¥ªâ®à­ë¬ ¯à®áâà ­áâ¢®¬ ­ ¤ ¯®«¥¬
Z2. �«ï ª®¬¯ ªâ­®£® m-¬¥à­®£® ¬­®£®®¡à §¨ï X ¯ãáª © X ∈ Nm | ¥£® ª« áá
ª®¡®à¤ ­â­®áâ¨.

�®áâª¨. �ãáâì ¤ ­ë â ª¨¥ ç¨á«  m, q ∈ Z+, çâ® m 6 q. � áá¬®âà¨¬ ¬­®-
¦¥áâ¢® ¯ à (X,x), £¤¥ X ⊂ Rq | m-¬¥à­®¥ ¯®¤¬­®£®®¡à §¨¥, x ∈ X. � ª¨¥
¯ àë (Xi, xi), i = 0, 1, ¯®« £ ¥¬ íª¢¨¢ «¥­â­ë¬¨, ¥á«¨ x0 = x1 ¨ áãé¥áâ¢ã¥â
â ª ï ®ªà¥áâ­®áâì O ⊂ Rq â®çª¨ x0, çâ® X0 ∩ O = X1 ∩ O. �« áá íâ®© íª¢¨-
¢ «¥­â­®áâ¨ ­ §ë¢ ¥âáï à®áâª®¬ m-¬¥à­®£® ¯®¤¬­®£®®¡à §¨ï ¯à®áâà ­áâ¢ 
Rq. �ãáª © Eq

m | ¬­®¦¥áâ¢® íâ¨å à®áâª®¢.

�«ï m-¬¥à­®£® ¯®¤¬­®£®®¡à §¨ï X ⊂ Rq ¨ â®çª¨ z ∈ Rq ®¯à¥¤¥«ï¥¬ í«¥-
¬¥­â X(z) ∈ Eq

m ⊔Rq, ¯®« £ ï ¥£® à ¢­ë¬ ª« ááã ¯ àë (X, z), ¥á«¨ z ∈ X, ¨

�¯ á¨¡® �. �. �¥æ¢¥â ¥¢ã ¨ �. �®à¡ èã §  ®â¢¥âë ­  ¬®¨ ¢®¯à®áë.
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à ¢­ë¬ â®çª¥ z ¨­ ç¥. �«ï m-¬¥à­®£® ¯®¤¬­®£®®¡à §¨ï X ⊂ Rq ®¯à¥¤¥«ï¥¬
äã­ªæ¨î I(X) ∈ !Eq

m, ¤«ï à®áâª  e ∈ Eq
m ¯®« £ ï

I(X)(e) =

{
1, ¥á«¨ e ∈ {X(x) | x ∈ X },
0 ¨­ ç¥.

�¥à¢ë© à¥§ã«ìâ â. �ãáâì ¤ ­ë â ª¨¥ ç¨á«  m, q ∈ Z+, çâ® m 6 q.

0.1. �¥®à¥¬ . �ãé¥áâ¢ã¥â â ª®¥ «¨­¥©­®¥ ®â®¡à ¦¥­¨¥ B : !Eq
m → Nm,

çâ® ¤«ï «î¡®£® ª®¬¯ ªâ­®£® m-¬¥à­®£® ¯®¤¬­®£®®¡à §¨ï X ⊂ Rq ¨¬¥¥¬ X =
B(I(X)).

�®ª § â¥«ìáâ¢® ®á­®¢ ­® ­  ¯à¨¬¥­¥­¨¨ â¥®à¥¬ë �®¬  ® â®¬, çâ® ª« áá
ª®¡®à¤ ­â­®áâ¨ ¬­®£®®¡à §¨ï ®¯à¥¤¥«ï¥âáï ¥£® ç¨á« ¬¨ �â¨ä¥«ï | �¨â­¨.

�®«ãå à ªâ¥à¨áâ¨ª . �®«ãå à ªâ¥à¨áâ¨ª®© ­¥çñâ­®¬¥à­®£® ª®¬¯ ªâ­®£®
¬­®£®®¡à §¨ï X ­ §ë¢ ¥âáï í«¥¬¥­â

κ(X) =
1

2
dimH∗(X) mod 2 ∈ Z2.

�«£¥¡à ¨ç¥áª ï áâ¥¯¥­ì. �ãáâì ¤ ­ë ¢¥ªâ®à­ë¥ ¯à®áâà ­áâ¢  V ¨ V ′ ­ ¤
¯®«¥¬ Z2 ¨ ®â®¡à ¦¥­¨¥ T : V → V ′. �¯à¥¤¥«¥­  áâ¥¯¥­ì deg T ∈ Z+ ∪ {∞}
®â®¡à ¦¥­¨ï T . �¥à ¢¥­áâ¢® deg T 6 r (r ∈ Z+) à ¢­®á¨«ì­® ãá«®¢¨î∑

t0,...,tr∈Z2

T (a+ t0b0 + . . .+ trbr) = 0, a, b0, . . . , br ∈ V.

�â®¡à ¦¥­¨¥ T «¨­¥©­®, ¥á«¨ ¨ â®«ìª® ¥á«¨ T (0) = 0 ¨ deg T 6 1. �­® ª¢ -
¤à â¨ç­®, ¥á«¨ ¨ â®«ìª® ¥á«¨ T (0) = 0 ¨ deg T 6 2.

� ¬¥ç ­¨¥. �ãáâì ¤ ­ â ª®© äã­ªæ¨®­ « K : !E3
1 → Z2, çâ® ¤«ï «î¡®©

ªà¨¢®© (ª®¬¯ ªâ­®£® ®¤­®¬¥à­®£® ¯®¤¬­®£®®¡à §¨ï) X ⊂ R3 ¨¬¥¥¬ κ(X) =
K(I(X)). �®ª ¦¥¬1, çâ® degK = ∞.

�®§ì¬ñ¬ ¯à®¨§¢®«ì­®¥ ç¨á«® r ∈ Z+ \ {0}. �ãáâì A ⊂ R3 | ªà¨¢ ï, ­ -
à¨á®¢ ­­ ï ­  ç¥àâ¥¦¥ ¦¨à­®© «¨­¨¥©. � ­¥© ¯à¨áâ ¢«¥­ë r + 1 ¢«®¦¥­­ëå
àãç¥ª, ­ à¨á®¢ ­­ëå á¥àë¬¨. �à®­ã¬¥àã¥¬ ¨å ®â 0 ¤® r. �«ï í«¥¬¥­â®¢
t0, . . . , tr ∈ Z2 ¯ãáâì X(t0, . . . , tr) ⊂ R3 | ªà¨¢ ï, ¯®«ãç îé ïáï ¨§ ªà¨-
¢®© A ¯¥à¥áâà®©ª®© ¢¤®«ì àãç¥ª á â¥¬¨ ­®¬¥à ¬¨ s = 0, . . . , r, ¤«ï ª®â®àëå
ts = 1. �¨á«® ª®¬¯®­¥­â ªà¨¢®©, ¯®«ãç îé¥©áï ¯à¨ ¯¥à¥áâà®©ª¥ ¢¤®«ì p àã-
ç¥ª (p = 0, . . . , r + 1), à ¢­® p ¯à¨ p > 0 ¨ 1 ¯à¨ p = 0. �®íâ®¬ã∑

t0,...,tr∈Z2

κ(X(t0, . . . , tr)) = 1 +
∑

t0,...,tr∈Z2

(t0 + . . .+ tr) = 1.

�¬¥îâáï â ª¨¥ äã­ªæ¨¨ a, b0, . . . , br ∈ !E3
1 , çâ® I(X(t0, . . . , tr)) = a + t0b0 +

. . . + trbr, t0, . . . , tr ∈ Z2. �¬¥¥¬ κ(X(t0, . . . , tr)) = K(a + t0b0 + . . . + trbr),
t0, . . . , tr ∈ Z2. �. ®., degK > r.

� áá¬®âà¥¢ ¤¥ª àâ®¢® ¯à®¨§¢¥¤¥­¨¥ íâ®© ª®­áâàãªæ¨¨ ­  ¬­®£®®¡à §¨¥RP 2k

(k ∈ Z+), ¢«®¦¥­­®¥ ¢ ¥¢ª«¨¤®¢® ¯à®áâà ­áâ¢®, ¯®«ãç¨¬  ­ «®£¨ç­®¥ ãâ¢¥à-
¦¤¥­¨¥ ¤«ï (2k + 1)-¬¥à­ëå ¯®¤¬­®£®®¡à §¨©.

