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Mhasa 1 Bsepenue

§ 1.1 BeepeHune rnaebi 1

PasButue Teopun skcTpeMasIbHBIX MOPSIKOBBIX CTATUCTUK U PEKOP/IOB SIBJISETCS aKTya/lb-
HBIM B CBSI3U C PA3JUIHBIMU MPUJIOXKEHUSIMU, BO3HUKAIOINUMHA B METEeODPOJIOTHH, TUIPOJIOTHH,
B CTpaxoBoM u (puHaHCOBOM Om3Hece. [lepenaapl Temmeparyp u arMochepHOro jJgaBjeHus, ma-
BOJIKU PEK, CIIOPTUBHbIE JIOCTHKEHUSI, CTPAaxXOBble U (DUHAHCOBbIE PUCKH, PA3JIMYHBIE MOJIEJIH,
CBSI3aHHBIE C BpeMeHaMU OOCJIyKUBaHUS, KOPPO3UeEl MeTa/LJIOB, COMTPOTUBJIEHUEM MaTE€pPUAJIOB,
BCE 3TO U MHOTOe JIpYyToe, TPEeKPacHO OMUCHIBAETCI MATEMATHIECKIM allllapaToOM 3TOU TeOpUH.
Ciejyer OTMeTUTh, YTO MOPS/JIKOBbIE CTATUCTUKH U PEKOP/Ibl TAKIKE aKTUBHO HCIOJIL3YIOTCS B

CTAaTUCTUYECKUX BbBIBOJAX.

Boutee 1101podHy10 nHGOPMAIMIO O TPUIOKEHHUSIX, CBI3AHHDBIX C ITOPS/IKOBBIMUA CTATUCTHKA-
MH, PEKOPJaMi ¥ WH/YIIUPOBAHHBIME UMU CJIyYalHBIMU BeJIMYNHAMU, MOYKHO HANTH B KHUTAX
lamamGomma [3] ("Acumnrorndeckasi TeOpHs SKCTPEMATBHBIX MOPSAKOBBIX cTarucTuk' 1984),
Dmbpexrca, Kmonmens6epr n Mukorma [81] (Embrechts, Kliippelberg and Mikosch "Modelling
Extremal Events for Insurance and Finance" 1997), Hessoposa [15] ("Pekopap. Maremarude-
ckag Teopug" 2000) u Beiipranta, [orebepa, Toiireanca u Cerepca [46] (Beirlant, Goegebeur,
Teugels and Segers "Statistics of extremes. Theory and applications" 2004). Cpeau 60sb110T0
KOoJingecTBa pa6OT, IMOCBAIIECHHbIX T€eMaTUKE IIOPAJKOBbIX CTATUCTUK U PEKOP/A0B, BbIJICJIUM TaK-
ke 0030puyio crarbio [laiika [158] (Pyke "Spacings — with discussion" 1965), kauru ApHosb/a,
Bamakpumuana u Harapamku [30], [31] (Arnold, Balakrishnan and Nagaraja "A first course
in order statistics" 1992, "Records" 1998), Axcamymnaxa u Hes3oposa [26] (Ahsanullah and
Nevzorov "Ordered random variables" 2001), a Takzxe kaury IsiiBuga. B nanuoit aucceprammn
MBI CCHIIAEMCST HA TPeThe W3JaHue Toi KHUrH, mojrorosaentoe [Isiiugom u Harapamkn [73]

(David and Nagaraja "Order Statistics. — Third edition" 2003).
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B xo1e pa3BuTus Teopum IKCTpEeMAJTbHBIX MOPI/IKOBLIX CTATUCTUK U PEKOPJOB B Hell BBIIe-
JILTUCH OT/eTbHbIe HampaBiaeHus. CaMOCTOATETbHBIN HHTepec MPUOOPeso u3ydeHne CreiicmH-
roB, 00pa3yeMbIX HOPsIKOBBIMYU CTATUCTUKAMU U PEKOP/IaMU, YUCJIa BEJIMYNH, PETUCTPUPYEMbBIX
OKOJIO TIOPSI/TKOBBIX CTATHCTUK W PEKOPIOB, CEPHil, OCHOBAHHBIX HA TOPSIKOBBIX M PEKOPIHBIX
cTaTHCTUKaX. TeMaTuka MOpsIKOBLIX CTATUCTUK M PEKOP/IOB HMHTEPECHA eIle U TeM, 9TO BOupa-
er B cebs pa3/inuHble MaTeMaTU4YeCKKe, BEPOATHOCTHbIE U CTATUCTUYECKUE METO/bl U 1OJIXO/IbI.
3/1eCb MOKHO BCTPETHTDH PACCYKIAEHUS B JyXe (DYHKIMOHAJIHLHOTO aHAJIM3a, paboTaeT ammapar
IpeJieTbHBIX TeopeM KJIACCUIECKON TeOpUU BEPOSITHOCTEN, aKTUBHO UCIIOJIB3YIOTCS PEKYPPEHT-
HBIEe METO/IbI U MapTUHTAJIbHBIE MOAX0/BI. [[0pa IKOBbIE CTATHCTUKY, PEKOP/Bl U CBA3aHHBIE C
HUMU CTATUCTUKHN AKTUBHO UCHOJIb3YIOTCH JIJIsl CTATUCTUYECKUX BBIBOJOB M MOCTPOEHUS OTEHOK

HEU3BECTHBIX ITapaMeTpOB.

Jlannasi jguccepraiiontas padora MOCBANIEHA U3YYE€HUIO IKCTPEMAJIbHBIX MOPSJIKOBBIX CTa-
THCTHUK W PEKOP/IOB. AKIIEHT JeIaeTCsI Ha N3y YeHUH ACHMITTOTHIECKUX CBOMCTB 3TUX CIyYallHBIX
BetmuuH. BmecTe ¢ TeM B paboTe pacCMaTpUBAIOTCS XapaKTepU3AIUOHHBIE TEOPEMBI I KC-
TPEMaJIbHBIX HOPSAKOBBIX CTATUCTUK U PEKOP/IOB, HIILYTCS OIEHKN HEM3BECTHBIX MTapAaMeTPOB U

MPOBEPSIIOTCST CTaTUCTUYECKHe TuioTe3bl. Pabora cocTOnT M3 BOCHMHU IJIaB U CIUCKA, JIUTEPaTy-
pPHI.

[nasa 1 siBsiercs BBejienueM juccepranuu. B naparpade 1.2 npuBe/ienbl OCHOBHBIE TOHATHS
n o0o3HaveHHns, MPUHATHIEe B Auccepranuu. B maparpade 1.3 maerca kpaTkuii 0030p BazKHeil-
ITUX PE3YJIbTATOB, U3BECTHBIX JIJIS TMOPSIKOBBIX CTATUCTUK. OCHOBHBIE PE3YIbTATHI JUCCEPTAa-

UM aHOHCHUPYIOTCs B naparpade 1.4.

B rnaBe 2 auccepranunonHoit paboThl 00CYKIAIOTCS TEOPETHIECKNE OCHOBBI CUIBHOM CXOIH-
Moctu. PaccmarpuBatorcest HegaBaue o6001menust gemvbl Bopessi—Kanrenan. B nociepyromnmx
IJIaBaX JIMCCEPTAIUN 3TU 00OOIIEHUS UCIOIb3YIOTCS JIJIs MOy YeHUSA CUIBHBIX IPE/Ie/TbHBIX TEO0-
peM. B rmaBe 3 auccepraiun uccieIyiOTCsS PeKOP/Ibl: KJIACCHIeCKHe PEKOP/IbI, CIadble PEKOP/IbI
U PEKOPJIbI C MOATBEpzKAeHueM. LIl peKOP/I0B MUIILYTCs PACIIPEe/Ie/IeHUsI U BBIBOIATCSI TTPE/1e/Ib-
Hble Teopembl. B 1itaBe 4 00CyK/1al0TCsS CTATUCTUYECKUE TTPOIEYPhl, CBSI3aHHBIE C PEKOPIAMMU.
B rnaBe 5 paccmaTpuBaeTcsd acCUMOTOTHYECKAsS TeOPHUS YUC/Ia BEJIUUWH, PETHCTPUPYEMBIX OKO-
JIO TIOPSIJTKOBBIX CTATUCTUK W PEKOP/IOB. B rnaBe 6 aHamu3mpyioTcs mpeieTbHbIe TeOPEeMBI s
cepuii, OCHOBaHHBIX Ha TMOPSJIKOBBIX CTATUCTUKAX U pekopaax. [IpesesibHble TeOpeMbl JIjisi KOH-

KOMHUTAHTOB MOPSIKOBBIX CTATUCTUK U PEKOPJOB 00CyzKaloTcs B riiase 7. Hakowner, B riiase 8
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npeaaaraloTcd XapaKTepUu3alluOHHbIE TeOPEMDBl /14 IMMOPAAKOBBIX U PEKOPAHBIX CTaTHCTHK.
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§ 1.2 OcHoBHble NOHATUSA U 0003HA4YeHUSsl, NCNOJIb3yeMble B

aucceprauum

Obo3Havenust, TPUBOANMBIE B JTaHHOM Taparpacde, 3aKperieHsl 3a 0003HaYaeMbIMU 00beK-

TaMHM BO BCeX IVIaBaX AUCCEPTaIlUH.

[Tycts X7, Xo, ... — mocje1oBaTeIbHOCTh CIYYalHBIX BeJindnH. Be3ie B auccepraiuu Oyiem

IPEINOoJIAraTh, YTO TAKNE BEJUIHHBI 33/ IaHbI HAa OTHOM BEPOSITHOCTHOM IPOCTPAHCTBE
Q= ({w},F,P),

0 YeM jajiee yIOMHUHATL yke He OyaeM. B namieii pabore A{ Oyaer o003HAYATH JOMOJHEHUE

cobbitust A;, a [4 — ungukarop coobirus A. Cobbirue
{A, 6.a.} =N, U2, Ak

COCTOUT U3 TeX TOYEK LPOCTPaHcTBa ), KoTopble HpuHaIe)KaT 6eckonedno muorum A,. Co-

" " d p II.H.
Kpalenue 60.v. OyjaeM HCIoIb30BaTh I TepMuHa "Oeckonedno dacto'. Samucn —, — 0 —
Oy/IyT UCIOJIb30BATLC JIsi 00O3HAYEHHUs CXOAUMOCTH II0 PACIPE/IEIEHHIO, 110 BEPOATHOCTUH U
C BEPOSTHOCTBIO eIUHUIA, COOTBETCTBeHHO. B nuccepranuonnoit pabore OygeM HCIOIb30BATH

caejiyroniue 0003HaYeHUsI:

F(z)=P{X <z}, F(z)=1-F(), f(x)="F(),

pn:P{X:n}7 Qn:P{in}a 6n:qn+17

n

lp =sup{z: F(z) =0}, rp=inf{z: F(z) =1}

Hocurens pacupesesnenust F' o6o3Haunm ciaeayonmm obpazoM: S = [lg, rp]. Bo MHOrEX riaBax

JIECCepTAINK OYIeT UCIOIb30BATHCS MPeIe

lim f(z,a) = B(a) € [0, 1], (1.2.1)

$—)7”F

e B(z,a) = F(x +a)/F(x) n a > 0. MokeT co31aThcsl BIeYaTIeHne, 9TO eCIu Tpejaes B
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(1.2.1) cymectByer st HEKOTOPOro a > 0, To OH cytecTByer u st to6oro a > 0. OHAKO 5T0

He Tak. PaccMoTpum pacmpeiesienne, NMeIonee XBoCT

T2

Flz) = e (1 + ﬂ) (z > 0).

[Ipemen B (1.2.1) pasen B(a) = e * B cay4ae, korma a € Z, u upemen B (1.2.1) me cymecrByer

JJIL JIPYTUX .

Sameuanue 1.2.1. B aemme 2.2 pabomu, [116] 6viao nokasano, wmo ecau npeden 6 (1.2.1)
cywecmeyem daa kasicdozo a us unmepesasa (0,A), A > 0, mo amom npedea cywecmeyem u

oas arwbozo a > 0.

N3 meopuu npasuavro mensowurcs Gynrkyud, cm. cmpanuyy 54 cnpasownura [52], cae-
dyem, wmo das mozo wmobw, npeden 6 (1.2.1) cywecmsosan dasn a0bozo a > 0, neobrodumo
u docmamouno, 4mobv, OH CYWECMB08AA OAA HEKOMOPHLT A1, Gz > 0, MaKUT 4Mmo ommowerue

ai/as — UPPAUUOHANLHO.

B panbneiiniem b(n, p), nb(n,p), g(p), po(A), T u Z 6yayr obo3HauaTh caydaiiHbie BeJAUU-
HBI, IMEIOIIIe, COOTBETCTBEHHO, OUHOMHAIBLHOE paclpe/Ie/IeHne ¢ ITapaMeTpaMu 1 1 P, OTPHUIIA-
TeJIbHOEe OUHOMMAJIBHOE PACHPE/IE/ICHUE C IADAMETPAMU 1L U P, FEOMETPUUECKOE PACIIPE/Ie/IeHIe
¢ mapamerpom p, pactpejesenue [lyaccona ¢ mapamMerpom A, CTaHJapTHOE KCIOHEHIIUATIBHOE

pacliipejieJieHle U CTaHaPTHOE HOPMAaJIbHOE paclipejie/ieHue.

VTBepKieHus Juccepranuu u Bce (popMyJibl UMEIOT CKBO3HYIO HYMEPAIUIO B KaXKJIOM Ia-
parpade. Tak, "Teopema 3.2.4"o3Hauaer, 4To Teopema 4 HaxoauTcs B maparpada 2 riaBbl 3.
Vckarouenne u3 3TOro IpaBmlia COCTABAT pe3yJbTaThl u ¢opMyasl naparpada 1.4, rae mpuBo-

AATCA OCHOBHBIE DE3YyJ/IbTaTbhl JUCCEPTalU U COXPpaHE€Ha HyMepallid COOTBETCTBYIOHIUX IJIaB.
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§ 1.3 BaxkHeiiwine pe3ynbTaTbl, U3BECTHbIE B TEOPUU MOPSAAKOBbIX

CTATUCTUK

[Tycts X1, ..., X, — HE3aBUCUMbIE OJMHAKOBO PACIPE/Ie/ICHHbIE CyYaiiHble BEJIMIUHbBI C 00-
meit dyuknueit pacupenenenus F. Ilo ucxomaHoit mocsenoBaTeIbHOCTH CAyYaiiHBIX BeJTUYNH

IIOCTPOUM BapHaHI/IOHHbIﬁ P4
Xl,n S X2,n S v S Xn,n;

YJIeHBl KOTOPOIO HA30BEM IOPSIKOBBLIMU CTATUCTHKAMM. I MakcuMyMa BBIOOKH OyIeM HC-
nosib3oBath oboznavenue M,. Uspecrno (cm., nanpumep, [73]), uro dynkuus pacnpeeaenus

k-oif HOPSIIKOBOI CTATUCTHKH 3aaeTCsI PABEHCTBOM
P{Xgp <2} = Fyn(a) =Y CiF'(x)(1 - F(x))"". (1.3.1)
i=k

Ecau F' — menpepbiBHOE pacupejesnenue, 10 Fj ,(r) MoxeT ObITb 3alHCAHO B BUJE:

Fpn(z) = nCF 1 / ’ FFYu) (1 — F(u)" " dF(u). (1.3.2)

—0o0

B abcomoTHO HEeIpepBIBHOM CJllydae IJIOTHOCTD CJIyYailHONH BeJUIHHBI X} , OIpPeIesIdeTcd pa-

BEHCTBOM

Jin(@) = nCRZH{F (@)} {1 = F2)}" ™" f(x). (1.3.3)

Pacemorpum Bektopl XV = (X1, ..., Xp 1) 1 XP = (Xpi1m, -+ Xpn). aa mux crpa-

BeuBa jgemMa 1.3.1 (em., mampuwmep, [73]).

Jlemma 1.3.1. Bexmopu XY u XP yeaosro nesasucumos npu yeaosuu { Xy, = z}. Kpo-
Mme mozo, ycaosnoe pacnpedeaernue XY mo owce, wmo u Gesycaoenoe pacnpedesenue nopadko-
8HIT CMAMUCTNUK Y1 k—1, . - ., Yi—1k—1, NOCMPOEHHVT NO HEZABUCUMBIM 00UHAKOB0 pacnpedener-
HoLM 8eAUNUHAM Y7, ..., Yi_1, umerowum pacnpedeserue G(u) = F(u)/F(z) (u < x). Yeaos-

noe pacnpedeaerue X mo orce, wmo u 6esycaosroe pacnpedenerue nopadkoSHT CIMAMUCTIUK

Win—ks- s Wo—kn—k, NOCMPOERHLT 10 HE3ABUCUMBLM 00UHAKOBO PACNPEIENEHHBLM CAYUATIHBLM
W W b T(u) = 20 F@ ) > g
seaununam Wy, ..., Wy ¢ pacnpedesenuem T'(u) = — =75~ (u > x).
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§ 1.4 KpaTtkoe coaep>xaHune paboTsbl

B maparpade 1.4 kparko uzjaraercs cojepkaHue JQuccepranuonnoi paborel. Hymepartust
dopmyI1, 1eMM, TeOpeM U JPYIuX YTBEepzKIeHU, IPUBOJIUMBIX B JAHHOM ITaparpade, COBIajiaeT

¢ HyMepalleil, CIoib3yeMoii B COOTBETCTBYIONIUX IIaBaXx.

B rmaBe 2 muccepranmoHHONE pabOTBI PacCMATPHBAIOTCS 0000INeHHs JieMMbl bopess—
Kanrenm. Cpeam 3Tux 0000IeHNni eCTh W 00O0OIIEHHS, HPEII0KEHHLIE aBTOPOM JTAHHOIM
JucceprainonHoii paborsl. CoBpementblit BapuanT jsemMbl Bopesns—Kanremm (jaemma 2.1.1)

TPUBOJNTCS B TJaBe 2.

Jlemma 2.1.1 (1) IHyecmv Ay, As,... — nocaedosamenvrocmo cobvumud, 0a# KOMOPHLT
svinoansemes nepasercmeo y - P(A,) < oo. Tozda P(A, 6.4.) = 0.

(2) Hycmo Ay, As, ... — nocaedosamenvrocms nesasucumois cobvmutd u Y - P(A,) = oo.

Tozda P(A,, 6.u.) = 1.

W3 pesyabraToB IVIaBbl 2 NMPHUBEIEM B 3TOM Iaparpade jBe HAIIUX JeMMBbI, 000OIIAIOIIIX

nemmy 2.1.1. JTauHBIe pe3yIbTaThl ObLIH MOTyUeHb B paborax [207| u [227], cooTBeTCTBEHHO.

Jlemma 2.2.1 ITycmo Ay, As, ... — nocaedosamenvrocms cobvimud, makuz wmo P(A,) — 0.

Ecau das HEKOMOoPo20 M Z 0 swnoanaemeas ycaosue

oo
Z P( fL fz+1 Tt A%+m—1An+m) < 00,
n=1

mo P(A, 6.4.) =0.

Ornpeeinm moc/1e0BaTe/IbHOCTE COOBITHI, 00/1a/1AI0IIIX MAPKOBCKUM CBOCTBOM. CKazKeM,
9TO MOC/IE0BATETLHOCTD COObITHil A, (n > 1) obsiajaer MapKOBCKUM CBOHCTBOM, €C/IH HOCJIe-

noBaTesbHOCTD [ 4, (n > 1) aBasercs nenbio Mapkosa.
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Jlemma 2.2.5 [lycmo Ay, As, ... — nocaedosamesvrocms cobvimud, 064a0a010UWUT MAPKOG-

crkum ceoticmeom, makasa wmo P(A,) — 0. Paccmompum psao

i P(A A ). (2.2.6)

Ecau pad (2.2.6) crodumcea, mo cnpasedauso pasencmeo P(A, 6.4.) = 0. Ecau pad (2.2.6)

paczodumesa, mo P(A, 6.4.) = 1.

B nocsieayromnux riaBax auccepranyn 3TH U Apyrue 06o01meHust semvbl bopessi—Kanresim,

IIpUBOJHUMbBIE B I'JlaBe 2, HCIIOJIb3YIOTCA AJid IMOJIyYE€HUA CHUJIbHBIX IIPpEJIE/JIbHBIX TE€OPEM.

Marepuast riaBel 2 ony6IMKOBaH aBTOPOM JIMCCEPTAIIMOHHON paboThl B cTaThsx: [198], [207]

u [227].

B 2nase 3 nuccepranuonnoit pabOThl pacCMaTPUBAIOTCS PEKOP/IHbIE BeJnduHbl. Marema-
THYeCKas TeopHhs PEKopaoB Geper cBoe Hadano ¢ paborb Yengiepa [61] (Chandler "The
distribution and frequency of record values" 1952). Ha mganublif MOMEHT 3Ta TEOpHs HACUH-
ThIBaeT OOJIBIIOE KOJIUYEeCTBO paboT, 3HAYNTE/IbHAS YacTh M3 KOTOPHIX Oblja OnyO0/JMKOBaHA B
MOCJIeHNE TPHU WJIN YeThIpe JeCATHIeTUs. ACUMIITOTHYECKAsT TEOPHUS PEKOPIOB, TaK K€ KaK 1

9KCTPEMaAJIBHBIX IMOPAJKOBBIX CTATHCTUK, aKTyaJIbHa B CBA3H C PA3JIUYHBIMU IIPHUJIO2KCHUAMMU.

OtpejiesuM TOC/IeI0BATEILHOCTH BEPXHUX PEKOPAHBIX BpeMen L(n) u sesmaun X (n) cie-

JIYIOTIIM 00Pa30M:

Lin+1) =min{j > L(n) : X; > Xy}, (3.1.1)
X(n):XL(n), TL:1,2,...

Eciu Bropoit 3nak wHepaBenctsa B (3.1.1) 3aMeHnTh Ha < , TO BMECTO BEDXHHUX PEKOP/IHBIX Bpe-
Me€H M BEJIMYNH MBI [TOJT L X! O

VUUM HUZKHEE PeKOpHble BpeMena L' (n) u seanannbt X' (n). Ot BepxHUX
PEKOPIHBIX BEIUYNH JIETKO MepeiTH K HUKHUM, B3SB BMECTO MCXOIHOI MOCIeI0BATETHHOCTH
esmanabl — X1, —Xo, ... wim, ecom X; > 0 (i > 1), cayuaiineie Besmamanr 1/X7,1/ X, ...
Takum 00pa3oM, MOKHO OTPAHUUUTHCS W3YUEeHHEM TOJHKO BEPXHHUX PEKOPIHBIX BPEMEH U Be-
JINYHH, a caMo ¢10BO "Bepxuue' B mamHHoii pabore Mbl OymeM omycKaTh. VICK/If0oUeHne COCTaBUT

naparpad 4.3, B KOropoM Oy/1yT pacCMaTpPUBATHCH U BEPXHUE U HUKHUE PEKOP/ibl OJIHOBPEMEH-
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HO.

JI/1s IMCKPEeTHBIX paclIpeieIeHuii n pacrpelesIeHuil, UMEIOIINX aTOMBI, CAMOCTOSTEILHBII
HHTEPEeC MPeJICTABIAIT cJabble PEKOD/HbIE BpeMeHa U BeJIMIHHBI, BBejieHHbIe Bepaarom [177]
(Vervaat 1973). Ecu BTopoii 3HaK HepaBeHCTBA B (3.1.1) 3aMeHUTH HA > , TO BMECTO PEKOP/THBIX
BPEMEH M BEJIMYUH Mbl NOJIy4nM C1abbie pekopaubie Bpemena LY (n) u semaunnr X (n). Benen
3a paboroit Bepsaara [177|, nybnnkanus Crenanosa [190] (1992) siBuiacs BTOpOit paboToi,
IIOCBAMICHHOMN ¢1abBIM pekopaaM. B Heil ObL1a mpeiozkeHa KOHIENIHs Iepexo1a OT 3aBHCAMbIX
cJ1a0bIX PEKOPJAHBLIX BEJMYMH K CyMMaM HE3aBHCUMbBIX BEJUYHUH, MMEIOIMX I'€OMEeTPHYECKHE

pacripejiesieHus.

YacTo npu NpoBeIeHnd CTaTHCTUICCKUX SKCIEPUMEHTOB BBIOOPKH COJAEPZKAT MOCTOPOHHHE
Haburroennst. Takne HETUHYHBIE HAOIIOAEHNSI MOTYT CHJIBHO BJIMSITH HA CTATHCTUIECKNE BHIBO-
nbl. [IpenmosozkuM, 9T0 BEIOOPKA, COCTOAIIAS 3 HE3aBIHCUMBIX OJIMHAKOBO PACIpEeIeTeHHBIX X
¢ HempepwIBHOI (byHKIMEl pacupenenrenus F', MoxKeT ObITE "'3arpsa3nena’ OJHIM UM HECKOJIb-
KHMHI HaOJTIOJeHUSIMHU, B3ATHIMH U3 BBIOODKH HEe3aBHCHMBIX OJMHAKOBO paclipe/leIeHHbIX Y ¢

st st
Japyroii HenpepeiBHOI dbyHKIueil pacupenenenus G. llpeanonoxum, aro X; < Y}, rae < o3na-
JaeT CTOXaCTUIeCKOoe cpaBHeHHe BeandnH X; u Y;. /lanHoe cpaBHeHHe HOIpa3yMeBaeT, 9To Be-
JMYUHBL Y; UMeIoT 00JIblIe HIAHCOB CTaTh PEKOPJAAMH B COBMECTHOI BBIOOPKE, COCTOSIIE U3 Be-
amann X; n Y. Takune paccykaenns yKa3plBaloT Ha HEOOXOIMMOCTD BBEJeHNA HOBOTO TOHATHS
PEKOPIIOB — PEKOPJIOB ¢ MOATBEpKIeHHEM. [I0HATHE PEKOPIHBIX BEAMIHH X (n) m peKopIHBIX
Bpemen L(n) ¢ moprepzaennem Guito mpeamoxeno Hessopossiv [145] (Nevzorov 2012). Ipesk-
Jie 9eM OIPEeIeJINTh PEKOP/IbI C MOATBEPXK IeHIeM, 3adUKCHPYeM HATypaJabHbe M, k, TaKHe 9TO
1 <m < k. Ilycrs
L)=1,X1)=X,

u aag n > 1 copaBeJJInBO:
~ ~ J
Ln+1)=min< j:j > L(n), Z Iixsxmp =k ¢
i=L(n)+1
X(n+1)=Xx",

n
rae 14 — nngukarop cobbrrus A, a X L — TOPA/IKOBas CTATUCTHKA, TMOJTyUYeHHasd U3 BBIOOPKH,

m,
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COCTOMAIIel U3 MOJOKUTEILHBIX HAOIIOIeHNI

[{Xi(n)+l>X(n)}Xi(n)+17 I{Xi(n)+2>)~((n)}Xi(n)+27 N S O RIE

Jlaiee B rytaBe 3 m3/aralorcsd IMpejieibHbIe TEOPEMBI JIjIs CJIa0BIX PEKOPJOB U PEKOPJIOB C IOJI-
TBepKaeHneM. BazkHYI0 pOJb /s MOJTyYeHUs Tpee/bHBIX TeopeM g C1abbIX PeKOP/IOB HI-

paior jiemma 3.2.4 u upejcrasienue 3.2.1. Onpejgesnm Besnanny £ paBeHCTBOM:

&=k (k=0),
ec/iu k c1abblX PEKOP/IHBIX BEJUYHH 3aperucrpupoBato B touke i (i =0,...,N).
JIemma 3.2.4 Cayuatinwe seaununo £ (1 =0,1,..., N) nezasucumovl, u

II

20e Bn = Qn/dnt1, @ = P(X1>n), En = 00 daa N < oo.

IMpencraBaenue 3.2.1 B yciosuar semmol 3.2.4 cnpasedsuso npeicmasienue
P{X"(n) > m} = P{& + & +...+ &, < n},

2den>1uw0<m<N.

Jlemma 3.2.4 u upejcrasienue 3.2.1 obobmaiorcs B rjiaBe 3 Ha cjy4ail, Korja (pyHKIius
pacupegenenust F' umeer KoHedHOe 9uCI0 aTOMOB (M. jiemmy 3.2.6). C momorbio semMer 3.2.4
U IpeICTaBIeHnd 3.2.1 JOKa3bIBAIOTCS Mpe/ieTbHbIe TeOPEeMBI I CIA0BIX PEKOP/IHBIX BeJTNYNH.

[IpuBejieM HEKOTOpbIE U3 HUX.

[Iycts X7, X, ... — mocieg0BaTeIbHOCTh HE3aBUCUMBIX OJIMHAKOBO PACIPEIETeHHBIX CJIy-
vafinblx BequunH, npunuMaomux 3uadenus 0, 1,. .., rakux uro F'(n) <1 (n > 0). Onpegenum
dyHKIIN

R =3P B = 2 o),

=0

JLutst c/1abbIX pEKOP/IHBIX BEJIMYWH CIIPABEJIJINB YCUJIEHHbIH 3aKOH OoJibiuX dnces KoaMoroposa.
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Teopema 3.3.1 IIycmo pacnpedeserue F ydosaemesopaem caedyrousemy ycirosuro:

a= i%%ﬁ” > 0. (3.3.1)
Toz0a
tim X)) e
n—oo n

enTpaabHas mpejeabHasd TeopeMa ¥ 3aKOH MOBTOPHOro Jiorapudma i BeJTUUNHBI

R(X"(n)) upuBoggarcs B Teopeme 3.3.2.

Teopema 3.3.2 [Iycmo pacnpedeaenue I ydosaemsopaem (3.3.1) u ycaosuro

imM:e a
TLI%O ) € [a,1].

Toz0a 0na crabvlr PEKOPIHBLIL GEAUNUH CNPABEONUBDL UEHNPAALHAA NPEOEADHAA MEOPEMA U 3a-

KOH NOGMOPHO20 A02apudMa, m.e.

\/ER(X“’(n)) LN (n — 00),

n

. |R(Xw(”)> - n| I.H.
lim sup +/€ =
n—00 pVe vV2nlnlnn

nPUMEM CKOPOCTY CLOOUMOCTIU 6 UeHMPaAbHoT npedeavrol meopeme 0ai OOADWUT T UMEEM,
R(X"(n)) —n

NG :O(%)’

2de Z u ® — cmandapmmas HOPMAALHAA CAYHATHAA GEAUMUHG U CMAHOIAPMHOE HOPMAALHOE

L,

6ud:

sgp‘P{\/E <a:}—<1>(:p)

pacnpe&e/zeuue, CoOOmeemcCcIneeHHO.

B mnaparpade 3.4 annapar Teopur NPaBUIbLHO MEHSIONUXCH (DYHKIUN HCIOJIb3YeTCs
JUIST TIOJIYYeHWsT TIPEJeHbHBIX TeopeM KaK JJjIsi OTHONIEHWl CIabblX PEKOPIHBIX BEeJUYNH
Z%(n,m) = X¥(n+m)/X"(n), tak u gna sequuann . [IpuBegeM HEKOTOpBIE PE3YJIbTATHI

3TOro naparpada.
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Teopema 3.4.1 ITycmv F — 6ucmpo mensowasca dywkyua. Tozda daa mobozo m > 1
CNPasediuBo:

Z%m,m) B 1 (n— o).

Teopema 3.4.2 Ilycmo F — medaenno menawwasnca dywkyus. Tozda dan awbozo m > 1
CNpaseosuso:

Z%(n,m) B oo npu n — oo.

Teopema 3.4.3 ITycmv F — npasusvho mensowasnca dynrxyus ¢ nokasamenem p > 0. Tozda

s mobozo m > 1 cnpasedauso:

Inz)m—1

1+(plnx)+...+(p(mT)!

TP

P{Z"(n,m) > x} — x> 1.

)

B naparpade 3.5 npuBojgTcs HEKOTOPbIE MPeJie/IbHbIE TEOPEMbI JIJIi PEKOP/IHBIX BPEMEH U

BEJIMYUH C TMOJATBEPXKIeHUEM. B 4acTHOCTH, JaeTcs CJIeIyIONni pe3yIbTarT.

CaenctBue 3.5.2 Ilycmo F' — nenpepwsnan dynrxyus pacnpedenenus. Tozda

—In(1 — F(X(n))) n.n.

e 1y !
st

‘+k:—m+1'

n

OcHOBHBIE Pe3y/IbTaThl IIABBI 3 OIMYOJIUKOBAHBI aBTOPOM JIHCCEPTAIMOHHOI paboTHl B cTa-

Thaix: [189], [190], [191], [212], [216], [223] u [228].

B 2na6e 4 nucceprarumoHHON paboThl 06CYZKIAIOTCS HEKOTOPBIE CTATHCTUYICCKHE TPOTIE/TY-
pbl, CBs3aHHbBIE ¢ pekopaamu. Jepes jiBa roja noc/ie nyb/mKamuu 1epBoil CraTbi 110 PEKOPIAM
[61] (Chandler 1952) nosiBusnch paboThi, B KOTOPBIX OBIJIO TMPEJIOKEHO HCIOIh30BATh PEKOD-
JBL [Tt cTaTHcTHIecKuX BeiBogoB. Cm. paborer Pocrepa u Crooapra [90] (Foster and Stuart

1954) m @ocrepa u Teitupoesa [91] (Foster and Teichroew 1954). Ha ganubI#i MOMEHT H3BECTHO
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JIOCTATOYHOE KOJIUYECTBO PAbOT, B KOTOPHIX PEKOP/Ibl HCIIOIb3YIOTCS /sl OIEHKU MapaMeTpOB

1 IPOBEPKHN CTATHCTUYECKUX TUIIOTE3.

EcrecTBenno 3a1aTbcs BOIPOCOM — 3a4eM HYZKHO HCIIOJIL30BATH PEKOPALI B CTATHCTHYE-
cKuX mporneaypax. [Touemy OBl He BOCIOIB30BATHCS KIACCHICCKONH BBIOOPKOi? Ie10 B TOM, 4TO
B HEKOTOPBIX CJIydYasx TPaJUIUOHHAS BLIOOPKA MOXKeT ObITh HEJOCTYNHA. B TO Ke BpeMs pe-
KODJIHBIE BeJINInHbI (TOJIyd9eHHbIe W3 JaHHON BRIGOPKH) MOTYT GbITh W3BeCTHBI. Takme pekop/-
HbIe BLIOOPKH paccMaTpuBasuch B paborax Camanuero n Burakepa [164], [165] (Samaniego and
Whitaker 1986, 1988) u nHasbiBasiuch 00paTHBIME BBIOOPKaMu 1epBoro poja. Ilogobuoro Tumna
BBIOOPKY TIOABJISIIOTCA B 9KCIIEPUMEHTAX TEOPUM CONPOTUBICHUS MATEPHAJIOB, a TAK¥KE B TEO-
PHUH HAJEXKHOCTH, TJe U3MEPEHH IIPOBOAATCS MOCIEI0BATEIbHO U JOCTYIHBIME OKA3BIBAIOTCS
BEJMYHHLI, KOTOPHIE IPEBOCXOAAT BCE IIPEABIAYINe BeInInHbl. OTMETHM, 9TO HCHOIL30BAHNE
BBIOOPOK, COCTOANIMX TOJIBKO M3 PEKOPAHBIX BEJMYWH, BO3MOKHO TaKyKe B CJydae, KOIjJa Tpa-

JIUIIMOHHBIE BHIOOPKHU COJIEPYKAT CJIUIITKOM MHOTO HAOJIOIeHNIA.

B maparpade 4.2 paccMaTrpuBaioTcsi KpUTEpPUU HPOBEPKH THUIIOTE3bl OJIHOPOJHOCTH, OCHO-
BaHHBIE Ha peKOpAHbIX BeswdnHax. [lycts X1, Xo,... n Y], Y5, ... — ABe He3aBuCHMbBbIE BHIOOPKHU
HE3aBUCHMBIX OJIMHAKOBO PACIIPE/IeJTeHHBIX CYYANHBIX BeTUINH ¢ (DYHKIIUIMEI PACIPE/TeTeHUS
Fx u Fy, coorBercrBenno. Ilycrb nysieBasi rumore3a COCTOUT B TOM, YTO HPU BCEX 3HAYEHU-
X aprymenTa (pyHKIIUU pacipejiesieHusi paBHbI MexKIy coboit, To ectb Hy : Fx = Fy. Ilycrn
O/THOCTOPOHHSS aJbTepHATHBHAs runoresa [1; mMeer BU/I: CyMIeCTBYIOT 3HAUYEHUs apryMeHTa,
s kotopeix Fy > Fy (wm H) : Fx < Fy). Pacemorpum Bemmunnnt RM; (i = 1,2,...),

onpejgeJsisgdeMble paBeHCTBaAMU

B nocieanem pasencrse Y (0) = —oo u X (2),Y (i) (1 = 1,2,...) — mocaeaoBareibHOCTH pe-
KOP/IHBIX BEJIMYUH, MOJYYeHHBIX U3 BBIOOPOK X1, Xo,... n Y7, Ys, ... Jlna warypanspnoro r > 1
OTIpeJIe;TAM TPH TeCTOBEIe CTATHCTHKA. IlepByto cratucTuky REF(,) Ha30BeM CTATHCTHKON JTOMH-

HUpOBaHUs Y -peKOPIOB:

RPyy = Z RM,.
=1
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Bropyio crarucruky RM () Ha30BeM CTATHCTUKON JOMUHMPOBAHHU MaKCUMyMa Y -DEeKOpJIOB:

RM,y = max RM;.

1<i<r

Haxkomnern, TpeTbio CTAaTHCTUKY RW(T) HA30BeM CTATUCTHKON CYMMBI PAHTOB Y -PEKOP/IOB:
T
RWy = > Rank(Y'(i)).
=1

Bemuuunsr Rank(Y (7)) aBagiorcs panramu peKOpAHBIX BeqnduH Y (i) B MOCTEI0BATETBHOCTH
Y(1),...,Y(r),X(1),...,X(RPy). Tecr, ocHoBanHbIii Ha BeJIMYMHE CyMMbI DAHIOB PEKOPIIOB,
AHAJOTHYECH XOPOIIO H3BeCTHOMY TecTy Buiakokcona [185] (Wilcoxon 1945), ocHoBamHOMY Ha
CyMMe DAHTOB MOPSIIKOBBIX CTATHCTHK. B maparpade 4.2 paccMaTpuBaioTCs KpUTEPHHU TTPOBEP-
KI THIOTE3bl OJHOPOJHOCTH, OCHOBaHHBIC Ha cTaTucTukax RP;), RM;y n RW(,). 9tn kpurepun

obcy K paauch panee B Hatmreit paore [199).

Nudopmanus @umepa (FI), conepkammasics B pekopjax, cJaabblx PeKOpjax U B YHCIaX pe-
KOP/IHBIX BeJIMYWH, UCcyeayercs B naparpade 4.3. Jlannbie ucciegoBaHus UCHOIb3YIOTCS TPH
HAXOKIEHUH OIEHOK HEeM3BECTHHIX mapamMeTpos. [IpuBeaem onnn u3 pesyabratos maparpada 4.3
(reopema 4.3.1 uuxke). Byjem ropopurs, uro pacupegeiaenue F(z | 0) (¢ wiornocrsio f(x | 0))
HpUHAJIEKUT ceMelicTBy pacnpesenennii Exp,(6) (nau Expy(f)), ecom cymectByor nsmepu-

mble dyuknuu ¢(0) u k(z), Takue 90 1f§f(|g|)9) = c(0)k(x) (uwmu I’;(é'lz)) = ¢(0)k(x)). Nadbopmarust

Durrepa, comepKamasgcsg B BEPXHUX U HUAKHUX PEKOPAHBIX BETMUMHAX U BPEMEHAX, U3BJICUECH-
HBIX U3 MOIYJsIuK, npuHaanexkameii cemeiicrsam Exp, () u Exp,y(6), obcyxaaercs B Teope-
me 4.3.1 (cm. Takzke Hamnry pabory [204]).

Teopema 4.3.1 Ilpu awbom n > 1 cnpasediusvl paseHcmea:

- (4

2 n
)Zl/z', F € Expy(0),
=1

L(R'T" = (Zéﬁf) Zm, F e Exp,(6),

ede I,(R'TY) u I,(R¥T") — ungopmavus Puwepa, co0epicauyaacs, coomeememeseento, 60 6Cex
HUACHULT PEKOPOHBLL BEAUNUHAL U BPEMEHAL U 60 BCEL BEPTHUL PEKOPOHLLL BEAUNUHAL U BPE-

MEHAT, npunadsedrcawus dannot evbopke X1, ..., X,.
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B naparpade 4.4 o6cyKaai0Tcs TeCTbl, OCHOBaHHbIE HA PEKOPIHLIX BEJMYHMHAX C MOJITBEp-
xaeaneM. [logoOHOTO poja TecThl MOTYT OBITH MOJE3HBI TPU OOHAPYKEHUHN U YIAJEeHUU HETH-
NAYHBIX HabJromenuit, umeomux "oosbinue" 3nadenus. [Ipeanonoxkum, 910 B pesyabrare cra-
THCTHIECKOTO IKCIEPUMEHTA IOy IeHBl JIBe HE3aBUCUMBbIE MEXKIY cO00i BHIOOPKM, COCTOSIINE
13 HE3aBUCUMBIX OJIMHAKOBO PACIpee/IeHHBIX CAyJaiHbIX BeinduH. [lepBas BbIOOpKA COCTOUT
u3 Habuogenuit X; ¢ menpepsiBHO# [, a Bropad — u3 Habmogenuit X; u Y; ¢ HenpepbIBHBIME
Fu G. Tlycrs [2(2) — BTOPOE PEKOPIHOE BPEeMsi C TOATBEPZK/IEHUEM, MOJIYyIeHHOEe W3 KaKOui-
6o BEIOOPKH. B maparpade 4.4 mnpejaraercd TeCT, OCHOBAHHBIN Ha PEKOP/IHBIX BpeMEHaX C
MO/ITBEPZK AeHUEM, KOTOPBIil T03BOIIeT NAeHTU(MHUIITPOBATH BHIOOPKY, TO €CTh ONPEJIETUTD IIPH-
CYTCTBYIOT JIU B JIaHHO! BHIOOpKe HeTHNHMYHbIe Hab/moaenns Y. JJannpiii TecT ocHOBBIBaeTCd Ha
craructuke 1 = ﬁ [TockobKy TpemoaraeTcs, 9To pacnpeienenus F' u G uMe0T oanH

st st
U TOT »Ke HocuTenab u X; < Yj, rge < obo3Ha4daeT CTOXaCTHYECKOe CPaBHEHHe BeJIMIHHH X

u Y;, nabiojenus Y; uMeiorT OoJIblle IAHCOB CTaTb PEKOPJAHBIMH BeJIHMYMHAMU B COBMECTHON

BhIOOpKe. OcHOBHas runore3a Hy 3a1aeTcs CJIeayomuM 00pa3oMm:
BBIOOPKA, COCTOUT TOJIHLKO U3 HabJroaeHnit X;.

