
�� ������������ ������ ����������� Ǳ������������. �. Ǳ®¤ª®àëâ®¢�®ª §ë¢ ¥âáï, çâ® ¤«ï «î¡®£® m ∈ N, m > 2, áãé¥áâ¢ã¥â â ª®¥ r ∈ N, çâ® ¤«ï«î¡ëå ®¤­®á¢ï§­®£® ¯ã­ªâ¨à®¢ ­­®£® ª«¥â®ç­®£® ¯à®áâà ­áâ¢  Y ¨ ª®­¥ç­®£®¬­®¦¥áâ¢  B á¢ï§ ­­ëå (â. ¥. ®â®¡à ¦ îé¨å ®â¬¥ç¥­­ãî â®çªã ¢ ®â¬¥ç¥­­ãîâ®çªã) ­¥¯à¥àë¢­ëå ®â®¡à ¦¥­¨© a : Sm → Y áãé¥áâ¢ãîâ â ª¨¥ ª®­¥ç­®¥ ¬­®-¦¥áâ¢® E ⊂ Sm × Y ¨ ®â®¡à ¦¥­¨¥ k : E(r) → πm(Y ), çâ® ¤«ï «î¡®£® a ∈ B¢¥à­® à ¢¥­áâ¢® [a] = X

F∈E(r):F⊂�(a)k(F ).�¤¥áì E(r) = {F ⊂ E : |F | 6 r }, �(a) ⊂ Sm × Y | £à ä¨ª ®â®¡à ¦¥­¨ï a,[a] ∈ πm(Y ) | ¥£® £®¬®â®¯¨ç¥áª¨© ª« áá.Ǳ®« £ ¥¬ N = {0, 1, . . .}. �«ï ª®­¥ç­®£® ¬­®¦¥áâ¢  E ¨ ç¨á«  r ∈ N ¯®-« £ ¥¬ E(r) = {F ⊂ E : |F | 6 r }. �«ï ®â®¡à ¦¥­¨ï a : X → Y ¯®« £ ¥¬:�(a) ⊂ X × Y | ¥£® £à ä¨ª.�á­®¢­ë¥ â¥à¬¨­ë. Ǳãáâì ¤ ­ë ¬­®¦¥áâ¢  X , Y , ç¨á«® r ∈ N ¨  ¡¥«¥¢ £àã¯¯  M .�¡®§­ ç¥­¨¥ ¨ ®¯à¥¤¥«¥­¨¥. Ǳãáâì ¤ ­ë ª®­¥ç­®¥ ¬­®¦¥áâ¢® B ®â®¡à -¦¥­¨© a : X → Y ¨ ª®­¥ç­®¥ ¬­®¦¥áâ¢® E ⊂ X × Y . �«ï ®â®¡à ¦¥­¨ï
k : E(r)→M § ¤ ñ¬ ®â®¡à ¦¥­¨¥ kB : B →M ä®à¬ã«®©

kB(a) = ∑

F∈E(r):F⊂�(a) k(F ).�â®¡à ¦¥­¨¥ g : B →M ­ §ë¢ ¥¬ (E, r)-®¯à¥¤¥«¨¬ë¬, ¥á«¨ áãé¥áâ¢ã¥â â ª®¥®â®¡à ¦¥­¨¥ k : E(r)→M , çâ® g = kB.�¯à¥¤¥«¥­¨¥. Ǳãáâì ¤ ­® ­¥ª®â®à®¥ ¬­®¦¥áâ¢® A ®â®¡à ¦¥­¨© a : X → Y .�â®¡à ¦¥­¨¥ f : A→M ­ §ë¢ ¥¬ r-®¯à¥¤¥«¨¬ë¬, ¥á«¨ ¤«ï «î¡®£® ª®­¥ç­®£®¬­®¦¥áâ¢  B ⊂ A áãé¥áâ¢ã¥â â ª®¥ ª®­¥ç­®¥ ¬­®¦¥áâ¢® E ⊂ X × Y , çâ®®â®¡à ¦¥­¨¥ f |B (E, r)-®¯à¥¤¥«¨¬®.�à. ¯®­ïâ¨¥ ¯¥àá¥¯âà®­  ®£à ­¨ç¥­­®£® ¯®àï¤ª  ([1]).� ¡®â  ç áâ¨ç­® ¯®¤¤¥à¦ ­  �¥¤¥à «ì­ë¬  £¥­âáâ¢®¬ ¯® ­ ãª¥ ¨ ¨­­®¢ æ¨ï¬ (£à ­â��-1914.2003.1) ¨ �®­¤®¬ ¯®¤¤¥à¦ª¨ ®â¥ç¥áâ¢¥­­®© ­ ãª¨. Typeset by AMS-TEX1



Ǳà¨¬¥à 1. Ǳãáâì A | ¬­®¦¥áâ¢® ¢á¥å ¨§¬¥à¨¬ëå ®â®¡à ¦¥­¨© ¯à®áâà ­-áâ¢  X á ª®­¥ç­®© ¬¥à®© ¢ ¨§¬¥à¨¬®¥ ¯à®áâà ­áâ¢® Y , p : (X × Y )r → R |®£à ­¨ç¥­­ ï ¨§¬¥à¨¬ ï äã­ªæ¨ï. �®£¤  ®â®¡à ¦¥­¨¥ f : A→ R,
f(a) = ∫

Xr

p(x1, a(x1), . . . , xr, a(xr)) dx1 . . . dxr,

r-®¯à¥¤¥«¨¬®.�®ª § â¥«ìáâ¢®. �«ï a ∈ A § ¤ ¤¨¬ ¨§¬¥à¨¬ãî äã­ªæ¨î Pa : Xr → R, ¯®« -£ ï Pa(x1, . . . , xr) = p(x1, a(x1), . . . , xr, a(xr)). Ǳãáâì ¤ ­® ª®­¥ç­®¥ ¬­®¦¥áâ¢®
B ⊂ A. �«ï x ∈ Xr § ¤ ¤¨¬ ­  B ®â­®è¥­¨¥ Rx = { (a, a′) : Pa(x) = Pa′(x) }.Ǳãáâì Q = {Rx | x ∈ Xr}. �­®¦¥áâ¢  DR = { x ∈ Xr | Rx = R }, R ∈ Q, ¨§-¬¥à¨¬ë ¨ ®¡à §ãîâ à §¡¨¥­¨¥ ¯à®áâà ­áâ¢  Xr. �«ï ª ¦¤®£® R ∈ Q ¢ë¡¥à¥¬â®çªã xR ∈ DR. �«ï R ∈ Q, a ∈ B ¯ãáâì F (R, a) = { (xs, a(xs)) | s = 1, . . . , r },£¤¥ (x1, . . . , xr) = xR. Ǳãáâì

E = ⋃

R∈Q, a∈B

F (R, a).Ǳ®áâà®¨¬ ®â®¡à ¦¥­¨¥ k : E(r) → R. �«ï F ∈ E(r) ¢ë¡¥à¥¬, ¥á«¨ ¬®¦­®,â ª®¥ a ∈ B, çâ® F ⊂ �(a), ¨ ¯®«®¦¨¬
k(F ) = ∑

R∈Q:F (R,a)=F

∫

DR

Pa(x) dx.�â ¢ë¡®à  a à¥§ã«ìâ â ­¥ § ¢¨á¨â, â ª ª ª ¯à¨ F ⊂ �(a) ∩ �(a′) ãá«®¢¨ï
F (R, a) = F ¨ F (R, a′) = F à ¢­®á¨«ì­ë ¨ ¢«¥ªãâ á®¢¯ ¤¥­¨¥ äã­ªæ¨© Pa¨ Pa′ ¢ â®çª¥ xR ¨, á«¥¤®¢ â¥«ì­®, ­  ¬­®¦¥áâ¢¥ DR. �á«¨ ­ã¦­®£® a ­¥áãé¥áâ¢ã¥â, § ¤ ¤¨¬ k(F ) ¯à®¨§¢®«ì­®. �«ï a ∈ B ¨¬¥¥¬

kB(a) = ∑

F∈E(r):F⊂�(a) k(F ) = ∑

F∈E(r):F⊂�(a) ∑

R∈Q:F (R,a)=F

∫

DR

Pa(x) dx == ∑

R∈Q

∫

DR

Pa(x) dx = ∫

Xr

Pa(x) dx = f(a)(¨á¯®«ì§ã¥âáï, çâ® F (R, a) ⊂ �(a)). �Ǳà¨¬¥à 2. Ǳãáâì A | ¬­®¦¥áâ¢® ¢á¥å £« ¤ª¨å ¢«®¦¥­¨© a : S1 → R
3, M|  ¡¥«¥¢  £àã¯¯ . �®£¤ :  ) «î¡®© ¨­¢ à¨ ­â � á¨«ì¥¢  f : A → M ¯®àï¤ª ­¥ ¢ëè¥ r 2r-®¯à¥¤¥«¨¬; ¡) «î¡®© r-®¯à¥¤¥«¨¬ë© ¨§®â®¯¨ç¥áª¨© ¨­¢ à¨ ­â

f : A→M | ¨­¢ à¨ ­â � á¨«ì¥¢  ¯®àï¤ª  ­¥ ¢ëè¥ r.�®ª § â¥«ìáâ¢® ãâ¢¥à¦¤¥­¨ï ¡). Ǳãáâì ¤ ­ ®á®¡ë© ã§¥« a : S1 → R
3 á r + 1¤¢®©­ë¬¨ â®çª ¬¨ y0, . . . , yr ∈ R

3. �«ï c0, . . . , cr = ±1 ¯ãáâì ac0...cr
: S1 → R

3| ã§¥«, ¯®«ãç îé¨©áï ¨§ ®á®¡®£® ã§«  a à §à¥è¥­¨¥¬, ­ ¯à ¢«¥­¨¥ ª®â®à®£®¢ â®çª¥ ys à ¢­® cs, s = 0, . . . , r. �ã¦­® ¯®ª § âì, çâ®
∑

c0,...,cr=±1 c0 . . . crf(ac0...cr
) = 0.2



�«ï ª ¦¤®£® s = 0, . . . , r ¢ë¡¥à¥¬ ®ªà¥áâ­®áâì Vs â®çª¨ ys | â ª, çâ®¡ë íâ¨®ªà¥áâ­®áâ¨ ­¥ ¯¥à¥á¥ª «¨áì. Ǳãáâì Us = a−1(Vs), s = 0, . . . , r. �ç¨â ¥¬,çâ® ®â®¡à ¦¥­¨¥ ac0...cr
­  ¬­®¦¥áâ¢¥ Us ®¯à¥¤¥«ï¥âáï ç¨á«®¬ cs,   ¢­¥ íâ¨å¬­®¦¥áâ¢ á®¢¯ ¤ ¥â á a. Ǳãáâì B = {ac0...cr

| c0, . . . , cr = ±1}. �áâì â ª¨¥ª®­¥ç­®¥ ¬­®¦¥áâ¢® E ⊂ S1 × R
3 ¨ ®â®¡à ¦¥­¨¥ k : E(r) → M , çâ® kB = f |B.�¬¥¥¬

∑

c0,...,cr=±1 c0 . . . crf(ac0...cr
) = ∑

c0,...,cr=±1 c0 . . . cr

∑

F∈E(r):F⊂�(ac0...cr ) k(F ) == ∑

F∈E(r)( ∑

c0,...,cr=±1:F⊂�(ac0...cr ) c0 . . . cr

)

k(F ).�«ï «î¡®£® F ∈ E(r) áãé¥áâ¢ã¥â â ª®¥ s, çâ® F ∩Us×R
3 = ∅ ¨, á«¥¤®¢ â¥«ì­®,¨áâ¨­­®áâì ¢ª«îç¥­¨ï F ⊂ �(ac0...cr

) ­¥ § ¢¨á¨â ®â cs,   §­ ç¨â, ¢­ãâà¥­­ïïáã¬¬  à ¢­  ­ã«î. �� ãáá®¢ë ¤¨ £à ¬¬ë. �âà¥«ª  (á® §­ ª®¬) | âà®©ª  (x, x′, c), £¤¥ x, x′ ∈
S1 \ {x0} (§¤¥áì x0 | ®â¬¥ç¥­­ ï â®çª ), x 6= x′ ¨ c = ±1. �®á¨â¥«¥¬ áâà¥«-ª¨ (x, x′, c) ­ §ë¢ ¥¬ ¬­®¦¥áâ¢® {x, x′}. (� ãáá®¢ ) ¤¨ £à ¬¬  | ª®­¥ç­®¥¬­®¦¥áâ¢® áâà¥«®ª á ­¥¯¥à¥á¥ª îé¨¬¨áï ­®á¨â¥«ï¬¨. �¡ê¥¤¨­¥­¨¥ ­®á¨â¥-«¥© ¢á¥å áâà¥«®ª ¤¨ £à ¬¬ë g | ¥ñ ­®á¨â¥«ì supp g. Ǳãáâì Gr | ¬­®¦¥áâ¢®¢á¥å ¤¨ £à ¬¬ ¬®é­®áâ¨ ­¥ ¡®«¥¥ r.�ç¨â ï, çâ® R

3 = R
2 × R, ¤«ï ®â®¡à ¦¥­¨ï a : S1 → R

3 ¯®« £ ¥¬: a£ : S1 →
R
2, a¢ : S1 → R | ¥£® ¯à®¥ªæ¨¨. �§¥« a ­ §ë¢ ¥¬ ¤®¯ãáâ¨¬ë¬, ¥á«¨ a£ |¯®£àã¦¥­¨¥ ¡¥§ á ¬®ª á ­¨© ¨ âà®©­ëå â®ç¥ª, ¯à¨çñ¬ a£(x0) | ¥£® ¯à®áâ ïâ®çª . � ¤®¯ãáâ¨¬ë¬ ã§«®¬ a á¢ï§ ­  ¤¨ £à ¬¬  δ(a) | ¬­®¦¥áâ¢® â ª¨åáâà¥«®ª (x, x′, c), çâ® a£(x) = a£(x′), a¢(x) < a¢(x′) ¨ c = sgn[da£(x), da£(x′)] (d| ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¢¤®«ì S1, ª¢ ¤à â­ë¥ áª®¡ª¨ | áâ ­¤ àâ­ ï ä®à¬ ¯«®é ¤¨ ­  R

2).�®ª § â¥«ìáâ¢® ãâ¢¥à¦¤¥­¨ï  ). Ǳãáâì ¤ ­ë  ¡¥«¥¢  £àã¯¯  M ¨ ¨­¢ à¨ ­â� á¨«ì¥¢  f : A→M ¯®àï¤ª  ­¥ ¢ëè¥ r. Ǳ® â¥®à¥¬¥ �ãá à®¢  ([4]), áãé¥áâ¢ã¥ââ ª®¥ ®â®¡à ¦¥­¨¥ p : Gr →M , çâ® ¤«ï «î¡®£® ¤®¯ãáâ¨¬®£® ã§«  a

f(a) = ∑

g⊂δ(a):|g|6r

p(g).(�¥®à¥¬  �ãá à®¢  ¯®§¢®«ï¥â ¢ë¡à âì ®â®¡à ¦¥­¨¥ p ¨­¢ à¨ ­â­ë¬ ®â­®á¨-â¥«ì­® á®åà ­ïîé¨å ®â¬¥ç¥­­ãî â®çªã ¨§®â®¯¨© ®ªàã¦­®áâ¨. �â® ­¥ ¯®-­ ¤®¡¨âáï.) Ǳ®ª ¦¥¬, çâ® ¨­¢ à¨ ­â f 2r-®¯à¥¤¥«¨¬. Ǳãáâì ¤ ­® ª®­¥ç­®¥¬­®¦¥áâ¢® B ⊂ A. Ǳãáâì Z ⊂ S1 | ¬­®¦¥áâ¢® â¥å â®ç¥ª x, ¤«ï ª®â®àëåáãé¥áâ¢ãîâ ã§«ë a, a′ ∈ B á a(x) = a′(x), da(x) 6= da′(x). �­®¦¥áâ¢® Z ª®­¥ç-­®. �áâì â ª®© ¨§®â®¯­ë© â®¦¤¥áâ¢¥­­®¬ã ¤¨ää¥®¬®àä¨§¬ h : R
3 → R