1�«¥¤ãîé¥¥ à ááã¦¤¥­¨¥ ¬­¥ à ááª § « �. �. �ãá à®¢.
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�« ááë �. �á«¨ ¤ ­® â®¯®«®£¨ç¥áª®¥ ¯à®áâà ­áâ¢® B, â® ¤«ï ¢¥ªâ®à­®£®
à áá«®¥­¨ï ζ ­ ¤ ­¨¬ ¥£® ª« ááë � vi(ζ) ∈ Hi(B), i ∈ Z+, ®¯à¥¤¥«ïîâáï
à ¢¥­áâ¢®¬ Sq v(ζ) = w(ζ) | §¤¥áì ¨ ¤ «¥¥

Sq =

∞∑
i=0

Sqi, v(ζ) =

∞∑
i=0

vi(ζ), w(ζ) =

∞∑
i=0

wi(ζ).

f-¯®¤¬­®£®®¡à §¨ï. �ãáâì ¤ ­ë â ª¨¥ ç¨á«  m, q ∈ Z+, çâ® m 6 q. �ãáª ©
Gq

m | ¬­®£®®¡à §¨¥ m-¬¥à­ëå «¨­¥©­ëå ¯®¤¯à®áâà ­áâ¢ ¯à®áâà ­áâ¢  Rq,
γq
m | ª ­®­¨ç¥áª®¥ ¢¥ªâ®à­®¥ à áá«®¥­¨¥ ­ ¤ ¬­®£®®¡à §¨¥¬ Gq

m.
�«ï m-¬¥à­®£® ¯®¤¬­®£®®¡à §¨ï X ⊂ Rq ¥£® ª á â¥«ì­®¥ ®â®¡à ¦¥­¨¥

t : X → Gq
m ®¯à¥¤¥«ï¥âáï â¥¬, çâ® ª á â¥«ì­®¥ ¯®¤¯à®áâà ­áâ¢® ¯®¤¬­®£®®¡-

à §¨ï X ¢ ª ¦¤®© â®çª¥ x ∈ X ¥áâì t(x).
�ãáâì ¤ ­ë â®¯®«®£¨ç¥áª®¥ ¯à®áâà ­áâ¢® B ¨ ­¥¯à¥àë¢­®¥ ®â®¡à ¦¥­¨¥

f : B → Gq
m. � àã (X, g), £¤¥ X ⊂ Rq | m-¬¥à­®¥ ¯®¤¬­®£®®¡à §¨¥, g : X → B

| ­¥¯à¥àë¢­®¥ ®â®¡à ¦¥­¨¥, ­ §ë¢ ¥¬ f -¯®¤¬­®£®®¡à §¨¥¬, ¥á«¨ f ◦g | ª á -
â¥«ì­®¥ ®â®¡à ¦¥­¨¥ ¯®¤¬­®£®®¡à §¨ï X. f -¯®¤¬­®£®®¡à §¨¥ (X, g) ­ §ë¢ ¥¬
ª®¬¯ ªâ­ë¬, ¥á«¨ ¯®¤¬­®£®®¡à §¨¥ X ª®¬¯ ªâ­®.

�å à®áâª¨. �ãáâì ¤ ­ë â ª¨¥ ç¨á«  m, q ∈ Z+, çâ® m 6 q, â®¯®«®£¨ç¥áª®¥
¯à®áâà ­áâ¢® B ¨ ­¥¯à¥àë¢­®¥ ®â®¡à ¦¥­¨¥ f : B → Gq

m. � áá¬®âà¨¬ ¬­®-
¦¥áâ¢® âà®¥ª (X, g, x), £¤¥ (X, g) | f -¯®¤¬­®£®®¡à §¨¥, x ∈ X. � ª¨¥ âà®©ª¨
(Xi, gi, xi), i = 0, 1, ¯®« £ ¥¬ íª¢¨¢ «¥­â­ë¬¨, ¥á«¨ x0 = x1 ¨ áãé¥áâ¢ã¥â â ª ï
®ªà¥áâ­®áâì O ⊂ Rq â®çª¨ x0, çâ® X0 ∩ O = X1 ∩ O ¨ g0|X0 ∩ O = g1|X1 ∩ O.
�« áá íâ®© íª¢¨¢ «¥­â­®áâ¨ ­ §ë¢ ¥¬ à®áâª®¬ f -¯®¤¬­®£®®¡à §¨ï. �ãáª ©
Ef | ¬­®¦¥áâ¢® íâ¨å à®áâª®¢.

�«ï f -¯®¤¬­®£®®¡à §¨ï (X, g) ¨ â®çª¨ z ∈ Rq ®¯à¥¤¥«ï¥¬ í«¥¬¥­â (X, g)(z) ∈
Ef ⊔Rq, ¯®« £ ï ¥£® à ¢­ë¬ ª« ááã âà®©ª¨ (X, g, z), ¥á«¨ z ∈ X, ¨ à ¢­ë¬ â®ç-
ª¥ z ¨­ ç¥. �«ï f -¯®¤¬­®£®®¡à §¨ï (X, g) ®¯à¥¤¥«ï¥¬ äã­ªæ¨î I(X, g) ∈ !Ef ,
¤«ï à®áâª  e ∈ Ef ¯®« £ ï

I(X, g)(e) =

{
1, ¥á«¨ e ∈ { (X, g)(x) | x ∈ X },
0 ¨­ ç¥.

�â®à®© à¥§ã«ìâ â. �ãáâì ¤ ­ë â ª¨¥ ç¨á«  m,n, q ∈ Z+, çâ® m + 1 = 2n ¨
m 6 q, â®¯®«®£¨ç¥áª®¥ ¯à®áâà ­áâ¢® B ¨ ­¥¯à¥àë¢­®¥ ®â®¡à ¦¥­¨¥ f : B →
Gq

m.

0.2. �¥®à¥¬ . �à¥¤¯®«®¦¨¬, çâ® f∗(vn(γ
q
m)) = 0. �®£¤  áãé¥áâ¢ã¥â â -

ª®© ª¢ ¤à â¨ç­ë© äã­ªæ¨®­ « K : !Ef → Z2, çâ® ¤«ï «î¡®£® ª®¬¯ ªâ­®£®
f -¯®¤¬­®£®®¡à §¨ï (X, g) ¨¬¥¥¬ κ(X) = K(I(X, g)).

�à¥¤¯®«®¦¨¬, çâ® f | ª ­®­¨ç¥áª®¥ ¤¢ã«¨áâ­®¥ ­ ªàëâ¨¥. �®£¤  f -¯®¤-
¬­®£®®¡à §¨¥ | â® ¦¥, çâ® m-¬¥à­®¥ ®à¨¥­â¨à®¢ ­­®¥ ¯®¤¬­®£®®¡à §¨¥ ¯à®-
áâà ­áâ¢ Rq. �à¥¤¯®«®¦¨¬, çâ® ç¨á«® n ­¥çñâ­®. �§ «¥¬¬ë 0.3 (­¨¦¥) á«¥¤ã-
¥â, çâ® â®£¤  f∗(vn(γ

q
m)) = 0. � íâ®¬ ç áâ­®¬ á«ãç ¥ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë 0.2

¤®ª § ­® ¢ [1]. �®ç­¥¥, â ¬ ¤®ª § ­®  ­ «®£¨ç­®¥ ãâ¢¥à¦¤¥­¨¥ ¤«ï à æ¨®­ «ì-
­®© ¯®«ãå à ªâ¥à¨áâ¨ª¨. �® â  ®â«¨ç ¥âáï ®â ­ è¥© ­  ç¨á«® �â¨ä¥«ï |
�¨â­¨ ([2]). �®íâ®¬ã, ¢ á¨«ã â¥®à¥¬ë 0.1, íâ¨ ¤¢  ãâ¢¥à¦¤¥­¨ï à ¢­®á¨«ì­ë,
¢¥¤ì ­ ¤ ¯®«¥¬ Z2 «î¡®© «¨­¥©­ë© äã­ªæ¨®­ « ª¢ ¤à â¨ç¥­.
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0.3. �¥¬¬  (áà. [3, Corollary 3.11]). �ãáâì ¤ ­® ®à¨¥­â¨àã¥¬®¥ ¢¥ªâ®à­®¥
à áá«®¥­¨¥ ζ. �®£¤  vi(ζ) = 0 ¯à¨ ­¥çñâ­ëå i ∈ Z+.

�®ª § â¥«ìáâ¢®. � ®¡®§­ ç¥­¨ïå å à ªâ¥à¨áâ¨ç¥áª¨å ª« áá®¢ ¡ãª¢ã ζ ¡ã¤¥¬
®¯ãáª âì. � ááã¦¤ ¥¬ ¯® ¨­¤ãªæ¨¨. �®§ì¬ñ¬ ç¨á«® k ∈ Z+. �à¥¤¯®«®¦¨¬,
çâ® v2k′+1 = 0 ¯à¨ k′ < k. �®ª ¦¥¬, çâ® v2k+1 = 0. �® ®¯à¥¤¥«¥­¨î ª« áá®¢
� ¨ ¯à¥¤¯®«®¦¥­¨î, ¨¬¥¥¬

w2k+1 = v2k+1 +

k∑
l=0

Sq2l+1 v2(k−l),(1)

w2k =
k∑

l=0

Sq2l v2(k−l).(2)

�á¯®«ì§ãï á®®â­®è¥­¨ï �¤¥¬  Sq1 Sq2l = Sq2l+1, l ∈ Z+, ¨§ à ¢¥­áâ¢  (2)
¯®«ãç ¥¬

(3) Sq1 w2k =

k∑
l=0

Sq2l+1 v2(k−l).

�® ä®à¬ã«¥ �, Sq1 w2k = w2k+1 + w1w2k = w2k+1, â. ª. w1 = 0. �âáî¤  ¨ ¨§
à ¢¥­áâ¢ (1) ¨ (3) ¯®«ãç ¥¬ v2k+1 = 0. �

1. �à¥¤¢ à¨â¥«ì­ë© ¬ â¥à¨ «

�â ­¤ àâ­ë¥ ¯à®áâà ­áâ¢ . �ãáâì ¤ ­® ç¨á«® q ∈ Z+. � ¦¤ãî â®çªã
z ∈ Rq ®â®¦¤¥áâ¢«ï¥¬ á ¯®á«¥¤®¢ â¥«ì­®áâìî (z1, . . . , zq, 0, 0, . . . ). �ãáª ©

Rq+1
− = { z ∈ Rq+1 : zq+1 6 0 }. �¬¥¥¬ Rq = ∂Rq+1

− . �®¤ áä¥à®© Sq ¯®-
­¨¬ ¥âáï ®¤­®â®ç¥ç­ ï ª®¬¯ ªâ¨ä¨ª æ¨ï ¯à®áâà ­áâ¢  Rq: Sq = Rq ∪ {∞}.
�­ «®£¨ç­®, Dq+1 = Rq+1

− ∪ {∞}. �¬¥¥¬ Sq ⊂ Dq+1.

