Straight homotopy invariants
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Abstract

Let X and Y be spaces and M be an abelian group. A homotopy in-
variant f: [X,Y] — M is called straight if there exists a homomorphism
F: L(X,Y) — M such that f([a]) = F({(a)) for all a € C(X,Y). Here
(a): (X) — (Y) is the homomorphism induced by a between the abelian
groups freely generated by X and Y and L(X,Y) is a certain group of
“admissible” homomorphisms. We show that all straight invariants can be
expressed through a “universal” straight invariant of homological nature.

§ 1. Introduction

We define straight homotopy invariants of maps and give their characteri-
zation, which reduces them to the classical homology theory. Straight invari-
ants are a variant of the notion of homotopy invariants of degree at most 1
[10, 8, 9, 11]. This variant has especially simple homological characterization.
Homotopy invariants of finite degree are a homotopy analogue of Vassiliev in-
variants [8].

The group L(X,Y). For a set X, let (X) be the (free) abelian group with
the basis X* C (X) endowed with the bijection X — X! x + <x>. For sets
X and Y, let L(X,Y) € Hom(({X),(Y)) be the subgroup generated by the
homomorphisms u such that u(X*) C Y# U {0}. (Elements of L(X,Y) are the
homomorphisms bounded with respect to the ¢;-norm.) A map a: X — YV
induces the homomorphism (a) € L(X,Y), (a)(<z>) = <a(z)>.

Straight homotopy invariants. Let X and Y be spaces, M be an abelian
group, and f: [X,Y] — M be a map (a homotopy invariant). The invariant f
is called straight if there exists a homomorphism F: L(X,Y) — M such that
f(la]) = F({a)) for all a € C(X,Y).

(If M is divisible, the group L(X,Y") can be replaced here by Hom({X), (Y'))
because any homomorphism L(X,Y) — M extends to Hom({X), (Y)) in this
case. In general, this replacement is inadequate. For example, let X and Y be
circles. Then the invariant “degree” [X,Y] — Z is straight by Theorem 1.1 (or
Corollary 6.8). At the same time, every homomorphism F': Hom((X),(Y)) — Z
factors through the restriction homomorphism Hom((X), (Y)) — Hom((T), (Y))
for some finite set 7' C X [2, § 94]. Thus F' cannot give rise to a non-constant
homotopy invariant.)

The main invariant h: [X,Y] — [SX, SY]. For a space X, let SX be its
singular chain complex. Let X and Y be spaces. Let [SX,SY] be the group



of homotopy classes of morphisms SX — SY. There is a (non-naturally) split
exact natural sequence

0 — [[Ext(H;io1 X, H;Y) — [SX, SY] — [ [ Hom(H; X, H;Y') — 0
i€z i€Z
(“the universal coefficient theorem”, cf. [12, Theorem 5.5.3]). For a € C'(X,Y),

let Sa: SX — SY be the induced morphism and [Sa] € [SX, SY] be its homo-
topy class. The invariant h: [X,Y] — [SX, SY], [a] — [Sa], is called main.

The main result. We call a space valid if it is homotopy equivalent to a CW-
complex; we call it finitary if it is weakly homotopy equivalent to a compact
CW-complex.

1.1. Theorem. Let X be a finitary valid space, Y be a valid space, h: [X,Y] —
[SX, SY] be the main invariant, M be an abelian group, and f: [X,Y] — M be
an tnvariant. The invariant f is straight if and only if there exists a homomor-
phism d: [SX,SY] — M such that f = doh.

The theorem follows from Propositions 7.3 and 12.2. O

The theorem says that the main invariant is a “universal” straight invariant.
A weaker and slightly complicated result is [7, Theorem II]. If M is divisible, then
the sufficiency (“if”) follows easily from an appropriate form of the Dold—Thom
theorem (see § 7), and the necessity (“only if”) follows from [7, Theorem II] (but
any abelian group is a subgroup of a divisible one). The validity and finitarity
hypotheses are essential, see §§ 13, 14.

In § 15, we consider K-straight invariants taking values in modules over a
commutative ring K (by definitions, straight = Z-straight).

§ 2. Notation

The question mark. The expression [?] denotes the map a — [a] between sets
indicated in the context. We similarly use (?), etc. This notation is also used
for functors.

Sets and abelian groups. For a set X, let cx: X — (X) be the canonical
map x +— <z>. For v € (X) and z € X, let v/x € Z be the coefficient of <z> in
v. For an abelian group T, a map a: X — T gives rise to the homomorphism
at: (X) = T, <v> a(z). TX is the group of maps X — T.

Simplicial sets. For simplicial sets U and V, let Si(U, V') be the set of simpli-
cial maps and [U, V] be the set of their homotopy classes (two simplicial maps
are homotopic if they are connected by a sequence of homotopies). The func-
tor (?) takes simplicial sets to simplicial abelian groups degreewise. There is
the canonical simplicial map c¢y: U — (U). For a simplicial abelian group
Z, a simplicial map s: U — Z gives rise to the simplicial homomorphism
st: (U) — Z. For a simplicial set T, a simplicial map s: U — V induces the
maps si: Si(T,U) — Si(T,V), s#: Si(V,T) — Si(U,T), s': [T,U] — [T, V],
and s.: [V,T] — [U,T]. This notation is also used in the topological case.



§ 3. Induced straight invariants

3.1. Lemma. Let X, X, Y, and Y be spaces, r: X — X and s: Y — Y
be continuous maps, M be an abelian group and f: [X,Y] — M be a straight
invariant. Then the invariant f: [X,Y] — M, f([a)) = f([scaor]), a €
C(X,Y), is straight.

