Cohomology in nonunitary representations of
semisimple Lie groups (the group U (2, 2))
A. M. Vershik∗

M. I. Graev†

To the centenary of Israel Moiseevich Gelfand
Abstract
We suggest a method of constructing special nonunitary representations of semisimple Lie groups using representations of Iwasawa
subgroups. As a typical example, we study the group U (2, 2).

1 Introduction: a survey of the theory
of special representations
1.1 Groups of currents and special representations
The group of currents GX , where X is a topological space equipped
with a Borel probability measure m and G is an arbitrary locally compact group, is the group of continuous maps X → G with pointwise
multiplication and with some integrability condition with respect to
m. The study of representations of such groups is inspired both by
representation theory itself and applications to mathematical physics.
A well-known model of irreducible representations of current groups
GX is the Fock, or Gaussian, model, in which a crucial role is played by
∗
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nonzero first cohomology of the group of coefficients (G) with values in
irreducible unitary representations of this group. Such an irreducible
representation T of the group G in a Hilbert space H has a nontrivial
1-cocycle, i.e., a continuous map b : G → H satisfying the condition
b(g1 g2 ) = T (g1 )b(g2 ) + b(g1 )

for any

g1 , g2 ∈ G

and the following nontriviality condition: there is no vector ξ ∈ H
such that b(g) = T (g)ξ − ξ for every g ∈ G. Such representations are
called special. The trivial representation is special for all groups having
nontrivial complex characters, since an additive complex character is
exactly a nontrivial 1-cocycle with values in the one-dimensional trivial
complex representation.
In other terms, a special representation is a representation in which
there exist almost invariant vectors; the latter term means, for a representation of a group G in a space H, that for every  > 0 and
every compact subset K in G, there exists a vector h in H such that
kUk h − hk <  for every k ∈ K, where Uk is the operator in the
representation corresponding to the element k.
By a theorem from [25], every special representation of a compactly
generated group is not Hausdorff separated from the trivial representation in the Fell topology. The Fell topology on the space of unitary
representations of a locally compact group G is defined as follows: an
open neighborhood of a representation π in a Hilbert space H is determined by a number , a finite collection h1 , . . . hk of elements of H,
and a compact subset K in G; it consists of all unitary representations
ρ of G such that the space of ρ contains elements f1 , . . . , fk such that
sup

{|hπ(g)hi , hi i − hρ(g)fi , fi i| < } .

i=1,...,k; g∈K

The converse is not true: a representation that is not separated from
the trivial representation is not necessarily special, i.e., does not necessarily have non vanishing first cohomology.
In [13], Y. Shalom proved the conjecture stated in [25]: if for a
locally compact group the trivial representation is not isolated in the
space of all irreducible unitary representations (i.e., the group does not
have Kazhdan’s property (T)), then it has at least one special representation. The proof of the main theorem in [13] (see also [2, Theorem
3.2.1]) is not constructive, and hence does not provide a direct method
of finding a special representation: we know very little about how to
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select special representations from the set of all representations that
are not separated from (or “glued” to) the trivial representation.
We use the following terminology. The core of a given representation π is the set of all representations ρ such that arbitrary open neighborhoods of π and ρ have a nonempty intersection. The core of the
regular representation of an amenable group contains all irreducible
representations, and this is a characteristic property of amenability.
This notion is of special importance for irreducible representations
and, in particular, for the trivial representation. Unless otherwise
stated, by the core of a group we mean the core of its one-dimensional
trivial representation.1
One says that nonvanishing cohomology with values in a representation is reduced (see [13]) if the corresponding cocycle is not a
limit of trivial cocycles. This can be the case only for representations
lying in the core, but not in the subcore. For the semisimple groups
O(n, 1), U (n, 1), the non vanishing cohomology is reduced. The authors do not know whether there exist solvable groups satisfying this
condition. Finally, for completeness we mention another interesting
notion — that of groups with the Haagerup property (see [2, 8]):
these are groups for which the trivial representation is not isolated
(i.e., which do not have Kazhdan’s property) but cocycles with values
in a special representation satisfy a certain nondegeneracy condition:
regarded as a map
β:G→H
from the group to a Hilbert space, the cocycle is proper, i.e., the
preimages of bounded sets in H are precompact in the group. This
property holds for all amenable groups, free groups ([8]), the groups
O(n, 1), U (n, 1), and others (see [4]). Examples of groups that satisfy
neither Kazhdan’s property nor the Haagerup property are not yet
sufficiently studied.
1