�®ªàã£ ¬­®£®®¡à §¨© �à áá¬ ­ . �ãáâì ¤ ­ë â ª¨¥ ç¨á«  m, q ∈ Z+,
çâ® m 6 q. �ãáª © γq

m | ®àâ®£®­ «ì­®¥ ¤®¯®«­¥­¨¥ à áá«®¥­¨ï γq
m ¯à¨

¥£® ª ­®­¨ç¥áª®¬ ¢«®¦¥­¨¨ ¢ âà¨¢¨ «ì­®¥ à áá«®¥­¨¥ á® á«®¥¬ Rq. �ãáâì
e = (0, . . . , 0, 1) ∈ Rq+1. �¯à¥¤¥«ï¥¬ ¢«®¦¥­¨¥ sqm : Gq

m → Gq+1
m+1, ¯®« £ ï

sqm(F ) = F + Re, F ∈ Gq
m, ¨ á¥ç¥­¨¥ cqm à áá«®¥­¨ï sq ∗

m (γq+1
m+1), ª ­®­¨ç¥áª¨

®â®¦¤¥áâ¢«ïï ¥£® á«®© ­ ¤ ª ¦¤®© â®çª®© F ∈ Gq
m á ¯®¤¯à®áâà ­áâ¢®¬ sqm(F )

¨ ¯®« £ ï cqm(F ) = e.

�â¬¥ç¥­­ë¥ â®çª¨. �«ï ¯à®áâà ­áâ¢  Q á ®â¬¥ç¥­­®© â®çª®© ∞ ¯®« £ ¥¬
Q = (Q, {∞}). �®çªã, ®¡®§­ ç ¥¬ãî ∞, ¢á¥£¤  áç¨â ¥¬ ®â¬¥ç¥­­®©. �«ï

á®åà ­ïîé¥£® ®â¬¥ç¥­­ë¥ â®çª¨ ®â®¡à ¦¥­¨ï a : Q → Q′ ¯ãáª © a : Q → Q′ |
á®®â¢¥âáâ¢ãîé¥¥ ®â®¡à ¦¥­¨¥ ¯ à.

�ã¦¥­¨ï, ¢ª«îç¥­¨ï ¨ â. ¯. �á«¨ ¤ ­ë ¬­®¦¥áâ¢  Q ¨ Q′ ¨ ¯®¤¬­®¦¥áâ¢ 
P ⊂ Q ¨ P ′ ⊂ Q′, â® ¤«ï ®â®¡à ¦¥­¨ï t : Q → P ′ ¯ãáª © t|P : P → P ′ ¨
Q′|t : Q → Q′ | ®â®¡à ¦¥­¨ï, á®¢¯ ¤ îé¨¥ á ­¨¬ ¢ ª ¦¤®© â®çª¥. � ª ¦¥
¯¨è¥¬ ¤«ï ª®æ¥¯¥©, £®¬®«®£¨ç¥áª¨å ª« áá®¢ ¨ â. ¯., ¨¬¥ï ¢ ¢¨¤ã ®â®¡à ¦¥­¨ï,
¨­¤ãæ¨à®¢ ­­ë¥ ¢ª«îç¥­¨ï¬¨.
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�¥®à¨ï £®¬®«®£¨©. � ®¡®§­ ç¥­¨ïå £àã¯¯/ª®¬¯«¥ªá  (ª®)æ¥¯¥© ã¯®âà¥¡«ï-
¥âáï ¡ãª¢  C, £àã¯¯ (ª®)æ¨ª«®¢ | ¡ãª¢  Z. �«ï â®¯®«®£¨ç¥áª®© ¯ àë (Q,P )
¯ãáª © H×(Q,P ) |  «£¥¡à  àï¤®¢ x0 + x1 + . . . , £¤¥ xi ∈ Hi(Q,P ), i ∈ Z+.

�«ï ª®¬¯ ªâ­®£® m-¬¥à­®£® (m ∈ Z+) ¬­®£®®¡à §¨ï-á-ªà ¥¬ X ¯ãáª ©
[X] ∈ Hm(X, ∂X) | ¥£® ®â­®á¨â¥«ì­ë© äã­¤ ¬¥­â «ì­ë© ª« áá. �«ï ç¨á-
«  q ∈ Z+ ¯ãáª © [Sq] ∈ Hq(S

q), [Dq+1] ∈ Hq+1(D
q+1, Sq) | ­¥­ã«¥¢ë¥ ª« ááë.

�®¤ç¨­ñ­­ë¥ (ª®)æ¥¯¨. �ãáâì ¤ ­® â®¯®«®£¨ç¥áª®¥ ¯à®áâà ­áâ¢® Q ¨ á¨-
áâ¥¬  � ¬­®¦¥áâ¢ ¢ ­ñ¬. �ãáª © C∗(�) | ¯®¤ª®¬¯«¥ªá ª®¬¯«¥ªá  C∗(Q),
¯®à®¦¤ñ­­ë© á¨­£ã«ïà­ë¬¨ á¨¬¯«¥ªá ¬¨, ¯®¤ç¨­ñ­­ë¬¨ á¨áâ¥¬¥ �, â. ¥. â¥-
¬¨ á¨­£ã«ïà­ë¬¨ á¨¬¯«¥ªá ¬¨ σ : �p → Q (p ∈ Z+), ¤«ï ª®â®àëå áãé¥áâ¢ã¥â
â ª®¥ ¬­®¦¥áâ¢® R ∈ �, çâ® σ(�p) ⊂ R ([4, £«. III, § 7]). �®®â¢¥âáâ¢¥­­® ¯®-
­¨¬ ¥¬ ®¡®§­ ç¥­¨ï Z∗(�), C

∗(�) ¨ â. ¤. � ç áâ­®áâ¨, C∗(Q,�) | ª®¬¯«¥ªá
ª®æ¥¯¥© ¯à®áâà ­áâ¢  Q, à ¢­ëå ­ã«î ­  ª ¦¤®¬ ¬­®¦¥áâ¢¥ R ∈ �,  H∗(Q,�)
| á®®â¢¥âáâ¢ãîé ï  «£¥¡à  ª®£®¬®«®£¨©. �á«¨ ¥áâì ®â¬¥ç¥­­ ï â®çª  ∞ ∈ Q
¨

∞ ∈
∪
R∈�

R,

â® ¯ãáª © � = (�, {∞}), C∗(�) | á®®â¢¥âáâ¢ãîé¨© ª®¬¯«¥ªá ®â­®á¨â¥«ì­ëå
æ¥¯¥© ¨ â. ¤.

�¯¥à æ¨¨ ­ ¤ ª®æ¥¯ï¬¨. �«ï p-¬¥à­®© (p ∈ Z) ª®æ¥¯¨ T ¨¬¥¥¬ Sqi T =
T∪p−iT , i ∈ Z+ ([5, £«. 18]). �® ¥áâ¥áâ¢¥­­®áâ¨ íâ¨ ®¯¥à æ¨¨ à á¯à®áâà ­ïîâáï
­  ª®æ¥¯¨, ¢¢¥¤ñ­­ë¥ ¢ ¯à¥¤ë¤ãé¥¬ ¯ã­ªâ¥.

�«ñ­ª¨. �ãáâì ¤ ­ë â ª¨¥ ç¨á«  m, q ∈ Z+, çâ® m 6 q. �®¬¯ ªâ­®¥ ¯®¤-

¬­®£®®¡à §¨¥-á-ªà ¥¬ Y ⊂ Rq+1
− ­ §ë¢ ¥¬ ¯«ñ­ª®©, ¥á«¨ ∂Y ⊂ Rq ¨ Y ∩ (Rq ×

(−1, 0]) = ∂Y × (−1, 0]. (m + 1)-¬¥à­ ï ¯«ñ­ª  Y ⊂ Rq+1
− ¨¬¥¥â ª á â¥«ì-

­®¥ ®â®¡à ¦¥­¨¥ t : Y → Gq+1
m+1, ®¯à¥¤¥«ï¥¬®¥ â ª ¦¥, ª ª ¤«ï ¯®¤¬­®£®®¡à -

§¨©. �ãáâì ¤ ­ë â®¯®«®£¨ç¥áª®¥ ¯à®áâà ­áâ¢® B1 ¨ ­¥¯à¥àë¢­®¥ ®â®¡à ¦¥-
­¨¥ f1 : B1 → Gq+1

m+1. � àã (Y, h), £¤¥ Y ⊂ Rq+1
− | (m + 1)-¬¥à­ ï ¯«ñ­ª ,

h : Y → B1 | ­¥¯à¥àë¢­®¥ ®â®¡à ¦¥­¨¥, ­ §ë¢ ¥¬ f1-¯«ñ­ª®©, ¥á«¨ f1 ◦ h |
ª á â¥«ì­®¥ ®â®¡à ¦¥­¨¥ ¯«ñ­ª¨ Y .

� áá«®¥­¨ï. �«ï â®¯®«®£¨ç¥áª®£® ¯à®áâà ­áâ¢  B ¯ãáª © ϵB | âà¨¢¨ «ì­®¥
à áá«®¥­¨¥ ­ ¤ ­¨¬ á® á«®¥¬ R. �«ï ¬­®£®®¡à §¨ï-á-ªà ¥¬ X ¯ãáª © τX |
¥£® ª á â¥«ì­®¥ à áá«®¥­¨¥.