AbrepraTtuBHas runore3a Hp omnpeesisieTcst CaeayommuM 06pa3om:
epBbIM HADJIIOIeHNEeM BBHIOOPKHU SIBIASIETCA X1,

cpean OCTAJbHBIX HaOIIOIeHNit BEIOOPKH ecTh XOTd Obl OHO HabJogenune Y.

st
[Tockomnbky X; < Y, pasyMHO HpPeAIIOJIOKAT, YTO €CJIN CIIPaBe/lJInBa aJbTepHATUBHAA TH-

nore3a My, ToO BTOpoe pPEKOP/HOE BpeMsi MOSABUTCS PAHbBINE, YeM 3TO IPOM30JIeT B CIIydae,
Korja crpaseiuBa Hy. /lanHble paccyzKieHus IIOMOIalOT ONPeIeTUTh KPUTHIECKYIO 00/IacTh:

T > c+ m, rae ¢ > 0 — mHamexkaliee KpUTHUYECKOe 3HaUeHune U 1 — cpelHee 3HAUEHHE

BoIOOPKU 11, ..., TN. Boimeonucannbiii Tect obcyzKaercs B naparpade 4.4.

Pesysibrarst riiaBbl 4 u3/jiaralorcsi aBrOpoM JUCCEPTAIMOHHON pabOThI B CJIe/yIOMKUX 11y0.J11-

kanuax: [199], [204], [216] u [228].

B anase 5 jjuccepraninoHHOM pabOThl 00CY 2K JIAI0TCS ACUMIITOTHYECKUE CBOMCTBA YUCE/T BEJIH-

YUH, PETUCTPUPYEMBIX OKOJIO TIOPSIJIKOBBIX CTATUCTHK 1 peKopaoB. [lycts Xy, ..., X,, — BbiOOpKa
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HE3aBHCHMBIX OJ[HHAKOBO PACIIPEJICJIEHHBIX BEJIMIHH ¢ 00MIell HempepbiBHOM (dbyHKIHel pacpe-
nenenus F. IIsiike n Croioren [152] (Pakes and Steutel 1997) n Xwmananze, Hagapemsuin u
Hukabazasze [116] (Khmaladze, Nadareishvili and Nikabadze 1997) upejroxuiu uccieoBars

BEJINUNHY

K(nva):#{j:XjE(Mn_aaMn)} (1§j§n7a>0)7

KOTOpasl OIMCBIBACT KOJUICCTBO HAOJIIONCHNI BEIOOPKH, MONAJAIOINNX B CIyYailHbli HHTepBa
(M, — a, M,,). Okazanoch, uro Besmuuna K (n,a) TecHo cBs3ana ¢ "Bepxuumu' creiicuaramu,
HOCTPOCHHBIMHA 110 IMOPAJAKOBbIM CTaTHCTHKaM KW MOXZKeET 6bITb HCIIOJIb30BaHa JJId I1O0JIy4YEeHUA

pe3yJabTaToB Jyisi crieficuaros. B pa6ore [151] onpenenman cayvaiinyio senrnanny K_(n, k, a):

K_(nk,a) =#{7:X; € (Xin—0,Xin)} (0<5<n,1<k<n).

Ormerum, uro K_(n,n,a) = K(n,a). B riaBe 5 Takye paccMaTpuBaeTcs CjydvaiiHasi BeJIu-
unna K, (n,k,a), paBHasg quciay Hab/Io01eHuli BHIOOPKH, HOIAMAININX B COYyYalHbI HHTEpBaAJ
( Xk, X +a). Jonomsum crmcok pabot, B KOTOPBIX H3YYaIUCh CBoiicTBa Bemunand K n K,
caenytomuvu paboramu: [101], [102], [103], [104], [111], [116], [127], [128], [149], [150], [159],
[160] u [213].

B rnaBe 3 msyvaiorcs jaucKpeTHbIe Caydaiiibie BeJuYuHbl £, paBHbIE YHCJIaM CJIabbIX pe-
KOD/IHBIX BEJIMYMUH, MONAIA0NMX B Toukn ¢ (¢ > 1). B raBe 5 paccMaTpuBaeTcst HEIPEPbIBHBII

aHaJIOT 3TUX BEJINYUH — BEJIMYUHBI fn(a), 3a/JaBaeMbl€e PaBEHCTBaMM:

Eula) = #{j: L(n) <j < Lln+1), X, € (X(n) — a, X))} (0> 1),

Bennunust &, (a) HA30BEM YHCTIAMI BEJIUYHH, DETUCTPUPYEMBIX OKOJIO PEKODIHBIX BEJININH, WIN
YMCIAMU OKOJIOPEKOP/HBIX BeJnunt. Beumaunnt &, (a) 1 UX CyMMbI HAXOAAT IPUMEHEHUE B aK-

TyapHoil u ¢punancoBoit Maremaruke. [lycts X; — noJI0KUTEIbHBIE BEJIUUUHBI U Sp(a) — cyMMa

L(n+1)-1

i L(n)+1 Xis TH€

BEJINYUH, PDEFUCTPUPYEMBIX OKOJIO N-Oif PEKOP/IHON BEJUYUHBI, T.€. Sp(a) = >
X; € (X(n)—a, X (n)]. Januasg cymMMa MOKeT OBITh HHTEPIPETHPOBAHA KAK CYyMMa CTPAXOBBIX
TpeboBanmii, monagaomux B ciaydaitustii narepsan (X (n) — a, X(n)]. 9tu rpe6osanns Gyayt
PEruCTPUPOBATLCA TOJIBKO MOCJI€ HEKOTOPOTO CIENUATHLHOI0 MOMEHTA. DTOT MOMEHT 0003Ha-

YeH TpebOBaHUEM, ITPEBOCXOIAININM BCe MpEebIayIue TpeOoBaHUs, MW, B HAIINX TEPMHUHAX,

SBJISICTCS N-bIM PEKOPAHBbIM BpemereM L(n). B cuity HEKOTOPBIX 00CTOATENBCTB (TEKYIIEro 3a-
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KOHOJIATEIbCTBA W T.II.) PErHCTPAIds TUX TPeOOBAHUN MPEKPAIIAETCST B MOMEHT MOSBJICHUS
CJIeIyoIero pekopauoro Tpebosanust L(n + 1). EcTecTBeHHO, YTO JJIsl CTPAXOBBIX KOMIAHUH
cymma "Gostbmmux" ¢TpaxoBbIX BHILIAT Sp,(a) (a ona moxker jgocrurath 10 90% OT CymMMBbl BCex
BBITJIAT) TPEJCTAaBIsieT 3HAYNTENbHBI nHTepec. Beananubl &,(a) m WX CyMMbl H3y4Yaanch B

paborax: [29], [97], [114] u [200].

B maparpadax 5.2-5.4 mojrydeHsl npejeabHble pe3yIbTaThl st BeJndnn &, (a), uX cymMMm u
Bestmund K u K. IlpuBesem HeKoTOpBIE U3 HUX.
Teopema 5.2.2 [Tycmo rp = oo u f(a) = 1. Jlas mozo wmobw.

K_(n,n—k,a) 0 (n — o0)

(0ns nexkomopwx purcuposarnuxr k>0 uwa > 0), neobxodumo u docmamouno, wmobov

Fr+a)—F(xr—a)
/R (1= Flz—a)? dF(z) < o0.

Teopema 5.4.10 IIpednonroscum, wmo npedea 6 (1.2.1) cywecmeyem daa a,b > 0, maxux wmo

a/b — uppayuonasvro. Tozda

(€aar)s -, Enpmer(@m)) 2 (01(B(a1)), -, gm(Blan))  (n = o0),

2de g;i(p) — eeomempuueckas CAYHATHAA BEAUNUNG C NAPAMEMPOM P U KOMNOHEHMbL 6EKMOPA,
cmoAuLe20 8 Npasoti Yacmu NocAeOHe20 NPedesbHo20 COOMHOWEHUSA, He3a6UCUMYL. B wacmmo-

d
cmu, Si,m,a — 85,4, ede

m,a Sn(al) +.oo+ gn-‘rm—l(am)) an,d = gl(ﬁ(al)) +...+ gm(ﬁ(am)

E[tsfn,a}:f[ Bla:) . (5.4.16)
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Pacnpenerenne BeIUYUHDL S, ; SBISETCS CBEPTKOIl MeOMETPHYECKHX paclpeiesenuii. B

YACTHOCTH, €CJTH BCE KOODJAUHATHI BEKTOPa @ = (ay, . . . , Gy ) PA3TUIHBL, TO
P(Sgn,& :k) :Zal(m) ﬁ(az) (1 _6(a1))k7 kzoalaa (5417)
i=1
re
pm) (1 —p(a;))™ ,
a;(m) - , i=1,...,m, (5.4.18)
Blai) [T (B(ay) — Blas))
JFi
B(m) =TI, B(a;). Eciu ke a1 = ... = ay,, TO PACHPEIEICHHE Si, 5 SBIIFETCS OTPUIATEIBHBIM

bunomuasibHbIM. [lojlyuen Takzke cjie/1ylomuii pe3yjibTart.

Teopema 5.4.11 Ilycmo F — 6oicmpo menawowaaca Pynkyus v npeden 6 (1.2.1) cywe-
cmeyem das a,b > 0, maxur wmo a/b — uppayuonarvno. Toeda S, /X (n) < Spas 20€
Spma = Snla) + ...+ Sppm-1(am) u seaununa Spa onpedeasemcs npoussodawels Gynryued
(5.4.16).

(1) (a) B wacmnocmu, ecau 0 < f(a) < 1 u 6ce komnonenmo, G pasiuunvl, mo pacnpede-

aenue sadaemca (5.4.17) u (5.4.18).

(6) Ecau orce a1 = -+ - = a,, = a, mo

P{shq =k} = Cp 1 {B(@)}™{1 = B(@)}*  (k>0).

(2) Ecau S(a) = 0, mo das 106020 6eKmMopa @ ¢ NOAOAHCUMEALHUMU KOMNOHEHMAMY GEPHO:
D,
S
Smm’a/X(n) = 00.
(3) Ecau S(a) = 1, mo dasa 1106020 6exmopa @ ¢ NOAOAHCUMEALHBLMU KOMNOHEHMAMYU GEPHO:

S mal X (n) 5 0.

Matepuas auccepTaliui, MpeaCcTaBJIeHHBIN B I1aBe 5, OMyOJUKOBAH aBTOPOM TUCCEPTAIIH-

oHHOIT paboTel B caeyiomux crarbax: 198, [200], [201], [206], [211], [213], [221] = [222].

B 2nase 6 nuccepranumonnoit paboThl 00CYZKIAIOTCS TpeIeTbHbIE TEOPEMBI Tl CePHil, OCHO-
BAHHBIX HA MOPSJKOBBIX CTATHCTUKAX U pekopjax. [lonsTus cepuil, oOpaszyembix clieificiHIaMu
MOPSITKOBBIX CTATUCTUK W PEKOPIOB, OBLIN MPEJI0KEHbI, COOTBETCTBEHHO, B HAIIUX paboTax

[208] u [214]. CroiicTBa Takux cepmii u3ydanuch ganee B paborax: [83], [84], [85], [88], [224],
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[225] u [226], cM. TakzKe CCBIIKE B 9THX paboTax.

B riaBe 6 paccmarpuBaiorTcsi BBIOOPKHM JIBYX THIIOB. BhIOOpKa MEpBOro THUIA COCTOUT W3
HE3aBUCHMBIX U OJMHAKOBO PACIPe/IeJeHHBIX CJIYyYallHbIX BeIUIUH X1, ..., X, C HEIPEPBIBHOI
dbyukmnueit pacnpenenenus F. 13 3tux Besudun (hopMUPYIOTCS COOTBETCTBYIONINE TTOPSTKOBbIE
craructukn X1, < ... < X, ,. BeiGopku Broporo tumna (B Hameii pabore OHH Ha3bIBAIOTCSI
oGpaTHBIMI BBHIGOpKaM® TIepBOTO poja, cM. [164], [165]) — ecTh BRIGOpKH, cocrosiiie U3 pe-
kopaubix Besmaud X (1),..., X (n). OHn ucnonb3yorcs Torjaa, Korjaa KiIacCudeckKue BhIOOPKH

HeJOCTYIIHBI.

Cepun, oCHOBaHHBIE HA CIEHCHHIAX MOPSAIKOBBIX CTATHCTHK X, — X;_1, (cmeiicuarax pe-
kopaubix Besimund X (7) — X (7 — 1)), onpegessitorest B ryiase 6 (cm. takzke [214] u [208]) cae-

aywomum obpazom. g € > 0 onpeesmy BeJMYUHBL Uy, U § COOTHOIIEHUSIME

e _ € _ € __ € —
yl,n - 1’Vn+1,n - 17 51 - 17§n+1 - 17

R 1, ecJIn Xi,n_Xi—l,n > €, 1= 2,...,71,
yi,n =
0, B MPOTUBHOM CJIy4ae,
¢ 1, eectu X(n)—X(n—1)>¢, n>2,
n =

0, B IIPOTUBHOM CJIyUae.

By;LeM roBOpUTDL, 4YTO IIOC/JI€eJ0BaTE/JILHOCTD CIIEIICHHTOB NOPAIKOBBIX CTaTHCTHUK

Xin - Xifl,na cee 7Xj,n - Xjfl,n

)

(cmeficunros pexopaubix Besmaud X (i) — X (i — 1),..., X(j) — X(j — 1)) dopmupyer cepuio

pmnoit j —i— 1 (i+1<j7<n+1), ecm

g _ 1> _ _ 1> — 3 I
Vin=Lvi,=...=Vj_,=0v;,=1
& =18, =...=&_1 =0, =1). Oupenenum qucjia Beex cepuit, 00Pa3s0BaHHBIX ClEHCHH-

raMu JaHHOM BHIOOPKHE RS 1 06paTHOl BHIOOPKH MepBoro poda RS%, paBencTBaMu

n n

eV § : e e,& E €

Rn - Vl,n: Rn - gl'
=1 =1
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B rnaBe 6 mokaspIBaIOTCA CJIeAyIONIHAE MpeebHble TeOPEMBI.

Teopema 6.4.2 ITycmo B(e) = y(e) =0, 20 y(b) = limy_,_ oo ol (Ip = —00,b > 0), u

F(z+Db)
F(z +e¢) / (x —¢)
dF(x) < oo, T) < 00.
L A (z)
Toeda
R

Teopema 6.4.4 ITycmv F — abcoaomno nenpepueroe pacnpedesenue, B(e) € (0,1] u B(z, )

cmpozo sospacmaem no nepemennot x. Tozda

RS
n

4. Be).

B naparpade 6.5 paccmarpuBaercs cxema cepuil B cydae PaBHOMEPHOI'O PACIPEIe/ICHUSI.
3nech BenmuauHbL V;, OyayT cuvMerpmaHo 3aBucuMbivu. Ilyers Xy, ..., Xy, — HesaBucumble

paBaoMepHO Ha [0, 1] pacnpejesnennsie Benuunnbl u k, — oo mpu n — oo. Ilycth € = g,

1

YMEHbBIIAETCst 0 Mepe POCTa KOJIMIecTBa Hab/Io/IeHnil B Kaxk10i cepun, Tak 4ro 0 < &, < ——.
n

CrpaBeInB CJaeAYIONINiT pe3yIbTar.

Teopema 6.5.1 Ilycmv m, < k, — nocaedosamesvHoCmo HAMYPAALHOIL YUCEA, MAKUL

umo lim,, o 72 = a € (0,1).

1) Iyemw €, = ede k, — oo u X\ € (0,1). Toeda

]_7

Mn

P e — €M <z / { )d
e 21 «
Ve —e2)m \/ 1 —a) v

2) Ilycmov € = o(i) u enks* = 0. Tozda
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B rnase 6 Mbl Tak:ke mpejjiaraeM CTaTUCTHYECKUIT KPUTepHil, OCHOBAHHBIN Ha ClIeCUHTAX,

O6p&30BaHHbIX IIOPAAKOBBIMHA CTaTUCTUKaAMMH.

MarepuaJs juccepranuu, npeJcTaBJIeHHbIl B rj1aBe 6, omyOJUKOBAH aBTOPOM JIUCCEPTAIIH-

OHHOIT PaGOTHI B caeayiomux crarbax: [208], [214], [224], [225] u [226].

B 2aase 7 nucceprannoHHOl pabOThl PACCMATPUBAIOTCS MPeaeIbHbIe TEOPEeMbl JIsi KOHKO-
MHUTAHTOB IIOPSIKOBBIX CTATHCTUK U PEKOPJOB. VIHTEpec K KOHKOMUTAHTAM MOPSAIKOBBIX CTa-
THCTHK U PEKOPJIOB IIPOSBIAETCS B CTPAXOBOM OM3HECE, KOTJa KOHKOMUTAHTBHI HAHOOJIBIIAX
CTPAXOBBIX BBHIILJIAT TAKZKE MOIYT BBI3BATH OOJIBIIUE PACXOIBI /ISl CTPAXOBBIX KOMIAHUI, B
TEOPHHU HAJe:KHOCTH, KOTJIa CJIOKHbIE CHCTEMBI COCTOAT M3 HECKOJbKUX KOMIIOHEHT M BBIXOJ U3
CTPOSI OTJENbHBIX KOMIIOHEHT CHCTEMbI IPUBOIUT K MPEKPAIIEHUIO pabOThl BCeil CHCTeMBI, B GHO-
CTATUCTUKE, IIPU UCCJAEA0BAHUU TOO0UHBIX (PPEKTOB 0T JAeHCTBUS JEKAPCTB, U B HEKOTOPBIX
apyrux obmacrsx. Iycrs (X,Y), (X1, Y1), (X2, Y2),. .., (X, Ys),. .. — HE3aBHCHMBIE OJMHAKO-
BO pacrpe/ieJieHHble BEKTOPbI € JIBYMEPHOI HempepbiBHOM dyHKImel pacupeaenenus F(x,y) u
mMapruaaababiMu byakungamu pacipenenenns H(z) u G(y). ycrs X, < Xo, < .00 < X —
HOPSIKOBbIE CTATUCTHKH, 0Opa3oBanuble BIOOpKOH X1, ..., X, a X(n) (n > 1) — pekopaubie
BeJTHYNHBI, HOTy4YeHHbIe U3 BBIOOPKH X1, Xo,... llopaakoseie craructuku X;, U peKOpIHbBIE
BenanHbl X (N) UHAYIHEPYIOT KOHKOMHTAHTHI HOPSAIKOBBIX CTATHCTUK Y[;,] I PEKODIHBLIX Be-
auaud Y[n] (n > 1). KoHKOMHTAHTBI MOPSJIKOBBIX CTATHUCTHK ObLIM MPEJJIOZKEHbI B paboTax
oiteuga [70] (David 1973) u Bxarrasapun [50] (Bhattacharya 1974). KonkomuranTs: pekop/-

HBIX BEJIMYHH, T0-BUAUMOMY, BIIepBbie 00cy K 1amuch B pabore Xoydensa [110] (Houchens 1984).

Acnvnrorudeckoe nosejenne BepostHocTi P(Y), i, < y) B caydae, koraa k (K > 0) aubGo
dbuKCcHpoBaHO, MO0 CTPEMHUTCS K GECKOHEYHOCTH (U 1 — 00), H3y4aJ0Ch BO MHOIHX paboTax,
cM., Hanpumep, [5], [50], [51], [66], |71], |72, [73], [96] u [179]. Cm. Takzke ccbliku B 9TUX PabO-
tax. CTouT OTMETHTH, 4TO PpaboT, B KOTOPHIX PACCMATPUBAJIUCH CUJIHHbBIE [IPEJIEJIbHbIE TeOPEMbI
JI7I1 KOHKOMHUTAHTOB MOPS/IKOBBIX CTATHCTUK MU PEKOPIOB, OBLIIO HEMHOTO. YIIOMSIHEM 3/1eCh
craThbio [96], B KOTOPOil GBI MOy IeHbI CUTIBHBIE TIPEIeIbHBIE TEOPEMBI JIJIsl PA3HOCTEH MeK Ly
IIOPSI/TKOBBIMU CTATUCTHKAMU M WX KOHKOMHTaHTaMH, crarbio |166], B KoTopoil paccmarpuBa-
JIUCH TIPUHIUTIB MHBAPUAHTHOCTH /I KOHKOMHUTAHTOB TIOPSJIKOBBIX CTATUCTUK, U HANITH PAOOTHI
[196], [227], B KOTOPBIX 006CYZKAATUCH ACHMITOTHIECKHE CBOHCTBA BEJTUIUH Y], _j pn], B TOM GHC-

Jie, CUIbHBIE IpejiebHble TeopeMbl. CTOUT TakyKe YIOMSIHYTH Halry pabory [197], B koTopoii
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HN3Yy9aJIIChb aCHUMIITOTUYECKHE CBOMCTBA KOHKOMHUTAHTOB PEKOPAHbIX BEJIUYNH.

Cremyromuit npejes1 paccMaTpuBaercst B ryiase 7 (cM. Takrke namu paborst [196] u [197]):

lim G%)__[ﬂ(f)’ Y _ o) € 0,1]. (7.2.6)

[Ipenen B (7.2.6) ucnosnb3yercs B rase 7 (M. takzxke [196] u [197]) mias xkiaaccudbukamum aBymvep-
HBIX pacupejeenuii. Bennunna o knaccudunupyer pacupeeienus F' ciexyomum 06pa3oM.

(i) IIycte auist HEKOTOPOTO € € [—00, 0]

py) =0 (y<c) m py)=1 (y>c).

Torna pacnpenenenue F' Ha3bIBaeTCsd -KOHKOMHTAHT-CTAOWTHLHBIM.
(ii) Ecam takoit ¢ He cymecrByer, T0 I Ha3bIBaeTCs KOHKOMHTAHT-HECTAOMIBHBIM PACIPE/e-
nenvem. Hampumep, ecim X u Y — HesaBucumble ciaydaiinbie Bennansbl, 70 p(y) = G(y) n

pacupeesienne F' — KOHKOMUTaHT-HECTaOMIbHOE.

[TpuBeieM TONBLKO OJIMH ACUMITOTHYECKHUI Pe3y/IbTaT rassl 7. B Hameil aucceprannonuoii
paloTe MOTydeHa CHIbHAS MPEIeTbHAs TeOpeMa JJTsk BETUIuHbL Y [n)].
Teopema 7.5.2 [Tycmo das scex € > 0 evnoansromesn pasencmsa p(c—e) =0 u p(c+¢) = 1.
Zlas mozo umobwl

Y[n] e (n— ),

HE0OX00UMO U doCmamouHo, 4mobb, UHME2Panbl

G(c+¢e)— F(z,c+¢) B .
/R e 4 (@) = Fdr.c )

G(c—¢)— F(z,c—¢) 7
| e ) P <)

croduaucy npu ecex € > 0.

Pesyjibrarsl 1y1aBbl 7 U3/1araloTcs aBTOPOM JIUCCEPTAIMOHHON pabOThl B CJIeLYIONIUX 11y OJim-

kanusax: [196], [197] u [227].

B 2nae6e 8 puccepraiinoHHON pabOThl 00CY2KJIAI0TCH XapaKTePU3AIUOHHbBIE TEOPEMBbI JIJIs 110-

PAAKOBBIX U PEKOPAHBIX CTATHUCTHUK. HpI/IBeﬂeM 31eCh HEKOTOPbIE Hy6III/IKaL[I/II/I, B KOTOPBIX CO-
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JlepzKaIUCh XapaKTepu3alii, OCHOBaHHBIE HA MOPSIKOBBIX craructukax: [39], [89], [112], [113],
[115], [121], [136], [137], [138], [140], [173] u [181]. XapakTepusanuonusie 3a1a4n JaHHON TeMa-
TUKJ MOJHUMAJINCh U OocBemaanch B kuurax Karawa, JInunuka u Pao [7| (1972), Fasambora
n Korna [94] (Galambos and Kotz 1978), Tamam6orra 3] (1984), Pao n Illan6xara [162] (Rao
and Shanbhag 1993), Axcanynaxa [24] ( Ahsanullah 1995), Apnosnbaa, Barakpumuana n Ha-
rapajzxu [30], [31] (Arnold, Balakrishnan and Nagaraja 1992, 1998), Hessoposa [15]| (2000),
Hiienma w Harapameku [73] (David and Nagaraja 2003).

Cpe/in MHOKeECTBA 11y O/IMKATIUIT, HCIOIB30BABIINX CBORCTBA PEKOP/IOB JIJIsl XapaKTePU3AIUH
pacrpejiesieHnii, MOXKHO BbIIenTh padbors: [22], [23], [25], [40], [100], [117], [120], [135], [138],
[140], [143], [144], [189] u [191].

C 1993 roga cyabbie peKOPBI CTAJHM WCIOIB30BATHCS J/Isi XapakTepusanuit. [IpuBogumast
HuzKe Teopema 8.2.1, omyOJMKOBAaHHAS ABTOPOM JIUCCEPTAIMOHHON paboTel B craThe [191], aBu-

JIaCh TEePBBIM Pe3yJIHTATOM, UCIOIB3YIONINM CBOWCTBA CJIA0BIX PEKOPIOB s XapaKTepH3aIun

pacupenesieHuii.
Teopema 8.2.1 Ilycmo X1, Xs,... — nocaedosamesvHocmsd HE3G6UCUMBLE BEAUNUH, NPU-
numarowur suavenus 0,1,..., ¢ obwel pynxyued pacnpedesenus F', makxoid wmo rp = o0.

las moz2o umobv, cayuatinas seauduna X1 umeas pacnpedeserue 6uda

[[is,(a+(—1)8)
2,1+ a+iB)

P{X; >m} = (m=1,2,...)

( 0as nexomopwxr « >0 u > 0), neobrodumo u docmamouno, wmobwi

E{X"(n+1) — X*(n)|X"(n) =} = a + B

ons ecex 1 =0,1,... (n>1).

O6061enust 9Toif TeopeMbl ObLIM HOJIydeHbl IO3aHee B paborax [27|, [28], [129] u [183].
Caenyer ynomsinyth paborsr [60], [68], [69], [75] n [79], B KOTOPHIX Takzke paccMaTpHUBAIHCH

XapaKTepHu3allii, OCHOBAHHBIE Ha CJAa0BIX PEKOpIax.

B naparpade 8.3 npuBoagTcs xapakTepu3ainn, OCHOBaAaHHBIE Ha TOPSIKOBBIX CTATHCTHKAX.

B maparpade 8.4 nanbpl XapakTepusaluu, OCHOBAHHBIE HA BTOPOHl PEKOPIHON BeJIUYHHE U
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MakcumyMe BbIOOpkH. llycth Xi, Xo,... — mociie/10BaTe/IbHOCTh HE3aBUCUMBIX BEJUYUH C

obrmeii HenpepwiBHOH (byHKIuMeit pacnpegenenus F u S, = X (2) — M,,.

Teopema 8.4.1 (1) Cayuatinve seauwunw S, = min{0,S,} u M, nezasucumo, 0oz
Hexomopoz2o N > 3 mozda u MoAvko mozda, ko20a ucrodnoe wenpepwviehoe pacnpedesenue F

coenadaem (¢ mownocmuvio 0o napamempos cdsuza u macwmaba) ¢ F(x) =e* (x <0).

(2) Cayuatinve seauuunn S = max{0,S,} u M, wnezasucumov. das nexomopozo n > 1
mozda u moavko moezda, kozda ucrodnoe nenpepvehoe F cosnadaem (¢ mouwnocmuio do napa-

mempos cdsuza u macwmaba) ¢ F(z) =1—e" (x> 0).

3) Beauwunwve S, u M, nezasucumo, das nekomopozo n = 1,2, ... mozda u moavko mozda,

Kkoeda ucxodnoe nenpepuenoe I cosnadaem (¢ mouwrnocmuvio 0o napamempos coeuza u macuma-

ba) c F(z)=1—€e¢" (z>0) un=1,2.

MatrepuaJs juccepranuu, NpeCTaBJIeHHBI B ry1aBe 8, OlyOJUKOBAH aBTOPOM JIUCCEPTAIIH-

oHHOIT paboTel B craThax: [189], [191], [202] u [223].



MNnasa 2 O6o6weHus nemmbl Bopens—KaHnTtennun

§ 2.1 BseepeHune rnasbl 2

B rmmaBe 2 jauccepranumonuoit pabOThI MbI PacCMOTPUM 0000IIEHUS JieMMbl Bopessi—
KanTennau, cpean Koropbix O6yayT um 0000IIeHnsd, NpeoKeHHbIe HaMi. B moceayomux ria-
BaX JIMCCEPTAIMY ITH 0000IIeHNs OY/IyT UCIOJIB30BATHCS s Oy YeHUs CUJIBHBIX MPeIeTbHBIX

TeopeM.

[Iycts Ay, As, . .. — TOCIEIOBATETLHOCTE COOBITHIA, 38 JaHHBIX HA OJHOM BEPOSITHOCTHOM IIPO-

crpancrse, u A — gonosaenne cobeitus A;. Pacemorpum cobbrrme
_ ~OoO 00
{4, 6.0.} =N, U2, Ay

OHO cocToUT U3 TEeX TOYEK IPOCTpaHCTBa {2, KOTOPbIE HPUHAIeKAT OECKOHEYHO MHOIUM A,,.
Cokparrenne 6.4. OyaeM HCIOIb30BAThH I TepMuHa "'6eckoHedHo dacto'. OTMeTrnm, 9To 11

HAXOXKJIEHUsT BEPOATHOCTH cOObITUs { A, 6.9.} 00BIYHO HCTIOIB3YIOT (HBOPMYITY

P(A, 6.1.) = lim P(U2, Ay).

n—o0
Cdopmymupyem nemmy Bopenga—Kanremrtn.
Jlemma 2.1.1. 1. IIyecmw Ay, As, ... — nocaedosamenvrocms cobvimut, 048 KOMOPBLIT 6bl-
NOAHAECMCA HEPABEHCMBO
oo
> P(4,) < . (2.1.1)
n=1

Tozda P(A,, 6.4.) = 0.

31
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2. IIyemv Ay, As, ... — n0cAd06aMEALHOCTND HE3ABUCUMBLET COOBIMUT U
S P(A,) = . (2.1.2)
n=1

Tozda P(A, 6.4.) = 1.

Jlemma Bopensi—Kanrenm 6suta copmynmuposana B AByx crarbsax Bopess [53], [54] ( Borel
1909, 1912) u oxmoii crarbe Kanresnu [59] ( Cantelli 1917). IlepBonauanbuo Bopesb mperoKut
caepyomee. Ilycrs Ap, As, ... — 1OC/I€10BATEIbHOCTD COOBITUI JIJIsi KOTOPBIX BbIIOJIHSIOTCS
YCJIOBUS:

0<p, <PA, | AL ... A ) <pl <1, Vey,...,en 1, Vn,

rue A;' = A; wim AS. Torza u3 ¢XoauMocTu psijia Y - | Pl BHITEKAET CHPABE/INBOCTD DABEHCTBA
P(A, 6.4.) = 0. B cBow ouepep, PacXOAUMOCTb Da » | ph TAPAHTHPYET BHIIOJHEHNUE
paBerctBa P(A, 6.4.) = 1. Kanremmu nokaszan, uro yciaosue (2.1.1) aBiagercsd J0CTATOUHBIM

2t Bhimoinennst pasencrsa P(A, 6.4.) = 0.

Bropas gacts temMmbl bopeng—KanTenmu 6b11a 00001eHa BO MHOTHX pabOTaX, U3 KOTOPBLIX
npuseieM 37ech crarbu Janra u Dpgomia [67] (Chung and Erdos 1952), Spuorra u Penbn [82]
(Erdés and Rényi 1959), Jlamnepru [123] (Lamperti 1963), Kouena u Croyua [118] (Kochen
and Stone 1964), Cruuruepa [172] (Spitzer 1964), Koynnaca [119] (Kounias 1968), IITactepa
|[174] (Shuster 1970), Mopu u [ekenn [133] (Méri and Székely 1983), Ilerposa [154], [155]
(Petrov 2002, 2004) u @pomosa [92] (Frolov 2012). ITogobnast TemMaTnka paccMaTPUBATIACH TaK-
ke B paborax Maprukaitnena u Ilerposa [9] (1990) u Ilerposa [153] (Petrov 1995). Kparko

OCTAHOBHUMCSI Ha HEKOTOPBIX ODOOIIEHUIX.

Opgom u Penbu oOHAPYXKUIU, UTO YCJIOBHE HE3aBUCUMOCTH BO BTOPOHl YacCTU JI€MMBI
Bopeng—KanTenmn MOXKXHO 3aMEeHUTH YCIOBHEM MOMAPHONR HE3ABHCHUMOCTH COOBITHH A, Ao, ...

HOCJ’IG,ZLHQG ycjgaoBue MOXKHO 3aMEHUTDH YCJIOBUEM

P(AA;) < P(A)P(A) (Vi # ).

Opuomr u Penbu jokazaan takxke ciaenyomee. Iycrs Ay, Ao, ... — 10Ca€10BaTEIBHOCTD COObI-
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THii, yJaoBIeTBOpsoNasa ycaosuo (2.1.2) u

lim inf 2?21 2?21 P{A:4;) —
n—oo [DO0 ) P(AR))?

Torna P(A, 6.4.) =
JlammepTn 0Ka3asl ciemyroree.

Jlemma 2.1.2. ITyemwv Ay, As, . .. — nocaedosamenvrocms cobvimud, Y008AEMBOPAIOULAA YCAO-
suto (2.1.2). Ilyems daa nexomopwux koncmarwm C >0 u N > 1 u das ecex i,j > N, i # j

cnpaeedﬂuem HeEpaseHCMEA

P(A;A;) < CP(A;)P(4;).
Tozda P(A,, 6.u.) > 0.
[Terpos yrounua sror pesysasrar. [lycrs Ay, Ao, ... — HOCTE10BATEIBHOCTH COOBITHIT, Y10~

BJieTBopsitoniasg ycaosuio (2.1.2). Ilyers st Beex i, j > N, @ # j u HekoTopbix Kouctant C' > 1

u N > 1 cnpaBemmussl nepasencrsa P(A;A;) < CP(A;)P(A;). Torma P(A, 6.1.) > 1/C.

Ob6o6menuit nepBoit yactu JjemMbl bopeng—Kanren u3secTro ropasao Menblie. [ Ipuseaem

pesyabrar Bapunopda-Hunbcona [44] ( Barndorff-Nielsen 1961).

Jlemma 2.1.3. Iycmov Ay, As, ... — nocaedosamenvrocms cobvimut, Yoo8AECTNEOPAIOULAA YCAO-

suam P(A,) — 0 u

> Pl <

Tozda P(A,, 6.u.) = 0.

O606mmenue Jlesu [126] (Lévy 1937) mpepiaraer ucmoib30BaTh YCJIOBHBIE BEPOSTHOCTH.

Jlemma 2.1.4. ITyemov Ay, As, ... — nocaedosamenrvrnocmo cobvumuds u 14, — unduramop cobvi-

muti A,,. Pasencmeo
oo
E 1y, = 00 n.n.
n=1

CNPaBsEeIAAUBO MO20a U MOALKO moz2da, Koz2da

D P(Ay | o{Ar,.. . Ap}) = o0
n=2
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N3 nevmmbr JleBu BeITeKaeT Kjaaccudeckas popma Jiemmbl Bopenga—Kanresumm.

O630p Temaruku Jemmbl Bopessi-Kanresum moxxuo waiitn B kaure Yanaper [62] (Chandra

2012).

Janbueiinee comeprkanune riapbl 2 caeayoiiee. B maparpade 2.2 6yayT npuseaerbl 0600-
menns JeMMbl Bopeng—Kanresim, mogy4enaple aBTOpOM JUCCePTAIMOHHON paOOThL B CTATHAX
[198], [207] u [227]. B maparpade 2.3 511 0606meHns GyayT TPOUILTIOCTPUPOBAHBI TPUMEPOM,

B KOTOPOM PacCMaTpPHUBAIOTCS aCUMIITOTHYECKHE CBOMCTBA MaKCUMYMOB B ciydae F'“-cxempbl.

§ 2.2 HepaBsHune obobweHus nemmbl Bopens—Kanrtennun

2.2.1 O606weHna nepsoii 4YacTu nemmbl bopena—KanTtennun

Paccemorpum Hekoropbie 06001enust nepBoit yactu jemmvbl bopesis—Kanresm. Janubiit pe-
3yJabTar GbLI oty veH B pabore Banakpunaana u Crenanosa [207] ( Balakrishnan and Stepanov

2010).

Jlemma 2.2.1. Ilycmov Ay, As, ... — nocaedosamenvrocmv cobvimudi, Yo08AECMBOPAIOULAA YCAO-

suto P(A,)) — 0. Ecau das nexomopozo m > 0 evinoansemes ycaosue

S OP(AGAL LA Ann) < 00, (2.2.1)
n=1

mo P(A, 6.4.) =0.

B uacrroctu, npu m = 1 ycaosue (2.2.1) cBOIUTCSA K YCIOBHIO
o
> P(AGAn) < oo
n=1

HokazareabcTBo jiemmbl 2.2.1. Ilyers pan B (2.2.1) cxomures. Torpa

P (U Ak) = P(A) + P(AS Ayr) + PIASAS  Ags) + ..
k=n

P(An) + P(ALAu) + .o+ P(AL A0 Anim 1)

IA

+3 P(AG AL Am) = 0 (0 00).
k=n
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g

N3 jiemm 2.1.3, 2.2.1 BbITEKaeT BaxKHOE CJIEJICTBUE.

CaencrBue 2.2.1. Ilycmv Ay, As, ... — nocaedosamenvrocms cobvmud, 1006AeME0PAIOULASL

yeaosuro P(A,) — 0. ITyemv makorce evinoanaromes yeaosus (2.1.2),

> P(A,An) = o0

n=1

[P(A,) — P(A,AL41)] < oc.

n=1

Tozda P(A,, 6.u.) = 0.

Taxum 006pazom, pasenctso P(A, 6.4.) = 0 MOKeT BBIIOJHATHCA U B CJIydae, KOTJAA P
> | P(A,) pacxomurcs. TIpumepbl TakKuxX MOCIEI0BATEIBHOCTEN TPUBEIEM B TIOCJIE Y IOIIIX
n=1 n) P s - 1p p s puBen HAYIOIL

IJ1aBax JUCCEePTAIMOHHON paboThl, a TaKzKe B 9TOil T/iaBe B nmaparpade 2.3.

Cremyronuii pe3yabrar, Takzke HoxydeHHbl B [207], BhITeKaeT W3 J0KA3aTeIhCTBA JIEM-

MBI 2.2.1.

Jlemma 2.2.2. IIycmo Ay, As, ... — npouszsoavhas nociedosamenvrocms cobumud. Paserncmeo
P(A, 6.4.) = q € [0,1] cnpasedauso mozda u moavko mozda, kozda

o0

lim P(ACAC .. A Anir) =q.
nsoo (n n+1 n+k—1 n+) q

2.2.2 O606weHne nemmbl bopens—KaHtennu ansa nocnegoBaTenbHOCTEN COObITUA,

ob0napaoLmMx MapKOBCKMM CBOWCTBOM

Pesynbrarsr mannoro pasjesa nostydensl B pabore Crenanosa [227] ( Stepanov 2014). 3ech
Oy/lyT Hpe/ICTaBJIeHbl TEXHIUYECKUe 00001eHus ieMMbl bopensg—KanTe s yo0Hbie jiis paboThl

¢ nensasMmu MapxoBa.

OmnpeesimM IOCI€10BaTEIbHOCTh COOBITH, 0018/ 10X MAPKOBCKIM CBOMCTBOM.

Onpegnenenne 2.2.1. Muw ckasicem, wmo nocaedosamenrvrocms coboimut A, (n > 1) 00-

AG0AETN MAPKOBCKUM c80UCMBoM, ecau nociedosamenvrocmo L4, (n > 1) asasemes yenvio



Imasa 2. O606menust temmvbr Bopessi—Kanremmm 36

Maprxosa.

V3 ompeneneHns BHIHO, YTO IOC/I€JI0BATEIbHOCTH COOBITHIL, 00/1a/af0IIue MAapPKOBCKHIM

CBOMCTBOM, TECHO CBSI3aHBI C IMensaMu MapKoBa.

[asiee B 9TOM naparpade Mbl HCCJIElyeM P KaKUX YCJIOBHUIX JIJIs IOC/IeI0BATETbHOCTEN] CO-
ObITHI, 00T AI0MNX MAPKOBCKUM CBOICTBOM, BBIONHAIOTCSA paBeHcTBa P(A, 6.94.) = 0 (= 1).
Jlerko mokasarb, uro ycaosue P(A,) /4 0 aBasgercs J0CTATOMHBIM JII BHIIOJIHEHUS HEPABEH-

crBa P(A, 6.4.) > 0. B caenyromieii iemmve Mbl GyjieM npeanosarars, aro P(A,) — 0.