A more detailed terminology is as follows. Representations lying in the core of the
trivial representation are called infinitesimal (in a Leibniz-like sense, see [25]); the subcore
of a given representation π is the set of all representations ρ whose closure contains π
(correspondingly, the subcore of a group is the subcore of its trivial representation). In
other terms, this means that ρ weakly contains π. The subcore is, obviously, a subset of
the core. The interpretation of these notions in terms of Hausdorff ’s separation axioms
is as follows: if the trivial representation lies in the core of ρ, then T2 does not hold for
these two elements; if ρ lies in the subcore, even T1 does not hold; T0 always holds, since
the trivial representation is closed.
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1.2 Special representations of rank 1 groups
and their solvable subgroups
In the most important class of Lie groups — that of semisimple groups
— only the groups O(n, 1) and U (n, 1), which are of rank 1, have
special representations. The other semisimple groups (including, as
proved by Kostant [10], even rank 1 groups Sp(n, 1)) have Kazhdan’s
property (T): their trivial representations are isolated, and the Fock
model of constructing representations of the corresponding groups of
currents does not apply. Note that Kostant’s theorem on Sp(n, 1) still
has no geometric proof.
One may say that the analysis of representations of the groups of
currents for O(n, 1) and U (n, 1) is developed quite well. Studies in
this direction began from the pioneer work by I. M. Gelfand and the
authors of this paper, see [17, 18, 6]. The general scheme of the Fock
model, regardless the concrete group, was earlier considered by Araki
[1] (see [12]), however, before the paper [17] there were no examples
of semisimple groups for which the core is nontrivial. In these papers,
as well as in [9, 5, 7, 3], irreducibility conditions for representations
of current groups were found, and other properties of these groups
were established. The key role was played by the ideas of the paper [6], in which a method was suggested, for semisimple groups of
rank 1, of reducing the problem to a solvable subgroup, on the example of SL(2, R). The elaboration of this idea by the authors of this
paper during the last 10 years has led to new models of representations of current groups which are equivalent to the Fock one but are
constructed from other (non-Gaussian) Lévy measures (see [19, 20]).
This has led to constructing the integral, and then Poisson and quasiPoisson, models of representations of current groups ([21, 22]). There
has also appeared the so-called infinite-dimensional Lebesgue measure [14, 15, 16], which is the most precise continual analog of the
Lebesgue measure on a finite-dimensional positive octant. This measure is closely related to the gamma process and is of great interest in
itself.

1.3 Solvable subgroups of semisimple groups,
and a refinement of the Iwasawa decomposition
It is well known that for commutative and nilpotent groups the special
representations are exhausted by the trivial representation (see [7,
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5]). But even for solvable groups, this problem is not sufficiently
studied. We are interested in a concrete class of solvable groups, which
are subgroups of O(p, q), U (p, q), and our first example is the group
U (2, 2). We are working with a solvable subgroup of U (2, 2) which
should be called the Iwasawa group. Such a subgroup can be defined
in an arbitrary connected semisimple real Lie group (see [11], where
it was called the “maximal connected triangular subgroup”). The
Iwasawa decomposition means that this subgroup is “complementary”
to the maximal compact subgroup.
A solvable subgroup (like any amenable group) has a special representation, so that we obtain the following strategy of constructing
a representation of the group of currents of a semisimple group G:
first find a special representation, unitary or not, of this solvable subgroup and construct a representation of the group of its currents, and
then try to extend the special representation to the whole semisimple
group G and construct an extension of the representation to the group
of currents of G. As mentioned above, for groups of rank 1, this trick
was first used in [6] in the case of SL(2, R), and then studied in detail
in a recent series of papers of the authors ([21, 22]). When passing
from groups of rank 1 to higher ranks, this idea is still working.
Here we consider this problem on the concrete example of the group
U (2, 2), keeping in mind the more general situation, which will be
considered elsewhere. We describe in detail the Iwasawa subgroup
(denoted by P in what follows) for this case. The first question is,
what are its special representations? But here we encounter a new
problem: for our plan to be viable, this special representation of the
Iwasawa subgroup must be faithful.2 The authors do not know for
what groups this is the case. For example, nilpotent groups have no
faithful special representations. This fact is of interest already for the
Heisenberg group, and it is equivalent to a version of the uncertainty
principle.3 For the affine group Aff(R), the infinite-dimensional representation (which is quasi-equivalent to the regular one) is a faithful
special representation. But even for simplest three-dimensional solvable groups (in particular, for the group S, see below), the question is
not trivial.
2

