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Beenenue

AKTyaabHOCTh TeMbl. Pasputme Teopun QYHKIUNE T00YIIIO0

BBECTU ¥ U3YYUTH BaKHbBIE CHHI'YJIAPHBIC HHTETPAILHBIE OIIEPATOPLI
HECBEPTOYHOrO TUIa. 1lepBuIil mpuMep Hmomo0HBIX OIEPaTOPOB Pac-
cmotpen Kanbaepon B pabote [2].9To cuHryagpHblil omepaTop ciie-
JYIOIIEro Buja: ecin a(x) — BemecTBeHHast (PYHKIUA ¢ KOMIIAKTHBIM
HOCHUTEJIEM Ha OCH, YJIOBJIETBOPsIoias ycaosuio Jlummma, To s

r1a 1Ko (puHUTHON PyHKIMU [ OJI0XKIM

I e N
ly—z[>e

Kanbnepon mgokazas, urto oneparop MT f neiicTByer m3 mpocTpaH-
crBa LP(R) B mpoctpancreo LP(R). Cayuait mpsamoit onesku MT f B
mopme LP(R) paccmarpusarcsa Takxke B pabdore [1]. Sarem Koitdpman
n Meitep B [3], a Takke Koiipman, Makunrormr u Meitep B [4] 0600-

N OIIpejesieHne oreparopa KagbaepoHa ciieayromuM 00pa3oM:

MT,f(x) = sup / a(y;:z(x) yf(_y)xdy
ly—z|>¢

IMu ObLI0 ycTaHOBJIEHO, UTO BCe omepaTopbl M1, f HenpepblBHEL B
LP(R) u moJrydeHbl COOTBETCTBYIOIIME OLEHKH HOPM, KOTOPBIE BIIO-
CJIEICTBUAN OBLIM YTOUHEHBI KajIbIepoHOM.

Baxxuocts m3yuenns omneparopos M1, f cBsa3aHa B ciaydae IMpsi-

MOIl 1 C OJHUM N3 BO3MOXKHBIX IIOAXOI0B K OI€EHKE MHTEI'DaJIa THUIla



Komn

d¢
(—z
I7Is KpUBBIX [, sBIIstrommxcst rpadpukamy pyHKIHA, YI0BIETBOPSIIO-
MmuX ycyaoBuio JIummmiia, XoTs BliepBhbie TaKas OleHKa ObLIa MoJIyte-
ra Kasmbgeporoum |5 6e3 mpuMeHeHns KOMMYTaTOPOB.
OIHUM U3 aHAJIOTOB MPpeodpa30oBAHUS FMﬂb6epTa Ha MTPSIMOii

Hf(z)= lim /
e—+0 — ZU

ly—x|>e

JLJTA KOMILIEKCHOM IIJIOCKOCTU ABJIACTCA CI/IHFyJIHprIﬂ I/IHTGFpaJIbeIfI

orepaTop

Sf(z) = lim / ( Q) ————dsdr, (=s+1T,

eCTECTBEHHO B 9TOU CBSI3U ONPEJIE/IUTh aHAJIOI KOMMYTaTopoB Kajib-
JI€POHA JIJisT ILJIOCKOCTH CJIEYFOIIUM 00pa30M: eC/i KOMILIEKCHO3HAY-
nast byskius V' yposiersopsier yeaosuam |V (z) — V()| <w|z — (],

TO 151 TIaJiKo¥ (buHUTHON (PYyHKIMH f IIOJI0XKIM

1) = | (V(O‘V(Z>)n<f@ 4o(C),

e—+0 (—z ¢ — z)?
[(—=[>¢
N VO -V SO
Tnf(z)_ €>§ C/> ( C_Z ) (C—Z)2d (C) )

rie o(C) — maockas mepa Jlebera B C. DT onepaTops! ObLIN Opeie-

JeHbl B pabore [6], B Heit ke ObLia J0Ka3aHA OMPAHUIEHHOCTD STUX



ontepatopoB B HopMme LP(C), 1 < p < co. Bo MHOTOM 310 yaeTcs
caeaTh Oarogapst Tomy, 9To mnpeobpasoBanue z — z + AV (z) npu
coorBercTByIOmux A € C gBisercs JAUMIMUIEBCKE TJIaJIKUM [OMEO-
mopdusmom C B C, npu KOTOPOM CUHI'YJIIPHBIN UHTErPAJIbHBII Or1e-
paTop, 13 KOTOPOTro MOTYT ObITh MOJTyYeHbl oriepaTopbl 1, win 17 1e-
PEXOJIUT B CHHI'YJISIPHBII NHTErpaJbHbINA olepaTop S, orpaHrndeHHbIil
B LP(C). OkassiBaercs, ato orneparopst 1, f u T f orpaHudeHbr u BO
BCEX BECOBBIX MpocTpaHcTBax LP(w) ¢ BECOM W, YIOBJIETBOPAIOIINM
Ha II0CKocTH yeaouio Makenxaynma A,. DTH pe3ysbTaThl MOXKHO
HCII0JIb30BATD JJI OLEHKKM HEKOTOPBIX CUHIYJISIPHBIX UHTEIPAJIbHBIX
OILIEPATOPOB CIENUAJILHOrO BUa. B gacTHOCTH, BrOpas rjiaBa OTBe-

JaeT Ha BOIIPOC 00 OIpaHMYEHHOCTH OIIepaTopa

Prf(z) = sup

e>0

JRICCREINE

|C—z|>¢

(0.¢}
rine F' — nenag dynakmus, F(w) = ag + E a,w".
n=1
Jlajiee BOBHUKAET BO3MOXKHOCTL IIOCTaBUTHL BOIIPOC O pacIIupe-
HUM IIOHATHS KOMMYyTaTopa KaJbjepoHa Ha cjydail HECKOJbKHUX
dynakuuit Vi, Vs, ..., Vi. B HacTodieil pabore paccMOTPEHBI CJIydan

Vo = 71 JIJIsI orepaTopa

Spf(z) =sup

e>0

(C—=2p"  (C—2)

|(—z|>¢



a Taxoke Vi, Vo, V3, V) nna

/ (Vl(o - %(z))” (%(C) - %(z))” y

U, f(z) = sup

e>0 e C—z C—z2
x (%(Cé = Z%(z))” (v4<<€> = Zv4<z>>” <gf—(2>2 do <>|.

OTU CUTYAIIUN XapaKTePHbI HAJUYINEM OOJIBINOTO KOJIMIECTBA Ha-
IJIAHBIX TTPUMEPOB U TIPUJIOZKEHUI.

I[Heap paboThl COCTONT B MCCIETOBAHUN BOIPOCA OTPAHUIEHHO-

CTU CUHTYJIAPHBIX MHTETPAJIbHBIX OIEPATOPOB, aHAJIOTNYHBIX KOMMY-
TaTopaM KaJbaepona, Ha KOMIIEKCHON TIJIOCKOCTH B BECOBBIX ITPO-
crpaHcTBax LP(w) ¢ BeCOM w, YIOBJIETBOPAIOIINM Ha, IIJIOCKOCTH YCJIO-
Bto Makenxaynra A,, To ecTb Ay 060ro Kpyra B crpasemBo

HEPaBEHCTBO

p—1

1 1
E/Wd(j E/wl’_lfda S Co,

B B
rie o — miockas Mmepa Jlebera, |B| — miomaae B, ¢g = ¢p(w),
I <p<o0.

OcHoBHBIE PE3YJIHTATHI.

— Teopema 1. Ilycts f € LP(w), V(z) — KOMIIJIEKCHO3HAYHAS
(bYHKIWsI, OTpe/ie/IeHHasT Ha KOMILIEKCHOMN TLIOCKOCTH U YIOBJIETBO-

pdaroiiad COOTHOIIEHWTO

V(z) = V(O <wlz =], me 2¢eC



TOT1a CIIPaBEJIINBA OIIEHKA

/ (T PPudo | < b(p, n)w" / FlPwdo |
C C

rie byHKIug b(p, n) UMeeT CTeleHHON pocT 10 n.
— Teopema 2. Ilycrs f € LP(w), V(z) — KOMILIEKCHO3HAYHAL
(bYHKIMS, OIpPele/IeHHad Ha KOMILUIEKCHOH ILIOCKOCTH U YJOBJIETBO-

pdroiiad COOTHOLIEHWIO

V(z) = V(O] <wlz =], e z¢eC,
F — nenas yskiwa, F(w) = ag + Zanw", TOIJIa CIIPaBEIINBA
n=1

OIIEHKA,

1PEfllpew < 2M 2w)CLA| fl]p.o,

rie M (2w) = max |F(2)].

|2|=2w

— Caencrsue. s oneparopa

P*f(z) =sup
e>0
[(—z]>¢

BEPHO

Hp*f”p,w < 202A||f||p,w

— Teopema 3. Ilycts f € LP(w), V(z) — KOMILIEKCHOSHAYHAS
(bYHKIWMS, Opeie/ieHHas Ha KOMILIEKCHOM MJI0CKOCTH U YIOBJIETBO-

pdaroniad COOTHOIIEHWTO

V(z) =Vl <]z=¢l, e z,(eC



TOT1a CIIPaBEJIINBA OIIEHKA

3
155 o < D1n2| fllpews

riae by < b(p,co)log(n + 1), mpudem moctosiHHasg b y»Ke He 3aBUCUT
OT M, ¢y — TIOCTOsTHHASL U3 YCJI0BUsA MakeHxayTTa, Jjist BECa W.