Proof. There is a homomorphism F': L(X,Y) — M such that f([a]) = F({(a)),
a € C(X,Y). We have the commutative diagram

C(X,Y) L(X,Y)
N 7
o \
7 C(X,Y) LIX,Y) | p
/

X,Y] —— [X,)Y] ———= M

where the maps K and k and the homomorphism T are induced by the pair
(1“, s) (that is, K(a) = soaor, k([a]) = [soaor], T(a) = (s) oto (r)), and
F=FoT. Thus f is straight. O

§ 4. The main invariant h: [|U|,|V|] — [S|U|, S|V|]

The geometric realization |Z| of a simplicial abelian group Z has a structure
of an abelian group. |Z| is a topological abelian group if Z is countable; in
general, it is a group of the category of compactly generated Hausdorff spaces.
For a simplicial set T', C(|T|,|Z]) and [|T],|Z]|] are abelian groups with respect
to pointwise addition. Clearly, Si(T, Z) and [T, Z] are also abelian groups.

4.1 Lemma. Let U and V be simplicial sets. Then there exists a commutative
diagram

0, V] ev): U, (V)]
IS0, S|V ]
WLV ev]” U110V,

where i: [s] — [|s|] (the map induced by the geometric realization map), j is
similar, h is the main invariant, and e, E are some isomorphisms.

This is a version of the Dold-Thom theorem [3, § 4.K].



Proof. Let A be the singular functor. For a simplicial set T, let kr: T — A|T)|
be the canonical weak equivalence. If T is a simplicial abelian group, kr is a
simplicial homomorphism. We have the commutative diagram

v - (V)

(kv)
(AV]) kevy

CV \
Alev|

AlV|

where m = (Aley|)T. kuvy, (kv), and thus m are weak equivalences. Consider
the commutative diagram

(ev)¥
U, V] U, (V)]
(kv)Y
(kv)Y A|V| (kevy)Y
_ (CA\V|) \ )
[ J
(Alev DY
(U, AlV]] AKV)H]
P q
lev |1V
[1U1, V1] U1, KV,

where the upper part is the result of applying the functor [U, 7] to the previous
diagram and p and ¢ are the standard adjunction bijections for the functors |?|
and A. (ky)V, mVU, and ¢ are isomorphisms.

We will find an isomorphism P: [S|U|, S|V|] — [U, (A|V])] such that Poh =
(capv)¥ op. Then it will be enough to set e = P~'o(ky )Y and E = ¢ tom{ o P.

For a simplicial set T, let AT be its chain complex, so that (AT), = (T,),
n > 0. Then SX = AAX for any space X. A Simplicial map s: T — (W)
gives rise to the morphism v: AT — AW, v, = s;7, n > 0. This rule yields an
isomorphism d: [T, (W)] — [AT, AW] (the Dold- Kan correspondence). We set
T = AJU| and W = A|V]. Consider the commutative diagram

p
/m

U], V|| —2— [AJU], AV || ———— [U, AV ]

hl (CA|V)*AUi \L(CAW)E

kv)iavy

[AAU], ALV <= [AU] AV ———= [U{AIV])],
\/’/

P



where the map b is given by the functor A and P = (k:U)z‘AlV|> od~!. Since
(kU)?AIVD is an isomorphism, P is an isomorphism too. O

§ 5. Nobeling—Bergman theory

By a ring we mean a (non-unital) commutative ring; subring is understood
accordingly. The following facts follow from [5, Theorem 2 and its proof], cf. [2,
§ 97].

5.1. Lemma. Let E be a torsion-free ring generated by idempotents. Then E
s a free abelian group. [

An example: the ring B(X) of bounded functions X — Z, where X is an
arbitrary set.

5.2. Lemma. Let E be a torsion-free ring and F' C E be a subring, both gen-
erated by idempotents. Then the abelian group E/F is free. O

For F = 0, this is Lemma 5.1.

§ 6. Maps to a space with addition

Let X be a space and T be a Hausdorff space.

For a set V. C T, we introduce the homomorphism sy : L(X,T) — ZX,
sy (u)(z) = I}; (u(<x>)), © € X, where Iyy: T — Z is the indicator function of
the set V.

The subgroup R C L(X,T). Forpe X, q €T, let R(p,q) C L(X,T) be
the subgroup of homomorphisms u such that, for any sufficiently small (open)
neighbourhood V of ¢, the function sy (u) is constant in some neighbourhood of
p. Let R C L(X,T) be the intersection of the subgroups R(p,q),p€ X, qe T.

6.1. Lemma. Fora € C(X,T), we have (a) € R.

Proof. Take p € X, ¢ € T. We show that (a) € R(p,q). If a(p) = ¢, then, for
any neighbourhood V of ¢, we take the neighbourhood U = a~}(V) of p and
get sy ({(a))|y = 1. Otherwise, choose disjoint neighbourhoods W of ¢ and Wy
of a(p). Consider the neighbourhood U = a~*(W;) of p. For any V C W, we
have sy ({a))|y = 0. O

6.2. Lemma. The abelian group L(X,T)/R is free.

Proof. Let Or be the set of open sets in 7. Consider the ring E = B(X X
X xOp). Forpe X, qe T, let I(p,q) C E be the ideal of functions f such
that, for any sufficiently small neighbourhood V of ¢, the function X — Z, x —
f(p,x, V), vanishes in some neighbourhood of p. Let I C E be the intersection
of the ideals I(p,q), p € X, ¢ € T. The ring E/I is torsion-free and generated
by idempotents. By Lemma 5.1, E/I is a free abelian group. Counsider the



homomorphism k: L(X,T) — E, k(u)(p,z,V) = sy (u)(x) —sy(u)(p), p,x € X,
V € O, u € L(X,T). We have k~1(I(p,q)) = R(p,q) and thus k~1(I) = R.
Therefore, k induces a monomorphism L(X,T)/R — E/I. Tt follows that the
abelian group L(X,T)/R is free. O

The set Q and the homomorphisms e(D,a). Let @ be the set of pairs
(D,a), where D C X is a closed set and a € C(D, T). For (D, a) € @, introduce
the homomorphism e(D,a) € L(X,T),

<a(z)> ifxe D,
0 otherwise,

e(D,a)(<z>) = {

xz e X.