3, çâ®ã§«ë h ◦ a, a ∈ B, ¤®¯ãáâ¨¬ë ¨ ­®á¨â¥«¨ ¨å ¤¨ £à ¬¬ ­¥ ¯¥à¥á¥ª îâáï á Z.�¬¥áâ® h ◦ a ¯¨è¥¬ ~a. � ¬¥â¨¬, çâ® (*) ¥á«¨ a ∈ B, g ⊂ δ(~a) ¨ ®â®¡à ¦¥­¨¥
a′ ∈ B á®¢¯ ¤ ¥â c a ­  ¬­®¦¥áâ¢¥ supp g, â® g ⊂ δ(~a′). �«ï a ∈ B, g ⊂ δ(~a)¯ãáâì F (a, g) = { (x, a(x)) | x ∈ supp g }. Ǳãáâì E | ®¡ê¥¤¨­¥­¨¥ ¢á¥å â ª¨å¬­®¦¥áâ¢. �­® ª®­¥ç­®. Ǳ®áâà®¨¬ ®â®¡à ¦¥­¨¥ k : E(2r) → M . �«ï a ∈ B,
g ⊂ δ(~a), |g| 6 r, ¯ãáâì k(F (a, g)) = p(g) (íâ® ª®àà¥ªâ­®, â ª ª ª, ¯® (*), à -¢¥­áâ¢® F (a, g) = F (a′, g′) ¢«¥çñâ g = g′). �«ï ®áâ «ì­ëå F ∈ E(2r) ¯ãáâì3



k(F ) = 0. �«ï a ∈ B ¨¬¥¥¬
kB(a) = ∑

F∈E(2r):F⊂�(a) k(F ) == ∑

g⊂δ(~a):|g|6r

k(F (a, g)) = ∑

g⊂δ(~a):|g|6r

p(g) = f(~a) = f(a)(¨á¯®«ì§ã¥âáï, çâ® ¥á«¨ F (a′, g) ⊂ �(a), â®, ¯® (*), g ⊂ δ(~a) ¨ F (a′, g) =
F (a, g)). ��á­®¢­®© à¥§ã«ìâ â. Ǳà®áâà ­áâ¢® Y ­ §ë¢ ¥¬ ¤®¯ãáâ¨¬ë¬, ¥á«¨ áãé¥-áâ¢ãîâ ª«¥â®ç­®¥ ¯à®áâà ­áâ¢® Z ¨ (á« ¡ ï £®¬®â®¯¨ç¥áª ï) íª¢¨¢ «¥­â­®áâì
e : Y → Z. �«ï ç¨á«  m ∈ N ¨ ¯ã­ªâ¨à®¢ ­­®£® ¯à®áâà ­áâ¢  Y ¯®« £ ¥¬:�m(Y ) | ¬­®¦¥áâ¢® ¢á¥å á¢ï§ ­­ëå (â. ¥. ®â®¡à ¦ îé¨å ®â¬¥ç¥­­ãî â®çªã¢ ®â¬¥ç¥­­ãî â®çªã) ­¥¯à¥àë¢­ëå ®â®¡à ¦¥­¨© a : Sm → Y , ¨ ®â®¡à ¦¥­¨¥
h : �m(Y )→ πm(Y ), h(a) = [a], ­ §ë¢ ¥¬ ®á­®¢­ë¬.�¥®à¥¬ . �«ï «î¡®£® m ∈ N, m > 2, áãé¥áâ¢ã¥â â ª®¥ r ∈ N, çâ® ¤«ï«î¡®£® ®¤­®á¢ï§­®£® ¤®¯ãáâ¨¬®£® ¯ã­ªâ¨à®¢ ­­®£® ¯à®áâà ­áâ¢  Y ®á­®¢­®¥®â®¡à ¦¥­¨¥ h : �m(Y )→ πm(Y ) r-®¯à¥¤¥«¨¬®.�®«¥¥ á« ¡®¥ ãâ¢¥à¦¤¥­¨¥ ¯®«ãç¥­® ¢ [2].1. Ǳà¥¤¢ à¨â¥«ì­ë© ¬ â¥à¨ «�¨¬¯«¨æ¨ «ì­ë¥ ®¡ê¥ªâë. �­®¦¥áâ¢  [p] = {0, . . . , p}, p ∈ N, ¨ ­¥áâà®£®¢®§à áâ îé¨¥ ®â®¡à ¦¥­¨ï ¬¥¦¤ã ­¨¬¨ ®¡à §ãîâ ª â¥£®à¨î. �«ï i ∈ [p]¯®« £ ¥¬: δp

i : [p−1]→ [p] | ¬®àä¨§¬ á im δp
i = [p]\{i}. �«ï á¨¬¯«¨æ¨ «ì­®£®¬­®¦¥áâ¢  T ¬®àä¨§¬ k : [q]→ [p] ¨­¤ãæ¨àã¥â ®â®¡à ¦¥­¨¥ k? : Tp → Tq .�®¬¡¨­ â®à­ë© p-á¨¬¯«¥ªá �p (p ∈ N) | á¨¬¯«¨æ¨ «ì­®¥ ¬­®¦¥áâ¢® á�p

q = Hom([q], [p]) ¨ ®ç¥¢¨¤­ë¬¨ áâàãªâãà­ë¬¨ ®â®¡à ¦¥­¨ï¬¨; _�p ⊂ �p| ¥£® ªà ©. �®àä¨§¬ k : [q] → [p] ¨­¤ãæ¨àã¥â á¨¬¯«¨æ¨ «ì­®¥ ®â®¡à ¦¥­¨¥
k4 : �q →�p. �«ï á¨¬¯«¨æ¨ «ì­®£® ¬­®¦¥áâ¢  T ¨ á¨¬¯«¥ªá  t ∈ Tp (p ∈ N)á¨¬¯«¨æ¨ «ì­®¥ ®â®¡à ¦¥­¨¥ [t] : �p → T | ª®¬¡¨­ â®à­®¥ å à ªâ¥à¨áâ¨ç¥-áª®¥ ®â®¡à ¦¥­¨¥ á¨¬¯«¥ªá  t. Ǳ®« £ ¥¬ I =�1.�¨¬¯«¨æ¨ «ì­®¥ ®â®¡à ¦¥­¨¥ f ­ §ë¢ ¥¬ áîàê¥ªâ¨¢­ë¬, ¥á«¨ ®â®¡à ¦¥-­¨ï fq, q ∈ N, áîàê¥ªâ¨¢­ë, ¨ ¨­ê¥ªâ¨¢­ë¬, ¥á«¨ ®­¨ ¨­ê¥ªâ¨¢­ë. �¨¬-¯«¨æ¨ «ì­ãî  ¡¥«¥¢ã £àã¯¯ã U ­ §ë¢ ¥¬ á¢®¡®¤­®©, ¥á«¨ £àã¯¯ë Uq, q ∈ N,á¢®¡®¤­ë, ¨ ¯«®áª®©, ¥á«¨ ®­¨ ¯«®áª¨, â. ¥. ­¥ ¨¬¥îâ ªàãç¥­¨ï.Ǳãáâì ¤ ­  á¨¬¯«¨æ¨ «ì­ ï  ¡¥«¥¢  £àã¯¯  U . Ǳãáâì V | á¨¬¯«¨æ¨ «ì-­ ï  ¡¥«¥¢  £àã¯¯ , ã ª®â®à®© Vq | £àã¯¯  á¨¬¯«¨æ¨ «ì­ëå ®â®¡à ¦¥­¨©
h : I×�q → U , à ¢­ëå ­ã«î ­  ­¨¦­¥¬ ®á­®¢ ­¨¨, ¨ ®ç¥¢¨¤­ë¥ áâàãªâãà­ë¥£®¬®¬®àä¨§¬ë. Ǳ®« £ ¥¬ PU = V (£àã¯¯  ¯ãâ¥©). �á«¨ £àã¯¯  U á¢®¡®¤­ ,â® £àã¯¯  V â®¦¥ á¢®¡®¤­ . �àã¯¯  V áâï£¨¢ ¥¬ . � ­®­¨ç¥áª¨© á¨¬¯«¨æ¨- «ì­ë© £®¬®¬®àä¨§¬ c : V → U § ¤ ñâáï ¯à ¢¨«®¬ [cq(h)] = h ◦ i1, h ∈ Vq,
q ∈ N, £¤¥ i1 : �q → I ×�q | ¢¥àå­¥¥ ®á­®¢ ­¨¥. �á«¨ £àã¯¯  U á¢ï§­ , â®£®¬®¬®àä¨§¬ c áîàê¥ªâ¨¢¥­.�®¬¯«¥ªáë. �¥¯¨ ¨ ª®æ¥¯¨ á¨¬¯«¨æ¨ «ì­ëå ¬­®¦¥áâ¢ ­¥­®à¬ «¨§®¢ ­­ë¥.�«ï ª®¬¯«¥ªá  A = A∗ ¨ ç¨á«  p ∈ Z ¯®« £ ¥¬ Ap+∗ = A∗+p = B∗, £¤¥ B∗| ª®¬¯«¥ªá á Bq = Ap+q ¨ dB = (−1)pdA.4



Ǳãáâì ¤ ­ ¡¨ª®¬¯«¥ªá K = K∗∗. �¨ää¥à¥­æ¨ «ë d′ : K(p−1)q → Kpq (£®-à¨§®­â «ì­ë©) ¨ d′′ : Kp(q−1) → Kpq (¢¥àâ¨ª «ì­ë©). �«ï p ∈ Z ¯®« £ ¥¬
Kp∗ = B∗, £¤¥ B∗ | ª®¬¯«¥ªá á Bq = Kpq ¨ dB = (−1)pd′′. Ǳ®« £ ¥¬: K = K

∗| ¤¨ £®­ «ì­ë© ª®¬¯«¥ªá, E∗∗
∗ (K) | ¯¥à¢ ï á¯¥ªâà «ì­ ï ¯®á«¥¤®¢ â¥«ì-­®áâì (â ª çâ® Epq0 (K) = Kpq, d0 = d′′).�­¨¢¥àá «ì­ë¥ ®â®¡à ¦¥­¨ï. � ¯ã­ªâ¨à®¢ ­­®£® ¬­®¦¥áâ¢  ¥áâì (®ç¥-¢¨¤­®¥) ã­¨¢¥àá «ì­®¥ á¢ï§ ­­®¥ ®â®¡à ¦¥­¨¥ ¥£® ¢  ¡¥«¥¢ã £àã¯¯ã. � ¯ã­ª-â¨à®¢ ­­®£® á¨¬¯«¨æ¨ «ì­®£® ¬­®¦¥áâ¢  ¥áâì ã­¨¢¥àá «ì­®¥ á¢ï§ ­­®¥ á¨¬-¯«¨æ¨ «ì­®¥ ®â®¡à ¦¥­¨¥ ¥£® ¢ á¨¬¯«¨æ¨ «ì­ãî  ¡¥«¥¢ã £àã¯¯ã.�¥©áâ¢¨ï  ¡¥«¥¢ëå £àã¯¯. �¥©áâ¢¨¥ í«¥¬¥­â  u  ¡¥«¥¢®© £àã¯¯ë ®¡®§­ -ç ¥¬ u 〉 ¨«¨ 〈 u.�¤­® ª®­ªà¥â­®¥ ®¡®§­ ç¥­¨¥. �«ï ãá«®¢¨ï C ¢¢®¤¨¬ ¢¥«¨ç¨­ã [C] ∈ Z,à ¢­ãî 1 ¯à¨ C ¨ 0 ¨­ ç¥.2. �¥£ã«ïà­ë¥ ®â®¡à ¦¥­¨ï�â®¡à ¦¥­¨¥ f : U → V , £¤¥ U , V | ¡¥«¥¢ë £àã¯¯ë, ­ §ë¢ ¥¬ r-à¥£ã«ïà­ë¬(r ∈ N), ¥á«¨ ¤«ï «î¡ëå u, u0, . . . , ur ∈ U ¨¬¥¥¬

∑

e0,...,er=0,1(−1)e0+...+er f(u+ e0u0 + . . .+ erur) = 0,¨ à¥£ã«ïà­ë¬, ¥á«¨ ®­® r-à¥£ã«ïà­® ¤«ï ª ª®£®-­¨¡ã¤ì r ∈ N (á¬. [5]).�«ï ¬­®¦¥áâ¢  T ¨ í«¥¬¥­â  s ∈ N
T ¯®« £ ¥¬

s∗ = ∑

t∈T

st.2.1. �¥¬¬ . Ǳãáâì ¤ ­ë ¬­®¦¥áâ¢® T ,  ¡¥«¥¢  £àã¯¯  V ¨ ç¨á«® r ∈ N.Ǳãáâì U |  ¡¥«¥¢  £àã¯¯ , á¢®¡®¤­® ¯®à®¦¤ñ­­ ï ¬­®¦¥áâ¢®¬ T ; áç¨â ¥¬,çâ® U ⊂ Z
T . �®£¤  ¯à ¢¨«®

f(u) = ∑

s∈NT :s∗6r

(

∏

t∈T

(ut

st

)

)

vs, u ∈ U,£¤¥ vs ∈ V | ª ª¨¥-­¨¡ã¤ì í«¥¬¥­âë, § ¤ ñâ r-à¥£ã«ïà­®¥ ®â®¡à ¦¥­¨¥ f : U →
V . � ª ¯®«ãç ¥âáï «î¡®¥ â ª®¥ ®â®¡à ¦¥­¨¥. �2.2. �«¥¤áâ¢¨¥. Ǳãáâì ¤ ­ë  ¡¥«¥¢ë £àã¯¯ë U , V , W , r-à¥£ã«ïà­®¥ (r ∈ N)®â®¡à ¦¥­¨¥ f : U → V ¨ í¯¨¬®àä¨§¬ p : W → V . �á«¨ £àã¯¯  U á¢®¡®¤­ ,â® áãé¥áâ¢ã¥â â ª®¥ r-à¥£ã«ïà­®¥ ®â®¡à ¦¥­¨¥ g : U →W , çâ® f = p◦g. �2.3. �¥¬¬ . Ǳãáâì ¤ ­ë  ¡¥«¥¢ë £àã¯¯ë U , V , W , ®â®¡à ¦¥­¨¥ f : U×V →
W ¨ ç¨á«  r, s ∈ N. Ǳà¥¤¯®«®¦¨¬, çâ® ¤«ï «î¡®£® v ∈ V ®â®¡à ¦¥­¨¥
U → W , u 7→ f(u, v), r-à¥£ã«ïà­® ¨ ¤«ï «î¡®£® u ∈ U ®â®¡à ¦¥­¨¥ V → W ,
v 7→ f(u, v), s-à¥£ã«ïà­®. �®£¤  ®â®¡à ¦¥­¨¥ f (r + s)-à¥£ã«ïà­®. �5