— Teopema 4. Ilycts f € LP(w), Vj(2) — KOMILJIEKCHOBHAUHBIE
(bYHKIMY, OTpe/ieJieHHble Ha KOMILIEKCHO TIOCKOCTH U YIOBJIETBO-

pdromue COOTHOIIIEHMTO
Vi(z) = Vil < [z = ¢l e 2,(eC 1< <4,
TOTa CIIpaBE€AJINBa OII€HKA

% 5
HUanP,W S bl(p7 co)n? log(n + 1)HpraW7

rage cp — NoCTodHHad U3 YCJIOBUA MaKeﬂxayHTa JJIAd BeCa W.

Hayunas HoBu3Ha. Bce ocHOBHBIE pe3yabTaThl AUCCEPTAIINN SIB-

JIAIOTCA HOBBIMU.

IIpakTnyeckas m Teoperndeckas IeHHOCTh. Pabora HocuT

TeopeTUIecKnit XapakTep. K€ MeToabl MOTYT MCIOIL30BATHCA B APY-
X 3aJiadaX, CBA3AHHLIX C OIEHKON CUHIYIAPHBIX MHTETrpaibHbBIX
OTIepaToOPOB, AHAJOTMIHBIX KOMMYyTaTopaM KajbaepoHa, Ha KOM-
[IJIEKCHO IIJIOCKOCT.

Anpobarusa padoTbl. PesyiabraThl paboThl TOK/IaIbIBAINCH HA

ceMUHape 110 TEOPUN OTIePaTOPOB 1 KoMILIeKcHoMY aHausy B [IOMU

PAH B 2013 roy.



IIybmmkamunm. [1o Teme quccepraiun omyb/MKoOBaHbL 3 paboThl B

>)KypHaaJse u3 criucka BAK.

CrpykTypa 1 obbeM jguccepranmun. /luccepraius coCTOUT U3

BBeJEHUS 1 YeThIpeX IJ1aB, pa3duThix Ha 11 maparpados, u3a0:KeHa
Ha 57 crpanumax. CIncok JuTepaTypbl BKIOYaeT 9 Ha3zBaHUIL.

Conepkanue pabdorbl. llepBag r1aBa MocBdlleHa W3YyYeHHUIO

KOMMYyTaTopoB KaJibjepoHa Ha KOMILIEKCHOI ILJIOCKOCTH B BECOBOM
npoctparcTBe LP(w). [aBHOi 11e/1b10 gBJisieTcsd 06001eHIe pesyiib-
TATOB, MOJIy9I€HHBIX B [6] Ha cirydail Beca, yI0BIETBOPSIONIETO YCIO-
BrIo MakeHnxay1ra.

B nepsoMm naparpade dopmynupyercd yciopue Makenxayimra, ja-
eTcs orpeJieieHne oreparopa 1,7 W BCIIOMOTaTEIbHBIX OIEePaTOpPOB
T c(),6 1 Ly ()5 OCHOBHBIM pe3yJIbTaTOM 3TOTO I1aparpada aB/ger-

csI OIIEHKA

pa Co, ‘)\‘
[ 1scrat (I wlz)dole) < T80 / F()Pw()do(2).
C
Bropoit maparpad comep:kut opMyampoBKY TeopeMbl 1 1 ee J0-
Ka3aTeIbCTBO, OCHOBAHHOE Ha CBSA3M MEXKIy oneparopaMmu 1, ..y U

L) <(.),5, KOTOpag MOBBOJIAET OIEHUTDH CHadana 1y, o) 5, & morom u 1

CJAEIYIOIIIM 00pa3oM:

/ (T [Pado | < b(p, n)w" / FPwdo
C

C
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Bropas riaBa coJepKUT IIpUMEHEHUE II0JIyUEeHHBIX Pe3y/IbTaTOB
K OIIEHKE OIIePaTOPOB CIIEIHAJIbHOIO BHIA.
B niepsom naparpade paercs ompejiesienue oneparopa Pr g 11e-
oo
noit dyukmun F(w) = ag + Zanw" M ero 4acTHoro ciaydasa P~
n=1
dopMmyIupyeTcs TeopemMa 2 Co CJIeICTBUEM.
Bropoit maparpad mocsdineH M3yUYeHWIO0 BCIIOMOTATEIbHBIX OIle-
paTopoB P, u Pp. JId OIIeHKU KOTOPBIX UCHOJIb3YIOTCH PE3YJIbTaThl
IePBOI TJIABHI.

Tpetuit maparpad 3aBepriaeT A0Ka3aTeJIbCTBO, TTOKA3bIBas, UTO

J71 ontepaTopos P n P* BepHBI OlleHKH
1P fllpw < 2M (2w)CLA| £ lp.,

1P fllpw < 2C2A flpe

B Tperbeit riase mnpoucxoguT obobIIeHne MOHATHA KOMMYTaTOPa,
Kasnpaepona.

B nepBom mnaparpade paccmarpuBaeTcs ciydail AByX (QyHKIINA
Vi(z) u Va(2), rakux, uro Vo = V. DT0 NPUBOIUT K PACCMOTPEHUIO

HOBOT'O OTIEpaTOpa

Sy f(z) = sup

e>0

(C—2p  (C—2)

[(=z[>¢

JIJIsT KOTOPOTro pOPMYJIUPYETCsS TEOPeMa 3 ¢ COOTBETCTBYIOMIEN OIleH-
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3
||S;pr,w < blnEHfHP,w'

Bo BropoMm maparpade onpenendroTcs BCIIOMOraTe bHbIe OIepa-

TOPBL Sy, - 1 My o(A, ft), a TakKe TOKA3bIBAETCA OIEHKA

/ My o )(2) [ wl2)do(z) <
C

< blp.co. P2 [ 1(2) Pz o).
C

Tpernit maparpad COIEPKUT 3aBepIleHne JoKa3aTeILCTBa Teope-
MBI 3 OCHOBAHHOE Ha CBS3M Mexy omeparopamut S, u My (A, p),
KOTOpas UCIOJIB3YeTCsT s MMOCIeI0BATEeIHLHOTO MOy YeHUsT OI[eHOK
st Sy 1 S).

B ugerBeproii TyiaBe mosydaeT majibHeiiIee pa3BuTne uuaes 0600-
IMEeHs KOMMYTaTOpOB KaJibaepona Ha cIydaii HeCKOJIbKUX (DYHKITNT
Vi()

[lepshIii maparpad OMUCHIBAET CUTYAINIO ¢ YeThIPpbMs (DyHKIINsI-

MU, YAOBJIETBOPAOIINXMN COOTHOIIIEHNIO

Torma cooTBeTCTBYIONINIT omepaTop OYIET UMETh BUI

Unf(z) = sup / (wc) - v1<z>)" (v2<<> - v2<z>)" )

e>0 C—Z C—Z

|C—z|>¢
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Va0 — V()" (VAS) — Vi(\" £
T = ) oY)

