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Introduction

The purpose of this paper is to prove the following

Theorem 1. Let Torn be an n-dimensional torus with a Riemannian metric d
which does not have conjugate points. Then d is a flat metric.

This statement is known as the Hopf conjecture and it has been proved by
E. Hopf ([Ho]) for the case n = 2.

The proof of Theorem 1 is contained in sections 1–5.
The main idea of our proof is that the limit norm of such a metric (see section

1.2) is a Euclidean norm. For two unit vectors p, q in a Banach space with its
unit sphere having a unique supporting linear function −Bp at p one can define
something like inner product 〈p, q〉 = −Bp(q). To show that it actually is an inner
product we prove that Euclidean norms possess some extremal property of integral
type which makes them distinguishable among all Banach norms. Then we note
that the functions Bp(q) for the limit norm of our metric can be drawn from the
infinitesimal inner product by the means of integral geometry, and we check the
property above for the limit norm. This proves that the limit norm is Euclidean
and our inequalities for the integrals turn out to be equalities almost everywhere.
Then a rather simple additional argument shows that in this case our metric is flat.

Section 6 contains a brief discussion and the volume growth theorem.
The history of the subject will not be touched upon in this short paper.
We express our gratitude to Prof. V. Bangert for thoroughly reading the manu-

script, his valuable remarks and his help in finding references. The first author also
would like to use this opportunity to thank Prof. V. Bangert for his kind invitation
to the University of Freiburg and actually interesting discussions.

1. Rational Foliations

1.1. We consider a Riemannian metric d̃ on Rn which is a lift of some metric d on
Torn = Rn/Zn. Thus d̃ is invariant under the action of Zn by integer translations.
We denote by UTTorn and UTRn the unit tangent bundles for metrics d and d̃. By
exp, 〈, 〉 we mean the exponential maps and inner products of the metrics d and d̃.

1.2. It is known (see [Bu1]) that there exists a Banach norm ‖ · ‖ on Rn (whose
unit sphere we denote by F ) and a constant c such that

∀x, y ∈ Rn
∣∣‖x− y‖ − d̃(x, y)

∣∣ ≤ c. (1)
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Remark 1.3. The proof of (1) for a metric without conjugate points is much
simpler than in the general case.

1.4. Hereafter, we assume that d̃ does not have conjugate points and hence the
length of every geodesic segment is just the distance between its endpoints.

For (x, v) ∈ UTRn we define its direction D(x, v) at infinity as

D(x, v) = lim(expx tv − x)/t, t→∞.

The function D is correctly defined for almost all (x, v) ∈ UTRn (by the Birkhoff
ergodic theorem). It is clear that ‖D(x, v)‖ = 1 and thus D is a map to F .

1.5. We call a point p ∈ F rational if ap ∈ Zn for some positive a ∈ R. Let
p ∈ F be rational and ap ∈ Zn, a > 0. It is known (see [Bus]) that there exists a
Zn-invariant vector field vp : Rn → UTRn such that its trajectories are geodesics
of the direction p, i.e. D(vp(x)) = p, and expx tvp(x) = x + tp whenever tp ∈ Zn.
Obviously vp is smooth since vp(x) = a−1 exp−1

x (x + ap). We call this foliation
determined by vp a rational foliation of the direction p.

1.6. Let γ(t) = exp0 tvp(0) be a ray of our rational foliation. We denote by Bγ the
Busemann function of the ray γ in (Rn, d̃). Recall that Bγ(y) = lim(d̃(γ(t), y)− t),
t→∞.

By Bp we denote the Busemann function of the ray tp in the Banach space
(Rn, ‖ · ‖). Applying (1) and the periodicity of γ we have

∀y ∈ Rn |Bp(y)−Bγ(y)| ≤ c (2)

The Busemann function Bγ of every ray γ(t) = expx0
tvp(x0) of our rational

foliation has the gradient field−vp. Indeed, Bγ is a Lipschitz function with Lipschitz
constant 1; hence it has a gradient g almost everywhere and 〈g, g〉 ≤ 1.

Then d
dt

∣∣
0
Bγ(expx tvp(x)) = 〈g(x), vp〉 whenever g(x) is defined.

