
������������ �������������������� Ǳ������������������. �. Ǳ®¤ª®àëâ®¢Ǳ®ª § ­®, çâ® à æ¨®­ «ì­ ï ¯®«ãå à ªâ¥à¨áâ¨ª  ª®¬¯ ªâ­®£® ®à¨¥­â¨à®¢ ­-­®£® n-¬¥à­®£®, n ≡ 1 (mod 4), ¯®¤¬­®£®®¡à §¨ï ä¨ªá¨à®¢ ­­®£® ¬­®£®®¡-à §¨ï ª¢ ¤à â¨ç­® § ¢¨á¨â ®â å à ªâ¥à¨áâ¨ç¥áª®© äã­ªæ¨¨ ¬­®¦¥áâ¢  ¥£®à®áâª®¢.Ǳ®¤ ¬­®£®®¡à §¨¥¬ ¯®­¨¬ ¥âáï £« ¤ª®¥ ¬­®£®®¡à §¨¥ ¡¥§ ªà ï. �®®â¢¥â-áâ¢¥­­® ¨á¯®«ì§ã¥âáï á«®¢® ¯®¤¬­®£®®¡à §¨¥. � §¬¥à­®áâì ¬­®£®®¡à §¨ï ãª -§ë¢ ¥âáï ¢¥àå­¨¬ ¨­¤¥ªá®¬.�«ï ª®¬¯ ªâ­®£® ®à¨¥­â¨à®¢ ­­®£® ¬­®£®®¡à §¨ï Xn, n ≡ 1 (mod 4),ª« áá
k(X) = ∑

r≡0 (mod 2) dimHr(X ;Q) mod 2 ∈ Z2­ §ë¢ ¥âáï ¥£® (à æ¨®­ «ì­®©) ¯®«ãå à ªâ¥à¨áâ¨ª®©.�®£¤  T | ¬®¤ã«ì ­ ¤ ¯®«¥¬ Z2, â® ®â®¡à ¦¥­¨¥ q : T → Z2 ­ §ë¢ ¥âáïª¢ ¤à â¨ç­ë¬, ¥á«¨ áãé¥áâ¢ã¥â â ª®¥ «¨­¥©­®¥ ®â®¡à ¦¥­¨¥ p : T ⊗ T → Z2,çâ® q(t) = p(t⊗ t), t ∈ T .�®¤ã«ì ¢á¥å Z2-§­ ç­ëå äã­ªæ¨© ­  ¬­®¦¥áâ¢¥ E ¡ã¤¥¬ ®¡®§­ ç âì !E.
n-à®áâª®¬ ¢ ¬­®£®®¡à §¨¨ V ¡ã¤¥¬ ­ §ë¢ âì ª« áá íª¢¨¢ «¥­â­®áâ¨ ¯ à(X, x), £¤¥ Xn ⊂ V | ®à¨¥­â¨à®¢ ­­®¥ ¯®¤¬­®£®®¡à §¨¥, x ∈ X : â ª¨¥ ¯ àë(Xj, xj), j = 1, 2, áç¨â îâáï íª¢¨¢ «¥­â­ë¬¨, ¥á«¨ x1 = x2 ¨ áãé¥áâ¢ã¥ââ ª®¥ ®âªàëâ®¥ ¬­®¦¥áâ¢® O ⊂ V , á®¤¥à¦ é¥¥ íâã â®çªã, çâ® X1 ∩ O =

X2 ∩O (á ãçñâ®¬ ®à¨¥­â æ¨©). �­®¦¥áâ¢® n-à®áâª®¢ ¢ ¬­®£®®¡à §¨¨ V ¡ã¤¥¬®¡®§­ ç âì En(V ), ¯à¨ íâ®¬ ¤«ï ®à¨¥­â¨à®¢ ­­®£® ¯®¤¬­®£®®¡à §¨ï Xn ⊂ V¯ãáâì 1(X) ∈ !En(V ) | å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ¬­®¦¥áâ¢  ¥£® à®áâª®¢(â. ¥. ª« áá®¢ ¯ à (X, x), x ∈ X).�¥«ì à ¡®âë | ¤®ª § â¥«ìáâ¢® á«¥¤ãîé¥© â¥®à¥¬ë.(1) �¥®à¥¬ . Ǳãáâì V | ¬­®£®®¡à §¨¥, n ≡ 1 (mod 4). �®£¤  áãé¥áâ¢ã-¥â â ª®¥ ª¢ ¤à â¨ç­®¥ ®â®¡à ¦¥­¨¥ q : !En(V ) → Z2, çâ® ¤«ï «î¡®£®ª®¬¯ ªâ­®£® ®à¨¥­â¨à®¢ ­­®£® ¯®¤¬­®£®®¡à §¨ï Xn ⊂ V ¢¥à­® à ¢¥­áâ¢®
k(X) = q(1(X)).� ¡« £®¤ à¥­ �. �. �¨à® ¨ �. �ïàª¨ §  ¢­¨¬ ­¨¥ ª à ¡®â¥ ¨ ¨­â¥à¥á­ë¥ ®¡áã¦¤¥­¨ï.
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Ǳ®ª ¦¥¬, çâ® á«®¢® ª¢ ¤à â¨ç­®¥ ¢ íâ®© ä®à¬ã«¨à®¢ª¥ ­¥«ì§ï § ¬¥­¨âì­  á«®¢® «¨­¥©­®¥. �  à¨áã­ª¥ ¬®¦­® ¢¨¤¥âì ¯ïâì ®à¨¥­â¨à®¢ ­­ëå £« ¤-ª¨å ®ªàã¦­®áâ¥© Xj ⊂ R3, j = 1, . . . , 5, (ªàã£« ï ®ªàã¦­®áâì, âà¨ ®¢ «  ¨âà¨«¨áâ­¨ª). �¥à­ë à ¢¥­áâ¢ 5
∑

j=1 1(Xj) = 0, 5
∑

j=1 k(Xj) = 1,çâ® ¯à®â¨¢®à¥ç¨â «¨­¥©­®© § ¢¨á¨¬®áâ¨. �­ «®£¨ç­ë¥ ¯à¨¬¥àë ¢ áâ àè¨åà §¬¥à­®áâïå ¯®«ãç îâáï ¤¥ª àâ®¢ë¬ ã¬­®¦¥­¨¥¬ ­  ¬­®£®®¡à §¨ï CPm,
m ≡ 0 (mod 2). �â® ¯®¤â¢¥à¦¤ ¥â, çâ® ¯®«ãå à ªâ¥à¨áâ¨ªã ­¥«ì§ï ®â­¥áâ¨ ª\¨­â¥£à «ì­ë¬" ¨­¢ à¨ ­â ¬ [1] (å®âï ®­  SKK-¨­¢ à¨ ­â [2]).Ǳ¥à¥ä®à¬ã«¨àã¥¬ â¥®à¥¬ã 1.1(2) �¥®à¥¬ . Ǳãáâì V | ¬­®£®®¡à §¨¥, Xn

j ⊂ V , n ≡ 1 (mod 4), j =1, . . . , N , | â ª®© ­ ¡®à ª®¬¯ ªâ­ëå ®à¨¥­â¨à®¢ ­­ëå ¯®¤¬­®£®®¡à §¨©,çâ®
N

∑

j=1 1(Xj)(e1)1(Xj)(e2) = 0, e1, e2 ∈ En(V ).�®£¤ 
N

∑

j=1 k(Xj) = 0.�á«¨ ¢¥é¥áâ¢¥­­®§­ ç­ ï äã­ªæ¨ï ¯®¤¬­®£®®¡à §¨ï ¢ëà ¦ ¥âáï ¨­â¥£à -«®¬ ¯® ¢á¥¬ ¯ à ¬ â®ç¥ª ¯®¤¬­®£®®¡à §¨ï ®â ª ª®©-â® ¥£® å à ªâ¥à¨áâ¨ª¨ ¢®ªà¥áâ­®áâ¨ ª ¦¤®© ¯ àë â®ç¥ª, â® ®­  ®¡« ¤ ¥â ¯®¤®¡­ë¬ á¢®©áâ¢®¬ (¢¬¥-áâ® áã¬¬ ­ã¦­® à áá¬ âà¨¢ âì ¢¥é¥áâ¢¥­­ë¥ «¨­¥©­ë¥ ª®¬¡¨­ æ¨¨, å à ª-â¥à¨áâ¨ç¥áª¨¥ äã­ªæ¨¨ ­ã¦­® áç¨â âì ¢¥é¥áâ¢¥­­®§­ ç­ë¬¨).�®ª § â¥«ìáâ¢® à ¢­®á¨«ì­®áâ¨ â¥®à¥¬ 1 ¨ 2. Ǳãáâì V | ¬­®£®®¡à -§¨¥, n ≡ 1 (mod 4). Ǳà®¢¥à¨¬ ¤«ï ­¨å à ¢­®á¨«ì­®áâì ãâ¢¥à¦¤¥­¨© â¥®à¥¬1 ¨ 2. Ǳ®«®¦¨¬ E = En(V ). �¯à¥¤¥«¨¬ «¨­¥©­®¥ ¢«®¦¥­¨¥ m : !E ⊗ !E →!(E × E), ¯®« £ ï m(u1 ⊗ u2)((e1, e2)) = u1(e1)u2(e2), e1, e2 ∈ E, u1, u2 ∈ !E.1� à ¢­®á¨«ì­®áâ¨ ãâ¢¥à¦¤¥­¨©, ¯®¤®¡­ëå â¥®à¥¬ ¬ 1 ¨ 2, ¨ á ¬ã ä®à¬ã â¥®à¥¬ë 1 ¬­¥á®®¡é¨« �. �. �ãá à®¢. 2



