Homotopy similarity of maps. Compositions

S. S. Podkorytov

We describe the behavior of the homotopy similarity relations and finite-
order invariants under the function [X,Y] — [X, Z] induced by a map
Y — Z strongly r-similar to the constant map.

§ 1. Introduction

This paper continues [I] and [2]. We adopt notation and conventions thereof.
Let X, Y, and Z be cellular spaces, X and Y compact. We prove the following
two theorems.

1.1. Theorem. Let maps a,a’ : X — Y satisfy a Pl and a map b:Y — Z
-1
satisfy b I~ ﬂ}Z/ (p,q > 1). Then the maps boa,boad’ : X — Z satisfy

pq—1
boa '~ bod.

1.2. Theorem. Let b:Y — Z be a map such that b ~ ﬂ; (g >1). Let L
be an abelian group and h : [X,Z] — L be a homotopy invariant. Then the
tmvariant

FiXY] =L o= h(boal),

satisfies
qgord f < ord h.

We conjecture that the assumption of strong (g — 1)-similarity in these state-
ments can be replaced by that of (¢ — 1)-similarity.
§ 2. Coherence of an ensemble of compositions
Consider a partition of unity
Z ¢e =1,
eckE

where E is a nonempty finite set and ¢. : X — [0, 1] are continuous functions,
and the unbased map
¢ = (d)e)eGE : X = AE.

Introduce the function

_ .
€y X x (Z2V)AD) 12X e s) X S AExyY 2 7



(equivalently, £%(a, s) : 2 +— s(¢(z))(a(z)) ), and the homomorphism
() (YN) @ ((Z2)8P) = (2%),  <a> @ <s> = <€%(a,9)>.

We fix a metric on X. A number XA > 0 is called a Lebesgue number of an
open cover I' of X if any set V C X of diameter at most A is contained in some
G €T (according to [3, proof of theorem 3.3.14]).

2.1. Proposition. Let I' be an open cover of X with a Lebesgue number \.
Suppose that
diam supp ¢, < €, ec kb,

where € > 0 and (pg —2)e < X (p,q > 1). Let an ensemble A € (YX) satisfy
A=1o
= 0.
Let S € (ZY)AE)Y be a fissile ensemble such that

<0(7)> = S € (2) )Y,

Then
(£2)(A®S) € (2¥)P),

Proof. Take a set V C X with |V| < pg — 1. We should show that
() (A® S)lv =0

in (Z()). Consider the equivalence on V generated by all pairs (x1,z5) with
dist(z1,22) < €. Let Vi, i € I, be the classes of this equivalence. Clearly,
diam V; < (pg — 2)e and dist(V;,V;) > e for i # j. For i € I, put

Fy={e|¢ev, #0} C E.

Clearly, ¢(V;) € AF,. We have F; # @ because V; # @. We have F; N F; = &
for i # j because diamsupp ¢. < € and dist(V;,V;) > e. Thus we have the

layout
F.={F,|iel} CA(E).

Consider the homomorphisms
pP1 <YX> — ®<Y(Vi)>, <a> ® <a|‘/i>7
i€l i€l

and

p2: ((Z2V) 2 — R)((27) A1), <s> > Q) <slar,>.
el el

From now on, let decorated p’s denote similar homomorphisms. For i € I, we
have, similarly to £ and £?, the function

€YW) x (Z2X)AF) oz el (dt) s a e t(g(x))(d(x)),



and the homomorphism
€2): (Y)Y @ (Z2X)AF)y 5 2V cds @ <t s <€2(d, 1)

‘We have
p2(S) = Q) Slar,. (1)
i€l

Indeed, consider the commutative diagram with sendings

?

<(ZY)(AE)> TIA[FY] <(ZY)(A[F*])> s :tt Slar,
el
ipz 7 ] /
®<(ZY)(AF7)>5 R Slar;
el i€l

The horizontal sending holds because S is fissile. The diagonal one is obvious.
The vertical sending, which is , follows.
We have the commutative diagram with sendings

p1(A)®p2(S)

R0} & @(2¥)(>)
i€l iel ,
Aes y \ pr(A)
YN e(2)ER)  @UWye 2@y @)
i€l b
(39) @
l B )l ® (£1)(?@8]v,)=Q h
<ZX> P3 ®<Z(V")>, i€l i€l
_ i€l
ﬂvl P3
(20 7
where
)y [@Slar A )y €D) :
h; = (gj))(‘? ®8;): <Y(Sl)> Bl <Y(Vz)> ® <(ZY)(AF1)> <Z(V1)>,

Clearly, ps is an isomorphism. The first sending is obvious. The second one
follows from . We should show that A® .S goes to zero under the composition
in the left column. By the diagram, it suffices to show that

(@ hi) (p1(4)) =0. (2)
i€l

Let J C I consist of those ¢ for which |V;| > q. We have |J| < p — 1 because
VI<pg—1.