�à¥¯ïâáâ¢¨¥. �á«¨ ¤ ­  â®¯®«®£¨ç¥áª ï ¯ à  (B1, B), â® ¤«ï p-¬¥à­®£® (p ∈
Z+) ¢¥ªâ®à­®£® à áá«®¥­¨ï η ­ ¤ ¯à®áâà ­áâ¢®¬ B1 ¨ ­¥ ®¡à é îé¥£®áï ¢
­ã«ì ­¥¯à¥àë¢­®£® á¥ç¥­¨ï a à áá«®¥­¨ï η|B ¯ãáª © o(η, a) ∈ Hp(B1, B) | p-©
®â­®á¨â¥«ì­ë© ª« áá �â¨ä¥«ï | �¨â­¨, â. ¥. ¯à¨¢¥¤ñ­­®¥ ¯® ¬®¤ã«î 2 ¯¥à¢®¥
¯à¥¯ïâáâ¢¨¥ ª ­¥¯à¥àë¢­®¬ã ¯à®¤®«¦¥­¨î á¥ç¥­¨ï a ¤® ­¥ ®¡à é îé¥£®áï ¢
­ã«ì á¥ç¥­¨ï à áá«®¥­¨ï η.

2. �®­áâàãªæ¨ï �®¬ 

�à®áâà ­áâ¢® �®¬ . �ãáâì ¤ ­® ¥¢ª«¨¤®¢® ¢¥ªâ®à­®¥ à áá«®¥­¨¥ ξ. �ãáâì
L | ¥£® ¯à®áâà ­áâ¢®, L′ ⊂ L | ¬­®¦¥áâ¢® ¢¥ªâ®à®¢ ¤«¨­ë ­¥ ¬¥­ìè¥ 1.
�à®áâà ­áâ¢®¬ �®¬  à áá«®¥­¨ï ξ ­ §ë¢ ¥âáï ¯à®áâà ­áâ¢® L/L′. �®« £ ¥¬
∞ = {L′}.
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�â®¡à ¦¥­¨¥ �®¬ . �ãáâì ¤ ­ë â ª¨¥ ç¨á«  m, q ∈ Z+, çâ® m 6 q. �ãáâì L
| ¯à®áâà ­áâ¢®, M | ¯à®áâà ­áâ¢® �®¬  à áá«®¥­¨ï γq

m, r : L → M | ¯à®¥ª-
æ¨ï. �¬¥¥¬ L = { (F, u) ∈ Gq

m×Rq : u ⊥ F }. �ãáâì ¤ ­® ª®¬¯ ªâ­®¥ m-¬¥à­®¥
¯®¤¬­®£®®¡à §¨¥ X ⊂ Rq. �ãáâì t : X → Gq

m | ¥£® ª á â¥«ì­®¥ ®â®¡à ¦¥­¨¥.
�ãáâì ¤ ­® ç¨á«® p > 0. �à¥¤¯®«®¦¨¢, çâ® ®­® ¤®áâ â®ç­® ¬ «®, ®¯à¥¤¥«¨¬
­¥¯à¥àë¢­®¥ ®â®¡à ¦¥­¨¥ a : Sq → M , ª®â®à®¥ ¡ã¤¥¬ ­ §ë¢ âì ®â®¡à ¦¥­¨¥¬
�®¬  á ¯ à ¬¥âà®¬ p ª ¯®¤¬­®£®®¡à §¨î X, â ª. �«ï â®çª¨ x ∈ X ¨ â ª®-
£® ¢¥ªâ®à  u ∈ Rq, çâ® u ⊥ t(x) ¨ |u| 6 1, ¯®«®¦¨¬ a(x + pu) = r(t(x), u).
�«ï â ª®© â®çª¨ z ∈ Rq, çâ® dist(X, z) > p, ¯®«®¦¨¬ a(z) = ∞. �®«®¦¨¬
a(∞) = ∞.

2.1. �¥¬¬  (áà. [5, 16.43]). �ãáâì ¤ ­ ª« áá f ∈ Hm(Gq
m). �ãáâì k ∈ Hq(M)

| ¥£® ®¡à § ¯à¨ ¨§®¬®àä¨§¬¥ �®¬ . �®£¤  ⟨t∗(f), [X]⟩ = ⟨a∗(k), [Sq]⟩. �

�éñ ¤¢  ®â®¡à ¦¥­¨ï �®¬ . �ãáâì ¤ ­ë â ª¨¥ ç¨á«  m, q ∈ Z+, çâ® m 6
q, â®¯®«®£¨ç¥áª®¥ ¯à®áâà ­áâ¢® B ¨ ­¥¯à¥àë¢­®¥ ®â®¡à ¦¥­¨¥ f : B → Gq

m.
�ãáâì P | ¯à®áâà ­áâ¢® �®¬  à áá«®¥­¨ï f∗(γq

m). �ãáâì ¤ ­ë ª®¬¯ ªâ­®¥ f -
¯®¤¬­®£®®¡à §¨¥ (X, g) ¨ ç¨á«® p > 0. �à¥¤¯®«®¦¨¢, çâ® ç¨á«® p ¤®áâ â®ç­®
¬ «®,  ­ «®£¨ç­® ¯à¥¤ë¤ãé¥¬ã ¯ã­ªâã ¯®áâà®¨¬ ®â®¡à ¦¥­¨¥ a : Sq → P ,
ª®â®à®¥ ¡ã¤¥¬ ­ §ë¢ âì ®â®¡à ¦¥­¨¥¬ �®¬  á ¯ à ¬¥âà®¬ p ª ¯ à¥ (X, g).

�ãáâì ¤ ­ë â®¯®«®£¨ç¥áª®¥ ¯à®áâà ­áâ¢® B1 ¨ ­¥¯à¥àë¢­®¥ ®â®¡à ¦¥­¨¥
f1 : B1 → Gq+1

m+1. �à¥¤¯®«®¦¨¬, çâ® B ⊂ B1 ¨ sqm ◦ f = f1|B. �ãáâì η =

f∗
1 (γ

q+1
m+1), P1 | ¯à®áâà ­áâ¢® �®¬  à áá«®¥­¨ï η. �¬¥ï ¢ ¢¨¤ã ª ­®­¨ç¥áª®¥

®â®¦¤¥áâ¢«¥­¨¥ γq
m = sq ∗

m (γq+1
m+1), ¡ã¤¥¬ áç¨â âì, çâ® f∗(γq

m) = η|B ¨ P ⊂ P1.
�ãáâì ¤ ­  â ª ï f1-¯«ñ­ª  (Y, h), çâ® X = ∂Y . �à¥¤¯®«®¦¨¢, çâ® ç¨á«®
p ¤®áâ â®ç­® ¬ «®,  ­ «®£¨ç­® ¯à¥¤ë¤ãé¥¬ã ¯ã­ªâã ¯®áâà®¨¬ ®â®¡à ¦¥­¨¥
b : Dq+1 → P1 (§¤¥áì ¢ ¦­®, çâ® ¯«ñ­ª  ¯®¤å®¤¨â ª ¯à®áâà ­áâ¢ã Rq ¯®¤ ¯àï-
¬ë¬ ã£«®¬), ª®â®à®¥ ¡ã¤¥¬ ­ §ë¢ âì ®â®¡à ¦¥­¨¥¬ �®¬  á ¯ à ¬¥âà®¬ p ª
¯ à¥ (Y, h). �¬¥¥¬ P1|a = b|Sq.

2.2. �¥¬¬ . �ãáâì ¤ ­ ª« áá z ∈ Hm+1(B1, B). �ãáâì r ∈ Hq+1(P1, P ) |
¥£® ®¡à § ¯à¨ ¨§®¬®àä¨§¬¥ �®¬ . �®£¤  ⟨(h, g)∗(z), [Y ]⟩ = ⟨(b, a)∗(r), [Dq+1]⟩.

�â® ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­® «¥¬¬¥ 2.1. �

3. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 0.1

�à¥¤¢ à¨â¥«ì­®¥ à ááã¦¤¥­¨¥. �ãáâì ¤ ­ë â ª¨¥ ç¨á«  m, q ∈ Z+, çâ®
m 6 q. �ãáâì M | ¯à®áâà ­áâ¢® �®¬  à áá«®¥­¨ï γq

m. �ãáâì ¤ ­ë ç¨á«®
N ∈ Z+ ¨ ª®¬¯ ªâ­ë¥ m-¬¥à­ë¥ ¯®¤¬­®£®®¡à §¨ï Xi ⊂ Rq, i = 1, . . . , N .
�ãáâì ui = I(Xi), i = 1, . . . , N , U ⊂ !Eq

m | ¯®¤¯à®áâà ­áâ¢®, ¯®à®¦¤ñ­­®¥
íâ¨¬¨ äã­ªæ¨ï¬¨. �®§ì¬ñ¬ ç¨á«® p > 0. �«ï i = 1, . . . , N ¯ãáâì ti : Xi → Gq

m

| ª á â¥«ì­®¥ ®â®¡à ¦¥­¨¥, ai : S
q → M | ®â®¡à ¦¥­¨¥ �®¬  á ¯ à ¬¥âà®¬

p ª ¯®¤¬­®£®®¡à §¨î Xi | áç¨â ¥¬, çâ® ç¨á«® p ¤®áâ â®ç­® ¬ «®.

3.1. �â¢¥à¦¤¥­¨¥. �à¨ ¤®áâ â®ç­® ¬ «®¬ p áãé¥áâ¢ãîâ â ª¨¥ ®âªàëâ®¥
¯®ªàëâ¨¥ � áä¥àë Sq ¨ ¡¨«¨­¥©­®¥ ®â®¡à ¦¥­¨¥ A : U×C∗(M) → C∗(�), çâ®
A(ui, V ) = a∗i (V )|�, i = 1, . . . , N , V ∈ C∗(M).

�®ª § â¥«ìáâ¢®. �«ï § ¬ª­ãâ®£® ¬­®¦¥áâ¢  B ⊂ Rq ¯ãáâì Bp = { z ∈ Rq :
dist(B, z) 6 p }. �ãáâì X0 = ∅, a0 : Sq → M | á®®â¢¥âáâ¢ãîé¥¥ ®â®¡à ¦¥­¨¥
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�®¬ : a0(S
q) = {∞}. �ãáâì Rij = { z ∈ Rq : Xi(z) ̸= Xj(z) }, i, j = 0, . . . , N .