6.3. Lemma. Let (D,a) € Q, p € X, and q € T. If e(D,a) ¢ R(p,q), then
p € D and a(p) =q.

Proof. Put u = e(D,a). The case p ¢ D. Consider the neighbourhood U =
X\ D of p. We have sy(u)|y =0 for any V C T. Thus u € R(p,q). The case
p € D, a(p) # q. Choose disjoint neighbourhoods W of ¢ and W of a(p). There
is a neighbourhood U of p such that a(D NU) C W;. We have sy (u)|y = 0 for
any V C W. Thus u € R(p,q). O

The subgroup K C L(X,T). Let K C L(X,T) be the subgroup generated
by e(D,a), (D,a) € Q.

6.4. Lemma. The abelian group L(X,T)/K is free.

Proof. Consider the monomorphism j: L(X,T) — B(X x T), j(u)(z,t) =
u(<z>)/t. For (Dj,a;) € Q, i = 1,2, we have j(e(D1,a1))j(e(D2,az2)) =
jle(D,a)), where D = {x € D1 N Dy : a1(z) = az(x)} and a = a1|p = az|p. In
particular, j(e(D,a)), (D, a) € Q, are idempotents. Therefore, j(K) is a subring
generated by idempotents. By Lemma 5.2, the abelian group B(X x T')/j(K)
is free. Since j induces a monomorphism L(X,T)/K — B(X x T)/j(K), the
abelian group L(X,T)/K is free. O

6.5. Lemma. The abelian group L(X,T)/(K N R) is free.

Proof. The quotients in the chain L(X,T) O K O K N R are free: L(X,T)/K
by Lemma 6.4, and K/(K N R) as a subgroup of L(X,T)/R, which is free by
Lemma 6.2. O

The homomorphism G: L(X,T) — TX. Let T have a structure of an
abelian group such that, (x) for any closed set D C X, the set C(D,T) becomes
an abelian group with respect to pointwise addition'. Consider the homomor-
phism G: L(X,T) — TX, G(u)(z) = r(u(<x>)), v € X, u € L(X,T), where
r=id": (T) = T.

IThe condition () is satisfied if T is a topological abelian group or if X = |U| and T = |Z|,
where U is a simplicial set and Z is a simplicial abelian group.



6.6. Lemma. G(KNR) C C(X,T).

Proof. Take u € K N R. We show that G(u) € C(X,T). Since u € K, we have

U= E Us, u; = kie(D;, a;),
icl

where T is a finite set, k; € Z, and (D;,a;) € Q. For J C I, put

UJ:Z”% DJ:ﬂDiQX

i€J i€J

(so Dg = X) and

bJ:Zki&i‘DJEO(DJ,T), kJ:Zkz

icJ i€J

Take p € X. We verify that G(u) is continuous at p. Put N ={i € I:p¢
D;}. ForqeT,put I(q) ={ie€l:pe€ D;, a;(p) =q}. We have

u=uy+ ) urg)
qeT

(almost all summands are zero). Clearly, G(uy) vanishes in some neighbour-
hood of p. Take ¢ € T'. It suffices to show that G(uy(q)) is continuous at p. Put
to = G(uy(q)) € T. We have tg = ky(qq. Let W be a neighbourhood of t5. We
seek a neighbourhood U of p such that G(uz))(U) € W.

Put £ = {J C I(q) : k;j = ki(q}. For J € E, we have p € D; and
bs(p) = to. There is a neighbourhood U; of p such that by(D;NU;) C W for
all J € E.

By Lemma 6.3, u; € R(p,q) for i € I\ I(q). Since u € R(p,q), we have
ur(q) € R(p,q). Therefore, there is a neighbourhood V' C T of ¢ such that the
function sy (uz(q)) is constant in some neighbourhood Us of p.

There is a neighbourhood Us of p such that a;(D; NUz) C V for all i € I(q).
For z € X, put J(z) = {i € I(q) : = € D;}. For x € Uy N Us, we have
k'](m) = Sv(UI(q))(.Z') = Sv(UI(q))(p) = k[(q), i. e. J(a:) € FE.

Set U = Uy NUy; NUs. Take x € U. We have G(uyqg))(z) = bya)(z) € W
because J(z) € E. O

6.7. Lemma. There exists a homomorphism g: L(X,T) — C(X,T) such that
g({a)) =a for alla € C(X,T).

Proof. We have G({(a)) = a for all a € T¥. Since G(K N R) C C(X,T) (by
Lemma 6.6) and the abelian group L(X,T)/(K N R) is free (by Lemma 6.5),
there is a homomorphism ¢: L(X,T) — C(X,T) such that g(u) = G(u) for
u€ KNR. Fora € C(X,T), we have (a) € K (because (a) = e(X,a)) and
(a) € R (by Lemma 6.1). We get g((a)) = G({a)) = a. O



6.8. Corollary. Suppose that (x) [X,T)] is an abelian group with respect to
pointwise addition®. Then the invariant id: [X,T] — [X,T] is straight.

Proof. By Lemma 6.7, there is a homomorphism ¢: L(X,T) — C(X,T) such
that g({a)) = afor alla € C(X,T). Consider the homomorphism F: L(X,T) —
[X, T, u— [g(u)]. For a € C(X,T), we have [a] = [g((a))] = F({a)). O

§ 7. Sufficiency in Theorem 1.1

The proof of sufficiency in Theorem 1.1 relies on Corollary 6.8. If the group
M is divisible, it is easy to use Lemma 7.1 instead (then the stuff of §§ 5, 6 is
needless).