Jlemma 2.2.3. Ilycmov Ay, As, ... — nocaedosamesvrocms coboimut, 06A460a0UUT MAPKOECKUM
ceoticmeom, maxas wmo P(A,) — 0. Bubepem nomep N docmamouno 60avuum, MAKUM 4MO

npu n > N cnpasedauen. nepasencmea P(A,) # 1. Pacemompum pad
S Pl | 42). (2.2

Ecau pad (2.2.2) cxodumca, mo cnpasedauco pasencmeo P(A, 6.4.) = 0. Ecau pad (2.2.2)

paczodumcesa, mo P(A, 6.4.) = 1.

okazareabcTBo jgemmbl 2.2.3. Boibepem n > N. 13 MapKOBCKOTO CBOMCTBA CJIeIyeT, 9TO
1-PA, UA 1 U...UA, ) = P(ATA; .. A L)

= P(A)P(AL 1 [ AL PAAL e | AL

Torna

1 — P(UZ, A;) = e PARD+EE, In PIAL A7) (2.2.3)

[Mockoabky npu x — 0 cupasemubo In(l — z) ~ —z, cxogumocrb (pPacxoauMMOCTb) psijia
Yoo, P(Aifq | AS) skBusasientHa cxogumoctu (pacxogumoctu) psga » .o In P(A§ | AS).
Bepuo takke un obparHoe yrep:jaenue. [lockonbky P(A, 6.4.) = lim, . P(U2, A;), yTBep-

KIeHue JeMMbl 2.2.3 caenyer u3 (2.2.3). 0

ameuanne 2.2.1. Caedyem ommemums, wmo nepsoe ymeepacoernue semmo, 2.2.5 moorcem

oMb MaKHce nosyweno u3 semmol 2.2.1, a emopoe ymeepotcdernue semmol 2.2.3 — u3 sem-

MmoL 2.1.4.
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[Tockonbky P(A,41 | AS) = % u P(AS) — 1, semmy 2.2.3 MOMXKHO MepernucaTh

CTIEIYIONTAM 0OpPa30M.

Jlemma 2.2.4. IIycmov Ay, As, ... — nocaedosamesvHocms coboimutl, 06A60a10UUT MAPKOECKUM

ceoticmeom, maxas wmo P(A,) — 0. Paccmompum psad

i P(AS Ansy). (2.2.4)

n=1

Ecau pad (2.2.4) crodumcea, mo cnpasedauco pasencmeo P(A, 6.4.) = 0. Ecau pad (2.2.4)

paczodumea, mo P(A, 6.4.) = 1.

Ou4eBuHO, Y4TO €CIu JIJIsl TOCJIE0BATEIbHOCTH A, ClipaBeJInBO MapKOBCKOE CBOWCTBO, TO

P( 701 ;+1 s Z+k) - P(AZ | AZ+1) . ~P(A7Cz+k—1 | AfLJrk)P( fwk)‘

[Tosib3ysich MeTOJIOM JI0OKA3aTeIbCTBA, JIeMMbI 2.2.3, MOXKHO JIOKa3aTh CJIe/yIONUil pe3y/ibTrar.

Jlemma 2.2.5. Ilyemo Ay, As, ... — nocaedosamervrocms cobvimuti, 06,4a0a10UUL MAPKOGCKUM

ceoticmeom, maxas wmo P(A,) — 0. Paccmompum pad

i P(A,AS, ). (2.2.5)

Ecau pad (2.2.5) cxodumea, mo cnpasedauco pasencmeo P(A, 6.4.) = 0. Ecau pad (2.2.5)

paczodumcesa, mo P(A, 6.4.) = 1.

[TpeacraBum gasnbHeiinine Texaudeckue 06001eHns JeMvbl Bopessi—-KanTesn, cBsa3anubie ¢
teopueil meneit Mapkosa. ['oBopsar, uTo mociiegoBare ibHOCTD X1, Xo, . .. aBIsgeTcd 1enbo Map-

KOBa IIOpdaKa k (I/IJII/I nMeeT ImaMAThb IMOPAIKa k), ecJIn AJd BcexX n > k CIIpaBeIJINBO:
P(Xn = Tn ’ anl = Tp—1y--- 7X1 = 1'1)

= P(Xn = Tn ‘ Xpno1= Tp—1,--- 7ank = xnfk)-

Onpepenenne 2.2.2. Mv ckasicem, wmo nocaedosamenvrocms cobmut A, (n > 1) obaa-
daem maproscrum ceoticmeom nopadka k, ecau nocaedosamenvnocmo Ly, (n > 1) asasemes

uenvro Mapkosa nopadka k.
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JlemMma 2.2.3 u jemMma 2.2.4 MOryT OBITBH JIETKO 0DOOIIEHBI HA TaKue IO0C/1e/I0BaTeIbHOCTH.

JlemMma 2.2.6. ITycmo Ay, As, ... — nocaedosamervrocms cobvimud, 06,4a0a10UULT MAPKOGCKUM

ceoticmeom nopaodka k, makas wmo P(A,) — 0. Bubepem nomep N docmamouno 6oavuwium

makum, wmo npu n > max{k, N} cnpasedausv, nepasencmea P(A,) # 1. Paccmompum pso
o0

> P(Apr | A5 A ). (2.2.6)

n=max{k,N}

Ecau pad (2.2.6) crodumca, mo cnpasedauco pasencmeo P(A, 6.4.) = 0. Ecau psad (2.2.6)

paczodumcesa, mo P(A, 6.4.) = 1.

Jlemma 2.2.7. Ilycmov Ay, As, ... — nocaedosamesvHocms coboimut, 06460610 UUT MAPKOECKUM

ceoticmeom nopadxa k, maxas wmo P(A,) — 0. Paccmompum psad
S OP(AG AL g An). (2.2.7)
n=1

Ecau pad (2.2.7) crodumcea, mo cnpasedauco pasencmeo P(A, 6.4.) = 0. Ecau pad (2.2.7)
pacrodumes, mo P(A, 6.4.) = 1.

B zaBeprennu riassl 2 (B naparpade 2.3) npuBeeM mpuMep MpUMEHEHUs BbIIEH3I07KeH-

HBIX 00001eHnit jemMbl Bopens—Kanrenn.
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§ 2.3 NccnepoBaHue acMMNTOTUYECKUX CBOWCTB MakCMMyMOB B

cnyydae F“-cxembl

B srom maparpade Oymem mpejanosaratb, 9to Xi, Xo, ..., X, — He3aBUCHMbIe HEIPEPHIB-
Hble C/IyYailHble BEeJIMYUHBI, UMelomue (hYHKIUU pacrpejenenus Buga F F*2 . . F% rie
a; >0 (i > 2) ua; = 1. Jlannag MojeTh U3BECTHA B JUTeparype Kak F®-cxema, rje Hesa-
Bucumbie X1, Xo, ..., X, umeror obmuit HocuTeab. Ecin a; = 1, To F*-cxema cBOAUTCS K CJIy-
a0 He3aBHCHMBIX OJIMHAKOBO pachpeeneHHbXx X;. F'“-cxema Oblia BIepBbIe HMpejioxkeHa s1H-
rom [186] (Yang 1975). JJaHHYIO MOMEJNb MOYKHO CYATATH OJHON M3 HAHOOJEE YIAUHBIX JIIs
U3YyUYEeHHs [OCJIE0BATEIbHOCTEH HE3aBUCHMBIX HECTAIMOHAPHBIX CJydailHbix Besmunt. Cpeju
MHOIHX paboT, B KOTOPHIX 00CykKaanach ['“-cxema, ynomsimem paborsl Hewsoposa [10], [11]
(Nevzorov 1985, 1986), Idaiidepa [156], [157], (Pfeifer 1989, 1991), Baiipamosa u Cremanosa
[198] (Bairamov and Stepanov 2013) u Cremanosa [227] (Stepanov 2014).

[Tonb3ysch pesyabTaTaMu 3TOIH IJIaBBI, UCCIEAYeM HEKOTOPBIe ACHMIITOTHYECKHE CBOIICTBA
MakCuMyMOB B ciayuae Fe-cxempr. [lycrs M, = max{Xy,..., X, }, A, =14+ +...+a, ux,
— HeyOBIBAIOIIAs [OC/IEI0BATEILHOCTD BelecTBeHHbIX uncen. OQuesuano, uro P(M, < z,) =

FAn(z,). IlycTb cpaBeaanBo HEPABEHCTBO

f:FA”(xn) < oo. (2.3.1)

Torna u3z gemmbl Bopens—Kauresn cuenyer, uro P(M, < z, 6.4.) = 0. Heco:kHO moKa3aTh,
a0 mocsaepoBareabuocts M, (n > 1) obpasyer menr Mapkosa. I3 jnemmbr 2.2.5 BbITeKaeT

CJIeIY IO Pe3yJIbTaT.

YrBepxkaenue 2.3.1. Pasercmeo
P(M,, <z, 6.u.) =

cnpasedauso mozda u moavko mozda, Koz20a

S PR P )] (23.2)

= OQ.
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OrmeruM, uro ecan F*"(z,) — 1, 10 pan, crosmuii B (2.3.2), cxoaurcs mpu 6osiee caabbx
IPENOIOKeHUSX, 4eM psiji B (2.3.1). MOKHO IpUBECTH MPUMED, B KOTOPOM JIOCTATOYHBIE YCJIO-
BUs JIId BhINOJIHEHUs paBenctBa P (M, < x, 6.1.) = 0 He MOTYT OBITH HOJIYIEHBI ¢ MOMOIIHIO
naemwmbl Bopesrsi—-Kanresumn (emma 2.1.1). B To ke Bpemst temmva 2.2.5 MO3BOJISIET TOJYIHTH 7Ke-
JIaeMBbIil pe3y/abTaT ¢ HeOOXOAUMBIME M JIOCTATOYHBIME YCJIOBUSIMHE. Takoil mpuMep IpeozKeH

HUKE.
ITpumep 2.3.1. Ilycmov F' — cmandapmmoe pasromeproe pacnpedeserue. Bubepem

Inl
xnzl—w, a,=v(1+1/n) u A,=~vy(n+Inn),
n

2de v > 0. Ommemum, wmo FA(z,) — 0 u Y o0 FA(z,) = 00 daa 06020 v > 0. Ouesudno,

wmo AemMma Bope./meaHmee/mu HE MOIAHCEM NOMOYUYD HAM 6 INMNOM CAYUaAE.

B mo oice epema pad Y oo FAn(x,)[1 — Fo+1(z,41)] 6edem ceba wax pad > o, nl&ll—%lw

(v > 0). Uz semmor 2.2.5 caedyem, wmo pasercmeo

Inl 0
P(M, <1— =2 6u) =

n 1
cnpasedauso mozda u moavko mozda, Ko20a

(1,00)
(0, 1].

v e

Janee B arom mnaparpade 1moapobHee PacCMOTPHM YCJIOBHSI, TP KOTOPHIX HOBbIE HJIE€HBI
BBIOOPKHU CTaHOBATCS MakcumyMamu., Orverum, 910 eciim X ~ F, Y ~ F*una > 1 (0 <
a<l),t0Y szt X (Y Szt X), tae Szt 03HaYaeT CTOXACTHYCCKOe CpaBHEHHe BeudIuH X u Y.
Briopas st F'“-cxembl 110CJ1€/10BATEIbHOCTD (v, BO3PACTAIONIEH, MbI C/IBUTAEM BEPOSITHOCTHbBIE
Macchl pacrpejesiernii F'" B HapaBJIeHUH TPABOTO KOHIA OOIIEr0 HOCUTEIs. DTO J1aeT HOBBIM
wieHaM BoIGOPKU X1, ..., X, X411 (37ech Mbl cuntaeM X, ;1 HOBBIM YIEHOM BBIOOPKH) GOJIBIIIE
IIAHCOB CTATh MaKCHMyMaMu. HurKe MBI TOKaKeM IpH KAKOM BBIOOpE IMOCIeI0BATEIBHOCTH vy,
BCE JIOCTATOYHO DOJIBIINE YJIHBI OCJIEeI0BATEIbHOCTH X, CTAHOBSATCS MAKCUMyMaMi (He MOTYT

ObITh MakcumyMamu). TouHble yTBepzKaeHus (GOPMYIUPYIOTCS HUZKE.
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[Ipeamonoxum, 910 (v — 00. OUEBUIHO, UYTO U3 STOTO YCJIOBHSA CJEAYET, 94TO A, — 00.

Yreepxkaeune 2.3.2. [Tycmv o, — 00 u A, /A, 1 — 0. Pasercmeso
P(M,, — X,, >0 6.4.) =
cnpasedauso mozda u moavko mozda, Koz20a

> < 0
n=1 Q.
JokazaTenbcTBO yTBepxKIaeHud 2.3.2. Bocrnonab3yeMcd 0603HAUEHUIME
B,={M,—-X,>0} u B ={M,=X,}.
Torma

P(B,) = /R Fon(2)dF 1 (z) = A, 1 /A, (2.3.4)

P(B,BE,,) = / Fon()(1 — Fon1 () dF - (x)

o Ont1 An—l An—l
i A I~ (2.3.5)

Teneph pe3yabrar yTBepKIaeHus 2.3.2 ciaeayer u3 jemMbl 2.2.5 u coorHorennii (2.3.4) n (2.3.5).

O

Bameuanue 2.3.1. [Iycmov pad, cmoswut 6 (2.8.3), cxodumes (maxoe npoucrodum, Hanpu-
mep, ecau o, = n*"). Tozda ¢ eepoammocmuvio edunuya eaununve M, u X, cosnadaiom das

ecexr docmamoyro boabLwWUL .

ITyemov Q,, = {M,, — X, > £}. Ommemum, wmo Q,, C B,. Ecau psaod ¢ (2.5.3) cxodumca,
mo P(Q, 6.4.) =0 u M, — X, -,

Kax yke ymOMHUHATIOCH, BHIOpAB HAJIEZKANUM 0OPA30M IMOCJIEI0BATETLHOCTD (v, MOYKHO
"3anperuTh'" HOBBIM dWiieHaM BBIOOPKH CTAHOBUTBHCS MakcuMmyMmamu. Jlauubiit BOpoc obcy 7k 1a-

eTcs B KOHIIE 9TOro naparpada.
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YrBepxkaenune 2.3.3. [lycmov
an /A, — 0.

Coommowerue

P(M, =X, 6.u.) =

cnpasedauso mozda u moavko mozda, ko20a

> < 00
> an/Ay (2.3.6)
n=1 .

dokazareabcTBo yrBepKaeHnd 2.3.3. /lokazaTeIbCTBO CXOXKe € JIOKA3aTeIbCTBOM YTBep-

Kaenus 2.3.2. 3nech caenyer Boibpars C,, = BS, C¢ = B, u npuMeHuTh Jemmy 2.2.5 K moce-

nosarenpnocru C,. [

Sameuanue 2.3.2. Ecau pad 6 (2.3.6) cxodumea, mo ¢ 6epoamHOCMYIO €OUHUUG BEAUNUHDL

M, u X, pasauurv, drs ecex docmamouno boavwux n. Takxoe, Hanpumep, cayvaemcsa, xo20a

ap =N



Nnasa 3 Pekoppabl: pacnpepeneHus, npeaesibHble TEOPEMbI

§ 3.1 BseepeHune rnasbl 3

Bo BBejieHne ruasbl 3 Gy/yT JaHbl Olpe/IeJeHns] PEKOPJIOB 1 Oyaer ciejan KpaTkuii 0630p
peKop/iHOii TeMaTuKH. MaTemarnueckas Teopust peKOpIOB GepeT cBoe Hauas0 ¢ paborsl Yew iie-
pa [61] (Chandler "The distribution and frequency of record values" 1952). Ha nauubiii MOMeHT
9Ta TEOPUsl HACUUTHIBAET 3HATMTE]HLHOE KOJUYECTBO paboT, GOJIbIIas 4acTh U3 KOTOPHIX ObLIA
onybsimkoBana B nocsaeganue speMst. CChIIKM HA 9TH PAaBOThl MOXKHO HAWTH B CJIELYIONUX 00-
3opHbIX myGaukanusx: [12], [15], [24], [26], [31] u [138], cMm. TakKe cCBLIKH, TaHHBIE BO BBEICHHE

JIUCCEPTAIAHN.

Kak yxKe ynmoMmHAJI0Ch BO BBEJIEHUHN, ACUMITOTHYIECKAS TEOPUSA PEKOPIOB, TaK »Ke KaK u
9KCTPEMaJIbHBIX 1OPSJIKOBbIX CTATUCTUK, aKTyaJbHA B CBS3U C PA3JIMUHbIMU LIPUJIOKEHUSIMHU,
BO3HUKAIONIUMH B METEOPOJIOTHH, THIPOJIOIUU, B CTPAXOBOM U (pHUHAHCOBOM Ou3Hece. Pekopibi
MOT'YT OBITH CBSI3aHHBI C BpeMeHaMHU OOCJIYKUBaHUsA, KOPPO3Ueil MeTaJlJIOB, COIPOTUBICHUEM
MaTepuasaoB. PeKop/apl W WHAYIUPOBAHHBIE UMW CTATUCTUKHA HUCIOJTB3YIOTCS /I CTATUCTUYE-

CKHX BbIBOAOB U IIOCTPOEHUA CTATUCTUICCKHUX OIECHOK.

OmnpeenM TOCIeJOBATEILHOCTH BEPXHUX PEKOPIHBIX BpemeH L(n) u Bemuuun X (n) cie-

JIYIOIIIUM 00pa3oMm:

L(n+1) =min{j > L(n) : X; > X1m}, (3.1.1)
X(n)=Xrmy, n=12...

Eciu Bropoit 3Hak HepaBeHcTBa B (3.1.1) 3aMeHUTDH Ha < , TO BMECTO BEDXHUX PEKOP/IHBIX Bpe-
L X! O
MEH U BeJIMYUH MbI TIOJIy UMM HUYKHUE PEKOP/IHbIe BpeMeHa L' (1) 1 BeJIMuYrHbl n). OT BepXHUX

PEKOPAHBIX BEJIUYUH JIETKO HepeﬁTI/I K HU2KHHUM, B34dB BMECTO I/ICXO,ZLHOfI II0CJIeJOBATEJIbHOCTHU

43
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Besmauabl — X1, —Xo, ... wim, ecu X; > 0 (¢ > 1), cayqaiinsle Beqmananl 1/X7,1/Xs, ...
TakuMm 06pa30M, MOKHO OFPAHMYUTHCS M3YUEHHEM TOJLKO BEPXHUX PEKOPIHBIX BpeMeH H Be-
JIMYWH, a caMo cJIOBO "BepxHme" MbI OyaeM B JajibHeiilneM Omyckarh. Vckioodenue cocTraBuT
naparpad 4.3, B KOTOpom OyIyT pacCMaTpUBATHCA ¥ BEPXHUE W HUYKHUE PEKOPIBI OJHOBPEMEH-
Ho. Besmmuauny A(n) = L(n)—L(n—1) (n > 1) Ha30BeM MeKPEKODHBIM BPEMEHeM, a BeJInIuHA

N(n) Gyaer paBHa KOJMYECTBY PEKOP/JHBIX BEJUMUH, COJAEPKAIMXCA B BBIOOPKE X1, ..., X,.

s TUCKPEeTHBIX pacCIpejiesIeHuil U pacipeieseHuil, IMeIONuX aTOMbI, CAMOCTOSTeTbHBII
HHTEPEC MPEJICTABIAIOT cJabble PEKOP/HbIE BpeMeHa 1 BeJIMYHHbI, BBejeHHble Bepaarom |177|
(Vervaat 1973). Cnabnie pekopanbie Bpemena LY (n) n Besnanunl X¥(n) 3a1a10TCs paBeHCTBA-

MHU:

Xw(n):XLw(n), n:1,2,...

To obcrosiTebcTBO, 4TO cj1abble PEKOP/ibl MPEACTABISIOT CAMOCTOSTEIbHBIN NHTEPEC TOJIbKO
B CJIydae, KOIJa HCXOIHOe pacIpeje/ieHne siBJIAeTCS JTUCKPETHBIM UM HMEeT aTOMbBI, CHI3MJIO

HHTEpeC K U3YUEHUIO CJIA0BIX PEKOP/IOB.

[IpuBeseM apryMeHTannWiO B MOAAEPKKY M3ydeHUs caa0bIX pekopaoB. lanHas aprymeHTa-
IIMsI YKA3BIBAET TaKzKe Ha BaXKHOCTH M3y YeHHs JUCKPETHBIX pacipeaenennii Booodme. Hecmompas
Ha MO, YMO MHO2UE NPOUECCHE 8 NPUPOJE HOCAM HENPEPLLEHBLT TAPAKMED, UHPOPMAUUSL O HUL
nocmynaem 6 sude QUCKPEMHBT OGHHBT (CAHMUMEMPAT, MUAAUMEMPAT, 2PAMMAT, MUKDO-
amnepax u m.0.). Taxum obpazom, daxmuuecku 6ce2da, Ha cmaduy, NOAYYeHUS, 00PAbOMKY U

TPAHEHUS OGHHDLE, MblL UMEEM €0 € QUCKDEMHBLMU MOOENAMIU.

Paccmorpum BHauase ciaabble pekop/ubie Bpemena LY(n) (MOMEHTHI HACTYIJIEHHs CIaOBIX
peKopaHBIX Beqnunt). Ecau ucxoauas dbyHkuus pacupejeienus F aBiageTcsa JUCKpeTHOl Wi
MMeeT aTOMbI, TO PAClpe/eJieHns] C1abblX PEKODJHBIX BPeMeH (Tak Ke Kak M pPacrpe/eJeHust
PEKODJIHBIX BpEMeH ) CJIOXKHBIM 06pa3oM 3aBucat ot F. [Tycrs, Hanpumep, X; NIpHHAMAET 1eJIbie

HeoTpHIaTebHbe 3HaueHus u F(n) < 1 maa moboro n > 1. Torga pacupejiesienue BTOPOTO
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¢1ab60T0 PEKOP/IHOIO BpeMeH! UMeeT BUJI:
P{L"(2) = j} = > pF’2(k)(1 = F(k)).
k=0

Bnecy F(0) = 0 m 0° = 1. Jlng npoussosbHOro n > 3 pacupesesenue LY(n) BLILIAIAT erme
cioxkuee. V3ydenne ciabblXx PEKOPAHBIX BPEMEH B JTAHHOM CJIy9ae BO3MOXKHO TOJIBKO JIJIsl OT-
nenbubix "xopormmx" pacnpenesnennii. B Hameil quccepranun Mbl OFPAHUYUMCST PACCMOTPEHUEM

CJIA0BIX PEKOPIHBIX BEJIUYNH.

Benen 3a paboroit Beppaarta [177] (Vervaat 1973), ny6amkanus Cremanosa [190] (1992)
SIBIJTACh BTOPOi pabOTOii, MOCBAIEHHON cJIa0bIM pekopaaM. B Heil ObL1a mpeaioKeHa KOHIEI-
1A Tepexo/ia OT 3aBUCHUMBIX CJIA0BIX PEKOPIHBIX BEJIUYUH K CyMMaM HEe3aBHCHMBIX BeJTHYNH,

nMermux reoMmeTpuieCKkue paciipeae/JieHusd.

C1abbim pekopaam Oblin Takzke nocssimensl nybaukanuun Crenanosa [191] (1993), Asme-
Ba [27] (Aliev 1998), Hes3oposa n Bamakpumuana [147| (Nevzorov and Balakrishnan 1998),
Becenosckoro n Axcamysiaxa [183] ( Wesolowski and Ahsanullah 2001), Cremanosa, Basa-
kpumnaana 1 Xodmanua [228| (Stepanov, Balakrishnan and Hofmann 2003), TemOuuCKO# 1
Jlonesa-Buasky»s3a |79] (Dembinska and Lopez-Blazquez 2005), dembunckoii u Crenanosa [212]
(Dembinska and Stepanov 2006), Tannenak u Jembunckoii [68], [69] (Danielak and Dembinska
2007a, 2007b). CiabeiM pekop/aM TOCBSIIEHbI pa3/IeJibl B KHUraX ApHOJIb/Ia, BamakpuirHana,
Harapasyzku [31] (Arnold, Balakrishnan and Nagaraja 1998), Hessoposa [15| (2000), 0630pHasi

crarbs Crenanosa [223] (Stepanov 2007) u HEKOTOpBIE ApyTHE PAOOTHI.

YacTo npu NpoBeAeHNH CTATHCTUICCKUX SKCIEPUMEHTOB BBIOOPKH COAEPZKAT HOCTOPOHHHE
Habsoernst. Takne HETUTIUYIHbIE HAOJIONEHNST MOTYT CUJIBHO BJIASITH HA CTATUCTHIECKUE BbI-
BOJIbI. Pazenn MmaTeMaTuiecKkoil cTaTUCTUKH, B KOTOPOM IIPEIaraloTCs METO/IbI 110 BBISABICHUIO
HETUIUYHBIX HAOTIOAEHUH, VIaJeHIIO TaKUX HAOIIOAeHUI 1 paboTa ¢ BBIOOPKAMU, COIePIKAIIH-
MU TaKue HabJIIOeHUs, Ha3bIBAETCs pOOACTHON cTaTUCTUKOM. TemaTnka podacTHON CTATUCTUKA

06CyKIaeTcsl B PA3IMIHbIX KHUTAX, CM., Hanpumep, [8] win [132].

[IpemmosokuM, 9T0 BEIOOPKA, COCTOSINASA U3 HE3aBUCUMBIX OJMHAKOBO PACIpPeleeHHbIX X;
¢ HempephIBHOI (yHKIMeH pacnpegensenns F, MoxkeT ObITEH "3arpsisnena’ ofHUM WM HECKOJIh-
KHMH HaOJIIOIEHUAMH Y, KOTOPBIe TaKyKe He3aBHCUMBI OTMHAKOBO PAaCIpe/leIeHbl i UMEIOT JIpy-

st st
ryfo HeupepbsiBHyIO dyHkiuio pacupejiesenus G. Ilpennosoxum, uro X; < Y, rae < o3nadaer
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CTOXaCTHYeCKOe cpaBHeHUe BenvanH X; u Y;. /lanHoe cpaBHEHHe IOApa3yMeBaeT, YTO BeJJMINHBL
Y; nmeror GoJiblIe MAHCOB CTATh PEKOPJaMU B COBMECTHOH BLIOOPKe, COCTOAIIeH U3 BeJTHInH X
u Yj TaKI/Ie pPacCCyzKAeHUA YKa3bIBalOT Ha H€O6XO,ZLI/IMOCTB BBeJACHUA HOBOI'O MTOHATHUA PEKOPIOB

— PEKOPJIOB € TMOATBEPYKICHUEM.

TTousiTie pekopaubix Besmunn X (1) u pekopaubix Bpemen L(n) ¢ mogrsepKiennem 6110
npeioxkeno Hemszoposeim [145] (Nevzorov 2012). ITpexe vem ONpesesnTh PEeKOPIbl ¢ MOJ-

TBepKIeHneM, 3aduKcupyeM HaTypaabuble m, k, Takue uro 1 < m < k. [Iycrs
L)=1,X1)=X,

u g n > 1 cupaBeIJInBO:

L(n+1)=min < j:j > L(n), Z Iixsgmy =F ¢
L(n)+1

X(n+1)= X},’ZL,

rae 4 — unguxarop codobitust A u X ) — HOPs/IKOBasi CTaTUCTUKA, 1IOJIydeHHAsl U3 BbIOODKH,

(n)

COCTOAIIEH U3 MOJIOKUTEILHBIX HAOJIIOICHTH

Lix s Xy XLt Lixg s Xim+2r -0 LixgsxmyXi-

Omnpegenenne peKopaoB ¢ TOATBEPKICHUEM MOXKHO TaKKe JOIMOJHUTHL CJAeLYIONUMA 00bAC-
HeHusiMu. /st TOro, 94To6el peKKypeHTHO omnpeaenutb X (n + 1), L(n + 1), upu momomiu yke

m

uzsectabix X (n), L(n), caeayer xiaarh noka k HOBbIX HabsogeHuit X, , , B3ATBIX H3

nocaeposareasnocrn X; (i > L(n)), npessoiiayr X (n). Pacnonoxum rannbie HAOMOLCHNS B
BHJIe BO3PACTAOIIEll I10C/Ie10BaTe IbHOCTI XI(T;) <...< X (n ) . llopsiikoByto cTaTHCTUKY XTSZ )k
HazoBeM (n+1)-0it peKOpIHO# BeIMIMHOIT ¢ IO ATBepK IeHreM. MoMeHT BpeMeHn, B KOTOPbIii Bee
HaOJII0/IeH U ST an), . ,X,gn), B3sIThIE 13 TOCesoBarenbrocT X, (i > L(n)), npes3oiayr Bes-
anny X (n), nazosem (n + 1)-biM PEKOPAHBIM BPEMEHeM € NoATBeprKAeHueM. Tlocsie mosyaennst
seamaun X (n + 1), L(n + 1), nabmogenus X J)rl P <. < X,ﬁ",j VAAIAIOTCS U HE YIACTBYIOT B
onpeaeieHne X(n—O—Z), f)(n—l—Q). Takum obpazowm, npoiecc hopMUPOBaHUS PEKOP/IOB C O/ ITBEP-

KICHUEM K&)K,HBII‘/'I pa3 HaUHUHaETCA 3aHOBO. CJ’[G,ZLOB&TGJIBHO, PEKOpAHbIE BpEMEHa U BEJIMNYUHBI
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¢ moJATBepzKieHneM oOpasyroT nernu Mapkosa. OTMeruMm, 9To B caydae, Korja k = m = 1,

PEKOP/IbI C MOATBEPKIACHIEM COBIAIAIOT C OOBITHBIMU PEKOPIAMI.

. n n
O0bgcHuM IPHYUHY, II0 KOTOPO# HaOJII0/IeHus Xr(nil’k <...<X ,i,j VAQISIOTCS U3 SKCIIe-
pUMeHTa [Ooc/Ie ToIydeHus caydaitnoi semuunnabl X (n + 1). Mbl 3HaeM, 9T0 JaHHAS BBHIGOPKA
MoxkeT ObITh "3arpsiznena' HAOJIIOMEHUSIMU, B3SITBIMEA U3 JIPYTO# COBOKyHHOCTH. MbI OXKUTa-

€M, 9TO MHOTUEe HETUIIUYIHbIE H&6.HIO/I€HI/IH ABJIAIOTCA PEKOPAHBIMU BEJIMYUHAMMU. Mnbr xO0TAM

OYHUCTUTDL HaIlly BbI60pKy 1 YIaJIUTh IIOCTOPOHHHE Ha6,HIOﬂeHI/IH.

Bynem roBoputhb, uTo paccmarpuBaeMblie HaO0aeHIsT OepyTcst u3 X -BbIOOPKH, €CJIU BCe Ha-
OJITO/TeHNs SIBJISIOTCS He3aBUCUMBIMU OJIMHAKOBO PACIpeIeIeHHBIMI BeJTMInHaMu X; ¢ Helpe-
pbiBHO# dyHukmeii pacupeaenenus F. Bygem ropoputh, uro nabaogenus 6epyres us (X,Y)-
BBIOOPKH, €CJIu OOJIBITUHCTBO HAOJIIONEHUN JIAHHON BBIOOPKU SIBJISIOTCS HE3aBUCUMBIMU OJIH-
HAKOBO pacCIpe/IeJIEHHBIMU BeJTMIUHAMEI X; ¢ HEIPePBIBHOW (bYHKIHeN pacupeenenus F', mpu
9TOM HEKOTOPbIe HAOTIO/IeHUS JAHHOI BRIOOPKH — HE3aBUCHMbBIE OJMHAKOBO PACIIPE/IeICHHbIE Be-
JuauHbl Y; ¢ HenpepbiBHO# dyHKimeil pacupejesnenust G. Ipyrumu ciosamn, (X, Y )-eibopka

— 3TO BBIOOPKA, KOTOpas COMEPZKUAT HeTHINIHbIE HAOMIOACHUS Y.

lajiee B 3TOi r/1aBe MbI IPUBEJIEM pacipejie/ieHusi PEKOP0B U PACCMOTPUM UX aCUMIITOTHU-
JecKne CBOHWCTBA. ACHMITOTHYECKAS TEOpHs KJIACCHIECKHX PEKOP/IOB M3BECTHA JABHO. ABTOP
JIAHHOI JuccepTarmoHHOl paboThl He MPUHUMAJ YIacTHs B ee pa3paboTke. B rimaBe 3 akieHT
OyJleT cjieJlaH Ha aCUMIITOTUYECKUX Pe3yJibTaTaxX, IOJIyUYEeHHBIX aBTOPOM JaHHOW paboThl. Mbl
OJIPOOHO PACCMOTPUM TPEJIEIbHBIE TEOPEMBI JIJIsi CJIA0BIX PEKOP/IOB U PEKOP/IOB € MOITBEPZK 1e-

HHEeM.

Kpartko uznoxum jaibHeiiniee cojepzkanue riasbl 3. B naparpade 3.2 6yayT npejcraBjieHbt
pacrpe/iesieHus PeKOP/IOB, cIabbIX PEKOPOB U PEKOPOB ¢ MOATBepxK eHneM. B maparpade 3.3
Oy/IyT M3JIO2KEHBI 1IPEJIe/IbHbIE TEOPEMbI JIJisl CJ1A0BIX PEKOP/HBIX BeJnduH. Teopusi HPaBUIbHO
MeHSoImXcsd (PYyHKIMA npuBjiekaercd B naparpade 3.4 s mojiydeHust mpeejbHbIX TeopeM
JIJIsI OTHOIIEHUIT CJIa0BIX PEKODJIHBIX BeJIMYUH. ACHMITOTHYECKHE CBOWCTBA PEKOPJOB C II0JI-

TBepKIeHNeM OYIyT pacCMOTpeHbI B maparpade 3.5.

OcHOBHBIE PE3y/IbTATHI IVIABLI 3 OIYOJIUKOBAHBI aBTOPOM JHUCCEPTAIMOHHON pabOThI B CJe-

naytomux crarbax: [189], [190], [191], [210], [212], [216], [223] u [228].
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§ 3.2 PacnpepeneHnsa pekopnos

3.2.1 PacnpepeneHus pekopaHblX BpeMeH

B stom pasznene 6yaem npegnosararh, 9To Xq, Xo, ... — IOCJI€I0BATETHHOCTh HE3ABUCUMBIX
cJlydaifHbIX BeJIMYHH ¢ 00mIeil HenpepbiBHOI dyHKImeit pacupenesenns F. V3Becrro (cm., Ha-
npumep, [15]), aro B ciaygae, korma F — HempepbiBHas (DYHKIHMs pacrnpenesenns, QyHKIs
pacpejiesieHusi PeKOPAHBIX BpeMen L(n) He 3aBucur or F. I HAXOXKJEHUs ITON (DyHKIMH
pacupe/e/eHnst MOXKHO BOCIIOJIb30BAThCs jleMMoit 3.2.1, nokazannoii Pensu |163] (Rényi 1976).

BBejieM uHAMKATOPBI PEKOPAHBIX Beuuud U, (n > 1):

1, ecmu X,, gaBiasgercs peKoOpIHON BeJTMINHOM,
9, =
0, HHAYE.
Jlemma 3.2.1. Ilycmo F' — nenpepushoe pacnpedesenue. Tozda seauvunor V1, Vs, . .. He3a6u-

cumo, u P{¥, =1} =1/n (n > 1).

Jlemma 3.2.1, B ¢BOIO 0O4Yepeib, BhITEKaeT u3 6osee 061Iero pesyabrara (Jaemmbl 3.2.2), Takzke
nosyventroro Pensn [163| (Rényi 1976). Ilycrs Rj,,, = > .o I{X; < X;} — paur Besuunnnr X
B BEIGOpKE X1,..., X (1 <j<m)m R; =0 I{X; < X,} (j > 1) — mocienosarempubre

panrn sesndauH X;.

JIemma 3.2.2. Beauuunn Ry, Ra, ... nezasucumo, u umerom pacnpedesenus P{R,, =k} = %

(1<k<m,m>1). [axn seauuun R;,, cnpasediuev, pasercmea:

1

N3 nmemmbr 3.2.1 HaxoamM pacipe/ieieHne BTOPOTO peKOPIHOIO BpeMeH!

P{L(Q) :j} - P{ﬂl - 17792:();“-77971,—1 :0,?9n: 1}
b
(n—1)n

Jlemma 3.2.1 1103BoJIsIeT TaKKe MOKa3aTh, YTO MOC/e10BaTeIbHOCTh L(n) obpasyer nens Map-
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KOBa, ITpuYeM

J

P{L(n) =k[L(n —1) = j} = (k— 1k

n>2, n—1<j<k).

Pacnpenenenus L(n) (n > 3) 3anuceiBatorcst yepe3 uncjaa Crupiunra. Tak, B pabore Bana-

kpumraana u Heszoposa [42| (Balakrishnan and Nevzorov 1997) npusoautcst hopmyiia

L=
P{L(n) = j} =

rae S¥ — anena CTupsmHra mepBoro pofa, ompeaegeMble PABEHCTBAMME:

x(x—l)...(x—n—{—l):ZS,’ixk.
k=0
CoorHolienue
[N 1
{N() = jy = 28,

u3 1Ol ke paboThl, 3aaeT pacupegesenue Beananabl N (n).

B zaksiodenue 3Toro pasjesa OTMETUM, YTO TOJIB3YSCh PACIPE/IeIEHUSIMU, TTPUBEICHHBIMU
BBIIIIe, MOZKHO TOJIy4aTh pa3IudHble IpeJlebHbIe TeOPEeMbI IS PEKOPIHBIX BpeMeH. B gacTHO-

cTH, OBLIT TOJIYYeH cyeayomuil pesyabrar (cM., Hanpumep, [15]):

lim M A
n—oo n

3.2.2 PacnpegeneHus pekopaHbiX BENYUH

B stom pazjiese Oygem mpejrnosararb, 910 X1, Xo, ... — HOCJI€10BATEIbHOCTH HE3ABUCUMbBIX
CJyYailHBIX BEJIMYUH ¢ 0DIIell HempepbhIiBHON (byHKIMel pactpeenenus . VI3 mHOTHX Crioco-
O0B, MO3BOJIAIONINX MOJIYUATh (DYHKITUIO pACIpe/IeIeHus N-0if PEKOPIHOI BeJUYNHBI, IPUBEIEM
aBa. Ilepsbiii u3 Hux 6asupyercs na jemme Hloppoka [168] (Shorrock 1972a). Ilycrs p(a,b) —

CﬂyqaﬁHaH BeJINYNHaA, TaKad ITO

p(a,b) =k, eciu k peKOpAHBIX BeJIMYUH IPUHAJIEKUT uHTEpBaty (a,b),
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rie k> 0u —oo < a < b < oo. Pactpejiesienne Besmaunsbl i, Haiimennoe [Iloppokom [168],

npejcTaB/ieHo B JjemMe 3.2.3.

JIemma 3.2.3. Cayuatinve seaunuro, j1(a,b), 63amoie 044 pa3AUNHOLE HENEPECEKANOULUTCA UH-

mepeanos, He3aeuUCuUMdL, U
P{u(a,b) =k} =e*X/E, k=0,1,...,

2de
B 1— F(b)
A= (1——F()> |
Coornomnenne

P{X(n) <z} =P{u(—oc0,z) >n}, (n=12,...) (3.2.1)

CBSA3BIBAET paclpeeeHns -0l PeKOPAHON BeJIMINHBI U BeJIMINHBL (4. Tenepb, u3 JeMMbl 3.2.3

u paBeHcTBa (3.2.1), moyvaem, 9To

P{X(n) <z} = F,(x)

1 —In(1—-F(z))
= —/ e "u"tdu (n>1). (3.2.2)
(n—1)!Jo

Hpyroii ciocob naxoxaenus F,(x) onupaercst na npencrasienne Tarsr [175] (Tata 1969).
Omna obnapyzkmia, 910 ecan Xi, Xo, ... — MOCJAEI0BATEIbHOCTh HE3aBUCHMBIX OJMHAKOBO Pac-
IpeIeJIeHHBIX BeJIMIHH CO CTAH/IAPTHOI 9KCIIOHEHIUAIbHON (hyHKIHEl pacipe/ie/1eHns, TO pac-
npejiesierne X (n) cOBHAJAET ¢ PACIPEIEIEHUEM T1 + Ty + . .. + Ty, [JI¢ HE3aBUCUMBIE T; TAKIKEe
UMEIOT CTaH/IAPTHBIE YKCIIOHEHIUa/IbHbIe (DyHKIUU pacipejesenns. 3 srux coodbpazkenuii Ha-
xouM pacipejeserne X (n) B 9KCHOHEHIMAJBHOM ciydae. Jlajiee, ucnosb3ys npeodpa3oBanue
CwmupHoBa, moaydaem (3.2.2), cnpaBeJinBoe JiJis TPOU3BOJIbHOII HEMpepbIBHO (GYHKINH pac-

npenenenus F.

B 3akJtoueHne 3Toro pas3jeaa OTMETHM, YTO MOJIb3YsICh pacipeieieHueM B (3.2.2) wiu mnpei-
craBpiaenneM TaTbl, MOXKHO TOTYyYaTh MpeIeTbHbIE TEOPEMBI /I PEKOPIHBIX BeanduH. Hampn-

Mep, eciin [’ — nenpepbiBHast (DYHKIUS PaclpejiesieHus, TO CIPaBE/JINB CJIe YOIl pe3y/abrar
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(eMm., mampumep, [15]):

—In(1 - F(X(n))) Ly

n

3.2.3 PacnpegeneHusi cnabbix pekopaHbiX Be/INYNH B ANCKPETHOM CJly4yae

B sTrom pazgzesne Oyuem npejanonaratb, 9to Xi, Xo, ... — HE3aBUCUMbIE OJIMHAKOBO paciipe-

JleJIeHHbIe CIydaiinble Besimaubl, npuauMatoniue suadenus {0,..., N}, N < oo.

Baxuyro poJib Jj1s nu3ydenusi ¢j1abbIXx PeKop/IoB B JUCKPETHOM CJIydae, a TakzKe U B DoJiee
o0Imux caydadax, OyayT urparb JeMmma 3.2.4 u npejcrapienue 3.2.1, moaydeHHble B Hameil pa-
6ore [190]. OHu MO3BOMILIOT BMECTO 3aBUCHUMbIX CJIAOBIX PEKOPJHBIX BEJIMYUH PACCMATPUBATH

CYMMbI HE3aBUCHUMBIX I'€eOMETPpHUYIECKHU pacCIipee/JIEHHBIX CJlaraeMbIX.