B sTom CJIyda€ TaKzKe€ yHAacTCd II0JIYIUThb OLNCHKW IJId HOP-

Mbl Uf ¢ TOMOTIBIO pACCMOTPEHHUsT JIOTOJTHUTETEHBIX OMEpaTOpPOB
Sre(z, A, Ao, A3, A1) m U, . cBasannbix ¢ U). Ecim onenka g
Ste(2, A1, A2, A3, Ag) € 0UEBUAHOCTBIO CIIEyeT U3 TPeTheil TIaBbl, TO
COOTBETCTBYIONTE pe3yabTaThl g U, . chopMyImpoBaHbl B Katie-
CTBE JIEMMBI, JI0Ka3aTeJILCTBO KOTOPOI BEIHECEHO B OTIEJIbHBII Iapa-
rpad. Hajee bopMyaupyercs 1 H0Ka3bIBAETCA TeopeMa 4 Jjis olle-

patopa U, c orneHKOoi

. 5
1U5 fllpw < bi(p, co)n2log(n + 1) fllp.-

Bropoii maparpad moJIHOCTBIO TIOCBSIIEH T0KA3aTEJILCTBY JIEMMBI

a4 U, .. OcHOBHOI pe3yJsIbTaT UMeeT BUJT

by 5
U fllpw < =02 log(n + 1) fllpe
2

1 TOJyYaeTcst [pU  MOMOIIA  CBSI3M  MEXKJy — OlepaTopamu
Sf75(2, )\1, )\2, )\37 )\4) n Unﬁ.

B rperbem maparpadge ONMUCHLIBAIOTCA YaCTHBIE CIydad JJIA pa-
Hee M3YYeHHBIX 0IepaTopoB. [locsie HeCKOIbKIX TPUBUATBHBIX MTPH-
MEPOB PAaCCMATPUBAIOTCSA 6ojiee CJIOXKHBIE CUTYAIUU Jjist (hyHKIHi
V(z) = el u W(z) = &V 1o nanbosee nnrepecusM mpecTan-

naetes cyyait Vi(z) = rp(2), tie V; ompejiesieHbl Ha 3aMKHYTHIX
J
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MHOKecTBaxX Ij mepel HOoub (Ey = By, By = E3), rg(z) = dist(z; E).

Torpa nmpu ycaoBun
Vi(2) = rg(2), Val(2) = Vi(2), Va(2) = 15" (2), Va(2) = Va(2)
OIeHKU 11J1d ortepaTopoB U m S BBITVIAIAT CIeIYIONUM 00pa3oM
10zl < ba(p, )3 n? log(n + 1)1 e

* n 3
155 llpe < ba(p, co)3"n2 log(n + 1| fllp.e-

3aBepiraeT paboTy pacCMOTpeHne Caydasd
Vi(z) = T(Z)Prw(r(z})7

rie 1(z) = dist(z; E), E — 3aMKHyTOe MHOYKECTBO Mephl HOJIb, p(a)

BGH.[GCTBGHHOSH&‘IH&H beHKL[I/I?{7 yﬂOBHeTBOpHIOLHaH YCHOBI/IHM
lp(a)] < C,al¢’(a)logal < Cy,a > 0.
B sroit curyaruu oreHka i S) IPUMET BUJ

* n_ 3
HSanp,w < b3(p7 CO)C?? n? 10%(” + 1)||f||p,w7

rie C3 = /1 + (Cy + Cy)%
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['maBa I
§1. Onenka oneparopa Ly (. s
[Tycrs V(z) — KoMmIutekcHO3HAUHAsT QYHKIMsI, OIIpe/Ie/IeHHast Ha

KOMILJIEKCHOM ILJIOCKOCTU U YAOBJIETBOPAOIIAA COOTHOIIEHWTO
V(z) =V(QI <wlz =], e z(eC (1)

Bec w > 0, onpeaenennbrit Ha KoMILIeKcHOi mmockocTu C, Ha3kIBAIOT
yoByieTBopsttomuM yciaosuto Makenxaynra A,, 1 < p < oo, ecan

T71s1 JTI000T0 KpyTa B cripaBei/InBO HEPABEHCTBO

p—1

1 1
E/de @/WP_IICZO' S Co, (2)
B B

rjie o — mwiockast Mepa Jlebera, | B| — mwiomaup B, ¢y = co(w). Teopust
BECOBBIX OIEHOK ¢ ycioBueM A, 1o1pobHO n3sjokena B [7], i 5.

PaccMmoTpum oneparop

i VIO -VEN' SO,
ne=sw| [ (FUETE) e | o)

|—z|>¢

rie o(() — mmockas mepa Jlebera B C, f € LP(w).
Kax moxazamm Koiipman u Pebdepman [8], a Taxyke Kopso-

oa u Peddepman (9], OMEHKN PA3IUIHBIX CUHTYJISPHBIX MHTETDa-

JIOB MOT'YT ObIThH TlepeHecenbl co caydast LF(R™) na ciaydait BecoBo-

ro LP(R" w). B mactosimeit riaBe UCCaeayeTcst BOMPOC BO3MOYKHOI

orpaHUYeHHOCTH oreparopa (3) B BecoBoM mpocrpaHcTBe LP(C,w)
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C BECOM, yJOBJIeTBOpsitorieM yesoButo (2). Jlist oTBera Ha 9TOT BO-
IIPOC HAM IOHAJ00ATCA BCIIOMOTATEIbHBIE OIIEPATOPLI, CBI3aHHBIE C
*
T, f(z).
Durcupyem § > 0 u 0bo3HaUNM UYepes £(z) n3MepuMyo QyHKIHO

wa C, ma koropoit £(z) > 9. OnpejiesiuM orepaTop:

Taafe= [ (D) Lo, w
[(=2[>¢(2)

CaszxeM ¢ oneparopamu (4) omepaTop Ly o) 5 CIeIyIOmIM 06pa3oM.

[Tycts A — KoMmILTeKCHOE 9mcyio, |A| < %, rae w B3gTo u3 (1). [Toso-

KM

(0. ¢]

Loeyaf(2) =Y _(n+ AT, )5 f(2). (5)

n=0
OTpeTnB Ha BOMPOC 00 OTPaHMYEHHOCTH L) () § MBI CMOYKEM TIOJIy-

9UTH ONeHKy And 1), o) 5, KOTopad Bieder onenky aad 1 f(z).

Ja oneparopa Ly .(.) s TOJIy4aeTcst BhIpasKeHNUE:

Leoaf@ = f 1) go(c)4

(€ — 2)?
|C—2z|>¢€(2)

00 n V(Z)_V(C) n f(C) )
+<[<> LZl<n+1>A (= )](C—Z)ZdU(C)—
- 1 O
_|§ z[g() (1 —)\V(ZTE_/(C))Q(C_Z)QCZ (¢)

) F(0) )
-/ =MV () — VR (6)
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Beemem obosmauenne Ay(z) =z — AV(z). Ilockosbky
[Ax(z) = AN = |z = ¢[ = [A[[V(2) = VIO = [z = ¢I(T = [Alw),
o A)(z) — obparumoe orobpazkenue KominiekcHoil miockoctu C Ha
cebst, yIOBIETBOPSIIOIIEe YCI0BUO JInummIia.

[Tyctb ey — obparnoe K Ay orobpaxkenne. ObosHaunm 7 = A)(2)
u caenaeM B wHTerpasie (6) sameny nepemennoit Ay (() = t,
¢ = ai\(t) mmycrb py(t) — Momysb sskobuana mpu Takoii 3amene. Tora

MbI HaXOAHUM, 9TO

LA,g(-),éf(Z) _ / f(@)\(t)):u)\(t) dO’(t). (7)

{teCilay(t)—ax(r)|>e(2)}

Bymem motoueuno ornennBars unrerpar B (7). [lomoxuwm

sotn)=sp| [ Aoty |

e>0

[t—7|>¢

1
M = — t)|do(t).
o) =sw— [ leltdoty
[t—7|<e

Torma nMmeem

Lacysf(2) = / Floamalt) 4o

{teC:|t—7|>(1—|\|w)e(2)}
B / f(O‘A(t>)ILL>\(t) da(t)

{teC:lt—7|>(1—|A\|w)e(2) P\ {teC:|ay (t)—ay(T)|>e(2)}
13 Yero cjemyeT OIleHKa

| Ly cy0f(2)] < S7(f(an)pn) (7)+
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o F )l 5

=t

(1—|A|w)e(2)<[t—7|<2¢(z)

[Tosoxkus puist kparkocru | f(an(t))|ur(t) = ¥(t), (1 —|A|w)e(z) = q,

2e(z) = b, nmeem
2m b

/ \tlb_(tf)yzda(t) = /d@/w(T _:QTeie)rdr _

a<|t—T|<b 0

b b r 2w
[ /Wm i % (//w pd@dp) _

a 0

/wda—%/wda

|t T|<b [t—7|<a
b

+2/ 7 / Y(t)do(t) | dr <
r

< wM(T) +27T/M¢T(T)dr =7 (1+210g§> M(T),

osroMy (8) Bjieder OIeHKY

| L cy0f(2)] < S7(f(an)pun) (7)+

r (1 +2l0g ) M(F(an))(r). (9)

1 — [Aw
[Toroueunast onenka (9) TPUBOAUT K CJEIAYIOMIEH HHTErPAJIbHOMN
OIIEHKE:

[ 1Ecsf @ w(eliote) < 270 [ 82 itam)ristidoz)+
C

C
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2P~ yp (1 + 2log

1 — WW) C/Mp(f(&A)MA)(T)w(z)da(z)_ (10)

Yepes bg+(p, co) 1 by(p, ¢p) 0O603HAUNM MOCTOSTHHBIE B CJIEIYIOIINX

HEPAaBEHCTBAX:

/ SP(fo) (2)w(2)do(z) < b+ (p, co / o) Pol2)do(z), (1)

/ MP(fo) (2)(2)do(2) < ba(p, o) / fol2)Pu(2)do(z),  (12)

rJe JUIs Beca w(2) BBIMOJHEHO COOTHOIIEHUE (2) ¢ MOCTOAHHON Cy.

