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�. �. �®¤ª®àëâ®¢

� ¥âáï ®â¢¥â ­  ¢®¯à®á ® â®¬, ¯à¨ ª ª¨å m ¨ n áãé¥áâ¢ãîâ §¥àª «ì­ë¥ ª®­ä¨-
£ãà æ¨¨ ¨§ m â®ç¥ª ¨ n ¯àï¬ëå ¢ RP 3. �®¯ãâ­® ¤ ¥âáï ­®¢®¥ ¤®ª § â¥«ìáâ¢®
­¥§¥àª «ì­®áâ¨ ­¥ª®â®àëå ¯®¢¥àå­®áâ¥© áâ¥¯¥­¨ 4.

�. �. �¨à® ¢ à ¡®â¥ [1] ¯à¥¤«®¦¨« à áá¬ âà¨¢ âì á¬¥è ­­ë¥ ª®­ä¨£ãà æ¨¨
â®ç¥ª ¨ ¯àï¬ëå ¢ RP 3 ¨ ¢¢¥« ¯®­ïâ¨¥ §¥àª «ì­®© ª®­ä¨£ãà æ¨¨.

�ãáâì RG1(P
3) ®¡®§­ ç ¥â ¯à®áâà ­áâ¢® ¯àï¬ëå ¯à®áâà ­áâ¢  RP 3.

�¯à¥¤¥«¥­¨¥. �®­ä¨£ãà æ¨¥© ­ §ë¢ ¥âáï ­¥ã¯®àï¤®ç¥­­ë© ­ ¡®à â®ç¥ª ¨
¯àï¬ëå {p1, . . . , pm ∈ RP 3; l1, . . . , ln ∈ RG1(P

3)}. �®­ä¨£ãà æ¨ï ­ §ë¢ ¥âáï
­¥®á®¡®©, ¥á«¨ ¢ë¯®«­¥­ë â ª¨¥ ãá«®¢¨ï:

¥¥ â®çª¨ ¯®¯ à­® à §«¨ç­ë;
­¨ª ª¨¥ âà¨ ¥¥ â®çª¨ ­¥ «¥¦ â ­  ®¤­®© ¯àï¬®©;
­¨ª ª¨¥ ç¥âëà¥ ¥¥ â®çª¨ ­¥ «¥¦ â ¢ ®¤­®© ¯«®áª®áâ¨;
¥¥ ¯àï¬ë¥ ¯®¯ à­® ­¥ ¯¥à¥á¥ª îâáï;
­¨ª ª ï ¥¥ â®çª  ­¥ «¥¦¨â ­¨ ­  ª ª®© ¥¥ ¯àï¬®©;
­¨ª ª¨¥ ¤¢¥ ¥¥ â®çª¨ ­¥ «¥¦ â ¢ ®¤­®© ¯«®áª®áâ¨ ­¨ á ª ª®© ¥¥ ¯àï¬®©.

�¯à¥¤¥«¥­¨¥. �¥áâª®© ¨§®â®¯¨¥© ­ §ë¢ ¥âáï ­ ¡®à ­¥¯à¥àë¢­ëå ®â®¡à -
¦¥­¨© {q1, . . . , qm : [0, 1] → RP 3; m1, . . . ,mn : [0, 1] → RG1(P

3)} â ª®©, çâ® ¯à¨
¢á¥å t ª®­ä¨£ãà æ¨ï {q1(t), . . . , qm(t); m1(t), . . . ,mn(t)} ï¢«ï¥âáï ­¥®á®¡®©.

�¨ªá¨àã¥¬ §¥àª «ì­ãî á¨¬¬¥âà¨î s : RP 3 → RP 3, s((x0 : x1 : x2 : x3)) =
(−x0 : x1 : x2 : x3).

�¯à¥¤¥«¥­¨¥. �¥®á®¡ ï ª®­ä¨£ãà æ¨ï {p1, . . . , pm; l1, . . . , ln} ­ §ë¢ ¥âáï §¥à-
ª «ì­®©, ¥á«¨ áãé¥áâ¢ã¥â ¦¥áâª ï ¨§®â®¯¨ï {q1, . . . , qm : [0, 1] → RP 3; m1, . . . ,mn : [0, 1] →
RG1(P

3)} â ª ï, çâ® qk(0) = s(pk), mk(0) = s(lk) ¨ áãé¥áâ¢ãîâ ¯¥à¥áâ ­®¢ª¨
f : {1, . . . ,m} → {1, . . . ,m}, g : {1, . . . , n} → {1, . . . , n} â ª¨¥, çâ® qk(1) = pf(k),
mk(1) = lg(k).

�« ¢­ë© à¥§ã«ìâ â ¯à¥¤« £ ¥¬®© à ¡®âë | ®â¢¥â ­  ®¤¨­ ¨§ ¢®¯à®á®¢, ¯®-
áâ ¢«¥­­ëå ¢ à ¡®â¥ [2].

�¥®à¥¬  1. �¥àª «ì­ë¥ ª®­ä¨£ãà æ¨¨ ¨§ m â®ç¥ª ¨ n ¯àï¬ëå ¢ RP 3 áãé¥-

áâ¢ãîâ â®«ìª® ¯à¨ á«¥¤ãîé¨å §­ ç¥­¨ïå m ¨ n:
m = 0 ¨«¨ 1, n ̸≡ 3 (mod 4);
m = 2 ¨«¨ 3, n ≡ 0 ¨«¨ 1 (mod 4);
m > 4, m ≡ 0 ¨«¨ 1 (mod 4), n ≡ 0 (mod 2).
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�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1 á®áâ®¨â ¨§ ¤¢ãå ç áâ¥© | ¯®áâà®¥­¨¥ §¥àª «ì­ëå
ª®­ä¨£ãà æ¨© ¯à¨¢¥¤¥­® ¢ ¯. 1, ¤®ª § â¥«ìáâ¢® ­¥§¥àª «ì­®áâ¨ ª®­ä¨£ãà æ¨©
¨á¯®«ì§ã¥â ¯à¥¤«®¦¥­¨ï �, �, �, ¤®ª § ­­ë¥ ¢ ¯¯. 2, 3, ¨ ¯à¨¢¥¤¥­® ¢ ¯. 4. �®-
ª § â¥«ìáâ¢® ­¥§¥àª «ì­®áâ¨ ¨á¯®«ì§ã¥â ¢¢¥¤¥­­®¥ �¨à® ¯®­ïâ¨¥ ª®íää¨æ¨-
¥­â  § æ¥¯«¥­¨ï âà®©ª¨ ¯àï¬ëå, ¤«ï á«ãç ï n ≡ 3 (mod 4) ¯à¨¢®¤¨âáï ¤ ­­®¥
¨¬ ¤®ª § â¥«ìáâ¢®.

�â®à ï ç áâì ¯à¥¤« £ ¥¬®© à ¡®âë | í«¥¬¥­â à­®¥ ¤®ª § â¥«ìáâ¢® ¨§¢¥áâ-
­®£® à¥§ã«ìâ â  �. �. � à« ¬®¢ , á¬. [4].