Ǳãáâì S | ¬®¤ã«ì ­ ¤ ¯®«¥¬ Z2, á¢®¡®¤­® ¯®à®¦¤ñ­­ë© ª®¬¯ ªâ­ë¬¨ ®à¨-¥­â¨à®¢ ­­ë¬¨ n-¬¥à­ë¬¨ ¯®¤¬­®£®®¡à §¨ï¬¨ ¬­®£®®¡à §¨ï V . �¯à¥¤¥«¨¬«¨­¥©­ë¥ ®â®¡à ¦¥­¨ï D : S → !E ⊗ !E, ¯®« £ ï D([X ]) = 1(X) ⊗ 1(X), ¨
K : S → Z2, ¯®« £ ï K([X ]) = k(X), £¤¥ Xn ⊂ V | ª®¬¯ ªâ­®¥ ®à¨¥­â¨à®-¢ ­­®¥ ¯®¤¬­®£®®¡à §¨¥. �¥®à¥¬  1 ãâ¢¥à¦¤ ¥â, çâ® áãé¥áâ¢ã¥â â ª®¥ «¨­¥©-­®¥ ®â®¡à ¦¥­¨¥ p : !E ⊗ !E → Z2, çâ® K = p ◦D. �â® à ¢­®á¨«ì­® ¢ª«îç¥-­¨î kerD ⊂ kerK. �¥®à¥¬  2 ãâ¢¥à¦¤ ¥â ¢ª«îç¥­¨¥ kerm ◦ D ⊂ kerK. �®kerm ◦D = kerD. �� ¡à®á®ª ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2. Ǳà¨ n = 1 ãâ¢¥à¦¤¥­¨¥ á«¥¤ã¥â¨§ â®£®, çâ® ¯®«ãå à ªâ¥à¨áâ¨ªã ªà¨¢®© ¬®¦­® ­ ©â¨ ¯® ¥ñ ®¡é¥¬ã ¯®£àã-¦¥­¨î ¢ ¯«®áª®áâì ª ª ª« áá áã¬¬ë ç¨á«  ¤¢®©­ëå â®ç¥ª ¨ ç¨á«  ¢à é¥-­¨ï, á¬. § 2. Ǳà¨ n > 1 ¤«ï ­ å®¦¤¥­¨ï ¯®«ãå à ªâ¥à¨áâ¨ª¨ ¬­®£®®¡à §¨ï­  ­ñ¬ à áá¬ âà¨¢ ¥âáï ®¡é ï ¯ à  ¢¥ªâ®à­ëå ¯®«¥© (¯® �®è®àª¥ [3]). � ªà¨¢®©, ®¡à §®¢ ­­®© â®çª ¬¨, ¢ ª®â®àëå íâ¨ ¢¥ªâ®à­ë¥ ¯®«ï ª®««¨­¥ à­ë,¥áâì ª ­®­¨ç¥áª ï Pin−-áâàãªâãà , á¬. §§ 3, 6, 7. Ǳ®«ãå à ªâ¥à¨áâ¨ª  ¬­®-£®®¡à §¨ï ¢ëà ¦ ¥âáï ç¥à¥§ ª« áá Pin−-ª®¡®à¤ ­â­®áâ¨ íâ®© ªà¨¢®© («¥¬¬ 8.7). �â®â ä ªâ ¬¥â®¤®¬ �®è®àª¥ ¢ë¢®¤¨âáï ¨§ â¥®à¥¬ë �â¨¨ ® áãé¥áâ¢®-¢ ­¨¨ ¯ àë ¢áî¤ã ­¥ª®««¨­¥ à­ëå ¢¥ªâ®à­ëå ¯®«¥© [4], á¬. § 8. � ª ¢áñ á¢®-¤¨âáï ª ®¤­®¬¥à­®© § ¤ ç¥, ¯®å®¦¥© ­  á«ãç © n = 1, á¬. §§ 4, 9.

§ 1. �¡®§­ ç¥­¨ï, â¥à¬¨­ë ¨ á®£« è¥­¨ï�ªàã¦­®áâì C. Ǳ®«®¦¨¬ C = { z ∈ C | |z| = 1 }.�à¨¢ë¥. �à¨¢®© ­ §ë¢ ¥âáï ®¤­®¬¥à­®¥ ¬­®£®®¡à §¨¥. Ǳ®¤ à¨¬ ­®¢®©ªà¨¢®© ¯®­¨¬ ¥âáï ªà¨¢ ï, á­ ¡¦ñ­­ ï à¨¬ ­®¢®© áâàãªâãà®©. Ǳãáâì ¤ -­ë ª®¬¯ ªâ­ ï ªà¨¢ ï T ¨ ¯®£àã¦¥­¨¥ f : T → C. �á«¨ ¯®£àã¦¥­¨¥ f á -¬®âà ­á¢¥àá «ì­® (â. ¥. ­¥ ¨¬¥¥â á ¬®ª á ­¨© ¨ âà®©­ëå â®ç¥ª), â® ¯ãáâì
δ2(f) ∈ Z2 | ª« áá ç¨á«  ¥£® ¤¢®©­ëå â®ç¥ª. �á«¨ ªà¨¢ ï T ®à¨¥­â¨à®¢ ­ ,â® ¯ãáâì g(f) : T → C | ª á â¥«ì­®¥ áä¥à¨ç¥áª®¥ ®â®¡à ¦¥­¨¥ ¯®£àã¦¥­¨ï
f . �«ï £« ¤ª®£® ®â®¡à ¦¥­¨ï g : T → C ¯ãáâì deg2 g ∈ Z2 | ¥£® áâ¥¯¥­ì.�«ï ª®­¥ç­®£® ¬­®¦¥áâ¢  D ¯ãáâì |D|2 ∈ Z2 | ª« áá ç¨á«  ¥£® í«¥¬¥­â®¢.
∂-¬­®£®®¡à §¨ï. Ǳ®¤ ∂-¬­®£®®¡à §¨¥¬ ¯®­¨¬ ¥âáï £« ¤ª®¥ ¬­®£®®¡à §¨¥á ªà ¥¬ (ç áâ® ¯ãáâë¬). �®®â¢¥âáâ¢¥­­® ¨á¯®«ì§ã¥âáï á«®¢® ∂-¯®¤¬­®£®®¡-à §¨¥. � §¬¥à­®áâì ∂-¬­®£®®¡à §¨ï ãª §ë¢ ¥âáï ¢¥àå­¨¬ ¨­¤¥ªá®¬. �®£¤ ¤ ­® ∂-¬­®£®®¡à §¨¥ X , â® ∂-¯®¤¬­®£®®¡à §¨¥ T ⊂ X ­ §ë¢ ¥âáï ¯à ¢¨«ì-­ë¬, ¥á«¨ ®­® § ¬ª­ãâ® ¨ âà ­á¢¥àá «ì­® ¯®¤¬­®£®®¡à §¨î ∂X , ¯à¨çñ¬
∂T = T ∩ ∂X .�¢ª«¨¤®¢ë ¯à®áâà ­áâ¢ . Ǳãáâì ¤ ­® ¥¢ª«¨¤®¢® ¢¥ªâ®à­®¥ ¯à®áâà ­áâ¢®
Gp (¢¥àå­¨¬ ¨­¤¥ªá®¬ ãª §ë¢ ¥âáï à §¬¥à­®áâì). �«ï ¢¥ªâ®à­®£® ¯®¤¯à®-áâà ­áâ¢  G1 ⊂ G ¯ãáâì G	G1 ⊂ G | ¥£® ®àâ®£®­ «ì­®¥ ¤®¯®«­¥­¨¥. ǱãáâìO(G) ¨ SO(G) | £àã¯¯ë �¨ ®àâ®£®­ «ì­ëå  ¢â®¬®àä¨§¬®¢ ¯à®áâà ­áâ¢  G,á®®â¢¥âáâ¢¥­­® ¢á¥å ¨ á®åà ­ïîé¨å ®à¨¥­â æ¨î. �®ªà é¥­¨¥: Op = O(Rp)¨ â. ¤. Ǳãáâì P(G) | ¬­®£®®¡à §¨¥, ®¡à §®¢ ­­®¥ ®àâ®£®­ «ì­ë¬¨ ¨§®¬®à-ä¨§¬ ¬¨ Rp → G. �  ­ñ¬ ¥áâì ®ç¥¢¨¤­ë¥ £« ¢­ë¥ ¤¥©áâ¢¨ï: «¥¢®¥ | £àã¯-¯ë O(G) ¨ ¯à ¢®¥ | £àã¯¯ë Op. �á«¨ ¯à®áâà ­áâ¢® G ®à¨¥­â¨à®¢ ­®, â®¯ãáâì SP(G) ⊂ P(G) | ª®¬¯®­¥­â , ®¡à §®¢ ­­ ï ¨§®¬®àä¨§¬ ¬¨, á®åà -­ïîé¨¬¨ ®à¨¥­â æ¨î. �«ï ®àâ®£®­ «ì­®£® ¨§®¬®àä¨§¬  t : G → G′ ¯ãáâì3