�â¨ ¬­®¦¥áâ¢  ª®¬¯ ªâ­ë. �«ï â®çª¨ z ∈ Rq ¯ãáâì

Qz =
∪

i,j=0,...,N :z/∈Rij

Rij , Oz = Sq \Qp
z.

�®«®¦¨¬ � = {Oz | z ∈ Rq }. �. ª. z /∈ Qz, z ∈ Rq, â®∩
z∈Rq

Qz = ∅.

�®íâ®¬ã ¯à¨ ¤®áâ â®ç­® ¬ «®¬ p ∩
z∈Rq

Qp
z = ∅

¨ � | ®âªàëâ®¥ ¯®ªàëâ¨¥ áä¥àë Sq.
�«ï â®çª¨ z ∈ Rq ¯ãáâì Fz = {Xi(z) | i = 1, . . . , N } \ {z}. �á­®, çâ®

®â®¡à ¦¥­¨ï ai ¨ aj (i, j = 0, . . . , N) á®¢¯ ¤ îâ ¢­¥ ¬­®¦¥áâ¢  Rp
ij . �®íâ®¬ã

¥á«¨ Xi(z) = Xj(z) (z ∈ Rq, i, j = 0, . . . , N), â® ai|Oz = aj |Oz. (� ç áâ­®áâ¨,
¥á«¨ z /∈ Xi (z ∈ Rq, i = 0, . . . , N), â® ai(Oz) = {∞}.) �®íâ®¬ã ¤«ï ª ¦¤®£®
à®áâª  e ∈ Fz (z ∈ Rq) ¨¬¥¥âáï â ª®¥ ®â®¡à ¦¥­¨¥ re : Oz → M , çâ® ai|Oz = re
¤«ï â¥å i = 1, . . . , N , ¤«ï ª®â®àëå Xi(z) = e. �«ï â®çª¨ z ∈ Rq ®¯à¥¤¥«¨¬
¡¨«¨­¥©­®¥ ®â®¡à ¦¥­¨¥ Az : U × C∗(M) → C∗(Oz), ¯®« £ ï

Az(u, V ) =
∑
e∈Fz

u(e)r∗e(V ), u ∈ U, V ∈ C∗(M).

�¬¥¥¬ Az(ui, V ) = a∗i (V )|Oz, i = 1, . . . , N , V ∈ C∗(M), z ∈ Rq. �®«®¦¨¬
A(u, V )|Oz = Az(u, V ), u ∈ U , V ∈ C∗(M), z ∈ Rq, ­ã¦­® â®«ìª® ¯à®¢¥à¨âì
á®£« á®¢ ­­®áâì. �®§ì¬ñ¬ ¯à®¨§¢®«ì­ë¥ â®çª¨ z, z′ ∈ Rq. �ãáâì O = Oz ∩Oz′ .
�ã¦­® ¯®ª § âì, çâ® Az(u, V )|O = Az′(u, V )|O, u ∈ U , V ∈ C∗(M). �â® á«¥¤ã¥â
¨§ â®£®, çâ® Az(ui, V )|O = a∗i |O = Az′(ui, V )|O, i = 1, . . . , N , V ∈ C∗(M). �

�á¯®«ì§ãï ãâ¢¥à¦¤¥­¨¥ 3.1, ä¨ªá¨àã¥¬ ¢¥«¨ç¨­ã p ¨ ¢ë¡¥à¥¬ â ª¨¥ ®âªàë-
â®¥ ¯®ªàëâ¨¥ � áä¥àë Sq ¨ ¡¨«¨­¥©­®¥ ®â®¡à ¦¥­¨¥ A : U ×C∗(M) → C∗(�),
çâ® A(ui, V ) = a∗i (V )|�, i = 1, . . . , N , V ∈ C∗(M). �ë¡¥à¥¬ â ª¨¥ æ¨ª«ë

L ∈ Zq(S
q) ¨ ~L ∈ Zq(�), çâ® æ¨ª« L ¯à¥¤áâ ¢«ï¥â ª« áá [Sq] ¨ L = Sq|~L.

3.2. �â¢¥à¦¤¥­¨¥. �ãé¥áâ¢ã¥â â ª®¥ «¨­¥©­®¥ ®â®¡à ¦¥­¨¥ b : U → Nm,
çâ® Xi = b(ui), i = 1, . . . , N .

�®ª § â¥«ìáâ¢®. �®§ì¬ñ¬ ¯à®¨§¢®«ì­ë© ª« áá f ∈ Hm(Gq
m). �® â¥®à¥¬¥ �®-

¬ , ¤®áâ â®ç­® ãª § âì â ª®© «¨­¥©­ë© äã­ªæ¨®­ « l : U → Z2, çâ® ⟨t∗i (f), [Xi]⟩ =
l(ui), i = 1, . . . , N . �ãáâì k ∈ Hq(M) | ®¡à § ª« áá  f ¯à¨ ¨§®¬®àä¨§¬¥ �®¬ ,

K ∈ Zq(M) | ª®æ¨ª«, ¯à¥¤áâ ¢«ïîé¨© ª« áá k. �®«®¦¨¬ l(u) = ⟨A(u,K), ~L⟩,
u ∈ U . �á¯®«ì§ãï «¥¬¬ã 2.1, ¯®«ãç ¥¬ ⟨t∗i (f), [Xi]⟩ = ⟨a∗i (k), [S

q]⟩ = ⟨a∗i (K), L⟩ =
⟨a∗i (K)|�, ~L⟩ = ⟨A(ui,K), ~L⟩ = l(ui), i = 1, . . . , N . �
�®¡áâ¢¥­­® ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 0.1. �ãáâì V ⊂ !Eq

m | ¯®¤¯à®-
áâà ­áâ¢®, ¯®à®¦¤ñ­­®¥ äã­ªæ¨ï¬¨ I(X) ¤«ï ¢á¥¢®§¬®¦­ëå ª®¬¯ ªâ­ëå m-
¬¥à­ëå ¯®¤¬­®£®®¡à §¨© X ⊂ Rq. �§ ãâ¢¥à¦¤¥­¨ï 3.2 á«¥¤ã¥â, çâ® ¨¬¥¥âáï
â ª®¥ «¨­¥©­®¥ ®â®¡à ¦¥­¨¥ B0 : V → Nm, çâ® ¤«ï «î¡®£® ª®¬¯ ªâ­®£® m-
¬¥à­®£® ¯®¤¬­®£®®¡à §¨ï X ⊂ Rq ¨¬¥¥¬ X = B0(I(X)). �¨­¥©­® ¯à®¤®«¦¨¢
®â®¡à ¦¥­¨¥ B0 ­  ¯à®áâà ­áâ¢® !E

q
m, ¯®«ãç¨¬ ¨áª®¬®¥ ®â®¡à ¦¥­¨¥ B. �
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4. �®¤£®â®¢ª  ª ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 0.2

�®«ãå à ªâ¥à¨áâ¨ª  ¨ ª®¡®à¤¨§¬.

4.1. �¥¬¬  ([2, § 2]). �ãáâì ¤ ­ë ª®­¥ç­®¬¥à­®¥ ¢¥ªâ®à­®¥ ¯à®áâà ­áâ¢®
V ­ ¤ ¯®«¥¬ Z2, á¨¬¬¥âà¨ç¥áª ï ¡¨«¨­¥©­ ï ä®à¬  b : V × V → Z2 ¨ â ª®©
¢¥ªâ®à u ∈ V , çâ® b(u, x) = b(x, x), x ∈ V . �ãáâì r | à ­£ ä®à¬ë b. �®£¤ 
r mod 2 = b(u, u). �
4.2. �¥¬¬ . �ãáâì ¤ ­ë â ª¨¥ ç¨á«  m,n ∈ Z+, çâ® m + 1 = 2n, ¨ ª®¬-
¯ ªâ­®¥ (m+1)-¬¥à­®¥ ¬­®£®®¡à §¨¥-á-ªà ¥¬ Y . �ãáâì X = ∂Y . �ãáâì ¤ ­ë
â ª®© ª« áá u ∈ Hn(Y,X), çâ® u|Y = vn(τY ), ¨ ­¥¯à¥àë¢­®¥ á¥ç¥­¨¥ a à á-
á«®¥­¨ï τY |X, ¢ ª ¦¤®© â®çª¥ ­ ¯à ¢«¥­­®¥ áâà®£® ­ àã¦ã ¯® ®â­®è¥­¨î
ª ¬­®£®®¡à §¨î Y . �®£¤  κ(X) = ⟨u2 + o(τY , a), [Y ]⟩.
�®ª § â¥«ìáâ¢® (¯® [6]). �ãáâì r | à ­£ «¨­¥©­®£® ®â®¡à ¦¥­¨ï H∗(Y,X) →
H∗(Y ), ¨­¤ãæ¨à®¢ ­­®£® ¢ª«îç¥­¨¥¬. �§ â®ç­®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¯ àë
(Y,X) ¯®«ãç ¥¬ dimH∗(X) = dimH∗(Y )+dimH∗(Y,X)−2r. �® ¤¢®©áâ¢¥­­®-
áâ¨ �¥äè¥æ , dimH∗(Y ) = dimH∗(Y,X). �. ®., dimH∗(X) = 2(dimH∗(Y )−r).
�­ ç¨â, κ(X) = (dimH∗(Y ) − r) mod 2 = (χ(Y ) − r) mod 2. �® â¥®à¥¬¥ �ã ­-
ª à¥ | �®¯ä , χ(Y ) mod 2 = ⟨o(τY , a), [Y ]⟩. �áâ «®áì ¯®ª § âì, çâ® r mod
2 = ⟨u2, [Y ]⟩. � áá¬®âà¨¬ á¨¬¬¥âà¨ç¥áªãî ¡¨«¨­¥©­ãî ä®à¬ã H∗(Y,X) ×
H∗(Y,X) → Z2, (x, y) 7→ ⟨xy, [Y ]⟩. �§ ¤¢®©áâ¢¥­­®áâ¨ �¥äè¥æ  á«¥¤ã¥â, çâ®
¥ñ à ­£ à ¢¥­ r. �¬¥¥¬ ⟨ux, [Y ]⟩ = ⟨vn(τY )x, [Y ]⟩ = ⟨x2, [Y ]⟩, x ∈ H∗(Y,X),
á®£« á­® �. �áâ «®áì á®á« âìáï ­  «¥¬¬ã 4.1. �
�®®â­®è¥­¨¥ ¢ ª®£®¬®«®£¨ïå ¯à®áâà ­áâ¢  �®¬ .