However, Bγ(expx tvp(x)) = Bγ(x) − t since Bγ(expx avp(x)) = Bγ(t+a)(x) =
Bγ(x)− a, and Bγ is Lipschitz with constant 1. Hence 〈g, vp〉 = −1 (i.e. g = −vp)
almost everywhere and thus g = −vp since vp is smooth. (Probably the equality
g = −vp was already known to Busemann in the 50th and, certainly, to J. Heber
([H]) but the authors do not have an appropriate reference).

1.7. Thus the Busemann function of every ray of our rational foliation can be
represented as Bγp + const where Bγp is the Busemann function of the ray γp(t) =
exp0 tvp(0) that starts from the origin. Thus we obtain a Zn-invariant horospherical
foliation. On the other hand, it follows from (2) that every horosphere for the
Busemann function Bγp

lies within bounded distance from some horosphere for the
Busemann function Bp. Since every horosphere of a ray pt in the Banach space
(Rn, ‖ · ‖) is a translation of the tangent cone to F at −p we see that Bp is a linear
function and F has unique supporting hyperplane at p. Then −Bp is a unique
linear support function to F at p, i. e. −Bp(p) = 1 and −Bp(x) ≤ 1 for all x ∈ F .

The points of F that have unique supporting hyperplane we call smooth points
of F .
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2. Integral Geometry

2.1. We fix a rational point p ∈ F . Let q = D(x,w), (x,w) ∈ UTRn and γ(t) =
expx tw. We have

− lim T−1

∫ T

0

〈γ̇(t), vp〉dt = lim T−1
(
Bγp

(γ(T ))−Bγp
(γ(0))

)
=

= lim T−1
(
Bp(γ(T ))−Bp(γ(0))

)
= Bp

(
lim T−1(γ(T )− γ(0))

)
= Bp(q).

Hence by Schwartz inequality, we have

lim inf T−1

∫ T

0

〈γ̇(t), vp〉2dt ≥ (Bp(q))2. (3)

2.2. We fix some (measurable) lifting map L : UTTorn → UTRn such that dπ◦L =
id where π is the covering map π : Rn → Torn.

Let mes be the normalized Liouville measure on UTTorn and
m = D ◦ L(mes) be the measure on F swept by the geodesic flow onto F . Set-
ting

C : UTTorn → R, C(w) = 〈L(w), vp〉2 = 〈w, dπ(vp)〉2

we obtain from (3) by applying the Birkhoff ergodic theorem to the function C that∫
UTTorn

Cdmes ≥
∫

UTTorn

(Bp(D ◦ L(w)))2dmes =
∫
F

(Bp(q))2dm(q)

where the latter equality holds just by the definition of the measure m.

2.3. Denote by vol and mesx the normalized Riemannian volume on (Torn, d) and
the normalized Riemannian volume on the sphere (UTxTorn, 〈, 〉), correspondingly.
We rewrite the integral

∫
UTTorn Cdmes as∫

UTTorn

Cdmes =
∫

Torn

dvol
∫

UTxTorn

〈w, dπ(vp)〉2dmesx(w) =

=
∫
Sn−1
〈w, v〉2Rndµ(w)

where Sn−1 is the standard sphere in Rn, 〈, 〉Rn is the standard inner product and
µ is the standard (normalized) measure.

2.4. Obviously the latter integral does not depend on v ∈ Sn−1. Adding its value
over v1, v2, . . . vn where {vi} form an orthonormal basis in (Rn, 〈, 〉Rn), we obtain

n

∫
Sn−1
〈w, v〉2Rndµ(w) =

∫
Sn−1

∑
〈w, vi〉2Rndµ(w) = 1.

Thus for every rational p ∈ F we have∫
F

(Bp(q))2dm(q) ≤ 1
n

(4)

and hence (4) holds for every smooth point p ∈ F (since Bp continuously depends
on p at every smooth point).
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3. D is Continuous at Vectors of Rational Foliations

Lemma 3.1. Let p ∈ F be a rational point and P be the supporting hyperplane for
F at p. Then P ∩ F = {p}.