2.4. �¥¬¬ . Ǳãáâì ¤ ­ë  ¡¥«¥¢ë £àã¯¯ë U , V , W , r-à¥£ã«ïà­®¥ ®â®¡à -¦¥­¨¥ f : U → V ¨ s-à¥£ã«ïà­®¥ ®â®¡à ¦¥­¨¥ g : V → W (r, s ∈ N). �®£¤ ®â®¡à ¦¥­¨¥ g ◦ f rs-à¥£ã«ïà­®. �Ǳãáâì ¤ ­ë ¬­®¦¥áâ¢® T ,  ¡¥«¥¢ë £àã¯¯ë U , V ¨ ®â®¡à ¦¥­¨ï j : T → U ¨
k : T → V . �â®¡à ¦¥­¨¥ k ­ §ë¢ ¥¬ r-à¥£ã«ïà­ë¬ (r ∈ N) ®â­®á¨â¥«ì­® j,¥á«¨ áãé¥áâ¢ã¥â â ª®¥ r-à¥£ã«ïà­®¥ ®â®¡à ¦¥­¨¥ f : U → V , çâ® k = f ◦ j, ¨à¥£ã«ïà­ë¬ ®â­®á¨â¥«ì­® j, ¥á«¨ ®­® r-à¥£ã«ïà­® ®â­®á¨â¥«ì­® j ¤«ï ª ª®£®-­¨¡ã¤ì r ∈ N.Ǳãáâì ¤ ­ë ¬­®¦¥áâ¢® T ,  ¡¥«¥¢  £àã¯¯  U ¨ ®â®¡à ¦¥­¨¥ j : T → U . �«ï ¡¥«¥¢®© £àã¯¯ë V ¯ãáâì Rj(V ) | £àã¯¯  ¢á¥å à¥£ã«ïà­ëå ®â­®á¨â¥«ì­® j®â®¡à ¦¥­¨© k : T → V . Rj |  ¤¤¨â¨¢­ë© äã­ªâ®à ¨§ ª â¥£®à¨¨  ¡¥«¥¢ëå£àã¯¯ ¢ á¥¡ï (§ ¤ ­¨¥ ­  ¬®àä¨§¬ å ®ç¥¢¨¤­®¥). �â®¡à ¦¥­¨¥ j ­ §ë¢ ¥¬ã¤®¡­ë¬, ¥á«¨ äã­ªâ®à Rj â®ç¥­.Ǳãáâì ¤ ­® ¯ã­ªâ¨à®¢ ­­®¥ ¬­®¦¥áâ¢® S. Ǳãáâì i : S → X | ã­¨¢¥àá «ì-­®¥ á¢ï§ ­­®¥ ®â®¡à ¦¥­¨¥ ¥£® ¢  ¡¥«¥¢ã £àã¯¯ã. Ǳãáâì ¥éñ ¤ ­ë á¢®¡®¤­ë¥ ¡¥«¥¢ë £àã¯¯ë Y , Z ¨ á¢ï§ ­­®¥ à¥£ã«ïà­®¥ ®â®¡à ¦¥­¨¥ g : X×Y → Z. � á-á¬®âà¨¬ ¯ã­ªâ¨à®¢ ­­®¥ ¬­®¦¥áâ¢® T = S×Y ¨  ¡¥«¥¢ã £àã¯¯ã U = X×Y ×Z.� ¤ ¤¨¬ á¢ï§ ­­®¥ ®â®¡à ¦¥­¨¥ j : T → U , ¯®« £ ï j(s, y) = (i(s), y, g(i(s), y)),
s ∈ S, y ∈ Y . � ª®¥ ®â®¡à ¦¥­¨¥ ­ §ë¢ ¥¬ ®á®¡ë¬. �á®¡ë¥ ®â®¡à ¦¥­¨ïã¤®¡­ë («¥£ª® ¯à®¢¥à¨âì, ¨á¯®«ì§ãï á«¥¤áâ¢¨¥ 2.2 ¨ «¥¬¬ã 2.4).Ǳãáâì ¤ ­ë á¨¬¯«¨æ¨ «ì­ ï  ¡¥«¥¢  £àã¯¯  U ¨  ¡¥«¥¢  £àã¯¯  M . �®æ¥¯ì
X : Uq →M ­ §ë¢ ¥¬ [r-]à¥£ã«ïà­®©, ¥á«¨ ®­  | [r-]à¥£ã«ïà­®¥ ®â®¡à ¦¥­¨¥.[r-]à¥£ã«ïà­ë¥ ª®æ¥¯¨ ®¡à §ãîâ ¯®¤ª®¬¯«¥ªá ª®¬¯«¥ªá  ª®æ¥¯¥©.Ǳãáâì ¤ ­ë á¨¬¯«¨æ¨ «ì­®¥ ¬­®¦¥áâ¢® T , á¨¬¯«¨æ¨ «ì­ ï  ¡¥«¥¢  £àã¯-¯  U , á¨¬¯«¨æ¨ «ì­®¥ ®â®¡à ¦¥­¨¥ j : T → U ¨  ¡¥«¥¢  £àã¯¯  M . �®æ¥¯ì
X : Tq → M ­ §ë¢ ¥¬ à¥£ã«ïà­®© ®â­®á¨â¥«ì­® j, ¥á«¨ ®­  | ®â®¡à ¦¥­¨¥,à¥£ã«ïà­®¥ ®â­®á¨â¥«ì­® jq. �¥£ã«ïà­ë¥ ®â­®á¨â¥«ì­® j ª®æ¥¯¨ ®¡à §ãîâ ¯®¤-ª®¬¯«¥ªá ª®¬¯«¥ªá  ª®æ¥¯¥©.Ǳãáâì ¤ ­ë á¨¬¯«¨æ¨ «ì­®¥ ¬­®¦¥áâ¢® T , á¨¬¯«¨æ¨ «ì­ë¥  ¡¥«¥¢ë £àã¯-¯ë U , V ¨ á¨¬¯«¨æ¨ «ì­ë¥ ®â®¡à ¦¥­¨ï j : T → U , k : T → V . �â®¡à ¦¥­¨¥
k ­ §ë¢ ¥¬ r-à¥£ã«ïà­ë¬ (r ∈ N) ®â­®á¨â¥«ì­® j, ¥á«¨ ¤«ï ª ¦¤®£® q ∈ N®â®¡à ¦¥­¨¥ kq r-à¥£ã«ïà­® ®â­®á¨â¥«ì­® jq, ¨ à¥£ã«ïà­ë¬ ®â­®á¨â¥«ì­® j,¥á«¨ ®­® r-à¥£ã«ïà­® ®â­®á¨â¥«ì­® j ¤«ï ª ª®£®-­¨¡ã¤ì r ∈ N.Ǳãáâì ¤ ­ë á¨¬¯«¨æ¨ «ì­®¥ ¬­®¦¥áâ¢® T , á¨¬¯«¨æ¨ «ì­ ï  ¡¥«¥¢  £àã¯-¯  U ¨ á¨¬¯«¨æ¨ «ì­®¥ ®â®¡à ¦¥­¨¥ j : T → U . �â®¡à ¦¥­¨¥ j ­ §ë¢ ¥¬ã¤®¡­ë¬, ¥á«¨ ®â®¡à ¦¥­¨ï jq, q ∈ N, ã¤®¡­ë, ¨ ®á®¡ë¬, ¥á«¨ ®­¨ ®á®¡ë. �«ï ¡¥«¥¢®© £àã¯¯ë M ¯ãáâì ◦C∗(T ;M) ⊂ C∗(T ;M) | ¯®¤ª®¬¯«¥ªá à¥£ã«ïà-­ëå ®â­®á¨â¥«ì­® j ª®æ¥¯¥©. �â®¡à ¦¥­¨¥ j ­ §ë¢ ¥¬ ­®à¬ «ì­ë¬, ¥á«¨ ¤«ï«î¡®©  ¡¥«¥¢®© £àã¯¯ë M ¢ª«îç¥­¨¥ ◦C∗(T ;M)→ C∗(T ;M) | ª¢ §¨¨§®¬®à-ä¨§¬. 3. �¥¬¬  ® P - æ¨ª«¨ç­®áâ¨�¥«ì §§ 3, 4, 5 | ¤®ª § â¥«ìáâ¢® «¥¬¬ë 5.1 ¨ á«¥¤áâ¢¨ï 5.2.�ã­ªâ®à P . Ǳãáâì ¤ ­   ¡¥«¥¢  £àã¯¯  U . �«ï («¥¢®£®) U -¬®¤ã«ï X í«¥-¬¥­â x ∈ X ­ §ë¢ ¥¬ [r-]à¥£ã«ïà­ë¬ (®â­®á¨â¥«ì­® ¤¥©áâ¢¨ï £àã¯¯ë U),¥á«¨ ®â®¡à ¦¥­¨¥ U → X , u 7→ u 〉 x, [r-]à¥£ã«ïà­®, ¨ ¯®« £ ¥¬: Pr(X) ⊂ X| ¯®¤¬®¤ã«ì r-à¥£ã«ïà­ëå í«¥¬¥­â®¢, P (X) ⊂ X | ¯®¤¬®¤ã«ì à¥£ã«ïà­ëå6



í«¥¬¥­â®¢. Pr, P | äã­ªâ®àë ¨§ ª â¥£®à¨¨ U -¬®¤ã«¥© ¢ á¥¡ï (§ ¤ ­¨¥ ­ ¬®àä¨§¬ å ®ç¥¢¨¤­®¥). �â¨ äã­ªâ®àë, ®ç¥¢¨¤­®,  ¤¤¨â¨¢­ë ¨ â®ç­ë á«¥¢ .Ǳàï¬ë¥ ¤¥©áâ¢¨ï. (Ǳà ¢®¥) ¤¥©áâ¢¨¥  ¡¥«¥¢®© £àã¯¯ë U ­  ¬­®¦¥áâ¢¥ T­ §ë¢ ¥¬ ¯àï¬ë¬, ¥á«¨ áâ ¡¨«¨§ â®à «î¡®£® í«¥¬¥­â  t ∈ T | ¯àï¬®¥ á« £ -¥¬®¥ £àã¯¯ë U .�á«¨ ­  ¬­®¦¥áâ¢¥ T ¤¥©áâ¢ã¥â  ¡¥«¥¢  £àã¯¯  U , â® MT = {f : T →M} |
U -¬®¤ã«ì: (u 〉 f)(t) = f(t 〈 u), t ∈ T , f ∈MT , u ∈ U .3.1. �¥¬¬ . Ǳãáâì ¤ ­ë á¢®¡®¤­ ï  ¡¥«¥¢  £àã¯¯  U ¨  ¡¥«¥¢  £àã¯¯  M .�®£¤  ¬®¤ã«ì MU (£àã¯¯  U ¤¥©áâ¢ã¥â ­  á¥¡¥ á¤¢¨£ ¬¨) Pr- æ¨ª«¨ç¥­ ¤«ï«î¡®£® r ∈ N.�®ª § â¥«ìáâ¢®. �­ê¥ªâ¨¢­ ï à¥§®«ì¢¥­â 0 −−−−→ M −−−−→ N −−−−→ N ′ −−−−→ 0£àã¯¯ë M ¤ ñâ ¨­ê¥ªâ¨¢­ãî à¥§®«ì¢¥­âã0 −−−−→ MU −−−−→ NU −−−−→ N ′U −−−−→ 0¬®¤ã«ï MU . � ª á«¥¤ã¥â ¨§ á«¥¤áâ¢¨ï 2.2, äã­ªâ®à Pr á®åà ­ï¥â ¥ñ â®ç-­®áâì. �3.2. �¥¬¬ . Ǳãáâì ¤ ­ë ¯àï¬®¥ ¤¥©áâ¢¨¥ á¢®¡®¤­®©  ¡¥«¥¢®© £àã¯¯ë U ­ ¬­®¦¥áâ¢¥ T ¨  ¡¥«¥¢  £àã¯¯  M . �®£¤  U -¬®¤ã«ì MT P - æ¨ª«¨ç¥­.(� ç áâ­®áâ¨,  ¡¥«¥¢  £àã¯¯  M á âà¨¢¨ «ì­ë¬ ¤¥©áâ¢¨¥¬ á¢®¡®¤­®©  ¡¥-«¥¢®© £àã¯¯ë U | P - æ¨ª«¨ç­ë© U -¬®¤ã«ì.)�®ª § â¥«ìáâ¢®. �ã­ªâ®à P | ¨­¤ãªâ¨¢­ë© ¯à¥¤¥« äã­ªâ®à®¢ Pr, r ∈ N,(á¢ï§ ­­ëå ¬®àä¨§¬ ¬¨ ¢ª«îç¥­¨ï). Ǳ®íâ®¬ã ¤®áâ â®ç­® ¯®ª § âì, çâ® ¬®à-ä¨§¬ ¯à®¨§¢®¤­ëå äã­ªâ®à®¢ P

(n)
r → P

(n)
r+1 (n > 0), ¨­¤ãæ¨à®¢ ­­ë© ¬®àä¨§-¬®¬ ¢ª«îç¥­¨ï Pr → Pr+1, à ¢¥­ ­ã«î ­  ¬®¤ã«¥ MT . �ã­ªâ®àë Pr, r ∈ N,ª®¬¬ãâ¨àãîâ á ¯à®¨§¢¥¤¥­¨ï¬¨. Ǳ®íâ®¬ã ¤®áâ â®ç­® à áá¬®âà¥âì á«ãç ©, ª®-£¤  £àã¯¯  U ¤¥©áâ¢ã¥â ­  T âà ­§¨â¨¢­®, ¯à¨çñ¬ T 6= ∅. � ª ª ª ¤¥©áâ¢¨¥¯àï¬®, â® ¬®¦­® áç¨â âì, çâ® ¤ ­ë á¢®¡®¤­ë¥  ¡¥«¥¢ë £àã¯¯ë S ¨ T , U = S⊕T¨ £àã¯¯  U ¤¥©áâ¢ã¥â ­  T á¤¢¨£ ¬¨ ç¥à¥§ ¯à®¥ªæ¨î U → T . Ǳãáâì E ⊂ S |¡ §¨á. �¢¥¤ñ¬ ­  ­ñ¬ «¨­¥©­ë© ¯®àï¤®ª.�«ï e ∈ E § ¤ ¤¨¬ U -£®¬®¬®àä¨§¬ de : MU → MU ä®à¬ã«®© (def)(u) =

f(u+ e)− f(u) (áç¨â ¥¬, çâ® S ⊂ U). Ǳãáâì Q∗ | ­¥®âà¨æ â¥«ì­ë© ª®¬¯«¥ªá
U -¬®¤ã«¥© á

Qn = ∏

e1,...,en∈E:e1<...<en

MU¨ ¤¨ää¥à¥­æ¨ «®¬ d : Qn−1 → Qn, § ¤ ­­ë¬ ä®à¬ã«®©(df)e1...en
= n

∑

k=1(−1)k−1dek
fe1...cek...en

.Ǳãáâì c : MT → Q0 = MU | U -£®¬®¬®àä¨§¬, ¨­¤ãæ¨à®¢ ­­ë© ¯à®¥ªæ¨¥©
U → T . 7



�«ï e ∈ E § ¤ ¤¨¬ £®¬®¬®àä¨§¬ ( ¡¥«¥¢ëå £àã¯¯) he : MU →MU ãá«®¢¨¥¬
de ◦ he = id ¨ âà¥¡®¢ ­¨¥¬, çâ® ¤«ï f ∈ MU äã­ªæ¨ï hef à ¢­  ­ã«î ­ ¯®¤£àã¯¯¥ Ue ⊂ U , Ue = Se ⊕ T , £¤¥ Se ⊂ S | ¯®¤£àã¯¯ , ¯®à®¦¤ñ­­ ï ¢á¥¬¨í«¥¬¥­â ¬¨ ¬­®¦¥áâ¢  E, ªà®¬¥ e.�«ï e ∈ E § ¤ ¤¨¬ £®¬®¬®àä¨§¬ S → S, s 7→ s|e, ¤«ï e′ ∈ E ¯®« £ ï
e′|e = [e′ 6 e]e′. �«ï e ∈ E, u ∈ U , u = (s, t), ¯®« £ ¥¬ u|e = (s|e, t). � ¤ ¤¨¬£®¬®¬®àä¨§¬ë ( ¡¥«¥¢ëå £àã¯¯) h : Qn → Qn−1 ä®à¬ã«®©(hf)e1...en−1(u) = (−1)n−1 ∑

e∈E:e>en−1(hefe1...en−1e)(u|e), u ∈ U(¯à¨ n = 1 áã¬¬  ¯® ¢á¥¬ e ∈ E). Ǳãáâì g : MU = Q0 → MT | £®¬®¬®àä¨§¬( ¡¥«¥¢ëå £àã¯¯), ¨­¤ãæ¨à®¢ ­­ë© ª®¯à®¥ªæ¨¥© T → U . �¥à­ë à ¢¥­áâ¢ 
g ◦ c = id, c ◦ g + h ◦ d = id ¨ d ◦ h+ h ◦ d = id. �­ ç¨â,0 −−−−→ MT c

−−−−→ Q0 d
−−−−→ Q1 d

−−−−→ . . .| à¥§®«ì¢¥­â  ¬®¤ã«ï MT . �á¯®«ì§ãï «¥¬¬ã 3.1, ¯®«ãç ¥¬, çâ® ®­  Pr- æ¨ª«¨ç­ . �¥âàã¤­® ¢¨¤¥âì, çâ® he(Pr(MU)) ⊂ Pr+1(MU ). �âáî¤  h(Pr(Qn)) ⊂
Pr+1(Qn−1), çâ® ¨ ¤ ñâ ­ã¦­®¥. �4. �¥£ã«ïà­ë¥ ª®£®¬®«®£¨¨�¥©áâ¢¨¥  ¡¥«¥¢®© £àã¯¯ë U ­  á¨¬¯«¨æ¨ «ì­®¬ ¬­®¦¥áâ¢¥ T ­ §ë¢ ¥¬¯àï¬ë¬, ¥á«¨ ¤«ï ª ¦¤®£® q ∈ N ¥ñ ¤¥©áâ¢¨¥ ­  Tq ¯àï¬®.4.1. �¥¬¬ . Ǳãáâì á¢®¡®¤­ ï  ¡¥«¥¢  £àã¯¯  U ¯àï¬® ¤¥©áâ¢ã¥â ­  á¨¬-¯«¨æ¨ «ì­®¬ ¬­®¦¥áâ¢¥ T . Ǳãáâì ¤ ­   ¡¥«¥¢  £àã¯¯  M . Ǳà¥¤¯®«®¦¨¬,çâ® ¨­¤ãæ¨à®¢ ­­®¥ ¤¥©áâ¢¨¥ ­  H∗(T ;M) âà¨¢¨ «ì­®. Ǳãáâì ◦C∗(T ;M) ⊂
C∗(T ;M) | ¯®¤ª®¬¯«¥ªá ª®æ¥¯¥©, à¥£ã«ïà­ëå ®â­®á¨â¥«ì­® ¤¥©áâ¢¨ï £àã¯-¯ë U . �®£¤  ¢ª«îç¥­¨¥ ◦C∗(T ;M)→ C∗(T ;M) | ª¢ §¨¨§®¬®àä¨§¬.�â® á«¥¤ã¥â ¨§ «¥¬¬ë 3.2. �5. �¥£ã«ïà­ë¥ ª®£®¬®«®£¨¨ á¨¬¯«¨æ¨ «ì­®©  ¡¥«¥¢®© £àã¯¯ëǱ®« £ ¥¬ N̂ = N∪{∞}, [∞] = N. �­®¦¥áâ¢  [p], p ∈ N̂, ¨ ­¥áâà®£® ¢®§à áâ -îé¨¥ ®â®¡à ¦¥­¨ï ¬¥¦¤ã ­¨¬¨ ®¡à §ãîâ ª â¥£®à¨î. Ǳ®« £ ¥¬: λq : [q]→ [∞]| ¢ª«îç¥­¨ï, µp : [∞]→ [p] | à¥âà ªæ¨¨, �∞ | á¨¬¯«¨æ¨ «ì­®¥ ¬­®¦¥áâ¢®c �∞

q = Hom([q], [∞]) ¨ ®ç¥¢¨¤­ë¬¨ áâàãªâãà­ë¬¨ ®â®¡à ¦¥­¨ï¬¨.�«ï á¨¬¯«¨æ¨ «ì­®£® ¬­®¦¥áâ¢  T ¯®« £ ¥¬: T∞ | ¨­¤ãªâ¨¢­ë© ¯à¥¤¥«¯®á«¥¤®¢ â¥«ì­®áâ¨
T0 σ?1−−−−→ T1 σ?2−−−−→ T2 σ?3−−−−→ . . . ,£¤¥ σq : [q]→ [q− 1] | à¥âà ªæ¨¨. �®¯®áâ ¢«¥­¨¥ ¬®àä¨§¬ã k : [q]→ [p] (p, q ∈