4.3. �¥¬¬ . �ãáâì ¤ ­ë â®¯®«®£¨ç¥áª®¥ ¯à®áâà ­áâ¢® K ¨ â ª¨¥ ¥¢ª«¨-
¤®¢ë ¢¥ªâ®à­ë¥ à áá«®¥­¨ï η ¨ η ­ ¤ ­¨¬, çâ® à áá«®¥­¨¥ η ⊕ η âà¨¢¨ «ì­®.
�ãáâì Q | ¯à®áâà ­áâ¢® �®¬  à á«®¥­¨ï η, a, b ∈ H×(Q) | ®¡à §ë ª« áá®¢

v(η)2, w(η) (á®®â¢¥âáâ¢¥­­®) ¯à¨ ¨§®¬®àä¨§¬¥ �®¬ . �®£¤  Sq a = b.

�®ª § â¥«ìáâ¢®. �ãáâì r | à §¬¥à­®áâì à áá«®¥­¨ï η, L | ¥£® ¯à®áâà ­-
áâ¢®, p : L → K | ¯à®¥ªæ¨ï, L′ ⊂ L | ¬­®¦¥áâ¢® ¢¥ªâ®à®¢ ¤«¨­ë ­¥ ¬¥­ìè¥
1. �¬¥¥¬ Q = L/L′. �ãáâì R : (L,L′) → Q | ¯à®¥ªæ¨ï, u ∈ Hr(Q) | ª« áá
�®¬ , t = R∗(u). � ®¡®§­ ç¥­¨ïå å à ªâ¥à¨áâ¨ç¥áª¨å ª« áá®¢ ¡ãª¢ã η ¡ã-
¤¥¬ ®¯ãáª âì,   ®â á¨¬¢®«  η ®áâ ¢«ïâì â®«ìª® ç¥àâã. �á¯®«ì§ãï ®¯à¥¤¥«¥­¨ï
¨§®¬®àä¨§¬  �®¬  ¨ ª« áá®¢ � ¨ ä®à¬ã«ë � àâ ­ , �®¬  ¨ �¨â­¨, ¯®«ã-
ç ¥¬: R∗(Sq a) = SqR∗(a) = Sq(tp∗(v2)) = (Sq t)p∗((Sq v)2) = tp∗(w)p∗(w2) =
tp∗(ww2) = tp∗(w) = R∗(b). �. ª. R∗ | ¨§®¬®àä¨§¬, â® Sq a = b. �

5. �à¥¤¢ à¨â¥«ì­ë¥ à ááã¦¤¥­¨ï

�ãáâì ¤ ­ë â ª¨¥ ç¨á«  m,n, q ∈ Z+, çâ® m + 1 = 2n ¨ m 6 q, ¨ â ª¨¥
â®¯®«®£¨ç¥áª®¥ ¯à®áâà ­áâ¢® B ¨ ­¥¯à¥àë¢­®¥ ®â®¡à ¦¥­¨¥ f : B → Gq

m, çâ®
f∗(vn(γ

q
m)) = 0.

�®¯®«­¨â¥«ì­ë¥ ¯®áâà®¥­¨ï. �ãáâì K | æ¨«¨­¤à ®â®¡à ¦¥­¨ï sqm ◦ f . �¬¥-
¥¬ B,Gq+1

m+1 ⊂ K. �ãáâì d : K → Gq+1
m+1 | ª ­®­¨ç¥áª ï ¤¥ä®à¬ æ¨®­­ ï

à¥âà ªæ¨ï, η = d∗(γq+1
m+1), η = d∗(γq+1

m+1). � ¬¥â¨¢, çâ® η|B = f∗(sq ∗
m (γq+1

m+1))
(â. ª. d|B = sqm ◦ f), ®¯à¥¤¥«¨¬ á¥ç¥­¨¥ ~c à áá«®¥­¨ï η|B ä®à¬ã«®© ~c = f∗(cqm).
�ãáâì P , Q | ¯à®áâà ­áâ¢  �®¬  à áá«®¥­¨© η|B, η (á®®â¢¥âáâ¢¥­­®). �¬¥¥¬
P ⊂ Q.
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�®£®¬®«®£¨ç¥áª¨¥ ª« ááë ¨ ª®æ¥¯¨. �. ª. η|B ∼= f∗(γq
m) ⊕ ϵB , â® vn(η)|B =

f∗(vn(γ
q
m)) = 0. �®íâ®¬ã ¨¬¥¥âáï â ª®© ª« áá y ∈ Hn(K,B), çâ® y|K = vn(η).

�ãáâì z = y2 + o(η, ~c) ∈ Hm+1(K,B), r ∈ Hq+1(Q,P ) | ®¡à § ª« áá  z ¯à¨
¨§®¬®àä¨§¬¥ �®¬ .

5.1. �â¢¥à¦¤¥­¨¥. �ãé¥áâ¢ãîâ â ª¨¥ ª« ááë tl ∈ Hq−l(Q), l = 0, . . . ,m,
çâ®

r|Q =
m∑
l=0

Sql+1 tl.

�®ª § â¥«ìáâ¢®. �«ï ç¨á«  i ∈ Z+ ¯ãáâì ª« áá tl ∈ Hq−l(Q) (l ∈ Z) à ¢¥­

®¡à §ã ª« áá  vi(η)
2 ¯à¨ ¨§®¬®àä¨§¬¥ �®¬ , ¥á«¨ m − l = 2i, ¨ à ¢¥­ 0, ¥á«¨

m− l = 2i+ 1. �ãáâì u ∈ Hq+1(Q) | ®¡à § ª« áá  wm+1(η) ¯à¨ ¨§®¬®àä¨§¬¥

�®¬ . � ª ª ª y|K = vn(η),   o(η, ~c)|K = wm+1(η), â® z|K = vn(η)
2 + wm+1(η).

�«¥¤®¢ â¥«ì­®, r|Q = t−1 + u. �áâ «®áì ¤®¡ ¢¨âì, çâ®, ¯® «¥¬¬¥ 4.3,

u =
m∑

l=−1

Sql+1 tl. �

�ë¡¥à¥¬ ª®æ¨ª« R ∈ Zq+1(Q,P ), ¯à¥¤áâ ¢«ïîé¨© ª« áá r, ¨ â ª¨¥ ª®æ¥¯ì
W ∈ Cq(Q) ¨ ª®æ¨ª«ë Tl ∈ Zq−l(Q), l = 0, . . . ,m, çâ®

(4) R|Q = δW +
m∑
l=0

Sql+1 Tl

(¨å áãé¥áâ¢®¢ ­¨¥ á«¥¤ã¥â ¨§ ãâ¢¥à¦¤¥­¨ï 5.1).

�®«ãå à ªâ¥à¨áâ¨ª  ªà ï ¯«ñ­ª¨. �ãáâì ¤ ­ë ®âªàëâ®¥ ¯®ªàëâ¨¥ � áä¥-
àë Sq, æ¨ª« L ∈ Zq(S

q), ¯à¥¤áâ ¢«ïîé¨© ª« áá [Sq], â ª®© æ¨ª« ~L ∈ Zq(�),

çâ® L = Sq|~L, ¨ â ª ï æ¥¯ì M ∈ Cq+1(D
q+1), çâ® Dq+1|L = ∂M . �®£¤ 

(Dq+1, Sq)|M | æ¨ª«, ¯à¥¤áâ ¢«ïîé¨© ª« áá [Dq+1].

5.2. �à¥¤«®¦¥­¨¥. �ãáâì ¤ ­ë ç¨á«® l ∈ Z+ ¨ â ª¨¥ ª®æ¨ª«ë F 0, F ∈
Zq−l(Dq+1), çâ® F |� = F 0|�. �®£¤  ⟨Sql+1 F,M⟩ = ⟨Sql+1 F 0,M⟩.

�®ª § â¥«ìáâ¢®. �á¯®«ì§ãï â¥®à¥¬ã ® ¯®ªàëâ¨¨, ¯®«ãç ¥¬ Hq−l(Dq+1,�) ∼=
Hq−l(Dq+1, Sq) = 0. �®íâ®¬ã ¨¬¥¥âáï â ª ï ª®æ¥¯ì J ∈ Cq−l−1(Dq+1,�), çâ®
F − F 0 = δJ |Dq+1. �ãáâì t = q − 2l − 1, A = J ∪t F

0 + F 0 ∪t J ∈ Cq(Dq+1,�).

�¬¥¥¬ δA = δJ ∪t F
0 + F 0 ∪t δJ ¨ Sql+1 F = Sql+1 F 0 + (δA + Sql+1 δJ)|Dq+1.