Oupesiesium Bestmanny £ paBeHCTBOM:
&=k (k>0,i=0,...,N),

eciu k cjabbiX PEKOP/IHBIX BEJIUYUH 3aPEIUCTPUPOBAHO B TOUYKE 1.

Jlemma 3.2.4. Cayuatinve seauvunv, & (1 =0,1,..., N) nesasucumovi u

P{er =k} =B(01-8)% k=0.1,..., (3.2.3)

II.H.

ede 3, = Qn/Qn+17 qn = P(X1 > n), En =00 daa N < 0.

ITpencraBiaenue 3.2.1. B ycaosusax asemmor 3.2.4 cnpasediuso npedcmasierue
P{X"(n) >m} = P{§ + &'+ + &, <n},
2den>1u0<m<N.

HokasarenbcTBo jgemmsbl 3.2.4. Haiizem Buauane P{{* = m} (i,m > 0). Bocnosab3yemcs
merozoMm "ycedenuit" (cm. pabory Heszoposa [11]). B mocsenoBarensuoct X1, Xo, ... ocraBum
TOJIBKO T€ BeJIMINHBI, KOTOPbIe He MeHbIne ¢. Ha cayuaiinoii Bemmunse £ 10100Hast onepanus He
orpasurcst. OnucanHasi HPoIe/Lypa COOTBETCTBYET YCEUEHUIO MCXOAHOIO PACIPE/IeJIeHHsI CJIeBa

B Touke 7. OT IIocJje 10BaTe/JIbHOCTH HE3aBHCHMDbIX Xn MBI IIepexoJuM K IIOCJaeI0BaTe/JIbHOCTHU
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HE3aBHCUMBIX Yj,, Y/IOBJIETBOPSIONIAX YCIOBUSM:
P{Y, <z} =P{X,<z|X,>i} (n=12...).

Tenepsb cobbitue {€ = m} paBHOCHIBHO TOMY, 4TO CJIy4aiiHble BEJTUIUHBL Y], Ya, . . ., Y, paBHbI

1, a Yy,11 6ompmre 2. Torma

P{’=m} = P{Y1=4,....Y =1,Y >i}

= P™{Y, =i}P{Y; > i} = Bi(1 — B)™.

OrMmernM TakyKe, 4TO ciaydaitable Benmamsbl &, EY, ..., &Y, He 3aBucar or Yi,Ys, ..., Y41,

OTKy/la U BBITEKAaeT He3aBUCUMOCTH BeqndnH . [

[IpuBeieM TakzKe COBMECTHOE paclpejie/ieHne CJaadbIX PEKOPHBIX BEJUYUUH, B3ATOE U3 PAOOTHI

[147]. Ono nmeer Bu:
n—1
P{XY(1) =ky,...,X"(n) = ky} = (Hu - ﬁ,ﬁ]> Dk (3.2.4)
i=1
rie 1 <k <...<k, <N (ecim N = 00, TO IOCJIe/IHEE HEPABEHCTBO, OYEBUJIHO, CTPOTOE).

Kak cjiejiyer u3 BBINIECKA3aAHHOTO, pachpe/enenust Bejndun X ¥ (n) MOXKHO MCKATh JBYMsI

crocobaMu — JuGo Yepe3 He3aBUCHMbIE BeJTHUUHbL £, MO0 HAIpPAMYO, Yepe3 dhopmyy (3.2.4).

Brauasie Bocrosib3yemcst epBbiM MeTooM. Ham monamobuTest ciaeayomnias semma (em. [167]

win [194]).

JIemma 3.2.5. IIyemo go(po), g1(P1)s- -+ Gm(Dm) — HeE3a68UCUMBE 20Mempuuecku pacnpede-

Aernvie cayuatinoe sesununs, ¢ napamempamu p; (1 =0, ...,m). Toeda pacnpedesenue cymmo.

ZZ-ZO 9:(p;) umeem 6uo:

P {Zgi(?%) = ’f} =2 alm+1) pil=p), k=0, (3.2.5)

20e
1) (1—p)™ ,
ai(m+1):p(m+m)( Pi) , i=0,...,m,
Di Ha;;o, (pj — i)
jF#£L




IraBa 3. PekopJpl: pacnpeaejienus, mpejaejabHbIe TeOPeMbI 23

pm +1) = [[2opi u Y imgai(m + 1) = 1. Bupaswcenue cmoswee 6 (3.2.5) cnpasedauso
moavko mozda, xozda ece p; (0 < i < m) pasauuno. Ecau oice pg = p1 = ... = Py, = P, MO

pacnpedesenue cymmovs eeaunun gi(p) 6ydem ompuyamesvHom GUHOMUAALHBIM

P {igj(p) = k} ck "1 —-p)F k>0, (3.2.6)

Ecau oce moavko wekomopwie p; pashve meocdy coboli (no me ece), mo pacnpedeserue

Yoo 9i(pi) bydem asaamuvea cmecwio pacnpedesenud, crmosuur 6 (3.2.5) u (3.2.6).

[Tosoxkum p; = [; u Bocuob3yeMest Jiemmoii 3.2.5 u upejcrapienuem 3.2.1. Eciu Bce [;

Pa3JANYHbBI, TO

P{X"(n) Z m+1) (1-25)", m>0, (3.2.7)
rjie
Bim+1) (1= p8)™
a;(m+1) = , 1=0,...,m
ﬁz HJ O( - z)
J#
Ecmu By = 1 = ... = B = B (310 BBINONHSETCS, ecau F coBnagaer B Toukax 0,1,...,m c
reOMeTPHYECKHM DACIIPe/IeJIEHIEM ), TO
P{X"(n) <m} = Z AT =B, k=0,1,... (3.2.8)

s naxoxkienus pacipeenenust X (n), Kak yzKe 0TMEYa10Ch, MOXKHO BOCIIOJIb30BaThCsA (hop-

my.0ii (3.2.4). Orkyna

n—1 kn
P{X“(n) =k} = [ [T D 1 =8kl pr.,
i—1 hi—hy 1

rae kg = 0.
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3.2.4 PacnpegeneHus cnabbix peKOpAHbIX Be/IMYUH B Clly4dae, Korga ucxogHoe

pacnpegeneHune nMmeet KoOHe4HHOoe 4Mnciao aTomosB

[Tycrs X1, Xo, ... — 1mocJie10BaTeIbHOCTH HE3ABUCUMbBIX CJIYyYaiiHbIX BEJIMYUH C 00IIei Herpe-

priBHOI dyHKIMeil pacupegesenus F. Paccmorpum Bennunny p(a, b), rakywo 4ro:
p(a,b) =k, ecnu k peKOpAHBIX BeJIMYWH TPUHAJIEKUT uHTEpBaIy (a,b),

e k> 0un —oo < a < b < oco. Hamomuawnwm, aro Besmuwna i purypuporaa B jemme [llop-
poka (nemma 3.2.3) u CBsI3aHA ¢ paCHpejeeHueM N-0if PeKOP/IHO BEJIMYHHBI COOTHONIEHHEM
P{X(n) <z} = P{u(—o0,x) > n}, n=1,2,... Ilycrb Besinunna u*(a,b) paBHa KoaudecTBy

cJ1Ia0BIX PEKOP/IHBIX BEJUYKH, IPUHAIeKANMX uHTepBaty (a,b).

ameuanue 3.2.1. Ilycmov F' — nenpepwisnoe pacnpedeserue. Jlemma Iloppoxa 6ydem cnpa-

sedausa, ecau 6 ee dopmyauposre sesununv, (i(a,b) u X(n) samenums eeaununamu u*(a,b)

u X" (n).

Jlamee B 3TOM pazaene OyaeM IIpeanojaraTb, YTO UCXOaHass (MYHKIHUsS pacupeneneHusa F'
SIBJISIETCsI HENPEPBIBHOI Ha HOCHTeJe Be3Je KpoMe KoHedHoro umcia Tovek a; (0 < i < /|

—c0o<ay<a; <...<ay<o0), e F(a)— F(a;) # 0. [lonoxum

. P{Xl > CLZ'}

ﬁai - P{Xl Zai}a

0<i<lL (3.2.9)

Awnasor semmer 3.2.5 (jemma 3.2.6) muis cydast, KOTjia HCXOHOE pacipejeserue F mveer aro-
MBI, OBLT IIpeIoKeH B Hamreil pabote [228]. Ilycrs Bermannsr 4% (a,b), & paBHBI KOJTHYECTBY
cJ1a0bIX PEKOPJHBIX BEJIMYUH, MONIAAOIINX, COOTBETCTBEHHO, B uHTepBaJ (a,b) u B TOUKY a;,

ABJIAIONIYIOCA aTOMOM pacCHpeaesieHnd.

Jlemma 3.2.6. Cayuatinvie seauvunv, p1(—00,ao), &p, 1 (ao,a1), &, .., &, p*(ag, 00)
nezasucumbvl. JIaa 1106020 T, MaKko20 4mo A, < T < anpy1 (0 < m < {), cnpasediuco pascen-

cmeo:

P{X"(n) <} = P{u"(—00,a0) +&, +p“(ao, a1) + &5 4. .. +& +p (am, ) > n}. (3.2.10)
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B (3.2.10) seaunumno, (1 (a;, air1) umerom pacnpedeserus Ilyaccona ¢ napamempamu

7

a seaununb, & — 2e0MEMPUUECK PAcnPedeseHible CAYUatnbLe 6EAUNUNDL ¢ Napamempamu B, .

dokazareabcTBo jgemmbl 3.2.6. PaccMoTpum mocieioBaTe/ ibHOCTH He3aBucuMmbix X;. 13 3a-
mevanus 3.2.1 caemyert, uro p*'(—00, ap) — BeJUUNHA, UMEIOIIAs IyaCCOHOBCKOE PACIPEIeIeHue
¢ napameTpoM Ag = — In(1— F(ag)). TTockonbky uncao X;, Monagamomux B HHTepBaI (—oo, ag),
HE BJINAET Ha YUCJIO CJIa6bIX PEKOPAHBIX BEJIMYMH, PETUCTPUPYEMBIX B MHTEPBAJIE [ao, OO), 3a-
KJt09aem, 9ro Beandannbl £, u(ag, ar), ..., &, p*(as, 00) He3aBUCHMBI OT X, MOMAJAIOIIIX
B (—00,a0) u, CJIEIOBATEIbHO, HE3aBUCUMBI OT U™ (—00,ap). O6GpaTHOE yTBEPKIEHUE TaKiKe

BepHO — U (—00, ag) ne 3asucur or &, u(ag,ar), ..., &, p*(ag, 00).

g Toro, 9T00BI OMpEIETUTh YUCJIO0 CAA0BIX PEKOPIHBIX BEJMYWH, MTONAJTAIONINX B WHTED-
BaJI [ag, 00), BOCHOJIb3YeMCs yzke ynomuHaummcs merojgom "yceuennii" (cm. [11]). B uocse-
JioBaresibHocTH X; yaaauMm Te X;, KOTOpbie cTporo menbiine ag. [locrpoennas Takum obpaszom
nocae0BaTebHOCTh X, , Xip, ... (1 < 4y < i < ...) COCTOUT TOJNBKO U3 TeX X;, KOTOpbIe He
MeHbIlle ag. /lannasg mporemaypa He MOBIHAET HA KOJUYECTBO CIA0BIX PEKOP/IOB, MOMATAIONTIX
B HHTEpBaJ [ag,00). Paccmorpum HeszaBucumbie Besmuunbl Y; (j > 1), nocrpoennsie mo X;,

CJIEIYIOIIUM 00pPa30M:
Y <z} ={Xi, <z | Xi, >a}, Tme x> ao.

HOCKOﬂbe KOJINYECTBO Xi) nonajgaonunx B TOYKY dg, HE 3aBUCHUT OT KOJUYIECTBa
cabbIX  PEKOPJOB, MONAJAIONAX B HHTEpBan (G, 00), B3aKII0YAE€M, YTO BEJIUIUHDI
w(ag,a1), &, ..., & pu*(ar, 00) HesaBucumbl or & (u maobopor). Bosiee Toro, ecin Hexo-
TOpast BeJIMUUHA X, ABJIAECTCS CJTa0bIM PEKOPJOM CPeIH BEJMYUH X;, KOTOPbIE He MEHbBIIE ag,
COOTBETCTBYIONIAsl BEJIMINHA Y; TaKKe siBjisteTcs c1aboii pekopauoil Beumaunoit cpegu Y;. To-
raa

P{é’éﬂ = k} = P{Yl = aOa"-7Yk = aank-‘rl > CL(]} = 6(10(1 _BCLo)k'

Hanee, ayst uarepsana (g, 1) Mbl PACCMATPUBACM HE3ABUCUMBbIE OJIMHAKOBO PACHPE/ICTCHHbIE
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BesinuuHbl 1, Onpe/iesigeMble PABEHCTBAMHU JJIsL & > (g
{T; <2} ={Xi, <z | Xy, >ao}.

Benuaunsl T; HeNIpepbIBHBL HA (—00, 1) W UMEIOT PACIPEIeIeHIe

0, —o0 < x < ag,
G(ﬂf) = P(T7 < '7;) = F(J})—F(a+)
TML’ ag < T < 00.
%o

Ucnonb3ys gemmy 3.2.5 u 3amevanue 3.2.1, nojydaem, 4ro
P{u“(ag,a1) =k} = e MN/Rl k=0,1,...,

e A =—In (L_TC:((;?)) - (;__T%)

[Ipooszkast 9TOT IpoIece jajee, MpUxoAuM K cupase/usocr (3.2.10), 3aBepiiasi joKa3aresb-

¢TBO JiemMmbl 3.2.6. 1

B siemme 3.2.3, nostyuennoit B nameii pabore [228], naxoaurces pacupejesnenue sejmanab X Y (n)

B CJIy4ae, KOorjga F umeer KoHeuHOE YMCIO aTOMOB.

Jlemma 3.2.7. (a) Ecau sce fB,,, onpedesennvie 6 (3.2.9), ne pasnv, meotcdy cobot, mo 0as

06020 T (A < T < apmy1,0 < m < L) cnpasediuso:

m n—1
A "
P{X“(n) <z} =H,(\) +e? Z a;(m+1) %, (3.2.11)
j=0 i=0 v
20e
H,(\) =Y e?N/il,  A=—In(l- ) + Zlnﬁ% (3.2.12)
(6) Ecau sce Ba,; pashv, mesicdy coboti, m.e. Boy = Boy = -+ = Pa,, = 3, mo

P{X"(n) < 2} = Z Cl ™1 Z ™15, (3213)
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20e
A=—-In(1—-F(z))+(m+1)Ing. (3.2.14)

HokazarenabcTBo jiemmbl 3.2.7. (a) Ormerum, 9T0 CyMMa BeJHYNH

ILLw(—OO, aO) + :uw(a()? al) +...+ :uw(amwx)

eCcTb CJIydaiiHas BeJWINHA, IMeoIasa pacipeaenenne llyaccona ¢ mapamerpom

A = —ln(l—F(ao))—ln(ll__Tm)_"'_ln(ll—_TF(g))
= —In(1-F +Zlnﬁm

[Ipeamonoxum, ato Bee f; pasamgubl. Torma uz (3.2.7) u (3.2.8) mosyydaem, 9ro

= P (u"(—00,a0) + " (an, 1) + ...+ p" (1) + &+ E8 = k)

k=n
o) k “X\i ™
SIDIC LS DUEENIET R
k=n =0 T =0
m n—1 \i(1 — 5 n—i m [e'¢) _)\)\1
:Z;aj(erl)eAZ ( f]) +z; (m+1)261'
Jj= 1= Jj= 1=n

[Tosb3ysick (3.2.12) u Tem dakTom, 910 Z;n:o a;(m+1) = 1, npuBoauM HOCIIe/IHEe BHIPAYKEHIE

x (3.2.11).

(6) U3 (3.2.8) u (3.2.10) nomyuaem, 4To

© ko Ayk—i
e "\ .
PIX(n) < b= 32 3 gy o0 = )
k=n =0
n-1 0 —Ayk—i 0 0 —Ayk—i
7 m 7 € )\ m z € )\
=> G A= By W+ =Y Gy Z =
i=0 k=n ’ i=n =i
n—1
Y G 1 -5 +Z ChoaiB™H (1= B)'.
i=0

OTkyga U BHITEKaeT crpasemuBocTh (3.2.13). 0
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3ameuanne 3.2.2. Ecau F' — nenpepweran do mouku r dynrxyus pacnpedeserus, mo ecmo
Ba; =1 0asa it =0,...,m, mo eupasicenus, cmoauue 6 (3.2.11) u (3.2.18), darom nam caedy-
rowyro gopmyay P{X"(n) <z} = H,(N), 2de A = —In(1 — F(z)). Kak u osrcudarocw, 6 amoti
dopmyae pacnpedeaenue X (n) cosnadaem ¢ pacnpedenenuem n-otl pexoponot sesuuumns (Cm.
dopmyay (3.2.2)). Ecau oce F' — duckpemmoe pacnpedeaenue, mo A 6 (3.2.12) u (3.2.14) cma-
nosumes pasuvim 0. Tozda (3.2.11) u (3.2.13) ceodames « (3.2.7) u (3.2.8), coomseemcmeentio.

3.2.5 PacnpegeneHus pekopaos C NoATBEP>XXAEHUEM

B stom pazzene Oyaem mpejimnonaraTtb, 9T0 BeIUIUHBI X1, Xo, . . . IPUHAIE)KAT abCOTIOTHO

HeupepbiBHOT X-BbIOopKe ¢ DyHKIMER pacupegenedus F 1 mwioTHocTbio f.

Kak yxke ynomunaaoch B naparpade 3.1, peKop/HbIe BeJHYUHBI C TOTBEPKIEHIEM 06pa-
sytor nenn Mapkosa. CoBmecrnast njiornocrs seuaun X (1), X(2), ..., X(n) upejcrasiena B

CJIeIYIOIEeR J1emMMe.

Jlemma 3.2.8. Cosmecmuan naommocmo éeausun X (1), X(2), ..., X (n) umeem 6ud:

f)?(1),)2(2),_..,)2(n) (z1,29,. .., 7)

i=1

. (Z) e I FW?T: %&iig%)) S) (505

okazareabcTBo jgeMmbl 3.2.8. [lockoIbKY peKop/iHble BEJIUYUHBI C MOATBEPKICHUEM 00-

pasyioT 1enb MapkoBa, TO

fX(1),X(2),...,X(n)(5U1, Ty, Tp)
= fX(n)\X(n—1),X(n—2),...,X(1)(% | Tpo1, T2y, 1) ffc(z)\f(u)(@ | $1)f5((1)($1)

= f)z(n)pz(n_n(xn | Zp1) ... fX(Q)\Xu)(@ | $1)f)2(1)($1)~

Jlist HAXOAK AeH s YCTOBHOM IIOTHOCTH fg ;4 1)1 %) (Tis1 | i) OUATH MOKHO MCTIOIB30BATH METOJL
"yeeuennit". [Tpeamosoxkum, 9to ciayuaiinas Bejuunaa X (i) yzKe MoJIy4YeHa U paBHa ;. BmecTo
TOTO, 9TOOBI PACCMATPUBATDH HE3ABUCHMbIE OJIMHAKOBO pacipe/ieneHube Beuaunubl X1, Xo, . . .,

i i
paccMOTPUM YCJIOBHO He3aBUCUMbBIE W OJIMHAKOBO paclpeie/ieHHble BeTUIHbBI X1( ), o X ,g) ¢

F(z)—F(zi)

yeaosHoit dynknueit pacupenenenns G(x | x;) = T F ()

« I1p>a;y- Pacnosiozkum ciy4vaiinbie
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BeJIMYIMHBI X{i), e ,X,Ef) B BO3PACTAIONIEM TOPSIIKE X{Z,)C <...< X,EZEC Ormerum, 9T0 BeJTMINHA
X (i41) Gyser nopsiaKOBO# CTATHCTHKOI XT(:L),{ Papenctro (3.2.15) BhITeKaeT Tenepb WX HATITHX

paccy:xaenwnii. [

Jlemma 3.2.9 u caencrsue 3.2.1 Gbln mpe/ioxKensl B padore [145] (em. takxke [216]).

Jlemma 3.2.9. [lycmv F = F;, 2de F. — cmandapmmnas sKCNoHEHUUAAOHAA PYHKUUA Pacnpe-

deaenus. Tozda cnpasedauso npedcmasienue

(n)
. T T
X(n)+ -4+

% d
= 2 "'+—k—m+1'

X(n+1)

3deco A

i — HE3a6UCUMDBLE 00UHAKOBO pacnpede,/LeHHme C./Ly"tdﬁH’bL@ GEAUYUHDL, KOTNOPBLE TNAKHCE

UMEIOM CMAHIGPMHYIO IKCNOHEHUUGALHYIO PYHKUUIO PacnpedeseHus.

dokazaTeabcTBo geMMbl 3.2.9. M0KHO BOCIIOJIB30BATHCS JIOKA3ATEJIbCTBOM JiIeMMbl 3.2.8.

Tam 6p1J10 TOKa3aHO, YTO B ciIydae, Korjaa F' — abcooTHO HenpepbiBHAsT (DYHKIIUS pacIipeiesie-

Husi (pe3yJbTaT BepeH U I HeNpPepbiBHON F'), CHpaBeInBO PABEHCTBO X(n + 1) 2 Xf: )k,

rie X

mk m-ad MOpAAKOBad CTaTHUCTHKA, IOJYYEHHad U3 BbI60pKI/I HE3aBUCUMBIX OJWHAa-

KOBO PaCHpeIeJeHHbIX an),...,X,gn) ¢ ycaosHol dyukumeii pacupenenenns G(r | z,) =

%@Eﬁl) + Itysa,y. Hockombky F = Fy, 1o Gz | x,) = (1 — e @), 1. Torma

X(n+1) X (n) + Tk, TJE Ty i — MOPSIIKOBASI CTATHCTHKA, [OTYyYeHHAs M3 BHIOOPKH HE3ABH-
CUMBIX OJJMHAKOBO DACHPEJEJIEHHDBIX T, ..., Tk ¢ dynkuueii pacupenenenns G(x | 0) = F.(z).
Nssectno (cm., Hanpumep, npegcrasienue 3.2 u3 kuuru [15]), 910 ecan T,,; — MOPsiIKOBas
CTATUCTHUKA, B34Tad U3 BLIOOPKH ¢ (pyHKIMeH pacnpenenenns Fr, TO CIpaBeIInBo CJAeAyIOIIee
MPEICTABICHUE: Ty, i 2 T+ ZEg, TAe T; — He3aBHCHMbIEe I OTHHAKOBO PACTIPeieIeHHbIe Be-

JIMYMHBL ¢ pactpejesennem F. V3 jjaHHbIX paccyXk/IeHul U BbITEKaeT pe3y/ibrar JieMMbl 3.2.9.

O

CaenctBue 3.2.1. Ilycmv F = F,. Tozda u3 semmor 3.2.9 caedyem, wmo

o d T gV
X(n):Xl—l—T—i—...—i—k_—Tn_'_l,

n—1
2de u( ) —  He3asuUcuMble  00UHAKOB0 pacnpedeﬂeﬁnue BCAUMUHDL, UMEOUUE 20MMA-

i

pacnpedenenue ¢ napamempamu (n —1,1).
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Jlemma 3.2.9 mosBosisier 3amucarh pachpejenenue X (n) B aHAJTHTHYECKOM BH/IE.

CaenctBue 3.2.2. [lycmov F' — nenpepwisnas pyrrxuyus pacnpedesenus. Pynkyus pacnpedene-

nus seaununss X (n) umeem caedyrouyut 6uo:

1

P(X(n) <) = 14+ n-D[1/k+...+1/(k—m+1)])

—In(1-F(x))
> / efuu(nfl)[1/k+...+1/(kfm+1)]du’
0

2de I' — camma-pynryus u [y] — yeaas wacmo wucaa y.

3.2.6 PacnpegeneHus pekopaHbix BpeMeH C NOATBep>XXAeHUuem

Kak y2Kke ynmomuHa10ch paHee, peKOpIHbIE BpeMeHa ¢ TOATBepK IeHneM 00pa3yoT menb Map-

koBa. COOTBETCTBYIOIIHE IIEPEXOIHBIE BEPOSITHOCTH HANIEHBI B CACAYIONIEH JeMMe.

JIemma 3.2.10. IIpu awbom m € {1,... k} cnpasedauso:

P(L2)=1) = (I>k+1), (3.2.16)

P(E(n+1) = 1| L(n) = i) = U _zf(z__l);(iz)]f — D! (3.2.17)

edel>k+1un>2.

JokazarenbcTBo geMMbl 3.2.10. Ouesnmno, uro bynkmms pacnpegenenus L(n) (n > 2)
omunaxosa s Beex m € {1,...,k}. Toraa cobsrue {L(2) = I} cocrout B oM, uro X; > X,
ul —k—1 senmuaun X;, B3arbix u3 muoxkectBa {Xo, ..., X; 1}, pacnonaratorcs B ciaydaii-
HOM mHTepBase (—oo, Xp). Ocranbubie k — 1 Beudaunbl X;, B3sAThIe W3 TOrO K€ MHOYKECTBA,
pacnosiararorcs B unrepsajie (X, X;). B 9T0M BEpOATHOCTHOM KCIEPUMEHTE BCE UCXOJbI PAB-

HOoBeposTHBI. VI3 temmvbr Perbu (slemmva 3.2.2) mostydaem, 910

P(L2)=1)=C}P(Ry<1,...,R 1, <l—k—1,R 4 >1—k+1,.... R >1—k+1).



IraBa 3. PekopJpl: pacnpeaejienus, mpejaejabHbIe TeOPeMbI 61

HOCKOﬂbe BEJIMYIMNHDI RZ He3aBUCHUMDBI, TO

SRR i B Y.
2 l—k l—k+1 I

U3 noceaneii hopMysibl BeITeKaeT cupaeuBocTh (3.2.16). @opwmysa (3.2.17) mokasbiBaercs

AHAJOTHYIHBIM 0OpazoM. [

3.2.7 MomeHTbl pekopAHbIX BpEMEH C NOATBEPXKAEHUEM

I3 (3.2.16) u (3.2.17) caenyer, uro EL*(n) = oo (n > 2,5 > 1). Caeayomuii pesynsrar

W3BECTeH B KJIACCHYECKOil Teopun pexopaos (cm. [13]):

“(mmri) =

AHaJOru4HBI pe3y/bTraT s PEKOP/IHBIX BpPeMeH C IIOJATBep:K/IeHHeM IIpPeICTaB/IeH B yTBep-

XKaenne 3.2.1.

YrBepxkaenune 3.2.1. Jran > 1 cnpasediuso

1 1
E(Um+i):2®+1wl' (3.2.18)

JoxkazarenbcTBo yrBepKaenus 3.2.1. U3 (3.2.17) caexyer, uro

E(a517|an—n:a

o= l=i—k+1).(l—i—1) ,
‘*ﬂ%% (RS AR

rae i = 1 un =2 Oyukuuo Q(k,7) MOKHO HEpPEIUCcaTDh CJIeLYIOMUM 00pa3oM:

Q(k, 1)

T k41 -

ki = [(l—i—k+1)...(0l—-i-1) (—i—k+1)...(I—i-1)
E:{ (I—Fk)...1 (I—k+1)...(0+1)

l=i+k

[Tocie HEKOTOPBIX IpeoOpa30BaHuii MOTydaeM, ITO
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Q(k,1)

B k! k(h—1)i o= (I—i—k+2)...(1—i-1)

RS TSI l:;k I—k+1) .. (+1)
k .

:k—HQ(k;—l,z).

Ucnonb3yst pekyppenTHbiii Mmeros, vaxoaum Q(k,i) n E <1/([~/(n) + 1)):

Qi) = 1 QU 1,i) = 0 L QU - 2)
2 . 1
== Q(l,@):m,
1 1 1 1
E(mm+1>:k+1E(ﬂn—U+1>:”':%k+n%f
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§ 3.3 [lpepenbHble TeopeMbl st cnabbix pekopAHbIX BE/IUYHUH B

ANCKPETHOM cJiy4dae

B srom naparpade Oyaem mnpesmnosarath, 910 X1, Xs,... — MOCJIEI0BATEJIHLHOCTH HE3aBU-
CHMBIX OJIMHAKOBO PACIIpejieIeHHbIX CJIYyJYalHBbIX BeJUYWH, TpuHUMaomux 3uadenus 0,1, ...,
rakux 4to F(n) < 1 ans mo6oro n > 0, 1o ectb rp = o0o. Ilocaeaaue ycaoBue BBOIUTCS
JIJIsT BOBMOYKHOCTHU (POPMYJIMPOBAHUS ITPEJE/IHHBIX TEOPEeM JIJIsI CJa0bIX PEKOP/HBIX BEJINYHH.

Onpegenum pyHKITTT

R(n) = Z ﬁﬁ , B(n)= L 52ﬁ (n>0).
(2 i—=0 7

=0 i=

Ormernm, uto obe onn HeyOwiBatone. Chopmyanpyem st Beananabl R(X™(n)) ocHOBHBIE

InpeaeJabHble TeOPEMDI.
3.3.1 YcuneHHbl 3aKOH 0ONbLLINX 4Yucen, LueHTpasibHas npeaesbHasi TeopeMa U 3aKOH

nosTopHoro norapudpma gnst Bennunusl R(X"*(n))

st cj1abbIX PEKOPHBIX BEJIUYUH CITPABEJJINB yCUJIEHHBIN 3aKoH Oosbmux duces KoJivo-

roposBa.

Teopema 3.3.1. ITycmo pacnpedenenue F ydosaemsopaem ycaosuro

a= ig%ﬁn > 0. (3.3.1)
Tozda
lim X)) ey (3.3.2)
n—00 n

Jloka3areabcTBO TeopeMbl 3.3.1. MomeHTH reomeTpmdeckoit ciydaitHoit BeqmauHbl {° ¢

mapaMeTrpoM [3; IMEIOT CJIeIYIONTnil BU/I;

-8, 1— 8,
B =52 b= 2P
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OT™meTnmM, 4TO

CupapeainBa MeI0YKa COOTHOIIEHMI

n

d (1-8)< Z P{X, =i}/P{X, >i} = R(n) < B(n). (3.3.3)

i=0
Tak kak » ., P{X; =n} < oo, To 10 npusnaxky luun
> (1-8)=oc. (3.3.4)
i=0

B cuiy yeaosus (3.3.1) nmeer MecTo ciejiyioliee HepaBeHCTBO:

n

DEF 11— f (=15
ZRQ%SEZ @B (Z ﬁf) . (3.3.5)

1=0 1=0 k+0

113 ycosuii (3.3.3) u (3.3.4) BeiTekaert, uto psij B (3.3.5) cxomurcs (mo npusnaky Abess—/lumn),

T.€.

5*(n) m. 1, (3.3.6)

lim

n—o00 R(n)
e SY(n) = >0 &
Ternepb, ucnonb3ys npeacrapiaenue 3.2.1, moayqaum (3.3.2). 13 coornomtenust (3.3.6) ciemyer,

4TO ¢ BEPOSITHOCTBIO €JIMHUIA JIJI BCEX JOCTATOYHO GOJIBIIMX 710 BBINOJHAIOTCS HEPABEHCTBA
(1—=0)R(m) < S¥(m) < (1 +6)R(m),

e 0 > 0 npousBosibHO. [Ipumenum K HepaBeHncTBam npejcrapienue 3.2.1 u mojoxkum m =
[R7Y(n)], rae [r] — nenas wacth unciaa x, a R~'(n) — dynxkuus obparnas K HeyObiBaiomiei
R(n), T.e.

R Y(n) =inf{t: R(t) > n}.

[Tonyyaem HepaBeHCTBA CIPABEJIUBBIE C BEPOSTHOCTHIO €IMHUIA IS BCEX JIOCTATOYHO OOJTb-

mmx n

53 < R(X"(n)) <

1-¢’
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U3 KOTOPBIX, B CUJIy IPOU3BOJIbHOCTH O, U cieayer (3.3.2). [

[lenTpasbHas npejeabHasi TeOpeMa 1 3aKOH MOBTOPHOTrO Jorapudma st Besmauasl R(X™(n))

MPUBOJIATCS B TeopeMe 3.3.2.

Teopema 3.3.2. [Tycmo pacnpedeserue F ydosaemsopaem (3.3.1) u ycaosuio
lim ——= =€ € [a, 1], (3.3.7)

2de a onpedeasemcs (3.3.1). Toeda das caabvix peKOPOHBLT BEAUNUH CNPABEINUBHL UEHMPAALHARA

NPEJeNbHAA MEOPEMA U 3AKOH NOBMOPHOZ0 A02aPUPMA, M. €.

\/ER(Xw\(/"%)) " 7 (n = o), (3.3.8)

: |R(Xw(n)) - n| II.H.
lim sup ¢ =1,
n—00 pVe v2ninlnn

NPUYEM CKOPOCTNG CLOOUMOCTIU 6 UEHMPANbHOT npedesvroli meopeme OAL DOALWULT N uMeem,

(3.3.9)

6u0:

sup ‘P {ﬁR(Xw\(/g) "o m} —®(z)| =0 (%) , (3.3.10)

ede Z u P — cmandapmuas HOPMAAOHAA CAYUATHAA BEAUNUNG U CMAHIGPMHOE HOPMAALHOE

pacnpe&menue, coomeemcimeeHHo.

ameuanne 3.3.1. [lenmpasvhas npedeavras Meopema U 3aK0H NOGMOPHO20 N02GPUPMA OAA

caabvir pexopdos enepsvie buiau eweedens, Bepsaamom [177] (Vervaat 1973) npu caedyrowyux

. (i1 =8
g0 (S ) <o

2de nod gynryuets p(n) nodpasymesanacy ynkyus \/n dia yernmpasonoti npedeavrot meope-

yeaosuax wa F':

Mol UV 2nInlnn das 3arxona nosmoproz2o sao2apudma.

OrmeruM, 9TO MOJIyYeHHBI HaMu B Teopeme 3.3.2 Kjacc pacupeeieHuit F', jajis KOTOPBIX
CIIpaBe/IJIUBLI TIeHTPATbHAS MIpe/iebHas TeopeMa U 3aKOH MOBTOPHOTO Jiorapudma 11 C1a0bIX

PEKOPIOB, TOPA30 MHUPe Kaacca paclpeaeaennii, ykazannoro BepsaaTom.
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HokazarenbcTtBo Teopemsbr 3.3.2. Paccmorpum j1pobs JlgmyHnosa

3

1-6i

n
1
L,=———= E FE
B(n 3/2
(B(n))*? =
TpeTnit MOMEHT TEOMETPUUIECKON CAyIAHON BeTNIHHBI f;” nMeeT BHI:

(1—8)2+4(1—-B)2+1-5
B '

B(&") =

U3 nepasencrsa |x — y[* < 4(2® +¢®) (x >0, y > 0) u coornomenus (3.3.1) 3aKT09aeM, 4TO

2(1—a)2+2(1—a)+1_

L,<4
a\/B(n)

(3.3.11)

3 (3.3.3), (3.3.4) u (3.3.11) caexyer, aro L, — 0. Takum obpasom, jst Beauwaunsr S*(n)

cIIpaBe/INBa IeHTpaJbHas IpeJebHasg TeopeMa, T.e.
%7 (n— ). (3.3.12)

YaureiBasi HepaBeHCTBO (cM., Hanpumep, [6])

P {—Sw(n) — Rn) < :L‘} — O(x)

< CLy,
B(n)

sup

(C' — abcosoTHast nocrostiHast) u coorHomenue (3.3.11), nosxyvaem, 9ro

sup | P {%ﬁ(n) < x} —P(z)| < A;C(Lil) (3.3.13)
(A(a) — nocrosinnasi, 3aBucsimast ot a). 13 (3.3.13) u coornourennii
B(n) — 00, (B(n+1)/B(n)) —1
CJIeJlyeT 3aKOH MOBTOPHOTO Jorapudma s Besmauan S (n)
lim sup v/t = Bl . (3.3.14)

n—r00 V/2B(n)Inln B(n)
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HamoMHEM, 9TO B YCJOBUSAX 9TOil TEOPeMbI CHpaBeInBO paBeHCTBO (3.3.7). 13 cooTHOIIeHMIT
(3.3.12), (3.3.13) u (3.3.14), monb3ygack (3.3.7) u upeacrapirennem 3.2.1, mosydaem, COOTBET-
creenno, (3.3.8), (3.3.10) u (3.3.9).0

3.3.2 BepositHOCTM GOnblNX yKNOHEHWI Anst BenmydnHbl X *(n)

U3 paszena 3.3.1 u3BeCTHO, UTO NMPHU COOTBETCTBYIOMIEH HOpMuUpoBKe Besimanna R(X™(n))
ACUMIOTOTHYIECKH HOpMasiabHa. B Teopeme 3.3.3 B Xoje mcceI0BaHus 30HBI HOPMAJIBHOI CXO-
quvoctu R(X™(n)) moaydensl pe3yabTarTsl /I BEPOATHOCTEH GOJIBIINX YKJIOHEHUH BEJIMIMHBI

X"(n) (cm. Taxkke mamty pabory [210]).

Teopema 3.3.3. ITycmwv 8, — b € (0,1). Ecau x >0, x = o(y/n), mo

P{(1 —b)X"(n) > 2v/bn + bn}
1 —®(x)

N I GO

P{(1 = b)X*(n) < —avbn + bn}
O(—x)
— exp {933—\/\/?% (%) } ll L0 <x\/+ﬁl>] , (3.3.16)
2de

Aa(t) = apnt® (3.3.17)
k=0

— cmenennotl pad, KOmopul npu 6cer JocmamouHo bONDWUT T MAACOPUPYEMCA CLOOAULUMCS
6 HEKOMOPOM KpYy2e CMENEeHHM PAJOM C KOIPHuyUenmamu, He 3a8UCAULUMY OM T, MAK 410

pad Ay (t) npu docmamouno marvx snauenuaz [t| crodumes pasHoMepHo OMHOCUMENLHO .

doka3zareabcTBo TeopeMbl 3.3.3. Bocmosb3yemes Teopemoit 3.3.4, B3gToit u3 kauru [leTpo-
Ba [17| (1972) (reopema 9 riaser 8). Januasi reopema OblLia jgokazana [lerposbiv B pabore [16]

(1968).
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Teopema 3.3.4. ITycmo &, (n > 1) — nocaedosamesvHocmsd He3a6UCUMBLEL CAYUATHOLT 6EAUNUH
C MAMEMAMUNECKUMU 0AHCUIGHUAMU, PASHBLMU HYA10. TTycmb cyuecmeyom noiosrcumenvole
nocmosmnwie g, G, H u §, maxue wmo 6 kpyze |z| < H cnpasedausv, nepasencmea g < |Ee*n| <

G u B(n) > (n+1)8 (n>0). Toeda npu x>0, x = o(\/n) umerom mecmo coommowenus:

P{§(7§)_>;(x)3(n)} - {\%Xn (%” {1 L0 (l’jﬁl)] , (3.3.18)

P{S(n) ;(:; B(n) ~ exp {_\x/_;;n <_%>} {1 +0 (x—;ﬁlﬂ : (3.3.19)

2de g(n) = a) +...+ En, B(n) = Yoo D&, a Xn(t) = ey Went"™ — cmenennoti pad, xomopui

npu ecexr AoCMAmMoOYHO DOABULUL T MAHCOPUPYEMCA CTOOAUUMCS 68 HEKOMOPOM KPY2e CIMENEeH-
HOLM PACOM € KOIPHUUUEHMAMU, HE 3ABUCAULUMU OM T, MAK 4MO PAJ Xn(t) npu docmamouto
MAABLIT 3HaveHuAaT || cxodumes pasromepro ommocumenvho n. Koadduyuenmol ax, pada Xn(t)
npu A1060Mm k svipastcaromes wepes KYMYASHIMOL CAYUATHOLET GEAUSUH EO, e ,En do nopaoka k+3

GRAMNOYUINEADHO.

Bepnemca K 10Ka3aTeJbCTBY TeopeMbl 3.3.3. PaccMOTpUM BeJIMUUHEL En =& — % (n>0).

Jlist HUX clipaBe/IMBbl PABEHCTBA!

1-PBn
= g, ﬂnei I
B¢, =0, Ee*r = > 0).

[Mockonbky 0 < B, <1 (n > 0) u 5, — b € (0,1), cymecrBytor nocrosinabie 0 < ¢ < d < 1,
Takme 410 ¢ < [, < d gang Bcex n > 0. [Iycts H ynosierBopsier HepaBencTBy 0 < H <

—1In(1 —¢). B xpyre |2| < H BHIOTHSIOTCS HEPABEHCTBA:

e H < |e*| < e, e < |6_%Z1 < TF"

Ormernm TakzKe, uro npn |z| < 1 copasegmuso: |1 — z| > 1 — |z|. OTkyga nosxyvaem, 9ro

1 —(1—Bu)e*| >1—(1—c)e >0.
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13 3THX paccyzKaeHnil BHITeKaeT OleHKa Jid Fen:

g < Be®n < G,

_l-dpy d _lgc
__ ce "¢ _ _de
e g = 1+(1—c)et G

T T (-0 E- O‘{eBI/I,ZLHO, qTo

n

Bn) > S (1= Ba) > d(n+1),
i=0
e 0 = 1 — d. Takum o6paszoMm, Jijist BHIOPDAHHBIX HAMU BEJIUYUH gn, CIIPABEJIJINBBl  YCJIOBUA

Teopemnr 3.3.4. Cregoarensno, ans S(n) semosnsores (3.3.18) u (3.3.19). Orverny, aro

R(n) = %bn +0(1), B(n)~

1-b
b2

n+0(1) (n— o00).

Torna snesast wacth (3.3.18) paBHa

P{S(n) > tn + 2= /n}
1—®(2)

+o(1) (n— o00).

Honozxny m = [22n + 220 /), rae [y] — obosnataer neyo wacts ucaa y. Ormerns, 4To

J171st OOJIBIITUX 7, 1M CHPaBEIINBO

bm bom vbm

[Tosb3ysich Tenepk npejacrapierneM 3.2.1 u paBerctom 1 — & (x) = $(—x), momyquaem (3.3.16).