t∗ : P(G) → P(G′) | ¨­¤ãæ¨à®¢ ­­ë© ¨¬ ¤¨ää¥®¬®àä¨§¬, t∗ : O(G) → O(G′)| ¨§®¬®àä¨§¬ £àã¯¯ �¨ ¨ â. ¤. �¬¥îâáï ¢«®¦¥­¨¥ P(G) → P(G ⊕ R),
r 7→ r+ = r⊕1, ¨ £àã¯¯®¢®¥ ¢«®¦¥­¨¥ O(G)→ O(G⊕R), v 7→ v+ = v⊕1; §¤¥áì1: R → R | ¥¤¨­¨ç­ë© ®¯¥à â®à. Ǳãáâì Cli�(G) ⊃ G |  «£¥¡à  �«¨ää®à-¤  ¯à®áâà ­áâ¢  G (á á®®â­®è¥­¨ï¬¨ g2 = −|g|2, g ∈ G), Cli�0(G) ⊂ Cli�(G)| ¯®¤ «£¥¡à  çñâ­ëå í«¥¬¥­â®¢, Spin(G) ⊂ Cli�0(G) | á¯¨­®à­ ï £àã¯-¯  (£àã¯¯  �¨ ®â­®á¨â¥«ì­® ã¬­®¦¥­¨ï �«¨ää®à¤ ). �àâ®£®­ «ì­®¥ ¢«®-¦¥­¨¥ G → G ⊕ R, g 7→ (g, 0), ¨­¤ãæ¨àã¥â ¢«®¦¥­¨¥  «£¥¡à �«¨ää®à-¤  ¨, ª ª ¥£® á®ªà é¥­¨¥, £àã¯¯®¢®¥ ¢«®¦¥­¨¥ Spin(G) → Spin(G ⊕ R),® ª®â®à®¬ ¡ã¤¥¬ ¯¨á âì: V 7→ V +. Ǳãáâì π : Spin(G) → SO(G) | áâ ­-¤ àâ­®¥ £àã¯¯®¢®¥ ­ ªàëâ¨¥. �«ï «î¡®£® í«¥¬¥­â  V0 ∈ Spin(G) ¨¬¥¥¬
{V ∈ Spin(G) | π(V ) = π(V0) } = {±V0}. �¬¥¥¬ π(V +) = π(V )+, V ∈ Spin(G).Ǳà¥¤¯®«®¦¨¬, çâ® p ≡ 2 (mod 4) ¨ ¯à®áâà ­áâ¢® G ®à¨¥­â¨à®¢ ­®. �­ ¡-¤¨¬ ¢¥ªâ®à­®¥ ¯à®áâà ­áâ¢® Cli�0(G) ª®¬¯«¥ªá­®© áâàãªâãà®©. �ë¡¥à¥¬¯à ¢ë© ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á (g1, . . . , gp) ¯à®áâà ­áâ¢  G. Ǳ®«®¦¨¬
I = g1 . . . gp ∈ Cli�0(G). �«¥¬¥­â I ­¥ § ¢¨á¨â ®â ¢ë¡®à  ¡ §¨á , ¨ I2 = −1.Ǳ®« £ ¥¬ iu = Iu, u ∈ Cli�0(G). �â¬¥â¨¬, çâ® I ∈ Spin(G) ¨ π(I) = −1.� áá«®¥­¨ï. Ǳ®¤ à áá«®¥­¨¥¬ ¯®­¨¬ ¥âáï £« ¤ª®¥ à áá«®¥­¨¥ (á«®¨ ¡¥§ªà ï). Ǳãáâì ¤ ­ë à áá«®¥­¨¥ ξ ­ ¤ ∂-¬­®£®®¡à §¨¥¬ X , â®çª  x ∈ X ¨ ∂-¯®¤¬­®£®®¡à §¨¥ T ⊂ X . Ǳãáâì |ξ| | ¯à®áâà ­áâ¢® à áá«®¥­¨ï ξ, ξx | ¥£®á«®© ­ ¤ â®çª®© x, ξT | ¥£® áã¦¥­¨¥ ­  ∂-¯®¤¬­®£®®¡à §¨¥ T . � §¬¥à­®áâì¢¥ªâ®à­®£® à áá«®¥­¨ï ãª §ë¢ ¥âáï ¢¥àå­¨¬ ¨­¤¥ªá®¬. Ǳãáâì εp

X | âà¨¢¨- «ì­®¥ p-¬¥à­®¥ ¢¥ªâ®à­®¥ à áá«®¥­¨¥ ­ ¤ ∂-¬­®£®®¡à §¨¥¬ X , εCX | âà¨-¢¨ «ì­®¥ ª®¬¯«¥ªá­®¥ «¨­¥©­®¥ à áá«®¥­¨¥ ­ ¤ ­¨¬; εX = ε1X . � £« ¤ª®¬¯®¤à áá«®¥­¨¨ ξ1 à áá«®¥­¨ï ξ ¡ã¤¥¬ ¯¨á âì: ξ1 ⊂ ξ. � á â¥«ì­®¥ à áá«®¥-­¨¥ ∂-¬­®£®®¡à §¨ï X ®¡®§­ ç ¥âáï τ(X). �¬¥áâ® τ(X)x ¨ τ(X)T ¡ã¤¥¬ ¯¨-á âì á®®â¢¥âáâ¢¥­­® τx(X) ¨ τT (X). �ã¤¥¬ áç¨â âì, çâ® τ(T ) ⊂ τT (X). �«ï£« ¤ª®£® ®â®¡à ¦¥­¨ï f : X → Y ¯ãáâì dxf : τx(X) → τf(x)(Y ) | ¥£® ¤¨ä-ä¥à¥­æ¨ « ¢ â®çª¥ x ∈ X . �¨¬¢®«ë 	, Hom ¨ â. ¯. ¢ ®â­®è¥­¨¨ ¢¥ªâ®à­ëåà áá«®¥­¨© ®¡®§­ ç îâ ¯®á«®©­®¥ ¯à¨¬¥­¥­¨¥ á®®â¢¥âáâ¢ãîé¨å ª®­áâàãª-æ¨©; ¢ ç áâ­®áâ¨, ¤«ï ¥¢ª«¨¤®¢  ¢¥ªâ®à­®£® à áá«®¥­¨ï ηp, ®ª §ë¢ ¥âáï, P(η)| á®®â¢¥âáâ¢ãîé¥¥ £« ¢­®¥ Op-à áá«®¥­¨¥. Ǳ®¤ á¥ç¥­¨¥¬ ¯®­¨¬ ¥âáï £« ¤-ª®¥ á¥ç¥­¨¥. Ǳãáâì ¤ ­® á¥ç¥­¨¥ u à áá«®¥­¨ï ξ; § ¯¨áì: u ∈ ξ. Ǳãáâì ux ∈ ξx| §­ ç¥­¨¥ á¥ç¥­¨ï u ¢ â®çª¥ x, uT ∈ ξT | ¥£® áã¦¥­¨¥ ­  ∂-¯®¤¬­®£®®¡à -§¨¥ T . Ǳ®¤ ¬®àä¨§¬®¬ ¯®­¨¬ ¥âáï £« ¤ª¨© ¬®àä¨§¬, ­ ªàë¢ îé¨© â®¦¤¥-áâ¢¥­­®¥ ®â®¡à ¦¥­¨¥ ¡ §ë. � ®â­®è¥­¨¨ à áá«®¥­¨© á®®â¢¥âáâ¢¥­­® ¨á¯®«ì-§ã¥âáï á«®¢® ¨§®¬®àä¨§¬. Ǳãáâì ¤ ­ ¬®àä¨§¬ a : ξ → ξ′. Ǳãáâì ax : ξx → ξ′x| á®®â¢¥âáâ¢ãîé¥¥ ®â®¡à ¦¥­¨¥ á«®ñ¢ ­ ¤ â®çª®© x, aT : ξT → ξ′T | áã¦¥-­¨¥ ¬®àä¨§¬  a ­  ∂-¯®¤¬­®£®®¡à §¨¥ T . �­ê¥ªâ¨¢­ë© ­  á«®ïå «¨­¥©­ë©¬®àä¨§¬ ¢¥ªâ®à­ëå à áá«®¥­¨© ­ §ë¢ ¥âáï ¬®­®¬®àä¨§¬®¬. �«ï ®àâ®£®-­ «ì­®£® ¨§®¬®àä¨§¬  ¥¢ª«¨¤®¢ëå ¢¥ªâ®à­ëå à áá«®¥­¨© t : η → η′ ¯ãáâì
t∗ : P(η) → P(η′), t∗ : SO(η) → SO(η′) | ¨­¤ãæ¨à®¢ ­­ë¥ ¨¬ ¨§®¬®àä¨§¬ë.�«ï ®à¨¥­â¨à®¢ ­­®£® ¥¢ª«¨¤®¢  ¢¥ªâ®à­®£® à áá«®¥­¨ï ηp, p ≡ 2 (mod 4),à áá«®¥­¨¥ Cli�0(η) áç¨â ¥âáï ª®¬¯«¥ªá­ë¬, ¢ á®®â¢¥âáâ¢¨¨ á ª®­æ®¬ ¯à¥¤ë-¤ãé¥£®  ¡§ æ .
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§ 2. Ǳ®«ãå à ªâ¥à¨áâ¨ª  ªà¨¢ëå(2.1) �¥¬¬ . Ǳãáâì T | ª®¬¯ ªâ­ ï ®à¨¥­â¨à®¢ ­­ ï ªà¨¢ ï, f : T → C| á ¬®âà ­á¢¥àá «ì­®¥ ¯®£àã¦¥­¨¥. �®£¤  k(T ) = δ2(f) + deg2 g(f).�®ª § â¥«ìáâ¢®. Ǳà¨ § ¬¥­¥ ¯®£àã¦¥­¨ï f ­  à¥£ã«ïà­® £®¬®â®¯­®¥ ª« á-áë δ2(f) ¨ deg2 g(f) ­¥ ¬¥­ïîâáï. �­ ï ª« áá¨ä¨ª æ¨î ¯®£àã¦¥­¨©, ¬®¦­®¯à®¢¥à¨âì à ¢¥­áâ¢® ¤«ï ¯à¥¤áâ ¢¨â¥«¥© ¢á¥å ª« áá®¢ à¥£ã«ïà­®© £®¬®â®¯­®-áâ¨. ��®ª § â¥«ìáâ¢® â¥®à¥¬ë 2 ¯à¨ n = 1. � áá¬®âà¨¬ â ª®¥ £« ¤ª®¥ ®â®¡-à ¦¥­¨¥ F : V → C, çâ® ®â®¡à ¦¥­¨ï fj = F |Xj , j = 1, . . . , N , | á ¬®â-à ­á¢¥àá «ì­ë¥ ¯®£àã¦¥­¨ï. Ǳãáâì c ∈ C | à¥£ã«ïà­®¥ §­ ç¥­¨¥ ®â®¡à -¦¥­¨© g(fj), j = 1, . . . , N . Ǳ® «¥¬¬¥ 2.1, k(Xj) = δ2(fj) + |g(fj)−1(c)|2,
j = 1, . . . , N . �§ ¯à¥¤¯®«®¦¥­¨ï â¥®à¥¬ë á«¥¤ã¥â, çâ® ¯à¨ áã¬¬¨à®¢ ­¨¨¯® ¨­¤¥ªáã j ª ¦¤®¥ ¨§ á« £ ¥¬ëå ¤ ñâ 0. �

§ 3. s-¬®àä¨§¬ë ¨ ¯¨­®à­ë¥ áâàãªâãàë�àã¯¯®¢®¥ ¢«®¦¥­¨¥ �(s). �«ï ¥¢ª«¨¤®¢ëå ¢¥ªâ®à­ëå ¯à®áâà ­áâ¢ Fm¨ Gm+n, n ≡ 1 (mod 2), ¨ ®àâ®£®­ «ì­®£® ¢«®¦¥­¨ï s : F → G ®¯à¥¤¥«¨¬£àã¯¯®¢®¥ ¢«®¦¥­¨¥ �(s) : O(F ) → SO(G) ãá«®¢¨ï¬¨ �(s)(u)(s(f)) = s(u(f)),
f ∈ F , u ∈ O(F ), ¨ �(s)(u)(g) = (detu)g, g ∈ G	 im s, u ∈ O(F ).
s-¬®àä¨§¬ë. Ǳãáâì ¤ ­ë ¥¢ª«¨¤®¢ë ¢¥ªâ®à­ë¥ à áá«®¥­¨ï ζm ¨ ηm+n,
n ≡ 1 (mod 2), ­ ¤ ∂-¬­®£®®¡à §¨¥¬ T ¨ ®àâ®£®­ «ì­ë© ¬®­®¬®àä¨§¬ s : ζ →
η. �®àä¨§¬ R : P(ζ) → SO(η) ¡ã¤¥¬ ­ §ë¢ âì s-¬®àä¨§¬®¬, ¥á«¨ Rt(uq) =�(st)(u)Rt(q), u ∈ O(ζt), q ∈ P(ζt), t ∈ T (¯à¨ m = 1 íâ® ¯à®áâ® ®§­ ç ¥â,çâ® Rt(−q) = −Rt(q), q ∈ P(ζt), t ∈ T ). Ǳãáâì s+ : ζ ⊕ εT → η ⊕ εT |®àâ®£®­ «ì­ë© ¬®­®¬®àä¨§¬, ¨­¤ãæ¨à®¢ ­­ë© ¬®àä¨§¬®¬ s. �«ï s-¬®à-ä¨§¬  R : P(ζ) → SO(η) ®¯à¥¤¥«¨¬ s+-¬®àä¨§¬ R+ : P(ζ ⊕ εT ) → SO(η ⊕ εT )ãá«®¢¨¥¬ R+

t (q+) = Rt(q)+, q ∈ P(ζt), t ∈ T .�«®¦¥­¨¥ snm. Ǳãáâì snm : Rm → Rm+n | áâ ­¤ àâ­®¥ ®àâ®£®­ «ì­®¥ ¢«®-¦¥­¨¥.�àã¯¯  �¨ Pinn
m. Ǳãáâì n ≡ 1 (mod 2), n, m > 0. Ǳ®«®¦¨¬ Pinn

m =
{ (a, B) ∈ Om × Spinm+n | �(snm)(a) = π(B) } | á ¯®ª®¬¯®­¥­â­ë¬ ã¬­®-¦¥­¨¥¬ (¯à¨ n ≡ ±1 (mod 4) íâ® ¬®¤¥«ì £àã¯¯ë Pin∓m [5]). �¯à¥¤¥«¨¬ £àã¯-¯®¢®¥ ­ ªàëâ¨¥ π : Pinn

m → Om, ¤«ï í«¥¬¥­â  A ∈ Pinn
m, A = (a, B), £¤¥

a ∈ Om, B ∈ Spinm+n, ¯®« £ ï π(A) = a. �¯à¥¤¥«¨¬ £àã¯¯®¢®¥ ¢«®¦¥­¨¥Pinn
m → Pinn

m+1, ¤«ï â®£® ¦¥ í«¥¬¥­â  A ¯®« £ ï A 7→ A+ = (a+, B+). �â¬¥-â¨¬, çâ® Pinn1 , n ≡ 1 (mod 4), | æ¨ª«¨ç¥áª ï £àã¯¯  ¯®àï¤ª  4.Ǳ¨­®à­ë¥ áâàãªâãàë. Pinn-áâàãªâãà®©, n ≡ 1 (mod 2), n > 0, (¨«¨¯à®áâ® ¯¨­®à­®© áâàãªâãà®©) ­  ¥¢ª«¨¤®¢®¬ ¢¥ªâ®à­®¬ à áá«®¥­¨¨ ζm ­ ¤
∂-¬­®£®®¡à §¨¥¬ T ­ §ë¢ ¥âáï ¯ à  � = (σ, p), £¤¥ σ | £« ¢­®¥ Pinn

m-à áá«®-¥­¨¥ ­ ¤ ∂-¬­®£®®¡à §¨¥¬ T , p : σ → P(ζ) | â ª®© ¬®àä¨§¬, çâ® pt(QA) =
pt(Q)π(A), A ∈ Pinn

m, Q ∈ σt, t ∈ T . Pinn-áâàãªâãàë � = (σ, p) ¨ �′ = (σ′, p′)­  ¥¢ª«¨¤®¢®¬ ¢¥ªâ®à­®¬ à áá«®¥­¨¨ ζ ­ §ë¢ îâáï ¨§®¬®àä­ë¬¨, ¥á«¨ áã-é¥áâ¢ã¥â â ª®© á®åà ­ïîé¨© ¤¥©áâ¢¨¥ £àã¯¯ë Pinn
m ¨§®¬®àä¨§¬ h : σ → σ′,çâ® p = p′ ◦ h. Ǳ®¤ ¯¨­®à­®© áâàãªâãà®© ­  à¨¬ ­®¢®¬ ∂-¬­®£®®¡à §¨¨ ¯®­¨-¬ ¥âáï ¯¨­®à­ ï áâàãªâãà  ­  ¥£® ª á â¥«ì­®¬ à áá«®¥­¨¨.5



Ǳ¨­®à­ ï áâàãªâãà  �−. Ǳãáâì ¤ ­ë ¥¢ª«¨¤®¢® ¢¥ªâ®à­®¥ à áá«®¥­¨¥ ζm­ ¤ ∂-¬­®£®®¡à §¨¥¬ T ¨ Pinn-áâàãªâãà  � = (σ′, p′) ­  à áá«®¥­¨¨ ζ ⊕ εT .Ǳ®áâà®¨¬ Pinn-áâàãªâãàã �− = (σ, p) ­  à áá«®¥­¨¨ ζ. �«ï â®çª¨ t ∈ T¯®«®¦¨¬ σt = { (q, Q′) ∈ P(ζt)× σ′
t | q

+ = p′(Q′) }. �« ¤ª ï áâàãªâãà  ­  ¬­®-¦¥áâ¢¥ |σ| ®¯à¥¤¥«ï¥âáï ¢ª«îç¥­¨¥¬ |σ| → |P(ζ)| × |σ|. �®àä¨§¬ p : σ → P(ζ)¯ãáâì ¥áâì ¯à®¥ªæ¨ï. �¢¥¤ñ¬ ­  à áá«®¥­¨¨ σ áâàãªâãàã £« ¢­®£® Pinn
m-à á-á«®¥­¨ï. �®§ì¬ñ¬ â®çªã t ∈ T . �¯à¥¤¥«¨¬ £« ¢­®¥ ¯à ¢®¥ ¤¥©áâ¢¨¥ £àã¯¯ëPinn

m ­  ¬­®£®®¡à §¨¨ σt, ¤«ï í«¥¬¥­â  A ∈ Pinn
m ¨ â®çª¨ Q ∈ σt, Q = (q, Q′),£¤¥ q ∈ P(ζt), Q′ ∈ σ′

t, ¯®« £ ï QA = (qπ(A), Q′A+).Ǳ¨­®à­ ï áâàãªâãà  �(s, R). Ǳãáâì ¤ ­ë ¥¢ª«¨¤®¢ë ¢¥ªâ®à­ë¥ à áá«®-¥­¨ï ζm ¨ ηm+n, n ≡ 1 (mod 2), ­ ¤ ∂-¬­®£®®¡à §¨¥¬ T , ¯à¨çñ¬ à áá«®¥-­¨¥ η ®à¨¥­â¨à®¢ ­®, ®àâ®£®­ «ì­ë© ¬®­®¬®àä¨§¬ s : ζ → η ¨ s-¬®àä¨§¬
R : P(ζ) → SO(η). Ǳ®áâà®¨¬ Pinn-áâàãªâãàã �(s, R) = (σ, p) ­  à áá«®¥­¨¨ ζ.�«ï â®çª¨ t ∈ T ¯®«®¦¨¬ σt = { (q, V ) ∈ P(ζt) × Spin(ηt) | Rt(q) = π(V ) }.�« ¤ª ï áâàãªâãà  ­  ¬­®¦¥áâ¢¥ |σ| ®¯à¥¤¥«ï¥âáï ¢ª«îç¥­¨¥¬ |σ| → |P(ζ)| ×
|Spin(η)|. �®àä¨§¬ p : σ → P(ζ) ¯ãáâì ¥áâì ¯à®¥ªæ¨ï. �¢¥¤ñ¬ ­  à áá«®¥­¨¨
σ áâàãªâãàã £« ¢­®£® Pinn

m-à áá«®¥­¨ï. �®§ì¬ñ¬ â®çªã t ∈ T . �ë¡¥à¥¬ â ª¨¥¨§®¬®àä¨§¬ë q0 ∈ P(ζt) ¨ r0 ∈ SP(ηt), çâ® sq0 = r0snm. �¯à¥¤¥«¨¬ £« ¢­®¥¯à ¢®¥ ¤¥©áâ¢¨¥ £àã¯¯ë Pinn
m ­  ¬­®£®®¡à §¨¨ σt, ¤«ï í«¥¬¥­â  A ∈ Pinn

m,
A = (a, B), £¤¥ a ∈ Om, B ∈ Spinm+n, ¨ â®çª¨ Q ∈ σt, Q = (q, V ), £¤¥
q ∈ P(ζt), V ∈ Spin(ηt), ¯®« £ ï QA = (qa, V (Rt(q0)−1r0)∗(B)). �¥âàã¤­®¯à®¢¥à¨âì, çâ® íâ® ¤¥©áâ¢¨¥ ­¥ § ¢¨á¨â ®â ¢ë¡®à  ¨§®¬®àä¨§¬®¢ q0 ¨ r0.(3.1) Ǳãáâì ζm ¨ ηm+n, n ≡ 1 (mod 2), | ¥¢ª«¨¤®¢ë ¢¥ªâ®à­ë¥ à áá«®¥­¨ï­ ¤ ∂-¬­®£®®¡à §¨¥¬ T , ¯à¨çñ¬ à áá«®¥­¨¥ η ®à¨¥­â¨à®¢ ­®, s : ζ → η |®àâ®£®­ «ì­ë© ¬®­®¬®àä¨§¬, R : P(ζ) → SO(η) | s-¬®àä¨§¬. �®£¤  Pinn-áâàãªâãàë �(s, R) ¨ �(s+, R+)− ­  à áá«®¥­¨¨ ζ ¨§®¬®àä­ë.�®ª § â¥«ìáâ¢®. Ǳãáâì �(s, R) = (σ, p), �(s+, R+)− = (σ′, p′). �ã¦­ë©¨§®¬®àä¨§¬ h : σ → σ′ ®¯à¥¤¥«¨¬, ¤«ï â®çª¨ t ∈ T ¨ â®çª¨ Q ∈ σ′