Proof. Reasoning by contradiction, assume p 6= q ∈ P ∩F . Thus ‖ap+ bq‖ = a+ b
for all a, b ≥ 0.

Let δ > 0 be such that for every geodesic γ such that ‖D(γ̇) − p‖ ≥ ‖p − q‖/2
there exists t > 0 such that 1 − 〈γ̇(t), vp〉 ≥ δ. Such δ can be chosen since the
derivatives of projectors along the rays of our rational foliation onto a horosphere
of any ray of the foliation are uniformly bounded.

Let
0 < s = min{a+ b− d̃(expx av, expx−bw) :

a, b ≥ 1, (x, v), (x,w) ∈ UTRn, 1− 〈v, w〉 ≥ δ}.

To show s > 0 one can substitute the condition a = b = 1 in place of a, b ≥ 1 in
the definition of s (not increasing s by the triangle inequality) and then apply the
standard compactness reasonings.

Let ap ∈ Zn be an integer vector, a ≥ 1. Using the standard technique of rational
approximations we construct sequences of rational qi ∈ F and positive bi ∈ R such
that lim qi = q, biqi ∈ Zn are integer vectors and lim bi‖q − qi‖ = 0.

Choose i such that ‖q − qi‖ < ‖q − p‖/2 and bi‖q − qi‖ < s/2.
Let r = qi and b = bi. For all x ∈ Rn we have

d̃(expx avp, expx−bvr) = ‖br + ap‖

since ap+ br is an integer vector.
Take x ∈ Rn such that 1 − 〈vp(x), vr(x)〉 ≥ δ (this is possible by the definition

of δ). Then
a+ b− ‖br + ap‖ ≥ s

by the definition of s. On the other hand,

‖br + ap‖ = ‖bq + ap− b(q − r)‖ ≤ ‖bq + ap‖+ b‖q − r‖

Taking into account that ‖bq + ap‖ = b+ a and b‖q − r‖ < s/2 we have

a+ b− ‖br + ap‖ < s/2,

and this is a contradiction. �

Lemma 3.2. D is continuous at vectors of rational foliations.

Proof. This lemma is an immediate consequence of the previous lemma and The-
orem 3.10 of [Ba1]. However we present a simple proof based on (1). Let γ(t) =
expx tvp(x) be a ray of our rational foliation and Nε = {q ∈ F : ‖p − q‖ ≤ ε}.
We take arbitrary 1 > ε > 0 and seek for a neighborhood Uε of (x, v) such that
D(Uε) ⊂ Nε. We shall choose Uε such that every ray with the initial vector from
Uε remains close to the ray γ for very long time. Let s = min{2 − ‖p + q‖ : q ∈
F, ‖p− q‖ = ε}. The previous lemma implies s > 0 (since F is smooth at p). Let
Tp ∈ Zn and T > 100(1+10c)/(sε). Choose Uε such that d̃(γ, expy tw) < c for every
(y, w) ∈ Uε and t ≤ 3T . Reasoning by contradiction, assume ‖D(y, w)− p‖ ≥ ε for
some (y, w) ∈ Uε. Then ‖p−q‖ = ε for some t > T where q = (A−B)/R, A = γ(T ),
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B = expy(T + t)w, and R = ‖A − B‖. We have d̃(y,B) = T + d̃(expy Tw,B) ≥
T +R− 2c, hence d̃(x,B) ≥ T +R− 3c. On the other hand,

d̃(x,B) ≤ ‖B − x‖+ c = ‖Tp+Rq‖+ c ≤ T‖p+ q‖+ (R− T ) + c ≤
≤ 2T − Ts+ (R− T ) + c < T +R− 100c,

and this is a contradiction. �

4. Roundness of Banach Norm

4.1. Let F be the unit sphere of some norm ‖ · ‖ in Rn. Recall that we call a
point p ∈ F smooth if F has unique supporting linear function at p; this linear
function is denoted by −Bp. For a probabilistic measure m on F we define the loss
of roundness R(F,m) setting

R(F,m) = sup{r(p, F,m) : p ∈ F is smooth},

where

r(p, F,m) =
∫
F

(Bp(q))2dm(q).