1-b\k/2 A
m Vbm - . HaJIO-
k,[lbib—x 131) +O(1)}( b )

B (3.3.17) kosddunuentst psina A, (t) umeor BUL: Gk, = 4

ruaubM 00pasoM u3 (3.3.19) moxkuo nostyuants (3.3.15). 0

3.3.3 Mpumepsi

ITpumep 3.3.1. ITyemv P{X; > i} = 14%1 (1 >0). Tozda
~n+1

/Bn_n+27
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1
R(n)zz 1 ~ Inn,

:Oz+

14 2
=0

Hazodum, wmo 6 (3.3.7) € = 1. Cnpasediusvi caedyrousue acumMnmomuseckue coommouLeHUA:

nsoo M N n—+00 V2nInlnn

ITpumep 3.3.2. Paccmompum pacnpedenenue [lyaccona ¢ napamempom \. Umeem:

0o A\?
_>\ Zi:n—i—l Gl A
| ) = Te—oo x T

— 0.

Yeaosue (3.3.1) 3decv ne ewnoansemca. Teopemor 3.3.1 u 3.3.2 Henpumenumvl K 3MOMY pac-
npedesenuro. 30ect Mol He MOAHCEM CHOPMYAUPOBATND COOMBEMCMBYIOULUE NPEJENLHBIE PE3YND-

mamodt.

ITpumep 3.3.3. /[uckpemnoe snozapugpmuveckoe pacnpedeserue:

1 ak—i—l
[—In(l1—a)] k+1

P{X, =k} = (k>0, 0<a<l).

=

a
Litns k. Ommemum, 4mo 6 cuAy Cnpasediu8ocmu Uenouky HepaseHcme
k

Umeem: B, =
Zk:n+1 &

n+1 <n+2<n—|—3<
n+2 n+3 n+4

"Jrl < Bn < a. Omxyda Haxodum, wmo Ois ecexr docma-

bydem. 6HINOAHAMBCA HEPAGEHCTNEO a7y
mouno boavwuz n cnpasediuco: R(n) ~ —n B(n) ~ —n 3Hnauum, yciosus meopem 3.3.1,
3.3.2 ewnoaneno.. B ux dopmysuposkar cayuainyto seaununy R(X™(n)) moocno samenums

a %Xw(n), a seaununy € Ha a. Teopema 5.53.3 makoce cnpasedausa 0as 2mozo pacnpede-

aenus. TToamomy 0 < x < o(y/n) aeasemcs 30100 HOPMAALHOT CTOOUMOCTIU OAs GEAUNUHDL

e X (n).

ITpumep 3.3.4. [lycmov X, — 2eomempuneckan caywatinas 66AUNUNG C napamempom p = 1—q €
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(0,1). Tozda
1—qg)n
5n =q, R(n) = ¥7
q
1 —
B(n) = % R'(n) =11
q l—gq
Ilockoavky cnpasedauso ycaosue (3.5.1), noayuaem, wmo (1—(1;%(71) ey IIpeden 6 (3.3.7)

maxace cywecmeyem c € = q. Tozda

(1 - Q)X (”) — nq g 7 lim sup (1 - Q)X (n) —qgn n.M.

A/ qn 7 nooo V2qninlnn

1.

Yeaosus meopemor 3.3.3 makoce evinoaneno. Tawum obpasom, 0 < x < o(y/n) asasemes 30m01

. 1—
HOPMAAOHOT CTOOUMOCTIU OAA BEAUNUHD TqX“’(n).
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§ 3.4 lNpumeHeHue Teopuu NpaBubLHO MeHsOWNXCA PYHKUUA Ans
M3yY4eHNs aCUMNTOTUYECKOro NoBeAEeHUs OTHOLIEHN cnabbix

pekopnoB

B naparpade 3.3 yxe dopmyanpoBasuch mpeesibHbie TeOPeMbl JIIsi CJIa0bIX PEKOPIHBIX
BesnunH. B 9TOM maparpade Mbl 6y1eM HCIOIb30BATh TEOPUIO MPABUILHO MEHSIOMUXCs (PyHK-
uuit JUIs 110JLy YeHusl IPEeJIesIbHbIX TeopeM iyt Besnunn X *(n 4+ m)/X"(n) u uHauKaTOpHbIX

sesmund £. Marepuas sroro naparpada comepxkurcst B pabore [212].

[Tycrs Xi, Xo,... — 10CJIEI0BATENHHOCTh HE3ABUCUMBIX OJIMHAKOBO DACIPE/ICJICHHBIX CJIy-
JailHbIX BEJINYWH, ITPUHUMAIOIINX IeJIble MOJI0KNTEeIbHbIe 3HAaUeHus ¢ o0Iei dyHKneil pac-
upegenenns F| rakoii uro F'(n) < 1 musa qaoboro n > 1. B srom maparpade paccMaTpuBaroTcs
OTHOTIEHUS CIa0BIX peKOpAHbIX Beanuna X ¥ (n+m)/ X" (n), no3ToMy HOCHTETh PACTIPE/IeTeHIs

HAYMHAETCH C eJMHULbL. BBegeM ciepyomme 0003HaueHus:
B(n7 x) = sznl/qﬂ = F(TLCL’)/F(R),

rae © > 1 — BemecTBeHHas nepeMennas, n > 1 u [y] 0603HAYAET HANMEHBIIEE HATYPATLHOE
qncI0, Gosbinee uian pasHoe y. Orverum, uro hyHaknus F(n,r) He BO3pacTaer 10 IepeMeHHO
x. JIna dukcupoBanHoro x > 1 paccMoTpuM Ipeien

lim B(n,z) = B(x). (3.4.1)

n—o0

Hecnoxxuo mogobparh pacupegeaeHne i KOTOPOro JAHHBIH Ipe/ies He CYyIecTByeT. TaKoBBIM,

HallpUMep, SIBJISIETC paclpe/iesieHne

1+ 1—cos(2mlnn)

F(n)=1- n“ (n>1).

B,ILer a — HEKOTOpad IMOJIOZKUTeJIbHad KOHCTaHTa, YAOBJIETBOPAIOIIad YCJIOBUIO

a>2n|sin(rIn(l1+1/n))] (n>1).

OrmernM, uto Takoe a > 0 cymectByer, T.K. 2n|sin(7wIn(l + 1/n))| — 27 (n — o0). Crenys
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TPaJUIMOHHON KaaccupUKAIMN, IPUHATON B TEOPHH MPABIILHO MEHSIOMUXCA DYHKIM, Oyem
HA3BIBATDL XBOCT pacupeaenenns F(n) = g, memtenno (6u1cTpo) MeHsomeiica dbyHKImei, ecm
B(z) =1 (B(z) = 0) aust kaxzgoro dbuxcuposannoro = > 1. Byaem obpamarsces k F kax K
NPABIIILHO Menstoweiics dbyHKin ¢ nokasaresem p > 0, ecamn f(x) = 277 aas x> 1. Beegem

TaKzKe CJIeIYIONIe 0003HAUCHHA:
Z°(n,m) = X¥(n+m)/X"(n) (n>1m > 1),

R1<l, t) —

t

t
Ru(lty=Y P S Pma n>o 1<i<t, iy =1).

=t qi, b1l (0] N

Jlasee B 3ToM maparpade OyaeM u3ydarhb BausgHEE "TOIIMIHBI" XBOCTa UCXOIHOIO pacIpeaese-
HUsI HA aCHMITOTHYECKOe MOBejieHue Beqnaud Z"(n, m) u uaaukaropubix seauwann . [lepes

STHM CHOPMYTHPYEM PsiJi BCIIOMOTATETbHBIX JIEMM.

3.4.1 BcnomorartenbHble pe3ynbTaThl

Jlemma 3.4.1. Jlasa awboixr m,i > 1 u x > 1 cnpasediuso

PLX“(n 4 m) 2 2|X(n) = i} = 27 ZR 2] - 1).
HoxkazarenbcTBo jiemmbl 3.4.1. Tloab3ysch (3.2.4), moaydaem, 4To

P{X"(n+m) > 2|X"(n) =i) =Y P{X"“(n+m)=j|X"(n) =i}

j>x
J
B SIS 30 5y SO ol
]>J; j>3} l1=1 qll lm—1=lm—2 qlm71

ITomenss IIOpAJOK CYMMHPOBaHHA B IIOCJI€JHEM BbIpazK€eHue, IpuiaeM K DpPe3yJabTaTy JieM-

Mbl 3.4.1.0

Jlemma 3.4.2. Jlaa i =1,2,... cnpasedauso

Qerl

> P{X"(n) =i} =
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dokazareabcTBo gemMbl 3.4.2. V3 gevmwmbl 3.2.1 u npeactaienud 3.2.1 ciaeayet, 9TO 74

JIF000ro ¢ = 2,3, ... BBIIOJIHSIOTCSI PABEHCTBA:
00 oo n—1
D oP{XU(m)=i} = Y Y P+ A+ =k >k}
n=1 n=1 k=0

= Y Pl 4. e = k) Z P{&’ > n—k}

n=k+1

= > P{grzm} =B =
m=1

qi+1

Cnyu4aii ¢ = 1 paccMOTpUM OTJEIBHO

D PX(m) =1} =D Pl 20} ="
[l

CnencrBue 3.4.1. Us pasencmes - > 2 P{X¥(n) =)} => " 1 =00 u semmo. 3.4.2

GuIMEKAEM, 4Mo Y .o o =00

Jlemma 3.4.3. Jlas sobvir myi > 1 u x> 1 cnpasediuso

Z i fri] —1) <30 L — i, o)

7j=1 7j=1 ‘]_1

dokazareasbcTBo gemMbl 3.4.3. Bocrosib3yemcsi MeToj0M  MaTeMaTHYecKOW WH/LYKIUH.

Ouesuno, uro Ry(i,7) < 1. Ilycrb HEpaBeHCTBO

cIIpaBeJINBO I HeKoToporo m > 1. Torma

m+1 < q'f'*‘l)jl
ARS8 SRS 318 s v
=1 R [t (7 -1)!

41 g-1
= 1+ Z Z ( qll > (qll - qll+1) <1+ /ql (P(y)dy

qll j - 1 qt+1
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— mir:l 1 ( 1 Qt+1)j1
= ﬁ — In —- 3
= (J : Q@
re -
I & (Iny — Ingq)’ ™
Ppy) = — -
) y ; (j—1)

OrmernM, 9TO HOC/IE/IHEE HEPABEHCTBO CIPABEJIMBO B CHJIY TOTO, YTO MPH Y > (rr1 DYHKIHUS

©(y) asasterca yobsatomeit. [

Jdemma 3.4.4. ITyemv F — npasuavro menaowaaca dynkuus ¢ nokasamensem p > 0. Tozda

ons mobvir m,i > 1,z > 1 u mobozo € € (0,m™2) cywecmeyem I, maxoti wmo

Vis1 ZRN, [zi] — 1) > Z (1—e)i~'[— 1n(j@g,f))!(1+g>m— Pt

Jj=1

Joka3zaresbcTBo jgemMbl 3.4.4. Britepem € € (0,m™2). Eciu ' — npaBU/IbHO MeHAONAsCH

dyHKIHI, TO

1= lima = lim lim 2% < i 24 <, (3.4.2)
z—1 z—=1ln—oo @y n—oo (@
13 (3.4.2) BBITEKAET CIIPaBeITMBOCTh HEPABEHCTBA
Iy v ! < g < — (3.4.3)
N Vp>N 1+8Qn+1_Qn_1_€Qn+1- 4.

Bocmob3yemest MeToioM MaremaTuueckoi uuaykiuu. Uveem: Ry (1, t) > 1. Tlpeanonoxum, 9To

. J-1
m (1 — 5)371 [_ In (thl_tl(l + €>m72

Viszy > Ri(t) =D (j—1)!

j=1 j=1

cripaBenBo 11t Hekoroporo m > 1. Tloawsysics (3.4.3), V't > [ > N nosayvaem, 9To

m—+1 t m
SRt = 143 PSR
j=1 P

i1
m (]_ _ 5)]'*1 [_ In qt_+1(1 + 8>m,2j|J

t
> 1+Z&Z (j_qlll)[

= G

. Jj—1
(1—e)i-! [_ In 252 (1 4 @m—l]

G-1) (q — qi+1)

AV

~

+
M-
—

|
o
NE
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, —1
mtl (1 — g)J_l [_ In 21 (1 + 5)m—1 ’

> 1 +/ 9(y)dy > Y G _qzl)! ,

e
m

_12 (1—¢e) [lny—(m—1)In(l1+¢)—Ing)
Clr

G-

[Ipejinocie/iHee HePaBEHCTBO CIpaBeIuBO B cuay Toro, uro npu € € (0,m™2) u y > g

dbyuknus g(y) sapasiercst yobisatomieit. [

3.4.2 AcumnToTUYecKoe NoBeJeHne OTHOLLEHU CNabbiXx peKoOpAHbIX BeNUYnH

BravaJie ucciieryem ciydail, KOrjga XBOCT UCXOJHOTO PACIIPe/IeJIeHNs SBIIeTCsT OBICTPO Me-

Hsotelics: (pyHkimeii.

Teopema 3.4.1. ITycmv F — 6iempo menarowaaca dynxyua. Tozda das aobozo m > 1 cnpa-

6EOAUBO ACUMNMOMUNECKOE COOTNHOUEHUE

Z%mn,m) 51 (n— o).

HokazareabcTtBo Teopembt 3.4.1. Bocnonb3yemcs jiemmoii 3.4.1. JIig mpousBoibHBIX k > 0

u € > 0 numeeM:

P{Z"(n+k,1)=1|>e)} = P{X"(n+k+1)>(1+e)X"(n+k)}

= io:P{Xw(n—i— E+1)>(1+¢e)i|X¥(n+k)=1}P{XY(n+ k) =i}

i=1

Z (i,1 +e)P{X"(n+ k) =1}
ITockobky F — 6bICTpo MeHsromasics (hyHKIMS, TO

Vss03iVisr B(i,1+¢) < 4.

Torma
P{Z"(n+k,1) —1] > ¢}

gz i, 14 )P{X"(n+k) =i} + Z OP{X"(n+k) = i)}

i=I+1
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I
Z i, 1+e)P{X“(n+k)=i}+6=36. (3.4.4)

Cxomumocts B (3.4.4) cupasesiua B city Toro, aro P{X¥(n) = i} =5 0. Yerpewmnss B

(3.4.4) 0 k mymo, nomygaem, uro Z%(n + k,1) 5 1.

Temepnb BOCIIOIB3YeMCsT T€M, 9TO
Z%(n,m) = 2"(n,1)Z%n+1,1)... 2% +m —1,1) 5 1.

Baech BesmauHa ZY(n, m) npejacraBjieHa Kak IIPOU3BEIEHUE M CJIyYaliHbIX BEJUUHH, KazK1asd

13 KOTOPBIX CTPEMHUTCS K 1 IO BeposaTHOCTH. [J

[Tosicaum pesyabrat Teopemsbl 3.4.1. BeicTpo Mensitonuiicst xBocT comep:xkut "mamno'" Beposit-
HOCTHOI Macchl. HoBas ciabast peKopaHas BeJMUIHHA OKa3biBaeTcs "pamoMm' ¢ mpemslayIiei.

HOSTOMy NX OTHOIIE€HUE CTPEMHUTCA K €JIUHUIIE.

PaccMoTpuM acuMOToTHYECKOE HOBeeHne 2 (n, m) B caydae, KOrjIa XBOCT HCXOHOIO pac-
LIPEJICJIEHHST SIBJISETCA MeJIJIEHHO MeHsomeiics (bynknueit. 31ech cupaBe/iuB Caepyomui pe-

3yJIbTaT.

Teopema 3.4.2. [Iycmo F — medaernno menawwasnca dynsyus. Tozda das awbozo m > 1
CNPaseosuso:

Z%(n,m) 5 oo npu n — oo.

dokazarenbcTBo Teopembl 3.4.2. OUeBHUIHO, UTO JOCTATOUHO JOKA3ATh TEOPEMY JJId M =

1. Ilycrs k& > 0. Torga u3 gemmsr 3.4.1 caemyer, 910

P{Z®(n,1) < k} = P{X"“(n+1) < kX" (n)}

o0

=3[ PAX (4 1) 2 KLX() = i) PLX(0) = )

=3 (1 30 K)] PLXU() = i),

=1

[Tockonbky F' — MejieHHO MeHAOMmasIcsa PYHKIU, TO

V55031 Vn>1 |B<n7 k) - 1‘ <90
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I 0o

P(Z(n1) <k} < Y [1 —B(i,k)} P{X"(n) =i} + Y 6P{X"(n) =i}

i=1+1

i [1_8(2'7]{5)} P{Xw(n) :i}+57H—O>O5.

=1

IN

Yerpemisst 6 K Hys0, moaydaeM, uro P{Z"¥(n,1) < k} — 0 (n — o0) npu r060M dhurcupo-

BamHoMm k£ > 0.1

[IpokomMmenTupyem teopemy 3.4.2. XBOCT MeJJIEHHO MeHSOMeica (DYHKIUN PaCpe/IeTeHus
cogepzxkut "MuOTO" BepositHOCTHO# Macchl. CiieoBaTe/IbHO, HOBasI C1a0asi PEKOP/IHAST BeJIMIUHA

"mpeiraer" masteko BIEpes MpebIayIeii, a UX OTHOIIEHNE CTPEMUTCS K OECKOHETHOCTH.

Teopema 3.4.3. ITycmov F — npasuavro menaousaacs dynrkyus ¢ noxazamenem p > 0. Tozda

s nwbozo m > 1 cnpasediueco:
1+ (plnz)+...+ {elna)™ 2

P{Z"(n,m) >z} — el x> 1.
Xz

JokazaTeqbcTBO Teopembl 3.4.3. Buibepem ¢ € (0,m™2) u x > 1. B cayuae, xorma F -

NPABUILHO MEHSIONAascsd (pyHKIMS ¢ OKa3aTejaeM p, ClpaBeJ;TMBO HEPABEHCTBO

A0 Vs, o7 —e<pB(i,x) <z P +e. (3.4.5)
N3 nemvnr 3.4.1 mosrygaem, 910
P{Z"(n,m) > x} = iP{Xw(n +m) > xi| X" (n) =i} P{X"(n) =i}
= iﬁzxzm: [xi] — 1)P{X"(n) =i}.
13 (3.4.5) u siemmbl 3.4.3 caeyer, 9To

P{Z"(n,m) >z} < Z B(i, ) Z R;(i, [xi] — 1) P{X"(n) = i}
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" [—~In(z? — )"

—p
a? +5 ]_1

P{Xw(n> Z Il + 1} = Qn,m,x~

g=1
[TockoJibky 715t J1I000TO (PUKCUPOBAHHOTO [ BBINOJHIETCS ACUMITOTHYECKOE COOTHOIIECHUE

P{X®(n) > 1, +1} "=°1, 10

113 nepasenctra (3.4.5) u semmbl 3.4.4 cieyer, 910 JJisi JOCTATOYHO GoJibIoro Iy u gocra-

TOYHO MaJioro € > CIIpaBeIJIUBO:

P{Z"(n,m) >z} > Z B(i, x) Z R;(i, [xi] — 1) P{X"(n) = i}

@™ —e) i S ln((g;i T)T)(l P Py = 1+ 1)

j=1

:
8

N (L—e) (@ o) (L)
~ay " G-

Jj=1

YVerpemiigg B MOCTaeIHEM BbIpazkKeHne £ K HYJII0, 3aBepIlaeM JI0Ka3aTebCTBO TeopeMbl 3.4.3. [

Eciim nasoxuth jonoHUTE/IbHBIE YCI0BUS Ha pacupejenenue F', 1o Teopembr 3.4.1 u 3.4.2

IIpeBpalialoTCd B CUJIbHbBIEC IIPpEAe/IbHbIE TEOPEMDI.

Teopema 3.4.4. ITycmov cywecmeyem 6 > 0, marot wmo

<00, Ve (l,1+0). (3.4.6)

Toeda

dokazaTeabcTBo TeopeMbl 3.4.4. Buadase mokakeM MpejieTbHOE COOTHOIEHTE

Z%n+j,1) =51 (j>0,n— o0). (3.4.7)

B camom pgene, u3 semm 3.4.1, 3.4.2 u nepasenctsa (3.4.6) cieqyer, 9To JJisi BCEX JOCTATOYHO
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OosbImuX k CIIpaBe/1InBo:

gp{‘zw(nﬂ’l)_” = %} :gP{XW(HHH) > (1+%> Xw(n+j)}

:iiP{Xw(n+j+1) > (1+%)i|XW<n+j> :i}P{X%m — i}

n=1 i=1

o
q 1+1)4 .
<y P
—y q; qi+1
(2
Teneps u3 emmbl Bopensg—KanTe/mu BeTekaer cupaseiuBocTh (3.4.7). Jlist 3aBepiieHust J10-

Ka3aTeJIbCTBa TeOpeMbl BOCIIOJIb3YEeMCA COOTHOIIECHUEM
Z%mn,m) = Z%mn,1)2°m+1,1)...2°n+m—-1,1) "1 (n = o).
O

Sameuanue 3.4.1. FEcau npedea 6 (3.4.1) cywecmeyem u F' ydosaemsopsaem ycaosuo (3.4.6),

mo F — 6wempo menarowanca Gyrrkyus.

3ameuanue 3.4.2. [lockxoavky zﬁ < 1, mo meopema 3.4.4 ocmaremca cnpasedsusoti, eciu
n

yeaosue (3.4.6) samenumo 1a

o0

I o, Vae (114 6). (3.4.8)

n=1 In+1

Teopema 3.4.5. Ilycmwv das nexomopozo m > 1 u 6cex x > 1 8uNOAHAEMCA HEPABEHCMEO
oo m

Z 1— B(n,z) ZRj(n, [nx] —1) Pn . (3.4.9)

qn+1

n=1 J=1

Tozda das 1 > m cnpasedaiuso:

Z%(n,i) =% 0o n.m.

dokazareabcTBo TeopeMbl 3.4.5. Vcnonb3yd aemvbl 3.4.1 u 3.4.2, moxydaem, 9TO

oo o0

> P{Z"nm) <z} = D Y P{X"(n+m)<xi|X"(n) =i} P{X"(n) =i}

n=1 i=1
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P{X"(n) =i}

=y [1 — Bi,x) Y Ry(i, [ix] — 1)

n=1 i=1 j=1

_ Z[pﬁ@,@Z@@, (z'x]—n] P < .

i—1 = qit+1

Takum oOpa3om, Mbl TOKa3aJiH, 9TO JJId JIFOOOro © > 1 cirpaBe/lJinBO PaBEHCTBO:
P{Z%(n,m) < x 6.u.} = 0.

Teopema 3.4.5 caemyer renepnb u3 jgemmMbl bopens—Kanresn. [

3ameuanue 3.4.3. Ommemum, umo oaa A106020 m > 1 cnpasediuso HEPABEHCMEBO:

m+1 m
L= B(n,2) > Ryli, [iz] = 1) < 1= B(n,x) > R;(i, [iz] = 1).
j=1 j=1
Caedosamenvho, ecau pad 6 (3.4.9) crodumca npu wexomopom m (m > 1), mo on makoice

crodumes u npu m + 1.

Sameuanue 3.4.4. [loavsysco caedemeuem us aemmvl 3.4.2, MONCHO NOKAZAMD, 4MO €CAU
npeden 6 (3.4.1) cywecmeyem u ycaosue (3.4.9) svnoanaemes das m =1, mo F' — medaenno

MEHANOULAACA PYHKYUA.

Bameuanme 3.4.5. [lockoavky Y .- Rj(n, [nz] — 1) > 1, meopema 8.4.5 ocmanemcs cnpa-

6edau6otl, ecau nepasencmeo (3.4.9) samenums Hepasercmeom

i [1 - B(n,x)] C]f; < 00.

3.4.3 AcumnToTu4Yeckoe nNoBeaeHue NMHANKATOPOB CNabbix pekopAHbIX BeUYUH

B sTom paszene OyaeM npe/ojarath (3a HCKIOYeHHEM yTBepzKaenust 3.4.3), 4To rp = 00.
Kak MbI yrke 3HaeM, BeJMIHHBI £’ SBISIOTCS N€OMEeTPUYECKN PACHPe/IeIeHHBIMU CJIyYaifHbIMU

BeJIMYNHaMu C ITapaMeTpaMu Bl CIIG,ILyIOHIee yTIBepzKAcHHE IIPEACTAaB/JIACTCA OY€BUIHBIM.

Vrsepxxaenue 3.4.1. (1) Ecau f; — 1, mo £ 5 0.
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(2) Ecau B, — b € (0,1), mo & K g(b), 20e g(b) — 2eomempuuecku pacnpedesernas

CAYATHAA BEAUMUHA C NAPAMEMPOM b.

(3) Ecau B, — 0, mo ¥ 5 occ.

Sameuanue 3.4.6. /3 nepaserncmea qZ‘—n“ < (2 > 1) u ymeepoicdenua 3.4.1 (1) caedyem,

n p
umo ecau F' — medaenno menarowanca gynkyus, mo £ — 0.

VrBepkaenue 3.4.2. Ecau Zi’;l By < 00, mo ¥ na.

HoxkazarenbcTBo yrBepKkaeHus 3.4.2. V13 (3.2.3) mosyuaem, 4to

ZP{g <k} = Z (1—(1— B, g(k+1)iﬁn.

OueBnaHO, 9TO pe3yabrar ciaeayer u3 jgemmvbl bopens—Kanreman. [

Yreepxkaeaue 3.4.3. /s 106020 duckpemmozo pacnpedesenusn F' cnpasedauso coommowerue

Xv(n) " rp < .

dokazaTeabcTBo yTBepxKaeHud 3.4.3. B camowm jeste, st io6oro 1 < m < rp numeem:

ZP{XW ) <m} = ZP{& € >}

g

YrBepxkaenue 3.4.4. Ecau dan nexomopozo durcuposartozo k < 2 8uNoAHAEMCA HEPABEH-

cmeo
00

D (1= Bk < o, (3.4.10)

n=1

mo das moeo orce k cnpasedaueo: ) < k n.n.

JokazarenbcTBo yrBepKaenusd 3.4.4. B camom gene, u3 (3.2.3) caemyer, 4ro

dP{Er k=) (1-8.)" (3.4.11)
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Ecau mis wekoroporo k > 2 (g k = 1 9170 HeBo3MoxkHO) psan B (3.4.11) cxomurest, TO
P{e¥ > k 6.0} = 0.
U

CaencrBue 3.4.2. Ilycmo nepasencmeo (3.4.10) cnpasedauso dan nexomopozo k = 2,3, ...

Tozda nocaedosamenvrocms seaunun £ ¢ 8ePOAMHOCMBIO OUHUYA PACTOOUMCSH.

HokazarenbcTBo ciaeactBus 3.4.2. I[lycts &k > 2 — HauMeHbIllee HATYpaIbHOE UUCIO JIIs
Koroporo cupaseuuso (3.4.10). s snauenus k—1 nveenm: Y oo (1—4,)F 1 = oo. [TockouibKy

BeJMIHHbL Y HEe3aBUCUMBI, U3 BTOPOii dactu jsemMbl Bopess-Kanremn cienyer, 1o
w —
Py >k—16.4.)=1.

13 (3.4.10) cemyer, uro B, /4 1. Torma > o P{&¥ <k —2} =5 (1—(1—4,)"?) = .

I3 Bropoit yactu Jiemmbl Bopens—Kanremmu noxydaem, uro P(§Y < k —2 6.4.) =

O

3.4.4 Mpumepsbi

IIpumep 3.4.1. Paccmompum dynkyuto pacnpedesenua: 1 — F(n) =g, =n~" (n > 1). 3deco

n

n dn n
Bn,x) < q+1 = e 0 (Vo >1).

Caedosamenvro, F — 6oiempo menaowaaca dyrrkyus. Tozda daa mobozo m > 1 cnpasedaueo:

p,
Z%(n,m) = 1. 3decv makoce HECAONCHO NPOGEPUMD HEPAGEHCTNGO

o
qlzn]+1 < an(xfl)nxfzn.
Qn+1 n=1

Tozda psad 6 (3.4.8) cxodumes. IIpu aobom m > 1 enpasedauso acumnmomumeckoe coommouse-
nue Z*(n,m) (s Kpome mozo, uz ymeeporcdenus 3.4.1 caedyem, wmo &7 2 0. Odnaxo, 6

cuay mozo, umo 3, ~ (en)™t, yeaosua ymeepoicoerua 3.4.2 ne 6bNOAMAOMCA.
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ITpumep 3.4.2. B omom npumepe npusedem pacnpedeserue, T60Cm KOmMopozo ybveaem euie

ovicmpee. Ilyems g, = n?" (n > 1). 3dect eeprovl 6ce acuMnMOMUNECKUE PESYALIMATIBL NPUME-

2

pa 3.4.1. Kpome mozo, nockoavky B(n, 1) ~ (en)~2, mootcno ymeepocdamo, wmo £¥ " oo.

ITpumep 3.4.3. Paccmompum pacnpedeserue, UMENULLE MEONEHHO MEHAOUWUTCA TEBOCT, Gy =

1 w P
e T (n>1). Jlas neeo cnpasedauso Z*(n,m) — oo. Hecaoorcno aamemumo, wmo

1 ~ Inz

1= B~ (1= B(n,2))(1 = Bn) ~

nilnn’ nin’n’

Toz0a ymeepotcderue 3.4.4 u caedemesue 3.4.2 cnpasediusov. dad amoz0 pacnpedeserud. liq

n.H.
06020 m > 1 umeem: Z¥(n,m) =" oo.

ITpumep 3.4.4. Paccmompum pacnpedeaenue uda ¢, = 1/n (n > 1). 3deco

B(n,z) = T £1 — 1/x.

Tarxum 06pa3om, TEOCM PacNPedeseHUs ABAAECNCA NPABUNLHO MeRAULetcs dynryueld ¢ p = 1.

Toz20a dasa ar0b020 Pukcuposarmozo m > 1 cnpasediuso:

Ltlna +... + 5y,

T

P{Z"(n,m) >z} "=*
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§ 3.5 AcuMmnTtoTU4eckme CBOICTBA PEKOPAOB C MNOATBEPXKAEHUEM

B srom maparpade Oymem mpejarnosiaratb, 9TO BeJandwHbl X1, Xo, ... HpuHAAIekKAT X-
BBIOOpKe. B pazaesne 3.5.1 Mbl 00CyIUM aCUMITOTUYECKHE CBOMCTBA PEKOP/IHBIX BEJTUYHH C IO/I-
TBepKaeHneM. B paznene 3.5.2 MbI 00CYIUM aCEMITOTHYECKHE CBOCTBA PEKOPIHBIX BpEeMeH C

HOATBEPKAEHUEM.

3.5.1 AcmmnTtoTnyeckne CBOCTBA PEKOPAHbLIX BEJINYUH C NOATBEPXAeHnem

CaeacrBue 3.5.1. Ilycmv F' = F, — cmandapmnoe sxcnonenyuansvroe pacnpedeserue. M3

aemmor 3.2.9 caedyem, umo

[Iycrs X — cayuaiinas Besmunna ¢ HenpepbiBHOI dyHkueii pacnpenenenus F. Torga sesu-
quna — In(1 — F(X)) umeer crangapTHoe SKCIOHEHIMAIbHOE pactpeaenenne. Cuegcrue 3.5.2

BbITEKAET U3 IIOCJIEHEr0 3aMedaHust U cjaeiacrBud 3.9.1.
CaenctBue 3.5.2. [lycmv F' — nenpepwvisnas pyrryus pacnpedeserus. Tozda

1

—In(1 — F(X(n))) n.n. n
Ck—-m+1

e 1y
st

n

Cnenyer ormeruTh, uTo ciaeactrue 3.5.1 u ciaeactrue 3.5.2 ObLIM BIEPBBIE MPEIOKEHBI B

[145], cm. Takxke [216].

3.5.2 AcmmnToTnYeckne CBOCTBA PeKOpPAHbIX BPEMEH C NoATBepXXAeHuemM

Cuteryronuit pe3y/ibrarT U3BeCTeH /il KJIACCHYeCKUX PEKOP/IHbIX BPEMEH

lim ElnL(n)

n—o0 n

=1.
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AHaJIOrnYHbIi pe3yJjbTaT JOKa3bIBa€TCA [AJid PEKOPIHBIX BpeMEH C IIOATBEP2KIACHHEM B JIEM-

Me 3.5.1.

Jlemma 3.5.1. Cnpasediuso acumnmomuseckoe coommouLeHue:

lim 2L _
n—00 n

HoxkazarenbcTBo jgemmsbr 3.5.1. Tlycrs g(n) = 1+1/2+...4+1/n (n > 1). [ockoabky lnn ~

Eg(L(n))

g(n) (n — 00), TO IOCTATOYHO MOKA3aTh, ITO lim,, . = 1. CuopaBeyiuBO CJIeIYIOIIEe

COOTHOIIIEHHUE:

B (g(Lm) | Lin—1) = i)

kY ”‘i"zf_lg)'::'(ﬁ""” o) = T(hk. 1),

l=i+k

Oyuknus T MoxKeT ObIThH 3allUCaHA B BUJIE:

T“w>:i§3{ﬂoa—i—k+1y”a—z—1) gl —i—k+1)...(1—i—1)

it (I—Fk)...(1—1) - (I—k+1)...1
Cglitk) =g+l —i—k+2).. (=) —g)(l—i—k+1)...(1—i—1)
_(i25+”2% (—k+1)...1 :
Torna
L g+ k) e gDl —i—k+2)...(l—i—1)
T““)_(ﬁﬁﬁ itk 1%2% (I—k+1)...1

= ((—i—k+2)...(1—1)
+ﬂ§% (I—k+1)...00+1)
gi+k) —gli+k—1) N e
= — +T(k—1,7)+1
) AP

(l—i—k+2)...(l—1)
(l—k+1)...0(01+1)

Ormernm, 910

gli+k)—gli+k—1) < 1

() Sl
n
(l—i—k+2)...(1—i) k-1 k-1
< —1 = —
ZE: (—hty). a0+ = & SF- L= 5mi

l=i+k
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Orciona BeiTekaer, 9To nmpu 0 < § < 2 crnpaBeIuBo:

T(k,i) =Tk —1,i) +

i+ 1
Torma

01

Tk, i) = T(10) + 77,

rae 0 < 6; < 2(k — 1). B meopun pekopioB u3BecTHO (cM., Hampumep, [187]), uro

T(1,i) = E(g(L(n)) | L(n — 1) = 1) = g(1) +1

Eg(L(n)) = n.

Torma

Eg(L(n)) = Eg(L(n — 1))+ 1+ 6,E <m) =n-+o(l).

W3 mocyiegHero paBeHcTBa BRITEKaeT Tpedbyemoe. [



Nnasa 4 Cratucrtmnydeckue npouenypbl, CBsi3aHHble C pekopaamMu

§ 4.1 BeepeHue rnaebl 4

Yepes aBa rofa mocie mybsaukanuu nepsoit crarsu 1o pekopgam [61] (Chandler 1952) mo-
SBUJIACH PAOOTHI, B KOTOPBIX OBLIO MPEJJIOAKEHO UCIOIb30BATH PEKOP/IBI /I CTATHCTHICCKIX
BeIBOI0B. CM. paborsl Pocrepa n Crboapta [90] (Foster and Stuart 1954) u @ocrepa u Teiiupo-
esa |91] (Foster and Teichroew 1954). Ha nanubIii MOMEHT U3BECTHO OCTATOYHOE KOJHYECTBO
paboT, B KOTOPHIX PEKOPABI MCIOJIB3YIOTCS JIJIsi OIEHKHU MMapaMeTpPOB M MPOBEPKU CTATUCTUUE-

CKHUX THUIIOTE3.

EcrecTBeRHO 3a1aThCd BONPOCOM — 3a9eM HYKHO HCIOIL30BATH PEKOPAbI B CTATUCTHYE-
cKuX nporneaypax. [Touemy Obl He BOCIOIB30BATHCS KIACCHICCKONH BBIOOPKOi? Ie10 B TOM, 9TO
B HEKOTOPBIX C/IydasX TPaJMIUOHHad BLIOOPKA MOXKeT ObITh HEJOCTylHa. B TO ke Bpems pe-
KOD/IHbIE BEJIMUUHBI ([I0JIyYeHHbIEe U3 JaHHOI BHIOOPKH) MOTYT ObITh M3BeCTHBI. Takue pexop/i-
Hble BRIOOPKH paccMaTpuBasiuch B paborax Camanuero n Butakepa [164], [165] (Samaniego and
Whitaker 1986, 1988) u Ha3biBauCh 0OPATHBIME BBHIOOPKAMHI TEpBOro poja. 11ogo6HOr0 THIA
BBIOOPKH MOSIBJIAIOTCS B 9KCIIEPUMEHTAX TeOPHH CONPOTUBICHUA MATEPUAJIOB, & TAKZKe B TCOPUH
HAJIEKHOCTHU, TIe M3MEePeHnsl TPOBOAATCS TOCAeI0BATCILHO U JOCTYITHBIMEA OKa3bhIBAIOTCA Be-
JINYUHBI, KOTOPbIE IPEBOCXOAAT BCE MPeAbLAYIIHe BeJNIUHbL. IIpuMepsl BOSHUKHOBEHUST TAKUX
BBIOOPOK 1puUBO/sATCs B KHure [asmamboma 3] u B crarbsx [105], [108]. Ormernm, 410 HC1OIB30-
BaHue BHIGOPOK, COCTOSMIMX TOIBKO U3 PEKOPAHBIX BEJIMYUH, BO3MOKHO TAKzKe B CJIydae, KOraa

TPaJUNUOHHLIE BHIOOPKU COepKaT CJAUIMIKOM MHOTO HAOJIIOIeHMIA.

13 Bcero marepmuaJia, MOCBSIEHHONO MCIOJIb30BAHUIO PEKOPAOB B CTATHCTUYECKUX IPOIEe-
JIypax, B IJiaBe 4 JUCCePTAIMOHHONH PabOThl Mbl BBIOpAIU U IIPOAHAJTH3UPOBAIH MaTepHall,

CBA3AHHBIN C HAIIMMHI COOCTBEHHBLIMHI pe3yjJabTaTaMu.

JlanbHeiinee comepzkanue riaBel 4 caemayiomiee. B maparpade 4.2 MBI pacCMOTPUM KpHUTe-

88
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pUU MIPOBEPKU THIIOTE3BI OJHOPOTHOCTH, OCHOBAaHHBIE HA PEKOPIHBIX BesmunHax. VHbopMaug
Quriepa, cojepzKaliascsad B PeKOPIaxX, cJIa0BIX PEKOPJIAaX W B YUCIAX PEKOPIHBIX BETUIUH 00-
cyxkjaercd B naparpade 4.3. Nzydenune undopmarun Quiiepa, cojeprkaiieiics B PeKOP/IHBIX
CTATUCTUKAX, BAYKHO JIJIsl TIOCTPOEHUS OIEHOK, OCHOBAHHBIX Ha pekopax. B maparpade 4.4 06-
CYZKJTAIOTCS TeCThl, OCHOBAHHBIE HA PEKOP/HBIX BeJHYHHAX C MOATBepkKIAeHMeM. Takue TeCThI
MOXKHO MCIIOJIB30BaTh Jijisd OOHAPY2KeHHsI B BbIOOPKE W yJlaJl€eHUs] HETUIUYHBbIX HAOJIIOJIEHU,

umeromux "oosibmue 3HaYCHUS.

Pesyibrarst riiaBbl 4 n3jiaralorcsi aBTOPOM JUCCEPTAIMOHHON pabOThl B CJIE/YIOMMX 11y0/11-

kanuax: [199], [204], [216] u [228].
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§ 4.2 Kputepun npoBepkn runortesbl 04HOPOAHOCTN, OCHOBAHHbIE Ha

pekopaax

4.2.1 BBeaeHune

[Tycrs X=(X1, Xo,...) u Y=(Y1,Y5,...) — JBe He3aBUCHMBIE BHIGOPKU HE3ABUCUMBIX OJIH-
HAKOBO PaCIpe/IeJIEHHBIX CIyYallHbIX BeJuuuH ¢ (pyHKIusMu pacupejiesnenus Fx un Fy, coor-
BeTCTBEHHO. [IpoBepKa OJHOPOIHOCTH IBYX BBIOOPOK aKTyaJbHa J/ig OneHKH 3(pdeKTuBHoCTH

Pa3JIUYIHBIX ITPOM3BOICTBEHHBIX METOJI0B, MEIUIIMHCKUX ITPerapaToB, VA00peHuil n Tak jaJjee.

HYCTB HYyJIeBasd T'HIIOT€3a COCTOUT B TOM, YTO IIPpHM BCEX 3HAYCHHUAX apryMEHTa (bYHK]_[I/II/I

pacupenaejieHud paBHbI MEZKIAY coboit
HO : FX == Fy. (421)

OnpemeuM OTHOCTOPOHHYIO ATbTEPHATHBHYIO THIIOTE3Y CJeAyIOmuM obpa3zoMm. CymecTByioT

3HAYEHUsd apryMeHTa, JIJId KOTOPBIX

H,: Fx > Fy (422)

nJjin

H, : Fx < Fy.

TecThl, /1 TPOBEPKHU MOAOOHOIO POJIa TUIIOTE3, IMHPOKO OOCYZKIATACH B JIATEPATYPE, CM.,
manpumep, myoaunkamun Hembcona [141], [142] (Nelson 1963, 1993), Yakpabopru u Bau [lep
Jlana |63], |64] (Chakraborti and van der Laan 1996, 1997), a takxke kuury Bamakpuiniaana u
Hr [43] (Balakrishnan and Ng 2006). Kparko omuiiem u3BecTHbIe KDUTEPUH IIPOBEPKH TUIIOTE3bI

OJHOPOJHOCTH, OCHOBaHHBIE Ha IIOPAJKOBBLIX CTATHCTHUKAX.

yers X1y < Xowy < ool S Xy 1 Yig, < Yoy, <000 <Y, 0, — JIBe IOCTEI0BATETb-
HOCTH MOPSIIKOBBIX CTATUCTUK, TOJyUeHHble u3 BBIOOPOK (X1, Xo, ..., Xy, ) u (Y1,Ys,...,Y,,).