t, Q =(q, V ), £¤¥ q ∈ P(ζt), V ∈ Spin(ηt), ¯®« £ ï ht(Q) = (q, (q+, V +)). �

§ 4. �­¢ à¨ ­â j�«ï ª®¬¯ ªâ­®© à¨¬ ­®¢®© ªà¨¢®© T ¨ Pinn-áâàãªâãàë, n ≡ 1 (mod 4),� = (σ, p) ­  ­¥© ¯ãáâì j(T,�) ∈ Z2 | ª« áá ç¨á«  â¥å ª®¬¯®­¥­â ªà¨¢®© T ,­ ¤ ª®â®àë¬¨ ­ ªàëâ¨¥ σ âà¨¢¨ «ì­®.�®­áâàãªæ¨ï �: (T, η, s, R, l, f) 7→ g. Ǳãáâì ¤ ­ë ª®¬¯ ªâ­ ï à¨¬ ­®-¢  ªà¨¢ ï T , ®à¨¥­â¨à®¢ ­­®¥ ¥¢ª«¨¤®¢® ¢¥ªâ®à­®¥ à áá«®¥­¨¥ ηp, p ≡ 2(mod 4), ­ ¤ ­¥©, ®àâ®£®­ «ì­ë© ¬®­®¬®àä¨§¬ s : τ(T ) → η, s-¬®àä¨§¬
R : P(τ(T )) → SO(η), ª®¬¯«¥ªá­®-«¨­¥©­ë© ¬®àä¨§¬ l : Cli�0(η) → εCT ¨¯®£àã¦¥­¨¥ f : T → C. Ǳ®áâà®¨¬ £« ¤ª®¥ ®â®¡à ¦¥­¨¥ g : T → C. �®§ì¬ñ¬â®çªã t ∈ T . �ë¡¥à¥¬ â ª¨¥ ¨§®¬®àä¨§¬ q ∈ P(τt(T )) ¨ í«¥¬¥­â V ∈ Spin(ηt),çâ® Rt(q) = π(V ). Ǳ®«®¦¨¬ z = lt(V )2dtf(q(1)) ∈ C. �¥£ª® ¢¨¤¥âì, çâ® ç¨á-«® z ­¥ § ¢¨á¨â ®â ¢ë¡®à  ¨§®¬®àä¨§¬  q ¨ í«¥¬¥­â  V . Ǳà¥¤¯®«®¦¨¬, çâ®
z 6= 0 (íâ® â ª ¢® ¢á¥å â®çª å, ¥á«¨ l | ®¡é¨© ª®¬¯«¥ªá­®-«¨­¥©­ë© ¬®à-ä¨§¬). Ǳ®«®¦¨¬ g(t) = z/|z|. 6



(4.1) �¥¬¬ . Ǳãáâì �: (T, η, s, R, l, f) 7→ g ¨ ¯®£àã¦¥­¨¥ f á ¬®âà ­á¢¥à-á «ì­®. �®£¤  j(T,�(s, R)) = δ2(f) + deg2 g.�®ª § â¥«ìáâ¢®. Ǳãáâì �(s, R) = (σ, p). �à¨¥­â¨àã¥¬ ªà¨¢ãî T . �¯à¥¤¥«¨¬á¥ç¥­¨¥ v ∈ SO(η), ¤«ï â®çª¨ t ∈ T ¯®« £ ï vt = Rt(q), £¤¥ q ∈ SP(τt(T )).�¯à¥¤¥«¨¬ ®â®¡à ¦¥­¨¥ b : T → C, ¯®« £ ï b(t) = g(t)/g(f)(t), t ∈ T . �®£¤ deg2 b = deg2 g − deg2 g(f). Ǳ® «¥¬¬¥ 2.1, k(T ) = δ2(f) + deg2 g(f). � ª¨¬®¡à §®¬, ­ã¦­® ¯®ª § âì, çâ® j(T,�(s, R)) = k(T ) + deg2 b. �®§ì¬ñ¬ ª®¬-¯®­¥­âã T ′ ⊂ T . �®áâ â®ç­® ¯®ª § âì, çâ® ­ ªàëâ¨¥ σT ′ âà¨¢¨ «ì­®, ¥á«¨¨ â®«ìª® ¥á«¨ deg2 b|T ′ = 0. �¥âàã¤­® ¯®­ïâì, çâ® ¯¥à¢®¥ à ¢­®á¨«ì­® áã-é¥áâ¢®¢ ­¨î â ª®£® á¥ç¥­¨ï V ′ ∈ Spin(ηT ′), çâ® π(V ′
t ) = vt, t ∈ T ′. Ǳãáâì

V ′ | â ª®¥ á¥ç¥­¨¥. �¥£ª® ¢¨¤¥âì, çâ® â®£¤  b(t)/lt(V ′
t )2 > 0, t ∈ T ′. �«¥-¤®¢ â¥«ì­®, deg2 b|T ′ = 0. �¡à â­®. Ǳãáâì deg2 b|T ′ = 0. �ë¡¥à¥¬ â ª®¥£« ¤ª®¥ ®â®¡à ¦¥­¨¥ B′ : T ′ → C, çâ® B′(t)2 = b(t), t ∈ T ′. �­ ç¥­¨¥ ­ã¦-­®£® á¥ç¥­¨ï V ′ ¢ ª ¦¤®© â®çª¥ t ∈ T ′ ®¯à¥¤¥«¨¬ ¤®¯®«­¨â¥«ì­ë¬ ãá«®¢¨¥¬

B′(t)/lt(V ′
t ) > 0. �

§ 5. �®¡®à¤¨§¬ë�â®â ¯ à £à ä ­ã¦¥­ â®«ìª® ¤«ï ¤®ª § â¥«ìáâ¢  «¥¬¬ë 8.7.�®¡®à¤¨§¬®¬ ­ §ë¢ ¥âáï ª®¬¯ ªâ­®¥ ∂-¬­®£®®¡à §¨¥ Y á à §«®¦¥­¨¥¬
∂Y = ∂+Y t ∂−Y . Ǳ®¤ à¨¬ ­®¢ë¬ ª®¡®à¤¨§¬®¬ ¯®­¨¬ ¥âáï ª®¡®à¤¨§¬,á­ ¡¦ñ­­ë© à¨¬ ­®¢®© áâàãªâãà®©.�§®¬®àä¨§¬ë v(Y ) ¨ w(Y ). Ǳãáâì ¤ ­ à¨¬ ­®¢ ª®¡®à¤¨§¬ Y . �¯à¥¤¥-«¨¬ á¥ç¥­¨¥ e ∈ τ∂Y (Y ): ¤«ï â®çª¨ x ∈ ∂±Y ¯ãáâì ex ⊥ τx(∂Y ), |ex| = 1¨ ¢¥ªâ®à ±ex ­ ¯à ¢«¥­ ­ àã¦ã. �¯à¥¤¥«¨¬ ®àâ®£®­ «ì­ë¥ ¨§®¬®àä¨§¬ëv(Y ) : τ(∂Y ) ⊕ ε∂Y → τ∂Y (Y ), ¯®« £ ï v(Y )x((u, t)) = u + tex, u ∈ τx(∂Y ),
t ∈ R, x ∈ ∂X , ¨ w(Y ) : τ(∂Y ) ⊕ ε2∂Y → τ∂Y (Y ) ⊕ ε∂Y , ¯®« £ ï w(Y )x((u, t)) =(u+ t2ex,−t1), u ∈ τx(∂Y ), t ∈ R2, x ∈ ∂X .Ǳ¨­®à­ë¥ áâàãªâãàë ∂±�. �àã¯¯  �n

m. Ǳãáâì ¤ ­ë à¨¬ ­®¢ ª®¡®à¤¨§¬
Um+1 ¨ Pinn-áâàãªâãà  � = (σ, p) ­  ­ñ¬. �®£¤  �1 = (σ∂U , v(U)−1∗ ◦ p∂U ) |Pinn-áâàãªâãà  ­  à áá«®¥­¨¨ τ(∂U) ⊕ ε∂U . �¯à¥¤¥«¨¬ Pinn-áâàãªâãàë ∂±�­  ¬­®£®®¡à §¨ïå ∂±U ª ª áã¦¥­¨ï Pinn-áâàãªâãàë �−1 . � ª¨¥ ¯ àë, ª ª(∂±U, ∂±�), ¡ã¤¥¬ ­ §ë¢ âì Pinn-ª®¡®à¤ ­â­ë¬¨. Ǳ® ®¡ëç­®© áå¥¬¥ áâà®ïâ-áï £àã¯¯ë Pinn-ª®¡®à¤¨§¬®¢ �n

m. �«ï ª®¬¯ ªâ­®£® à¨¬ ­®¢  ¬­®£®®¡à §¨ï
Tm ¨ Pinn-áâàãªâãàë � ­  ­ñ¬ ¯ãáâì [T,�] ∈ �n

m | ª« áá ª®¡®à¤ ­â­®áâ¨¯ àë (T,�).�®­ª¨¥ áâàãªâãàë. �®­ª®© áâàãªâãà®© ­  ª®¡®à¤¨§¬¥ Y ¡ã¤¥¬ ­ §ë¢ âìâ ª®© «¨­¥©­ë© ¬®àä¨§¬ c : τ(Y ) → εY , çâ® cy 6= 0, y ∈ Y , ¨ ¢ â®çª¥ x ∈ ∂±Yä®à¬  ±cx ¯à¨­¨¬ ¥â ¯®«®¦¨â¥«ì­ë¥ §­ ç¥­¨ï ­  ¢¥ªâ®à å, ­ ¯à ¢«¥­­ëå­ àã¦ã (¨, á«¥¤®¢ â¥«ì­®, ker cx = τx(∂Y )).�§®¬®àä¨§¬ W(Y, c). Ǳãáâì ¤ ­ë à¨¬ ­®¢ ª®¡®à¤¨§¬ Y ¨ â®­ª ï áâàãª-âãà  c ­  ­ñ¬. �¯à¥¤¥«¨¬ á¥ç¥­¨¥ E ∈ τ(Y ): ¤«ï â®çª¨ y ∈ Y ¯ãáâì Ey ⊥ker cy, |Ey| = 1 ¨ cy(Ey) > 0. �¯à¥¤¥«¨¬ ®àâ®£®­ «ì­ë© ¨§®¬®àä¨§¬ W(Y, c) : ker c⊕
ε2Y → τ(Y ) ⊕ εY , ¯®« £ ï W(Y, c)y((u, t)) = (u + t2Ey,−t1), u ∈ ker cy, t ∈ R2,
y ∈ Y . 7