�® ⟨(δA + Sql+1 δJ)|Dq+1,M⟩ = 0, â. ª. ®â­®á¨â¥«ì­ë¥ ª®æ¨ª«ë δA ¨ Sql+1 δJ
ª®£®¬®«®£¨ç­ë ­ã«î (¯®á«¥¤­¨© | ¢ á¨«ã ª®£®¬®«®£¨ç¥áª®© ¨­¢ à¨ ­â­®áâ¨

®¯¥à æ¨¨ Sql+1),   (Dq+1,�)|∂M = 0. �

�ãáâì ¤ ­ë ª®¬¯ ªâ­®¥ f -¯®¤¬­®£®®¡à §¨¥ (X, g), â ª ï d-¯«ñ­ª  (Y, h), çâ®
X = ∂Y ¨ K|g = h|X, ¨ ­ áâ®«ìª® ¬ «®¥ ç¨á«® p > 0, çâ® ®¯à¥¤¥«¥­ë ®â®¡à -
¦¥­¨ï �®¬  a : Sq → P ¨ b : Dq+1 → Q á ¯ à ¬¥âà®¬ p ª ¯ à ¬ (X, g) ¨ (Y, h)
(á®®â¢¥âáâ¢¥­­®). �¬¥¥¬ Q|a = b|Sq.

9



5.3. �â¢¥à¦¤¥­¨¥. �ãáâì ¤«ï ª ¦¤®£® l = 0, . . . ,m ¤ ­ â ª®© ª®æ¨ª« Fl ∈
Zq−l(Dq+1), çâ® Fl|� = a∗(Tl|P )|�. �®£¤ 

κ(X) = ⟨a∗(W |P ), L⟩+
m∑
l=0

⟨Sql+1 Fl,M⟩.

�®ª § â¥«ìáâ¢®. �á¯®«ì§ãï «¥¬¬ë 4.2 ¨ 2.2 ¨ ä®à¬ã«ã (4), ¯®«ãç ¥¬

κ(X) = ⟨(h, g)∗(z), [Y ]⟩ = ⟨(b, a)∗(r), [Dq+1]⟩ = ⟨(b, a)∗(R), (Dq+1, Sq)|M⟩ =

= ⟨b∗(R|Q),M⟩ = ⟨b∗(δW ),M⟩+
m∑
l=0

⟨Sql+1 b∗(Tl),M⟩.

�¬¥¥¬ ⟨b∗(δW ),M⟩ = ⟨a∗(W |P ), L⟩ ¨ b∗(Tl)|Sq = a∗(Tl|P ). �áâ «®áì á®á« âìáï
­  ¯à¥¤«®¦¥­¨¥ 5.2. �
�®áâ ­®¢ª  § ¤ ç¨. �ãáâì ¤ ­ë ç¨á«® N ∈ Z+ ¨ ª®¬¯ ªâ­ë¥ f -¯®¤¬­®£®-
®¡à §¨ï (Xi, gi), i = 1, . . . , N . �ãáâì ui = I(Xi, gi), i = 1, . . . , N , U ⊂ !Ef

| ¯®¤¯à®áâà ­áâ¢®, ¯®à®¦¤ñ­­®¥ íâ¨¬¨ äã­ªæ¨ï¬¨. �ã¤¥¬ ¨áª âì â ª®©
ª¢ ¤à â¨ç­ë© äã­ªæ¨®­ « k : U → Z2, çâ® κ(Xi) = k(ui), i = 1, . . . , N .

�«ãç © ­ «¨ç¨ï ¯«ñ­®ª. �ãáâì ¤«ï ª ¦¤®£® i = 1, . . . , N ¤ ­  â ª ï ¯«ñ­-
ª  Yi ⊂ Rq+1

− , çâ®Xi = ∂Yi. �«ï ª ¦¤®£® i = 1, . . . , N ¢ë¡¥à¥¬ â ª®¥ ®â®¡à ¦¥-
­¨¥ hi : Yi → K, çâ® d◦hi | ª á â¥«ì­®¥ ®â®¡à ¦¥­¨¥ ¯«ñ­ª¨ Yi ¨ K|gi = hi|X
(§¤¥áì ¢ ¦­®, çâ® ã ¯«ñ­ª¨ "¢¥àâ¨ª «ì­ë©" ¢®à®â­¨ª). �®§ì¬ñ¬ ç¨á«® p > 0.
�«ï i = 1, . . . , N ¯ãáâì ai : S

q → P , bi : D
q+1 → Q | ®â®¡à ¦¥­¨ï �®¬  á ¯ -

à ¬¥âà®¬ p ª ¯ à ¬ (Xi, gi), (Yi, hi) (á®®â¢¥âáâ¢¥­­®) | áç¨â ¥¬, çâ® ç¨á«® p
¤®áâ â®ç­® ¬ «®. �¬¥¥¬ Q|ai = bi|Sq, i = 1, . . . , N .

5.4. �â¢¥à¦¤¥­¨¥. �à¨ ¤®áâ â®ç­® ¬ «®¬ p áãé¥áâ¢ãîâ â ª¨¥ ®âªàëâ®¥
¯®ªàëâ¨¥ � áä¥àë Sq ¨ ¡¨«¨­¥©­®¥ ®â®¡à ¦¥­¨¥ A : U×C∗(P ) → C∗(�), çâ®
A(ui, V ) = a∗i (V )|�, i = 1, . . . , N , V ∈ C∗(P ).

�â® ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­® ãâ¢¥à¦¤¥­¨î 3.1. �
�á¯®«ì§ãï ãâ¢¥à¦¤¥­¨¥ 5.4, ä¨ªá¨àã¥¬ ¢¥«¨ç¨­ã p ¨ ¢ë¡¥à¥¬ â ª¨¥ ®âªàë-

â®¥ ¯®ªàëâ¨¥ � áä¥àë Sq ¨ ¡¨«¨­¥©­®¥ ®â®¡à ¦¥­¨¥ A : U × C∗(P ) → C∗(�),
çâ® A(ui, V ) = a∗i (V )|�, i = 1, . . . , N , V ∈ C∗(P ). �ë¡¥à¥¬ â ª¨¥ æ¨ª«ë

L ∈ Zq(S
q) ¨ ~L ∈ Zq(�), çâ® æ¨ª« L ¯à¥¤áâ ¢«ï¥â ª« áá [Sq] ¨ L = Sq|~L.

�ë¡¥à¥¬ â ªãî æ¥¯ì M ∈ Cq+1(D
q+1), çâ® Dq+1|L = ∂M .

5.5. �â¢¥à¦¤¥­¨¥. �ãé¥áâ¢ã¥â ¨áª®¬ë© äã­ªæ¨®­ « k.

�®ª § â¥«ìáâ¢®. �«ï ª ¦¤®£® l = 0, . . . ,m ®¯à¥¤¥«¨¬ «¨­¥©­ë¥ ®â®¡à ¦¥-
­¨ï jl : U → C∗(�), ¯®« £ ï jl(u) = A(u, Tl|P ), u ∈ U , ¨ el : Z

q−l(Dq+1) →
C∗(�), ¯®« £ ï el(F ) = F |�, F ∈ Zq−l(Dq+1). �¬¥¥¬ jl(ui) = A(ui, Tl|P ) =
a∗i (Tl|P )|� = b∗i (Tl)|� = el(b

∗
i (Tl)), i = 1, . . . , N , l = 0, . . . ,m. �®íâ®¬ã im jl ⊂

im el, l = 0, . . . ,m. �«ï ª ¦¤®£® l = 0, . . . ,m ¢ë¡¥à¥¬ â ª®¥ «¨­¥©­®¥ ®â®¡à -
¦¥­¨¥ Jl : U → Zq−l(Dq+1), çâ® jl = el ◦ Jl. �®«®¦¨¬

k(u) = ⟨A(u,W |P ), ~L⟩+
m∑
l=0

⟨Sql+1 Jl(u),M⟩, u ∈ U.

�®§ì¬ñ¬ ¯à®¨§¢®«ì­®¥ i = 1, . . . , N . �. ª. ⟨A(ui,W |P ), ~L⟩ = ⟨a∗i (W |P )|�, ~L⟩ =
⟨a∗i (W |P ), L⟩,   Jl(ui)|� = el(Jl(ui)) = jl(ui) = A(ui, Tl|P ) = a∗i (Tl|P )|�, l =
0, . . . ,m, â®, á®£« á­® ãâ¢¥à¦¤¥­¨î 5.3, κ(Xi) = k(ui). �
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�à¥¤­¨© á«ãç ©. �à¥¤¯®«®¦¨¬, çâ® Xi = 0, i = 1, . . . , N .

5.6. �â¢¥à¦¤¥­¨¥. �ãé¥áâ¢ã¥â ¨áª®¬ë© äã­ªæ¨®­ « k.

�®ª § â¥«ìáâ¢®. �®§ì¬ñ¬ â ª®¥ ç¨á«® q′ ∈ Z+, çâ® q′ > q. �®£« á­® ¤¥« -

¥¬®¬ã ®â®¦¤¥áâ¢«¥­¨î, Rq ⊂ Rq′ ¨ Gq
m ⊂ Gq′

m. �ãáâì f ′ = Gq′

m|f . �áïª®¥
f -¯®¤¬­®£®®¡à §¨¥ ¥áâì ®¤­®¢à¥¬¥­­® f ′-¯®¤¬­®£®®¡à §¨¥, ¨ Ef ⊂ Ef ′ . �¯à¥-
¤¥«¨¬ «¨­¥©­®¥ ®â®¡à ¦¥­¨¥ J : !Ef → !Ef ′ , ¤«ï äã­ªæ¨¨ u ∈ !Ef ¨ à®áâª 
e′ ∈ Ef ′ ¯®« £ ï

J(u)(e′) =

{
u(e′), ¥á«¨ e′ ∈ Ef ,

0 ¨­ ç¥.