Take i € I\ J and d € Y (V). We show that
hi(<d>) = <37 >. (3)
Consider the unbased maps
D:V;— AE XY, x = (¢(x),d(x)),

and D' = Dly,_,p(v,)- We have the commutative diagram with sendings

s woEns  ((2V)eBy B z@Bxy))
I I l(&f)(<d>®?|AFi) J{”D(m

("))
hi(<d>) <qg> <Z(V’i)> — <Z(D(V"))>.
Commutativity is checked directly. The first sending holds by definition of h;.
The second one is obvious. Consider the difference R = <0(<PZ/)> — S. Since
R e (Z¥)APND e have OY(R) € ((2Y)AEXY)@, Since |D(Vi)] < |Vi| <
g — 1, we have OV (R)|p(v;) = 0. The equality follows by the diagram.

We have the commutative diagram

& hi

iel

(yx)y —= Ry () ®(2")

i€l i€l
’ T o

® (V) ® (7(7),
icJ icJ
where 7 and o are defined by the rules
w1 Q) <di> — X) <d;>, d; e YV (i €I,
iel i€J
O':(®<fi>+—)®<f¢>7 ﬂEZ(V") (ZEI), fziﬂ? 1f’L¢J
ieJ i€l

Commutativity of the square follows from (3). We show that pj(A) = 0. By
the diagram, will follow.
Fori € J, there is G; € I such that V; C G; because diam V; < (pg—2)e < A.

Put
H={ ulJG:
ieJ
Since |J| < p—1, H € I'(p — 1). We have the commutative diagram

X)L @ ()
eJ

|i )

(v 1



Since A p%l 0, we have A|y = 0. By the diagram, pj(A) = 0. O

§ 3. Exploiting Proposition 2.1
3.1. Corollary. Let an ensemble A € (YX),

A = E U; <>,
%

_ -1
satisfy A P=' and a map b :Y — Z satisfy b I~ <PZ/ (p,q = 1). Then there
exists an ensemble C € (ZX),

C= Z U Vj<Cij>, (4)
2

where ¢;; ~boa; and

Zvj =1, (5)

such that C Pt 0.

Proof. By [I, Corollary 6.2], there is an ensemble A € (YX),
AV = Z U; <fC\ii>7

where a; ~ a;, such that A p%l 0 for some open cover I of X. Let A be a

Lebesgue number of I'. Choose € > 0 such that (pg — 2)e < A and a partition of

unity
Z ¢e =1,

eclE

where E is a nonempty finite set and ¢. : X — [0, 1] are continuous functions
such that
diam supp ¢, < €, eec L.

Form the unbased map

d = (de)ecr : X — AFE.

~1
Since b '~ ﬂ}Z/, there is a fissile ensemble S € ((Z))(AF)),
S = Zvj<5j>’
J

such that 6(4}) — S € ((2¥)AEND Pyt

C=(¢) (A 8)



(see § 2 for (£%)). By Proposition 2.1, C Pl ). We have

O = Zuivj<§¢(5i, Sj)>.

i,J

Since @; ~ a; and s; € (Z))AF) we have £€%(a;, s;) ~ bo a;. The equality
holds because S is fissile and thus affine. O

Proof of Theorem 1.1. Since a i~ a’, we have
> uwicai "= <d’
Ui<ai;> = <a >
i

in <YX>, where a; ~ a. By Corollary 3.1,

> uivyecy> "ET Y vjedh

i,j J
in (ZY), where ¢;j ~boa; ~boa, i ~boa, and the equality holds. By

[1, Theorem 7.3], boa"Slboa. O

Proof of Theorem 1.2. Suppose that ord h < pg — 1 for some integer p > 1. It
suffices to show that ord f < p — 1. Take an ensemble A € (YX),

A= E Ui<Ai>,
%

such that A "= 0. Corollary 3.1 yields an ensemble C' € (Z%) of the form
with ¢;; ~ boa; and v; satisfying such that C "=" 0. We have

> uif (la) = 3 wwyh(boal) = 3 wwsh(ley]) 2 o,

where (*) holds because ord h < pg — 1 and C PN Thus ordf<p—1. O
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