O6osnavasi yepes b(p, co, |A|) Besuauny

b(p7 Co, ’AD — 2p_1bS*(p7 CO)+

P
+ 20~ Lgp (1 + 2log 1 ) br(p, o), (13)

— [Alw

3 (10)—(13) HaxO UM CJIETYIOIIYIO OIEHKY:

[ 1Bt @ wiz)iotz) <

C
< b(p, co. |A) / | Flan(m)m(r)Pu(z)do(2), (14)
C

rie B (14) mo-mpexxnemy B mpaBoit qact T = Ay(z), 2 = an(7),

CJ1eJI0BaTEIbHO,

/ F(ax(r))pa(r) =)o (= / P g7 elda ). (19
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Onenum Mofy/b skobuana Jyu, (z) causy. s npousBosbHON TOY-
Ky 2 monokuM Bjs(z) = {C : |¢ — 2| < 6}. Ilyers s(8) — mnomans
Ay(Bs(z)), Torma

Ja,(2) = lim —.. (16)

[Tockomeky [Ax(z) — ANQ)| = |z — ¢[(1 = [Alw), o B Jurypy
Ay(Bs(z)) MoxKHO TOMeCTHTh KpyT ¢ 1eHTpoM B Ay (2) 1 pammycom

re menee (1 — |A|w)d, mosromy (16) Breder
Ja,(2) > (1= [Alw)?. (17)

Haxownern, ucrosibys (14), (15), (17) moayuaem OIeHKy

[ Brrss @ wliota) < g2l / FPl2)do(2).15)
C
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§2. @OpMYJIUPOBKA TEOPEMBI 1 €€ J0Ka3aTeIbCTBO
CdhopmynmupyeMm Terepb OCHOBHOM pe3ysIbTaT IEePBOil IJIaBHI.
Teopema 1. [lycmb cec w ydosaemaeopsem Ha NAOCKOCAU 1CAO-

euto Maxenzaynma, f € LP(w), V(2) — womnaexcnosnaunas ¢dymm-
UUA, ONPEOCAEHHAA HA KOMNAECKCHOT NAOCKOCTAU U YOOBACMBEOPAIO-

ULAA COOMMHOULEHUIO
V(z) = V(| <wlz—¢], 2de z,(eC,
mo20a cnpasedsusa oueHKa

/(T;f)pwda < b(p,n)w" / |flPwdo |,
C C
ede pynxyua b(p,n) umeem cmenennot pocm no n.

Jl1 moKa3aTeIbCTBa 3TOT0 YTBEPKIEHIs OIEHIM CHAYaJIa BCIIO-
MoraTesbHbI onepatop 1), ..y 5. lyers 0 < p < % Ompenenenne (5)

IIPUBOJINT K (POPMYJIE

1 Lycy5f(2)
Tnetyof <Z):2m'(n+1) / 4

|Al=p
KOTOpas JaeT CJIEAYIONYI0 IIOTOUYEeYHYI0 OIEHKY:

2

/ L 5/(2)]d6. (19)

0

1
21t(n + 1)p"

T3 c)6f(2)] <

Bribepem
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TOIJIa

| L.
o (L= S

1 (19) Bmecre ¢ (18) BrekyT

/ The()sf (2)[Pw(z)do(z) <

C

S( (n+1) )pC/ /‘Lp etf e 5f 2)PdO | w(z)do(z)(2m)Pt =

0

— (ﬁwn)p(zw)p*?cze / L, 005 (2)Pwl(2)do(z) <
C

0

2 n ! p 2p p
< (™) b C/ F(Pw(z)do(z). (20)

OrmeTnM, uto onpeneserne (13) mMo3BOJAET OIEHUBATEL POCT MOCTO-

SHHO B mpaBoii yacTi (20) B 3aBUCHMOCTH OT M

2 p
# (2 ) Wb o ) < PR b
n



+2P—17rp(1 + 2log 2n)’by(p, co))

def

by (p, co, m)w™.

22

(21)

Terneps ocTasoch 3aMeTuTh, UTO B JI€BOI YacTy cooTHOMeHMs (20)

B KadecTBe £(-) MOXKHO BbIOMpaTh oyt n3Mepumyto Ha C dyHK-

U0, YIOBJIETBOPAIOINLYIO YCJIOBUIO £(2) > §, a mpaBas 9acTb (20) oT

BBIOOPA £(-) He 3aBucut, mostomy (20) u (21) BaekyT

/ sup
e>0>0

C

< bi(p, co,n)wnp/ | f(2)|Pw(z)do(2).

C

w(z)do(z)

(22)

Haxomerr, mockoibKy TpaBast 9acTh B (22) He 3aBUCUT OT §, TO TO

COOTHOIIIEHUE BJIEHET Tpe6yeMy}o OL€HKY, 9€M N 3aBEpPIIacT JOKaA3a-

TEJILCTBO TEOPEMBI.

VAN
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['nasa 11
§1. Omepatoper P, u P~

OcCHOBHBIE Pe3Y/IbTAThI, IOy YeHHbIE B IIePBOii I1aBe, MOI'YT ObITh
MCIIOJIb30BAHbl JJjIsd OIEHKU HEKOTOPBLIX OIIEPATOPOB CIEIUAILHOIO
sua. Hacrodimas riiaga 1mocBdineHa U3y4eHnio OJHON0 U3 HUX.

[lyctb w — Bec Ha IJIOCKOCTH, YIOBJIETBOPAIOMNI ycaoBuio Ma-
kenxaynTa (2), V(z) — komiuiekcHo3HaTHAsT (DYHKIUS, OMPEIeTeHHAT
Ha KOMILIEKCHOM TIOCKOCTH U YJOBIETBOPSIIONIAsA COOTHOMIEHUO (1),

o

f € LP(w). s nenoit pyuxiun F(z) = ag + Z a,z" paccMOTpUM

n=1
orrepaTop

Prf(2) = sup / I (V(C) - V(Z)) ( f©) do(()

e>0

|C—z|>¢

1 €ro YaCTHBIN cayvai

P*f(z) = sup / eCV(Cg_Z(Z)&da(C) :

e>0

Teopema 1 mo3BOJISIET JOKA3aTh CAEIYIONINE YTBEPXKICHNI.

Teopema 2. Cnpasedausa ouenka
1PEfllpe < 2MQ2wW)CLA] flpe,

ede M (2w) = max |F(2)|.

|z|=2w

CraencrBue. /[aa onepamopa P* eepro

1P fllpw < 2C2A] Fllpe-
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82. Onenkn ana P. u Pr,
Il mokasaTesibCTBa, TeOPeMbl 2 U CJIeJICTBUAS U3 Hee HaM I[IOHa-
JOOSTCA BCIIOMOIATE/IbHBIE OLIEPATOPLI.
Durcupyem § > 0 u 0bo3HaUNM UYepes £(z) n3MepuMyo QyHKIHO

wa C, ma koropoit €(z) > 9. OnpejiesiumM ey romye onepaTophr:

] VO -VEY IO,
pF,gﬂz)C[g()F( =) L0,

O A )

[(—2[>¢(2)
[TostyquB O1EHKM JJIS 9TUX OIEPATOPOB Mbl CMOYKEM YCTaHOBUTH

CIIpaBe/[JINBOCTb COOTBETCTBYIOMUX yTBepPXKieHnit ayia Prn u P~
Tax Kax cTpyKTypa paccyxieHuit ni1d Pp. u P. nienTndHa, TO
bostee moapoOHO OCTaHOBUMCH Ha onepaTope P-. PaccmoTpuM cBsI3aH-

HBI C HUM OIepaTop

Posr=S [ (VOZVEY O

(—= ¢—2)
[(—2]>¢(z)
— X" V() -V
TaKKaK6X:Z—'I/IX:C (Cg (Z),To
n! —z
n=0

P.f(z) = Z Pn,ef(z)-

I3 repaBerncTBa MUHKOBCKOTO CJIE/IYET, UTO

1P fllpeo < D N1Poefllpes (23)
n=0
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[Tpmvernm Teopemy 1 it OTIEHKHU cJlaraeMbiX B paBoii gactu (23):