Lemma 4.2. For all F , m we have R(F,m) ≥ 1/n. If R(F,m) = 1/n and the
support of m is dense in F then F is an ellipsoid and r(p, F,m) = 1/n for every
p ∈ F .

Proof. Denote by A the space of non-negative quadratic forms A = {Q : Rn → R}.
For a Q ∈ A by BallQ we denote the unit ball {x ∈ Rn, Q(x) ≤ 1}. Let

v(Q) = (vol(BallQ))−2

where vol is the Lebesgue measure (if vol(BallQ) is infinite we put v(Q) = 0).

Sublemma 4.3. For a linear function L : Rn → R let ‖L‖Q = max{L(x) : Q(x) =
1}. Then for every nondegenerated Q we have

d

dε

∣∣∣∣
0

v((1− ε)Q+ nεL2) = nv(Q)((‖L‖Q)2 − 1)

Proof. In coordinates (x1 = L/‖L‖Q, x2, . . . , xn) orthonormal with respect to Q we
have

Ball(1−ε)Q+nεL2 = (1− ε)1/2Ball
Q+

nε(‖L‖Q)2

1−ε x2
1

= (1− ε)−1/2H(BallQ)

where H(a1, · · · , an) = ((1 + nε(‖L‖Q)2/(1− ε))−1/2a1, a2, . . . , an).

Hence v((1− ε)Q+ nεL2) = (1− ε)n(1 + nε(‖L‖Q)2/(1− ε))v(Q) and thus

d

dε

∣∣∣∣
0

v((1− ε)Q+ nεL2) = nv(Q)((‖L‖Q)2 − 1).

�
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4.4. Let F ∗ be the set of all linear functions supporting F (not necessarily at
smooth points), A ⊃ AF = {nL2 : L ∈ F ∗} and ĀF be the convex hull of AF . By
the Caratheodory theorem every Q ∈ ĀF can be represented as

Q = n
∑

aiL
2
i , i ≤ n(n+ 1)/2 + 1, Li ∈ F ∗, ai ≥ 0,

∑
ai = 1.

We seek for a quadratic form Q ∈ ĀF whose unit ball is inscribed into F . Let
Q = n

∑
aiL

2
i maximize the function v on ĀF . Then it follows from Sublemma

that Q(P ) ≥ 1 for every supporting F hyperplane P and ‖Li‖Q = 1 whenever
ai 6= 0. Thus the ball BallQ is inscribed into F and Li are the supporting linear
functions at some of the touch points pi ∈ F ∩ BallQ. Obviously pi are smooth
points of F , and hence Q = n

∑
ai(Bpi

)2.

4.5. Reasoning by contradiction suppose that for every i we have∫
F

(Bpi
(q))2dm(q) ≤ 1/n

Hence

n

∫
F

∑
ai(Bpi(q))

2dm(q) =
∫
F

Q(q)dm(q) ≤ 1.

However Q(F ) ≥ 1 since Q(P ) ≥ 1 for every supporting F hyperplane P (BallQ
is inscribed into F ); hence m{q ∈ F : Q(q) > 1} = 0. It means that F = {x ∈ Rn :
Q(x) = 1} since the support of m is dense. Reasoning as in 2.4 one can easily show
now that r(p, F,m) = 1/n for all p ∈ F . �

Remark 4.6. The other proof of this lemma due to V. Bangert is based on du-
ality being involutive for convex bodies. This elegant proof is just a few lines
of computations in coordinates orthonormal with respect to some scalar product
〈, 〉 and orthogonal with respect to a scalar product 〈〈, 〉〉 defined by 〈〈x, y〉〉 =∫
F
〈x, z〉〈y, z〉dm(z).

Remark 4.7. As pointed out by M. Gromov, the first inequality in the statement
of the lemma is well known in terms of functional analysis. See [Gr] for details.

5. Proof of the Hopf Conjecture

5.1. It follows from Lemma 3.2 that the support of m is dense in F . Thus (4)
and Lemma 4.2 imply that our limit norm ‖ · ‖ is actually a Euclidean norm and
inequality (3) turns out to be an equality for almost all γ.