N) ®â®¡à ¦¥­¨ï k? : Tp → Tq à á¯à®áâà ­¨¬ ­  ®¡« áâì p, q ∈ N̂, á®åà ­ïïª®­âà ¢ à¨ ­â­®áâì ¨ ¯®« £ ï: µ?
q : Tq → T∞ | ª ­®­¨ç¥áª®¥ ®â®¡à ¦¥­¨¥ç«¥­  ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¢ ¥ñ ¯à¥¤¥«.8



�ã­ªâ®à R. �«ï á¨¬¯«¨æ¨ «ì­®£® ¬­®¦¥áâ¢  T ¯®« £ ¥¬: RT ⊂ T ×�∞ |¯®¤¬­®¦¥áâ¢®, ¯®à®¦¤ñ­­®¥ á¨¬¯«¥ªá ¬¨ (t, λq), t ∈ Tq, q ∈ N. R | äã­ª-â®à ¨§ ª â¥£®à¨¨ á¨¬¯«¨æ¨ «ì­ëå ¬­®¦¥áâ¢ ¢ á¥¡ï (§ ¤ ­¨¥ ­  ¬®àä¨§¬ å®ç¥¢¨¤­®¥).Ǳãáâì ¤ ­   ¡¥«¥¢  £àã¯¯  M . �®æ¥¯¨ á ª®íää¨æ¨¥­â ¬¨ ¢ £àã¯¯¥ M .�¥â®¤®¬  æ¨ª«¨ç­ëå ¬®¤¥«¥© áâà®ïâáï ¥áâ¥áâ¢¥­­ë¥ £®¬®â®¯¨ç¥áª¨¥ íª¢¨¢ -«¥­â­®áâ¨ e : C∗(T ) → C∗(RT ), e′ : C∗(RT ) → C∗(T ) ¨ ¥áâ¥áâ¢¥­­ë¥ £®¬®â®-¯¨¨ E : C∗(T )→ C∗(T ) ¬¥¦¤ã ¬®àä¨§¬ ¬¨ id, e′ ◦ e ¨ E′ : C∗(RT )→ C∗(RT )¬¥¦¤ã ¬®àä¨§¬ ¬¨ id, e ◦ e′. �®àä¨§¬ e ¨­¤ãæ¨àã¥âáï ¯à®¥ªæ¨¥© RT → T ,£®¬®¬®àä¨§¬ e′ : Cq(RT )→ Cq(T ) § ¤ ñâáï ¯à ¢¨«®¬ e′(Y )(t) = 〈[t]]R(Y ), Iq〉,
t ∈ Tq, £®¬®¬®àä¨§¬ E : Cq(T )→ Cq−1(T ) | ¯à ¢¨«®¬ E(X)(s) = 〈[s]](X), Jq〉,
s ∈ Tq−1, £®¬®¬®àä¨§¬ E′ : Cq(RT ) → Cq−1(RT ) | ¯à ¢¨«®¬ E′(Y )(s, m) =
〈[s]]R(Y ), Km〉, (s, m) ∈ (RT )q−1, £¤¥ Iq ∈ Cq(R�q), Jq ∈ Cq(�q−1), Km ∈
Cq(R�q−1) | ª ª¨¥-â® æ¥¯¨.�«ãç © á¨¬¯«¨æ¨ «ì­®©  ¡¥«¥¢®© £àã¯¯ë. Ǳãáâì ¤ ­  á¨¬¯«¨æ¨ «ì­ ï  ¡¥-«¥¢  £àã¯¯  U . �®£¤  U∞ |  ¡¥«¥¢  £àã¯¯ , ¤«ï ¬®àä¨§¬  k : [q] → [p](p, q ∈ N̂) k? : Up → Uq | £®¬®¬®àä¨§¬. �á«¨ £àã¯¯  U á¢®¡®¤­ , â® £àã¯-¯  U∞ â®¦¥ á¢®¡®¤­ . �àã¯¯  U∞ ¤¥©áâ¢ã¥â ­  á¨¬¯«¨æ¨ «ì­®¬ ¬­®¦¥áâ¢¥
U ×�∞ ¯® ¯à ¢¨«ã (t, h) 〈 u = (t+ h?(u), h), t ∈ Uq, h ∈ Hom([q], [∞]) (q ∈ N),
u ∈ U∞. �â® ¤¥©áâ¢¨¥ ¯àï¬® ¨ á®åà ­ï¥â ¯®¤¬­®¦¥áâ¢® RU . �«ï ª ¦¤®£®á¨¬¯«¥ªá  G ∈ (R�n)q (n, q ∈ N) ¥áâì â ª¨¥ á¨¬¯«¥ªá aG ∈ (RU)q ¨ £®¬®-¬®àä¨§¬ bG : Un → U∞, çâ® ([t]R)q(G) = aG 〈 bG(t), t ∈ Un (¤¥©áâ¢¨â¥«ì­®,¥á«¨ G = k?(F ), £¤¥ k ∈ Hom([q], [p]) (p ∈ N), F = (f, λp) ∈ (R�n)p, â® ¬®¦­®¯®«®¦¨âì aG = (0, λp ◦ k) ¨ bG = (f ◦ µp)?).Ǳãáâì ◦C∗(U) ⊂ C∗(U) | ¯®¤ª®¬¯«¥ªá à¥£ã«ïà­ëå ª®æ¥¯¥©, ◦C∗(RU) ⊂
C∗(RU) | ¯®¤ª®¬¯«¥ªá ª®æ¥¯¥©, à¥£ã«ïà­ëå ®â­®á¨â¥«ì­® ¤¥©áâ¢¨ï £àã¯¯ë
U∞. �®àä¨§¬ë e, e′ ¨ £®¬®â®¯¨¨ E, E′ á®åà ­ïîâ à¥£ã«ïà­®áâì, â. ¥. ã ­¨å¥áâì á®ªà é¥­¨ï ◦e : ◦C∗(U) → ◦C∗(RU), . . . , ◦E′ : ◦C∗(RU) → ◦C∗(RU). �«ï
e : Cq(U) → Cq(RU) íâ® á«¥¤ã¥â ¨§ à ¢¥­áâ¢  (u 〉 e(X))(t, n) = X(t + n?(u)),(t, n) ∈ (RU)q, u ∈ U∞, ¤«ï e′ : Cq(RU)→ Cq(U) | ¨§ à ¢¥­áâ¢ 

e′(Y )(t) = ∑

L∈(R�q)q(Iq)LY (aL 〈 bL(t)), t ∈ Uq,¤«ï E : Cq(U)→ Cq−1(U) | ¨§ à ¢¥­áâ¢ 
E(X)(s) = ∑

k∈Hom([q],[q−1])(Jq)kX(k?(s)), s ∈ Uq−1,(§¤¥áì (Iq)L ∈ Z | ª®íää¨æ¨¥­â, á ª®â®àë¬ á¨¬¯«¥ªá L ¢å®¤¨â ¢ æ¥¯ì Iq,  ­ -«®£¨ç­® ¯®­¨¬ ¥âáï (Jq)k). �«ï E′ ¤®áâ â®ç­® â¥å ¦¥ á®®¡à ¦¥­¨©. �ç¥¢¨¤­®,
◦e, ◦e′ | £®¬®â®¯¨ç¥áª¨¥ íª¢¨¢ «¥­â­®áâ¨.5.1. �¥¬¬ . Ǳà¥¤¯®«®¦¨¬, çâ® £àã¯¯  U á¢®¡®¤­  ¨ á¢ï§­ . �®£¤  ¢ª«îç¥-­¨¥ ◦C∗(U)→ C∗(U) | ª¢ §¨¨§®¬®àä¨§¬.�®ª § â¥«ìáâ¢®. � ª ª ª £àã¯¯  U á¢ï§­ , â® ¤¥©áâ¢¨¥ £àã¯¯ë U0 ­  H∗(U)âà¨¢¨ «ì­®. �«®© U → U ×�∞ ­ ¤ ¢¥àè¨­®© λ0 á®£« á®¢ ­ á £®¬®¬®àä¨§-¬®¬ λ?0 : U∞ → U0 ¨ ¨­¤ãæ¨àã¥â ¨§®¬®àä¨§¬ ª®£®¬®«®£¨©, ¯®íâ®¬ã ¤¥©áâ¢¨¥9



£àã¯¯ë U∞ ­  H∗(U ×�∞) âà¨¢¨ «ì­®. � ª ª ª ¯à®¥ªæ¨ï RU → U ¨­¤ãæ¨-àã¥â ¨§®¬®àä¨§¬ ª®£®¬®«®£¨©, â® ¢ª«îç¥­¨¥ RU → U ×�∞ â®¦¥ â ª ¤¥« ¥â.Ǳ®íâ®¬ã ¤¥©áâ¢¨¥ £àã¯¯ë U∞ ­  H∗(RU) âà¨¢¨ «ì­®.� áá¬®âà¨¬ ª®¬¬ãâ â¨¢­ãî ¤¨ £à ¬¬ã ª®¬¯«¥ªá®¢ ¨ ¬®àä¨§¬®¢
◦C∗(U) ◦e

−−−−→ ◦C∗(RU)
i





y





y

j

C∗(U) e
−−−−→ C∗(RU),£¤¥ i, j | ¢ª«îç¥­¨ï. Ǳ® «¥¬¬¥ 4.1, j | ª¢ §¨¨§®¬®àä¨§¬. � ª ª ª e, ◦e |£®¬®â®¯¨ç¥áª¨¥ íª¢¨¢ «¥­â­®áâ¨, â® i | â®¦¥ ª¢ §¨¨§®¬®àä¨§¬. ��«ï r ∈ N ¯ãáâì rC∗(U) ⊂ C∗(U) | ¯®¤ª®¬¯«¥ªá, ®¡à §®¢ ­­ë© r-à¥£ã«ïà­ë-¬¨ ª®æ¥¯ï¬¨, rH∗(U) | á®®â¢¥âáâ¢ãîé¨¥ £àã¯¯ë ª®£®¬®«®£¨©.5.2. �«¥¤áâ¢¨¥. Ǳà¥¤¯®«®¦¨¬, çâ® £àã¯¯  U á¢®¡®¤­  ¨ á¢ï§­ . �®£¤ :  )¤«ï «î¡®£® q ∈ Z áãé¥áâ¢ã¥â â ª®¥ r ∈ N, çâ® ¨­¤ãæ¨à®¢ ­­ë© ¢ª«îç¥­¨¥¬£®¬®¬®àä¨§¬ i : rHq(U) → Hq(U) áîàê¥ªâ¨¢¥­; ¡) ¤«ï «î¡ëå q ∈ Z, r ∈ Náãé¥áâ¢ã¥â â ª®¥ s ∈ N, s > r, çâ® ï¤à  ¨­¤ãæ¨à®¢ ­­ëå ¢ª«îç¥­¨ï¬¨£®¬®¬®àä¨§¬®¢ i : rHq(U)→ Hq(U) ¨ k : rHq(U)→ sHq(U) á®¢¯ ¤ îâ.�®ª § â¥«ìáâ¢®. �®áâ â®ç­® ¯à¨¬¥­¨âì «¥¬¬ã 5.1 ª ª®£®¬®«®£¨ï¬ á ª®íää¨-æ¨¥­â ¬¨ ¢ £àã¯¯¥ MT , £¤¥ T = Hq(U) ¤«ï  ) ¨ ker i ¤«ï ¡). �6. �¯¥ªâà «ì­ ï ¯®á«¥¤®¢ â¥«ì­®áâì �¥àà ¨ ¥ñ à¥£ã«ïà­ë© ¢ à¨ ­â� íâ®¬ ¯ à £à ä¥ ¤®ª §ë¢ ¥âáï «¥¬¬  9.2.Ǳãáâì ¤ ­   ¡¥«¥¢  £àã¯¯  M . �á«¨ ¢ ®¡®§­ ç¥­¨¨ £àã¯¯ë ª®æ¥¯¥© ¨«¨ª®£®¬®«®£¨© £àã¯¯  ª®íää¨æ¨¥­â®¢ ­¥ ãª § ­ , â® ¯®¤à §ã¬¥¢ ¥âáï £àã¯¯ 

M .�®àä¨§¬ m∇. Ǳãáâì ¤ ­ë á¨¬¯«¨æ¨ «ì­ë¥ ¬­®¦¥áâ¢  X, Y , ¨­ê¥ªâ¨¢­®¥á¨¬¯«¨æ¨ «ì­®¥ ®â®¡à ¦¥­¨¥ m : X → Y ¨ ¯®¤¬­®¦¥áâ¢® B ⊂ Y . Ǳãáâì _X =
m−1(B) ⊂ X, _Y = imm ∪B ⊂ Y . � ¤ ¤¨¬ ¬®àä¨§¬ t : C∗−1( _Y ) → C∗(Y )ª®¬¯®§¨æ¨¥©

Cq−1( _Y ) r
−−−−→ Cq−1(Y ) dY−−−−→ Cq(Y ) s

−−−−→ Cq(Y , _Y ),£¤¥ r | £®¬®¬®àä¨§¬ ¯à®¤®«¦¥­¨ï ­ã«ñ¬, s | £®¬®¬®àä¨§¬ ®¡­ã«¥­¨ï ­  _Y .� ¤ ñ¬ ¬®àä¨§¬ m∇ : C∗−1(X, _X)→ C∗(Y , _Y ) ª®¬¬ãâ â¨¢­®© ¤¨ £à ¬¬®©
Cq−1( _Y , B) id]

−−−−→ Cq−1( _Y )
n]





y





y
t

Cq−1(X, _X) m∇−−−−→ Cq(Y , _Y ),£¤¥ n] | ¨§®¬®àä¨§¬, ¨­¤ãæ¨à®¢ ­­ë© á®ªà é¥­¨¥¬ ®â®¡à ¦¥­¨ï m.10



�®¬®â®¯¨¨. �®¬®â®¯¨ï H : I × (X, _X) → (Y , _Y ) ¬¥¦¤ã á¨¬¯«¨æ¨ «ì­ë¬¨®â®¡à ¦¥­¨ï¬¨ f , g : (X, _X)→ (Y , _Y ) ®¯à¥¤¥«ï¥â £®¬®â®¯¨î H\ : C∗(Y , _Y )→
C∗(X, _X) ¬¥¦¤ã ¬®àä¨§¬ ¬¨ f ], g] : C∗(Y , _Y )→ C∗(X, _X).�ª¢¨¢ «¥­â­®áâ¨ �©«¥­¡¥à£  | �¨«ì¡¥à . �«ï ª ¦¤®£® á¨¬¯«¨æ¨ «ì-­®£® ¬­®¦¥áâ¢  X ¥áâì ¥áâ¥áâ¢¥­­ë¥ £®¬®â®¯¨ç¥áª¨¥ íª¢¨¢ «¥­â­®áâ¨ gp :
Cp+∗((�p, _�p) × X) → C∗(X), g′

p : C∗(X) → Cp+∗((�p, _�p) × X) ¨ ¥áâ¥-áâ¢¥­­ë¥ £®¬®â®¯¨¨ Gp : Cp+∗((�p, _�p) ×X) → Cp+∗((�p, _�p) × X) ¬¥¦¤ã¬®àä¨§¬ ¬¨ id, g′
p ◦ gp, G′

p : C∗(X) → C∗(X) ¬¥¦¤ã ¬®àä¨§¬ ¬¨ id, gp ◦ g′
p¨ Di

p : Cp+∗−1((�p−1, _�p−1) × X) → C∗(X) ¬¥¦¤ã ¬®àä¨§¬ ¬¨ gp−1, gp ◦(−1)i(δp
i4, id)∇ (§¤¥áì (δp

i4, id)∇ : Cp+∗−1((�p−1, _�p−1)×X)→ Cp+∗((�p, _�p)×
X)).�¨ª®¬¯«¥ªá á¨¬¯«¨æ¨ «ì­®£® ®â®¡à ¦¥­¨ï. Ǳãáâì ¤ ­ë á¨¬¯«¨æ¨ «ì­ë¥ ¬­®-¦¥áâ¢  T , ~T ¨ á¨¬¯«¨æ¨ «ì­®¥ ®â®¡à ¦¥­¨¥ f : ~T → T .�«ï ª ¦¤®£® á¨¬¯«¥ªá  t ∈ Tp (p ∈ N) ¯®áâà®¨¬ ¤¥ª àâ®¢ ª¢ ¤à â

Zt
lt−−−−→ ~T

ft





y





y

f�p [t]
−−−−→ T¨ ¯®«®¦¨¬ _Zt = f−1

t ( _�p) ⊂ Zt. �«ï á¨¬¯«¥ªá  t ∈ Tp (p ∈ N, p > 1) ¨ ç¨á« 
i ∈ [p] § ¤ ¤¨¬ á¨¬¯«¨æ¨ «ì­®¥ ®â®¡à ¦¥­¨¥ mi

t : Zs → Zt, £¤¥ s = δp ?
i (t) ∈

Tp−1, ãá«®¢¨ï¬¨ ft◦m
i
t = δp

i 4 ◦fs ¨ lt◦m
i
t = ls. �â® ®â®¡à ¦¥­¨¥ ¨­ê¥ªâ¨¢­®.Ǳ®áâà®¨¬ ­¥®âà¨æ â¥«ì­ë© ¡¨ª®¬¯«¥ªá K = K∗∗. Ǳãáâì