�¯à¥¤¥«¥­¨¥. �¥®á®¡ ï  «£¥¡à ¨ç¥áª ï ¯®¢¥àå­®áâì ¢ RP 3 ­ §ë¢ ¥âáï §¥à-
ª «ì­®©, ¥á«¨ ®­  ¦¥áâª® ¨§®â®¯­  á¢®¥¬ã §¥àª «ì­®¬ã ®âà ¦¥­¨î.

�®¢¥àå­®áâì ¢ RP 3 ¡ã¤¥¬ ­ §ë¢ âì ­¥áâï£¨¢ ¥¬®©, ¥á«¨ ®­  ­¥ áâï£¨¢ ¥¬ 
¯® RP 3 ¢ â®çªã.

�¥®à¥¬  2 (� à« ¬®¢). �¥®á®¡ ï ¯®¢¥àå­®áâì áâ¥¯¥­¨ 4 ¢ RP 3, ­¥áâï£¨¢ -

¥¬ ï ¨ ¨¬¥îé ï M > 5 ª®¬¯®­¥­â, ­¥§¥àª «ì­ .

� à« ¬®¢ ­ è¥«  ­ «®£¨î ¬¥¦¤ã â ª¨¬¨ ¯®¢¥àå­®áâï¬¨ ¨ ª®­ä¨£ãà æ¨ï-
¬¨ ¨§ M −1 â®ç¥ª ¨ ®¤­®© ¯àï¬®©. �â® ¯®§¢®«¨«® ¥¬ã ¯®«ãç¨âì í«¥¬¥­â à­®¥
¤®ª § â¥«ìáâ¢® ¤«ï á«ãç ¥¢M = 5, 6, 7, 8. �à¨¢®¤¨¬®¥ ¤®ª § â¥«ìáâ¢® ®å¢ âë-
¢ ¥â ®áâ ¢è¨¥áï á«ãç ¨ M = 9, 10. �­® ¨á¯®«ì§ã¥â ª®­áâàãªæ¨î ¨ à ááã¦¤¥-
­¨¥ � à« ¬®¢  ¨ ¤«ï M = 5, 6 ¯®¢â®àï¥â ¥£® ¤®ª § â¥«ìáâ¢®. �®ª § â¥«ìáâ¢®
â¥®à¥¬ë 2 ¨á¯®«ì§ã¥â ¯à¥¤«®¦¥­¨ï �, �, � ¨ ¯à¨¢¥¤¥­® ¢ ¯. 5.

1. �®­áâàãªæ¨¨

�  ää¨­­®© ç áâ¨ ¯à®áâà ­áâ¢  ¢¢¥¤¥¬ á¨áâ¥¬ã ª®®à¤¨­ â Oxyz, ª®â®àãî
¡ã¤¥¬ áç¨â âì ®àâ®£®­ «ì­®©.

�áâì ¤¢¥ ª®­áâàãªæ¨¨.
�®­áâàãªæ¨ï 1. m ≡ 0 ¨«¨ 1 (mod 4), n ≡ 0 (mod 2).
�ãáâì m = 4m′′ + e, e = 0 ¨«¨ 1. �«ï k = 1, . . . ,m′′ ¢ë¡¥à¥¬ ç¨á«  ak, bk,

ck ¨ ¢ ª ç¥áâ¢¥ â®ç¥ª ª®­ä¨£ãà æ¨¨ ¢®§ì¬¥¬ â®çª¨ (ak, bk, ck), (−ak,−bk, ck),
(−bk, ak,−ck), (bk,−ak,−ck). �á«¨ e = 1, â® ¤®¡ ¢¨¬ â®çªã O. �ãáâì n = 2n′.
�«ï k = 1, . . . , n′ ¢ë¡¥à¥¬ ç¨á«  pk, qk, p

2
k + q2k > 0, rk ¨ ¢ ª ç¥áâ¢¥ ¯àï¬ëå

ª®­ä¨£ãà æ¨¨ ¢®§ì¬¥¬ ¯àï¬ë¥ pkx + qky = 0, z = rk ¨ −qkx + pky = 0, z =
−rk. �¥£ª® ¢¨¤¥âì, çâ® ¯à¨ ®¡é¥¬ ¢ë¡®à¥ ¯ à ¬¥âà®¢ ª®­ä¨£ãà æ¨ï ¡ã¤¥â
­¥®á®¡®©. �­  ¯¥à¥å®¤¨â ¢ á¥¡ï ¯®á«¥ §¥àª «ì­®£® ®âà ¦¥­¨ï ®â­®á¨â¥«ì­®

¯«®áª®áâ¨ Oxy ¨ ¯®¢®à®â  ­  ã£®«
π

2
¢®ªàã£ ®á¨ Oz.

�®­áâàãªæ¨ï 2. m < 4, n ≡ 0 ¨«¨ 1 (mod 4).
�ãáâì R, r > 0. �ë¡¥à¥¬ ­  ¯«®áª®áâ¨ Oxy âà¥ã£®«ì­¨ª â ª®©, çâ® ¯à®¤®«-

¦¥­¨ï ¥£® áâ®à®­ ­¥ ¯¥à¥á¥ª îâ ®ªàã¦­®áâì x2 + y2 = R2 + r2. � ª ç¥áâ¢¥
â®ç¥ª ª®­ä¨£ãà æ¨¨ ¢®§ì¬¥¬ «î¡ë¥ m ¨§ ¥£® ¢¥àè¨­. �ãáâì n = n0 + e,
n0 ≡ 0 (mod 4), e = 0 ¨«¨ 1. � ª ç¥áâ¢¥ ¯àï¬ëå ª®­ä¨£ãà æ¨¨ ¢®§ì¬¥¬ ¤«ï
k = 1, . . . , n0 ¯àï¬ë¥

x cos
2πk

n0
+ y sin

2πk

n0
= R, −x sin

2πk

n0
+ y cos

2πk

n0
= r + (−1)kz.

�á«¨ e = 1, â® ¤®¡ ¢¨¬ ¯àï¬ãî Oz. �®áâà®¥­­ ï ª®­ä¨£ãà æ¨ï ï¢«ï¥âáï
­¥®á®¡®© ¨ ¯¥à¥å®¤¨â ¢ á¥¡ï ¯®á«¥ §¥àª «ì­®£® ®âà ¦¥­¨ï ®â­®á¨â¥«ì­® ¯«®á-
ª®áâ¨ Oxy ¨ ¦¥áâª®© ¨§®â®¯¨¨, ¯à¨ ª®â®à®© â®çª¨ ª®­ä¨£ãà æ¨¨ ­¥¯®¤¢¨¦­ë,

  ¯àï¬ë¥ ¯®¢®à ç¨¢ îâáï ­  ã£®«
2π

n0
¢®ªàã£ ®á¨ Oz.
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�¡®§­ ç¥­¨ï, ¨á¯®«ì§ã¥¬ë¥ ¢ ¯¯. 2, 3. �ª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢¥ªâ®à®¢
x1, x2 ∈ R4 ®¡®§­ ç ¥âáï (x1, x2). �¤¨­¨ç­ ï áä¥à  ¯à®áâà ­áâ¢  R4 ®¡®§­ -
ç ¥âáï S3. �«ï áâ ­¤ àâ­®£® ­ ªàëâ¨ï S3 → RP 3 ¨á¯®«ì§ã¥âáï ®¡®§­ ç¥­¨¥
x 7→ ±x.