OHpeILe.HI/IM cnyqai/’leIe BEJINYNHDBI Mz (Z = 1, e ,ng) CJIe Iy IO M o6pa30M:
Mz’ - #{j € {17 s 7n1} : Yi—l:nz < Xj:n1 S }/i:nz}a

rje Yp.,, = —00. Kpurepun nposBepkn rurnores3nl OIHOPOJHOCTH OOBITHO OCHOBBIBAIOTCSI HA BEJIU-
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ypnax M. IIpocTeiimmmu u3 TaKMX KpUTepHEB Oyl1yT KPUTCPHH, OCHOBAHHBIC HA CTATHCTHKAX
!
Puy =31y M; u M,y = maxi<;<, M;. [Ipu Gosmbmux (Masbix, B caydae H,;) 3HAYCHHSX Besd-

/
ann P,y u M,y nyiesas runoresa H, orsepraercs u npuHIMaercs ee ajpreprarusa My (H,).

B sToMm maparpade MBI paccCMOTPUM KPUTEPUH MPOBEPKH THIOTE3bl OJHOPOTHOCTH, B KO-
TOPBIX HMOPSIJIKOBbIE CTATUCTUKH 3aMEHSIOTCS PEKOP/IHBIMU BeJIMUYNHAMU. lakue Kpurepuu 00-
cyKaasmch B Hameii pabore [199]. Bmecro Besmaun M; Gyiaem ucnonb3oBaTh Beaundannbl RM;

(1=1,2,...), oupejieisieMble PABEHCTBAMHU
RM; =#{j€{1,2,..}: Y(i—1) < X(j) <Y(i)}.

Baech Y(0) = —oo u X (i),Y(7) (i =1,2,...) — mocjie0BaTEILHOCTH PEKOPIHBIX BEJUYNH, T0-
JydeHHbix u3 Boioopok X u Y. Jlisg narypasbHoro r > 1 onpejesiumM Tpu TeCTOBbIE CTATHCTUKH.

Ilepsylo crarucruky RE(;) Ha3oBeM CTaTHCTUKO JOMUHUPOBaHUSA Y -pEKODIOB:
T
RP.y = E RM,;.
i=1
Bropyio crarucruky RM () Ha3oBeM CTATHCTUKON JOMUHHPOBAHHUA MaKCUMyMa Y -DeKOpJIOB:

RM,y = max RM;.

1<i<r

Haxkomnern, TpeTbio CTAaTHCTUKY RW(T) HA30BEeM CTATUCTHKON CYMMBI PAHTOB Y -PEKOP/IOB:
T
RWy = > Rank(Y'(i)).
=1

Besmuunbr Rank(Y (7)) sBasiores panramu pekopjnbix Bejquuun Y (i) B 10C/I€10BATEJIBHOCTH
Y(1),...,Y(r),X(1), -, X(RPy)). Tecr, ocHOBaHHBI{i Ha CTATHCTHUKE CYyMMbI PaHTOB PEKOD-
JIOB, aHAJIOTHYEH XOPOIIO u3BecTHOMY TecTy Buikokcona [185] (Wilcoxon 1945), ocHoBanHOMY

Ha CYMMe€ PpaHI'OB HOPAAKOBBIX CTaTUCTHK.

[Ipu npoBeieHUI CTATHCTUYECKOTO SKCIIEPUMEHTA Mbl IIPEJIOIArAeM, YTO KJIACCHIeCKAasl Bbl-
GopKa HeJOCTyIHA. 3/eCh MBI PACIOIaraeM BHIOOPKAMI, COCTOSAIINMHA U3 PEKOPTHBIX BEJTHYHH.
Takue BHIGOPKH HA3BIBAIOTCS OOPATHBIME BBIGOPKaMu 1epBoro poia (em. [164] wiu [165]). O6-

paTHas BHIOOPKA MEPBOTO PO/IA PACCMATPHUBAETCS B CJIEAYIONIEM TTPUMeDe.
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ITpumep 4.2.1. Ilpou36odusuct KOHMPONLHBIE USMEPEHUA PE3YALMATNOE HAPACTNAHUA QUG-
MEMPA 24.456GHUBECKUT U30eAUT, NOAYUEHHBLE NPU NOMOULL CMAPO20 U HOB020 NPOU3BOICTNEEH-

HO20 NPouUeCCcos.

e dannuvie (pexopduvie 6eAuNUHDL) 0 HapacManuy JuamMempa u30esuld npu cmapom MerHo-

NA02UHECKOM TIPOUECCE!

0.25, 0.32, 1.66, 1.75, 2.41, 2.51, 2.68, 2.79, 2.90, 2.99, 3.53, 3.56,

e dannovie (pekopdrvie GeAUNUHBL) 0 HAPACTNAHUY OUAMEMPA U30EAUT NPU HOBOM TETHOAO-

2UMECKOM NPoUeCCE:

1.05, 1.24, 3.50.

Hoavaysaco smumu darnvimu, Heobrodumo cdesamsb 6u600 0 mom, spdexmuehed AU HOBBLT

MELHONO2UYECKUT] npouecc ONA U320MOBACHUA 2AAbEAHUMECKUL U3deauti?

oToT IpuMep MbI 6y,ILeM HCIIOJB30BAaTDh JJId UJIIIOCTPUPOBAHUA HAIIUX CTATUCTUYECCKHUX KPHU-

TepueBs.

Jlanee B 3ToM maparpade Mbl HaiigeM COBMeCTHOe pacupeaesnerne Beauaund RMq, RMs, . ..
U pacupeje/ieHus TecroBblX craructuk RPyy, RM)y n RW ). Mbl Takxke paccMOTpum COB-
MecTHOe pacupejienenue Beaudun RMq, ..., RM, npu ajnbrepHaTUBHBIX THHoTe3ax Jlemana
H, : Fy = g(Fx). ®yuknua g 6yger muddepennupyemoii u HeyObIBaoOIIeii, omnpeeg eHHoi
na [0, 1], raxoii uro g(0) = 0 u g(1) = 1. Mbl paccMOTpUM AJIbTEPHATUBHbBIE I'UIIOTE3bl C/BH-
ra u OOCYIMM CHUTYaIHIO, KOI/a KOJUIECTBO PEKOP/IOB HEIOCTATOTHO JIJIsi TOTO, 9TOOBI JIe1aTh
CTaTUCTHYECKHUE BLIBOJIBI. B 3TOM nmaparpade mbl npesmnosiaraeM, 9to F'x u Fy — HenpepbiBHbIE

GYHKIIUN pacipe/ie/eHus.

4.2.2 CoBmecTHOe pacnpegeneHue sennydud RM; npu cnpaBegMBOCTU HY/1€BOIA

rmnoTe3bl

PaCHpe,ZLeJIeHI/IH BCE€X TECTOBBLIX CTATHCTUK JAaHHOT'O Haparpa(ba OCHOBaHBbI Ha COBMECTHOM

pacupeaenenue Benuaud RMy, ... RM,. Ilociennee obcyxaaercsa B Teopeme 4.2.1.
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Teopema 4.2.1. Ilycmv cnpasedausa wyaesas zunomesa Hy @ Fx = Fy. Tozda cayuativnoe

seaunurv, RMy, RMs, ... Hezasucumo, U UMeOm 2e0MEMPUUECKUE PACTPEIENCHUA
1\ k1
P(RMi:k|H0):(§) (1>1k>0).

JokazaTesbcTBO Teopembl 4.2.1. B maparpade 3.2 paccmarpupasinch seamdannnr p1 (a, b],
paBHbIe KOJIHYIeCTBY X -PEKODJIOB, MONAIAIIUX B OTPe30K (a, b]. Tlonb3ysach STuMu BeJndnHa-

mu, 3anummem (r > 2, k; >0, i=1,...,7):

P(RMl - kl,RMg - kg,...,RMT - kr)

- / P(MX(_OO7 yl] = ki, ... 7#X(yr—la yr] = kr)dFY(l),...,Y(r)(yla s ayr)>
B

rjie 001aCTh HHTErpUpoBaHus I3 mveer BH/I:

B:{(yl,...,yr)3y1§y2§...§yr},

aFyay,.viy Wi, - y) = P(Y(1) <wyi1,...,Y(r) <y,). UsBectno (cm., nHanpumep, [15]), €ro

dFy ),y - v) = [ 572 dF (00), y1 <y <. <.

N3 nemvnr 3.2.3 ciemyet, 9To

P(RM, = ki, RMy = ks, ..., RM, = k,)

R r F i
_ 1 / Py [—In Ifx(yl)]fl [T [_ In FX)((ZSJ 1)} HdF y). (42.3)
Fy ko k! ' FY(Z/l)FY(Z/ ) FY yr 1 VA '

Unrerpupyst B (4.2.3) n yunrsiBasi, uro Fy = Fy, nonydaem:

1 k141 1 kr+1
P(RMlzkl,...,RMr:kT|Hg): <§> (5) .

W3 nocnenneit popMyabl BeITeKaeT, uTo Benuauabl KM, RMs, ... He3aBUCUMBI U UMEIOT Teo-

MeTpHUeCKyI0 (DYHKIMIO pacupeaenenus ¢ napamerpom 1/2. 0
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N3 Teopembr 4.2.1 TakzKe cjejyeT, 9To JI0O0H TecT, OCHOBaHHbIN Ha Beauunnax RMy, RMs, . . .,
OymeT HemapaMeTpHYecKHM. B 9acTHOCTH, TAKOBBIME OYIYT TPU TECTA, ONpEIeTeHHbIe BBIIIe —

TecThbl, OCHOBaHHble Ha RP;), RMy u RW (.

4.2.3 PacnpegeneHusi TeCTOBbIX CTAaTUCTUK

TecT, oOCHOBaHHBIII HA CTATUCTUKE JOMUHUPOBAHUSA Y -PEKOPAOB.

N3 Teopembr 4.2.1 ciemyer, 9TO ecji ClpaBeinBa HyJjeBasi rumnore3a, 1o RMi, RM,, . ..
Oy/1yT HE3aBUCUMBIMI OJWHAKOBO PaCIpPeIeIeHHBIMA T€OMETPUIECKUMHI CJAyIaifHBIMI BeJIMIH-

Hamu ¢ napamerpom p = 1/2. Torga craructuka
RPy) = RM,
i=1

nMeeT OTpHUIAaTebHOe OMHOMUAIBHOE paciipeiesienue ¢ napaverpamu (1, 1/2). CoorBercBeHHo,
JUIsl IAHHOTO YPOBHSI 3HAYNMOCTH (v, KDUTHYECKast 001acTh uMeer Bu: {sp,sp+1,...}, rae sp

onpe/jeidercd paBeHCTBOM

sp—1 1 j+r
_ . _ _ } : j
O./—P(RP(T)ZSP|H0.Fx—Fy)—]_— CT+j71 (5) .
Jj=0
ITockonbKy Benmuuna [RP;) uMeeT JUCKpeTHOe paclipejie/lenue, 1Id JaHHOIO YPOBHA 3HaYH-
MOCTH (¢ He BCerjia MOXKHO 110/100paTh coorBeTcrByoiiee Sp. MoxKHO BbIOpaTh KpUTHUYECKOE
3HAYeHHe Sp PABHBIM HANMEHbIEMY IeJIOMY 9YHCILY, YIOB/IeTBOpsiomeMy pasencTBy P(RFPy) >
sp|Ho : Fx = Fy) = o < . B rabaurne 4.1 1anbl COOTBETCTBYIONHE KPUTHIECKUE 3HATCHHUSI
$p JUIs pa3nuuabX yposueil snaunmoctu o = 10%, 5% n 1% u r = 1(1)5. OrmernM, uro B

upocreitiem ciydae (Korjga r = 1) Kpurudeckue 3HadeHusi MOTYT ObITh Hafi/IeHbl U3 DABEHCTBA
Sp = [_ log, 047

rjae [x| — nanMenbee neaoe 9uca0, GOIbINEe UM PABHOE .

Crneayer oTMeTuTh, 4TO pacupesenenne [RP;) MoxKeT ObIThL Haii/leHO HHBIM, OTJIMYHBIM OT
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Tabsuma 4.1: Kputudyeckue 3Ha4eHus Sp ¥ YPOBHH 3HAYUMOCTH ¢ JIJIsI T€CTa, OCHOBAHHOTO Ha
craructuke RP)

a=10% a=5% a=1%
Sp o Sp o Sp a*
r=1| 4 0.0625 5 0.03125 7 | 0.0078125
r=2|6 0.0625 7 10.0351563 | 10 | 0.00585938
r=3| 7 | 0.0898437 | 9 | 0.0327148 | 12 | 0.00646973
r=4|9 | 0.072998 | 10 | 0.0461426 | 14 | 0.00636292

=5 | 10 | 0.0897827 | 12 | 0.0384064 | 15 | 0.00960541

YKa3aHHOTO B 9TOM pas3jese, MeTo0M. PaccMOTpuM 3TOT abTepHATHBHBIN MeTo 1. Meewm:

P(RP,y < ) = P(X(s) > Y(r)) = / P(X(s) > y)dFy ) (y)

- ﬁ Z_: %/RFX(Z/)[— In Fx(y)]* [—1In By ()] 'dFy (y), (4.2.4)

rie Fy iy (y) = P(Y(r) < y). Hoassyscs B (4.2.4) 3amenoit z = —In F(y), noayuaem cieyro-

1ee:

s—1
1 I
P(RP(T) < S‘Ho) = m E E . 6_2ZZk+T_1dZ
T o

s—1 1 k+r
= ZOerkfl <§) (s> 1).
k=0

[Tocaentee coorHomeHne O3HAYALT, YTO Bendnna R P,y umeer orpunare/bHoe OHHOMHAIBLHOE
pacnpe/esienne ¢ napamerpamu (r,1/2). Takum obpasom, pacupejenenne RF) Ob110 HaiineHo
0e3 HUCII0Ib30BaHUSA COBMECTHOIO pacupejaenenns Beguwdun RM;, ..., RM,. Takoe BO3MOXKHO

TOJIBKO JIIsl CTATUCTUKN [RP;) 1 HeBo3MOXKHO Ay craTucTuk RM ) u RW,.
Tect, OCHOBaHHBII HAa CTATHCTUKE JOMHNHHPOBAHUSA MaKCHUMyMa Y -pPEKOPIOB.

HaHOMHHM, YTO CTaTUHCTHUKA JOMUHUPDOBaAHUA MaKCUMYyMa Y—peKOp,Z[OB nMeeT BUI:

RM,y = max RM;.

1<i<r

JInst 3aJaHHOTO YPOBHS 3HAYUMOCTH (v ONPEIETUM KPUTHIECKYIO 001acth {Syr, sy + 1,...}.



Imaa 4. Crarucruveckue mporeyphl, CBSI3aHHBIE C PEKOPJaMI 96

371ech S); — HAMMeHbIIlee HATYpPAJIbHOE YHUCJIO S, Y/IOBJIETBOPSIONIEE YCIOBUIO
P(RM(T) 2 S‘Ho) =a S .
Teopema 4.2.1 naer BO3MOKHOCTb HaiiTu pacupefenenue RN,y npu cupasegnusoctu Hoy:

P(RMy < s|Ho) = [[ P(RM; < s|Hqy : Fx = Fy)

=1

Q)] e

M3 mocsiegHero paBeHCTBAa HAXOAUM KPUTHUECKHE 3HAUCHUS
su = [—logy(1— (1 —a)"/")]
M= g .

OtmernM, uro Bennunna M) TakxKe MMeeT JUCKpeTHoe pacnpejenenue. CooTBeTCTBEHHO,
3aJIAHHBII YyPOBEHb (¥ MOYKET OTJIMYAThCsd OT TOYHOTO YpPOBHs 3Hadyumoctu . B rabsmie 4.2
npeacTaBJACHbBI KPpUTUYECKHUE 3HAYCHUA Sps JJIdAd COOTBETCTBYIOIINX ypOBHeﬁ 3HAYNMOCTH (¥ =
10%, 5% u 1% n r = 2(1)5. B npocreiimem cayuae (korma r = 1) Tect, OCHOBAHHBIH Ha
CTaTUCTHUKE JOMUHUPOBAHUA MAKCUMYyMa Y—peKOp,ZLOB, COoBlIala€T C TEeCTOM, OCHOBAHHBIM Ha

CTATUCTHUKE JIOMUHUPOBAHUS Y -PEKOPIOB.

Tabsuna 4.2: Kputndeckne 3HaMEHAS S); U YPOBHH 3HAUUMOCTH ¢ JI/IsT TECTA, OCHOBAHHOTO Ha
crarucruxke RM

a=10% a=5% a=1%

SMm a* SMm o Sy o
r=2| 5 |0.06152344 | 6 | 0.03100586 | 8 | 0.00779724
r=31| 5 | 0.09085083 | 6 | 0.04614639 | 9 | 0.00584794
=4\ 6 |0.06105035 | 7 | 0.03088569 | 9 | 0.00778964
51 6 10.07572144 | 7 | 0.03845690 | 9 | 0.00972755

TecT, OCHOBaHHBII HA CTATHUCTUKE CyMMBbI PAHTOB Y -pPEKOPIOB.

Hamomunm, 9To Kiaccmdeckuil TecT BuIkokcoHa ocHOBBIBaeTcs Ha craructuke W, ., =

> iz, Rank(Y;). Baecs Rank(Y;) — panru sesmunn Y; B BO3PACTAIONIEH T0C/I10BATEILHOCTH,

HOJIyYeHHOW W3 BeJWYnH Y1,. .., Y,,, Xi,..., X,,. HynzeBas runoreza H oTBepraercs u mpuHu-
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MaeTcs adbTepHaTHBHAA [, ecin crarucTtuka Kputepusa W, ,, TpHHIMaeT OOJIbIINe 3HAYCHAS.

MBI npeajaozKuM TeCT AHAJIOTUYHBI TeCcTy BI/IHKOKCOH& — TecCT, OCHOBAHHBIII Ha CTaTUCTHUKE
cymMm panros Y-pekopos. Ilycts Rank(Y (7)) — panrun pekopanbix Beandans Y (4) B mocJenoBa-

teapHocTH X 1 Y-pexopaos. Hampumep, 11g moc/ie10BaTeIbHOCTH
X1)<X2)<Y(1)<XB)<Y(2)<X(4)<...

nveem: Rank(Y' (1)) = 3 uw Rank(Y'(2)) = 5. Crarnctuky Kpurepus Jjisg TAKOTO TeCTa OIMpejie-

JIMM PaBEHCTBOM

RW,) = Z Rank(Y (4)).

Ormerum, uro Rank(Y (1)) = RM; + 1 u Rank(Y (7)) — Rank(Y (i — 1)) = RM; +1,i=2,3,. ..
Teopema 4.2.1 mosposiger naiitu pacnpegenenue RW () 1npu cnpasepausoctn runoresb Hy.

Torma

P(RW(,) < s|Ho)

= Y P(Rank(Y(1)) =1,..., Rank(Y (r)) = i, | Hy)
Ay (s)

= ) P(Rank(Y(1)) = i1, Rank(Y'(2)) — Rank(Y (1)) = i — iy, ...,
Ay (s)

Rank(Y (7)) — Rank(Y (r — 1)) =4, — 4,1 | Hp)

= Y P(RM; =iy —1|Hy)...P(RM, =i, — i,y — 1 | Hy)
Ay (8)

1"
- ()
Ay (s)

rjie MHOZKeCTBO Ay () onpeesisieTcst paBeHCTBOM
Aw(s) = {(inyig, . ir) 10 < iy < ... <ipmiy+ig+ ... +ip < s} (4.2.5)

IIpu Gonbiux 3navyenusx craructuku RW ) nyiesas runoresa Hy orsepraercd B HOJIb3Y allb-
TepHATUBHOI runmoTe3bl 1. CiaemoBaTesnbHO, /I 33JaHHOTO YPOBHA (v KpUTUYECKas 00J1acThb

nmeer Bu: {Sw, Sw +1,...}, [Jie KpUTHYECKOe 3HAUEHUE Sy COOTBETCTBYET YPOBHIO . 31ech,
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KaK ¥ Ipex/je, & — MeHbllee, Hanbosee 0JIM3K0e K v YUCJI0, TAKOE UTO Sy — IEeJ0e YHCJI0 U

1\"
P(RW(T) > Sw|H0) =1- AZ() <§> = o < a.
(m\S

B Tabsmne 4.3 npejcraBiensl KpUTHIECKHWE 3HAUEHUS Sy W COOTBETCTBYIOIINE YPOBHU 3HAUU-
moct o« = 10%, 5% u 1% mna r = 1(1)5. OrmernM, uTo B mpocteiimem caydae (korga r = 1)

cupaseauso: RW ) = RM; +1 = RP)+1= RM)+ 1. Ilociennee osnauaer, uro upu 7 = 1

TeCThl OCHOBAaHHbIE Ha cTaTucTHKax RPyy, RM(r) u RW,) coBnamaior.

Tabsiuma 4.3: Kpurndeckue 3Ha4enust Sy U YPOBHM 3HAYUMOCTHU ¢ JIjIsl T€CTA, OCHOBAHHOTO HA
crarucruke RW(,)

a=10% a=5% a=1%
Sw o Sw o Sw a*
r= 5 0.0625 6 0.03125 8 0.0078125
r=2| 11 | 0.09179688 | 13 | 0.04638672 | 18 | 0.007797241
r= 20 | 0.09049988 | 23 | 0.04720116 | 30 | 0.009989381
r=4| 31 | 0.09705752 | 36 | 0.04505190 | 46 | 0.008946404
r= 45 | 0.09457651 | 51 | 0.04653606 | 64 | 0.009166311

ITpumep 4.2.1 (npomoskeHue)

[Ipoananusupyem TecTsl, OCHOBaHHble Ha crarucTukax RPqy, RM(r) u RW(,y na upume-

pe 4.2.1. [Tocko/ibKy BTOpasi oOpaTHasi BHIDOPKa COCTOUT TOJIbKO M3 3-X HAOJIIO/IEHU, TTOJ0KIM

r=23.
[ ] CTaTI/ICTI/IKa JOMHUHHUPOBaHUA Y—peKOp,ILOB IIpuHUMaeT CJIe,ZLyIOHlee 3HaYCHHUe:
RP(g) =2+0+8=10.

13 tabiuibt 4.1 HAXOAUM, 9TO JJId YPOBHS 3HAYUMOCTH 5% KPATHUECKOE 3HAUCHHE PABHO
9. [Tockosbky RP3) = 10 > 9, Mbl OTBepraeM HyJIeBYI0 FMIOTE3Y M 3aKJ/H04aeM, 4TO HOBbIii

MPOU3BOJICTBEHHBIH TTpotecc 0oJiee 3PpPHEeKTUBHBIN.

e Crarucruka JOMUHUPOBAHUSI MAKCUMYMa Y -PEKOP/IOB IPUHUMAET CJIe/YIOIIee 3HaYeHue:

RM(g) = maX{Q, 0, 8} = 8.



Imaa 4. Crarucruveckue mporeyphl, CBSI3aHHBIE C PEKOPJaMI 99

13 Tabaunpl 4.2 HAXOAUM, UTO g 5% YPOBHS 3HAYUMOCTH KPATHIECKOE 3HAYCHIE PABHO

6. [Tockonbky RM(3y = 8 > 6, MBI OIATH OTBepraeM HyJeBYIO FHIIOTe3y OJHOPOTHOCTH.

e CraTucTUKa CyMMBI PAHTOB Y -PEKOPJI0B IPUHUMAET CJIe/IyIolnee 3HAUCHHE:

RW(3)23+4+13:20.

13 Tabaunpt 4.3 ciaemyer, 9ToO KpUTHYECKOE 3HAYeHHE g ypoBHA 5% pasmo 23. Ilo-
ckoaibKy RW(3)y = 20 < 23, To Her ocHOBanuii OTBepraTh HyJIeByI0 TUIOTe3Y JIId yPOBHH

saagnmoctu H%.

4.2.4 Pacnpegenenus senuund RM; v Rank(Y (7)) B cnyuae cnpaseanusoctu

asbTepHaTuUBHOW runote3bl JlemaHa

Jleman [124] (Lehmann 1953) mpeyiosKut pocToil KIace aJbTepHATHB JJisl UCCJIe0OBAHNS
MOIIHOCTU HEeTapaMeTPUIeCKUX TeCTOB, OCHOBAHHBIX HA IOCJIE€/I0BATEIbHBIX PAHIAX BEJTMIHH
Y;. Bemmawnsr Y; OepyTcst m3 cOBMecTHON BBIOODKH, cocrosmieit w3 Habaogennit X, ..., X,
n Yy, ..., Y,,. OrmeTrnM, 9TO BCe TecTHl 3TOro maparpada OCHOBAHBI Ha IOCJIEI0BATETHLHBIX
paHrax, TO eCTh OHU yIOBJIETBOPSIOT YC/JIOBUSIM KJIACCA TECTOB, UCCae0BaHHbIX Jlemanom. U aes

JleMaHa cocTosiia B pacCMOTPEHHH KJIacca aJbTePHATUB, ONPe/Ie/IsieMbIX PAaBEHCTBOM

Hy: Fy = g(Fx), (4.2.6)

rae g — muddepennupyemas dynknus, 3agasaemas Ha orpeske [0, 1], Takas uaro g(0) = 0 n
g(1) = 1. On nokasaj, 4To pacrpejie/eHus MOCIeI0BATEbHBIX PAHIOB IPH CHPABEIINBOCTH
aJbTePHATHBHON rumoTe3bl H; 3aBUCAT TOJBKO OT (bYHKIHHU ¢ U He 3aBucAaT ot Fy m Fy. On

TaKzKe MOKa3aJl, 9TO

P(Rank(Y7) = ry,...,Rank(Y,,) = r,,|H1 : Fy = g(FY))

1
_ / /
- m E[g (U51,n1+n2) - g (Usnzyn1+n2)]’
ni+nz
e Ut pygns < Usnying < oo < Upytngni+n, — HOPSIKOBBIE CTATHCTHKH, IOy IeHHBIE U3 BBIOOD-

KM HE3aBUCUMBIX PABHOMEPHO pactpejenenubix Ha orpeske [0, 1] cayuaitupix Besmann. Anagio-
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TUYHBIH Pe3yJIbTaT CIHPABeJINB U JJisi TECTOB, OCHOBaHHBIX Ha Beamunuax RM; u Rank(Y (7).

Teopema 4.2.2. [Tycmw cnpasedausa arvmepnamushas 2unomesa Jlemana Hy @ Fy = g(F),
2de g — dupepenyupyeman Pynryua, onpedeaennan na ompeske [0, 1], maxas wmo g(0) =0 u
g(1) = 1. Tozda mougnocmo a106020 mecma, ochosarhozo wa eeaununaxr RM; u Rank(Y (7)), sa-
sucum moavko om pynryuy g. Pacnpedesenus smux cmamucmur 3adaromes oas ki, ... k. >0

ul <mp <...<m, paseHcmseamu:

P(RM; = k..., RM, = k,|H,)

r—1 g (ki Akiti)\ =T (k1. ki)
_ 101 (k1 Aker)\ =7 (k1. Akt g(l—e Je
=F|d(1—e™" ye T H ol o) (4.2.7)
u
P(Rank(Y (1)) = my,.. Rank(Y( )) = m,,|H1)
g'( — U(my)]
= FE\|¢qU(m,))1—-U(m,)] H (m D : (4.2.8)
2de T(1) < 7(2) < -+ — pexopdui, NOAYUEHHBIE U3 NOCAEO0BANENHOCTNY CAYUATIHOLL GEAUNUH,
UMEIOWUT CMandapmHoe skcnokeryuasvhoe pacnpedeaenue, a U(l) < U(2) < ... — pexopov,

NoAYUEHHDLE U3 nocaedosamesbHoCmu GCAUMUH, UMENOWUT cmam?apmnoe pasHoOMEpPHOE pacnpe-

deaerue.

HoxkazarenbcTBo Teopemsbr 4.2.2. 113 dopmyist (4.2.3) mas k; > 0, i = 1,...,7r noxydaem,

qTo

P(RM, = ky,...,RM, :k |H,)

9 (Fx( yz ) Fx
/B (FX yT FX H = ( g) ) dFY(lirl), LY (ki +kr+r)(y1a'~'7y7”)a

e auddepeHiualt dFy(kl+1),m,y(kl+,._+kT+r)(yl, ..., Yr) OBLI OIIPEJIEJIEH B JOKA3ATEIHLCTBE TEO-

pembl (4.2.1). Torma

P(RM; = k..., RM, = k,|H,)
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= Ery [0 (Fx(Y (k1 + ..+ ke + 7)) Ex(Y(ki + .+ Ky 7))

r—-1 , . n .
Fx(Y e ; Fx(Y . ;
% H g ( X( (k‘l + + ]{?Z + Z))) X( (kl +. + kl + Z)) (429)
i1 l—g(Fx(Y(k1++]€Z+l>>)
IockombKy s 060ro n > 1 cayuaitasie sextopst (1—e ™MW . 1—e ™M) u (U(1),...,U(n))

UMEIOT OJIMHAKOBBIE PACIPe/ie/IeHus], 13 paBeHCTBa (4.2.9) BBITEKAeT ClPpaBeJIMBOCTh DABEHCTBA

(4.2.7). OrmernM, aro pasenctso (4.2.8) ciemyer u3 (4.2.7), Tak Kak

Rank(Y(j)) =j+ Y RM; (j=1.2,...).

k=1

0

13 (4.2.7) MOXKHO 3aKJIIOUATH, YTO OJHOI U3 HAMOOIee MOAXOIAIINX ATBTEPHATHBHBIX THIOTE3
Oy/leT TunoTesa

Hy :Fy=1-(Fx)" (y€(0,1)), (4.2.10)

rae g(z) = 1 — (1 —x)7, v € (0,1). AnprepraTuBnast runoresa, onpejgessieMas PaBeHCTBOM
(4.2.10), mpocra W ee BWJ He 3aBHCHT OT MCXOAHOrO pactpenenenns F. Paccmorpum maee
pacupenenenus RMy, RMs, ... npu ycIoBULX, UTO CIpaBejiuBa rumore3a H; u yHKIug g

umeer su: g(x) =1— (1 —x)7.

Caencreue 4.2.1. ITycmo cnpasedausa arvmepnamuea Jlemana Hy : Fy = 1 — (Fx)7, v €

(0,1). Tozda seaunurv, RMy, RMs, ... nezagucumovl u

k
gl 1 ,
P(RM; =k | H) = —— [ — > 1,k >0).
( | ) 7+1(7+1) iz )

Jasiee Mbl HaitjieM (DYHKIUU MOIIHOCTH BCEX TPEX TECTOB, 0OCYZK/IABIIUXCS PaHee.

4.2.5 MouiHoCTn TecToB Npu anbTepHaTmueax JlemaHa

Wcenemyem MOITHOCTH TecTa, OCHOBAHHOTO Ha CTATUCTHUKE JOMUHWUPOBAHUS Y -PEKOPIIOB.

Ilycre dynknua Sip () (v € (0,1)) ABAseTcs MONMHOCTBIO TAKOTO TECTA IPH yPOBHE 3HA-
T

YUMOCTH ¢ U anbTepHaTuBe Hq, onpenenennoii (4.2.10). U3 cneacrug 4.2.1 cienyer, 910 cTa-

TUCTUKA RP(T) ABJIACTCA CyMMOfI T HE3aBUCUMbBIX OJJMHAKOBO pacClipeAe/JIEHHbIX 'eOMETPUICCKUX
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CﬂyqaﬁHbD(BeﬂHqHH u, cJaeaoBaTe/IbHO, UMeeT OTpHUIlaTeJILHOe OMHOMHIAJIBHOE pacipejaesaeHmne

¢ TTapaMeTpaMu (r

,fh) Orkyna ciemyer, 9To

Bep,,(7) = P(RPy) > sp|H, : Fy = (Fx)")

sp—1 . ~ r 1 j
r+j5—1
o v+1 v+1

Ha pucynxke 4.1 nzobpazkenbl (pyHKIMM MOIIHOCTH TeCTa, OCHOBAHHOIO Ha cTaTucTuke RP).

1 1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0. 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1
r=1 r=2
1 1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0. 0.4 0.6 0.8 1 0.2 Oi4 0.6 0.8 1
r=3 r=4
1
0.8
0.6
0.4
0.2

0.

0.4 0.6 0.8

=

Puc. 4.1: Qynxnun momuoctu Sgp | (v) npu anbrepuaruse Jlemana u r = 1(1)5, o = 0.05
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Teopema 4.2.3. [l urcuposannoir seausun T u & mougnocmo mecma Bgp (v) (v € (0,1))

ABAAEMCA cMPo20 Yowsaroulet: Gyrryued.

JokazarenbcTBo Teopemsbr 4.2.3. Haiijem npousBoinyo OyHKINNA 6;‘{,P(T) (7):

d

@B%PW(V)
:_SPZ_ICJ' | 1 T( v )r—l( 1 )j_( ~ )rj( 1 >j—1
= Ty 4+ 1)2 v+1 v+1 v+1 v+1
sp—1 r i sp—1 r+1 71
- ; gl 1 i1 (7 1
— I _ (o S
(y+1)y ; " <7+1) (’Hl) ; o (’Y+1) (7+1) ]
sp—1 T j  sp—2 r+1 j
—r : ~ 1 , v 1
i [ () () - Een ) ()
(y+ 1)y ]ZO T\ y 41 y+1 ]ZO T\ y+1 y+1

_ ﬁ {P (nb (7“,711) <sp— 1) _p <nb (r+1,#) < sp—zﬂ (4.2.11)

B dopwmyne (4.2.11) nb (T, %) u nb <7“ +1, %) — caydJaiiHble BeJIMYIUHBI, UMEIOINe OTPH-

narejbHoe OMHOMHUAJBHOE paclpeje/eHne, ¢ napaMerpaMu (7", #) i (7" +1 L), COOTBET-

» v+ 1
f‘)/
nblr+1,—— ) <sp—2
fo (e 1573) 2]

={ (r+1)-my ycuexy npeaniecrBoBajn Kak MUHUMYM Sp—2 HEY/IA4H }

crBerHo. [TockosbKy

C { r-My ycrnexy mpejiecTBOBaId KAK MUHUMYM Sp — 2 HeyJIadu }

C { r-My ycrmexy mpejniecTBOBad KAaK MUHHMYM Sp — 1 Heyaadu}

y
— b <sp—1
{n (r’7+1)_sp }

(rae BBIIEyKa3aHHBIE BKJIOYeHus crporue), u3 (4.2.11) noayvaem, 9ro

¥ v
P(nb 1. V<sp—2)<P(nb <sp—1].
(n (TJF ’7+1>_8P )< (n (T’VH)_SP )

113 nocsiejHero HepaBeHCTBA BBITEKAET, YTO %ﬁj’ép(r) (v) <0.0
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I3 Teopembr 4.2.3 cieayer, 4To TecT, OCHOBaHHBI Ha craTucTuke RP(), ABIgeTcd HecMelleH-

HbIM.

I/ICCﬂe,ZLyeM MOHOTHOCTb T€CTa, OCHOBAHHOI'O Ha CTATHUCTHUKE JOMHUHHPOBaHUA MAKCHMYMa Y-

pekopaos. Ilyers dbymxmus Sz (7) (v € (0,1)) sBAsIETCSI MOIIHOCTBIO TAKOTO TECTA MPH

YPOBHEe 3HAYMMOCTH (v U ajbrepHaruBe Jlemana, onpeensiemoii pasencrsom (4.2.10). U3 coex-

crBus 4.2.1 BBITEKAET, 9TO

51051M<,.) (7)

= 1- [ P(RM; < sy |H))

i=1

= 1- (1 - <#>M> v e (0,1).

Ins ukcupoBaHHbIX T U ¢ (DYHKIUS MOIIHOCTH 51%1\/1( , (7) crporo yObiBaeT Ha OTpe3Ke

v € (0,1). Cunenosarenbro, TecT Takke HecMmenleHubiii. Ha pucynke 4.2 u3obparkenbl (yHK-

mun MorHocTn st o = 5% u r = 2(1)5.

1 1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0.2 0.4 0 0.8 1 0.2 0.4 0.6 0.8 1
r=2 r=3
1 1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0.2 0.4 0 0.8 1 0.2 0.4 0.6 0.8 1
r=4 r=>5

Puc. 4.2: Qynxuun mompoctu Sz (v) npu anbrepuaruse Jlemana u r = 1(1)5, o = 0.05.
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UccseyeM MOITHOCTH TecTa, OCHOBAHHOIO HA CTATHCTUKE CYMMBI DAHIOB Y -DEKOD/IOB.

o
Iycre Bz, (7) (v € (0, 1)) — MOMHOCTE TAKOTO TeCTa IPH yPOBHE 3HAMIMOCTH (¥ H ATTBTePHATH-
Be Jlemana, onpegesennoit (4.2.10). Iosnb3ysich caeacrBuem 4.2.1 u cXOKUME PACCyZKJICHUSIMU,

MO2KHO TTOJIYYUTH PaBEHCTBO

(0% ' ]' iT
B, (V) = P(RWiy > sw|H) =1—7" > (—) ,
Ay (sw) v+l

e MuozxectBo Ay (s) onpesesnsiercst pasencrsom (4.2.5). Ha pucynke 4.3 n3o6pazkens (yHk-

MU MOIIHOCTH JaHHOTO Tecta npu o = 5% u r = 2(1)5.

1
0.8 0
0.6 0
0.4 0
0.2 0
0.2 0.4 0.6 0.8 1
r=2
1
0.8 0
0.6 0
0.4 0
0.2 0
0.2 0.4 0.6 0.8 1
r=4

Puc. 4.3: Oynxmum vmommocrn gy () npu anprepuaruBe Jlemana n r = 1(1)5, a = 0.05.

Anayms pucynkor 4.1-4.3 noka3weiBaer, 9T0 (DYHKIWSA MOITHOCTH YBEJIUINBALTCS BMECTE C
poctom r. OHAKO yBeJIHUIeHHE 1" TpeOyeT yBeIuUeHHsT pa3MepoB O0BITHONH BEIOOPKH U 0OpATHOM

BbIOOPKH 1IEPBOI'O POJIA.



Imaa 4. Crarucruveckue mporeyphl, CBSI3aHHBIE C PEKOPJaMI 106
4.2.6 PaBHoMepHO Hanbosee MOLLHbIW TECT, OCHOBaHHbI Ha Benu4dunHax RM;

Haiimem paBHOMepHO HamboJiee MOIIHBINA TECT, OCHOBaHHBII Ha BeauumHax RM;, nna te-
cruposanus runoresst Hy : Fx = Fy upn ansrepnaruse Jlemana H, : Fy = 1 — (Fx)7. Ecim
sacukcuposarh y € (0, 1), To 06€ TUTIOTE3bI, OCHOBHAS W aIbTEPHATUBHAS, OY/IyT IPOCTHIMU TH-
nore3aMu. K HIM MOXKHO npuMeHHTH JeMmy Heitmana—IIupcona. [lo 3Toit 1emme paBHOMEpPHO

HauboJIee MOIIHBIA TecT orBepraer rumnoresy Hy Torga u TOJbKO TOILa, KOIAa

P(RMl =k, RMy =ks,...,RM, = kT|H1 : FY = (FX)’Y)
P(RM, = ki, RMy = ky, ..., RM, = k,|Hy : Fx = Fy)

> 50, (4.2.12)

rJ1e S — OlIpejieJIeHHbIM 00pa3oM BhIOpaHHOe Kpurudeckoe 3Hadenue. [losb3ysich Teopemoit 4.2.1

u caencreuem 4.2.1, 3amuniem HepasencTBo (4.2.12) cepyromum obpasom:

2 k1++kr+7"
) e

[locieqHee HEpaBEeHCTBO MOXKHO TaKzKe IepenucaTh B 00Jee IPpOCTOM BHIE
ki+ ...+ k> s,

rjJe s; — HeKoTopad KoHcTaHTa. Takum o6pa3oM, TecT, OCHOBaHHEBI Ha Beudaune P, okazauca
paBHOMEPHO HauboJIee MOIIHBIM TECTOM Jijis TecTupoBanus runoresnl Hy @ Fx = Fy, umelonieit

aabTepHaTHBHyI0 runotesy Hy : Fy =1 — (Fx)? (v € (0,1)).

4.2.7 AnbTtepHaTuBHble runoTe3bl CABUra

AnbTepHaTHBHBIE THIOTE3BI C/IBUTA UMEIOT CJIeIYIONUi BUT;:
H, : Fy(x) = Fx(z —0) (6> 0). (4.2.13)

OHU SBJISIOTCS IOJKJIACCOM 6oJiee MIMPOKOrO BHJA adbTepHATHB Hi, ONpee/eHHBIX DABeH-
crBoM (4.2.2). Jlng maHHOro pacnpesenenus Fx OHIH PacccMaTPUBAIOTCS KAK ATbTEPHATHBHI,
sagasaembie dynkmpeii g(z) = Fx(Fy'(x) — 0). las 3THX aJbTepHATHB MOYKHO IPHMEHATH
Teopemy 4.2.2. B obmem caygae dbymnkmua g(z) = Fx(Fy'(x) — 0) MoxeT uMeTh CIOKHbII

Buji. Toryma paBeHcTBo (4.2.7) He JACT BO3MOXKHOCTH HANTH COBMECTHOE DACIIPe/IeJIeHIe BeJIN-
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yudn RM;, ..., RM,. ®yHKIUA MOIIHOCTH TECTOB, OCHOBAHHBLIX Ha BequumHax RMy, ..., RM,,
B AHAJTUTHYECKOM BHI€ MOIYT OBITH HaliIeHBI TOJBKO s HEKOTOPHIX "'xopormux' pacipemeie-
uuit. Bozemen, manpumep, pacupeesenne ['ymbens Fy(z) = 1—exp (—e@®™M/7) ¢ >0, u € R.

AJlbTepHATHBHAS TUMOTE3a CABUTA UMEET BHL:
Hy: Fy(z) =1—exp (—e@ 00/,

Ona coBHaJaeT ¢ aabTepHATUBHOI rumnore3oii jemanoBckoro tuna Hy @ Fy = 1 — (Fx)7 (v =
e~%/7). MomuocTs TecTa Ipu albTepPHATHBE CIBUIA MOKET OBITH TOTYUYeHa U3 MOIIHOCTH TECTa,

upu anbrepaaruse Jlemana, onpeensiemoii papencrsom (4.2.10).