L I B e e e

[(=2|>¢(2)

IA

ef”

c n
Wb(p, n)w Hpr,wa IJ1e

b(p,n) = (4p(n+1)p(2p_1bg*(p, co)—|—2p_17rp(1—|—210g 2n)Pbys (p, co)))% =

e e
< F HTanp,w <

1 1 p
=8(n+1) (555* (p, co) + §7Tp(1 + 2log 2n)"by(p, Co)) =

= A(n+ 1)(1 + 2log2n).
Taxum obpazoM

el

HRwﬂmL_cxﬂn+DU+2bﬂ%n+%DWWﬂmm (24)

[Togcrasas (24) B (23) nmosydaem

[P fllpe < A <§:%7 1+2bg%n+@DW>]fmw—

n n 1
1+2kg2§:” (nt+1),

n!
— |¢|"w"(n + 1) log(n + 2)
2y : [l 29
n=0 '
O6ozuaunm |c["w" = y" u orenum psaer B (25). g

> le|"w" (n + 1)

E nmmMeeM:
n!

n=>0

Dﬂg
:\@

S-Sy
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= Z (ny
n=1

Z v _ = ye’ 4 €. (26)
“— nl

"w'(n 4+ 1)1 + 2
B ciygae Z "W (n ') og(n +2) 110JIy4aeTcd OleHKa:
n!

iy n+1 10gn+2 Zy n+

n=1 n=
o0 yn—l
_ y Y Y
—yE (n_2)1+y6 + 2ye’ + e
n=2
2 Y 9
_ Yy Yy _ y Yy Yy
=y E (n—2)!+3y€ + eV = y“e 4 3ye’ + ¢e’. (27)

[Togcrasnsa (26) u (27) B (25) moayTaem

1P fllpe < A ((1+2l0g2)(ye? + €”) + 2(y%€” + 3ye? + €)) || flpew =
= A (2y%¢! + ye?(2log 2+ 7) + €/(210g 2 + 3)) || f |-

VuaurbiBas, 9T0 |c|w = Yy OKOHYATEJBHO UMeeM

1P fllpew < ACs| fllpw, tre
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Cy = 2|c|*w?el™Y + |e|wel ™ (210g 2 + 7) + el (210g 2 + 3).

[Ipumensas nogobuble paccyzKieHnud K oleparopy Pp. B uTore mo-

JIy9IUM aHAJIOT HepaBeHCTBa (25)

[ Prefllpw <A ((1 +2log2) Z |an|w"(n+ 1)+

n=0
(0. ¢]
2 fag/w'(n+ 1>10g(n+2)> 1f 1l (28)
n=0
"
IJle BMECTO = HCIOJIb3YETCs |y,
n!

Ornennm psjiel B (28)c¢ momornbio HepaBencTBa, Kot jijig Koad-

bumeHTOB CTEeHHOro PAia;

Mi(p) “n+1
Ejra Wi+ 1) < [l < 202 = 3

M(2w) <Z Z ) — 4M (2w) (29)

Z lan|w"(n + 1) log(n +2) <
n=0

= 11 2) > 1)2

n=0

M(©2w) (ig—n 222n+z ) 12M©2w)  (30)

n

[Togcrasmas (29) u (30) B (28) mosytmm

1Prefllpe < M(2w) (8log2 + 28) A[[ f|lpe = M(2w)C1A| flp.-
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§3. OKoHUaHHe JI0KA3aTeIbCTBA
J171s1 3aBepiIeHnsT JOKA3aTeIbCTBa OCTAJI0CH 3aMETUTDb, 9TO JIJIs

KayKJI0T0 2 Haffjercss QyHKIms €(z) Takasi, 910

wl [ F<V(C)—V(ZO)> 1O (o

IA

>0 ¢ — 20 (¢ — o)

|(—20|>€

<o [ ow (wo - V<zO>) (Cf(C) 00|,

¢ — 20 — %)
|—20[>¢(20)

T0 ectb |Prf(z)] < 2 ‘PF,E(Z())f(ZO)" Ho Tak Kax omeHka HOPMBbI

Pr.f(2) ue 3aBucur ot BeIOGOpa £(2), TO M1t HOpMBI Pf f (2) BepHO
|Ppf llpe < 2M2wW)CLA| fllpw = M(2w) (1610g 2 4 56) Al f]p.-
Anajornano i omeparopa P* moaydaem

1P fllpw < 2C2 A fllpe;

YTO U TPeOOBAJIOCH JOKa3aTh.
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[taa 111
§1. Omeparopsbl, aHaJIOrIYHBIE KOMMyTaTOpaM KaJjbiaepona
CHHIYJIIpHbIE THTEIPAJIbHBIE OIIEPATOPHI, OTHOCSIIIECS K KOMMY-

TaTopaM KaJbiepoHa NMeoT CTaHIAPTHBIN BUI

T* () = sup / (a(y) — a(x))" fy) 2

>0 y—x Yy—x

ly—x|>¢

JJId TIPAMO# 1

T (2 = - / (v(<§ - ZV(z)>n(Cf_(<i>2 do(0)

[(—2[>¢
JIST KOMILIEKCHOI ItockocTu. llombITKa nasibHeiiniero o0oOIeHms

IIOJIYYEHHBIX PE3YJbTATOB IMPUBOJUT K PACCMOTPEHUIO OIEPaATOPa

Spf(z) = sup

e>0

(C=2  ((—2)

|(—z|>¢
Hecmorpsa na cymecrsentoe ommane B suge |V (C) — V(2)|*" sror

OIIePaTOP ABJIAETCS €CTECTBEHHBIM 0000IIEHUEM st

nie -l [ (FE) e

|C—z|>¢
B cayuae apyx dbynxmmit Vi(z) u Va(z), mpuaem Vo = V. B asroit
CATYAIUN TaKKe YIAETCd [OJIyYUTh COOTBETCTBYIONUIME OIEHKU JIJIst

HOPMBI .
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[lepeitnem K dpopMyIUPOBKE OCHOBHOI'O PE3YJIbTaTa STON IJIABBL.
Teopema 3. [Tycmo f € LP(w), V(z) — Komnaexcnosnaunas @iyms-
UUA, ONPEOCAECHHAA HA KOMNAECKCHOT NAOCKOCTAU U YOOBACMBOPAIO-

WA COOMHOULEHUIO
’V(Z)_V(C” < ‘Z_C|7 2de Z7C€C7
mozda cnpasediusa 0ueHKa

3
HS;]CHp,w < banHpr,wv

ede by < E(p, co) log(n + 1), npuuem nocmosamnmas b Yyorce He 3a6UCUM,

om n,cCy — NOCMOAHHAA U3 YCAOBUA MCL%’BHSL’CLQTLTTLCL 0AA 6eca w.



31

32. BeroMorareabHBIN 0IIepaTop
J1s1 JoKa3aTeILCTBA TEOPEMbBL 3 HaM IOHAI00ITCA BCIIOMOIaTe Ib-
*
HbIE OTIEPATOPDI, CBA3aHHBIE ¢ S . Pukcupyem d > 0 1 0603HATIM Te-
pe3 e(z) m3mepumyto gyrkmmio Ha C, st kKotopoit €(z) > 0. Omnpe-

JeJIUM CJIeIYIONINI OTlepaTop:

S0 = [ TR T

|(=2|>e(2)

sdo (). (31)

CeskeM ¢ omeparopoMm Sy, oupeienennbiMm B (31), omeparop
My (A, p) cremyronm obpasom. Ilyers A, 1 — KOMILIEKCHBIE THCIIA,

(Al = |p| =1 — +. Honoxum

Mye(A p)(2) =

) / f(Q)do(Q) @

Ly (CEAVQ+aV(Q) = (2 + AV (2) + 1V (2)))

N mest moKaz3aTeIbCTBa 3aK/II0YAETCA B IIOCIEI0BATEILHOM 101y Ie-
HIU OIIEHOK JIJIsSI COOTBETCTBYIOIINX OlIepaTopoB. Vcmoib3oBanue pe-
3yJIBTaTOB 1IE€PBOil TTIABBI I03BOJIAET OIeHUTDH oneparop My .. Casb
Mexky oneparopamu My, u Sy, . JaeT HaM OLUEHKHU 1Jif Sy ., KOTO-
pBl€, B CBOIO OYepe/ib, BIEKYT PE3YJIbTAThl JjId S .