2. �à¨ ¯à¥¤«®¦¥­¨ï

� áá¬®âà¨¬ §¥àª «ì­ãî ª®­ä¨£ãà æ¨î ¨§ m â®ç¥ª {p1, . . . pm ∈ RP 3}. �ë-
¡¥à¥¬ ¦¥áâªãî ¨§®â®¯¨î {q1, . . . qm : [0, 1] → RP 3} ¨ ¯¥à¥áâ ­®¢ªã f : {1, . . . ,m} →
{1, . . . ,m} â ª¨¥, çâ® qk(0) = s(pk), qk(1) = pf(k).

�à¥¤«®¦¥­¨¥ �. �á«¨ ¯¥à¥áâ ­®¢ª  f ¨¬¥¥â æ¨ª« ¤«¨­ë d > 4, â® d ≡ 0
(mod 4).

�à¥¤«®¦¥­¨¥ �. �á«¨ m > 6, â® ¯¥à¥áâ ­®¢ª  f ­¥ ¨¬¥¥â æ¨ª«®¢ ¤«¨­ë

d < 4, §  ¨áª«îç¥­¨¥¬, ¢®§¬®¦­®, ®¤­®£® ¥¤¨­¨ç­®£® æ¨ª« .

�à¥¤«®¦¥­¨¥ �. �¥à¥áâ ­®¢ª  f ­¥ ¨¬¥¥â æ¨ª«®¢ ¤«¨­ë d ≡ 0 (mod 8).

� ¬¥ç ­¨¥. � ­¥ §­ î ¯à¨¬¥à®¢ â®£®, çâ®¡ë ¯¥à¥áâ ­®¢ª  f ¨¬¥«  æ¨ª« ¤«¨­ë
d > 4.

�¯à¥¤¥«¨¬ ®â®¡à ¦¥­¨¥ S : S3 → S3 ä®à¬ã«®© S((x0, x1, x2, x3)) = (−x0, x1, x2, x3).
�®£¤  ±S(x) = s(±x).

� áá¬®âà¨¬ áâ ­¤ àâ­®¥ ­ ªàëâ¨¥ S3 → RP 3. �ë¡¥à¥¬ ¯à®®¡à §ë P1, . . . , Pm

â®ç¥ª ª®­ä¨£ãà æ¨¨, ±Pk = pk. �ë¡¥à¥¬ ­¥¯à¥àë¢­ë¥ ¯®¤­ïâ¨ïQ1, . . . , Qm : [0, 1] →
S3 ®â®¡à ¦¥­¨© qk, ±Qk(t) = qk(t), â ª¨¥, çâ® Qk(0) = S(Pk). �ãé¥áâ¢ãîâ
ç¨á«  (k) = ±1 â ª¨¥, çâ® Qk(1) = (k)Pf(k).

�«ï «î¡ëå à §«¨ç­ëå k1, . . . , k4 ¢¥ªâ®àë Pk1 , . . . , Pk4 «¨­¥©­® ­¥§ ¢¨á¨¬ë.
�ãáâì (k1 . . . k4) = sign det(Pk1 , . . . , Pk4). �¨¬¢®« (k1 . . . k4) ¯à¨­¨¬ ¥â §­ ç¥­¨ï
±1 ¨ ¬¥­ï¥â §­ ª ¯à¨ ¯¥à¥áâ ­®¢ª¥ «î¡ëå ¤¢ãå  à£ã¬¥­â®¢.

�§ ®¯à¥¤¥«¥­¨ï ¦¥áâª®© ¨§®â®¯¨¨ á«¥¤ã¥â, çâ® ¤«ï «î¡ëå à §«¨ç­ëå k1, . . . , k4
¯à¨ ¢á¥å t ¢¥ªâ®àë Qk1(t), . . . , Qk4(t) «¨­¥©­® ­¥§ ¢¨á¨¬ë.

�®íâ®¬ã sign det(Qk1(0), . . . , Qk4(0) = sign det(Qk1(1), . . . , Qk4(1). �«¥¤®¢ -
â¥«ì­®, â ª ª ª §¥àª «ì­ ï á¨¬¬¥âà¨ï ®¡à é ¥â ®à¨¥­â æ¨î ¯à®áâà ­áâ¢  R4,
¤«ï «î¡ëå à §«¨ç­ëå k1, . . . , k4

(1) (k1 . . . k4) = −(k1) . . . (k4)(f(k1) . . . f(k4)).

�ãáâì § ¯¨áì f : (k11 . . . k1d1) . . . (kz1 . . . kzdz ) ®§­ ç ¥â, çâ® kij ∈ {1, . . . ,m}
¯®¯ à­® à §«¨ç­ë ¨ f(kij) = ki(j+1) ¯à¨ j < di, f(kidi) = ki1.

�®ª § â¥«ìáâ¢® ¯à¥¤«®¦¥­¨ï �. �ãáâì f : (k1 . . . kd). �à¨¬¥­ïï ä®à¬ã«ã (1)
d à §, ¯®«ãç ¥¬ (k1 . . . k4) = (−1)d(k1 . . . k4), â® ¥áâì d ≡ 0 (mod 2). �ãáâì d =

2d′. �à¨¬¥­ïï ä®à¬ã«ã (1) d′ à §, ¯®«ãç ¥¬ (k1k2kd′+1kd′+2) = (−1)d′
(kd′+1kd′+2k1k2),

®âªã¤  d′ ≡ 0 (mod 2).

�®ª § â¥«ìáâ¢® ¯à¥¤«®¦¥­¨ï �. �ãáâì z1, z2, z3 | ç¨á«® æ¨ª«®¢ ¯¥à¥áâ ­®¢-
ª¨ f ¤«¨­ë 1, 2, 3 á®®â¢¥âáâ¢¥­­®, Z | ç¨á«® æ¨ª«®¢ ¯¥à¥áâ ­®¢ª¨ f ¤«¨­ë
d > 4. �®ª ¦¥¬, çâ® â®£¤ 

(1) z1 6 4;
(2) z2 6 2;
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(2′) ¥á«¨ z2 = 1, â® z1 6 3;
(2′′) ¥á«¨ z2 = 2, â® z1 = 0;
(3) z3 6 1;
(3′) ¥á«¨ z3 = 1, â® z1 6 1, z2 = 0;
(4) ¥á«¨ Z > 0, â® z1 6 1, z2 = 0, z3 = 0.

�¥£ª® ¢¨¤¥âì, çâ® ¨§ íâ®£® á«¥¤ã¥â âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥­¨¥.