A faithful (or nondegenerate) representation is a representation whose kernel is trivial.
From discussions with V. P. Khavin, the first author inferred that this fact about
the Heisenberg group apparently still has no purely analytical (rather than representation
theoretic) proof.
3
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Problem. What groups (in particular, what solvable groups) have
a faithful irreducible unitary special representation? More precisely:
when does such a representation exist for the Iwasawa subgroup of a
semisimple real Lie group?
Thus the main difficulty is to construct a faithful special representation, unitary or not, of the Iwasawa subgroup. A construction of a
nonunitary faithful special representation of the group U (2, 2) is the
main result of this paper, and the authors have no doubts that such a
construction can be carried out for every real semisimple group. This
makes it possible to extend the cocycle to the whole semisimple group
and construct a representation of the group of currents, since, as follows from the results of the above-mentioned papers, there are models
(for instance, the Poisson model, unlike the Fock one) of representations of groups of currents that do not in any way rely on the unitarity
of the original representation. The question of whether a cocycle can
be constructed with values in a unitary representation of the Iwasawa
subgroup is yet open.
In conclusion of this survey, we mention a somewhat different approach, which is closer to the original work on groups of currents
and classical work on the representation theory of semisimple groups.
Namely, it is well known that special representations of semisimple
groups of rank 1 lie in the “tail” of the complementary series, and
complementary series exist for every semisimple group. However, for
groups of rank greater than 1, unitary representations do not “reach”
the trivial representation; more exactly, unitarity gets lost under deformations of the trivial representation. On the other hand, it is known
that in some cases one can find an indefinite bilinear form invariant
under the action of the group in such a nonunitary representation.
The properties of the corresponding space with an indefinite metric
are poorly studied, and the problem of the existence of a special representation, perhaps nonunitary, apparently has not been stated. Our
alternative strategy relies on the analytic continuation of unitary representations of the Iwasawa subgroups and, in particular, construction
of a nonunitary special representation within this framework. It is conceivable that these two approaches to the representation theory of the
groups of currents for semisimple groups of rank greater than 1 may
lead to different classes of representations.
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2 The group U (2, 2) and its Iwasawa
subgroup
2.1

Description of the group U (2, 2)

As a first example, we consider the group U (2, 2) of linear transformations of C4 preserving a fixed Hermitian form with signature (2, 2);
here we choose the Hermitian form
x1 x̄3 + x̄1 x3 + x2 x̄4 + x̄2 x4 .
The group U (2, 2) is one of the simplest examples of a semisimple Lie
group whose real rank is greater than one (it is equal to 2). The groups
of the form U (p, q) are called pseudo-unitary. In this section, we refine
the Iwasawa decomposition for this group and study the structure of
the key object, the solvable Iwasawa subgroup P .
We will write elements of the group U (2, 2) as 2 × 2 block matrices
with 2 × 2 blocks:


g11 g12
,
g21 g22
where gij are complex 2 × 2 matrices satisfying the relation


0 e2
∗
.
gσg = σ,
with σ =
e2 0
Here e2 is the 2 × 2 identity matrix and ∗ stands for the conjugate
transpose in the complex case, and for the transpose in the real case.
These relations are equivalent to the following relations between
the blocks of the matrix g:
∗
∗
g12 g21
+ g11 g22
= e2 ,
∗
∗
g11 g12
+ g12 g11
= 0,
∗
∗
g22 g21
+ g21 g22
= 0.