B cayuae SKCIOHeHIHATLHOTO pacmpefenenns, Fy(z) = 1 — e (z > 0), Haiitn ananm-
THYECKUil BUJ PYHKIUMH MOIIHOCTH TECTa, OCHOBAHHOIO Ha BejumduHax RMy, ..., RM,, takxe

Hec10kH0. Haiijiem BHa4Yaje ux pacupe/ie/IeHus.

Teopema 4.2.4. I[Tycmy Fx(z) =1 — e (z > 0) u arvmepramuenas 2unomesa Hy umeem

6uo:
H Fy(l’) = Fx(l’ — 9), 0 > 0. (4214)
Toz0a cayuatinve seauvurv, RMy, RMs, ... nezasucumol, u
P(RM, =k|H,) = e /2y k> 4.2.1
(RM, = k[H,) e ;(/) =ik >0, (4.2.15)

P(RM; = k|H,) = (1/2)" k>0,j>2.
dokazaTeabcTBo TeopeMbl 4.2.4. meem:

gl —e ™) = Fx(Fxy'(l—e™) —0)=1—e "™

gl —er)e”
1—g(1l—e®)

= % [—In(1—g(1—e)].

N3 rteopembr 4.2.2 ciiejiyer, 4To

P(RM; = ki, -+, RM, = k| H,)

— ME [I(r(ky + 1) > AT lrbothetn)]
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= ME [I(T(ky + 1) > M)e TRHV] B [em Rt thetrir(ht )]

1 ko+...+kp+r—1
= ME [I(7(ky + 1) > \)e 7" )] (—) :

5 (4.2.16)

PagencrBo (4.2.16) cnpaBeiiBO B CHIIYy TOTO, YTO BEJTHIHHBI
T(ky+1) u 7(ky+...+k-+7)—7(k1+1)

He3aBUCUMBI U coryvdaiinas sennanua 7(ki+. ..+ k. +r)—7(ky+ 1) nmeer ramma-pacmpe/ieienme
¢ napamerpamu (k2 + ... + k, + 7 — 1,1). 113 pasencra (4.2.16) cieayer, 4r0o BeJMUUHbI
RM;y, RM, ... wezasucumbl. Ormerum, Besnaunbl RM; (i = 2,3,...) UMEIOT reoMeTpudecKue

pacopejeseHud ¢ mapaMeTpoM p = % 1 HEX TakK:Ke BEepHO
P(RM, = k|H, sanasaevas (4.2.14)) = M E [I(7(ki + 1) > A0)e 7" ] (4.2.17)

[Tockonbky Benmuuua 7(k + 1) mMeer ramma—pacopejesienue ¢ napamerpamvu (k + 1,1), u3

ypasuenusi (4.2.17) cienyer, 410
<1 e M [
P(RM, = k|H,) = eV’ / —e ke = —— [ e7H(t+ N0)Fdt

N0 k i+1 k—i
IV 1\ (A0)
_ Q 2t 41 o O -
- ch (AO)F / tidt = e ;Zoj(z) =

Jlanuble paccyzKaeHus IPUBOIAT HAC K 3aBEPIICHUIO JI0Ka3aTelbcTBa TeopeMbl 4.2.4. []

N3 teopem 4.2.1, 4.2.3 caeayer, 9T0 coBMecTHOe pacupejenenne Beaundann RMy, RMs, ... oqn-
HAKOBO KAaK B CJIyvae OCHOBHOII rumoresbl Hy, ompezensemoil pasencrBoM (4.2.1), Tak u B
clyuae anbTepHATUBBl capura Hip, ompenensiemoii (4.2.14). Tecr, ocHOBAHHBIN HA BEJHYXHAX
RMs, RMs, ..., He Oymer uMeTh CMbICJIA. 3/1€Ch MOYKHO BOCIOJIB30BATHCSA T€CTOM, OCHOBAHHBIM
ua RM,. Ilycts B%p(0) (0 > 0) — dyHKIMS MOMHOCTH TeCTa, OCHOBAHHOIO Ha cTaTUCTHKE R P (1)

I3 ypasuenns (4.2.15) cieayer, 410

sp—1

k i+1 k—i
Bp(0) = P(RMy > sp|Hy) =1—¢ Y )" ( ) ((20_) AT (4.2.18)

k=0 =0

IIpn o = 0.05 u A = 1 u3 rabmust 4.1 maxoxum, aro sp =5 (r =1 u a = 5%). 13 (4.2.18)
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IIoJiy1aeM, 4TO
4

o) =140y T
k=0
I'paduk byuxmun S%%(0) (0 € (0,2)) npeacrasien na pucynke 4.4.
0.8
0.6
0.4
0.2

Puc. 4.4: @yuxuus momuoctu S%p(0) upu anprepnaruse capura u r = 1, a = 5%

4.2.8 TecTtbl, B C/lydae HeJOCTAaTOYHOIO KOJIMYECTBA PeKOpAoB

/I KOPpeKTHOro onpejiesieHus CTaTUCTUKU R,y HeoOXoauMo uMeTh OGECKOHeYHO MHOTO
X-pexopaoB. B To ke Bpemst jIst NPOBEJEHUS CTATUCTHYECKOIO YKCIEPUMEHTA JIOCTATOTHO
pacnoyiarath HaboaeHusMu Y (1) u X (Sp), rjie $p — KpUTHIECKOE 3HAUEHUE TECTA, OCHOBAHHOTO
Ha CTATHCTHUKE JJOMUHUPOBaHUs Y -pekopaoB. B camom jese, Mbl orBepraem Hy, onpeesseMyro
pasencrBoM (4.2.1), B monb3y Hi, onpejensiemyio paBeHcTBoM (4.2.2), Torjga u TOJBKO TOT/IA,
korga X (sp) < Y(r). Hanpumep, u3s rabmamust 4.1 creayer, 4ro Tect, ocHoBaHHBIT Ha RP3),
npu yposHe 3HauuMoctu 5% tpebyer 3nanus Y (3) u X (9). BosHukaer BOmpoc — MOXKHO Jiu
OpraHr30BaTh TECT, OCHOBAHHBIN HA CTATUCTUKE JOMUHUPOBAHHUA Y -PEKOPJOB, B CIydae, KOraa
Mbl pacuojaraem cieayommmu Habaogenusvu Y (1), ..., Y (r) u X(1),..., X(m) (m < sp)?
urynnms moackasbbaeT, 9To Het. Iloarsepanm Hanr oTBeT (hopMaIbHBIME JOKA3aTeILCTBAMH.

,HJ'IH 9TOro uccjaeayemM BeJIMIHUHDbI

RMi,m =#{j€{1,2,....m}:Y(i—1) < X({) <Y(@} (i=1,...,7)

u
,
Rp(r,m) = Z RMi,m;
i=1
rae, Kak u mnpexjie, Y (0) = —oo. CoBmectroe pacupeenenne enudud RMi ., ..., RM, ,

MIPeJICTaBJAEHO B CAEYIONIel TeopeMe.
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Teopema 4.2.5. Jlaa ky,...,k. = 0,1,... cosmecmHoe pacnpedescrue BeAUMUH

RM, ,,, ..., RM,,, 3adaemca ¢popmyroti:

P(RMl,m == kl, o ~7RMr,m = kr|HO : FX = Fy)

)k1+.-.+kr+r

(
= O™ k4 4k =m,
0, ki+ ...+ k. >m.

, kit o+ ke <m,

N[

JokazaTenbcTBO TeopeMbr 4.2.5. OueBnHO, 9TO B ciaydae, Korjaa ki + ...+ k. < m, crupa-

BeJIJINBO PABEHCTBO:
P(RM, , = k1,...,RM, ., = k,) = P(RM, = ky,...,RM, =k,).
Ecmm xe k1 + ...+ k. =m, 10

P(RMl,m = kl; SRR RMT*l,m = krfla RMr,m = kr)

= Y P(RM; =k, ..., RM,_y 4 = ky_1, RM,, = i).

i=ky

Temepnb Hamma TeopeMa ciemyer u3 TeopeMsl 4.2.1. [

N3 teopembr 4.2.4 nojiydaem, 4To

P(RP,y < s|Hy: Fx = Fy) = s=lca lj+r7 s<m,
P(RPm) < s|Hp) = ( ") [Ho : Fx v) 2%0 r+j-1 (2) =
L, s >m.

g ypoBHs o KpuTHUYecKad 00J1acTh TecTa, OCHOBAHHOIO Ha CTATUCTUKE RP(..,), UMeeT BHJ

{sp@m), SP(rm) +1,...}, TI€ Sp(rm) — HAHMEHBIIIEE IIEJI0€ TUCTO S, YAOBIETBOPSIOIee YCIOBHIO
P(RPqm > s|Hy : Fx = Fy)

s—1 ) 1 Jj+r
:[1_207]“+j1 (5) ] xI(s<m)=a"<a
§=0

OtmernM, 4To0 ecu s < m, TO Sp(r,m) = Sp. Tect, ocnoBanublii Ha RE,,,), 5KBUBaJICHTeH TeCTY,

ocHoBaHHOMY Ha RF;). B 1pyrom ciyuae, Koraa Sp(.m) = m+ 1, Tect, ocnopanublii na RF;. ),
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HUKOTJa He OTBepraeT HYJIeBYIO runoresy .

Takum obpazom, ecan m < sp (KoaumdecTBo X-peKOPIOB HEIOCTATOYHO), TO HEBO3-
MOYKHO KOPDEKTHO OIIpeJIe/InTh KpuTepuil jjig rectupoBanus Hy, 3a71aBaeMoii paBeHCTBOM
(4.2.1). Tlycrs, HanpumMep, obparTHbie BHIGOPKH cocrosT u3 Habmomenuii Y (1), Y (2), Y(3) u
X(1),X(2),...,X(7). I3 rabmunpt 4.1 caegyer, 9T0 JAHHBIX HEIOCTATOMHO /st npoBepku Hy
Ha ypoBHE 3HAUNMOCTH 5%. [Ijs1 TaHHOrO yPOBHS 3HAYMMOCTH MBI MOYKEM HCIOJIb30BATH CTa-
tuctuky RPp 7 u orBeprate Hy, ecim X (7) < Y/(2). s craructukn RP(37) MBI MOXKeM

ucno/b30BatTh yposenb 10% u orseprars Hy, ecoim X (7) < Y(3).
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§ 4.3 Nndopmauna duwepa, cogepkaliascs B pekopgax

4.3.1 BBepeHune

[Iycts X3, Xo,... — He3aBUCHUMBIE OJMHAKOBO pacIpejie/IeHHbIe CIydailHble BEJIUYUUHBI C
dbyuknueit pacupenenenns F(x | 0). B nociaeaane rogbl BO MHOTMX CTATUCTUYECKUX paboTax
obcyxkaanack Temarnka wHdopmarn Purepa (FI), comepzkareiicst B OPSIKOBBIX CTATHCTH-
KaX, B PEKOP/IHBIX U CJTA0BIX PEKOPTHBIX BEJTNINHAX. Y TOMSHEM 3/1eCh CJIeIYIONTUe My O THKAIIH:

|21], [105], [106], [108], |204] u [228]|. Cm. Takzke ccbLIKE B 9TuX paboTax.

B BbImIenepedncIenHbIx paboTax, B 9aCTHOCTH, TIPeJIaraaock cpapauBath F1, comeprkariy-
I0Csl B I IIEPBBIX PEKOP/HBIX Besinunnax, ¢ FI, conepzxameiics B 1 He3aBUCMMBIX HAOJIIOIEHUSIX.
Paborsr [105], [106] u [108] mperaranu cpaBauBarh FI, Haxomsmgyocs B n mepBbIX PEKOPAHBIX
BeJMYMHAX U BpeMeHax, ¢ FI, maxomsamieiica B n HezaBucuMbix Habmomenusx. Coemxyer orme-
THTb, YTO BBHIOOPKA, COCTOSIIAS M3 7 HE3ABUCHMbBIX HAOJIOJCHMUIT, COMEPIKUT MPHOTH3UTETHHO
[Inn] pekopaubix BesmuuH, e [y] o6o3HaUaeT Hmeay0 YacTb ducaa y. Takum oOpasoM, jaze
ecsiu Fl, Haxodgdmascsa B N IepBBIX PEKOP/IHBIX BeJUUYMHAX M BpeMeHax, w IpeBocxomur FI,
HAXOJISAIIYIOCS B B N HE3aBHCHMBIX HAOJIOECHHUSX, 9TO He O3HAYAET, YTO PEKOD/IHbIE BPEMEHA
v BeJIMYMHbI 60JI€e NPUBJIEKATE/bHbI /I CTATUCTHIECKUX BbIBOJIOB. SICHO, 4TO PEKOD/IHbIE Be-
JIMYIMHBI U BPEMEHA, MOPOKIEHHbIE HEKOTOPOil BHIGOPKOIl, cogepxkar undopmanuo Pumepa,

KOTOpas He MPeBOCXOIUT WHMOPMAIUIO, COIEPKAIILYIOCs B caMOil BBIOOPKe.

OrmeTuM, 9TO B HEKOTOPBIX CJIYYasAX KJIACCHIECKast BHIOOPKA MOYKET ObITh HeIOCTyTHA. B TO
JKe BpeMs PeKOp/IHbIe BEeJUYUHBI, BO3HUKAIONINE B Pe3yJIbTaTe JAHHOTO SKCIEPUMEHTa, MOTYT
OBITH W3BeCTHBI. BBIOOpKA, B KOTOPOIi paccMaTpuBaeTcd (PUKCUPOBAHHOE YHUCTIO PEKOPTHBIX
CTATUCTHK, Oblia npemioxeHa B paborax [164] u [165]. Takyio BHIOGOPKY ObLIO HPeII0ZKEHO
Ha3bIBATH 00paTHOil BEIOOPKOIT mepBoro poja. [logobubie BHIOOPKYU 00CYKIAJIUCH BO BBEJICHUE

JHACCePTAIHN.

[Ipu mpoBeieHNN HEKOTOPBIX SKCIEPUMEHTOB JIazKe PEKOP/IHbIe BEeJTUIUHBI MOTI'YT OBITH HEJI0-
crynabl. [IpeanonoxuM, 94To B pe3yabTare SKCIEPUMEHTa Mbl MOJIydaeM HH(MOPMAIUIO TOJIHKO
0 KOJIMYECTBE PEKOP/HBbIX BEJUYUH, IPUHA/JIEZKAIIUX Pa3/IMuYHbIM UHTEpBaJiaM. B Takoit cury-
alyy ecTecTBeHHO m3ydarh Fl, cojep:kaliyiocss B 4ucaax PeKOPAHBIX BEJUYUH, TTPUHAIEIKA-

IMUX COOTBETCTBYIOIIUM HMHTEPBAJIAM. B AUCKPETHOM CJIydae, KOr'da X1 IIpUHUMaET 3HaYCeHUH A
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0,1,..., mbI MOzKeMm m3y4daTh FI, comepxkarntytocsd B cIydaifHbBIX BeTHINHAX PABHBIX KOJUIECTBY
PEKOPIOB WU CJIAa0BIX PEKOPIOoB, mpuHaaIexkamux ToukaMm 0, 1, ... Beibopku momobHOTO BHIA

u3ydaauch B pabore [204| n HazBasnch 0OpATHBIME BBIGOPKAMU BTOPOIO PO/JIA.

B naparpade 4.3 Mbl Begkuii pa3 OygeM YTOUHATH KaKne MMEHHO PEKOPbl, BepXHUE M/
HIZKHUE, paccMaTpuBaoTes. Tak, Beipaxkenns X “(n) u L*(n) 6yayt B 3Trom maparpade 0603Ha-

JaTh BepPXHHE PEKOPAHbIC BeJIMIUHL 1 BpeMena, a X' (n) u L!(n), cooTBeTcTBeHno, — HUKHME.

[Tycrs rakwxe I, 1,(RY), [,(R*T"), I,(M)wn I(Xy,,...,X;n,) Oyayr obo3uauars FI, conep-
JKaIIyI0cs, COOTBETCTBEHHO, B HE3aBUCUMBIX OJIMHAKOBO pacipeiejeHHbIX Xi, ..., X,, BO Bcex
BEPXHHUX PEKOP/IHBIX BEJIMYHHAX, TPUHAIEKAIINX JAHHOH BBIOOPKE, BO BCEX BEPXHUX PEKOPI-
HBIX BEJIMYMHAX ¥ BPpEeMeHaX, NPHHAJIeKAIIX JaHHO BEIOOPKE, B MakKcuMyMme BuiOOpku M, u
B HUZKHHX ITOPSIKOBBIX CTATHCTHKAX X1 p, ..., X;, JAHHOI BRIOODKHU. B ciydae nccienoBanus
HUZKHUX PEKOPJIOB Oy/eM HCIO0JIb30BaTh OYKBY | BMecTO OyKBbBI . OTMeTuM, 4TO HHMpOpMaIun
Qurepa 3aBucuT oT mapamMerpa . OaHako Bo Bcex obo3nauennsax nHdopmanun Pumrepa Oymem

OILYCKATh 3Ty OYKBY.

Paborag ¢ obpaTHBIME BBIOOPKAMH IEPBOTO poja, OyJeM HCIOJIb30BaTh O0O03HAUEHUS
Jo(R"Y), Jo(R*T*) u J,(W) nna FI, conepxamgeiicst, COOTBETCTBEHHO, B 7. NMEPBBIX BEPXHUX
PEKOPJAHBIX BEJUYMHAX, B 7 IE€PBLIX BEPXHUX PEKOPAHBLIX BEJMYMHAX U BPEMEHAX, a TAKXKe B
n c1abbIX PEKOPIHBIX BesmduHaX. /[ oOpaTHBIX BBIGOPOK BTOpOro poja 3amuchk I(u(a,b))
Oyaer obozaavarh uadopmanuio Puinepa, coaepzxKanlyiocs B ¢ryvaiinoii seuaune 1 (a, b), T.e.
FI, onpesensieMmyto 4ucjioMm BePXHUX PEKOPJHBIX BEJIUYUH, MPUHAJJIEKAIUX UHTEpBALY (a,b).
Haxonen, (£¥) 6yner obosmauars FI, conepzxantyiocs B Bestmanme £, a I(£9) — undopmanuio

Qumrepa, onpeerseMyo BelnauHaMu &j, ..., EY.

B srom maparpade 6yjiem mnpejmosararb, 9TO BBIIOJHSIIOTCS CTaH/IapTHBIE YCJIOBHS pery-

JSPHOCTH, TO €CTh

IIZE(WYZ_E(W)

4.3.2 AGCONIOTHO HenpepbIBHbIA CayYai

B sTom pazgene Oyaem mpeanosiararsb, 910 X1, Xo, . .. — HE3aBUCUMBIE OJMHAKOBO pacipe/ie-

JIEHHbIE CJIydaiiHble BeJIMYUHbBI ¢ aDCOTIOTHO HenpepbiBHO dbyukuumeii pacupenenenus F(z | 0)
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u wiotHocTbio f(x | ) = F.(x | 0). CupaBeiuB cyieayionuii pe3ybrar.

VYrBepxkaeaue 4.3.1. I[Tycmo svinoanenvs ycirosus peeyaaprocmu. Tozda

I, > L(R'T") (n>2). (4.3.1)

JdokazaTeascTBo yrBepKaeHud 4.3.1. Ecin BBIMOJHAIOTCA YCJIOBUS PeryJasgapHOCTH, TO

crpaBe I TBO mpejcTasaenue (cu. [108])
L(R'T") = " I;(M)/i.

=1

Ouesugno, uro I, = I,(M) Torga u ToabKO TOTAA, KOrja M, sBJIsSETCS NOCTATOYHON CTATH-

crukoit. Ecnu ke M, — 1octaTouHasd CTATUCTHKA, TO YCJIOBHSA PETYIIPHOCTH HE BBITIOJTHSIIOTCSI.

O

HepagencrBo, anasorndnoe HepapeHcTBy (4.3.1), cupaBe/iinBo ¥ JIJIsi HUKHUX PEKOP/IOB.

YMecTHO Takzke npuectu pesyiabrar paborst |108|, B koTopoil mokazano, 4ro st 060

abcosoTHO HenpepbiBHOi F'(z | §) u n > 1 cupaseuBo:

Jo(RY) < J,(R*T), J.(R") < J,(R'TY).

Bynem rosoputh, uto pacupenenenne F(x | 0) (¢ maoraocteio f(x | 6)) npunasmexur

cemeiictBy pacupejesiennii Exp,(0) (wmm Expy(6)), ecan cymecrByior usmepumbie (yHKImMu

c(6) m k(x), raxne wro LEHs = c(0)k(x) (nam L = ¢(0)k(x)). Orverm, uro aas Toro
arobbl F' € Exp,(0), nHeobxomumo u mocrarouno, urober f(x | ) = ¢(0)k(x) exp{—c(0)K(x)}.
B cBoto ouepeip, st Toro urodsl F € Exp, (), Heobxomumo u mocratodano, 4tobsr f(x | §) =
c(0)k(z) exp{c(0)K ()}, rae K (z) = [*_ k(u)du pust oGoux coyqaes. Takum obpasom, Exp, (6)

n Exp,(6) BxogsT B Gosiee TMUPOKOE IKCMOHEHIMATBLHOE CeMEHCTBO paCHpeieIeHnil, TIOTHOCTH

KOTOPBIX UMEIOT BUJ;
flz|0)= h(m)c(9)62§=1wi(9)ti(z)7
rae h,c > 0,w;,t; — HEKOTOpbIe u3MepuMble (DYHKIUN.

Cremyromnue yrBep:KieHust ObLIN J0Ka3aHbl B pabore [21]:

(1) ectu F € Exp,(0), 1o I,, = J,(R");
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(2) X"(n) — mocrarounas crarucruka st @ B 0OpaTHOW BBIGOPKE MEPBOrO poja
X*(1),...,X"(n) Torga u TonpKO TOrma, Korma € Exp,(6).

Pesynbrarst, ananorudubie (1) u (2), copaBeyiuBbl W JIJIs HUKHUX PEKOPJIOB U ceMeicTBa
pacnpejenennit Exp,(6).

B cayuae, korpa pacnpegesnenne F npunamnexkut Exp,(0) mau Expy(6), cupaBempmso pasen-

'0)\?
ctBo [ = <CC(0)> . Takum obpazom, MOKHO cHOPMYJIUPOBATH CJIEAYIOIIEe YTBEPIKIeHNE.

VYreepxkaeuue 4.3.2. Cmamucmuxa X*(n) docmamouna das 6 6 obpammotl ewbopke

X*(1),...,X"(n) mozda u moavko moeda, koeda F € Exp,(0). B amom cayuae

Ju(RY) = n (i((g)))Q | (4.3.2)

AHaJIOPUYHBIH Pe3y/IbTaT CIPAaBE/JINB JIjisd HUXKHUX PEKOPJIOB U ceMeiicTBa Exp,(6).

Nudopmanns Puinepa, cojepkaimascss B BePXHUX (HUKHWUX) DEKODJIHBIX BEIMIHHAX W
BpeMeHaX, W3BJCYCHHBIX M3 IIONY/IANNH, NPUHAJIIeZKAIeil SKCHOHCHIMAJBLHBIM CeMeilcTBaM
Exp, (0), Expy(0), obcyxnanacy B nameit padore [204]. B teopeme 4.3.1 mpuseien ojus u3

pe3yabTaToB 3TOW pabdOTHI.

Teopema 4.3.1. Ilpu aobom n > 1 cnpasediusnv, paseHcmea

I,(R'TY) = ( g ) 21/2 F € Expy(0), (4.3.3)

L(R'T" = ( 99 ) 21/2 F e Exp(6). (4.3.4)

JokazarenbcTBo Teopemsl 4.3.2. Jlokazkem paseHcTBo (4.3.4). PaBenctso (4.3.3) moka3bl-

BaeTCd aHAJIOI'MYHO. BOCHOﬂb3yeMCH COOTHOILIIEeHuEeM

L (RTY) = 2/{ 0 1néf€f|9) (1 = (“9))} (1= F(x |0y f(z|0)dr , (435)

B34TBHIM 13 paborsl [108]. B mamem cirydae ero MOXKHO 3aliCaTh B BUJE:

I,(R'T" = E/R {—Inc()} + (i + DK (z)c"(0)] c(8)k(z)e (DO g
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U3 nocaeaneit popmyssr moaygaem (4.3.4). 0

B kontekcre crnpasegiuBocTu yTBepkKIeHus 4.3.1 MHTEPECHO MPOAHAJIM3MPOBATH TOBEJICHUE

pasuocreit I, — I,(R'T") u I,, — I,(R*T%). U3 coornomtenuit (4.3.3) u (4.3.4) BHITeKaeT, 4TO

I — L(RT") = (fj;) (n—Tnn 7~ o+ O(1/%)), F € Fxpy(6),

I, — I,(R'T") = (Cc/((g;) (n—Inn—~— % +0(1/n%), F € Exp,(0),

riae v = 0.577 ... — koucraura Ditiepa. Eciu ke F we npunagnekur Exp, (0) win Exp,(6), To
pasuoctu I, — I,(R'T") w I, — I,(R*T*) moryT GbiTh Haiigens uuciaento. [lobsyscs (4.3.5),

ere OJJHUM COOTHOIIeHHeM 13 paboTsl [108]

(RUTY) Z/{ 0 lné’;f‘@) 2 1n(g9(2x\0)) (F(z | 0)Yf(z|0)dr

a takzke makerom MAPLE, mbr npoBe/in duc/ieHHbIe pacdeThl pa3HOCTeHl
I, — L(R*'T*) wu I,— I,(R'TY

JUISL JIByX M3BECTHBIX pactpejiesiennii. Pesyibrarsl nipejicrasienbl B npuMepe 4.3.4.

C nomorpio gemmbl [Hloppoka (1emmva 3.2.3) MoxkHO uckath undopmaimo Durrepa, coaep-

xKaiyiocs B Bemaune (1*(a,b). B nanreii pabore [204] 6bu1 nostyuen cuepyonuii pesy/ibrar.

Jlemma 4.3.1. Ungopmayus Quwepa (o neuzsecmmom napamempe 8), codeporcawanca 6 ee-

aunune (a,b), onpedessemen pasercmseom

I(p"(a,b)) = W,

20e Ma,b,0) = —In (1—””’9) )

1—F(a,0)

dokazareancTtBo jgemmsbr 4.3.1. Ilycrn

e @b \i(a, b, 0)
7! ’

fi(a>b7 9) = P(uu(a7b) = Z) =
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Torma
” > 82 lnfk(a,b, 9)
I(p*(a,b)) = kzzofk(avbae) <_ 962 )
- — )\k " " )\/ 2
= Ze Ag{ g0 — k(In\)gq :—( f\)
k=0 ’
O

Pesynbrar jiemmbr 4.3.1 cupaBeiuB u JiIsi HUZKHUX PEKOPIOB. B arom ciyuae A(a, b, 0) =
F(a,0)
—1In <F(b79)>.

Nzyuenne nndopmamyu Duriepa, cojepKalieiics B PEKOPIHBIX CTATUCTHKAX, BAYKHO JIJIs

IOCTPOEHHH OIEHOK, OCHOBAHHBIX HA PEKOPIHBIX cTarucTukax. OIHON 13 mepBbIX paboT B 3TOM
Hanpas/ieHun Oblia pabora [164], B KoTOpOil ObLIN 1PE/IOKEHBI HECMENIEHHbIE OIEHKHU JIJIs1
napaMeTpoB SKCHOHEHIMAILHOTO pacipeeaenns. JJaHabie ONeHKN OCHOBBIBAIUCH HA HUMKHHUX
PEKOPAHBIX BEIMYMHAX, & TAKKE HA HUKHUX PEKOPJHBIX BEIMYMHAX U BPEMEHAX KaK HPHHA/I-
JIeXKAIX JTAaHHONH BHIOOPKE, TaK W B3ATHIX M3 OOpPATHBIX BBIOOPOK HEpBOro poga. Ilozmmee B
pabote [108| gokazann acuMnToTnIeckyo 3bGEKTUBHOCTD BBINIEYTOMSHY THIX OIEHOK. B pabo-
te [105] 31u pesyabrarel GeLIH 0606IIEHBI Ha cemeiicTBa pactpenenennii Exp, (0) u Exp,(6). B
JIAHHOM KOHTEKCTe [eJIeco00pa3Ho yIoMsaHyTh paborst [47], [48], [49], B koTopsIX mpejiaraninch
COCTOATEJIbHBIE OLECHKH /ISl IIapaMeTPOB PacClpeIeJeHnil, UMEONMX HPABUIHLHO MEHSIOIUEC s

XBOCTBI.

Nmest oOparHble BBIOOPKH BTOPOI'O POJia U MCIOJIb3Ysd jJemMy 3.2.3 u jiemmy 4.3.1, MOKHO
cTpouTh 3G HEKTHBHBIEC OLEHKH, OCHOBAHHBIE Ha Beaumanuax p u . s 9Toro Hy»KHO paccMaT-
pUBaTH CEPUU HE3ABUCUMBIX SKCIIepUMeHTOB. KarKablil n3 TaKUX IKCIEPIMEHTOB COIEPYKUT CBOU

BemauHbl (1t 1 il

IIpumepsl pa3gena 4.3.3.

ITpumep 4.3.1. Ilycmo
F(z,0) =1—¢eO" (>0, ¢(h) >0 V0).

Jlannoe pacnpedeserue npunadaescum FErpy(0). Uz pabomw [21], a makowce uz dopmyan
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(4.8.2), caedyem, wmo

I = Ju(R) =n (i((g;y

B darmom cayuwae cmamucmura X" (n) docmamouna das 0 6 o6pamnoti evibopke nepeozo poda

X*(1),...,X%(n). Hycmov c(0)

1/60. Ouenka makcumarvrozo npasdonodobus (cm. [164])
bydem umemsv 6ud
X"(n)

o) = —

Ona 6ydem necmeuwennoti, cocmoamenvnol u sdghexmusnot ouenkot. M3 pasencmesa (4.3.4)

caedyem, umo

L,(R'T" = )’ i 1/i
! o)) ="
B pabome [164] 6viia npedaosicera caedyrousasn ouenka dasn napamempa 0 (0cno6amnnas na Hustc-

HUL PEKOPOHBLE BEAUNUHAT U 6PEMEHAT):

SN ALX (n)

A
n 1 I
(N + 1)E (58

! I(; 0N I I 1N !
sdeco Ay = Li(i+1) = L'(1), i = 1,....,N, = LAYy =n+1—L(N,) u N, - obosnaua-
em KOAUNECTNBO HUNMCHUL PekopOnur eeaunut cpedu Xi, ..., X,. Buwio nokasano, wmo oma
J J da: g(NL) SN ALX(i), 20
OUEHKA UMEEM HAUMENLWYI0 ducnepcuto cpedu ecex ouyenok suda: g(N,) > . A X (1), 2de g

— HEKOMOPas GYHKUUA.

Paccmompum cepuro us n HE306UCUMDLT IKCNEPUMEHMOE, 6 KAHCOOM U3 KOTMOPLLT Mbl N0-
AYUAEM BBLOOPKY, USBAEKACMYIO U3 IKCNOHEHUUaIbHol nonysavuu. ITyems c(0) = 6, u 6 me-
YEHUU 1-20 IKCTIEPUMEHTIA MbL MONCEM NOOCHUIBLEAMY KOAUMECTNEO GEPTHUL PEKOPIHIL GENU-
wun, nonadarouur 6 unmepsan (a,b). Us aemmo, 4.3.1 caedyem, wmo A a,b,0) = 6(b—a) u

I(p(a, b)) = L2, ITo nocmpoenuro oyenka

5(3) _ Z;; pi(a,b)
" n(b—a)

bydem necmeusennoti, cocmoamenvnol u apdexmusnoti. B cayuae eduncmeennozo sxcnepumen-

G — wited)

Ma MONHCHO PACCMOMPEMD OUEHKY ~2 (b > a). Ouesudno, wmo
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ona b — oo.

ITpumep 4.3.2. Ilycmov
Flr|0) =2 (0<z<1,0>0).

Jannoe pacnpedesenue npunadiescum Exps(0). Cmamucmura X'(n) asasemes docmamounoti

dna napamempa 0 6 swbopre X'(1),..., X' (n).

Ommemum, ¥mo acumnmomuiecku sPPHexmusHai ouenKa, 0CHOBAHHAA HA BEPTHUL PEKOPO-
HOLT 6EAUMUNAT U 6DEMENAT, Gviaa npedaosicena 6 [105]. ITycmu eeaununa pl(a, b) nabarodaemes

%5):%(0<a<b<1)6ydem

8 CepuUU U3 N HE3ABUCUMBLET IKcnepumenmos. Tozda
HeCMEU,eHHoTl, cocmoamenvhot u sddexmusnoti ouenkot dasa 0. B cayuae eduncmeentozo skc-
NePUMEHIMA PACCMOMPUM OUEHKY @()6) = l‘fll((b—a/z)) 3deco E@Eﬁ) =0 uD 55(,6) = m — 0, npu
a—0".

Ymecmuo ynomanymo caedyrowee. B cayuae, koeda F € Erp(0) (Expy(0)), ouenka napa-
mempa 0, 0cHOBaAHNAA HA BEPTHUL PEKOPOHVLY BEAUMUHAL U GPEMEHAT (HUNCHUL PEKOPOHLLT

BENUMUHAT U BPEMEHAT), ewe He Hatlena.

ITpumep 4.3.3. B smom npumepe npedcmasieHv, YUCAEHHBLE PACHEMDBL OAA NPEOENLHOZ0 IKC-
mpemasvho20 pacnpedesenus u pacnpedesenus Betibyara. Uz mabauyws 4.4 caedyem, wmo das
dannoiz pacnpedenenuti (nodobHvie pacuemo, NPoBOJUAUCH U OAA OPYLUL USBECTNHOLL PACHpe-
deaeruti u wapmuna 6viaa anarozuynoti) paswocmu I, — I,(R'TY) u I, — L,(R*T") umerom

HAUMEHbUWUE 3Havenut npu n = 2. Ecau yseauvwusamsv n, mo onwu 6v.cmpo pacmym.
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Tabmuna 4.4: YucieHnble pacdeTsl AJIs MPeIeIbHOI0 SKCTPEMAIbHOTO PaCIpeie/IeHIs. U pac-
npeesenus BeitOyia

pacrpe/iejieHus n | 0*(1, — L(R'TY) | 0*(1, — I,(R“T"))
1 0 0
2 0.608 0.965
F(x) =exp(—e %) | 3 1.402 2.089
—xo<r<oo, >0 4 2.28 3.269
5 3.204 4.483
10 8.139 10.851
20 18.729 24.539
30 29.936 39.014
40 41.62 53.995
50 53.695 69.337
100 118.197 149.214
Beiibymna 1 0 0
Flz)=1—¢" 2 0.621 0.254
£>0,0>0 3 1.419 0.91
4 2.306 1.677
5 3.245 2.5
10 8.323 6.973
20 19.155 16.564
30 30.283 26.487
40 41.533 36.589
50 52.851 46.813
100 109.886 99.02

4.3.3 Nndopmauyuns Puwepa, cogep>kawiasics B cabbix pekopgHbIX BesiM4nHax v B

yucnax cnabbix pekopaHbliX BeJINYUNH

B paznene 4.3.3 mp1 npeanosaraem, 9to Xi, Xo, ... — He3aBUCHMBbIe OJMHAKOBO PacCIIpe/ie-
JIEHHbIE BeJuunHbl, npuanmaronme 3uadenus 0,1, ..., takue uro F(n | §) < 1 ana mo6oro
n > 0. [locaennee ycioBue HeoOXOIMMO JJIsI BBITIOJTHEHNS] YCJIOBHI peryssprocTn. HamoMmanm
(em. bopmysy 3.2.4), uro coBmecTHast BYHKIUS pacipeiesieHus CIabbIX PEKOPAHBIX BEJTHIHH

nmMmeer BUI:

n—1
i=1

i

a He3aBHCHMbIE TEOMETPHIECKN PACIPEIJeHHBIE YHCIa CIa0bIX PEKOPAHBIX BeanduH & (M.

nemmy 3.2.4 u npejacraienne 3.2.1) ¢BA3aHBI €O CJIAGBIMI PEKODJHBIME BEJTHUHHAMEI DABEH-
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CTBOM

P{X“n)>m} =P{{+& +...+&,<n} (n>1m>0).

OueBniHo, uto FI, comep:kaimasica B n ¢/1abbIX PEKOP/IHBIX BEJIUUYMHAX, HAXOIUTC 10 (hOpMYyJIe

82
LWy = ) — g W PLX (1) = ky, o X () =k}
0<k1<...<kn

P{X"“(1) = ky, ..., X"(n) = k). (4.3.6)

Ormerum, 4T0 B 0TAe/abHBIX CrydasX J, (W) MOXKHO MCKATh HEMOCPEJICTBEHHO, MO/Ib3YICh COB-
MECTHBIM pacipejie/ieHneM CJabbiX PeKOpAHbIX Beauwdns u (opmyaoii (4.3.6). Dro genaercs
Hmke B npumepe 4.3.4 s reOMETPUIECKOr0 PACIpe/IeeHns. AHAJIUTHIECKOE HAXOXKICHUE
Jo(W) (n > 1) anst GOMBIIAHCTBA TUCKPETHBIX PACIPEIeeHnil 3aTpy IHATEIbHO. B aToM cry-

Yae MO2KHO HUCIIOJIb30BaTh YHUCJ/JI€EHHBIEC DAaCY€ThI.

[Tycrb Ly — K1ace AUCKPETHBIX pacupejaesneruit F'(n | ), uMeomux XBOCTH:
@n = qu(0) = (1 = g(0)o1)(1 = g(O)az) - -- (1 = g(O)a),  m =1,

rae g(f) > 0 — mekoropast usmepumas byHKIEs, «; (i > 1) — moJoKATEeTBHAS TOCTIEI0BA-
TeJIbHOCTD, Takas 4ro V 6,4 cnpaseiiuso: g 1(0) > a; u Y o) a; = oo. OTmerum, 4ro ecin

a; =1 (i > 1), ro pacnpenenenne F(n | 0) aBiasercs reoMeTpudecKnm.

Teopema 4.3.2. /s mozo wmobv, cmamucmuka X" (n) 6vaa docmamounoti das napamempa

0 6 swibopre X (1),..., X" (n), neobzodumo u docmamouno, wmobo, F' € Ly.

okazarenbcTBo Teopemsr 4.3.2. /locrarounoctb. Jljisi JaHHOrO KJjacca pacupe/ie/leHuit

nMeeM:

P{XY(1) = ky, ..., X"(n) = ky}

) (H ‘“) (1= g(B)an).. (1 = g(O)a,)g" () +1]

3 daxTopu3annoHHOil TEOpeMbl caepyer, uro crarucruka X (n) Oymer A0CTATOMHON st

napamerpa 6.
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HeoGxomumoctsb. 113 nocrarounoctu craructuku X (n) ciaemyer, 9o

vn > 2, ( zéﬁ;) e (O) =l Bl | 6),

rje hi, hy — mekoropeie mamepumbie dyukiuu. [logyaaem, 9ro oTHOUIEHHE '(0) AMeeT BUJ
i

ag,g(0). VI3 nocaeanero caenyer, uro F' € Ly. [

[Tycts nana obpaTHast BBIOOPKa BTOPOro Pojia, TO €CTh Janbl Beaudunst &, ..., & . Pesynbrar

JeMMbl 4.3.2 cieyeT M3 O9eBHTHOTO PaBEHCTBA

I(EY) = I(&) + ...+ 1(&Y)

u JeMMbI 3.2.4.

Jlemma 4.3.2. Cnpasedauso coomuoutenue

I(&w) = 6 lnqn+1 ) + Z L= 51 ( %ln( — @'(9))) . (4.3.7)

4.3.4 Nndopmauyus Puwepa, cogep>kawiasiCi B BEPXHUX PEKOPAHbIX BeSMYMHax

B paznene 4.3.4 mur npeamnonaraeM, 91o X, Xo, ... — HE3aBUCHMbBIE OINHAKOBO pPacIpeie-
JIeHHbIEe BeJIMYUHBI, TpuHuMatonue 3uadenus 0, 1, ..., npudem F(n | 0) < 1 pua aodoro n > 0.
[Mycrs X*(1), X"(2) ... — n0C/ae10BaTeJIbHOCTH BEPXHUX PEKOPJHBIX BesumduH. [l BepXHUX

PEKODIHBIX BEJHYIHH OLPeIeJUM ciydaitnsie Beauaunsl ¥, ¥;, (1 =0,1,...) paBencrsamu:

V;n = k,ecim k U3 n mepBBIX BEPXHUX PEKOPIHBIX

BeJIMYHMH 3aperucrpuposano B Touke i (k= 0,1),

¥; = k, eciin k BepXHHUX PEKOPJIHBIX

BEJINYKMH 3aperucrpuposano B Touke ¢ (k =0, 1).
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OHpe,HeJII/IM TaK>Ke€ CyYMMBbI 9THUX BE€JIMYUH

i i
Sin = E Vjn, Si= g v, S1,=85-1=0.
j=0 7=0
M3BecTHO (CM. Jemmy 3.2.2), 4TO BeJUYUHbL U); HE3aBUCHMBI H IMEIOT pacipejiesierust BepHyim
¢ napamerpamu 1 — ;. Besmuanust ¥, ,, Takxke nmeior pacupejesenns bepuysin. Oguako oxnu

3aBHCUMBI. IIX ycjioBHBIE paciipejiesieHnst 3a/1al0TCsI PaBeHCTBAMEI

1 — B, ecom Sp_1, <n,
Pl = 1Sk 10} = (43.8)
0, eci Sg_1, = N.
Yeaosroe pacopesesenne BeKTopa (Jon, ..., Vkn) | Skn < 1) TO 2Ke, 9T0 U OE3yCJTOBHOE PAC-
npejesenne Bektopa (o, ..., 1Y), TO €CTh
k
P{0o,n = 00,010 = 01, -, Vpn = O | S < n} = [J(1 = B)%BI 7", (4.3.9)
i=0

e 0; = 0,1

Teopema 4.3.3. Ungopmavyua Quwepa, codeprHcau,aics 6 N NePewvir EPLHUL PEKOPIHLLL 6e-

AUNUHGT, 0NPEJENAETNCH PABEHCTNGOM:

hi )_gp{Sk_l<n}(1_ﬁk)ﬁk< 90 k) '

HoxkazarenbcTBo Teopembl 4.3.3. Tloab3ysich (4.3.8), 3anuieM cCOBMECTHOE PACIIPE/IeIeHne

BeJIMYUH Uy

P{’l907n - 50; 191,71 == 51, .. }

=11 [(1 = B B s,y ey + Dgim0 (8,1 | -
k=0

[Tockousibky FI, copeprkalnasicss B n epBbIX BEpXHUX PEKOP/IHbIX BejnmvnHax, pasua FI, couep-

JKameiics B Yo, V15, . . ., TOIydaeM, 9TO

- 9%1In(1 — B) 9%1n By,
Jo(RY) =Y P{Si_1, <n} (—(1—5) 8 )
kzzo o SOTE " 002

13 dopmymnsr (4.3.9) caenyer pasenctBo P{Sy_1, < n} = P{Sy_1 < n}. lna 3aBepienus
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JOKa3aTeJIbCTBa OCTaJIOCh OTMETUTD CIIPABEAJIMBOCTDL CJICAYIOIIECI'0 paBEHCTBA

92 In(1 — B)
062

— B

02 lnﬁk . 1 8(1 — ﬁk) 2
962 _Bk(l—ﬁk)< 90 ) ‘

—(1 = B)
Il
ITpumeps! pazaena 4.3.4.
IIpumep 4.3.4. Paccmompum 2eomempudeckoe pacnpedeseHue
P{X, =k} =g(0)(1—g(0)" (k>0,0>1).