(1) �ãáâì f : (k1) . . . (k5). �«ï ­¥ª®â®à®£® i (k1) . . . (̂ki) . . . (k5) = 1. �®£« á­®

ä®à¬ã«¥ (1), (k1 . . . k̂i . . . k5) = −(k1 . . . k̂i . . . k5), çâ® ­¥¢®§¬®¦­®.
(2) �ãáâì f : (k11k12) . . . (k31k32). �«ï ­¥ª®â®à®£® i (k11)(k12) . . . ̂(ki1)(ki2)(k31)(k32) =

1. �®£« á­® ä®à¬ã«¥ (1), (k11k12 . . . k̂i1ki2 . . . k31k32) = −(k12k11 . . . k̂i2ki1 . . . k32k31),
çâ® ­¥¢®§¬®¦­®.

(2′) �ãáâì f : (k11k12)(k2) . . . (k5). �®£« á­® ä®à¬ã«¥ (1), (k2 . . . k5) = −(k2) . . . (k5)(k2 . . . k5),
â® ¥áâì (k2) . . . (k5) = −1. �®íâ®¬ã ¤«ï ­¥ª®â®àëå i, j, i ̸= j, (k11)(k12)(ki)(kj) =
−1. �®£« á­® ä®à¬ã«¥ (1), (k11k12kikj) = (k12k11kikj), çâ® ­¥¢®§¬®¦­®.

(2′′) �ãáâì f : (k11k12)(k21k22)(k3). �à¨¬¥­ïï ä®à¬ã«ã (1) 2 à § , ¯®«ãç -
¥¬ (k11k12k21k3) = (k21)(k22)(k11k12k21k3), ®âªã¤  (k21)(k22) = 1. �­ «®£¨ç-
­®, (k11)(k12) = 1. � ¤àã£®© áâ®à®­ë, á®£« á­® ä®à¬ã«¥ (1), (k11k12k21k22) =
−(k11)(k12)(k21)(k22)(k12k11k22k21), ®âªã¤  (k11)(k12)(k21)(k22) = −1. �à®â¨¢®-
à¥ç¨¥.

(3) �ãáâì f : (k11 . . . k13)(k21 . . . k23). �à¨¬¥­ïï ä®à¬ã«ã (1) 3 à § , ¯®«ãç ¥¬
(k11k12k21k22) = −(k11k12k21k22), çâ® ­¥¢®§¬®¦­®.

(3′) �ãáâì f : (k11 . . . k13)(k2)(k3). �à¨¬¥­ïï ä®à¬ã«ã (1) 3 à § , ¯®«ãç ¥¬
(k11 . . . k13k2) = −(k11) . . . (k13)(k2)(k11 . . . k13k2), â® ¥áâì (k11) . . . (k13)(k2) = −1.
�­ «®£¨ç­®, (k11) . . . (k13)(k3) = −1. � ª¨¬ ®¡à §®¬, (k2) = (k3). � ¤àã£®© áâ®-
à®­ë, ¯à¨¬¥­ïï ä®à¬ã«ã (1) 3 à § , ¯®«ãç ¥¬ (k11k12k2k3) = −(k2)(k3)(k11k12k2k3),
â® ¥áâì (k2)(k3) = −1. �à®â¨¢®à¥ç¨¥.

�ãáâì f : (k11 . . . k13)(k21k22). �à¨¬¥­ïï ä®à¬ã«ã (1) 6 à §, ¯®«ãç ¥¬ (k11 . . . k13k21) =
(k21)(k22)(k11 . . . k13k21), â® ¥áâì (k21)(k22) = 1. � ¤àã£®© áâ®à®­ë, ¯à¨¬¥­ïï
ä®à¬ã«ã (1) 3 à § , ¯®«ãç ¥¬ (k11k12k21k22) = −(k21)(k22)(k11k12k22k21), ®âªã-
¤  (k21)(k22) = −1. �à®â¨¢®à¥ç¨¥.

(4) � áá¬®âà¨¬ æ¨ª« f : (k11 . . . k1d), d > 4. �ãáâì, á®£« á­® ¯à¥¤«®¦¥­¨î
�, d = 2d′, d′ ≡ 0 (mod 2).

�ãáâì f : (k2)(k3). �à¨¬¥­ïï ä®à¬ã«ã (1) d′ à §, ¯®«ãç ¥¬ (k11k1d′k2k3) =
(k1d′k11k2k3), çâ® ­¥¢®§¬®¦­®.

�ãáâì f : (k21k22). �à¨¬¥­ïï ä®à¬ã«ã (1) d
′ à §, ¯®«ãç ¥¬ (k11k1d′k21k22) =

(k1d′k11k21k22), çâ® ­¥¢®§¬®¦­®.
�ãáâì f : (k21 . . . k23). �à¨¬¥­ïï ä®à¬ã«ã (1) 3d

′ à §, ¯®«ãç ¥¬ (k11k1d′k21k22) =
(k1d′k11k21k22), çâ® ­¥¢®§¬®¦­®.

�â¢¥à¦¤¥­¨¥. �ãé¥áâ¢ã¥â ¢¥ªâ®à x0 ∈ S3 â ª®©, çâ®

(2) sign(Pk, x0) = (k) sign(Pf(k), x0)

�®ª § â¥«ìáâ¢® ¯à¨¢¥¤¥­® ¢ á«¥¤ãîé¥¬ ¯ã­ªâ¥.

�®ª § â¥«ìáâ¢® ¯à¥¤«®¦¥­¨ï �. �ãáâì f : (k1 . . . kd), d = 4d′′. �«ï ¢á¥å i
(Pki , x0) ̸= 0 | ¨­ ç¥ ¤«ï ¢á¥å i ¨¬¥«® ¡ë ¬¥áâ® (Pki , x0) = 0, çâ®, â ª ª ª
d > 4, ¯à®â¨¢®à¥ç¨â á¢®©áâ¢ã «¨­¥©­®© ­¥§ ¢¨á¨¬®áâ¨. �¥à¥¬­®¦ ï à ¢¥­áâ¢®
(2) ¤«ï k = k1, . . . , kd, ¯®«ãç ¥¬ (k1) . . . (kd) = 1. �à¨¬¥­ïï ä®à¬ã«ã (1) d′′ à §,
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¯®«ãç ¥¬ (k1kd′′+1k2d′′+1k3d′′+1) = (−1)d′′
(kd′′+1k2d′′+1k3d′′+1k1), ®âªã¤  d′′ ≡ 1

(mod 2).

3. �®ª § â¥«ìáâ¢® ãâ¢¥à¦¤¥­¨ï

�¥¬¬ . �ãáâì Q1, . . . Qm : [0, 1] → S3, m > 4, | ­¥¯à¥àë¢­ë¥ ®â®¡à ¦¥­¨ï

â ª¨¥, çâ® ¤«ï «î¡ëå à §«¨ç­ëå k1, . . . k4 ¯à¨ ¢á¥å t ¢¥ªâ®àë Qk1(t), . . . , Qk4(t)
«¨­¥©­® ­¥§ ¢¨á¨¬ë. �®£¤  áãé¥áâ¢ã¥â ¨§®â®¯¨ï H(t) : S3 → S3, t ∈ [0, 1],
H(0) = id, â ª ï, çâ® ¤«ï «î¡®£® x ∈ S3 ¯à¨ ¢á¥å t sign(Qk(0), x) = sign(Qk(t),H(t)(x)).