The real dimension of the group U (2, 2) is equal to 16. In what
follows, the key role is played by the solvable subgroup P of U (2, 2)
generated by the following two subgroups N and S:
• the additive (commutative) group N of skew-Hermitian block
matrices of the form


e2 0
,
n e2
where n is a skew-Hermitian 2 × 2 matrix: n + n∗ = 0;

7

• the solvable subgroup S (of derived length 2) of block matrices
of the form
 ∗−1

s
0
,
0
s
where s is a lower triangular complex matrix with positive diagonal entries:


r1 0
,
r1 , r2 > 0, r ∈ C.
r r2
The real dimension of the groups S and N is equal to 4, and that
of the group P is equal to 8.
A general element of the group P (a pair (s, X)) is as follows:

 ∗−1
s
0
,
X
s
where X is a 2 × 2 matrix satisfying a condition that could be called
the relative skew-Hermiticity (with respect to the matrix s):
sX ∗ + Xs∗ = 0.
The following assertion can be checked directly.
Proposition 1. The group U (2, 2) is algebraically generated by the
elements of the group P and the involution σ; the intersection of the
groups N and S consists of the identity element.
The homogeneous space U (2, 2)/K where K is the maximal compact subgroup of U (2, 2) is exactly the space of the subgroup P , which
justifies calling it the Iwasawa subgroup. (This makes it possible to
extend a cocycle from P to the whole group U (2, 2), see below.)
Since the group S acts in an obvious way on the additive group N
of skew-Hermitian matrices according to the rule
n 7→ sns∗ ,

s ∈ S, n ∈ N,

we can define the semidirect product Q = S i N of S and N . One
can directly check the following important assertion.
Theorem 1. The groups P and Q are canonically isomorphic. The
isomorphism I : P → Q is given by the formula
I : (s, X) → (s, Xs∗ )
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(the left-hand side is an element of the subgroup P ⊂ U (2, 2), and the
right-hand side is an element of the semidirect product Q, the matrix
Xs∗ being obviously skew-Hermitian). The inverse isomorphism is as
follows: (s, n) → (s, ns∗ −1 ), where n is skew-Hermitian.
Proof. We check that the multiplication is homomorphic:
I((s1 , X1 ) ◦ (s2 , X2 )) = I(s1 s2 , X1 s∗2 −1 + s1 X2 ) =
= (s1 s2 , X1 s∗1 + s1 X2 s∗2 s∗1 ) = I(s1 , X1 )I(s2 , X2 ).

The map I sends P to the group whose matrix realization consists
of the collection of pairs (s, X) satisfying the above condition. Hence
the isomorphism of the semidirect product Q of S and N with its
matrix realization, i.e., the group P , does not coincide with the direct
product of the identity isomorphism of the subgroup S and the identity
isomorphism of the normal subgroup N . Nevertheless, the group P is
the semidirect product S i N .4
A general element of the commutant of the group S in the above
notation is as follows:


1 0
,
r 1
where r is a complex number. The derived length of the solvable group
S is equal to 2. Thus the commutant of the group P is the semidirect
product of C and the commutative group of skew-Hermitian matrices
(with a nontrivial action of C).
4

In the case of a group of rank 1, the matrix realization of the Iwasawa subgroup
is somewhat simpler; for example, for the group SL(2) the Iwasawa subgroup P is the
subgroup of triangular matrices
 −1

s
o
,
s ∈ R+ , n ∈ R,
n s
and the structure of the semidirect product agrees with the ordinary matrix representation,
since the group regarded as a set is the direct product of the normal subgroup


1 0
n 1
and the subgroup


s−1
0
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0
s


.

Corollary 1. The derived length of the solvable group P is equal to 3.

2.2 Representations of the Iwasawa subgroup
and almost invariant measures
Our aim is to study the special representation of the subgroup P and
then extend it to the whole group U (2, 2). We will study representations of the group P regarded as a semidirect product.
The group N is isomorphic to the group N̂ of all its continuous
characters, and we have the conjugate action of the group S on N̂ ;
moreover, the direct and conjugate actions on the group N (identified
with its dual group) coincide:
n → sns∗ ;

χ → χs

where

χs (n) = χ(sns∗ ).