�à¨¥­â¨à®¢ ­­ë¥ ª®¡®à¤¨§¬ë. �àã¯¯  ωn. �®£¤  Y | ®à¨¥­â¨à®¢ ­-­ë© ª®¡®à¤¨§¬, â® ¬­®£®®¡à §¨ï ∂±Y áç¨â îâáï ®à¨¥­â¨à®¢ ­­ë¬¨ | ¯®®¡ëç­®¬ã ¯à ¢¨«ã (â ª çâ® ¥á«¨ ª®¡®à¤¨§¬ Y á­ ¡¦ñ­ à¨¬ ­®¢®© áâàãªâã-à®©, â® ¨§®¬®àä¨§¬ v(Y ) á®åà ­ï¥â ®à¨¥­â æ¨î). �á«¨ Y | ®à¨¥­â¨à®¢ ­-­ë© ª®¡®à¤¨§¬,   c | â®­ª ï áâàãªâãà  ­  ­ñ¬, â® ®à¨¥­â¨à®¢ ­­ë¥ ¬­®£®-®¡à §¨ï ∂±Y â®­ª® ª®¡®à¤ ­â­ë. Ǳ® ®¡ëç­®© áå¥¬¥ áâà®ïâáï £àã¯¯ë â®­-ª¨å ®à¨¥­â¨à®¢ ­­ëå ª®¡®à¤¨§¬®¢ ωn. (�¬¥áâ® â®­ª¨å áâàãªâãà ®¡ëç­® ¨á-¯®«ì§ãîâ ¢¥ªâ®à­ë¥ ¯®«ï.) �«ï ®à¨¥­â¨à®¢ ­­®£® ª®¬¯ ªâ­®£® ¬­®£®®¡à -§¨ï Xn ¯ãáâì [X ] ∈ ωn | ¥£® ª« áá ª®¡®à¤ ­â­®áâ¨.
§ 6. �á®¡¥­­®áâ¨ «¨­¥©­®£® ¬®àä¨§¬ �®­áâàãªæ¨ï K: (X, λ, µ, a) 7→ (T, D) (¯® [3, § 1]). Ǳãáâì ¤ ­ë ª®¬¯ ªâ­®¥

∂-¬­®£®®¡à §¨¥ Xn, ¢¥ªâ®à­ë¥ à áá«®¥­¨ï λp ¨ µq ­ ¤ ­¨¬ ¨ «¨­¥©­ë© ¬®à-ä¨§¬ a : λ → µ. Ǳ®«®¦¨¬ T = { x ∈ X | rg ax < p }. Ǳ®«®¦¨¬ ξ = Hom(λ, µ).�«ï æ¥«®£® r ¯ãáâì ξr ⊂ ξ | ¯®¤à áá«®¥­¨¥, ®¡à §®¢ ­­®¥ «¨­¥©­ë¬¨ ®â®¡-à ¦¥­¨ï¬¨ à ­£  r. �¯à¥¤¥«¨¬ £« ¤ª®¥ ®â®¡à ¦¥­¨¥ s : X → |ξ|, ¯®« £ ï
s(x) = ax, x ∈ X . �®àä¨§¬ a ¡ã¤¥¬ ­ §ë¢ âì ­¥¢ëà®¦¤¥­­ë¬, ¥á«¨ ®â®¡-à ¦¥­¨ï s ¨ s|∂X âà ­á¢¥àá «ì­ë ∂-¯®¤¬­®£®®¡à §¨ï¬ |ξr|. Ǳà¥¤¯®«®¦¨¬,çâ® ¬®àä¨§¬ a ­¥¢ëà®¦¤¥­ ¨ n < 2(q − p + 2). �®£¤  T = s−1(|ξp−1|) ¨ íâ®¯à ¢¨«ì­®¥ ∂-¯®¤¬­®£®®¡à §¨¥ à §¬¥à­®áâ¨ m = n + p − q − 1. Ǳ®áâà®¨¬ «¨-­¥©­ë© ¨§®¬®àä¨§¬ D : Hom(ker aT , coker aT ) → τT (X)/τ(T ). �®§ì¬ñ¬ â®çªã
t ∈ T . Ǳ®«®¦¨¬ u = at ∈ ξt. � áá¬®âà¨¬ â ªãî ¤¨ £à ¬¬ã.Hom(λt, µt) j

−−−−→ τu(|ξ|) dts←−−−− τt(X)




y





y





yHom(ker at, coker at) g
−−−−→ τu(|ξ|)/τu(|ξp−1|) h

←−−−− τt(X)/τt(T )�â®¡à ¦¥­¨¥ j | ª®¬¯®§¨æ¨ï ®ç¥¢¨¤­®£® ¨§®¬®àä¨§¬  Hom(λt, µt) = ξt →
τu(ξt) ¨ ¢ª«îç¥­¨ï τu(ξt) → τu(|ξ|). Ǳ¥à¢ ï ¢¥àâ¨ª «ì­ ï áâà¥«ª  ¨­¤ãæ¨-à®¢ ­  ¢ª«îç¥­¨¥¬ ker at → λt ¨ ¯à®¥ªæ¨¥© µt → coker at. �¢¥ ¤àã£¨¥ |¯à®¥ªæ¨¨. �â®¡à ¦¥­¨ï g ¨ h ®¯à¥¤¥«ïîâáï ãá«®¢¨¥¬ ª®¬¬ãâ â¨¢­®áâ¨ ¤¨ -£à ¬¬ë ¨ ï¢«ïîâáï ¨§®¬®àä¨§¬ ¬¨. Ǳ®«®¦¨¬ Dt = h−1g.(6.1) Ǳãáâì K: (Y, λ, µ, b) 7→ (U, E), X = ∂Y ¨ K: (X, λX , µX , bX) 7→ (T, D).�®£¤  T = ∂U ¨ JD = ET , £¤¥ J : τT (X)/τ(T )→ τT (Y )/τT (U) | ¨§®¬®àä¨§¬,¨­¤ãæ¨à®¢ ­­ë© ¬®àä¨§¬®¬ ¢ª«îç¥­¨ï τT (X)→ τT (Y ). �

§ 7. �á®¡¥­­®áâ¨ ¯ àë ¢¥ªâ®à­ëå ¯®«¥©�§®¬®àä¨§¬ã ¥¢ª«¨¤®¢ëå ¢¥ªâ®à­ëå ¯à®áâà ­áâ¢ h : G → G′ á®¯®áâ ¢¨¬®àâ®£®­ «ì­ë© ¨§®¬®àä¨§¬ φ(h) : G → G′ ¯® ä®à¬ã«¥ ¨§ [6, § 4]:2 φ(h) =
h(h∗h)−1/2. �®£¤  G | ¥¢ª«¨¤®¢® ¢¥ªâ®à­®¥ ¯à®áâà ­áâ¢®, â® «¨­¥©­®¬ã®â®¡à ¦¥­¨î f : C → G à ­£  1 á®¯®áâ ¢¨¬ ®àâ®£®­ «ì­ë© ¨§®¬®àä¨§¬
κ(f) : ker f → im f , ¯®« £ ï κ(f)(z) = kf(iz), z ∈ ker f , á ¯®¤å®¤ïé¨¬ª®íää¨æ¨¥­â®¬ k > 0. �«ï ¥¢ª«¨¤®¢  ¢¥ªâ®à­®£® ¯à®áâà ­áâ¢  E1, ¨§®-¬®àä¨§¬  p ∈ P(E) ¨ ¢¥ªâ®à­®£® ¯à®áâà ­áâ¢  V ®¯à¥¤¥«¨¬ ¨§®¬®àä¨§¬
ι(p) : Hom(E, V )→ V , ¯®« £ ï ι(p)(u) = u(p(1)), u ∈ Hom(E, V ).2� ã§­ « íâã ä®à¬ã«ã ®â �. �. �à®¨æª®£®.8



�®­áâàãªæ¨ï M: (X, a) 7→ (T, s, R). Ǳãáâì ¤ ­ë ª®¬¯ ªâ­®¥ à¨¬ ­®¢®¬­®£®®¡à §¨¥ Xn, n ≡ 1 (mod 2), ¨ ­¥¢ëà®¦¤¥­­ë© «¨­¥©­ë© ¬®àä¨§¬
a : εCX → τ(X). Ǳãáâì K: (X, εCX , τ(X), a) 7→ (T 1, D). �¯à¥¤¥«¨¬ ®àâ®£®­ «ì-­ë© ¬®­®¬®àä¨§¬ s : τ(T ) → τT (X) ⊕ εT , ¯®« £ ï st(f) = (f, 0), f ∈ τt(T ),
t ∈ T . Ǳ®áâà®¨¬ s-¬®àä¨§¬ R : P(τ(T )) → SO(τT (X) ⊕ εT ). �®§ì¬ñ¬ â®çªã
t ∈ T . �«ï ¨§®¬®àä¨§¬  p ∈ P(ker at) ®¯à¥¤¥«¨¬ ¨§®¬®àä¨§¬ I(p) â ª®©ª®¬¬ãâ â¨¢­®© ¤¨ £à ¬¬®©.