�®ª § â¥«ìáâ¢® ãâ¢¥à¦¤¥­¨ï. �á«¨m < 4, â® ¢ë¡¥à¥¬ x0 â ª®©, çâ® (Pk, x0) =
0. �ãáâì m > 4. �®£« á­® «¥¬¬¥, áãé¥áâ¢ã¥â á®åà ­ïîé¨© ®à¨¥­â æ¨î £®¬¥®-
¬®àä¨§¬H : S3 → S3 â ª®©, çâ® «î¡®£® x ∈ S3 sign(S(Pk), x) = (k) sign(Pf(k),H(x)).
�®á¯®«ì§ã¥¬áï â¥®à¥¬®© �¥äè¥æ  ® ­¥¯®¤¢¨¦­®© â®çª¥: ¢ë¡¥à¥¬ x0 â ª®©,
çâ®H(S(x0)) = x0. �®£¤  sign(Pk, x0) = sign(S(Pk), S(x0)) = (k) sign(Pf(k),H(S(x0))) =
(k) sign(Pf(k), x0)).

�¤¥î ¤®ª § â¥«ìáâ¢  «¥¬¬ë ¯à¥¤«®¦¨« �. �. �¨à®.

�®ª § â¥«ìáâ¢® «¥¬¬ë.

�«ï x0, x1 ∈ S3, x0 ̸= −x1, ®¯à¥¤¥«¨¬ ®â®¡à ¦¥­¨¥ a(x0, x1) : [0, 1] → S3

ä®à¬ã«®© a(x0, x1)(s) = r((1− s)x0 + sx1), £¤¥ r : R4 \ {0} → S3 | à ¤¨ «ì­ ï

¯à®¥ªæ¨ï: r(x) =
x

|x|
.

�ãáâì I = {(i1, . . . , in) = i, ¤«ï ¢á¥å k ik = ±1 ¨«¨ 0}. �¢¥¤¥¬ ­  ¬­®¦¥áâ¢¥
I ç áâ¨ç­ë© ¯®àï¤®ª, ¯®«®¦¨¢ ¤«ï i, j ∈ I j 6 i, ¥á«¨ ¤«ï ¢á¥å k jk = ik ¨«¨ 0.
�«ï i ∈ I, t ∈ [0, 1] ®¯à¥¤¥«¨¬ ¯®¤¬­®¦¥áâ¢  S3

ei(t) = {x ∈ S3 | ¤«ï ¢á¥å k sign(Qk(t), x) = ik},

Ei(t) =
∪
j6i

ej(t), Fi(t) =
∪
j<i

ej(t).

�ãáâì i ∈ I, t ∈ [0, 1].
1. �á«¨ x ∈ Ei(t), â® −x /∈ Ei(t). �¥©áâ¢¨â¥«ì­®, â ª ª ª n > 4, ¢ á¨«ã ãá«®-

¢¨ï «¨­¥©­®© ­¥§ ¢¨á¨¬®áâ¨ ¤«ï ­¥ª®â®à®£® k (Qk(t), x) ̸= 0, á«¥¤®¢ â¥«ì­®,
sign(Qk(t), x) = ik ¨, á«¥¤®¢ â¥«ì­®, ­¥¢¥à­®, çâ® sign(Qk(t),−x) = ik ¨«¨ 0.

2. �ãáâì x0, x1 ∈ ei(t), s ∈ [0, 1]. �®£¤ , ª ª á«¥¤ã¥â ¨§ 1, x0 ̸= −x1 ¨
a(x0, x1)(s) ∈ ei(t).

3. �á«¨ ei(t) = ∅, â® Ei(t) = ∅. �¥©áâ¢¨â¥«ì­®, ¯ãáâì x0 ∈ Ei(t). �ãáâì
K = {k | (Qk, x0) = 0}. � á¨«ã ãá«®¢¨ï «¨­¥©­®© ­¥§ ¢¨á¨¬®áâ¨ |K| < 4 ¨,
á«¥¤®¢ â¥«ì­®, ¢¥ªâ®àëQk(t), k ∈ K, «¨­¥©­® ­¥§ ¢¨á¨¬ë. �®íâ®¬ã ¢ S3 áª®«ì
ã£®¤­® ¡«¨§ª® ª x0 ­ ©¤¥âáï â®çª  x â ª ï, çâ® ¤«ï k ∈ K (Qk(t), x) = ik. �á«¨
¢ë¡à âì x ¤®áâ â®ç­® ¡«¨§ª® ª x0, â® ¤«ï k /∈ K ¡ã¤¥¬ ¨¬¥âì sign(Qk(t), x) =
sign(Qk(t), x0) = ik ¨, â ª¨¬ ®¡à §®¬, x ∈ ei(t).

4. �ãáâì x0 ∈ ei(t). � áá¬®âà¨¬ ª®­ãá G =
{∗} ⊔ Fi(t)× [0, 1]

/
(x, 0) = ∗ .

�á¯®«ì§ãï 1, ®¯à¥¤¥«¨¬ ®â®¡à ¦¥­¨¥ A : G → S3 ä®à¬ã« ¬¨ A(∗) = x0 ¨
A(x, s) = a(x0, x)(s). �®£¤ , ª ª «¥£ª® ã¡¥¤¨âìáï, A ¥áâì £®¬¥®¬®àä¨§¬ ­ 
Ei(t).

�ãáâì i ∈ I, [t1, t2] ⊂ [0, 1]. �à® ­¥¯à¥àë¢­®¥ ®â®¡à ¦¥­¨¥ s : [t1, t2] → S3

â ª®¥, çâ® ¯à¨ ¢á¥å t s(t) ∈ ei(t), ¡ã¤¥¬ ãá«®¢­® £®¢®à¨âì: á¥ç¥­¨¥ s : [t1, t2] →
ei.
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�ãáâì i ∈ I.
5. �ãáâì t0 ∈ [0, 1], ei(t0) ̸= ∅. �®ª ¦¥¬, çâ® áãé¥áâ¢ãîâ ®ªà¥áâ­®áâì

[t−, t+] ⊂ [0, 1] â®çª¨ t0 ¨ á¥ç¥­¨¥ x : [t−, t+] → ei.
�ãáâì x0 ∈ ei(t0), K = {k | ik = 0}. �«ï k ∈ K (Qk(t0), x0) = 0; ¢ á¨«ã

ãá«®¢¨ï «¨­¥©­®© ­¥§ ¢¨á¨¬®áâ¨ |K| < 4 ¨, á«¥¤®¢ â¥«ì­®, ¢¥ªâ®àë Qk(t0),
k ∈ K, «¨­¥©­® ­¥§ ¢¨á¨¬ë. �®íâ®¬ã áãé¥áâ¢ãîâ ®ªà¥áâ­®áâì [t−, t+] ⊂ [0, 1]
â®çª¨ t0 ¨ ­¥¯à¥àë¢­®¥ ®â®¡à ¦¥­¨¥ x : [t−, t+] → S3 â ª®¥, çâ® x(t0) = x0 ¨
¤«ï k ∈ K ¯à¨ ¢á¥å t (Qk(t), x(t)) = 0. �® á®®¡à ¦¥­¨ï¬ ­¥¯à¥àë¢­®áâ¨, ¯à¨
t, ¤®áâ â®ç­® ¡«¨§ª¨å ª t0, ¤«ï k /∈ K sign(Qk(t), x(t)) = ik ¨, â ª¨¬ ®¡à §®¬,
x(t) ∈ ei(t); áã§¨¬ á®®â¢¥âáâ¢ãîé¨¬ ®¡à §®¬ ®ªà¥áâ­®áâì [t−, t+] ∋ t0.