Proposition 2. The action of the group S by automorphisms on the
group N̂ (and on the group N ) has four orbits of positive measure; they
are parametrized by the signs of the imaginary parts of the diagonal
entries, i.e., are the orbits of the elements


±i 0
,
0 ±i
respectively. On every orbit, the action of S is free and faithful, so that
each orbit can be identified with the group S; then the action coincides
with the action of S on itself by right translations.
Note that there are also orbits of smaller dimension, which have
zero measure, but we will not need them.
It is clear that all four actions of the group S on the nondegenerate
orbits are topologically isomorphic and the corresponding representations of the semidirect product differ only by a Z2 -valued cocycle which
acts as a multiplication, so that it suffices to consider only one (any)
orbit.
A unitary representation of the semidirect product of a group and
a commutative group (in our case, P = S i N ) has the following
canonical realization. Consider a probability measure µ on the group
of characters (i.e., on N̂ ) that is quasi-invariant with respect to the
action (of the group S). All such measures are equivalent, since S is
locally compact and its action is transitive. Hence in the Hilbert space
L2µ (N̂ ) we can define the unitary representation of the group P induced

10

by the above action of S and the representation of N in which an
element of N acts as the multiplication by the corresponding character
or N̂ . General representations are realized in the vector-valued space
L2µ (N̂ ), but we do not consider them.
The irreducibility of the above representation of the semidirect
product is equivalent to the ergodicity of the measure µ, and, by
the above, we could assume that the orbit is the group S itself, i.e.,
consider the representation of S in the space L2µ (S) over a measure µ
quasi-invariant with respect to the right action of the group.
These representations belong to the core of the group P ; this follows from the fact that each of them is quasi-equivalent to the regular
representation of the group, which (by the amenability of S) weakly
contains the trivial representation. Besides, the core contains the trivial representation, as well as the special representations of the group
S, which can be regarded as representations of P , since S = P/N . It is
not known whether the core is exhausted by these representations, nor
whether the four constructed representations are special for the group
P , or, in other words, whether they have an almost invariant vector.
But first we find out the structure of the special representations of the
group S.
Lemma 1. The group S has a continuum of unitary representations
parametrized by the points of C lying on the unit circle (characters).
It has no faithful special representations.
Proof. The affine group Aff(R), i.e., the group of matrices

 a
e
0
,
a, b ∈ R,
b e−a
is the Iwasawa subgroup for SL(2, R) and plays the same role as
the group P does for U (2, 2). Note that, regarded as a subgroup
of SL(2, R), it is the semidirect product of R+ and R that agrees with
the matrix representation; as mentioned above, in our situation this
is not the case. It has (two) faithful special unitary representations,
and they can be extended to a special representation of SL(2, R).
Consider the group S:


r1 0
,
r ∈ C, r1 , r2 > 0;
r r1
note that if we fix a value of the determinant (= r1 · r2 ) and a unitary character on the group C = R2 , the group S can be mapped
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isomorphically to the group Aff(R), and hence all special representations of Aff(R) can be lifted to representations of S; all of them are
not faithful; the group S has no other special representations.
However, we are interested not as much in the group S, but in the
group P . Conjecturally, special unitary representations of P can be
constructed using special (nonfaithful) representations of S together
with the representations of P constructed above. At the moment,
the question of whether such representations exist is open. For completeness, we describe a model of the Hilbert space of a special unitary
representation for the group SL(2, R) and its triangular subgroup (P ).
Consider the space L2m (R+ ) (where m is the Lebesgue measure on the
half-line). It is more convenient to pass to the Fourier transform, and
then the required representation of the triangular subgroup (written
as the group of transformations x 7→ eβ x + a with β, a ∈ R) can be
realized in L2m̂ (R) (where m̂ is the Lebesgue measure on the line) as
follows:
(Ua,β F )(z) = exp{iaez }F (z + β), z ∈ R.
An almost invariant vector in this model is an arbitrary function f
satisfying, for any t, a, b ∈ R, the conditions
f (x) = 0 if x > t ∈ R;
f∈
/ L2 ;

(1 − exp{iez b})f ∈ L2 ;

[f (·) − f (· + a)] ∈ L2 .

Another, more popular, description of the special representation (see
[17]) in a space of analytic functions is related to the limit of complementary series representations as they tend to the trivial representation.

2.3 Almost invariant measures and nonunitary
representations
We say that a measure ν on a group S is (right) almost invariant if it is
infinite, absolutely continuous with respect to the right Haar measure
on S (and hence quasi-invariant with respect to the right translations
0)
s 7→ ss0 ), and its derivatives dν(ss
dν(s) are defined and bounded for every
s0 ∈ S. (By the above isomorphism S → H, where H is an arbitrary
nondegenerate S-orbit on the group of characters N̂ , this definition can
be translated to measures concentrated on any of the nondegenerate
orbits of the group N̂ ).