7.1. Lemma (cf. [10, Lemma 1.2]). Let X and T be spaces and T have a struc-
ture of an abelian group such that (x) the sets C(X,T) and [X,T) become abelian
groups with respect to pointwise addition®. Let M be a divisible abelian group
and f: [X,T] = M be a homomorphism. Then f is a straight invariant.

Proof. Consider the homomorphism G: L(X,T) — T, G(u)(z) = r(u(<z>)),
r € X, u € L(X,T), where r = id": (T) — T. Let D C L(X,T) be the
subgroup generated by the homomorphisms (a), a € C(X,T). Clearly, G({a)) =
a for a € C(X,T). Therefore, G(D) C C(X,T). Consider the homomorphism
Fo: D — M, u— f([G(uw)]). Since M is divisible, there is a homomorphism
F: L(X,T) - M such that F|p = Fy. For a € C(X,T), we have f([a]) =

F(G(a))]) = Fo({a)) = F({a)). -

7.2. Claim. LetU andV be simplicial sets. Then the main invariant h: [|U|, |V]] —
[S|U], S|V|] is straight.

Proof. Consider the commutative diagram

o], v 2= [s|u], s|v]

i, |7

UL 1V,

where F is the isomorphism from Lemma 4.1. By Corollary 6.8, the invariant
id: [|U], KV)|] = [|U|, [{V)]] is straight. Therefore, by Lemma 3.1, the invariant

|CV\LU| is straight. Since F is an isomorphism, h is also straight. O

7.3. Proposition. Let X be a space and Y be a valid space. Then the main
invariant h: [X,Y] — [SX, SY] is straight.

2See footnote 1.
3See footnote 1.



Proof. There are homology equivalences r: [U| = X and s: Y — |V|, where U
and V are simplicial sets. Consider the commutative diagram

[X,V] — = [SX, SY]

o

(U], V] ——[S|U1], S[V1l;

where & is the main invariant and the map k and the isomorphism [ are induced
by the pair (7, s). By Claim 7.2, h is straight. By Lemma 3.1, the invariant hok
is straight. Since h =1"' o hok, h is also straight. O

§ 8. The superposition Z: (Si(U,V))o — Si(U, (V)o)

For a set X, let (X)o C (X) be the kernel of the homomorphism (X) — Z,
<x> — 1. We apply the functor (?)¢ to simplicial sets degreewise.

Let U and V be simplicial sets. The canonical simplicial map c=cy: V —
(V') gives rise to the map c;{: Si(U,V) — Si(U,(V)) and the homomorphism
()T (Si(U,V)) — Si(U, (V). We have the commutative diagram

(Si(U, V))o —Z= Si(U, (V)o)

l’ (C%)Jr \L

(Si(U,V)) ——Si(U,(V)),

where the vertical arrows are induced by the canonical inclusion (7)o — (7) and
Z is a new homomorphism called the superposition.

8§ 9. Surjectivity of the superposition
Our aim here is Lemma 9.1. We follow [10, §§ 12, 13].

Extension of simplicial maps. For n > 0, let A™ be the combinatorial
standard n-simplex (a simplicial set) and OA™ be its boundary.

Let W be a contractible fibrant simplicial set. For each n > 0, choose a map
en: Si(OA™ W) — Si(A™, W) such that e, (q)|san = ¢ for any ¢q € Si(OA™, W).

Let U be a simplicial set. For each simplicial subset A C U, we introduce the
map E4: Si(A, W) — Si(U, W), x — t, where t|4 = x and t o p = e, (t o p|gan)
for the characteristic map p: A™ — U of each non-degenerate simplex outside
A. Clearly,

(1) BEa(z)|a =15

(2) Ea(z)|B = EanB(z|ans)|B,



where A, B C U are simplicial subsets and = € Si(A, W).

The ring (Q) and its identity I. Let @ be the system of simplicial subsets
of U consisting of all subsets isomorphic to A™, n > 0, and the empty subset.
Suppose that the simplicial set U is polyhedral, i. e. Q) is its cover closed under
intersection, and compact, i. e. generated by a finite number of simplices. @ is
finite.

We introduce multiplication in (@) by putting <A><B> = <ANB> for A, B €
Q. The ring (Q) has an identity I. Indeed, the homomorphism e: (Q) — Z?,

1 fADB
e(<A>)(B) = >

0 otherwise,
A,B € @, is an isomorphism (“an upper unitriangular matrix”) preserving
multiplication. Therefore, I = e¢~1(1) is an identity.

The homomorphism K: Si(U, (W)e) — (Si(U, W))o. For a simplicial
set T, let Zp: (Si(T,W))o — Si(T, (W)o) be the superposition. For simplicial
sets T D A, let r: Si(T,W) — Si(A, W) and s’ : Si(T, (W)o) — Si(A, (W)o)
be the restriction maps. s’ is a homomorphism. If T = U, we omit the
corresponding sub/superscript in this notation.

Note that Z4 is an isomorphism for A € @. Consider the map k: Q —

Hom(Si(U, (W)o), (Si(U, W))o), A (Ea)o o Z5' 0 sa:

K(A): Si(U, (W)o) 225 Si(A, (Who) 22 (Si(A, W))o 2% (Si(U, W),

Put K = k*(I).
9.1. Lemma. The diagram

e
Si(U, (W)o) —2= Si(U, (W)o)

is commutative.