6. �¨¡® ¯à¨ ¢á¥å t ei(t) = ∅, «¨¡® ¯à¨ ¢á¥å t ei(t) ̸= ∅. �¥©áâ¢¨â¥«ì­®,
¬­®¦¥áâ¢® {t | ei(t) ̸= ∅}, á ®¤­®© áâ®à®­ë, ª ª á«¥¤ã¥â ¨§ 5, ®âªàëâ®, á
¤àã£®© áâ®à®­ë, á®£« á­® 3, á®¢¯ ¤ ¥â á ¬­®¦¥áâ¢®¬ {t | Ei(t) ̸= ∅}, ª®â®à®¥,
ª®­¥ç­®, § ¬ª­ãâ®.

7. �ãáâì i ∈ I, ei(0) ̸= ∅. �®ª ¦¥¬, çâ® áãé¥áâ¢ã¥â á¥ç¥­¨¥ c : [0, 1] → ei.
�ãáâì t0 ¥áâì ¢¥àå­ïï £à ­ì â¥å T ∈ [0, 1], ¤«ï ª®â®àëå áãé¥áâ¢ã¥â á¥ç¥­¨¥

b : [0, T ] → ei. �®£« á­® 6, ei(t0) ̸= ∅; ¨á¯®«ì§ãï 5., ¢ë¡¥à¥¬ ®ªà¥áâ­®áâì
[t−, t+] ⊂ [0, 1] â®çª¨ t0 ¨ á¥ç¥­¨¥ x : [t−, t+] → ei. �®áâà®¨¬ á¥ç¥­¨¥ c : [0, t+] →
ei. �á«¨ t0 = 0, ¯®«®¦¨¬ c = x. �á«¨ t0 > 0, â® ¢ë¡¥à¥¬ T , t− < T 6 t0, ¨
á¥ç¥­¨¥ b : [0, T ] → ei, ¨, ¨á¯®«ì§ãï 2, ¯®«®¦¨¬

c(t) =


b(t) ¯à¨ t ∈ [0, t−],

a(b(t), x(t))(
t− t−
T − t−

) ¯à¨ t ∈ [t−, T ],

x(t) ¯à¨ t ∈ [T, t+].

�® ¢ë¡®àã t0, t+ 6 t0; §­ ç¨â, t+ = 1, ¨ c ¥áâì ¨áª®¬®¥ á¥ç¥­¨¥.
�®áâà®¨¬ ¨áª®¬ãî ¨§®â®¯¨î H ¯® ¨­¤ãªæ¨¨. �à¥¤¯®«®¦¨¬, çâ® ¤«ï ­¥ª®-

â®à®£® ¯®¤¬­®¦¥áâ¢  J ⊂ I â ª®£®, çâ® ¤«ï i, j ∈ I, j 6 i, i ∈ J ¢«¥ç¥â j ∈ J ,
®¯à¥¤¥«¥­  £®¬®â®¯¨ï H(t) :

∪
j∈J Ej(0) → S3, t ∈ [0, 1], â ª ï, çâ® ¤«ï j ∈ J

¯à¨ ¢á¥å t H(t) £®¬¥®¬®àä­® ®â®¡à ¦ ¥â Ej(0) ­  Ej(t). (� §  J = ∅ âà¨-
¢¨ «ì­ .) �¥£ª® ¢¨¤¥âì, çâ® ¯à¨ ¢á¥å t H(t) ¨­ê¥ªâ¨¢­®. �á«¨ J = I, â®,
ª ª «¥£ª® ¢¨¤¥âì, H ¥áâì ¨áª®¬ ï ¨§®â®¯¨ï. �ãáâì J ̸= I, i ∈ I \ J | ¬¨-
­¨¬ «ì­ë© í«¥¬¥­â. �à®¤®«¦¨¬ H ¤® £®¬®â®¯¨¨ H(t) :

∪
j∈J∪{i} Ej(0) → S3,

t ∈ [0, 1], â ª, çâ®¡ë ¯à¨ ¢á¥å t H(t) £®¬¥®¬®àä­® ®â®¡à ¦ «® Ei(0) ­  Ei(t).
�á«¨ ei(0) = ∅, â®, ª ª á«¥¤ã¥â ¨§ 6 ¨ 3, ¯à¨ ¢á¥å t Ei(t) = ∅, ¨ ¤¥« âì ­¨ç¥-
£® ­¥ ­ã¦­®. �ãáâì ei(0) ̸= ∅. �á¯®«ì§ãï 7, ¢ë¡¥à¥¬ á¥ç¥­¨¥ c : [0, 1] → ei.
� á¨«ã ¨­ê¥ªâ¨¢­®áâ¨, ¯à¨ ¢á¥å t H(t) £®¬¥®¬®àä­® ®â®¡à ¦ ¥â Fi(0) ­ 
Fi(t). �á¯®«ì§ãï 4, ®¯à¥¤¥«¨¬ H(t) ­  Ei(0) à ¢¥­áâ¢ ¬¨ H(t)(c(0)) = c(t)
¨ H(t)(a(c(0), x)(s)) = a(c(t),H(t)(x))(s), x ∈ Fi(0), s ∈ [0, 1].

4. � ¯à¥âë

�«¥¤ãï �¨à®, ­¥®á®¡®© âà®©ª¥ ¯àï¬ëå {l1, l2, l3 ∈ RG1(P
3)} á®¯®áâ ¢¨¬ ª®-

íää¨æ¨¥­â § æ¥¯«¥­¨ï (l1l2l3) = ±1 á«¥¤ãîé¨¬ ®¡à §®¬. �à¨¥­â¨àã¥¬ ¯àï-
¬ë¥ l1, l2, l3 ¯à®¨§¢®«ì­ë¬ ®¡à §®¬. � ª ª ª ®­¨ ­¥ áâï£¨¢ ¥¬ë ¯® RP 3 ¢
â®çªã, â® ¨å ¯®¯ à­ë¥ à æ¨®­ «ì­ë¥ ª®íää¨æ¨¥­âë § æ¥¯«¥­¨ï ®â«¨ç­ë ®â
0. �®«®¦¨¬

(l1l2l3) = sign(lk(l1, l2;Q) lk(l1, l3;Q) lk(l2, l3;Q)).
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�¥£ª® ¢¨¤¥âì, çâ® à¥§ã«ìâ â ­¥ § ¢¨á¨â ®â ¢ë¡®à  ®à¨¥­â æ¨©.
�®íää¨æ¨¥­â § æ¥¯«¥­¨ï âà®©ª¨ ¯àï¬ëå á®åà ­ï¥âáï ¯à¨ ¦¥áâª®© ¨§®â®-

¯¨¨ ¨ ¬¥­ï¥â §­ ª ¯à¨ §¥àª «ì­®¬ ®âà ¦¥­¨¨.
�áâì ¯ïâì á¥à¨© § ¯à¥â®¢.
�¥à¨ï 1 (�¨à®). n ≡ 3 (mod 4).