[lepeiiniem K usydenuto oneparopa My.. lna sToro seenem obo-

3Ha4deHnune

Ayu(z) =2+ AV(2) + ©V(z).
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[TockobKy

[Axpu(z) = Axu(Q)] 2
> |z = ¢l = [AV(z) = V(O] = [ullV(z) = V()| =
> [z = ¢l(1 = 1Al = ) = 5 | — ]
10 Ay (%) — obpaTumoe orobpakenue KomiekcHoit miiockoctu C na
cebst, YIOBIETBOPSIIOIEe YCaI0BUO JInummmria.
Ouennm Mogysb axobuana Ja, (z) causy. Jlng npoussosbHOT
Toukn z nonoxnuM Bs(z) = {¢ 1 |¢ — z| < §}, myers s(6) — mwo-

masb Ay . (Bs(2)). Torma
Jay,(2) = lim —=. (33)
[TockoabKy

1
[Axu(2) — Axu(Q)] > %V — ¢,

to B urypy Ay ,(Bs(z)) MOXHO MOMECTHTH KpYr C LEHTPOM B

A, ,(2) 1 paguycom He MeHee 3-8, mosToMy (33) Brieder

1
JA}HM(Z) Z 4—7’),2

Tor,zga NCIIOJIb3YyAd PE3YJIbTAThI HepBOﬁ IJiaBbI IIOJIY9a€M OILCHKY

/ My (0, 1)) wi(2)do(z) <
C

< b(p, co, A4 / F()Pw(z)do(z). (34)

C
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§3. Onenku mya Sy 1 S)
Bamernm, aTo oneparop My (A, p)(z), onpenenennsrii B (32), Mo-

JKeT OBITH 3allCaH B BUJIe

M = f -

[C=2|>e(2)

CS S (Qdo(<)
=3 / e (35)
[(—z[>¢(2)
riae B B
g = )\V<C2 : Z(Z) X MV(Cg : Z(z)

1
gl <A+ lpl=1-5- <1

2n
Bsenem obosznaueHnd
V-V, VO-VE)
C—z (-2 ’
1 1

5 I = tN=te 1 = te.

Vcnonp3yst pasercTsa (35) nmeem ciemyioniee

27 21
1 | | |
4—2//ijg(tewl,tew?)(z)e_m(@lw?)deldﬁg =
T

0 0

e F(Q)dor (<)
= 1 k k41 k—a —m(61+92)d@ db, =
W//;;( NCTI I s
0 0 |(—z[>¢(2)
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. f(Q)da(C)
=) (=) (k+1) Tl ol
h=0 C—2>e(2)

2r 27

1 | | |
X | — / / (te'' A + te’” B)re 01492 4, dg, | =
A2
0 O

V(O =V Q)

_ (n+ 1) / o0, 6
[(—2[>¢(2)
TaK KaK HMHTEI'paJl
! 2m 27
ﬁ / /(ewlA + ei92B>ke—in(91+Q2)d91d62
m
0 0

He paBeH HYyJIO TOJbKO B ciaydae k = 2n jya ciaraemoro CF A" B™

MIZ”B” _ <V(C§) - Z(@)n <V(CC) - ZV(Z)>n _ !V(gg - ;gi)‘zn’
“Gw) (o)
ObozHaumB

rostyanm u3 (36)

- 21 27

C o |
Snefl2) =15 / / My (te™ te')(z)e~ """ %2)dg, dp,.
0 O

[lajee m3 HepaBeHCTBa ['ebaepa nMeeM

S f(2) " < <4£> (472)p_1x

a2



2 21

><//‘Mf,g(teml,tew2)(z)|pd91d92

0 0
1 (34) B€UeT OIEHKY

/ 150 ()P w(2)do(z) <
C

2r 27

4% / / / [ M -(te™, te2)(2)|" dO1dbs | w(z)do(z) =
C

0 O

~p 7T 7T | |
_ 4% / / 40,6, / My (16" t6™)(2)| w(z)do(z) <
0 O C

< CPb(p, co, | / () Pulz)do(2),
C

rje

. 92n 1\ ™" 1 92n om  \ " nln
C = jp— - T
2n +1 2n Cyp 2n+1\2n—1/ (2n)

35

T on+1\2n—1

Obo3HaYNM
1
((eby/mrbp, co, AD#)" = by,

Torja u3 (37) OKOHYATETHHO UMeeM

l\’)lU‘

||Sn,ef||p,w > Hf”pw > —WHprw

2+1

92n ( on )2”\/%() (T\/i(ﬂ)”e%_m\/ﬁ
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,ZLJIH 3aBEPIIEHUA JOKa3aTEJIbCTBa JOCTATOYHO 3aMETUTL, 9TO JJIA

KayKJI0T0 2 Haifjercss QyHKIwms £(z) Takasi, 9To

sup
e>0

TO €CTb

/ V() = Vi)™ f(Q)

|C—2p|>¢

/

|¢—20[>¢(20)

(€ —20)" (¢ — 20)?

V(Q) = V(=)™ f(C)

(C=2)* (¢ =)

S f (20)] < 208 (z0)f (20)]-

S
SN
O
IA

Ho Tak kak orenka HOpMBI S, - f (%) He 3aBucuT 0T BBHIOODPA £(2), TO

nuist HopMmbl S f(2) BepHO

3
||S;pr,w < blnin”p,wa

qTO0 1 Tp€6OBaJIOCTb JOKa3aThb.
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['maBa IV
§1. Curyuail deThipex MHOXKHUTEJIENt
[lanbHeliee pa3BuTHe Uaell, N3J02KEHHBIX B TPeThell Ty1aBe, Ipu-

BOJIUT K PacCMOTPEHUIO OIIEPATOPa,

/ (vl<<<> - Z%(z))" (v2<<2 - sz<z>)" ><

[(=2|>¢

U, f(z) = sup

e>0

(¢)

)

x (%(c‘g = Z%(z))” (m(@é = Zv4<z>)” (Cf_(éi)z .

rie f € LP(w), V;(%) — KoMILIeKCHO3HAUHbIe (DYHKIUH, OIIpeIeseH-

Hble Ha KOMIIJIEKCHOMN TIJIOCKOCTHU U YIOBJAETBOPSAIONINE COOTHOIIEHNIO
Vi(z) = Vi(Q)| <]z —¢|, tme z,(eC,1<j<4

[Toydenne coOTBETCTBYIONINX OTEHOK 71T otiepaTopa U Tpebyer
MIPOBEIEHNA PACCYXKIACHUI, aHAJOTUIHBIX TeM, UTO OBLIM IpeaIpH-
HATH J71g omeparopa S:. [l 3Toro HaM MOHaI00ATCA BCIIOMOTA-
TeJIbHbIE OTIePaTOPhl, CBA3aHHbIe ¢ U .

Duxcupyem § > 0 u 0603HAUNM Uepes (2) u3MepuMyto hyHKITHIO

wa C, misa koropoit £(z) > §. Onpeennm omepaTop

0 £ = / (vl(gc) : L/l(z))n (Vg(Cg : :z(z)>n ’

(—2[>¢(2)
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X<w%:%@y(wQ:wwvxf@

Bsenem obozHaueHME

A(Z, )\1, )\2, )\3, )\4) =z + )\1‘/1(2’) + )\2‘/2(2’) + )\3‘/3(2’) + )\4‘/4(2),

_ 1

1
rae |A\j| = 7 — g; u cBKeM ¢ omepatopoM U, ., oIpe/ieleHHEIM B

(38), omeparop St.(2, A1, A2, Az, Ay) cieyromm 0dpaszom:

Sf,&(za )\17 )\27 )‘37 )\4) —

- £(Q)do(¢) )
.
ey (LG AL Ao, A0, A0) = Az 2, 20, A, )
[TockobKy

|A(Z7 )‘17 >‘27 )‘37 >‘4) - A(C: >\17 >\27 >\37 >\4)| >

> |z = ¢l =Ml [Vil2) = Vi(Q)] = [Ao] - Va(2) = Va(€)] =

—[As] - [Va(2) = V3(Q)] = [l - [Valz) = VA(()] =

:V‘Q'G—MﬂmﬁigK”—wmﬂd_%@|

—[A3]

!%@—Mﬂﬂ_uwﬂd—wwv
2~ '



39

1
> |2 = ¢l (1= Al = Ao = [As] = [Aaf) = -]z = ¢,

10 A(2, A1, A2, A3, \y) - ob6parumoe orobparkeHne KOMILJIEKCHON IL10C-
koctu C Ha cebst, yaosierBopsitoriee ycaopuio Jlummma.,
Paccykznaq 1o anajorun ¢ oneparopom My . n3 Tperbeil 1iiabbl,

[10JIy4aeM OIEHKY

/ |Sf;5<z7 )\17 >\27 >‘37 >‘4>‘pw<z>d0(2) S
C

< b(p, co, [N / F()Pw(z)do(2).
C

B 1aHHBIX yCI0BUSIX MOXKHO c(OOPMYJIMPOBATH U JOKa3aTh OCHOB-
HOU pe3yJIbTaT 3TOU I'JIaBhI.