Proof. Take A, B € (. We have the commutative diagram

. 23 (Bao .
Si(A, (W)g) —— (Si(A, W))g —— (Si(U, W))o

- o

Si(U, (W)) sé (rd)o (Si(B,W))o

T(mg)o

Ll S, W),



where C'= AN B (commutativity of the “pentagon” follows from the property
(2) of the family F). Therefore, (rg)o o k(A) = (rp)o o k(AN B). Therefore,
(re)ook™(X) = (rg)ook™(X<B>) for X € (Q). We have (rg)oo K = (rg)po
:ZCJF(I) = <TB>0 o k+(I<B>) = <TB>O o k+(<B>) = <TB>O o k(B) = <7’B>0 9] <EB>O @)
Zgl osg = Zgl o sp, because rg o Eg = id by property (1) of the family E.
We get spoZoK = Zpo(rg)po K = sp. Since B is arbitrary, Zo K =id. O

§ 10. A cocartesian square

Let U be a compact polyhedral simplicial set and V be a fibrant simpli-
cial set. The canonical simplicial map ¢ = c¢y: V — (V) induces the maps
s Si(U,V) = Si(U,(V)) and cU': [U,V] — [U,(V)]. Consider the commuta-
tive square of abelian groups and homomorphisms

(CAM

(Si(U, V)) ——=Si(U, (V))

<p)l lq
(et

(w.v])

where p = [?]: Si(U,V) — [U,V] and ¢ = [?] (the projections).
10.1. Lemma. This square is cocartesian.

Proof. Since (p) and ¢ are epimorphisms, it suffices to show that Kerq =

(cg)* (Ker(p)).
Suppose we have a decomposition

v=]]v-
icl

Consider the commutative diagram

. S>0 1((01')[‘7)+ .
D,cs (SIU, Vi) S D,c; SiU, (Vi)

\ )+

(Si(U,V))y —— Si(U, (V)

/
)
D, (pi) (mi \Lq DBicra
v < vy)
/ Dies((c)?) \
Bies (U, Vi) DrcslU, (Vi)

where ¢;, p;, and ¢; are similar to ¢, p, and ¢ (respectively) and the slanting
arrows are induced by the inclusions V; — V. Since U is compact, E and e are

11



isomorphisms. Therefore, is suffices to show that Ker g; = ((Ci)i)"’(Ker(pQ) for
each ¢ € I. This reduction allows us to assume that V is 0-connected.
Consider the commutative diagram

(Si(U,V))o z Si(U, (Vo)
\ (C%)Jr ) /z
(Si(U, V)) ——=Si(U,(V))
(p)o <p>l iq qo0
/<[U,v1> e [U,<v>1\
([U, V] : [U, (V)ol,

where go = [?] (the projection), Z is the superposition, z is the homomorphism
such that the outer square is commutative, I and ¢ are the inclusion homomor-
phisms, and j: (V)¢ — (V) is the inclusion simplicial homomorphism. Clearly,
Kerg = jg (Ker qp). Therefore, it suffices to show that Ker go = Z(Ker(p)o).

Since V is fibrant and O-connected, there is a surjective simplicial map
f: W — V, where W is a contractible fibrant simplicial set. Consider the
commutative diagram

(Si(U, W))o —Z= Si(U, (W)

<f§>ol ()%
(Si(U, V))o —Z— Si(U, (V)o)
<P>D\L qo

<[Ua VDO K [U’ <V>0}

where the map fg: Si(U,W) — Si(U,V) and the simplicial homomorphism
(flo: (W) — (Vg are induced by f and Z is the superposition. Since (f)o is
surjective, it is a fibration. Therefore, Ker gy C Im((f)o)g&. By Lemma 9.1, Z

is surjective. Since W is contractible, Im{ f# Yo € Ker(p)g. Therefore, Ker gy C
Z(Ker(p)o). The reverse inclusion is obvious. O

§ 11. The homomorphism P : Si(U,(V)) — L(|U|,|V])

For n > 0, let A" be the geometric standard n-simplex and A" be its
interior. For a simplicial set U and a point z € A", there is a canonical map
2v: Up — |U]. The map A" x U, — |U|, (z,u) — zy(u), is the canonical
pairing of geometric realization.
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Let U and V be simplicial sets. We define a homomorphism P : Si(U, (V) —
Hom((|U[), (|V])). For t € Si(U,(V)) and x € |U|, x = 2y (u), where z € A"
and u € Uy, (n = 0), put P(t)(<z>) = (zv)(tn(u)):

(2v)

we Uy 25 (V) = (Vi) =5 (V).

P is well-defined.
Suppose that U is compact.

11.1. Lemma. Im P C L(|U|, |V]).

Proof. Let U)X C U, (n > 0) be the set of non-degenerate simplices. For v € U,*
(n > 0), we define a homomorphism I,,: (V,,) — L(|U|,|V|). Forv € V,,, x € |U],
put

<zy(v)> if = 2y (u) for z € A",

L(<vs)(<>) = {

0 otherwise.

This equality is preserved if we replace <v> by w € (V;,) and <zy (v)> by (zv ) (w).
It suffices to show that

Pty= > IL(ta(u), teSi(U (V).

n>0, ucl}

Evaluating each side at <z>, # = 2y (u), where z € A" and u € UX (n > 0), we
get (zv ) (tn(u)). O

Lemma 11.1 allows us to introduce the homomorphism P : Si(U, (V)) —
LU, [V]), P(t) = P(t).

11.2. Lemma. The diagram

Si(U, V) i Si(U, (V))

of )

c(ul, V1) —= LU, [V,
where ¢ = cy: V — (V) is the canonical simplicial map, is commutative.

Proof. For s € Si(U,V) and z € |U|, z = zy(u), where z € A" and u €
(n > 0), we have (P o cg&)(s)(<m>) = P(co s)(<x>) = (zv)((c o s)p(u))
<z (sn(w)> = <[s|(zv (v))> = <[s|(x)> = (|s[)(<z>).