�«ï i = 1, . . . , N ¯ãáâì u′
i = I(Xi, gi) ∈ !Ef ′ | §¤¥áì ¯ à  (Xi, gi) à áá¬ âà¨¢ -

¥âáï ª ª f ′-¯®¤¬­®£®®¡à §¨¥. �ãáâì U ′ ⊂ !Ef ′ | ¯®¤¯à®áâà ­áâ¢®, ¯®à®¦¤ñ­-
­®¥ íâ¨¬¨ äã­ªæ¨ï¬¨. �á­®, çâ® J(ui) = u′

i, i = 1, . . . , N . �«¥¤®¢ â¥«ì­®,
J(U) = U ′. �ãáâì ç¨á«® q′ ­ áâ®«ìª® ¢¥«¨ª®, çâ® ¤«ï ª ¦¤®£® i = 1, . . . , N

áãé¥áâ¢ã¥â â ª ï ¯«ñ­ª  Yi ⊂ Rq′+1
− , çâ® Xi = ∂Yi. �®£« á­® ãâ¢¥à¦¤¥­¨î

5.5, ¨¬¥¥âáï â ª®© ª¢ ¤à â¨ç­ë© äã­ªæ¨®­ « k′ : U ′ → Z2, çâ® κ(Xi) = k′(u′
i),

i = 1, . . . , N . �®«®¦¨¬ k(u) = k′(J(u)), u ∈ U . �
�¡é¨© á«ãç ©.

5.7. �â¢¥à¦¤¥­¨¥. �ãé¥áâ¢ã¥â â ª®¥ «¨­¥©­®¥ ®â®¡à ¦¥­¨¥ b : U → Nm,
çâ® Xi = b(ui), i = 1, . . . , N .

�®ª § â¥«ìáâ¢®. �ãáâì u′
i = I(Xi), i = 1, . . . , N , U ′ ⊂ !Eq

m | ¯®¤¯à®áâà ­-
áâ¢®, ¯®à®¦¤ñ­­®¥ íâ¨¬¨ äã­ªæ¨ï¬¨. �¯à¥¤¥«¨¬ ®â®¡à ¦¥­¨¥ p : Ef → Eq

m,
¤«ï f -¯®¤¬­®£®®¡à §¨ï (X, g) ¨ â®çª¨ x ∈ X ¯®« £ ï p((X, g)(x)) = X(x).
�¬¥¥âáï â ª®¥ «¨­¥©­®¥ ®â®¡à ¦¥­¨¥ t : U → U ′, çâ® t(ui) = u′

i, i = 1, . . . , N :

t(u)(e′) =
∑

e∈p−1(e′)

u(e), e′ ∈ Eq
m, u ∈ U

(¯®çâ¨ ¢á¥ á« £ ¥¬ë¥ à ¢­ë ­ã«î). �®£« á­® ãâ¢¥à¦¤¥­¨î 3.2, ¨¬¥¥âáï â ª®¥
«¨­¥©­®¥ ®â®¡à ¦¥­¨¥ b′ : U ′ → Nm, çâ® Xi = b′(u′

i), i = 1, . . . , N . �®«®¦¨¬
b = b′ ◦ t. �
5.8. �â¢¥à¦¤¥­¨¥. �ãé¥áâ¢ã¥â ¨áª®¬ë© äã­ªæ¨®­ « k.

�®ª § â¥«ìáâ¢®. �ãáâì V ⊂ Nm | ¯®¤¯à®áâà ­áâ¢®, ¯®à®¦¤ñ­­®¥ ª« áá ¬¨
Xi, i = 1, . . . , N . �ë¡¥à¥¬ â ª®¥ ¯®¤¬­®¦¥áâ¢® J ⊂ {1, . . . , N}, çâ® ª« ááë Xj ,
j ∈ J , ®¡à §®¢ë¢ îâ ¡ §¨á ¯®¤¯à®áâà ­áâ¢  V . �®§ì¬ñ¬ ¯ à ««¥«ì­ë¥ ¯¥à¥-
­®áë tj : R

q → Rq, j ∈ J . �ãáâì X0
j = tj(Xj), j ∈ J . �®¡ìñ¬áï, çâ®¡ë ¯®¤¬­®-

£®®¡à §¨ï X0
j , j ∈ J , ­¥ ¯¥à¥á¥ª «¨áì ¤àã£ á ¤àã£®¬ ¨ á ¯®¤¬­®£®®¡à §¨ï¬¨

Xi, i = 1, . . . , N . �«ï ª ¦¤®£® j ∈ J ®¯à¥¤¥«¨¬ ®â®¡à ¦¥­¨¥ g0j : X
0
j → B,

¯®« £ ï g0j (tj(x)) = gj(x), x ∈ Xj . � àë (X0
j , g

0
j ), j ∈ J , | ª®¬¯ ªâ­ë¥ f -

¯®¤¬­®£®®¡à §¨ï. �ãáâì aij ∈ Z2, i = 1, . . . , N , j ∈ J , | â ª¨¥ í«¥¬¥­âë,
çâ®

Xi =
∑
j∈J

aijXj , i = 1, . . . , N.

�«ï i = 1, . . . , N ¯ãáâì Ai = { j ∈ J : aij = 1 } ¨

X ′
i = Xi ∪

∪
j∈Ai

X0
j .
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�«ï ª ¦¤®£® i = 1, . . . , N ®¯à¥¤¥«¨¬ ®â®¡à ¦¥­¨¥ g′i : X
′
i → B, ¯®« £ ï g′i|Xi =

gi ¨ g′i|X0
j = g0j , j ∈ Ai. �«ï ª ¦¤®£® i = 1, . . . , N ¯ à  (X ′

i, g
′
i) | ª®¬¯ ªâ­®¥

f -¯®¤¬­®£®®¡à §¨¥ ¨ X
′
i = 0. �ãáâì u′

i = I(X ′
i, g

′
i), i = 1, . . . , N , U ′ ⊂ !Ef

| ¯®¤¯à®áâà ­áâ¢®, ¯®à®¦¤ñ­­®¥ íâ¨¬¨ äã­ªæ¨ï¬¨. �®£« á­® ãâ¢¥à¦¤¥­¨î
5.6, ¨¬¥¥âáï â ª®© ª¢ ¤à â¨ç­ë© äã­ªæ¨®­ « k′ : U ′ → Z2, çâ® κ(X ′

i) = k′(u′
i),

i = 1, . . . , N . �®£« á­® ãâ¢¥à¦¤¥­¨î 5.7, ¨¬¥¥âáï â ª®¥ «¨­¥©­®¥ ®â®¡à ¦¥­¨¥
b : U → Nm, çâ® Xi = b(ui), i = 1, . . . , N . �ãáâì bj : U → Z2, j ∈ J , | â ª¨¥
«¨­¥©­ë¥ äã­ªæ¨®­ «ë, çâ®

b(u) =
∑
j∈J

bj(u)Xj , u ∈ U.

�¬¥¥¬ aij = bj(ui), i = 1, . . . , N , j ∈ J . �¬¥¥âáï â ª®¥ «¨­¥©­®¥ ®â®¡à ¦¥­¨¥
p : U → U ′, çâ® p(ui) = u′

i, i = 1, . . . , N :

p(u) = u+
∑
j∈J

bj(u)I(X
0
j , g

0
j ), u ∈ U.

�®«®¦¨¬

k(u) = k′(p(u))−
∑
j∈J

bj(u)κ(Xj), u ∈ U.

�¬¥¥¬

κ(Xi) = κ(X ′
i)−

∑
j∈J

aijκ(Xj) = k′(u′
i)−

∑
j∈J

bj(ui)κ(Xj) = k(ui),

i = 1, . . . , N. �

6. �®¡áâ¢¥­­® ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 0.2

�ãáâì T = ! !Ef . �­ ¡¤¨¬ ¬­®¦¥áâ¢® T â®¯®«®£¨¥© áâ¥¯¥­¨ ¬­®¦¥áâ¢  Z2,
á­ ¡¦ñ­­®£® ¤¨áªà¥â­®© â®¯®«®£¨¥©. �à®áâà ­áâ¢® T ª®¬¯ ªâ­®. �ãáâì Q ⊂
T | ¬­®¦¥áâ¢® ¢á¥å ª¢ ¤à â¨ç­ëå äã­ªæ¨®­ «®¢ A : !Ef → Z2. �­® § -
¬ª­ãâ®. �«ï ª®¬¯ ªâ­®£® f -¯®¤¬­®£®®¡à §¨ï (X, g) ¯ãáâì R(X, g) = {A ∈ Q :
κ(X) = A(I(X, g)) }. �ã¦­® ¯®ª § âì, çâ® ¯¥à¥á¥ç¥­¨¥ ¬­®¦¥áâ¢ R(X, g) ¯®
¢á¥¬ ª®¬¯ ªâ­ë¬ f -¯®¤¬­®£®®¡à §¨ï¬ (X, g) ­¥¯ãáâ®. �â¨ ¬­®¦¥áâ¢  § ¬ª­ã-
âë. �®§ì¬ñ¬ ¯à®¨§¢®«ì­ë¥ ç¨á«® N ∈ Z+ ¨ ª®¬¯ ªâ­ë¥ f -¯®¤¬­®£®®¡à §¨ï
(Xi, gi), i = 1, . . . , N . �ãáâì

F =
N∩
i=1

R(Xi, gi).

�¢¨¤ã ª®¬¯ ªâ­®áâ¨, ¤®áâ â®ç­® ¯®ª § âì, çâ® F ̸= ∅. �ãáâì ui = I(Xi, gi),
i = 1, . . . , N , U ⊂ !Ef | ¯®¤¯à®áâà ­áâ¢®, ¯®à®¦¤ñ­­®¥ íâ¨¬¨ äã­ªæ¨ï¬¨.
�®£« á­® ãâ¢¥à¦¤¥­¨î 5.8, ¨¬¥¥âáï â ª®© ª¢ ¤à â¨ç­ë© äã­ªæ¨®­ « k : U →
Z2, çâ® κ(Xi) = k(ui), i = 1, . . . , N . �¬¥¥âáï ¯à®¥ªâ®à P : !Ef → U . �¬¥¥¬
k ◦ P ∈ F . �
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