Kpq = ∏

t∈Tp

Cp+q(Zt, _Zt)(¯à¨ p > 0). � ¤ ¤¨¬ £®¬®¬®àä¨§¬ë d′
i : K(p−1)q → Kpq, i ∈ [p], ¯à ¢¨«®¬(d′

iX)t = (−1)imi
t ∇(Xs), t ∈ Tp, £¤¥ s = δp ?

i (t) ∈ Tp−1. �®à¨§®­â «ì­ë©¤¨ää¥à¥­æ¨ « d′ : K(p−1)q → Kpq (p, q ∈ N) § ¤ ¤¨¬ ä®à¬ã«®©
d′ = ∑

i∈[p](−1)id′
i.�¥àâ¨ª «ì­ë© ¤¨ää¥à¥­æ¨ « d′′ : Kp(q−1) → Kpq § ¤ ¤¨¬ ¯à ¢¨«®¬ (d′′X)t =

dXt, t ∈ Tp.�¥â®¤®¬  æ¨ª«¨ç­ëå ¬®¤¥«¥© áâà®ïâáï ¥áâ¥áâ¢¥­­ë¥ £®¬®â®¯¨ç¥áª¨¥ íª-¢¨¢ «¥­â­®áâ¨ a : K
∗
→ C∗( ~T ), a′ : C∗( ~T ) → K

∗ ¨ ¥áâ¥áâ¢¥­­ë¥ £®¬®â®¯¨¨
A : K

∗
→ K

∗ ¬¥¦¤ã ¬®àä¨§¬ ¬¨ id, a′ ◦ a ¨ A′ : C∗( ~T ) → C∗( ~T ) ¬¥¦¤ã ¬®à-ä¨§¬ ¬¨ id, a ◦ a′.�ëç¨á«¥­¨¥ £àã¯¯ Epq2 (K). Ǳãáâì ¤ ­ ¤¥ª àâ®¢ ª¢ ¤à â~T ~k
−−−−→ ~V

f





y





y
h

T
k

−−−−→ V ,11



£¤¥ V , ~V | á¢®¡®¤­ë¥ á¨¬¯«¨æ¨ «ì­ë¥  ¡¥«¥¢ë £àã¯¯ë, h | áîàê¥ªâ¨¢­ë©á¨¬¯«¨æ¨ «ì­ë© £®¬®¬®àä¨§¬, k, ~k | á¨¬¯«¨æ¨ «ì­ë¥ ®â®¡à ¦¥­¨ï. Ǳãáâì
W = kerh. �àã¯¯  W á¢®¡®¤­ . Ǳà¥¤¯®«®¦¨¬, çâ® ®­  á¢ï§­ .�«ï ª ¦¤®£® q ∈ N ¢ë¡¥à¥¬ â ª®© £®¬®¬®àä¨§¬ Rq : Vq → ~Vq, çâ® hq ◦Rq =id. � ª ª ª £àã¯¯  W á¢ï§­ , â® ª ­®­¨ç¥áª¨© á¨¬¯«¨æ¨ «ì­ë© £®¬®¬®àä¨§¬
c : PW →W áîàê¥ªâ¨¢¥­. �«ï ª ¦¤®£® q ∈ N ¢ë¡¥à¥¬ â ª®© £®¬®¬®àä¨§¬
Sq : Wq → (PW )q, çâ® cq ◦ Sq = id. � ª¨¬ ®¡à §®¬, ¤«ï ª ¦¤®£® á¨¬¯«¥ªá 
w ∈Wq (q ∈ N) ¨¬¥¥¬ £®¬®â®¯¨î Sq(w) : I ×�q →W ¬¥¦¤ã ®â®¡à ¦¥­¨ï¬¨0, [w] : �q →W .�«ï ª ¦¤®£® á¨¬¯«¥ªá  t ∈ Tp (p ∈ N) § ¤ ¤¨¬ á¨¬¯«¨æ¨ «ì­®¥ ®â®¡à ¦¥-­¨¥ et : �p×W → Zt ãá«®¢¨ï¬¨ ft ◦et = q ¨ ~k ◦ lt ◦et = [Rp(kp(t))]◦q+n◦q′,£¤¥ q : �p−1 ×W → �p−1, q′ : �p ×W → W | ¯à®¥ªæ¨¨, n : W → ~V |¢ª«îç¥­¨¥. �¬¥¥¬ ¨§®¬®àä¨§¬ ¯ à et : (�p, _�p)×W → (Zt, _Zt).�«ï á¨¬¯«¥ªá  t ∈ Tp (p ∈ N, p > 1) ¨ ç¨á«  i ∈ [p] § ¤ ¤¨¬ á¨¬¯«¨-æ¨ «ì­®¥ ®â®¡à ¦¥­¨¥ êi

t : �p−1 ×W → Zs, £¤¥ s = δp ?
i (t) ∈ Tp−1, ãá«®-¢¨ï¬¨ fs ◦ êi

t = q, £¤¥ q : �p × W → �p | ¯à®¥ªæ¨ï, ¨ mi
t ◦ êi

t = et ◦(δp
i 4, id) (§¤¥áì (δp

i 4, id) : �p−1 ×W → �p ×W ). �¬¥¥¬ ¨§®¬®àä¨§¬ ¯ à
êi

t : (�p−1, _�p−1) × W → (Zs, _Zs). �éñ § ¤ ¤¨¬ á¨¬¯«¨æ¨ «ì­®¥ ®â®¡à -¦¥­¨¥ Hi
t : I × �p−1 × W → Zs ãá«®¢¨ï¬¨ fs ◦ Hi

t = q ¨ ~k ◦ ls ◦ Hi
t =[Rp−1(kp−1(s))] ◦ q + Sp−1(δp ?

i (Rp(kp(t))) − Rp−1(kp−1(s))) ◦ Q + n ◦ q′, £¤¥
q : I×�p−1×W →�p−1, Q : I×�p−1×W → I×�p−1, q′ : I×�p−1×W →W| ¯à®¥ªæ¨¨, n : W → ~V | ¢ª«îç¥­¨¥. �â® £®¬®â®¯¨ï ¬¥¦¤ã ®â®¡à ¦¥­¨ï¬¨
es, ê

i
t : (�p−1, _�p−1)×W → (Zs, _Zs).Ǳãáâì L = L∗∗ | ­¥®âà¨æ â¥«ì­ë© ¡¨ª®¬¯«¥ªá á Lpq = Cp(T ;Cq(W )) ¨¤¨ää¥à¥­æ¨ « ¬¨ d′ = dT : L(p−1)q → Lpq ¨ d′′ = (−1)pdW ] : Lp(q−1) → Lpq.�«ï ª ¦¤®£® p ∈ N § ¤ ¤¨¬ ¬®àä¨§¬ b : Kp∗ → Lp∗, ¯®« £ ï b(X)(t) =

gp(e]
t(Xt)), t ∈ Tp, X ∈ Kpq, q ∈ N, ¬®àä¨§¬ b′ : Lp∗ → Kp∗, ¯®« £ ï e

]
t(b′(Y )t) =

g′
p(Y (t)), t ∈ Tp, Y ∈ Lpq, q ∈ N, £®¬®â®¯¨î B : Kp∗ → Kp∗ ¬¥¦¤ã ¬®àä¨§¬ ¬¨id, b′ ◦ b, ¯®« £ ï e

]
t(B(X)t) = Gp(e]

t(Xt)), t ∈ Tp, X ∈ Kpq, q ∈ N, ¨ £®¬®â®-¯¨î B′ : Lp∗ → Lp∗ ¬¥¦¤ã ¬®àä¨§¬ ¬¨ id, b ◦ b′, ¯®« £ ï B′(Y )(t) = G′
p(Y (t)),

t ∈ Tp, Y ∈ Lpq, q ∈ N. �ç¥¢¨¤­®, b, b′ | £®¬®â®¯¨ç¥áª¨¥ íª¢¨¢ «¥­â­®áâ¨.Ǳ®ª ¦¥¬, çâ® ¤«ï «î¡®£® p ¤¨ £à ¬¬  ª®¬¯«¥ªá®¢ ¨ ¬®àä¨§¬®¢
K(p−1)∗ d′

−−−−→ Kp∗

b





y





y
b

L(p−1)∗ d′

−−−−→ Lp∗

(1)£®¬®â®¯¨ç¥áª¨ ª®¬¬ãâ â¨¢­ . �«ï p ∈ N, p > 0, i ∈ [p] § ¤ ¤¨¬ £®¬®â®¯¨î
Fi : K(p−1)∗ → Lp∗ ¬¥¦¤ã ¬®àä¨§¬ ¬¨ d′

i ◦ b ¨ b ◦ d′
i (§¤¥áì d′

i : L(p−1)∗ → Lp∗ |¬®àä¨§¬, ¨­¤ãæ¨à®¢ ­­ë© ®â®¡à ¦¥­¨¥¬ δp ?
i : Tp → Tp−1), ¯®« £ ï Fi(X)(t) =

gp−1(Hi \
t (Xs))+Di

p(êi ]
t (Xs)), t ∈ Tp, X ∈ K(p−1)q, q ∈ N, £¤¥ s = δp ?

i (t) ∈ Tp−1.�«ï p ∈ N ­ã¦­ãî £®¬®â®¯¨î F : K(p−1)∗ → Lp∗ ¬¥¦¤ã ¬®àä¨§¬ ¬¨ b ◦ d′ ¨
d′ ◦ b § ¤ ¤¨¬ ä®à¬ã«®©

F = ∑

i∈[p](−1)iFi.�®¬®â®¯¨ç¥áª ï íª¢¨¢ «¥­â­®áâì b : E∗∗0 (K) → E∗∗0 (L) ¨­¤ãæ¨àã¥â ¨§®¬®à-ä¨§¬ E∗∗1 (K)→ E∗∗1 (L). � ª ª ª ¤¨ £à ¬¬  (1) £®¬®â®¯¨ç¥áª¨ ª®¬¬ãâ â¨¢­ ,12



íâ®â ¨§®¬®àä¨§¬ ª®¬¬ãâ¨àã¥â á ¤¨ää¥à¥­æ¨ «®¬ d1 ¨, á«¥¤®¢ â¥«ì­®, ¨­¤ã-æ¨àã¥â ¨§®¬®àä¨§¬ E∗∗2 (K) → E∗∗2 (L). �ç¥¢¨¤­®, Epq1 (L) = Cp(T ;Hq(W )) ¨,á«¥¤®¢ â¥«ì­®, Epq2 (L) = Hp(T ;Hq(W )). Ǳ®«ãç ¥¬ ¨§®¬®àä¨§¬ Q : Epq2 (K)→
Hp(T ;Hq(W )).�¥£ã«ïà­ë© ¢ à¨ ­â. Ǳãáâì ¤ ­ë á¨¬¯«¨æ¨ «ì­ ï  ¡¥«¥¢  £àã¯¯  U ¨ ã¤®¡-­®¥ á¨¬¯«¨æ¨ «ì­®¥ ®â®¡à ¦¥­¨¥ j : T → U . Ǳà¥¤¯®«®¦¨¬, çâ® ®â®¡à ¦¥­¨¥
k à¥£ã«ïà­® ®â­®á¨â¥«ì­® j. Ǳãáâì ~U = U × ~V , ~j = (j ◦f)× ~k : ~T → ~U . Ǳãáâì
◦C∗(T ;N) ⊂ C∗(T ;N) (N |  ¡¥«¥¢  £àã¯¯ ), ◦C∗( ~T ) ⊂ C∗( ~T ) | ¯®¤ª®¬¯«¥ª-áë à¥£ã«ïà­ëå ®â­®á¨â¥«ì­® j, ~j (á®®â¢¥âáâ¢¥­­®) ª®æ¥¯¥©, ◦H∗(T ;N), ◦H∗( ~T )| £àã¯¯ë ª®£®¬®«®£¨© íâ¨å ª®¬¯«¥ªá®¢.�«ï t ∈ Tp ¨ â ª¨å ¬®àä¨§¬  m : [r] → [p] ¨ á¨¬¯«¥ªá  ~t ∈ ~Tr, çâ® m?(t) =
fr(~t), ¯ãáâì zt(m, ~t) = z ∈ (Zt)r | â ª®© á¨¬¯«¥ªá, çâ® (ft)r(z) = m ¨ (lt)r(z) =~t. �«ï â ª¨å t ∈ Tr, ~v ∈ ~Vr, çâ® kr(t) = hr(~v), ¯ãáâì ~t(t, ~v) = ~t ∈ ~Tr | â ª®©á¨¬¯«¥ªá, çâ® fr(~t) = t ¨ ~kr(~t) = ~v.�«ï ¬®àä¨§¬  m : [r] → [p] ¯ãáâì Dm = { (t, ~t) ∈ Tp × ~Tr : m?(t) = fr(~t) },
em : Dm → Up × ~Ur | áã¦¥­¨¥ ®â®¡à ¦¥­¨ï (jp, ~jr). �«¥¬¥­â X ∈ Kpq ­ -§ë¢ ¥¬ à¥£ã«ïà­ë¬, ¥á«¨ ¤«ï «î¡®£® ¬®àä¨§¬  m : [p + q] → [p] ®â®¡à ¦¥­¨¥
Dm → M , (t, ~t) 7→ Xt(zt(m, ~t)), à¥£ã«ïà­® ®â­®á¨â¥«ì­® em. Ǳãáâì ◦K∗∗ ⊂ K∗∗| ¯®¤¡¨ª®¬¯«¥ªá, ®¡à §®¢ ­­ë© à¥£ã«ïà­ë¬¨ í«¥¬¥­â ¬¨.�«¥¬¥­â Y ∈ Lpq ­ §ë¢ ¥¬ ¢¯®«­¥ à¥£ã«ïà­ë¬, ¥á«¨ ®â®¡à ¦¥­¨¥ Tp×Wq →
M , (t, w) 7→ Y (t)(w), à¥£ã«ïà­® ®â­®á¨â¥«ì­® ®â®¡à ¦¥­¨ï (jp, id) : Tp×Wq →
Up ×Wq. Ǳãáâì ◦L∗∗ ⊂ L∗∗ | ¯®¤¡¨ª®¬¯«¥ªá, ®¡à §®¢ ­­ë© ¢¯®«­¥ à¥£ã«ïà-­ë¬¨ í«¥¬¥­â ¬¨.�®¦­® ¯à®¢¥à¨âì, çâ® ¬®àä¨§¬ë a, a′, b, b′ ¨ £®¬®â®¯¨¨ A, A′, B, B′,
F á®åà ­ïîâ ªàã¦ª¨, â. ¥. ã ­¨å ¥áâì á®ªà é¥­¨ï ◦a : ◦K

∗
→ ◦C∗( ~T ), . . . ,

◦F : ◦K(p−1)∗ → ◦Lp∗. � ¯à¨¬¥à, ¢ª«îç¥­¨¥ b(◦Kpq) ⊂ ◦Lpq (p, q ∈ N) «¥£ª®¯®«ãç¨âì, ¨á¯®«ì§ãï, çâ® £®¬®¬®àä¨§¬ b : Kpq → Lpq § ¤ ñâáï ¯à ¢¨«®¬
b(X)(t)(w) = ∑

m∈Hom([p+q],[p]),
n∈Hom([p+q],[q]) cmnXt(zt(m, ~t(m?(t), m?(Rp(kp(t))) + n?(w)))),

w ∈Wq, t ∈ Tp, X ∈ Kpq,£¤¥ cmn ∈ Z | ª®íää¨æ¨¥­âë ï¢­®© § ¯¨á¨ £®¬®¬®àä¨§¬  gp, à¥£ã«ïà­®áâì®â®¡à ¦¥­¨ï k ®â­®á¨â¥«ì­® j ¨ «¥¬¬ã 2.4. � ª ¦¥ ¯à®¢¥àï¥âáï ®áâ «ì­®¥.�ç¥¢¨¤­®, ◦a ¨ ◦b | £®¬®â®¯¨ç¥áª¨¥ íª¢¨¢ «¥­â­®áâ¨ ¨ ¤«ï «î¡®£® p ¤¨ £à ¬-¬  ª®¬¯«¥ªá®¢ ¨ ¬®àä¨§¬®¢
◦K(p−1)∗ d′

−−−−→ ◦Kp∗

◦b





y





y

◦b

◦L(p−1)∗ d′

−−−−→ ◦Lp∗

(2)£®¬®â®¯¨ç¥áª¨ ª®¬¬ãâ â¨¢­ .� ª ¨ ¢ëè¥, £®¬®â®¯¨ç¥áª ï íª¢¨¢ «¥­â­®áâì ◦b : E∗∗0 (◦K) → E∗∗0 (◦L) ¨­¤ã-æ¨àã¥â ¨§®¬®àä¨§¬ E∗∗1 (◦K)→ E∗∗1 (◦L). � ª ª ª ¤¨ £à ¬¬  (2) £®¬®â®¯¨ç¥áª¨ª®¬¬ãâ â¨¢­ , íâ®â ¨§®¬®àä¨§¬ ª®¬¬ãâ¨àã¥â á ¤¨ää¥à¥­æ¨ «®¬ d1 ¨, á«¥¤®-¢ â¥«ì­®, ¨­¤ãæ¨àã¥â ¨§®¬®àä¨§¬ E∗∗2 (◦K)→ E∗∗2 (◦L).13