� ª ª ª ¯à¨ â ª¨å n ç¨á«® âà®¥ª ¯àï¬ëå ª®­ä¨£ãà æ¨¨, à ¢­®¥

(
n

3

)
, ­¥ç¥â-

­®, â® ¯à®¨§¢¥¤¥­¨¥ ¨å ª®íää¨æ¨¥­â®¢ § æ¥¯«¥­¨ï ¬¥­ï¥â §­ ª ¯à¨ §¥àª «ì-
­®¬ ®âà ¦¥­¨¨.

�¥à¨ï 2. m ≡ 2 ¨«¨ 3 (mod 4), n ≡ 2 (mod 4).
� ª ª ª ¯à¨ â ª¨å m ¨ n ç¨á«® âà®¥ª ¯àï¬ëå, ®¤­  ¨§ ª®â®àëå á®¥¤¨­ï-

¥â ¤¢¥ â®çª¨ ª®­ä¨£ãà æ¨¨,   ¤¢¥ ¤àã£¨¥ ¯à¨­ ¤«¥¦ â ª®­ä¨£ãà æ¨¨ (â ª¨¥

âà®©ª¨ ï¢«ïîâáï ­¥®á®¡ë¬¨), à ¢­®¥

(
m

2

)(
n

2

)
, ­¥ç¥â­®, â® ¯à®¨§¢¥¤¥­¨¥ ¨å

ª®íää¨æ¨¥­â®¢ § æ¥¯«¥­¨ï ¬¥­ï¥â §­ ª ¯à¨ §¥àª «ì­®¬ ®âà ¦¥­¨¨.
�¥à¨ï 3. m ≡ 4, 5, 6 ¨«¨ 7 (mod 8), n ≡ 1 (mod 2).
� ª ª ª ¯à¨ â ª¨å m ¨ n ç¨á«® âà®¥ª ¯àï¬ëå, ¤¢¥ ¨§ ª®â®àëå á®¥¤¨­ïîâ ¢

¤¢¥ ¯ àë ç¥âëà¥ â®çª¨ ª®­ä¨£ãà æ¨¨,   âà¥âìï ¯à¨­ ¤«¥¦¨â ª®­ä¨£ãà æ¨¨

(â ª¨¥ âà®©ª¨ ï¢«ïîâáï ­¥®á®¡ë¬¨), à ¢­®¥ 3

(
m

4

)
n, ­¥ç¥â­®, â® ¯à®¨§¢¥¤¥­¨¥

¨å ª®íää¨æ¨¥­â®¢ § æ¥¯«¥­¨ï ¬¥­ï¥â §­ ª ¯à¨ §¥àª «ì­®¬ ®âà ¦¥­¨¨.
�¥à¨ï 4. m > 6, m ≡ 2 ¨«¨ 3 (mod 4).
�«¥¤ã¥â ¨§ ¯à¥¤«®¦¥­¨© �, �.
�¥à¨ï 5. m > 6, n ≡ 1 (mod 2).
�§ ¯à¥¤«®¦¥­¨© �, �, � á«¥¤ã¥â, çâ® ¯à¨ m > 6 ­¥ª®â®àë¥ d ≡ 4 (mod 8)

â®ç¥ª ª®­ä¨£ãà æ¨¨ ¨ ¥¥ ¯àï¬ë¥ ®¡à §ãîâ §¥àª «ì­ãî ª®­ä¨£ãà æ¨î, çâ®
­¥¢®§¬®¦­® ¯à¨ n ≡ 1 (mod 2) (á¥à¨ï 3).

5. �¥§¥àª «ì­®áâì ¯®¢¥àå­®áâ¥©

�ãáâì X ⊂ RP 3 | ­¥®á®¡ ï ¯®¢¥àå­®áâì áâ¥¯¥­¨ 4, ­¥áâï£¨¢ ¬ ï ¨ ¨¬¥î-
é ï M > 5 ª®¬¯®­¥­â. �®¯ãáâ¨¬, çâ® ¯®¢¥àå­®áâì X §¥àª «ì­ . �¨ªá¨àã¥¬
­¥¯à¥àë¢­®¥ á¥¬¥©áâ¢® ¯®¢¥àå­®áâ¥© Y (t) ⊂ RP 3, t ∈ [0, 1], § ¤ ¢ ¥¬®¥ ¦¥áâ-
ª®© ¨§®â®¯¨¥©, â ª®¥, çâ® Y (0) = s(X), Y (1) = X.

�®¢¥àå­®áâì X ¨¬¥¥â â®«ìª® ®¤­ã ­¥áâï£¨¢ ¥¬ãî ª®¬¯®­¥­âã. �¥©áâ¢¨-
â¥«ì­®, ¯ãáâì ¯®¢¥àå­®áâì X ¨¬¥¥â ¤¢¥ ­¥áâï£¨¢ ¥¬ë¥ ª®¬¯®­¥­âë. �î¡ ï
¯«®áª®áâì ¯¥à¥á¥ª ¥â ¨å, ¯®íâ®¬ã ¯¥à¥á¥ç¥­¨¥ ¯«®áª®áâ¨, ¯¥à¥á¥ª îé¥© âà¨
¤àã£¨¥ ª®¬¯®­¥­âë ¯®¢¥àå­®áâ¨ X, á ¯®¢¥àå­®áâìî X ¨¬¥¥â ¡®«ìè¥ ç¥âëà¥å
ª®¬¯®­¥­â, çâ® ­¥¢®§¬®¦­® ¢ á¨«ã ­¥à ¢¥­áâ¢  � à­ ª .

�ãáâì M = m + 1. �ãáâì X0 | ­¥áâï£¨¢ ¥¬ ï, X1, . . . , Xm | ®áâ «ì-
­ë¥ ª®¬¯®­¥­âë ¯®¢¥àå­®áâ¨ X. �ãáâì Y0(t), Y1(t), . . . , Ym(t), t ∈ [0, 1], |
ª®¬¯®­¥­âë ¯®¢¥àå­®áâ¨ Y (t), ¯à¨ç¥¬ Y0(0) = s(X0), Yk(0) = s(Xk) ¨ Y0(t),
Yk(t) ­¥¯à¥àë¢­® § ¢¨áïâ ®â t. �®£¤  Y0(1) = X0 ¨ áãé¥áâ¢ã¥â ¯¥à¥áâ ­®¢ª 
f : {1, . . . ,m} → {1, . . . ,m} â ª ï, çâ® Yk(1) = Xf(k).