Un

oo

§ 12. Necessity in Theorem 1.1

12.1. Claim. Let U be a compact polyhedral simplicial set, V be a fibrant sim-
plicial set, h: [|U|,|V]] — [S|U|,S|V|] be the main invariant, M be an abelian
group, and f: [|U],|V|] = M be a straight invariant. Then there exists a homo-
morphism d: [S|U|, S|V|] = M such that f =doh.

13



Proof. Since f is straight, there is a homomorphism F: L(|U|,|V|) — M such
that f([a]) = F({(a)) for a € C(|U|,|V|). Consider the diagram of abelian groups
and homomorphisms

(cqul, VD) a L(ul, V1)
(I ey /
(Si(U, V)) —— Si(U, (V))
(r) (ml lq F
(0.V) === U.V)]
(2) ~_d
Qo v r Vs

Here the inner square is as in § 10, r = [?]: C(|U|,|V|) — [|U],|V]] (the pro-
jection), & = (2): C(ULIV]) = L(UL V], T = [2]: $i(U.V) > C(ULIV])
(the geometric realization map), i: [U, V] — [|U|,|V]], [s] — [|s]], and P is as in
§ 11. By Lemma 11.2; the upper trapezium is commutative. The solid arrows
are defined and form a commutative subdiagram. Since the inner square is co-
cartesian by Lemma 10.1, the dashed arrow d is well-defined by the condition
of commutativity of the diagram.
Consider the diagram

CoN

(U V]) = U, (V)]

|
||

(ot v [SIU], SV,

where e is the isomorphism from Lemma 4.1 and d = d o e~!. The square is

commutative by Lemma 4.1. We have d o (¢V)* = f* o (i). Since V is fibrant,
i is a bijection, and thus (i) is an isomorphism. We get f* = d o h* (so the
diagram is commutative). Therefore, f = d o h. O

12.2. Proposition. Let X be finitary valid space, Y be a space, h: [X,Y] —
[SX,SY] be the main invariant, M be an abelian group, and f: [X,Y] — M
be a straight invariant. Then there exists a homomorphism d: [SX,SY] — M
such that f =doh.

Proof. There are a homotopy equivalence r: X — |U| and a weak homotopy
equivalence s: |V| — Y, where U is a compact polyhedral simplicial set and V
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is a fibrant simplicial set. We construct the commutative diagram

(U], V]| ————=[S|U], S|V]]

\/
/\

[SX,SY].

Here the bijection k£ and the isomorphism [ are induced by the pair (r, s) and h
is the main invariant. The square is commutative. By Lemma 3.1, the invariant
f = f ok is straight. By Claim 12.1, there is a homomorphlsm d such that
f= doh. Set d = dol™!. Since k is a bijection, we get f = do h (so the
diagram is commutative). O

§ 13. Three counterexamples

The Hawaiian ear-ring. Let us show that the hypothesis of validity of Y in
Theorem 1.1 and Proposition 7.3 is essential. Let X be the one-point compact-
ification of the ray Ry = (0,00) (a circle) and Y be that of the space Ry \ N
(the Hawaiian ear-ring [3, Example 1.25]). We define a map m € C(X,Y) by
putting

mia) = | 252 + (- -0)

for z € Ry \N. Here [t] and {t} are the integral and the fractional (respectively)
parts of a number ¢ € R. The element of 71 (Y, 00) represented by the loop m is
the (reasonably understood) infinite product of commutators

(oo}

[T (2p, wapial, (*)

p=0

where u, is the element realized by the closure of the interval (¢,q + 1). Let
e € Hi(X) be the standard generator. As in [4, p. 76], we get that the el-
ement my(e) € Hi(Y) has infinite order. Therefore, there is a homomor-
phism k: H1(Y) — Q such that k(m.(e)) = 1. We define a homomorphism
d: [SX,SY] — Q by putting d([v]) = k(v«(e)) for a morphism v: SX — SY.
Let h: [X,Y] — [SX, SY] be the main invariant. We show that the invariants
do h and thus h are not straight.

For y € Y and i = 0,1, put y;) € Y equal to oo if i = 1 and to y otherwise.
For i,j = 0,1, we define a map r;; € C(Y,Y). For y € Ry \ N, we put 7;;(y)
equal to y(;y if [y] is odd and to y(;) otherwise. For elements z;;, 4,7 = 0,1,
of an abelian group, put V;;z;; = 200 — 210 — 201 + 2z11. Clearly, V;;(r;;) = 0
in L(Y,Y). Put a;; = rjom € C(X,Y). We get V;j(a;;) = 0 in L(X,Y).
Therefore, V;;f([a;;]) = 0 for any straight invariant f. We show that this is
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false for the invariant d o h. We have agg = m; the map a;; is constant. It is
easy to see that the maps a19 and ag; are null-homotopic (this “follows formally”
from the presentation (x) and the equalities 710« (ugp) = ro14(Ugpy1) = 1). We
get Vi; (d o h)([ai)) = (d o h)([m]) = k(m.()) = L. O

Using [1, Theorem 2], one can make the spaces X and Y simply-connected
in this example.

The Warsaw circle. Let us show that the hypothesis of validity of X in
Theorem 1.1 and Proposition 12.2 is essential. Let X be the Warsaw circle [3,
Exercise 7 in § 1.3] and Y be the unit circle in C. Y is a topological abelian
group. The group [X, Y] is non-zero by [3, Exercise 7 in § 1.3, Proposition 1.30]
and torsion-free by [6, Theorem 1 in § 56-III]. Therefore, there is a non-zero
homomorphism f: [X,Y] — Q. By Lemma 7.1, f is a straight invariant. Since
X is weakly homotopy equivalent to a point [3, Exercise 10 in § 4.1] and Y is
0O-connected, the main invariant h: [X,Y] — [SX, SY] is constant. Therefore
there exists no homomorphism d: [SX,SY]| — Q such that f = d o h. O

An infinite discrete space. Let us show that the hypothesis of finitarity of
X in Theorem 1.1 and Proposition 12.2 is essential (see also § 14).