�á¯®«ì§ãï «¥¬¬ã 2.3 ¨ ã¤®¡áâ¢® ®â®¡à ¦¥­¨ï j, «¥£ª® ¢¨¤¥âì, çâ® í«¥-¬¥­â Y ∈ Lpq ¢¯®«­¥ à¥£ã«ïà¥­, ¥á«¨ ¨ â®«ìª® ¥á«¨ Y | à¥£ã«ïà­ ï ®â­®-á¨â¥«ì­® j ª®æ¥¯ì ¨ áãé¥áâ¢ã¥â â ª®¥ s ∈ N, çâ® ¤«ï «î¡®£® t ∈ Tp ª®æ¥¯ì
Y (t) ∈ Cq(W ) s-à¥£ã«ïà­ . �ª«îç¥­¨¥ ◦Lp∗ → ◦Cp(T ;C∗(W )) ¨­¤ãæ¨àã¥â£®¬®¬®àä¨§¬ Epq1 (◦L)→ ◦Cp(T ;Hq(W )) (¢¢¨¤ã ã¤®¡áâ¢  ®â®¡à ¦¥­¨ï j). �á-¯®«ì§ãï á«¥¤áâ¢¨¥ 5.2 ¨ ã¤®¡áâ¢® ®â®¡à ¦¥­¨ï j, ¬®¦­® ¢¨¤¥âì, çâ® íâ® ¨§®-¬®àä¨§¬. �­, ®ç¥¢¨¤­®, ª®¬¬ãâ¨àã¥â á d1 ¨, §­ ç¨â, ¨­¤ãæ¨àã¥â ¨§®¬®àä¨§¬
Epq2 (◦L)→ ◦Hp(T ;Hq(W )).�¬¥áâ¥ ¯®«ãç ¥¬ ¨§®¬®àä¨§¬ ◦Q : Epq2 (◦K)→ ◦Hp(T ;Hq(W )).�à ¢­¥­¨¥ á¯¥ªâà «ì­ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥©. Ǳà¥¤¯®«®¦¨¬, çâ® ¤«ï «î-¡®©  ¡¥«¥¢®© £àã¯¯ë N ¢ª«îç¥­¨¥ ◦C∗(T ;N) → C∗(T ;N) | ª¢ §¨¨§®¬®à-ä¨§¬. �ª«îç¥­¨ï ¨­¤ãæ¨àãîâ ¨§®¬®àä¨§¬ë J : ◦Hp(T ;Hq(W )) → Hp(T ;
Hq(W )). Ǳãáâì I : Epq2 (◦K)→ Epq2 (K) | £®¬®¬®àä¨§¬, ¨­¤ãæ¨à®¢ ­­ë© ¢ª«î-ç¥­¨¥¬ ◦K∗∗ → K∗∗. � áá¬®âà¨¬ ª®¬¬ãâ â¨¢­ãî ¤¨ £à ¬¬ã

Epq2 (◦K) ◦Q
−−−−→ ◦Hp(T ;Hq(W ))

I





y





y
J

Epq2 (K) Q
−−−−→ Hp(T ;Hq(W )).�¨¤­®, çâ® I | ¨§®¬®àä¨§¬. �­ ç¨â, ¯® â¥®à¥¬¥ ® áà ¢­¥­¨¨ á¯¥ªâà «ì­ëå¯®á«¥¤®¢ â¥«ì­®áâ¥©, ¢ª«îç¥­¨¥ i : ◦K

∗
→ K

∗ | ª¢ §¨¨§®¬®àä¨§¬. � áá¬®â-à¨¬ ª®¬¬ãâ â¨¢­ãî ¤¨ £à ¬¬ã ª®¬¯«¥ªá®¢ ¨ ¬®àä¨§¬®¢
◦K

∗ ◦a
−−−−→ ◦C∗( ~T )

i





y





y
h

K
∗ a
−−−−→ C∗( ~T ),£¤¥ h | ¢ª«îç¥­¨¥. �¨¤­®, çâ® h | ª¢ §¨¨§®¬®àä¨§¬.7. Ǳà®áâà ­áâ¢  �©«¥­¡¥à£  | � ª«¥©­ Ǳãáâì ¤ ­ë  ¡¥«¥¢ë £àã¯¯ë L, M , í¯¨¬®àä¨§¬ p : L → M ¨ ç¨á«® n ∈ N.Ǳãáâì L′ = ker p, i : L′ → L | ¢ª«îç¥­¨¥, P = P∗ | ª®¬¯«¥ªá á Pn = L, Pn+1 =

L′, (∂ : Pn+1 → Pn) = i ¨ Pq = 0 ¯à¨ q 6= n, n + 1. � áá¬®âà¨¬ (á¬. [3, III.2])á¨¬¯«¨æ¨ «ì­ãî  ¡¥«¥¢ã £àã¯¯ã V , ã ª®â®à®© Vq (q ∈ N) | £àã¯¯  ¬®àä¨§¬®¢ª®¬¯«¥ªá  C∗(�q) ¢ ª®¬¯«¥ªá P∗ ¨ ®ç¥¢¨¤­ë¥ áâàãªâãà­ë¥ £®¬®¬®àä¨§¬ë.Ǳ®« £ ¥¬ K(p, n) = V . �á«¨ £àã¯¯  L á¢®¡®¤­ , â® £àã¯¯  V â®¦¥ á¢®¡®¤­ .
|V | | ¯à®áâà ­áâ¢® �©«¥­¡¥à£  | � ª«¥©­  â¨¯  (M, n). � ¤ ¤¨¬ ª®æ¨ª«
Z ∈ Cn(V ;M) ¯à ¢¨«®¬ Z(v) = p(v(εn)), v ∈ Vn, £¤¥ εn = id: [n] → [n]. �« áá
z ∈ Hn(V ;M) ª®æ¨ª«  Z ­ §ë¢ ¥¬ ã­¨¢¥àá «ì­ë¬ ª®£®¬®«®£¨ç¥áª¨¬ ª« áá®¬.�¬¥¥¬ ¨§®¬®àä¨§¬ Hn(V )→M , x 7→ 〈z, x〉.7.1. �¥¬¬ . Ǳãáâì ¤ ­ë á¨¬¯«¨æ¨ «ì­®¥ ¬­®¦¥áâ¢® T , á¨¬¯«¨æ¨ «ì­ ï ¡¥«¥¢  £àã¯¯  U , ã¤®¡­®¥ á¨¬¯«¨æ¨ «ì­®¥ ®â®¡à ¦¥­¨¥ j : T → U ¨ à¥£ã-«ïà­ë© ®â­®á¨â¥«ì­® j ª®æ¨ª« Y ∈ Cn(T ;M). �®£¤  áãé¥áâ¢ã¥â â ª®¥à¥£ã«ïà­®¥ ®â­®á¨â¥«ì­® j á¨¬¯«¨æ¨ «ì­®¥ ®â®¡à ¦¥­¨¥ k : T → V , çâ®
Y = k](Z). 14



�®ª § â¥«ìáâ¢®. � ª ª ª ®â®¡à ¦¥­¨¥ j ã¤®¡­®, â® ¯®á«¥¤®¢ â¥«ì­®áâì ª®¬-¯«¥ªá®¢0 ←−−−− ◦C∗(T ;M) p]
←−−−− ◦C∗(T ;L) i]

←−−−− ◦C∗(T ;L′) ←−−−− 0,£¤¥ ªàã¦®ª ®¡®§­ ç ¥â à¥£ã«ïà­®áâì ®â­®á¨â¥«ì­® j, â®ç­ . Ǳ®íâ®¬ã ¥áâìâ ª¨¥ ª®æ¥¯¨ X ∈ ◦Cn(T ;L) ¨ X ′ ∈ ◦Cn+1(T ;L′), çâ® Y = p](X) ¨ dX =
i](X ′). � ¤ ¤¨¬ ¬®àä¨§¬ w = w∗ : C∗(T ) → P∗, ¯®« £ ï wn = X , wn+1 = X ′¯à¨ ®ç¥¢¨¤­®¬ ®â®¦¤¥áâ¢«¥­¨¨ Hom(Cq(T ), N) = Cq(T ;N). �â®¡à ¦¥­¨¥ k§ ¤ ¤¨¬, ¯®« £ ï kq(t) = w ◦ [t]], t ∈ Tq, q ∈ N. �£® à¥£ã«ïà­®áâì ®â­®á¨â¥«ì­®
j «¥£ª® ¯à®¢¥à¨âì, ¨á¯®«ì§ãï ã¤®¡áâ¢® ¯®á«¥¤­¥£®. �7.2. �«¥¤áâ¢¨¥. Ǳãáâì ¤ ­ë á¨¬¯«¨æ¨ «ì­®¥ ¬­®¦¥áâ¢® T , á¨¬¯«¨æ¨ «ì-­ ï  ¡¥«¥¢  £àã¯¯  U ¨ ­®à¬ «ì­®¥ ã¤®¡­®¥ á¢ï§ ­­®¥ á¨¬¯«¨æ¨ «ì­®¥ ®â®¡-à ¦¥­¨¥ j : T → U . Ǳà¥¤¯®«®¦¨¬, çâ® n > 0. �®£¤  ¤«ï «î¡®£® í«¥¬¥­â 
y ∈ Hn(T ;M) áãé¥áâ¢ã¥â â ª®¥ à¥£ã«ïà­®¥ ®â­®á¨â¥«ì­® j á¢ï§ ­­®¥ á¨¬-¯«¨æ¨ «ì­®¥ ®â®¡à ¦¥­¨¥ k : T → V , çâ® y = k∗(z).�®ª § â¥«ìáâ¢®. � ª ª ª ®â®¡à ¦¥­¨¥ j ­®à¬ «ì­®, â® ª« áá y ¯à¥¤áâ ¢¨¬à¥£ã«ïà­ë¬ ®â­®á¨â¥«ì­® j ª®æ¨ª«®¬, ¨ «¥¬¬  7.1 ¤ ñâ à¥£ã«ïà­®¥ ®â­®á¨-â¥«ì­® j á¨¬¯«¨æ¨ «ì­®¥ ®â®¡à ¦¥­¨¥ k : T → V á y = k∗(z). � ¬¥­¨¬ ¥£®­  á¢ï§ ­­®¥ ®â®¡à ¦¥­¨¥ k − k ◦ o, £¤¥ o : T → T | ¯®áâ®ï­­®¥ á¢ï§ ­­®¥á¨¬¯«¨æ¨ «ì­®¥ ®â®¡à ¦¥­¨¥. �8. �â®¡à ¦¥­¨¥ zT�¥®¬¥âà¨ç¥áª¨© n-á¨¬¯«¥ªá: �n = { (z1, . . . , zn) ∈ R

n : 0 6 z1 6 . . . 6 zn 61 } (n ∈ N). �«ï z = (z1, . . . , zn) ∈ �n ¯®« £ ¥¬: σ(z) = {0, z1, . . . , zn, 1} ⊂ R.Ǳãáâì ¤ ­® á¨¬¯«¨æ¨ «ì­®¥ ¬­®¦¥áâ¢® T . �«ï z ∈ �n (n ∈ N) § ¤ ñ¬ ®â®¡-à ¦¥­¨¥ zT : Tn → |T |, ¯®« £ ï: zT (t) | ®¡à § â®çª¨ z ¯à¨ £¥®¬¥âà¨ç¥áª®¬å à ªâ¥à¨áâ¨ç¥áª®¬ ®â®¡à ¦¥­¨¨ �n → |T | á¨¬¯«¥ªá  t.8.1. �¥¬¬ . Ǳãáâì ¤ ­ë â ª¨¥ â®çª¨ x ∈ �p, y ∈ �q (p, q ∈ N), çâ®
σ(x) ⊃ σ(y). �®£¤  imxT ⊃ im yT . �8.2. �¥¬¬ . Ǳãáâì ¤ ­  â ª ï â®çª  z = (z1, . . . , zn) ∈ �n (n ∈ N), çâ®0 < z1 < . . . < zn < 1. �®£¤  ®â®¡à ¦¥­¨¥ zT ¨­ê¥ªâ¨¢­®. �9. �«®ª¨Ǳãáâì ¤ ­ë ¯ã­ªâ¨à®¢ ­­®¥ á¨¬¯«¨æ¨ «ì­®¥ ¬­®¦¥áâ¢® T , á¨¬¯«¨æ¨ «ì-­ ï  ¡¥«¥¢  £àã¯¯  U , á¢ï§ ­­®¥ á¨¬¯«¨æ¨ «ì­®¥ ®â®¡à ¦¥­¨¥ j : T → U ,á¨¬¯«¨æ¨ «ì­ë¥  ¡¥«¥¢ë £àã¯¯ë V , ~V ¨ áîàê¥ªâ¨¢­ë© á¨¬¯«¨æ¨ «ì­ë© £®-¬®¬®àä¨§¬ h : ~V → V . Ǳ®áâà®¨¬ ª®¬¬ãâ â¨¢­ãî ¤¨ £à ¬¬ã ¯ã­ªâ¨à®¢ ­ëåá¨¬¯«¨æ¨ «ì­ëå ¬­®¦¥áâ¢ ¨ á¢ï§ ­­ëå ®â®¡à ¦¥­¨©~U ~j

←−−−− ~T ~k
−−−−→ ~V

g





y

f





y





y
h

U
j

←−−−− T
k

−−−−→ V ,£¤¥ ¯à ¢ë© ª¢ ¤à â ¤¥ª àâ®¢, ~U = U × ~V , g | ¯à®¥ªæ¨ï, ~j = (j ◦ f) × ~k.� ªãî ¤¨ £à ¬¬ã ­ §ë¢ ¥¬ ¡«®ª®¬. � ª å®à®è® ¨§¢¥áâ­®, |h| | à áá«®¥­¨¥(¢ á¬ëá«¥ �¥àà ). � ª ª ª ¯à ¢ë© ª¢ ¤à â ¤¥ª àâ®¢, â® |f ||â®¦¥ à áá«®¥­¨¥.15



9.1. �¥¬¬ . Ǳà¥¤¯®«®¦¨¬, çâ® £àã¯¯ë V , ~V á¢®¡®¤­ë, ®â®¡à ¦¥­¨¥ j®á®¡® ¨ ®â®¡à ¦¥­¨¥ k à¥£ã«ïà­® ®â­®á¨â¥«ì­® j. �®£¤  ®â®¡à ¦¥­¨¥ ~jâ®¦¥ ®á®¡®.�¥£ª® ¯à®¢¥à¨âì, ¨á¯®«ì§ãï «¥¬¬ã 2.4. �9.2. �¥¬¬ . Ǳà¥¤¯®«®¦¨¬, çâ® £àã¯¯ë V , ~V á¢®¡®¤­ë, £àã¯¯  kerh á¢ï§­ ,®â®¡à ¦¥­¨¥ j ã¤®¡­® ¨ ­®à¬ «ì­® ¨ ®â®¡à ¦¥­¨¥ k à¥£ã«ïà­® ®â­®á¨â¥«ì-­® j. �®£¤  ®â®¡à ¦¥­¨¥ ~j â®¦¥ ­®à¬ «ì­®.�â® ¤®ª § ­® ¢ ¯ à £à ä¥ 6. �10. Ǳ®¤êñ¬ ¢ ¡«®ª¥Ǳãáâì ¤ ­ë ¬­®¦¥áâ¢  X , Y , ª®­¥ç­®¥ ¬­®¦¥áâ¢® B ®â®¡à ¦¥­¨© a : X → Y¨ ª®­¥ç­®¥ ¬­®¦¥áâ¢® E ⊂ X × Y . �«ï a ∈ B § ¤ ñ¬ í«¥¬¥­â Ia ∈ Z
E ,(Ia)t = [t ∈ �(a)].10.1. �¥¬¬ . Ǳãáâì ¤ ­ë  ¡¥«¥¢  £àã¯¯  M , ®â®¡à ¦¥­¨¥ g : B → M ¨ç¨á«® r ∈ N. �®£¤  ®â®¡à ¦¥­¨¥ g (E, r)-®¯à¥¤¥«¨¬®, ¥á«¨ ¨ â®«ìª® ¥á«¨áãé¥áâ¢ã¥â â ª®¥ r-à¥£ã«ïà­®¥ ®â®¡à ¦¥­¨¥ h : Z

E → M , çâ® g(a) = h(Ia),
a ∈ B.�®ª § â¥«ìáâ¢®. �á«¨ ®â®¡à ¦¥­¨¥ g (E, r)-®¯à¥¤¥«¨¬®, â. ¥. ¥áâì â ª®¥ ®â®¡-à ¦¥­¨¥ k : E(r)→M , çâ® kB = g, â® ­ã¦­®¥ ®â®¡à ¦¥­¨¥ h § ¤ ¤¨¬ ä®à¬ã-«®©

h(u) = ∑

F∈E(r)(∏

t∈F

ut

)

k(F ),(¯® «¥¬¬¥ 2.1, ®­® ¡ã¤¥â r-à¥£ã«ïà­®). � ®¡®à®â, ¥á«¨ h | â ª®¥ ®â®¡à ¦¥­¨¥,â®, ¯® «¥¬¬¥ 2.1, ®­® § ¤ ñâáï ¯à ¢¨«®¬
h(u) = ∑

s∈NE:s∗6r

(

∏

t∈E

(ut

st

)