�«ï k = 1, . . . ,m ¢ë¡¥à¥¬ â®çª¨ pk ∈ Xk ¨ ­¥¯à¥àë¢­ë¥ ®â®¡à ¦¥­¨ï
qk : [0, 1] → RP 3 â ª¨¥, çâ® qk(t) ∈ Yk(t) ¨ qk(0) = s(pk), qk(1) = pf(k).

�®­ä¨£ãà æ¨ï â®ç¥ª {p1, . . . , pm} ï¢«ï¥âáï ­¥®á®¡®©. �¥©áâ¢¨â¥«ì­®, ¯«®á-
ª®áâì, á®¤¥à¦ é ï ç¥âëà¥ â®çª¨ ª®­ä¨£ãà æ¨¨, ¯¥à¥á¥ª ¥â ª®¬¯®­¥­âã X0,
¯®íâ®¬ã ¥¥ ¯¥à¥á¥ç¥­¨¥ á ¯®¢¥àå­®áâìî X ¨¬¥¥â ¡®«ìè¥ ç¥âëà¥å ª®¬¯®­¥­â,
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çâ® ­¥¢®§¬®¦­® ¢ á¨«ã ­¥à ¢¥­áâ¢  � à­ ª . �­ «®£¨ç­®, ¯à¨ ¢á¥å t ª®­ä¨-
£ãà æ¨ï â®ç¥ª {q1(t), . . . , qm(t)} ï¢«ï¥âáï ­¥®á®¡®©.

�ãé¥áâ¢ã¥â ¯®¤¬­®¦¥áâ¢® K ⊂ {1, . . . ,m}, ¯ãáâì |K| = n, â ª®¥, çâ® f(K) =
K, ¯à¨ç¥¬ n ≡ 4 (mod 8) ¨«¨ n = 5. �¥©áâ¢¨â¥«ì­®, ¯à¨ m = 4 ¨«¨ 5 íâ®
ãâ¢¥à¦¤¥­¨¥ âà¨¢¨ «ì­®, ¯à¨ m > 6 | á«¥¤ã¥â ¨§ ¯à¥¤«®¦¥­¨© �, �, �.

�­®¦¥áâ¢® {{k11, k12}, {k21, k22}}, £¤¥ kij ∈ {1, . . . ,m} ¯®¯ à­® à §«¨ç­ë,
¡ã¤¥¬ ­ §ë¢ âì áå¥¬®©. �«¥¤ãï � à« ¬®¢ã, ¯®ª ¦¥¬, çâ® ª ¦¤®© áå¥¬¥ {{k11, k12}, {k21, k22}}
¬®¦­® á®¯®áâ ¢¨âì ç¨á«® (k11k12k21k22) = ±1 â ª, çâ® ¡ã¤¥â ¢ë¯®«­ïâìáï

(3) (k11k12k21k22) = −(f(k11)f(k12)f(k21)f(k22)).

�®£¤ , ¯¥à¥¬­®¦ ï íâ® à ¢¥­áâ¢® ¤«ï ¢á¥å áå¥¬, á®áâ ¢«¥­­ëå ¨§ í«¥¬¥­â®¢
¯®¤¬­®¦¥áâ¢  K, ¯à¨å®¤¨¬ ª ¯à®â¨¢®à¥ç¨î, â ª ª ª ç¨á«® â ª¨å áå¥¬, à ¢­®¥

3

(
n

4

)
, ­¥ç¥â­®.

�ãáâì A = pk11 , B = pk12 , C = pk21 , D = pk22 .
�àï¬ ï AB ¨¬¥¥â á ãç¥â®¬ ªà â­®áâ¨ ¯® ¤¢¥ â®çª¨ ¯¥à¥á¥ç¥­¨ï á ª®¬¯®-

­¥­â ¬¨ Xk11 ¨ Xk12 ¨ ¯®íâ®¬ã, ¢ á¨«ã â¥®à¥¬ë �¥§ã, ­¥ ¯¥à¥á¥ª ¥â ª®¬¯®­¥­âã
X0. �® ¦¥ ¢¥à­® ¤«ï ¯àï¬ëå CD ¨ AC.

�®ª ¦¥¬, çâ® ¯àï¬ë¥ AC ¨ CD ¨§®â®¯­ë ¢ ¤®¯®«­¥­¨¨ ª®¬¯®­¥­âë X0.
� á¨«ã ­¥à ¢¥­áâ¢  � à­ ª  ¯¥à¥á¥ç¥­¨¥ ¯«®áª®áâ¨ ABC á ª®¬¯®­¥­â®© X0

á¢ï§­®. �®íâ®¬ã, ¯®¢®à ç¨¢ ï ¯àï¬ãî AB ¢ ¯«®áª®áâ¨ ABC, ¥¥ ¬®¦­® á®¢-
¬¥áâ¨âì á ¯àï¬®© AC, ­¥ § ¤¥¢ ï ª®¬¯®­¥­âã X0. � ª ¦¥ ¬®¦­® á®¢¬¥áâ¨âì
¯àï¬ãî AC á ¯àï¬®© CD.

�®íâ®¬ã ¯àï¬ë¥ AC ¨ CD ¬®¦­® ®à¨¥­â¨à®¢ âì â ª, çâ®¡ë ¤«ï «î¡®©
¯¥â«¨ l ⊂ X0 ¢ë¯®«­ï«®áì lk(AB, l;Q) = lk(CD, l;Q). � ª ª ª ª®¬¯®­¥­â  X0

­¥áâï£¨¢ ¥¬ , â® íâ® ¬®¦­® á¤¥« âì à®¢­® ¤¢ã¬ï á¯®á®¡ ¬¨, ®â«¨ç îé¨¬¨áï
®¡à é¥­¨¥¬ ®à¨¥­â æ¨¨ ®¡¥¨å ¯àï¬ëå.

�àï¬ë¥ AB ¨ CD ­¥ ¯¥à¥á¥ª îâáï. �¥©áâ¢¨â¥«ì­®, ¨­ ç¥ á®¤¥à¦ é ï ¨å
¯«®áª®áâì ¯¥à¥á¥ª «  ¡ë ª®¬¯®­¥­âã X0, ¯®íâ®¬ã ¥¥ ¯¥à¥á¥ç¥­¨¥ á ¯®¢¥àå­®-
áâìî X ¨¬¥«® ¡ë ¡®«ìè¥ ç¥âëà¥å ª®¬¯®­¥­â, çâ® ­¥¢®§¬®¦­® ¢ á¨«ã ­¥à ¢¥­-
áâ¢  � à­ ª .

�®«®¦¨¬ (k11k12k21k22) = sign lk(AB,CD;Q). �®à¬ã«  (3) á«¥¤ã¥â ¨§ â®-
£®, çâ® ª®íää¨æ¨¥­â § æ¥¯«¥­¨ï ¬¥­ï¥â §­ ª ¯à¨ §¥àª «ì­®¬ ®âà ¦¥­¨¨, ¨
á®®¡à ¦¥­¨© ­¥¯à¥àë¢­®áâ¨.

� ¡« £®¤ à¥­ �. �. �â¥­¡¥à£ã, ª®â®àë© ¯à¥¤«®¦¨« ¬­¥ íâã § ¤ çã.
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