Teopema 4. Cnpasedausa ouenka

* )
U5 Fllpeo < 02(p, co)n? log(n + D[ flp.,

ede ¢y — nocmoannan u3 yeaosus Marxenxaynma das eeca w.

s nmokazaTesbCcTBa STOU TeopeMbl HaM IIOHAJI00UTCS BCIIOMO-
raTeJbHOE YTBEPXKJIEHNEe, KOTOpoe [Jid YI00CTBa BOCIPUATHUS OyIeT
JIOKA3aHO OTAEJIbHO B CJIEIyIONeM maparpade.

Jlemma. /las onepamopa U, . cnpasedauca oyernka

bi s
1Unefllpw < 5 n?log(n + D] fllpe.

2de
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1
o L
by g( ) 39m2e3 g
- P, Co, )
2 \ 2T
Co — NOCMosAHHas U3 ycaosus Maxenzaynma das eeca w.

Tenepb HJId JOKa3aTEJIbCTBa TEOPEMbBI OCTa€TCA 3aMETUTL, YTO

JUTsT KaXKJIOTO 2o Haiijercs pyHKIus £(2) Takas, 9ro

‘U;f(z())’ < 2|Un,5(zo)f(z()>"

Ho Tax xak omenka Hopmbl U, - f(2) He 3aBucut ot BeIOOpaA £(2), TO

auist Hopmbt U f(z) BepHO
" )
Uy fllpw < bin2log(n + 1| f]pw,

YTO U TPeOOBAJIOCTD JI0KA3ATh.



2. JlokazaTeabCTBO JIEMMBI

41

s jmokazaTeabCTBa JIEMMbBl HaM IIOHAJHOOUTCA CBS3b MEXKIY

ortepaTopaMu Ste(z, A1, A2, Az, Ay) u U, .. 3ameTnum, 9ro omepaTop

Ste(2, A1, Ao, Az, A\g), onpenesiennpiit B (39), MoxkeT OBITH 3amncaH B

BUJIE
_ f(¢)da(¢)
Sf7g(Z,>\17A2,)\3,)\4)_ / ((—3)2(1+q)2 =
|C—z|>¢e(2)
N (b e (Qdo(Q)
(-1 | s
|C—z|>¢e(2)
rjie
LW O-VE) ) WO V()
C—z (—z
VO VAR | VG~ VAle)
C—=z (—z
| < [M]+ Ao + A3+ A =1 = — <1
Ob6o3HaYNM
VO -V, BO-a)
(=% -z
(O =Y3e) _ Vi) —Vale) _
C—=z ’ (—=z -
i -~ 8% =t A\ =t Ny = te'2 Ny = te Ny = te'™,

(40)



Toryia u3 (40) nmeewm:

27 2w 2w 27
1 : . ) )
(2m)’ / / / / Spelz, te, te’™ e, tei®)x
T
0O 0 0 O

y / qkwem(91+92+93+94)d61d92d93d94 —
(— =z

2r 2w 2w 2w
X (21)4////qk6m(61+92+63+94)d91d92d93d94 =
T
0O 0 0 O

) e (O ()
— (47@—% 1)t T A"B"C"D -———t:i;_g_a
() czldz) S

TaK KaK
q’c — (tewlA +te'2B 4 B0 + tew‘lD) =

=" (" A+ "B+ 0 + D) =

42
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= E : | . | | |

tk k! 6ﬂ91a1 4Oq6¥02a213026¥03a3(7036¥94a4l)a4
a1,a9,a3,a4>0 a1:09l(X3:04!

a1 +agtagtay=k —

2{: ' .
= tk k! 61(61041+92a2+93a3+64a4)Aa1 B2 (s Do

a1,a9,03,004>0 1:009:(X3:0¢4.:

a1+oagtagtay=k

1 MHTErpaJl He PaBeH HYJIIO B ciydae k = 4n Jisd CjaraeMoro

4n)!
nnlnin!
Obo3HaYNM
4n)! 1 -
(4n +1) =g =6
TOTIA
67 27 2w 2w 27
AN )4/ / / / Spelz,te™ 1™ te® 1) x
T
0 0 0 0

><e_in(€1+92+93+94)d91d82d93d04.

Ucrosb3yem a1y cBd3b jid oneHku oteparopa U, .. 113 nepasen-

crBa ['esibiiepa numeem

‘Un,gf(Z)‘p < ((271_)4)1)—1 «

(2r)!

2r 27 2w 2w

X / / / / Sy c(2, te™, te®, tes, te'™)|" d61dOrdbsdb.s,
0O 0 0 O
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OTKYJa CJIeJlyeT OlleHKa

2r 2w 2w 27

S]]

‘Sf75(z, teiel, te'?2 tels teie‘*) }p d€1d92d93d€4> w(z)do(z) =

/\Umf (2)]P w(z)do(z) <

~ 2 2w 2w 27

Cr
— (27T)4////d€1d92d93d64><

0 0 0 0

></}Sfjg(z,tewl,tew%tew?’,tew‘*)‘pw(z)da(z) <

< C¥b(p, co, |\|Jn2047 / F(2)Pw(z)do(z) <

< Cp,co. ) og'n + D0 [ |f@)Pwiidolz). (1)
O1erum C
W (1 1\ 1 1\ 1 /2n—1\"
th=(--—) =—(1-=—) = ,
4  8n 4an 2n 44n 2n

G gin (2 on )4” ()" 42)

dn + 1 n—1

Hcnonbsysa dopmyny Crupiimara nmeem
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O(n
 (2mn)(yineE _ 2l ”
2\/2771(4?”)4”6%_2) R
Torma (42) ¢ yuaerom (43) BiiedeT OleHKY
~ 4in on \ " 2onles n?
C < ’ <
dn+1\2n—1 Vor 44
16-2n%-¢5  n2 _32n%l n_ 8nles 4 (44

< . < —
- V2T In+1 7~ 2 4 V2

ObozHaunM
1
fbv( ) 327’(’26% "\ 7 bl
» €O, — a0
b, ¢ 5r 5

torga u3 (41) u (44) numeem

bl b}
[Unefllp < 5 log(n+ 1)l

YTO U TPeOOBAJIOCH HOKAa3aTh.
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§3. HacrHble ciydan
[losryueHHBIE PE3YIBTATHL IO3BOJISIIOT OIEHUBATH OIIEPATOPLI CIIe-

[MaJIbHOIO BUJA JJId Pa3/IMYHbIX ciy4daeB Boloopa V. IlycTb
Vilz) =Vi(Ol < lz = ¢, e z,¢eCl<j<4 ()

PaccMoTpum HEKOTOPBIE TTPUMEPHI:

1)‘/2:V17‘/E3:Z7‘/;l:z

Vi(Q) = Vilz)" (C=2\" f(Q)
= C/ () <c—z>2da(<)‘ -
< b log(n + 1) f[lpes
NVo=Vi,Vs=a,Vi=y (z=x+1y,(=0+1T)
Vi(C) — Vi(z)2"
wl | e
o—z\"(T—y\" [f(C
<(e22) (22 o
< b log(n + 1) £l
3)%:?1,‘/3227‘/21:37
Vi(Q) =Viz)" (o —2\" f(Q)
S;ig C/ (C_Z>2n (C_Z> <<_2>2dm2 S
—z|>e p,w
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< byn? log(n + D||f ]|y

4)‘/22717‘/3227‘/4:9

Vi(O) =iz (T —y\" [
=0 / (=2 (c - ) | =
[(—2[>¢ Dyw
< bind log(n + 1) .
B wgacrtHoctu, npu n = 1 caydaum 3) u 4) npuMyT BH
Vi(¢) — Vi(2) (o —
oy / 1A() (14(2_”2()5 (<) de' < bylog 2|/l
[(—z[>¢ p,w
Vi —V 2(r —
| [ 1A() (14('2_)‘2()5 y)f(0) dmZ‘ < by log2l fll
|C—z|>¢ P

B 6oJtee c03KHBIX cIydaax TpebyeTcs mpoBepka yeaosust (k). s

dynxim V(z) = el?l Bocrombayemcs n3pecTHEIM HepaBerCTBOM
e — 1] < |af,a € R.

Torna

V(z) = V(O] =
yﬂ.