)

ms, u ∈ Z
E ,£¤¥ ms ∈M . �«ï u ∈ {0, 1}E

h(u) = ∑

s∈{0,1}E:s∗6r

(

∏

t∈E:st=1ut

)

ms.�ã¦­®¥ ®â®¡à ¦¥­¨¥ k § ¤ ¤¨¬, ¯®« £ ï k(F ) = ms, £¤¥ st = [t ∈ F ]. �10.2. �¥¬¬ . Ǳãáâì ¤ ­ë  ¡¥«¥¢ë £àã¯¯ë M , M ′, ®â®¡à ¦¥­¨¥ f : M →M ′,®â®¡à ¦¥­¨¥ g : B →M ¨ ç¨á«  r, s ∈ N. Ǳà¥¤¯®«®¦¨¬, çâ® ®â®¡à ¦¥­¨¥ f
s-à¥£ã«ïà­®,   ®â®¡à ¦¥­¨¥ g (E, r)-®¯à¥¤¥«¨¬®. �®£¤  ®â®¡à ¦¥­¨¥ g′ = f ◦g(E, rs)-®¯à¥¤¥«¨¬®.�¢¨¤ã «¥¬¬ë 10.1, á«¥¤ã¥â ¨§ «¥¬¬ë 2.4. �10.3. �¥¬¬ . Ǳãáâì ¤ ­ë  ¡¥«¥¢  £àã¯¯  M ′, ¯®¤£àã¯¯  M ⊂ M ′, ®â®¡à -¦¥­¨¥ g : B →M ¨ ç¨á«® r ∈ N. Ǳãáâì i : M →M ′ | ¢ª«îç¥­¨¥. Ǳà¥¤¯®«®-¦¨¬, çâ® £àã¯¯  M ′/M ¯«®áª  ¨ ®â®¡à ¦¥­¨¥ g′ = i ◦ g (E, r)-®¯à¥¤¥«¨¬®.�®£¤  ®â®¡à ¦¥­¨¥ g (E, r)-®¯à¥¤¥«¨¬®.16



�®ª § â¥«ìáâ¢®. �áâì â ª®¥ ®â®¡à ¦¥­¨¥ k′ : E(r)→ M ′, çâ® g′ = k′
B . Ǳãáâì

N ′ ⊂ M ′ | ¯®¤£àã¯¯ , ¯®à®¦¤ñ­­ ï ¬­®¦¥áâ¢®¬ imk′, N = M ∩N ′. �àã¯¯ 
N ′/N á¢®¡®¤­ , â ª ª ª ®­  ¯«®áª  ¨ ª®­¥ç­® ¯®à®¦¤¥­ . Ǳ®íâ®¬ã ¥áâì â ª®©£®¬®¬®àä¨§¬ p : N ′ → N , çâ® p|N = id. � ¤ ¤¨¬ ®â®¡à ¦¥­¨¥ k : E(r) → Mä®à¬ã«®© k(F ) = p(k′(F )). �¥£ª® ¯à®¢¥à¨âì, çâ® g = kB. ��«ï ç¨á«  m ∈ N ¨  ¡¥«¥¢®© £àã¯¯ë U ¯®« £ ¥¬: �′

m(U) |  ¡¥«¥¢  £àã¯¯ ¢á¥å á¢ï§ ­­ëå ®â®¡à ¦¥­¨© a : Sm → U .10.4. �¥¬¬ . Ǳãáâì ¤ ­ë ç¨á«® m ∈ N ¨ ¯«®áª ï á¨¬¯«¨æ¨ «ì­ ï  ¡¥«¥¢ £àã¯¯  U . �®£¤  £àã¯¯  �′
m|U |/�m|U | ¯«®áª .�®ª § â¥«ìáâ¢®. Ǳãáâì ¤ ­® q ∈ Z, q 6= 0. �¨¬¯«¨æ¨ «ì­ë© £®¬®¬®àä¨§¬

q : U → U ã¬­®¦¥­¨ï ­  q ¨­ê¥ªâ¨¢¥­. �­ ç¨â, |q| | â®¯®«®£¨ç¥áª®¥ ¢«®¦¥-­¨¥. Ǳ®íâ®¬ã ¥á«¨ ¤«ï ª ª®£®-â® ®â®¡à ¦¥­¨ï a ∈ �′
m|U | ¨¬¥¥¬ qa ∈ �m|U |,â. ¥. ®â®¡à ¦¥­¨¥ qa = |q| ◦ a ­¥¯à¥àë¢­®, â® ®â®¡à ¦¥­¨¥ a á ¬® ­¥¯à¥àë¢­®,â. ¥. a ∈ �m|U |. �10.5. �¥¬¬ . Ǳãáâì ¤ ­ë ç¨á«® m ∈ N, ¯«®áª ï á¨¬¯«¨æ¨ «ì­ ï  ¡¥«¥¢ £àã¯¯  U , ®â®¡à ¦¥­¨¥ f : B → �m|U | ¨ ç¨á«® r ∈ N. �«ï x ∈ Sm ¯ãáâì

lx : �m|U | → |U | | £®¬®¬®àä¨§¬ ¢ëç¨á«¥­¨ï ¢ â®çª¥ x. Ǳà¥¤¯®«®¦¨¬, çâ®¤«ï «î¡®© â®çª¨ x ∈ Sm ®â®¡à ¦¥­¨¥ lx ◦ f (E, r)-®¯à¥¤¥«¨¬®. �®£¤  ®â®¡-à ¦¥­¨¥ f (E, r)-®¯à¥¤¥«¨¬®.�®ª § â¥«ìáâ¢®. Ǳ® «¥¬¬¥ 10.4, £àã¯¯  �′
m|U |/�m|U | ¯«®áª . Ǳãáâì i : �m|U | →�′

m|U || ¢ª«îç¥­¨¥. �ç¥¢¨¤­®, ®â®¡à ¦¥­¨¥ i◦f (E, r)-®¯à¥¤¥«¨¬®. Ǳ® «¥¬¬¥10.3, ®â®¡à ¦¥­¨¥ f (E, r)-®¯à¥¤¥«¨¬®. �10.6. �¥¬¬ . Ǳãáâì ¤ ­ë á¨¬¯«¨æ¨ «ì­®¥ ¬­®¦¥áâ¢® T , á¨¬¯«¨æ¨ «ì­ ï ¡¥«¥¢  £àã¯¯  U , á¨¬¯«¨æ¨ «ì­®¥ ®â®¡à ¦¥­¨¥ j : T → U , ®â®¡à ¦¥­¨¥
f : B → |T | ¨ ç¨á«® r ∈ N. Ǳà¥¤¯®«®¦¨¬, çâ® ®â®¡à ¦¥­¨¥ |j| ◦ f (E, r)-®¯à¥¤¥«¨¬®. �®£¤  áãé¥áâ¢ãîâ â ª¨¥ ç¨á«® n ∈ N, â®çª  z ∈ �n ¨ ®â®¡à -¦¥­¨¥ g : B → Tn, çâ® f = zT ◦ g ¨ ®â®¡à ¦¥­¨¥ jn ◦ g (E, r)-®¯à¥¤¥«¨¬®.�®ª § â¥«ìáâ¢®. �áâì â ª®¥ ®â®¡à ¦¥­¨¥ k : E(r) → |U |, çâ® |j| ◦ f = kB .Ǳ® «¥¬¬¥ 8.1, ¥áâì â ª¨¥ ç¨á«® n ∈ N ¨ â®çª  z = (z1, . . . , zn) ∈ �n, çâ®im zT ⊃ im f , im zU ⊃ imk ¨ 0 < z1 < . . . < zn < 1. �áâì â ª®¥ ®â®¡à ¦¥­¨¥
g : B → Tn, çâ® zT ◦ g = f , ¨ â ª®¥ ®â®¡à ¦¥­¨¥ l : E(r) → Un, çâ® zU ◦ l = k.�¬¥¥¬ zU ◦ jn ◦ g = |j| ◦ zT ◦ g = |j| ◦ f = kB = (zU ◦ l)B = zU ◦ lB. � ª ª ª,¯® «¥¬¬¥ 8.2, zU | ¬®­®¬®àä¨§¬, â® jn ◦ g = lB . �­ ç¨â, ®â®¡à ¦¥­¨¥ jn ◦ g(E, r)-®¯à¥¤¥«¨¬®. �10.7. �¥¬¬ . Ǳãáâì ¤ ­ë á¨¬¯«¨æ¨ «ì­®¥ ¬­®¦¥áâ¢® T , á¨¬¯«¨æ¨ «ì­ë¥ ¡¥«¥¢ë £àã¯¯ë U , V , á¨¬¯«¨æ¨ «ì­ë¥ ®â®¡à ¦¥­¨ï j : T → U , k : T → V ,®â®¡à ¦¥­¨¥ f : B → |T | ¨ ç¨á«  r, s ∈ N. Ǳà¥¤¯®«®¦¨¬, çâ® ®â®¡à ¦¥­¨¥
k s-à¥£ã«ïà­® ®â­®á¨â¥«ì­® j ¨ ®â®¡à ¦¥­¨¥ |j| ◦ f (E, r)-®¯à¥¤¥«¨¬®. �®£¤ ®â®¡à ¦¥­¨¥ |k| ◦ f (E, rs)-®¯à¥¤¥«¨¬®.�®ª § â¥«ìáâ¢®. Ǳ® «¥¬¬¥ 10.6, ¥áâì â ª¨¥ ç¨á«® n ∈ N, â®çª  z ∈ �n ¨®â®¡à ¦¥­¨¥ g : B → Tn, çâ® f = zT ◦g ¨ ®â®¡à ¦¥­¨¥ jn ◦g (E, r)-®¯à¥¤¥«¨¬®.�áâì â ª®¥ s-à¥£ã«ïà­®¥ ®â®¡à ¦¥­¨¥ q : Un → Vn, çâ® kn = q ◦ jn. � ª ª ª®â®¡à ¦¥­¨¥ jn ◦ g (E, r)-®¯à¥¤¥«¨¬®,   ®â®¡à ¦¥­¨¥ q s-à¥£ã«ïà­®, â®, ¯®«¥¬¬¥ 10.2, ®â®¡à ¦¥­¨¥ q ◦ jn ◦ g = kn ◦ g (E, rs)-®¯à¥¤¥«¨¬®. � ª ª ª zV |£®¬®¬®àä¨§¬, â® ®â®¡à ¦¥­¨¥ zV ◦ kn ◦ g = |k| ◦ f (E, rs)-®¯à¥¤¥«¨¬®. �17



10.8. �¥¬¬ . Ǳãáâì ¤ ­ë ç¨á«® m ∈ N, ¯ã­ªâ¨à®¢ ­­®¥ á¨¬¯«¨æ¨ «ì­®¥¬­®¦¥áâ¢® T , á¨¬¯«¨æ¨ «ì­ë¥  ¡¥«¥¢ë £àã¯¯ë U , V , á¢ï§ ­­ë¥ á¨¬¯«¨æ¨- «ì­ë¥ ®â®¡à ¦¥­¨ï j : T → U , k : T → V , ®â®¡à ¦¥­¨¥ e : B → �m|T |¨ ç¨á«  r, s ∈ N. Ǳà¥¤¯®«®¦¨¬, çâ® £àã¯¯  V ¯«®áª , ®â®¡à ¦¥­¨¥ k s-à¥£ã«ïà­® ®â­®á¨â¥«ì­® j ¨ ®â®¡à ¦¥­¨¥ |j|] ◦ e (E, r)-®¯à¥¤¥«¨¬®. �®£¤ ®â®¡à ¦¥­¨¥ |k|] ◦ e (E, rs)-®¯à¥¤¥«¨¬®.�®ª § â¥«ìáâ¢®. Ǳãáâì ¤ ­  â®çª  x ∈ Sm. � áá¬®âà¨¬ ª®¬¬ãâ â¨¢­ãî ¤¨ -£à ¬¬ã �m|U |
|j|]
←−−−− �m|T |

|k|]
−−−−→ �m|V |





yl′





y
l





yl′′

|U |
|j|

←−−−− |T |
|k|

−−−−→ |V |,£¤¥ l, l′, l′′ | ®â®¡à ¦¥­¨ï ¢ëç¨á«¥­¨ï ¢ â®çª¥ x. � ª ª ª l′ | £®¬®¬®àä¨§¬,â® ®â®¡à ¦¥­¨¥ l′ ◦ |j|] ◦ e = |j| ◦ l ◦ e (E, r)-®¯à¥¤¥«¨¬®. Ǳ® «¥¬¬¥ 10.7, ®â®¡à -¦¥­¨¥ |k| ◦ l ◦ e = l′′ ◦ |k|] ◦ e (E, rs)-®¯à¥¤¥«¨¬®. Ǳ® «¥¬¬¥ 10.5, ®â®¡à ¦¥­¨¥
|k|] ◦ e (E, rs)-®¯à¥¤¥«¨¬®. �10.9. �¥¬¬ . Ǳãáâì ¤ ­ë ç¨á«® m ∈ N, m > 2, ¡«®ª~U ~j

←−−−− ~T ~k
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
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←−−−− T
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−−−−→ V ,®â®¡à ¦¥­¨¥ e : B → �m|T | ¨ ç¨á«  r, s ∈ N, s > 1. Ǳà¥¤¯®«®¦¨¬, çâ®£àã¯¯  V ¯«®áª , πm|V | = 0, ®â®¡à ¦¥­¨¥ k s-à¥£ã«ïà­® ®â­®á¨â¥«ì­® j ¨®â®¡à ¦¥­¨¥ |j|]◦e (E, r)-®¯à¥¤¥«¨¬®. �®£¤  áãé¥áâ¢ã¥â â ª®¥ ®â®¡à ¦¥­¨¥~e : B → �m| ~T |, çâ® |f |] ◦ ~e = e ¨ ®â®¡à ¦¥­¨¥ |~j|] ◦ ~e (E, rs)-®¯à¥¤¥«¨¬®.�®ª § â¥«ìáâ¢®. �áâì â ª®¥ ®â®¡à ¦¥­¨¥ p : E(r)→ �m|U |, çâ® |j|] ◦ e = pB .Ǳà®¤®«¦¨¬ ¥£® ­ã«ñ¬ ¤® ®â®¡à ¦¥­¨ï �p : E(rs)→ �m|U |. �ç¥¢¨¤­®, �pB = pB .Ǳ® «¥¬¬¥ 10.8, ®â®¡à ¦¥­¨¥ |k|] ◦ e (E, rs)-®¯à¥¤¥«¨¬®, â. ¥. ¥áâì â ª®¥ ®â®¡-à ¦¥­¨¥ q : E(rs) → �m|V |, çâ® |k|] ◦ e = qB . � ª ª ª |h| | à áá«®¥­¨¥ ¨
πm|V | = 0, â® |h|] : �m| ~V | → �m|V | | í¯¨¬®àä¨§¬. �ë¡¥à¥¬ â ª®¥ ®â®¡-à ¦¥­¨¥ ~q : E(rs) → �m| ~V |, çâ® |h|] ◦ ~q = q. Ǳãáâì ~p = �p × ~q : E(rs) →�m|U | × �m| ~V | = �m| ~U | (â ª ª ª U × ~V = ~U). �á¯®«ì§ãï, çâ® ¯à ¢ë©ª¢ ¤à â ¤¥ª àâ®¢, ­ã¦­®¥ ®â®¡à ¦¥­¨¥ ~e § ¤ ¤¨¬ ãá«®¢¨ï¬¨ |f |] ◦ ~e = e ¨
|~k|] ◦ ~e = ~qB («¥£ª® ¯à®¢¥à¨âì, çâ® |k|] ◦ e = |h|] ◦ ~qB). � ª ª ª ~j = (j ◦ f)× ~k,â® |~j|] ◦ ~e = (|j|] ◦ |f |] ◦ ~e)× (|~k|] ◦ ~e) = (|j|] ◦ e)× (|~k|] ◦ ~e) = �pB × ~qB = ~pB (â ªª ª �p× ~q = ~p). � 11. � è­ï � ©âå¥¤ 11.1. �¥¬¬ . Ǳãáâì ¤ ­ë ç¨á«® m ∈ N, ¯ã­ªâ¨à®¢ ­­ë¥ ¯à®áâà ­áâ¢  Y ,
Y ′, á¢ï§ ­­®¥ ­¥¯à¥àë¢­®¥ ®â®¡à ¦¥­¨¥ g : Y → Y ′, ç¨á«® r ∈ N,  ¡¥«¥¢ £àã¯¯  M ¨ r-®¯à¥¤¥«¨¬®¥ ®â®¡à ¦¥­¨¥ f ′ : �m(Y ′) → M . �®£¤  ®â®¡à ¦¥-­¨¥ f = f ′ ◦ g] : �m(Y )→M r-®¯à¥¤¥«¨¬®.18



�®ª § â¥«ìáâ¢®. Ǳãáâì ¤ ­® ª®­¥ç­®¥ ¬­®¦¥áâ¢® B ⊂ �m(Y ). Ǳãáâì B′ =
g](B) ⊂ �m(Y ′). �áâì â ª¨¥ ª®­¥ç­®¥ ¬­®¦¥áâ¢® E′ ⊂ Sm × Y ′ ¨ ®â®¡à ¦¥­¨¥
k′ : E′(r)→M , çâ® f ′|B′ = k′