Note that, for an infinite set X, the subgroup B(X) C ZX is not a direct
summand because the group Z% is reduced and the group ZX /B(X) is divisible
and non-zero.

Let X and Y be discrete spaces, X infinite and Y = {yo, 31 }. Introduce the
function k: Y — Z, y; — i, i = 0,1. Consider the invariant f: [X,Y] — B(X),
[a] = koa,aec C(X,Y).

The invariant f is straight because, for the homomorphism F: L(X,Y) —
B(X), F(u)(z) = kT (u(<z>)), x € X, u € L(X,Y), we have f([a]) = F({a)),
acC(X,Y).

Let h: [X,Y] — [SX, SY] be the main invariant. We show that there exists
no homomorphism d: [SX,SY] — B(X) such that f = doh. Assume that there
is such a d.

Consider the homomorphism [: Z* — Hom((X), (Y)), l[(v)(<x>) = v(z)(<y1>—
<yo>), * € X, v € ZX. We have I(f([a])) = {(a) — (ap), a € C(X,Y), where
ag: X =Y, z — yo. Clearly, there is an isomorphism e: Hom({X),(Y)) —
[SX,SY] such that e({a)) = h([a]), a € C(X,Y). Consider the composition

r: 2% 5 Hom((X), (V) % [SX,SY] % B(X).
For a € C(X,Y), we have r(f([a]) = (doeolo f)([a)) = d(e((a) — (ap)))

0
d(h([a]) = h([ac])) = f([a]) = f([ao]) = f([a]). Since the elements f([a]),
C(X,Y), generate B(X), we get 7|p(x) = id, which is impossible.

Om

§ 14. Invariants of maps RP*° — RP*°

Here we show that the hypothesis of finitarity of X in Theorem 1.1 and
Proposition 12.2 is essential even if M is divisible. (Possibly, if M is divisible
and/or Y is (simply-)connected, the hypothesis of finitarity of X can be replaced
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by the weaker one that X is weakly homotopy equivalent to a finite-dimensional
CW-complex.)

Let X and Y be spaces. A set F C X is called Y -representative if any maps
a,b € C(X,Y) equal on E are homotopic. X is called Y-unitary if any finite
cover of X contains a Y-representative set.

14.1. Lemma. Let M be a divisible group. If X is Y -unitary, then any invari-
ant f: [X,Y] = M is straight.

Proof. Introduce the maps r = [?]: C(X,Y) — [X, Y] (the projection) and k =
(7): C(X,Y) = L(X,Y). We seck a homomorphism F' giving the commutative

diagram

(C(X,Y)) "~ L(X,Y)

.

(x,Y)) ——~ L.

Since M is divisible, it suffices to show that Ker k™ C Ker(r). Take an element
w € Kerk™. We show that w € Ker(r). There are a finite set I, a map
I: I - C(X,Y), and an element v € (I) such that (I)(v) = w. Put a; = (i),
i € I. For an equivalence d on I, let pg: I — I/d be the projection. Let N be
the set of equivalences d on I such that (pg)(v) =0 in (I/d).

Take z € X. Consider the equivalence d(z) = {(4,7) : a;(z) = a;(x)} on I.
We show that d(z) € N. We have the commutative diagrams

——cx,y) (C(X,Y)) > L(X, V)
Pd(m)l iez <e$>l /
Ly N
I/d(z) —=—, (v),

where the map [, is defined by the condition of commutativity of the diagram,
e, is the map of evaluation at x, and h, is the homomorphism of evaluation at
<z>. We get (L) ({(paga))(v)) = (e2) () (0)) = (€a)(w) = b (K (w)) = 0. Since
I, is injective, we get (pa(z))(v) = 0, which is what we promised.

For an equivalence d on I, put Eq = {z € X : (4,7) € d = a;(z) = a;j(z)}.
Since & € Ey(,) for any x € X, the family E4, d € N, is a cover of X. Since X
is Y-unitary, E4 is Y-representative for some d € N. For (i,j) € d, the maps
a; and a; are equal on Ey and thus homotopic. Therefore, there is a map m
giving the commutative diagram

I—L > C(X,Y)

I/d—"~[X,Y].

We get (r)(w) = (r)({{)(v)) = (m)((pa)(v)) = 0 because d € N. O
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Hereafter, let X and Y be homeomorphic to RP>.
14.2. Lemma. X is Y -unitary.

Proof. Let H® be the Zs-cohomology. Let ¢ € H'X and h € H'Y be the
non-zero classes.

We show that (%) a set E C X is Y-representative if g|y # 0 for any neigh-
bourhood U of E. If maps a,b € C(X,Y) are equal on F, they are homotopic
on some neighbourhood U of E. Then a*(h)|y = b*(h)|y. Since g|y # 0, the
homomorphism ?|;;: HX — HU is injective. Therefore, a*(h) = b*(h). Since
Y is a K(Z2,1) space, a and b are homotopic, as needed.