12

The almost invariance condition is obviously satisfied for the Lebesgue
measure on S, i.e.,
ds = ds11 ds22 ds21 ds̄21 ,
since d(ss0 ) = π(s)ds, where π(s) = s311 s22 . It follows that this condition holds for any measure of the form dν(s) = u(s)ds, where u(s) is
0)
an arbitrary function such that the ratio u(ss
u(s) is a bounded function
for every s0 ∈ S. In particular, it holds for the measure µ that is
invariant under the right translations (the Haar measure):
dµ(s) = π −1 (s)ds,

π(s) = s311 s22 .

However, for our purposes it is convenient to consider another measure.
Assume that a group G acts on a space X, and we are given two
equivalent G-quasi-invariant measures µ and ν on X. Assume that the
density of one measure with respect to the other one is bounded away
from zero and infinity. In the spaces L2µ (X) and L2ν (X) we consider the
representation of the group G by the substitutions (Ug f )(·) = f (g·)
and the natural representation of the group of multiplicators with
absolute value equal to one. The well-known isometry between these
spaces, which multiplies a function by the square root of the density
of one measure with respect to the other one, commutes with the
multiplicators, but, in general, does not commute with the action of
the group. This isometry is widely used to correct the action; for
instance, if one of the measures is invariant, and thus determines a
unitary representation of the cross product, then the corrected action
also becomes unitary.
Let ν be an almost invariant measure on H; consider a nonunitary
representation of the group P in the Hilbert space RL2 (S, ν), i.e., the
space of functions F on S with the norm kF k2 = S |F (s)|2 dν(s) <
∞. By definition, the operators corresponding to the elements of the
subgroups N and S are given by the following formulas:
(T (n)F )(s) = χk (n, s)F (s)
(T (s0 )F )(s) = F (ss0 )

for n ∈ N ;

for s0 ∈ S.

(1)
(2)

Here χk (n, s) is the image of a character χ(·) ∈ N̂ regarded as a
function on S under the (unique) isomorphism between the orbit of S
in N̂ indexed by k = 1, 2, 3, 4 and S preserving the action of S; the
difference between the four orbits reduces to multiplying the image

13

by ±i in each of the variables. It follows from the definition that the
operators T (n) are unitary and the operators T (s0 ) are bounded, by
the almost invariance of the measure ν. One can rewrite the formulas
in a more compact form:
(T (n)f )(s) = χ(sns∗ )f (s)
(T (s0 )f )(s) = f (ss0 )

for n ∈ N ;

for s0 ∈ S,

(3)
(4)

where χ is a fixed character of the S-orbit H on the group of characters
N̂ .
It is not difficult to verify that the operators of the subgroups N
and S together generate a representation of the whole group P in the
space L2 (S, ν). In particular, if ν = µ is the Haar measure on S, this
representation is unitary. Denote these representations of the group
P by πk , k = 1, 2, 3, 4; since all four representations essentially differ
from one another only by a choice of a character on the orbits, we
omit the index k.
Theorem 2. The nonunitary representations π of the group P defined
above are operator irreducible and space irreducible. The representations corresponding to different measures and different indices k are
space (unitarily) equivalent if and only if the measures ν differ by a
factor (ν 0 = cν) and the indices k coincide.
An important question for us is how the cohomology depends on
the measure. We emphasize that changing the measure and, in particular, the unitarization of representations (see above) does not induce
an isomorphism of the cohomology groups H 1 (G, πµ ) and H 1 (G, πν )
where πµ , πν are the representations corresponding to the measures
µ and ν, since a space isometry does not in general send a cocycle of
a group with values in one space to a cocycle with values in another
space. In other words, for a given action of the group, the cohomologies with values in the Hilbert space L2µ (X) for various almost invariant
measures µ are in general different. In the next section we choose an
almost invariant measure for which the cohomology is nontrivial.