B′ . Ǳãáâì G = (id, g) : Sm × Y → Sm × Y ′,
L = ⋃

a∈B

�(a) ⊂ Sm × Y,

E = L∩G−1(E′) ⊂ Sm× Y . �á­®, çâ® ¬­®¦¥áâ¢® E ª®­¥ç­®. � ¤ ¤¨¬ ®â®¡à -¦¥­¨¥ k : E(r)→M , ¯®« £ ï k(F ) = k′(G(F )). Ǳ®ª ¦¥¬, çâ® f |B = kB. Ǳãáâì¤ ­® a ∈ B. �¥£ª® ¢¨¤¥âì, çâ® ä®à¬ã«  F 7→ G(F ) § ¤ ñâ ¡¨¥ªæ¨î
{F ∈ E(r) : F ⊂ �(a) } → {F ′ ∈ E′(r) : F ′ ⊂ �(g ◦ a) }.Ǳ®íâ®¬ã

kB(a) = ∑

F∈E(r):
F⊂�(a) k(F ) = ∑

F∈E(r):
F⊂�(a) k′(G(F )) = ∑

F ′∈E′(r):
F ′⊂�(g◦a) k′(F ′) == k′

B′(g ◦ a) = f ′(g ◦ a) = f(a).
�11.2. �¥¬¬ . Ǳãáâì ¤ ­ë ç¨á«® m ∈ N ¨ ¯«®áª ï á¨¬¯«¨æ¨ «ì­ ï  ¡¥«¥¢ £àã¯¯  U . �®£¤  ®â®¡à ¦¥­¨¥ id : �m|U | → �m|U | 1-®¯à¥¤¥«¨¬®.�®ª § â¥«ìáâ¢®. Ǳãáâì ¤ ­® ª®­¥ç­®¥ ¬­®¦¥áâ¢® B ⊂ �m|U |. �«ï x ∈ Sm§ ¤ ¤¨¬ ­  B ®â­®è¥­¨¥ Rx = { (a, a′) : a(x) = a′(x) }. �ë¡¥à¥¬ â ª®¥ ª®­¥ç­®¥¬­®¦¥áâ¢® Z ⊂ Sm, çâ® {Rz | z ∈ Z } = {Rx | x ∈ Sm }. Ǳãáâì E = { (z, a(z)) |

z ∈ Z, a ∈ B } ⊂ Sm × |U |. Ǳãáâì ¤ ­  â®çª  x ∈ Sm. �ë¡¥à¥¬ â ªãî â®çªã
z ∈ Z, çâ® Rz = Rx. � ¤ ¤¨¬ ®â®¡à ¦¥­¨¥ P : E → |U |, ¯®« £ ï P (z, a(z)) =
a(x) ¤«ï a ∈ B (íâ® ª®àà¥ªâ­®, â ª ª ª Rz = Rx) ¨ P (t) = 0 ¤«ï ®áâ «ì­ëå
t ∈ E. � ¤ ¤¨¬ ®â®¡à ¦¥­¨¥ p : E(1)→ |U |, ¯®« £ ï p({t}) = P (t) ¤«ï t ∈ E ¨
p(∅) = 0. Ǳãáâì l : �m|U | → |U | | ®â®¡à ¦¥­¨¥ ¢ëç¨á«¥­¨ï ¢ â®çª¥ x. �¥£ª®¯à®¢¥à¨âì, çâ® l|B = pB . �­ ç¨â, ®â®¡à ¦¥­¨¥ l|B (E, 1)-®¯à¥¤¥«¨¬®. � ª¨¬®¡à §®¬, ¯® «¥¬¬¥ 10.5, ¢ª«îç¥­¨¥ B → �m|U | (E, 1)-®¯à¥¤¥«¨¬®. � ª¨¬®¡à §®¬, ®â®¡à ¦¥­¨¥ id: �m|U | → �m|U | 1-®¯à¥¤¥«¨¬®. �11.3. �â¢¥à¦¤¥­¨¥. Ǳãáâì ¤ ­ë ç¨á«® m ∈ N, m > 2, ¨ ®¤­®á¢ï§­®¥ ¯ã­ª-â¨à®¢ ­­®¥ á¨¬¯«¨æ¨ «ì­®¥ ¬­®¦¥áâ¢® T . �®£¤  áãé¥áâ¢ã¥â â ª®¥ r ∈ N,çâ® ®á­®¢­®¥ ®â®¡à ¦¥­¨¥ h : �m|T | → πm|T | r-®¯à¥¤¥«¨¬®.�®ª § â¥«ìáâ¢®. Ǳãáâì j : T → U | ã­¨¢¥àá «ì­®¥ á¢ï§ ­­®¥ á¨¬¯«¨æ¨ «ì-­®¥ ®â®¡à ¦¥­¨¥ ¬­®¦¥áâ¢  T ¢ á¨¬¯«¨æ¨ «ì­ãî  ¡¥«¥¢ã £àã¯¯ã. �â®¡à ¦¥-­¨¥ j, ®ç¥¢¨¤­®, ®á®¡® ¨ ­®à¬ «ì­®.Ǳ®á«¥¤®¢ â¥«ì­® ¤«ï ª ¦¤®£® n = 2, 3, . . . ¯®áâà®¨¬ (n − 1)-á¢ï§­®¥ ¯ã­ª-â¨à®¢ ­­®¥ á¨¬¯«¨æ¨ «ì­®¥ ¬­®¦¥áâ¢® T n (íâ¨ ¬­®¦¥áâ¢  ¡ã¤ãâ ®¡à §®¢ë-¢ âì ¡ è­î � ©âå¥¤  ¤«ï T ), á¨¬¯«¨æ¨ «ì­ãî  ¡¥«¥¢ã £àã¯¯ã Un ¨ ­®à¬ «ì-­®¥ ®á®¡®¥ (¨, á«¥¤®¢ â¥«ì­®, ã¤®¡­®¥) á¢ï§ ­­®¥ á¨¬¯«¨æ¨ «ì­®¥ ®â®¡à ¦¥­¨¥
jn : T n → Un. Ǳãáâì T 2 = T , U2 = U ¨ j2 = j. Ǳà¥¤¯®«®¦¨¬, ¤«ï ­¥ª®â®-à®£® n ¢áñ ¯®áâà®¥­®. Ǳãáâì M = Hn(T n), i ∈ Hn(T n;M) | â ª®© ª« áá, çâ®
〈i, x〉 = x ¤«ï «î¡®£® x ∈ Hn(T n) = M . �ë¡¥à¥¬ á¢®¡®¤­ãî  ¡¥«¥¢ã £àã¯¯ã19



L ¨ í¯¨¬®àä¨§¬ p : L → M . Ǳãáâì V n = K(p, n), z ∈ Hn(V n;M) | ã­¨-¢¥àá «ì­ë© ª®£®¬®«®£¨ç¥áª¨© ª« áá. Ǳ® á«¥¤áâ¢¨î 7.2, ¥áâì â ª®¥ à¥£ã«ïà­®¥®â­®á¨â¥«ì­® jn á¢ï§ ­­®¥ á¨¬¯«¨æ¨ «ì­®¥ ®â®¡à ¦¥­¨¥ kn : T n → V n, çâ®
i = k∗(z). Ǳãáâì cn : PV n → V n | ª ­®­¨ç¥áª¨© á¨¬¯«¨æ¨ «ì­ë© £®¬®¬®à-ä¨§¬. � ª ª ª £àã¯¯  V n á¢ï§­ , â® £®¬®¬®àä¨§¬ cn áîàê¥ªâ¨¢¥­. � ª ª ª£àã¯¯  V n ®¤­®á¢ï§­ , â® £àã¯¯  ker cn á¢ï§­ . � ª ª ª £àã¯¯  V n á¢®¡®¤­ ,â® £àã¯¯  PV n â®¦¥ á¢®¡®¤­ . Ǳ®áâà®¨¬ ¡«®ª

Un+1 jn+1
←−−−− T n+1 ~kn

−−−−→ PV n
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y

fn
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
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y
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Un jn

←−−−− T n kn

−−−−→ V n.�à ¢­¨¢ ï £®¬®â®¯¨ç¥áª¨¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ à áá«®¥­¨© |fn| ¨ |cn|, ¯®«ã-ç ¥¬, çâ® ¬­®¦¥áâ¢® T n+1 n-á¢ï§­®. Ǳ® «¥¬¬¥ 9.1, ®â®¡à ¦¥­¨¥ jn+1 ®á®¡®.Ǳ® «¥¬¬¥ 9.2, ®­® ­®à¬ «ì­®. (�®­¥æ ¨­¤ãªæ¨¨.)�«ï ª ¦¤®£® n = 2, 3, . . . ¯ãáâì F n = f2 ◦ . . .◦fn−1 : T n → T (F 2 = id), sn ∈
N, sn > 1, | â ª®¥ ç¨á«®, çâ® ®â®¡à ¦¥­¨¥ kn sn-à¥£ã«ïà­®, rn = s2 . . . sn−1(r2 = 1).Ǳãáâì ¤ ­® ª®­¥ç­®¥ ¬­®¦¥áâ¢® B ⊂ �m|T |. Ǳãáâì e : B → �m|T | | ¢ª«î-ç¥­¨¥. Ǳ® «¥¬¬ ¬ 11.2, 11.1, ®â®¡à ¦¥­¨¥ |j|] 1-®¯à¥¤¥«¨¬®. �­ ç¨â, ¥áâì â ª®¥ª®­¥ç­®¥ ¬­®¦¥áâ¢® E ⊂ Sm × |T |, çâ® ®â®¡à ¦¥­¨¥ |j|]|B (E, 1)-®¯à¥¤¥«¨¬®.Ǳ®á«¥¤®¢ â¥«ì­® ¤«ï ª ¦¤®£® n = 2, 3, . . . , m ¯®áâà®¨¬ â ª®¥ ®â®¡à ¦¥­¨¥
en : B → �m|T

n|, çâ® |F n|] ◦e
n = e ¨ ®â®¡à ¦¥­¨¥ |jn|] ◦e

n (E, rn)-®¯à¥¤¥«¨¬®.Ǳãáâì e2 = e. Ǳ¥à¥å®¤ ¤ ñâáï «¥¬¬®© 10.9.� áá¬®âà¨¬ ª®¬¬ãâ â¨¢­ãî ¤¨ £à ¬¬ã�m|V
m|

g
−−−−→ πm|V

m|

|km|]

x





|km|∗

x



�m|T
m|

hm

−−−−→ πm|T
m|

|F m|]





y

|F m|∗





y

B
e

−−−−→ �m|T |
h

−−−−→ πm|T |,£¤¥ hm, g | ®á­®¢­ë¥ ®â®¡à ¦¥­¨ï. � ª ª ª ®â®¡à ¦¥­¨¥ |jm|] ◦ em (E, rm)-®¯à¥¤¥«¨¬®,   ®â®¡à ¦¥­¨¥ km sm-à¥£ã«ïà­® ®â­®á¨â¥«ì­® jm, â®, ¯® «¥¬¬¥10.8, ®â®¡à ¦¥­¨¥ |km|]◦e
m (E, rm+1)-®¯à¥¤¥«¨¬®. � ª ª ª g | £®¬®¬®àä¨§¬,â® ®â®¡à ¦¥­¨¥ g ◦ |km|] ◦ em = |km|∗ ◦ hm ◦ em (E, rm+1)-®¯à¥¤¥«¨¬®. � ª ª ª

|km|∗ | ¨§®¬®àä¨§¬, â® ®â®¡à ¦¥­¨¥ hm ◦ em (E, rm+1)-®¯à¥¤¥«¨¬®. �­ ç¨â,®â®¡à ¦¥­¨¥ |F m|∗ ◦ hm ◦ em = h|B (E, rm+1)-®¯à¥¤¥«¨¬®.� ª¨¬ ®¡à §®¬, ®â®¡à ¦¥­¨¥ h rm+1-®¯à¥¤¥«¨¬®. �11.4. �â¢¥à¦¤¥­¨¥. �«ï «î¡®£® m ∈ N, m > 2, áãé¥áâ¢ã¥â â ª®¥ r ∈ N,çâ® ¤«ï «î¡®£® ®¤­®á¢ï§­®£® ¯ã­ªâ¨à®¢ ­­®£® á¨¬¯«¨æ¨ «ì­®£® ¬­®¦¥áâ¢ 
T ®á­®¢­®¥ ®â®¡à ¦¥­¨¥ h : �m|T | → πm|T | r-®¯à¥¤¥«¨¬®.�®ª § â¥«ìáâ¢®. �â ¯à®â¨¢­®£®: ¤®¯ãáâ¨¬, ¥áâì â ª®¥ m ∈ N, m > 2, çâ® ¤«ïª ¦¤®£® s ∈ N ¥áâì ®¤­®á¢ï§­®¥ ¯ã­ªâ¨à®¢ ­­®¥ á¨¬¯«¨æ¨ «ì­®¥ ¬­®¦¥áâ¢®20



T s, ã ª®â®à®£® ®á­®¢­®¥ ®â®¡à ¦¥­¨¥ hs : �m|T
s| → πm|T

s| ­¥ s-®¯à¥¤¥«¨¬®.Ǳãáâì
T = ∨

s∈N

T s.Ǳ® ãâ¢¥à¦¤¥­¨î 11.3, ¥áâì â ª®¥ r ∈ N, çâ® ®á­®¢­®¥ ®â®¡à ¦¥­¨¥ h : �m|T | →
πm|T | r-®¯à¥¤¥«¨¬®. Ǳãáâì i : T r → T , p : T → T r | ª ­®­¨ç¥áª¨¥ á¢ï§ ­-­ë¥ á¨¬¯«¨æ¨ «ì­ë¥ ®â®¡à ¦¥­¨ï (p ◦ i = id). � áá¬®âà¨¬ ª®¬¬ãâ â¨¢­ãî¤¨ £à ¬¬ã �m|T |

h
−−−−→ πm|T |

|i|]

x









y

|p|∗�m|T
r|

hr

−−−−→ πm|T
r|.Ǳ® «¥¬¬¥ 11.1, ®â®¡à ¦¥­¨¥ h◦|i|] r-®¯à¥¤¥«¨¬®. � ª ª ª |p|∗ | £®¬®¬®àä¨§¬,â® ®â®¡à ¦¥­¨¥ |p|∗ ◦ h ◦ |i|] = hr r-®¯à¥¤¥«¨¬®. Ǳà®â¨¢®à¥ç¨¥. ��®ª § â¥«ìáâ¢® â¥®à¥¬ë. Ǳãáâì ¤ ­® m ∈ N, m > 2. �«ï ¯ã­ªâ¨à®¢ ­­®-£® ¯à®áâà ­áâ¢  Y ¯ãáâì hY : �m(Y ) → πm(Y ) | ®á­®¢­®¥ ®â®¡à ¦¥­¨¥. Ǳ®ãâ¢¥à¦¤¥­¨î 11.4, ¥áâì â ª®¥ r ∈ N, çâ® ¤«ï «î¡®£® ®¤­®á¢ï§­®£® ¯ã­ªâ¨à®-¢ ­­®£® á¨¬¯«¨æ¨ «ì­®£® ¬­®¦¥áâ¢  T ®â®¡à ¦¥­¨¥ h|T | r-®¯à¥¤¥«¨¬®. Ǳãáâì¤ ­® ®¤­®á¢ï§­®¥ ¤®¯ãáâ¨¬®¥ ¯ã­ªâ¨à®¢ ­­®¥ ¯à®áâà ­áâ¢® Y . �áâì ¯ã­ªâ¨à®-¢ ­­®¥ á¨¬¯«¨æ¨ «ì­®¥ ¬­®¦¥áâ¢® T ¨ á¢ï§ ­­ ï íª¢¨¢ «¥­â­®áâì e : Y → |T |.Ǳ® «¥¬¬¥ 11.1, ®â®¡à ¦¥­¨¥ h|T | ◦ e] = e∗ ◦ hY r-®¯à¥¤¥«¨¬®. � ª ª ª e∗ |¨§®¬®àä¨§¬, â® ®â®¡à ¦¥­¨¥ hY r-®¯à¥¤¥«¨¬®. ��¨â¥à âãà 1. �. �¨­áª¨©, �. Ǳ¥©¯¥àâ, Ǳ¥àá¥¯âà®­ë, �¨à, 1971.2. �. �. Ǳ®¤ª®àëâ®¢, �¡ ®â®¡à ¦¥­¨ïå áä¥àë ¢ ®¤­®á¢ï§­®¥ ¯à®áâà ­áâ¢® á ª®­¥ç­®¯®à®¦¤ñ­­ë¬¨ £®¬®â®¯¨ç¥áª¨¬¨ £àã¯¯ ¬¨, �«£¥¡à  ¨  ­ «¨§ 16 (2004), ¢ë¯. 4, 153| 192.3. P. G. Goerss, J. F. Jardine, Simplicial homotopy theory, Birkh�auser, 1999.4. M. Goussarov, M. Polyak, O. Viro, Finite-type invariants of classical and virtual knots, Topol-ogy 39 (2000), 1045{1068.5. I. B. S. Passi, Group rings and their augmentation ideals, Lect. Notes Math. 715, Springer,1979.
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