τt(X)	 imat
I(p)
−→ τt(X)	 τt(T )





y





ycoker at
ι(p)−1
−−−−→ Hom(ker at, coker at) Dt−−−−→ τt(X)/τt(T )�¤¥áì ¢¥àâ¨ª «ì­ë¥ áâà¥«ª¨ | ®ç¥¢¨¤­ë¥ ¨§®¬®àä¨§¬ë (áã¦¥­¨ï ¯à®¥ª-æ¨©). �«ï ¨§®¬®àä¨§¬®¢ p ∈ P(ker at) ¨ q ∈ P(τt(T )) ¯®áâà®¨¬ ®¯¥à â®à

r(p, q) ∈ O(τt(T )⊕R), á®¥¤¨­ïï ®àâ®£®­ «ì­ë¥ ¨§®¬®àä¨§¬ë φ(I(p)) : τt(X)	imat → τt(X) 	 τt(T ), −(κ(at)p)−1 : imat → R ¨ q : R → τt(T ). �«ï ¨§®-¬®àä¨§¬  q ∈ P(τt(T )) ¢®§ì¬ñ¬ â®â ¨§®¬®àä¨§¬ p ∈ P(ker at), ¯à¨ ª®â®à®¬det r(p, q) = 1, ¨ ¯®«®¦¨¬ Rt(q) = r(p, q).�áâ «ì­ ï ç áâì ¯ à £à ä  ­ã¦­  â®«ìª® ¤«ï ¤®ª § â¥«ìáâ¢  «¥¬¬ë 8.7.�®­áâàãªæ¨ï N: (Y, c, b) 7→ (U, t, S). Ǳãáâì ¤ ­ë à¨¬ ­®¢ ª®¡®à¤¨§¬ Y n+1,
n ≡ 1 (mod 2), n > 1, â®­ª ï áâàãªâãà  c ­  ­ñ¬ ¨ ­¥¢ëà®¦¤¥­­ë© «¨­¥©­ë©¬®àä¨§¬ b : εCY → ker c. Ǳãáâì K: (Y, εCY , ker c, b) 7→ (U2, E). Ǳ®« £ ï ∂±U =
U ∩ ∂±Y , á¤¥« ¥¬ ∂-¬­®£®®¡à §¨¥ U ª®¡®à¤¨§¬®¬. �¯à¥¤¥«¨¬ ®àâ®£®­ «ì­ë©¬®­®¬®àä¨§¬ t : τ(U) → τU (Y ) ⊕ εU , ¯®« £ ï tu(f) = (f, 0), f ∈ τu(U),
u ∈ U . Ǳ®áâà®¨¬ t-¬®àä¨§¬ S : P(τ(U)) → SO(τU (Y ) ⊕ εU ). �®§ì¬ñ¬ â®çªã
u ∈ U . �«ï ¨§®¬®àä¨§¬  p ∈ P(ker bu) ®¯à¥¤¥«¨¬ ¨§®¬®àä¨§¬ I(p) â ª®©ª®¬¬ãâ â¨¢­®© ¤¨ £à ¬¬®©.ker cu 	 im bu

I(p)
−→ τu(Y )	 τu(U)





y





ycoker bu
ι(p)−1
−−−−→ Hom(ker bu, coker bu) Eu−−−−→ τu(Y )/τu(U)�¤¥áì ¢¥àâ¨ª «ì­ë¥ áâà¥«ª¨ | ®ç¥¢¨¤­ë¥ ¨§®¬®àä¨§¬ë (áã¦¥­¨ï ¯à®¥ª-æ¨©). �«ï ¨§®¬®àä¨§¬®¢ p ∈ P(ker bu) ¨ q ∈ P(τu(U)) ¯®áâà®¨¬ ®àâ®£®­ «ì-­ë© ¨§®¬®àä¨§¬ r(p, q) : ker cu ⊕ R2 → τu(Y ) ⊕ R, á®¥¤¨­ïï ®àâ®£®­ «ì­ë¥¨§®¬®àä¨§¬ë φ(I(p)) : ker cu 	 im bu → τu(Y ) 	 τu(U), (κ(bu)p)−1 : im bu → R¨ q : R2 → τu(U), ¨ ®¯à¥¤¥«¨¬ ®¯¥à â®à s(p, q) ∈ O(τu(Y ) ⊕ R) ä®à¬ã«®©

s(p, q) = r(p, q)W(Y, c)−1u . �«ï ¨§®¬®àä¨§¬  q ∈ P(τu(U)) ¢®§ì¬ñ¬ â®â ¨§®-¬®àä¨§¬ p ∈ P(ker bu), ¯à¨ ª®â®à®¬ det s(p, q) = 1, ¨ ¯®«®¦¨¬ Su(q) = s(p, q).
9



(7.1) Ǳãáâì N: (Y, c, b) 7→ (U, t, S), X = ∂Y ¨ M: (X, bX) 7→ (T, s, R). �®£¤ 
T = ∂U . �á«¨ τT (Y )	 τT (X) ⊂ τT (U), â® w(Y )T s+ = tT v(U) ¨ ¤¨ £à ¬¬ P(τ(T )⊕ εT ) R+

−−−−→ SO(τT (X)⊕ ε2T )v(U)∗
y





y

(w(Y )T )∗P(τT (U)) ST−−−−→ SO(τT (Y )⊕ εT )ª®¬¬ãâ â¨¢­ .�«¥¤ã¥â ¨§ ¯®áâà®¥­¨ï ¨ 6.1. �

§ 8. � å®¦¤¥­¨¥ ¯®«ãå à ªâ¥à¨áâ¨ª¨ ¬­®£®®¡à §¨ï�¥«ì íâ®£® ¯ à £à ä  | ¤®ª § â¥«ìáâ¢® «¥¬¬ë 8.7.�®¬®¬®àä¨§¬ jn. Ǳãáâì n ≡ 1 (mod 4). �®à¬ã«  [T,�] 7→ j(T,�) ®¯à¥¤¥-«ï¥â £®¬®¬®àä¨§¬ jn : �n1 → Z2 [5].�®¬®¬®àä¨§¬ kn. Ǳãáâì n ≡ 1 (mod 4). �®à¬ã«  [X ] 7→ k(X) ®¯à¥¤¥«ï¥â£®¬®¬®àä¨§¬ kn : ωn → Z2 [3, Theorem 12.1].�®¬®¬®àä¨§¬ hn (áà. [3, Theorem 13.4]). Ǳãáâì n ≡ 1 (mod 2). Ǳ®áâà®¨¬£®¬®¬®àä¨§¬ hn : ωn → �n1 . Ǳãáâì ¤ ­® ª®¬¯ ªâ­®¥ ®à¨¥­â¨à®¢ ­­®¥ ¬­®£®-®¡à §¨¥ Xn. �­ ¡¤¨¬ ¥£® à¨¬ ­®¢®© áâàãªâãà®© ¨ ¢ë¡¥à¥¬ ­¥¢ëà®¦¤¥­­ë©«¨­¥©­ë© ¬®àä¨§¬ a : εCX → τ(X). Ǳãáâì M: (X, a) → (T 1, s, R). Ǳ®«®¦¨¬
hn([X ]) = [T,�(s, R)]. Ǳà®¢¥à¨¬ ª®àà¥ªâ­®áâì. Ǳãáâì ¤ ­ë ®à¨¥­â¨à®¢ ­-­ë© ª®¡®à¤¨§¬ Y n+1 ¨ â®­ª ï áâàãªâãà  c ­  ­ñ¬; ¯ãáâì ®à¨¥­â¨à®¢ ­­ë¥¬­®£®®¡à §¨ï X± = ∂±Y á­ ¡¦¥­ë à¨¬ ­®¢®© áâàãªâãà®© ¨ M: (X±, a±) 7→(T 1

±, s±, R±). Ǳ®ª ¦¥¬, çâ® ¯ àë (T±,�(s±, R±)) Pinn-ª®¡®à¤ ­â­ë. Ǳãáâì
n > 1 (à áá¬®âà¥­¨¥ á«ãç ï n = 1 ®¯ãáª ¥âáï). Ǳà®¤®«¦¨¬ ¬®àä¨§¬ë a±¤® ­¥¢ëà®¦¤¥­­®£® «¨­¥©­®£® ¬®àä¨§¬  b : εCY → ker c. Ǳà®¤®«¦¨¬ à¨¬ ­®-¢ã áâàãªâãàã á ªà ï ­  ¢áñ ∂-¬­®£®®¡à §¨¥ Y . Ǳãáâì N: (Y, c, b) 7→ (U2, t, S).�®£¤  ∂±U = T±. �ã¤¥¬ áç¨â âì, çâ® τ∂U (Y ) 	 τ∂U (X) ⊂ τ∂U (U) (íâ® ¬®¦-­® ¡ë«® ®¡¥á¯¥ç¨âì ¯à¨ ¢ë¡®à¥ ¯à®¤®«¦¥­¨ï à¨¬ ­®¢®© áâàãªâãàë, â. ª.¯®¢¥àå­®áâì U ®â ­¥£® ­¥ § ¢¨á¨â). �§ 7.1 (á ãçñâ®¬ â®£®, çâ® ¨§®¬®àä¨§¬w(Y ) á®åà ­ï¥â ®à¨¥­â æ¨î) ¨ 3.1 á«¥¤ã¥â, çâ® Pinn-áâàãªâãàë �(s±, R±) ¨
∂±�(t, S) ¨§®¬®àä­ë. �®àà¥ªâ­®áâì ¯à®¢¥à¥­ . �¤¤¨â¨¢­®áâì ®â®¡à ¦¥­¨ï
hn ®ç¥¢¨¤­ .(8.1) �î¡®© í«¥¬¥­â £àã¯¯ë ωn, n ≡ 1 (mod 2), n > 5, ¯à¥¤áâ ¢¨¬ ®¤­®-á¢ï§­ë¬ ¬­®£®®¡à §¨¥¬.�®ª § â¥«ìáâ¢®. Ǳãáâì Xn | ª®¬¯ ªâ­®¥ ®à¨¥­â¨à®¢ ­­®¥ ¬­®£®®¡à §¨¥.Ǳà¨ª«¥¨¢ ï ª ª®¡®à¤¨§¬ã X × [−1, 1] àãçª¨ ¨­¤¥ªá®¢ 0, 1 ¨ 2, ¯®áâà®¨¬ ®¤-­®á¢ï§­ë© ®à¨¥­â¨à®¢ ­­ë© ª®¡®à¤¨§¬ Y . �®¡ ¢«ïï àãçª¨ ¨­¤¥ªá  2 ¨«¨ 3,á¤¥« ¥¬ ¥£® í©«¥à®¢ã å à ªâ¥à¨áâ¨ªã à ¢­®© 0. Ǳ® â¥®à¥¬¥ Ǳã ­ª à¥-�®¯ä ,ª®¡®à¤¨§¬ Y ¤®¯ãáª ¥â â®­ªãî áâàãªâãàã. �­®£®®¡à §¨¥ ∂+Y ®¤­®á¢ï§­®,â. ª. ª®¡®à¤¨§¬ Y ®¤­®á¢ï§¥­,   \ª®¨­¤¥ªáë" ¢á¥å àãç¥ª ­¥ ¬¥­ìè¥ 3. �10