2.4 A faithful nonunitary special irreducible
representation of the Iwasawa group
Below we assume that a nonunitary representation T is realized in the
Hilbert space L2 (S, ν). Then the condition that this representation is
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special means that there exists a vector f (s) such that f ∈
/ L2 (S, ν)
2
and T (g)F − F ∈ L (S, ν) for every g ∈ P . In more detail, this means
that
Z
|f (s)|2 dν(s) = ∞;
(5)
S
Z
|f (ss0 ) − f (s)|2 dν(s) < ∞ for every s0 ∈ S;
(6)
S
Z
|(χ(sns∗ ) − 1)f (s)|2 dν(s) < ∞ for every n ∈ N.
(7)
S

Every vector f satisfying these three conditions gives rise to a nontrivial 1-cocycle of T of the form
b(g) = T (g)f − f.
In what follows, we fix an almost invariant measure ν of the following form:
dν(s) = |s|−4 ds, where |s|2 = tr(s∗ s) = s211 + s222 + |s21 |2 .
It is convenient to write this measure in polar coordinates on S.
To do this, note that the variety of elements ω ∈ S with norm |ω| = 1
is equivalent to a domain on the unit sphere in R4 . By the spherical
coordinates of a matrix s ∈ S we mean the number r = |s| and the
matrix ω = |s|−1 s. Then s = rω and the expression for ν in polar
coordinates has the form
dν(s) = r−1 drdω,
where dω is the invariant measure on the sphere.
The following assertion can be checked directly.
Theorem 3. The representation π of the group P in the Hilbert space
L2 (S, ν) where dν(s) = |s|−4 ds is special and has a nontrivial cocycle
of the form
1

b(g) = T (g)f − f, where f (s) = e− 2 |s| .

(8)

2.5 Extending the special nonunitary representation of the subgroup P to the whole group
U (2, 2)
It remains to check that the special representation can be extended to
a nonunitary representation of the whole group U (2, 2). The construction of the required extension is based on the following property of the
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group U (2, 2). Every element g ∈ U (2, 2) can be uniquely written as
a product g = pk, p ∈ P , k ∈ K, where K is the maximal compact
subgroup, which consists of the elements k ∈ U (2, 2) satisfying the
relation kk ∗ = e, i.e., the subgroup of block matrices of the form


α β
k=
β α
where αα∗ +ββ ∗ = ep and αβ ∗ +βα∗ = 0 (the Iwasawa decomposition).
Let T be the special representation of the subgroup P in the Hilbert
space H = L2 (S, ν) defined in Theorem 2, and b be the nontrivial
cocycle defined by (8). Denote by H0 the linear invariant subspace in
H spanned by the vectors b(p), p ∈ P .
Lemma 2. 1. The subspace H0 is dense in H.
2. The vectors b(p), p 6= e, are linearly independent (the nondegeneracy property).
Let T (k), k ∈ K, be the operators defined on the set of vectors
b(p), p ∈ P , by the formula
T (k)b(p) = b(p0 ),
where p0 ∈ P is defined by the relation kp = p0 k 0 , k 0 ∈ K.
3. The operators T (k) satisfy the group relation T (k1 k2 )b(p) =
T (k1 )T (k2 )b(p) for any k1 , k2 ∈ K and p ∈ P , and hence generate a
representation of the subgroup K in the subspace H0 .
Theorem 4. The operators T (k), k ∈ K, together with the operators
T (p), p ∈ P , generate a representation of the whole group U (2, 2) in
the subspace
H
0 , in which the operator corresponding to the involution

0 ep
is defined on the set of vectors b(p) by the following
σ=
ep 0
formula:
T (σ)b(p) = b(p̂),
p̂ ∈ P,
(9)
where p̂ is uniquely determined by the relation p̂p̂∗ = σpp∗ σ. In this
extension, the operators corresponding to the elements of the subgroup
P are unitary, the operators corresponding to the elements of the subgroup K are bounded, and the operator corresponding to the involution
is unbounded and cannot be extended to the whole space H. The extension of the 1-cocycle b from the group P to the group U (2, 2) is
given by the formula
b(pq) = b(p) for any p ∈ P and q ∈ Q.
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(10)

Applications of the described constructions to representations of
the group of currents will be described elsewhere. In this paper we
restrict ourselves to the group U (2, 2) just for methodological reasons:
our aim is to give a simple example of the general theory, which, in
the authors’ opinion, covers a wide class of semisimple Lie groups and
the corresponding groups of currents.
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