We show that X is Y-unitary. Assume that X = F; U...U E,,, where the
sets E; are not Y-representative. By (x), each E; has a neighbourhood U; with
glu, = 0. Since U3 U...UU, = X, we get g" = 0, which is false. O

We have [X,Y] = {ug, u1}, where ug is the class of a constant map and wu;
is that of a homeomorphism. Consider the invariant f: [X,Y] — Q, u; — 1,
i =0,1. By Lemmas 14.2 and 14.1, f is straight. Let h: [X,Y] — [SX, SY] be
the main invariant. Using the isomorphism

[SX,8Y] — [[Hom(H; X, H;Y),  [v] = v.,
i€z
we get 2h(ug) = 2h(uy). Therefore, there exists no homomorphism d: [SX,SY] —
Q such that f =doh. O

§ 15. K-straight invariants

Let K be a unital ring. K-modules are unital.

K-module Lk (X,Y). For aset X, let (X)x be the (free) K-module with the
basis Xg( C (X)k endowed with the bijection X — X§<, x +— <x>g. For sets
X and Y, let L (X,Y) C Homg ({X) Kk, (Y) k) be the K-submodule generated
by the K-homomorphisms u such that u(X%) C Y2 U{0}. A map a: X — Y
induces a K-homomorphism (a)x € Lx(X,Y), (a)k(<z>K) = <a(z)>k.

K -straight invariants. Let X and Y be spaces and M be a K-module. An
invariant f: [X,Y] — M is called K -straight if there exists a K-homomorphism
F: Li(X,Y) = M such that f([a]) = F((a)x) for all a € C(X,Y).

15.1. Proposition. An invariant f: [X,Y] — M is K-straight if and only if
it is straight.

Proof is given in § 16.
The K-main invariant h: [X,Y] — [SkX,SkY]k. Let SkX be the
K-complex of singular chains of X with coefficients in K and [Sx X, SkY ]|k
be the K-module of K-homotopy classes of K-morphisms SxX — SkgY. For
ac€C(X,Y),let Ska: Sk X — SkY be the induced K-morphism and [Ska]x €
[Sk X, SkY]k beits K-homotopy class. The invariant h: [X,Y] — [Sk X, SkY ]k,
[a] — [Ska]k, is called K-main.
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15.2. Theorem. Suppose that X is valid and finitary and Y is valid. An in-
variant f: [X,Y] — M is K-straight if and only if there exists a K -homomorphism
d: [SkX,SkY]x — M such that f =doh.

Proof is given in § 16. For K = Z, this is Theorem 1.1.

§ 16. K-straight invariants: proofs

Let X and Y be sets. We define a homomorphism e: L(X,Y) — L (X,Y).
For u € L(X,Y), let e(u) be the K-homomorphism giving the commutative
diagram

(X) ——=(v)

(X) i~ (V)

where ix is the homomorphism <x> — <z>g and iy is similar.
For an abelian group A, a K-module M, and a homomorphism ¢: A — M,
we introduce the K-homomorphism t): K ® A — M, 1 ® a — t(a).

16.1. Lemma. ¢%): K ® L(X,Y) = Lg(X,Y) is a K-isomorphism.

Proof. For w € (Y)k and y € Y, let w/y € K be the coefficient of <y>g
in w. For v € Lg(X,Y) and k € K \ {0}, we introduce the homomorphism
vk € L(X,Y),

v (<z>) = Z <Y>, r e X.
yeYw(<az>k)/y=k

Tt is not difficult to verify that the map d: Lx(X,Y) - K ® L(X,Y),

d(v) = Z k® vy,

ke K\{0}
is a K-homomorphism. Using this, we get ¢) od = id and doeX) =id. O
Proof of Proposition 15.1. Necessity. Let f be K-straight. There is a K-

homomorphism F: Lg(X,Y) — M such that f([a]) = F((a)k), a € C(X,Y).
Consider the homomorphism F' = F o e:

C(X,Y) O Lg(X,Y
(2] L(X,Y) F
\
f

[X,Y] M.

)
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The diagram is commutative. We get f([a]) = F({a)), a € C(X,Y). Therefore,
f is straight.

Sufficiency. Let f be straight. There is a homomorphism F: L(X,Y) —
M such that f([a]) = F((a), @ € C(X,Y). By Lemma 16.1, e¥) is a K-
isomorphism. Consider the homomorphism F = F(5) o (¢(K))~1

NN

LX,Y) 2% Ko L(X,Y)
\ lF““'
F
/ M.

The diagram is commutative. We get f([a]) = F((a)k), a € C(X,Y). There-
fore, f is K-straight. O

The homomorphism I: [SX,SY] — [SkX,SkY]|k. Let X and Y be
spaces. A morphism v: SX — SY induces a K-morphism

(X, Y]

SeX = K®SX 99% ko Sy = SkY.

Consider the homomorphism I: [SX,SY] — [Sk X, SkY]k, [v] — [id ® v]x
16.2. Lemma. Ifthe group He(X) is finitely generated, then the K-homomorphism
I'®): K ®[SX,SY] — [SkX, SkY]k

is a K-split K-monomorphism, i. e. there exists a K-homomorphism R: [Sk X, SkY|x —

K ®[SX,SY] such that Ro I =id.

This is a variant of the universal coefficient theorem, cf. [12, Theorems 5.2.8
and 5.5.10]. O

Proof of Theorem 15.2. We have h = I o h, where h: [X,Y] — [SX, SY] is
the main invariant. By Proposition 7.3, h is straight. Therefore, h is straight.
By Proposition 15.1, h is K-straight.

This gives the sufficiency. Necessity. Let f be K-straight. By Proposi-
tion 15.1, f is straight. By Proposition 12.2, there is a homomorphism d: [SX, SY]| —
M such that f = d o h. By Lemma 16.2, there is a K-homomorphism d such

that d o 1K) = (&),
h
1®7
4K

! ]\J/4 ®[SX,8Y]) 1
T

Y]\ /
h

[Sk X, SkY]k

[SX, SY]




The diagram is commutative. In particular, f = doh. O
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