4M_Mﬂ:

4M«D_QSUA—KH§V—C
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1 pe3yJIbTaThl I1€PBOl M TpeTheil TJaBbl JAKT COOTBETCTBYIOIIME

OIICHKU:
el — elE\ " £(¢)
|(—2[>¢ P,w

rie byHKIug b(p, n) UMeeT CTeleHHo pocT 1o n,

IA

sup
e>0

/=‘g<_emfngﬂ0
€=z (C—2)

v

|C—z|>¢

3
< b(p, co)n? log(n + 1) fpe-

Kpowme Toro, eciu mis dpyaximn V (z) BBITOJTHIETCST YCI0BHE (),

ilV(z)

TO oHO TaxzKe BepHO 1 g W (z) = V) rax xak

(W(z) = WI()| =

gww_gwmw:

wwmw

_ aW@meﬁ4¢§

<[V = VIOl £ V(2) = V(O] < |2 = ¢].

B sTom ciydae jjid orepaTopa U3 MepBOit TJIaBbl NMeeM

sup
e>0

(-2 ¢ —2)

VOl _ gilVEIN ™
/ ( )(fwxﬂdo‘ < b(p, )| f [l

|C—z|>¢




1 B actHoCTH g V(z) =

sup
e>0

|C—z|>¢

rie byHKIug b(p, n) UMeeT CTeleHHON pocT 1o n.

[Iycthb Temepn

TOT 1A

V(2) = V(Q)| = [prllz] = [C) + pa(z] = |ol) + ps(lyl — I7])] <

[ (=)

p,w

V(z) = pilz| + palz| + pslyl,

< b(p: )| fllpws

<\pal - Izl = [¢I| + [p2] - [l = |o]| + lps| - |lyl = |7l| <

49

< [pul- [z = ¢l Ipal - |z — ol + |ps| - ly = 7| < (Ipa| + |p2| + |ps]) - |2 = €1,

TO €CTh B YCJIOBUU TEOPEMBI 1

1 JIJIs orepaTopa

T, f(z) =sup

e>0

w = |p1| + |p2| + |p3]

/ <€i(p1C+p20+p3T) — elplzl+p2lzl+pslyl)

|(—z|>¢

(—z

)
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BepHa OlEHKA

1T fllpes < bp,m) - (Ipa] + |pal + [p3])" (| fllpe-

[lycrs Teneps mst V(z) BepHO
Vi(z) = V3O < 4]z = ],

TOT A PACCMOTPUM (DYHKIINN

~ 1

i) = Vi)

JIJIsT KOTOPBIX BepHO ycjoBue (*). Tak Kak B 9TOM CiIydae

~

Vi(z) = A;Vj(2),

TO OIEHKa OIEpaTOpPa M3MEHHTCH Ha MHOKuTeab (A AsAsAy)”.

Ecmu Vo = V', V4 = V3, To oneparop U’ npumer Bu

U, f(z) = sup

e>0

(C _ Z)4n—i—2

[(—z[>¢
PaccmoTrpuM citydait, korga V) onpeneseHbl Ha 3aMKHYTBIX MHOKE-

ctBax E; mepnt Hosb (By = By, By = E3). ObosHatnm

rp(z) = dist(z; F),

TOT/Ia FICHO, YTO
7E,(2) —rE,(Q)] < |z =



ol

N B Ka4eCTBe ‘/] MO2KHO B34dTDH TEJ., OZ1HaKO boJtee MHTEPECHBIM ABJIA-

eTCd CJIyYai

Vi(z) =" (2).

Jljist ero paccMOTpeHns: HaM TIOHAI00UTCs JJ0Ka3aTh HEPABEHCTBO
a'tt — b < V3|a —b|,rae a > b > 0.

BwMmecTo sToro mokaxkem

a

1 — 1|<f]t—1] Fﬂet—g 1.

Shvii HEPAaBEHCTBa PaBHOCHUJIbHBI, TaK KaK

b

, 1+i a\ i
=l fett ] (5) T = =l (5) =1

[Tocie Bo3BeneHnd B KBaJIpaT IMeeM

‘a”i o b1+z" _ |b1—|—z’} . ‘(g)lﬂ' B 1‘ _

[t 1 < 3(t 1)
Tak Kak
i = ¢ . €99 = t(coslogt + isinlogt),
TO 0603HAUUB logt = ¢ moyunm
|t — 1‘2 = (tcosp — 1)* 4 (tsing)* =t* — 2 cosp + 1 =

=12 — 2+ 14 2t(1 — cos ) = (t — 1)2+4tsin2§.
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[Tocsie aTOTO OCTAIOCH ITIOKa3aTb, 9TO
4 sin2§ <2(t—1)>2

Tak Kak

4t sin® g < 4t,

TO 171 t > 4 "epaBencTBo odeBuAHO. [Ipm 1 <t < 4 nmeem
logt
sin (Tg> >0,

@singgt—L

I[IO9TOMY HOKazKEM

It 9TOr0 paccMOTPUM (PYHKITIIO
F(t) = \/278111% 41,

JJIs1 KOTOPO

Tak kak f(1) =0u f'(t) < 0 upu t > 1, 1o cupaBe/IMBOCTL HEPa-
BEHCTBA JIOKa3aHa.

[lycthb Tenepnb
Vi(2) = 1 (2), Valz) = Vii(2),

Va(z) =gy (2), Va(z) = V3(2),



93

TOF,Ha HaHpI/IMep
Vi(z) = VA(Q)l = |ri'(2) = i (Q)] <

< V3|re(2) = e (Q)] < V3]z = (|

u juid oneparopa U BepHa OlleHKa

* n, 2
1T fllpw < b1(p, )37 n2 log(n + 1) f |-

[Tpu sTOM cam omeparop MOXKeT ObITH 3allMCaH B BU/JIE

/ qr, (2, C)qp, (2, C)

U, f(z) = sup (¢ — z)tn+2

e>0

f(Q)da(¢) |,

|C—z|>e¢

rJIe

= r? — zr )T COS O TEj(Z) T2
a5, (2,€) = 1, (2) = 2, ()7, () (1 grEj@)) +13(0)

TaK KaK TI0CJIe 0003HAYEHTST

logrg(2) =, logre.(¢) =

nMmeeM

= 1, (2) = 208, (2)75,(€) cos(a = ) + (<),

*
[IpuMenssa momoOHBIE PACCYKEHNS K OnepaTopy S, MOJTydnM

sz =sw| | (qf%"o F(¢)do(C)

-=0 C _ Z)2n+2

|C—z|>¢
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C COOTBETCTBYIOIEN OITEHKON

* n 3
155 f llper < 02(p, c0)3"n2 log(n + 1)|[ .-

PaccmorpumM erne oJiuH npuMep CUHIYJISSPHOTO UHTerpasia. 1lycrs
¢(a) — BelmecTBeHHas HeltpepbiBHAsT (PpyHKINA Ha [0; 00) CO CBOCTBA-
MU

lo(a)| < Ch,al¢'(a)logal < Cya > 0.

Torna miga dyHKIIN
W(a) _ a1+ig0(a)

BEPHO CJIEIYIOIIEE

W' (a) = a9 +ip(a)a™? + iay'(a)a "V log a,

W (a)] < 1+ (C1+ Co)? = O,

qTO BJIeHeT HepaBeHCTBO
b
, /
W (a) — W) - / (1470) dt| < Cofa ).

B KadecTBe nmpuMepa MOXKHO pacCMaTPUBATh
aP

(a) = CO+Ca5—|—1’

B > 0.
HaJjiee mycth [/ — 3aMKHYyTOE MHOXKECTBO MeEPbI HOJIb. OO03HAUNM

r(z) = dist(z; F),



Toraa Jist pyHKIINN

CIIpaBE€AJINBO HEPABEHCTBO

V(z) = V(O] < Cslr(z) = r(¢)] < Cslz — (.

B sToMm ciydae ¢ yaeToM TOro, 9To

V(z) = V(Q)I =

r¥(z) +17(0)—

~2r(a)r(¢)cos 9(r(2) g () — (r(E) g )

TeopeMa 3 BJIeYeT OLEHKY

sup
e>0

[(=2[>¢

/ (gq”(Z; ¢)

- Z)2n+2f(4>d0(é)'

3
< bs(p, ¢0)C5"n2 log(n + 1)|| Il

1 B YaCTHOCTHU Opu 1 = 1

/

[(=2[>¢

sup
e>0

q(z; ()
(¢ —2)*

f(C)dU(C)'

< by(p, cg)C3 102 2| f || o

pw

pw

IN

<

def

q(z: ¢)

1)
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