Lemma 5.2. Let f : R→ R be such that

lim T−1

∫ T

0

f(x)dx = −s, lim T−1

∫ T

0

(f(x))2dx = s2.

Then lim T−1
∫ T
0

(f(x) + s)2dx = 0.

Proof.

lim T−1
∫ T
0

(f(x) + s)2dx =

= lim T−1
∫ T
0

(f(x))2dx+ 2s · lim T−1
∫ T
0
f(x)dx+ lim T−1

∫ T
0
s2dx =

= s2 − 2s2 + s2 = 0.

�



RIEMANNIAN TORI WITHOUT CONJUGATE POINTS ARE FLAT 7

5.3. We fix a rational point p ∈ F . For almost every geodesic γ we have the
equality (3) and hence by Lemma 5.2

lim T−1

∫ T

0

(〈γ̇(t), vp〉+Bp(D(γ̇(t))))2dt = 0.

Hence by the Birkhoff ergodic theorem we have 〈w, vp〉 + Bp(D(w)) = 0 almost
everywhere. Hence for every rational q ∈ F we have 〈vq, vp〉 = −Bp(q) because
D is continuous at vq. Now we just take n rational linearly independent points
pi ∈ F and consider the Busemann functions of the rays exp0 tvpi(0) as coordinate
functions. In these coordinates the metric tensor of d̃ is constant. Hence d is a flat
metric.

6. Concluding Remarks. Volume Growth Theorem

6.1. We continue using the notation of the previous sections, but we now return
to metrics with conjugate points. Note that we have constructed a correspondence
d→ (‖·‖,m) where (in the general case) m is a measure on the unit ball of ‖·‖. One
can easily show that the condition of “no conjugate points” is a priori equivalent to
m being concentrated on the unit sphere F . (However, it is not even clear whether
a nontrivial part of m may be concentrated on F .) We expect that many geometric
properties of d may be expressed in terms of this correspondence. As an example
we formulate the following conjecture (compare with [Ba2]):

Conjecture 6.2. Let p ∈ F be a rational point and assume that F is smooth and
strictly convex in a neighborhood of p. Then minimizing geodesics of the direction
p foliate all Rn as in section 1.5. In particular, if F is smooth and strictly convex
then d is flat.

6.3. Denote the volume of the ball of radius r in (Rn, d̃) centered at the origin by
V (r). Let εn be the (standard) volume of the unit ball in (Rn, standard metric).
The following theorem gives the multidimensional generalization of the main result
of [B] (compare also with [C]):

Theorem 2. limV (r)/εnrn ≥ 1 and the equality holds only if d is flat.

The proof of this theorem will be published in the near future. The main idea is
that we construct Lipschitz-1 functions Bi such that ∀y ∈ Rn, |Bi(y)−Bpi(y)| ≤ 2c,
where smooth points pi ∈ F are from the proof of Lemma 4.2, that is such points
that the unit ball of a quadratic form n

∑
aiB

2
pi

, ai ≥ 0,
∑
ai = 1 is inscribed

into F . Then we apply to these functions Bi a generalization of Derrick’s proof of
the Besikovitch-Almgren inequality (see [BurZ, pp. 294–296] and references there).
The case of the equality limV (r)/εnrn = 1 requires some simple additional consid-
erations which resemble the final arguments in the proof of the Hopf conjecture.

6.4. Let (M,ρ) be a Finsler manifold. By R(M) we denote the space of all Rie-
mannian metrics on M . Let dh be the Hausdorff distance between metric spaces.
We define VR(M,ρ) setting

VR(M,ρ) = lim inf{vol(M,d) : d ∈ R(M), dh((M,ρ), (M,d))→ 0}.
The same arguments as described in the previous section lead us to the following

Theorem 3. VR(M,ρ) ≥ vol(M,ρ) and the equality holds only if ρ is a Riemannian
metric.
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By vol we mean here the Hausdorff measure (normalized to have Riemannian
volume for Riemannian metrics).

It is known that every Finsler metric is a limit of a sequence of Riemannian
metrics of a rather special type (quasi-periodic sequences, see [Bu2]). However, the
above theorem shows that the volumes of these Riemannian metrics never converge
to the volume of the Finsler one.
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