(8.2) �¤­®á¢ï§­®¥ ª®¬¯ ªâ­®¥ ®à¨¥­â¨à®¢ ­­®¥ ¬­®£®®¡à §¨¥ Xn, n ≡ 1(mod 4), á k(X) = 0 ¤®¯ãáª ¥â ¬®­®¬®àä¨§¬ a : εCX → τ(X). ��«¥¤ã¥â ¨§ [4, Theorem 5.1]. �(8.3) �á«¨ ª®¬¯ ªâ­®¥ ¬­®£®®¡à §¨¥ Xn, n ≡ 1 (mod 2), ¤®¯ãáª ¥â ¬®­®-¬®àä¨§¬ a : εCX → τ(X), â® hn([X ]) = 0. �(8.4) Ǳãáâì n ≡ 1 (mod 4). �®£¤  ker kn ⊂ kerhn.�®¦­® ¯à®¢¥à¨âì, çâ® ker k1 = 0. Ǳà¨ n > 5 ãâ¢¥à¦¤¥­¨¥ á«¥¤ã¥â ¨§ 8.1, 8.2¨ 8.3. �Ǳ®«®¦¨¬ Sn = { t ∈ Rn+1 | |t| = 1 } | á® áâ ­¤ àâ­®© ®à¨¥­â æ¨¥©.(8.5) Ǳãáâì n ≡ 1 (mod 4). �®£¤  jn ◦ hn ([Sn]) = 1.�®ª § â¥«ìáâ¢®. Ǳãáâì F : Sn → C | áã¦¥­¨¥ áîàê¥ªâ¨¢­®£® «¨­¥©­®£®®â®¡à ¦¥­¨ï Rn+1 → C. �¯à¥¤¥«¨¬ ­¥¢ëà®¦¤¥­­ë© «¨­¥©­ë© ¬®àä¨§¬
a : εCSn → τ(Sn), ¯®« £ ï ax = (dxF )∗, x ∈ Sn. Ǳãáâì M: (Sn, a) 7→ (T, s, R) ¨�(s, R) = (σ, p). �®£¤  T | ®ªàã¦­®áâì, ¨, ª ª ­¥âàã¤­® ¯®­ïâì, ­ ªàëâ¨¥ σâà¨¢¨ «ì­®. �(8.6) Ǳãáâì n ≡ 1 (mod 4). �®£¤  kn = jn ◦ hn.�«¥¤ã¥â ¨§ 8.4 ¨ 8.5. �(8.7) �¥¬¬ . Ǳãáâì M: (Xn, a) 7→ (T, s, R), n ≡ 1 (mod 4), ¨ ¬­®£®®¡à §¨¥
X ®à¨¥­â¨à®¢ ­®. �®£¤  k(X) = j(T,�(s, R)).�«¥¤ã¥â ¨§ 8.6. ��®¯à®á. � ª ­ ©â¨ ¯®«ãå à ªâ¥à¨áâ¨ªã ¬­®£®®¡à §¨ï ¯® ¬­®¦¥áâ¢ã ªà¨-â¨ç¥áª¨å §­ ç¥­¨© ¥£® ®¡é¥£® ®â®¡à ¦¥­¨ï ¢ ¯«®áª®áâì? (�®¦­® ãç¨âë¢ âìª ª¨¥-­¨¡ã¤ì \¬¥âª¨" ­  íâ®¬ ¬­®¦¥áâ¢¥.)

§ 9. Ǳ®«ãå à ªâ¥à¨áâ¨ª  ¯®¤¬­®£®®¡à §¨©�®­áâàãªæ¨ï �: (V, A, F, L, X) 7→ (T, f, g). Ǳãáâì ¤ ­ë à¨¬ ­®¢® ¬­®£®®¡-à §¨¥ V , «¨­¥©­ë© ¬®àä¨§¬ A : εCV → τ(V ), £« ¤ª®¥ ®â®¡à ¦¥­¨¥ F : V → C,«¨­¥©­ë© ¬®àä¨§¬ L : Cli�0(τ(V ) ⊕ εV ) → εV ¨ ª®¬¯ ªâ­®¥ ®à¨¥­â¨à®¢ ­-­®¥ ¯®¤¬­®£®®¡à §¨¥ Xn ⊂ V , n ≡ 1 (mod 4). Ǳãáâì p : τX(V ) → τ(X) |¬®àä¨§¬ ®àâ®£®­ «ì­®© ¯à®¥ªæ¨¨. Ǳà¥¤¯®«®¦¨¬, çâ® «¨­¥©­ë© ¬®àä¨§¬
a = pAX ­¥¢ëà®¦¤¥­. Ǳãáâì M: (X, a) 7→ (T 1, s, R). �ç¨â ï, çâ® Cli�0(τ(X)⊕
εX) ⊂ Cli�0(τX(V ) ⊕ εX) (¯®¤à §ã¬¥¢ ¥âáï ¬®­®¬®àä¨§¬, ¨­¤ãæ¨à®¢ ­­ë©¬®àä¨§¬®¬ ¢ª«îç¥­¨ï τ(X) → τX(V )), ®¯à¥¤¥«¨¬ ª®¬¯«¥ªá­®-«¨­¥©­ë©¬®àä¨§¬ l : Cli�0(τ(X) ⊕ εX) → εCX , ¯®« £ ï lx(u) = (Lx(u) − iLx(iu))/2,
u ∈ Cli�0(τx(X) ⊕ R), x ∈ X . Ǳà¥¤¯®«®¦¨¬, çâ® f = F |T | ¯®£àã¦¥­¨¥.Ǳãáâì �: (T, τT (X) ⊕ εT , s, R, l, f) 7→ g (¯à¥¤¯®«®¦¨¬, çâ® íâ® ¯®áâà®¥­¨¥¢ë¯®«­¨¬®).(9.1) Ǳãáâì �: (V, A, F, L, Xn) 7→ (T 1, f, g). Ǳà¥¤¯®«®¦¨¬, çâ® ¯®£àã¦¥­¨¥
f á ¬®âà ­á¢¥àá «ì­®. �®£¤  k(X) = δ2(f) + deg2 g.�«¥¤ã¥â ¨§ «¥¬¬ 8.7 ¨ 4.1. � 11



(9.2) Ǳãáâì �: (V, A, F, L, Xj) 7→ (Tj , fj, gj), j = 1, 2. Ǳãáâì O ⊂ V |®âªàëâ®¥ ¬­®¦¥áâ¢®. �®£¤  ¥á«¨ X1 ∩O = X2 ∩O (á ãçñâ®¬ ®à¨¥­â æ¨©),â® T1 ∩O = T2 ∩O ¨ ­  íâ®¬ ¬­®¦¥áâ¢¥ f1 = f2 ¨ g1 = g2. �(9.3) Ǳãáâì V | à¨¬ ­®¢® ¬­®£®®¡à §¨¥, Xn
j ⊂ V , n ≡ 1 (mod 4), j =1, . . . , N , | ­ ¡®à ª®¬¯ ªâ­ëå ®à¨¥­â¨à®¢ ­­ëå ¯®¤¬­®£®®¡à §¨©. �®£¤ áãé¥áâ¢ãîâ â ª¨¥ «¨­¥©­ë© ¬®àä¨§¬ A : εCV → τ(V ), £« ¤ª®¥ ®â®¡à ¦¥­¨¥

F : V → C ¨ «¨­¥©­ë© ¬®àä¨§¬ L : Cli�0(τ(V ) ⊕ εV ) → εV , çâ® ¯®áâà®¥­¨ï�: (V, A, F, L, Xj) 7→ (Tj , fj, gj), j = 1, . . . , N , ¢ë¯®«­¨¬ë ¨ ¯®«ãç îé¨¥áï¯®£àã¦¥­¨ï fj á ¬®âà ­á¢¥àá «ì­ë.�®áâ â®ç­® ¢§ïâì ®¡éãî âà®©ªã (A, F, L). ��®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �­ ¡¤¨¬ ¬­®£®®¡à §¨¥ V à¨¬ ­®¢®© áâàãªâã-à®©. �á¯®«ì§ã¥¬ 9.3: ¯ãáâì �: (V, A, F, L, Xj) 7→ (Tj , fj, gj), j = 1, . . . , N , ¯à¨-çñ¬ ¯®£àã¦¥­¨ï fj á ¬®âà ­á¢¥àá «ì­ë. Ǳãáâì c ∈ C | à¥£ã«ïà­®¥ §­ ç¥­¨¥®â®¡à ¦¥­¨© gj , j = 1, . . . , N . Ǳ® 9.1, k(Xj) = δ2(fj) + |g−1
j (c)|2, j = 1, . . . , N .� á¨«ã 9.2 ¨§ ¯à¥¤¯®«®¦¥­¨ï â¥®à¥¬ë á«¥¤ã¥â, çâ® ¯à¨ áã¬¬¨à®¢ ­¨¨ ¯® ¨­-¤¥ªáã j ª ¦¤®¥ ¨§ á« £ ¥¬ëå ¤ ñâ 0. ��¯¨á®ª «¨â¥à âãàë1. �. �. �âìï, �. �. �¨­£¥à, �­¤¥ªá í««¨¯â¨ç¥áª¨å ®¯¥à â®à®¢. V, �á¯¥å¨¬ â. ­ ãª 27 (1972), ü4, áâà. 179 | 188.2. U. Karras, M. Kreck, W. D. Neumann, E. Ossa, Cutting and pasting of mani-folds; SK-groups, Boston, Publish or Perish, Inc., 1973.3. U. Koschorke, Vector �elds and other vector bundle morphisms | a singular-ity approach, Lect. Notes Math., vol. 847, 1981.4. M. F. Atiyah, Vector �elds on manifolds, Arbeitsgemeinschaft Forsch. Nordrhein-Westfalen, Heft 200, 1970.5. R. C. Kirby, L. R. Taylor, Pin structures on low-dimensional manifolds, Lon-don Math. Soc. Lect. Notes Ser. 151 (1990), pp. 177 | 242.6. �. �î©¯¥à, �®¬®â®¯¨ç¥áª¨© â¨¯ ã­¨â à­®© £àã¯¯ë £¨«ì¡¥àâ®¢  ¯à®-áâà ­áâ¢ , ¢ ª­.: �. �âìï, �¥ªæ¨¨ ¯® K-â¥®à¨¨, M., �¨à, 1967, áâà. 241| 260.
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