Iloavsyace pasencmeom (4.3.6), noayuaem, wmo

_ N 1=9@O) (O
= 00 = [~ g+ 40 (L — g0 )|

UL ()
#0)(1 - 9(0))

3decv FI, codepotcawanca 6 N HE3ABUCUMBLE HAONO0EHUAT U 6 N NEPEYT CAUOVEL PEKOPIHBLL

seaununar, odunakosa. M3 (4.3.7) caedyem, wmo

I(€v) = (n+1) —%ln(l —g(0)) + % (—%hlg(@))] :

ITycmo g1(0) = 1/0. Tozda ouenka makcumasvHozo npasdonodobus, 0CHOBAHHAAL HA T NEPEHLT

o _ XU Ul

CAaOBT peKopOnbLL sesudunar, bydem umemsv 6ud: = =—= + 1. Ouesudrno, wmo Oy

HECMEWeHHad, Cocmoamenrvhas u sfdexmusnas ouenra. 3decy X (n) — munumanrvias do-

cmamounas cmamucmuka 6 obpamnol ewvbopre nepsozo poda X™(1),..., X" (n). Ecau e
g2(0) = % (0 >0), mo fB; = IJ%O u BE& = 0. Ouenka o) — W bydem necmew,ennot,

cocmoamenvHot u agermuenots das 6.

Pacemompum ungopmavyuro QPuwepa, co0epircawyrocs 6 6ePLHUL PEKOPOHLIL GENUYUHAL.

Hoxaocem cnpasednueocmb medymmeeo paseHcmea

Jo(RY) =n

Jleticmeumenvho, u3 moz2o 4mo SeAudMuUHa Sk_1 uMeem OBUHOMUANDHOE PACTPEIEAEHUE ¢ NaAPa-
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mempamu k u g(0), a makoce uz meopemuvi 4.3.3, caedyem, wmo

) - O (szp{sk =)

k=n 1=0

s (n S ) g0 - Y Y e - gw))“) .

=0 k=i

k—i

Hoavayace pasencmeom Y po. Cip'(1 — p)i=" = 1/p, noayuaem caedyrowee:

I ) S
W) = ST = 90 ( T30 )

HUmaxk, dra ceomempuneckozo pacnpedesenus umeem: FI, codeporcawancsa 6 n nepevr eepr-
Hux pexoponux eesuvunar, FI, codeporcawasncs 6 1 nepeuls cAaObL PeKopoHbIT SEAUNUHAL U

F[, co&epmcawa,ﬂm 6 N HE3ABUCUMDBDIT UCTBLIMAHUATL, 00UuHaK08q.

HpI/IMep 4.3.5. Hycmb %(‘9) = m (’L > 0,9 > O) Toz0a 51(0) = % U
0+1
E&' =0+ —— 4.3.10
é-l Z + 1 ? ( )
2 4+ 43+ 5)0% + 5t + 8)0 3
per — o = LT O+ (L5486 +i+ (4.3.11)
(1+1)2
ITycmo, kax u 6 npumepe 4.3.4, 0 0 = W Iyemv A(n,0) = (Zﬁ) D ico z+1 UE

(4.8.10) u (4.3.11) c,/Leﬁyem wmo EOY) = 6 + A(n,0) (57(19) — ACUMNMOMUYECKY HECMEULCH-
HaA OUEHKa) U DoY) G(QH) +0 <(ln") ) . Hoavayaco (4.3.7), noayuaem dpopmyay

— n+1
1Y) = —— 4+ O(Inn).
(€)= 5y + Oltan)
Hocxonvky 1(£2) DO oY — 1, 0 — acumnmomumecku appexmusnan ouenra. Ommemum, 4mo

ors a0bvx purcuposarnvix 0, > 0, cywecmseyem N, maxotd umo ¥ n > N cnpasediuso

nepasencmeo A(n,0) < e. Jasn > N moocrno sanucams

P69 — 0 |>¢) < P(| 09 — 0 — A(n,0) |> e — A(n, 0)).
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U3 nepasencmea Yebvuesa caedyem, 4mo

E(@(}?) _ Eé}?) )2

P69 —0|>¢) < e A(n )]

YomoD &Y @+1)(n+1)+0O(nn)

= —0 (n— o0).

(n+1)2e—-AN+1,60) (n+1)2(e—AN+1,0))
()

Hocaednee acumnmomuueckoe coOOMHOUEHUE NOKASBIEAETL COCTNOAMEABHOCTL Hn .

126
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§ 4.4 TecT, ocHOBaHHbIN Ha pekopAax C NOATBEpPXAEeHNEeM

HpeﬂHOJ’IO)KI/IM, 9TO B pe3yJjibTaTe CTaTUCTUYECKOI'O 9KCIIEpUMEHTa IMOJIyY€HbI JBE HE3aBU-
CUMBbIe MeXKTy cOOOil BBIOOPKH, COCTOSIINE W3 HE3aBUCHMBIX OJMHAKOBO PACIIPeIeeHHBIX CJIy-
JafiHplX BesmduH. [lepBas BEIOOpKa siByistercst X -BbIOOPKOii (cM. maparpad 3.1) ¢ HempepbIBHOM
dbynknueit pacupenenenns F, a ropas — (X, Y )-Bbibopkoii ¢ menpepoisabivun F' u G. Tlycrb
D”(2) 0603HaYaeT BTOPOE PEKOPIHOE BPEMS C TIOITBEPIKIEHNEM, TTOJIyYeHHOe U3 TIePBOii BHIOOP-
KN, a ZNL"“"’y(2) — BTOPOE PEKOP/IHOE BpeMs C HMOITBEP:K/IeHIEeM, IOTyUYeHHOe U3 BTOPOil BHIOOPKH.
MbI 1pe/iJ102KuM TeCT, OCHOBAHHbBII HA PEKOP/HBIX BPEMeHAaX C HO/ITBEPZKIeHIeM, KOTOPbIil 1103-
BOJIUT OTJIMYHMTH OJIHY BBIOOPKY OT JIPYTOif, TO €CTh OMPEJeNTh MPUCYTCTBYIOT JIM B JAHHON
BbIOOpKe HeTunH4IHble HaOMoAeHnd Y;. Tect Oymer ocnoBaH Ha OIEHKe, IIOTYYeHHON 110 METOILy
MoMeHTOB. Kak ke ymoMEHATOCH B paszgene 3.2.7, MaTemarmdeckoe oxumanmue L*(n) (n > 2)

He cymecrsyer. Oanako u3 (3.2.18) caenyer, aro

1

ET* = ———
2(k+1)

T = _—
rae T* = Le(2)+1"
st
Bynem npennonarars, uto pacupefenenns F' u G ©MeloT OJUH 1 TOT Ke HocuTeab n X; < Y,

st
rje < obo3HavYaeT CTOXaCTHYECKoe cpaBHeHme pejanmuyunn X; u Y;. /lannoe cpasnenue 1moapasy-

MeBaeT, 9TO HaOIoennd Y mMeIoT O0JIbIe MTAaHCOB CTaTh PEKOPAHBIMI BeJIMINHAMNA B BRIOOPKe

(X,Y). Bagaaum ocHoBHYIO Tunioresy Hy ciepyomum o6pa3oM:
BBIOOpPKA, COCTOUT TOJLKO U3 HaOJ0AeHni X;.

Takum obpa3omM, ecyiu cripaBe iuBa runore3a Hy, To Mbl uMeeM X -BBIOOPKY. 3a/1a/IUM aJbTep-

HATUBHYIO runore3y Hp cieayionmm obpas3om:
HEPBBIM HAOJII0IeHHEeM BBIOOPKHU sIBJIsIeTCS X1,

cpeay OCTaJbHBIX HabJ/IoAeHuil ectb Xorsd Obl 0HO Hab/OAeHHe Y.

st
To ects, ecn cupasegmusa Hy, To mbl nveeM (X, Y)-Beibopky. [Tockorsky X; < Y, pasymno

LIPE/IIOJIOKUTh, YTO €CJIM ClipaBejjiuBa runore3a [y, To BTopoe peKOp/IHOe BpeMs MOSBUTCH
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1

st
x .y Ty = 1
panbire. To ects T < T%Y toe T Lo (2)+1

Ecnu cupasempmusa runoresa Hi, 7o Besukn
IIAHCHI, YTO OOJIBIIMHCTBO MOJYYEeHHBIX B pe3y/bTaTe dKcIepuMeHTa 3HadeHuir 1’ Oyer 6071b-
me, uem BT = 1 JlanHble pacCyKIeHHs MOMOIAIOT OIPEIEINTh KPUTHUECKYIO 00/ IaCTb:

g 2(k+1)" :
T>c+ m, riae ¢ > (0 — HajyIekallee KPUTUYIECKOe 3HAaUYeHne u 1 — cpejHee 3HaYeHUE BbI-

oopku 11, ..., Tx. Kpurunueckoe 3HaueHHE ¢ MOXKET OBbITh HallIeHO MPUOJIU3UTENHHO C IIOMOIILIO

MEeHTpaIbHOI TpeIeTbHON TeopeMbl. B camom merte, 11 YpOBHS (v IMeEM:

— 1
=PI|T — | H
« ( >C+2(l€+1)| 0)

B Tf+...+T;@—%> cN A
JDIi+.. . +T%)  /DIF+.. +1%)
N
~P|7> ¢ | H |,

VD(TE + ... +TF)

e Z — cTanjapTHas HOpMaJibHas ciaydaiinas Bequunna. /s 6ogabmux N crpaBeiuBoO MpH-

OJTNKeHHOe PaBEHCTBO

N\
DTy |~

e ¢ — crangapriag HopMmasibHas yHknus pacupejgesnerus. s N > 100, a; = 0.1, a9 =

1—® (4.4.1)

0.05, g = 0.01 u paznmunbix 3nadennii k uz dopmyast (4.4.1) nosaydena Tabauna KPUTHICCKHX

snadenuii (tabsuma 4.5).

IIpumep 4.4.1. (a) Mo nposeau 2 skcnepumenma cmamucmuseckozo mo0esuposarus. Mo
eenepuposary dse (X, Y )-ewbopru no 1000 nabmodenuds 6 kasrcdol. B nepsom sxcnepumernme
boavwunemseo nabarodenuts umean Pynryuto pacnpedesenus Fi(x) = 1 — e ™, no 7-e, 10-e,
13-e u 15-¢ nabaodenusa umesu Gynkyuto pacnpedeaenus Fa(y) =1 — e /7 (y > 0). Bo emo-
POM IKCIEPUMEHTNE DONBUUHCTMEBO HAOAWIeHUT umenry Gynryuo pacnpedesenus Fi, wo 7-e,
10-e, 13-e, 15-e, 18-e, 21-e, 24-e¢ u 27-e nabarodenus umeru Fy. Mo. npumenaru xraccume-
crut meem Koamozoposa—Cmuphosa; x0d 6 npozpamme Matlab kstest(x, [z expedf(z, 1)], «).
Imom mecm doasicer 6vla onpedesumsd — U3BAeUEHA AU OAHHAA BLLOOPKA U3 COBOKYNHOCMU C
sadannvim pacnpedenenuem Iy, B nawetl HoHew el MePMUHOLOZUL IO 03HAYUAET, IO Mbl
umeem X-ewbopky (eunomesa Hy). B pesyavmame 2-T nposedeHHvls IKCNEPUMEHMOE Mecm
ne omeepzan Hy npu arobom o. Ouesudro, wmo dannoili mecm He 00HapysHcun NOCMOPOHHUL

INEMEHMOB 8 6LIOOPKE, NOCKONDKY UL KOAUMECMBO Obia0 "HesHavumenvHvim .
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Tabmumna 4.5: Tabauna KpuTudecKux 3HAYCHU

a1 =0.1 oy = 0.05 az = 0.01
k=1 |T>0.2905|T>0.3022 | T > 0.3237
k=2 |T>0.1766 | T > 0.1795 | T > 0.1847
k=4 |T>0.1065 | T > 0.1084 | T > 0.1119
k=6 | T>0.0764 | T >0.0778 | T > 0.0804
k=8 | T>0.059 | T >0.0606 | T > 0.0626
k=10 |T > 0.0486 | T > 0.0495 | T > 0.0512
k=15|T>0.0336 | T > 0.0343 | T > 0.0355
k=20 |T >0.0255 | T > 0.0260 | T > 0.0269
k=25|T >0.0206 | T > 0.0210 | T > 0.0217
k=35|T>0.0149 | T > 0.0152 | T > 0.0157
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Hockoavky nemunuyrvie nabarodenus npedecmasaens, 6 evbopke "bosvuumu" 3navenuamu,

MbL 0HCUDAAU, YN0 TECM, 0CHOBAHHVLT HA 6MOPOM PEKOPIHOM BPEMENU € NOOMBEPHCIEHUEM,

NOMOINCEM BDIACUIND UL HAAUYUE.

(6) Muv, nposeau caedyroujue 06a IKCNEPUMERMA CMATMUCTIUYECKO20 MODEAUPOSatUs. Mol

eenepuposanu 100000 nocaedosamervrocmetd, cocmoswuxr us 1000 nabarodenuti, npunadiestca-

wuz (X,Y)-evbopram. B nepsom sxcnepumenme 604bwuncmeo Habaodenuli umesu pacnpede-

t
aenue Fy, no nabarodenus 7-e, 10-e, 18-e u 15-e umeau pacnpedeserue Fy (npu smom X < Y).

Bo emopom sxcnepumenme boavwuncmeo nwabarodenuti umeayu pacnpedeserue Fy, no nabarode-

Husa 7-e, 10-e, 13-e, 15-e, 18-, 21-e, 24-e u 27-e umeru pacnpedesenue Fy.

Iycmo 7(4)

(8)
u T 00603navaI0M BLIOOPOUHBIE CPEOHUE BEAUMUNDL OAA GBOOPOK, COCMOAULUL

u3 nabarodenuti Ty ¢ Koruvecmeom wemunuynoxr Habaodenut 6 evbopke 4 u 8, coomeemcemeen-

HO.

B pesyavmame sxcnepumenma (npu k = 1) mol noayuasu, wmo 7(4) = 02571 u T

(®)
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0.2475. Uz mabauyv, 4.5 caedosano, 4mo we 6viio ocHosarul omeepzams 2unomesdy Hy npu
MAbAUNHDLT ( KAK 68 NEPBOM, MAK U 60 8MOPOM IKCNEPUMEHTAL.

lpu k = 2 noayuasru, umo 7(4) = 0.1764 u T(S)

= 0.1772. B nepsom sxcnepumenme e
ovin0 ocnosanutll omeepeams Hy. Bo emopom skcnepumenme mo, omsepzanru Hy npu yposre
anavumocmu o = 0.1.

IIpu k = 4 noayuaru, wmo 7(4) = 0.1102 u T(B)

= 0.1113. B oboux sxcnepumenmaz He
ovia0 ocnosanuti omeepzamov Hy na yposne ag = 0.01 u 6wau ocnosanus omeepzamsv na Hy

yposrar cy = 0.1 u ag = 0.05.

—=(4 (8
IIpu k = 6 noayuasu, wmo T( . 0.0804 u T( . 0.0822. B nepsom akcnepumernme me 6viio
ocnosaruti omeepeamsv Hy npu ag = 0.01 u b6v.au ochosanus omeepeamsv Hy npu oy = 0.1
u as = 0.05. Bo emopom skcnepumenme mo. omeepzasyu Hy daa ecex mabiuunvix yposred

3HaAYUMOCMU.

Ilpu k = 8 noayuasru, umo 7(4) = 0.0621 u T(g)

= 0.0645. B nepsom sxcnepumenme e
ovin0 ocnosaruti omeepzamsv Hy na yposne az = 0.01 u bvau ocnosarus omeepeamsv Hy wa
yposnazr a; = 0.1 u ag = 0.05. Bo emopom axcnepumenme mu, omeepzasu Hy na ecex yposmaz,
darHuLT 6 mabsuue.

) )

Ilpu k = 10 noayuasru, wmo T(4 = 0.0504 u T(s = 0.0526. B nepsom skcnepumenme He
oviro ocnosanuti omeepzams Hy na yposwe ag = 0.01 u 6w.au ocnosanus omeepzamv Hy na

yposusax oy = 0.1 u as = 0.05. Bo eémopom skcnepumernme mo, omeepaany, Hy na 6cex yposnax.

Ilpu k = 15 noayuasu, wmo 7(4) = 0.0337 u T(S) = 0.0359. B nepsom axcnepumenme He
bvn0 ocnosanut omeepzamv Hy na yposne az = 0.01 u 6wvuiu ocrosanus omsepeams Hy na

yposnazr oy = 0.1 u as = 0.05. Bo emopom axcnepumernme mu, omeepzasu Hy na ecex yposHAL.

Ipu k = 20 noayuasu, wmo 7 = 0.0252 u 7% = 0.0267. B nepsom sxcnepumerme He
ov.10 ocHosanul omeepeamv Hy na kaxom-aubo yposmne. Bo emopom axcnepumenme He Ovlao

ocnosanuti omsepzamo Hy npu az = 0.01 u 6vuiu ocnosanus omeepzamsv Hy npu aqp = 0.1 u

as = 0.05.

lpu k = 25 noayvasu, wmo 7(4) = 0.0203 u T(g) = 0.0215. B nepsom axcnepumenme He
ovn0 ocnosaruti omeepeams Hy na xakom-subo yposne. Bo emopom skcnepumenme ne 6vi.a0

ocnosanuti omeepaamov Hy npu az = 0.01 u 6wiu ocnosarus omeepeamv Hy npu oy = 0.1 u

ag = 0.05.
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) (8)

Ipu k = 35 noayuaau, wmo T 0.0143 v T = 0.0144. 3decv ne 6viio ocrosanuil

omeepzams Hy 6 KakoM-211u00 u3 06YT IKCNEPUMEHMOE.

AHaIM3upPyst TN IKCIEPUMEHTHI CTATHCTHIECKOTO MOJIEINPOBAHNST, MOYKHO CIEJIaTh CJIeLy-
ronuit BeIBOj. Korma k — "mano" (k = 1,2 B mepBom 3kcnepumente u k = 1 BO BTOPOM 9KCIIEpH-
MEHTE), TECT He MOYKET OLPEJIC/UTh HAJTUINe HETUIIMIHBIX HAOIIOACHNUIT, TOCKOIbKY BEJMINHbI
x M xM 6 6

1., X} MOSIBIISIIOTCS IO TOTO MOMEHTA KaK B BBIOODKE HOSIBIISIOTCS HETHIHYHBIE HAOJIIO-
K E-" "(k=35 9 i

nenns. Korma BEJINKO , IO CPABHEHHIO C KOJIMIECTBOM HETUIINIHBIX HAOJIFOIeHNUIA,
TEeCT TaK:Ke He Ompeje/serT HAJudne B BRIOOPKE HETHIHMYHBIX HAOTIOIEHHIl, IIOCKOIbBKY HX KO-
smaectBo "HesuauyurTeabHo". Tect nHpOpMUpyeT HAC O HAAUYHE MOCTOPOHHUX HAOJIOJEHUN B
BBIOOPKe, KoTaa uX KoamdecTBo "Omm3ko" K Beanunue k. CpaBeanBO CIEAYIONIEee YTBEPIK Ie-

Hue.

Vreepxkaenue 4.4.1. I[Tyemo X, 5 (1 < m < k) — nopadkosas cmamucmuka, noiyvennas

u3 evibopku nesacucumur ceaunun Xi,..., Xy, ¢ pacnpedesenuem F, u X . — nopadxosas
CIAMUCTUKA, NOAYYEHHAA U3 6ul00pKu Hesasucumur X1, ..., X! ¢ pacnpedeaenuem F. Toeda
st /
Xme < Xm,m‘

dokazarenbcTtBo yrBepxkaeHud 4.4.1. /[na goboro r numeem:

k!

P(X,r<x)= T ———
(X < 2) ik —j)!

Fi(a)(1 — F(a)).

™

[Tonp3ysach 3aMeHOl ¥V = jJ — m, TepenuchbiBaeM IMOCIeTHee PABEHCTBO B CIEAYIONIEM BHJE:

L (k—m)!

P(Xinp < ) = F"(x) Z vi(n—m—v)!

(k—m+1)...k
(v4+1)...(v+m)

F*(z)(1 = F(z))"m

v=

OrmeruM, 9TO % > 1. ITosTomy

P(Xp <x)>F"(2) = P(X,,,, <)

g

O6cymuM, KaK MOXKHO HOJYYIUTh "9ucTyio" BTOPYIO peKOpAHy0 BeJndnHy. B mepBoM mpumepe
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MBI TIOKA3AJH, 9TO ¢ BEPOATHOCTBHIO Kak MuHmMyM 0.99 emmumma X (2) (1 < m < k = 2)
npuHaeKuT X-BeiGopKe. U3 yTBepxaenns 4.4.1 ciemyer, 9T0 ¢ BEPOSITHOCTHIO MO KpaiiHeil
Mepe 0.99 Bemuuna X(Q) (mpu m = 2 u k > 2) noayvena u3 X-soibopku. Bo Bropom npumepe

BCE 3TO CIPABEJINBO TOJIBKO JJIsT caydas m = k = 1.
l'enmepupoBanue peKOpAOB C MOATBEPXKAEHUEM.
ITpumep 4.4.2. Ecau F' = Fi, mo zenepuposarue pexopoHbLT SeAUMUH ¢ NOOMBEPHCIEHUEM
MOIHCEM, OCHOBVLBAMBCA HA Popmyre, 3anucarrol 6 semme 3.2.4. Mo eenepupyem sesusuny

X(n) kax 636CWEHHYIO CYMMY BEAUMUH, UMENULUT 2aMMA-pacnpedeserus. 30eco MoAHCHO Uc-

noAb308aMb CACIYow Ul Kod npoepammo. Matlab:
clear; S =0; define k,m,n;

fori=1:m x = —log(rand(1,n)); mu(i) = sum(z)/(k —i+ 1);
S =S+ mu(i); end,

B zasepwenuu, nosostcum X (n) = S.

B ob6miem Bujie resepupoBanue X (n) OCHOBBIBAETCS HA HJee, TPEJTIOKEHHON B I0KAa3aTe b

cTBe JIeMMBI 3.2.8. MBI BHaUase reHepupyem X’(l) = X, ¢ pacupenenennem F'. Ilpu n > 2 mbr,

(n—1) (n—1)
COOTBETCTBEHHO, reHepupyeM X, ey Xy ¢ pacrpejieJieHueM

e ) = S 2 )

MpbI npuMeHsieM Mnpoue/ypy COPTUPOBKU U HOJIyYaeM HMOPSJIKOBbIe CTATUCTUKU

(n-1) (n—1)
XV < <xioh.

S ~1
B kauecrtBe X (n) BeIOMpaeM CTaTHCTHKY Xglk ). Huxe sror MeTO/I TPOJAEMOHCTPUPOBAH Ha

npuMepe pactpenenennd llapero.

ITpumep 4.4.3. ITycmov F(x) =1 — m (x > 0). Toeda

1+xn—1
1+ 2«

Gz | zpy) =1— ( )2 (> 2nr).
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Pexopdu, ¢ nodmeepotcdenuem MoHcHo 26HEPUPOBATIL € NOMOULBLIO CAEIYULEZ0 KOOA NPOZPAMMBL
Matlab:

define n, k, m;
(1) = 1/sqrt(rand(1)) — 1;
forj=2:n
fori=1:k y(i) = (z(j — 1)+ 1)/sqrt(rand(1)) — 1; end;

z = sort(y); z(j) = 2(m); end;



nasa 5 lNpepenbHbie TeopeMbl AN 4Yucaa BeSINYUH,

perncTpupyemMbix OKOJIO MOPSAAKOBbIX CTaTUCTUK U PEKOPA0B

§ 5.1 BeepeHune rnasbl 5

['pun u Knyr, mocssrusinue crpanuisl 111-114 cBoeit kauru [98| (Greene and Knuth 1982)
BOIIPOCAM TI0JIyYeHHsI OJMHAKOBBIX K3aMEHAIMOHHBIX OAJIIOB yUAITMMUCS, HEBOJBHO 3aTPOHY-
JII TPOOIEMATAKY COBHAICHUI TTOPSIKOBBIX CTATUCTUK, M3BJIEKAEMBIX U3 JUCKPETHBIX BHIOOPOK.
[Tycts X1, ..., X, — HE3aBUCUMbBIE OJIMHAKOBO PACIpEIEJeHHbIe CJIyYaiiHble BeIUIUHbI, TPUHU-

MAIOTIHe TIeJIble HOTOKUTEbHbIe 3HaUeHnsI. PaccMOTpIM CirydaiiHy10 BeTHIuHy
n
K(n) = E {X; = M,},
i=1

riae M, — makcumyMm januoii BeiOopku. Besmmauna K (n) paBHA Yuc/y 9I€HOB BHIOOPKHU, COBIA-
JAONMX ¢ MakcuMyMoM. Bemuunny K (n) MOXKHO TakKzKe HHTEPIPETHPOBATH KAK KOJHYECTBO
nobeuresieil HEKOTOPOro COPEBHOBAHUS, UMEBIIErO N y4acTHUKOB. Bennununa K (n) Buocse-
CTBUM AaKTHBHO m3ydasiach. Cpean MHOruX myOauKaiuii 1Mo 3TOil TeMaTuKe yIOMSIHEM JIUIIb
HEKOTOpbIe, BHecIne Hanbosblmmii BKIaja B ee passutue: [45], [55], [80], [109], [159], [160] u

[161].

VceneqoBannst KOJIMIECTBA COBIAIEHUI MAaKCHUMYMOB B JUCKPETHOM CJIydae BbI3BAJIU MHTE-
pec K U3yUEHUIO HelpephIBHOTO anaxora seanuntbl K (n). llycrs X, ..., X, — BbIGopKa He3aBH-
CUMBIX OJINHAKOBO PACHpPE/IC/IEHHBIX BeJIMYUH ¢ 00111eil HerrpepbIBHON (DYHKIUEH pacipeieieHust
F. Tlsiikc u Croioten [152] (Pakes and Steutel 1997) u Xwmananze, Hanapemsmin u Hukaba3e

[116] (Khmaladze, Nadareishvili and Nikabadze 1997) npetoxuin ucciae 0Barh BeTHIHHY

K(nva):#{j:XjE(Mn_aaMn)} (1§j§n7a>0)7

134
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SIBJISIFOILYOCSI HETPEePBIBHBIM aHaI0roM Beauwdnnbl K (n). Beanunna K (n,a) onucbiBaer KoJIu-

9ecTBO HAG/IIO/IeHUIT BEIOOPKH, MOMAJAIOIINX B caydaiineit uarepsan (M, — a, M,).
Okasasoch, uto Beauunna K (n,a) recno cszana ¢ "sepxuumu' creiicuaramu (creiicuaru
Buga 0,(n —k,n—j) = Xpykn — Xojn (0 < k < j) gacto massBator "BepxumMu'), mo-
CTPOECHHBIMHU TI0 TOPSAIKOBBIM CTATUCTHKAM. [IpuBeseM 31ech npeacTaBiIeHue, IPeIIozKeHHOe B
152,
P{6,(n,n—j) < a} = P{K(n,a) > j} (a>0,0< j<n-—1).

JlanHOe Ipe/IcTaB/IeHne MO3BO/ISeT I0JIyYaTh U3 Pe3yJIbTaToB Jid Beaudud K (n, a) pe3yabrarTsl
Juist cnieficunros. [ogpoGuas nudopmanus o creficHHrax coJep:KuTcsa B 0030pHoit cratbe [158],

a Takzxke B Kaure [73|.

B pa6ore [151] onpenenunn caydaitayo sernanny K_(n, k, a):

K_(n,k,a)=#{j: X; € (Xin—a, Xn)},

e 0<j<n,1<k<nua>0. Ormernm, 910

K_(n,n,a)=K(n,a) u 0<K_(nk,a)<k-—1.

B 570ii miaBe MBI TakKxkKe pacCMOTpuUM caydaitnyto Beauuauny K (n,k,a), BBemennyio B [203].
DTa BeJMYMHA PABHA YUCJIY YJIEHOB BHIOOPKH X1, . . ., X, NONAJA0NMX B CydaiiHbIii nHTEpBAI
(Xkn, X + a). Jonommnm crmcok pabot, B KOTOPBIX H3y4YaIuCh ¢BoiicTBa Beamann K_ n K,
caexytomuvu paboramu: [101], [102], [103], [104], [111], [116], [127], [128], [149], [150], [159],
1160] u [213].

B rnaBe 3 m3yuyanmch AECKpeTHBIE CaydailHble BeJMYUHBI &', paBHBIe YHCIAM CJA0OBIX pe-
KOPJIHBIX BEJIMYMH, nonajaomum B Touku ¢ (i > 1). Iina wekoroporo a > 0 onpegeum ciy-

qaiiubie Beauannbl £,(a) (n > 1) paBeHCTBOM:

nla) = #{j - L(n) <j < Ln+1), X; € (X(n) —a, X(n)]} (n=1).

[Tocsieinue OyyT HenpepbIBHBIME aHajoramu BejanduH . Orvernm, 4To

0<&(a) <Ln+1)—Ln)—1=An+1)—1 mn, (5.1.1)
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£.(0) =0m & (o0) =A(n+1)—1,

riae A(n) — mexpekop/abie Bpemena. Bemuunny &,(a) Ha30BeM UYHCJIOM BeJIUYUH, PETUCTPU-
PYEMBIX OKOJIO M-Oif peKOPHON BesmvuHbl. Besmuuny &,(a) GymaemM Tak:ke HA3bIBATH THCIOM
OKOJIODEKODJIHBIX BeqnuuH. Beanunubl &,(a) W WX CyMMbl HAXOIAT NPUMEHEHHE B aKTyap-
Hoii m unancosoit maremaruke. [Tycrs X; — 1m0J0KUTE/IbHBIE BEJIMIUHBI U Sp(a) — cymma

Xi; rae

. . L(n+1)—1
BEJINYUH, PErHCTPUPYEMBIX OKOJIO N-Off PEKOP/HON BEeJUYUHBL, T.€. S,(a) = > (1)

i=L(n)+1

X; € (X(n) —a, X (n)]. Jaunasg cymma MOKeT GbITH HHTEPIPETHPOBAHA KAK CyMMa CTPAXOBBIX
TpeboBanmii, nonagaromux B ciaydaitustii narepsasa (X (n) — a, X(n)]. 9tu rpebosanuns Gyayt
PEruCTPUPOBATHCS TOJIBKO MOCIE HEKOTOPOrO CIIENUATBHOTO MOMEHTA BPEMEHH. DTOT MOMEHT
o6o3HaYeH TPEeOOBAHIEM, IPEBOCXO/IAIINM BCe IPEIBIAYIIHe TPeOOBAHNSI, NN, B HAITHX T€PMI-
HaX, sIBJISETCS N-bIM DEKOPIHBIM BpeMeHeM L(n). B ety HEKOTOPBIX 06CTOATENBCTB (TEKYIIEro
3aKOHOJIATE/ILCTBA | T.I1.) PETUCTPallsl ITUX TPeGOBAHMI IIPEKPAIIACTCA B MOMEHT I1OSIBJICHUS]
cJieyIomero pekopauoro rpebosanus L(n + 1). EctecrBenno, 910 /g cTpaxoBbIX KOMIAHHIA
cymma "Gosbmux" ¢TPaxXoBBIX BBILIAT Sp,(a), a OHA MOXKeT jocTuraTh 10 90% o1 cyMMbl Beex

BblIlJIaT, IpeacTaB/ideT 3HAYUTEJbHbBINA uHrepec. Beanuunbt §n(a) U UX CyYMMbl HU3y4YaJIUCb B

paborax [29], [97], [114] u [200].

JlanbHeilinmee coiepKaHie TJIaBbl D cjeayiomnee. ACHMITOTHYECKOE MOBEICHUE BEJIMINH
K_(n,n —k,a), K.(n,n —k,a) (n — o00) ucciemyercs B naparpacde 5.2. B naparpade 5.3
9TH HCCJIeJ0BaHUA MPOJOJZKeHbl. 3/ech Ipejnoaaraercd, 94to a = a, — 0" u k = k, — oo.
AcuMnrorndeckue CBORCTBA OKOJIOPEKOPAHBIX BEJIUYMH U CYyMM OKOJIOPEKOPAHBIX BEJIUYUH OY-
JIyT paccMaTpuBaThcd B naparpade 5.4. B maparpade 5.5 gaorcst mpuMepsl, HILIIOCTPUPYIOITNe
Pe3yIbTaThI IpeIblayuX maparpadon. Bee "rpomosikme" qokaszaTebcTBa IIaBbI D BHIHECEHBI

B OTJeabHbI naparpad 5.6 (mpuiozkKeHue rIaBbl 5).

MatepuaJs juccepraliuu, MpeICTaBJIeHHLI B I/1aBe D, OIyOJUKOBAH aBTOPOM JIUCCEPTAIIH-

OHHOII PaGOTHI B caeayomux crarbax: [198], [200], [201], [203], [206], [211], [213], [221] u [222].
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§ 5.2 lNpepenbHbie TeopeMbl A1 HUCNA BESINYUNH, PErNCTPUPYEMbIX

OKOJ10 NOpAgKOBbIX CTATUCTUK

B pazaene 5.2.1 npeacrasienst pacupenenenust Bequana K u K. 371ech e J1aHbl HEKO-
TOpBbIe mpejieabHbie TeopeMbl Jist K (n,n — k,a) u K, (n,n — k,a) upu dbukcupoBaHaom k u
n — 00. MBI TakzKe JOKaykeM aCHMIOTOTHYECKYI0 HEe3aBHCHMOCTH cocenHuX 'BepxHux' creii-

CHUHI'OB, IIOCTPOEHHBIX I10 IMOPAJAKOBBIM CTaTUCTHUKAM.

5.2.1 PacnpegenerHus senuund K_, K, n npegenbHblie TeOpeMbl /1S HUX

Pacnpenenenue Bemannbl K_(n, k, a), naiizennoe B pabore [151], umeer cuemyrommuii Bu

(1<k<n, 0<j<k—1):

P{K_(n,k,a) =3}

= nCk1od | / {F(z —a)}" 7" F(z) = Fx —a)¥ {1 = F(2)}" " dF(z) (5.2.1)

riae Fi.(z) — dyukius pacnpegesennst k-oii mOpsiKOBOI CTATHCTHKH, ONpejessieMas PaBeH-

crBoM (1.3.2). MokHO TakzKe HOJIB30BaThCs cJreyiomeii dhopmyoii (cm. [203]):

P{K_(n,k,a) > j}

—nChI0i /R (P Pz +a) — F(x)Y {1 — Flz +a)}" " dF(z).

B paborax [149], [151] u [152] 6pL10 HOKa3aHO, YTO ACHMIITOTHYECKOE MOBEJICHUE CJIYYaiiHOI
senmunabl K_(n,n — k,a) (3uavenne k > 0 durcupoBaHo, n — 00) MOJHOCTHIO 3aBHCUT OT
TOBEJIEHNST XBOCTA UCXOJHOTO PACIPEE/IEHIsI, KOTOPOE, B CBOIO OYEPE/Ib, OTPEIEISeTCs TIpe/ie-
som (1.2.1). XBocr pacupejienenns HasbiBaercs "roukum" (st ganuoro a > 0), ecan f(a) = 0,
" " 0 1 " " — 1 H _
cpeauM,” ecan U < p(a) < 1 m "TOJCTBIM,  eCcJau P(a . OnKe npuBegeM TeopeMy, MOJIY

qeHHyio B [149)].
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Teopema 5.2.1. (a) Ilycms rp = 00 u pacnpedeaenue F umeem "cpednuii” zeocm. Tozda das

ar060z20 k > 0 cnpasedaiuso:
K_(n,n—k, a) KN nb(k+1,6(a)) (n — o0),

2de nb(k,p) — cayuaiinan eaununa, ULMENULAA OMPULAMENDLHOE BUHOMUAALHOE Pacnpedeserue
¢ napamempamu (k,p).

(6) Ilycmo rp = oo u F umeem "moacmuti” zeocm. Tozda K_(n,n —k,a) 2 0.

OrmeruM, uTo Teopema 5.2.1 (a) crpaBejinBa u 6e3 MpenoJoKe s O HelpepbiBHOCTH F.

HausioxkuB nonoanTebHbIe YeaoBus Ha F') MoxKHO mpeBpaTuTh Teopemy 5.2.1 (6) B CHIBHYIO

IpeIeILHYI0 TeOpeMy.
Teopema 5.2.2. IIycmo rp = oo u f(a) = 1. Jlas mozo wmobo

K _(n,n—k,a) () (n — o0)

(0ns nexkomopox gurcuposarnoxr k>0 uwa > 0), neobxodumo u docmamouno, wmobol

F(z+a) - F(z — a)
/R (1— F(x —a))? dF(z) < co. (5.2.2)

Hocrarounbie ycioBus Teopembl 5.2.2 GbLiu Biepsbie noJyudenst upu k = 0 B padore [127]. B

nareil pabore [203] orn 66111 06001EHB! Ha caydaii k > 0. B aroit quccepranumonHoii pabore Mbl
I1.H.

BIIEPBbIE IIPUBOIUM HEOOXOIUMBIe H JT0CTaTOuHbIe yeaoBus st K_(n,n—k,a) —" 0. Dro crano

BO3MOXKHBIM OJ1arojiapst JjeMMaM IVIaBbl 2, KOTOPbIe OBLIN JI0Ka3aHbl HeaaBHO. /loka3aTebcTBO

TeopeMbl 5.2.2 cM. B naparpade 5.6.

Omnpenennm ciaydaiinyio Beninuuny K (n, k,a) caempyromum o6pa3oM:
Ki(n,k,a)=#{j: X; € (Xin, X +0a)},

rie 1 <j<n, 0< Ki(n,k,a)<n—kuwua>0./lannasg BeJUYAHA PABHA YUCTY HAOIIOCHUIH

BoibOpKH X1, ..., X, nonajgaomux B ciaydaitueii uarepsasn (X, X, + a). Pacupenenenne
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BCJINYHNHDBI K_;,_ nmMeeT BHI:

P{K,(n,k,a) =1}

:nCﬁK&%A{ﬂx+@—F@ﬂql—F@+aH"qu@Hk%W@)@2&

~en [T {F(;(I)a)]n_k_j it

B Teopemax 5.2.3 u 5.2.4 paccmarpuBaercst acumnrorudeckoe nosejienne K. [lojb3ysich me-

TO/IAMU JIOKA3aTeJbCTBA TeOpeMbl 5.2.1, HECJIOXKHO J0Ka3aTh TeopeMy 9.2.3.

Teopema 5.2.3. [Tycmo rp = 00 u npedea 6 (1.2.1) cywecmeyem, npuvem B(a) € (0,1). Tozda

08 106020 nocmoannozo k > 0 cnpasediuso:

P{K(n,n—k,a) =1} = C, {Ba)}" {1 - B(a)}' (0<I<k).
Hecosxkuo mokaszate, aro Ky (n,n —k,a) 2 0 mpu f(a) = 1 u K (n,n — k,a) > k npn

B(a) = 0.

Teopema 5.2.4. [lycmo rp < 0o. Tozda dasa mobwz nocmoanwnvr a > 0 u k > 0 cnpasediuso:

Ki(nyn—Fka) "™ k& (n— ),

K _(n,n—k,a)
n

" Fa) (n— ).

dokazarennrcTBOo Teopemsbl 5.2.4. B camom jiejie, ecin BejimunHa X1 OrpaHMYeHa CIpaBa,

TO 11 JIIOOBIX (bukcupoBanubX k > 0,a > 0 1 Beex JOCTATOYHO GOJBINMNX 1 CIIPABEIUBO:
P{X, _jn>rp—a}=1

CietoBaTe/ibHO, C BEPOSITHOCTHIO NHUIA JIIsT BCEX JIOCTATOYHO DOJIBINHUX N MOPSIAKOBHIE CTa-

TUCTUKH Xy ki1 ms - - - s Xn,n TPHHAITEKAT UHTEPBATY (X g ny Xp—kn + @), TO €CTDH

Ki(n,n—k,a) ™5 k.

ITpu Gospmux n n bUKCHPOBaHHOM Kk cTaTHCTHKA X,,_j, C BEPOATHOCTBIO enuHuNa "Oam3ka'
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K [paBOMYy Kpalo HOCHTeNd paclupejesenus rp. Ecim ypesnmuumBaTh pasmep BBIOOPDKH 71, TO
HAUMHAET paboTarh cxema Bepuysin, rjae BeposTHOCTHIO "yemexa' Gymer Bemuunna 1 — F(a).

Orcroga ciieayer BTopoe yTBepzK aeHue Teopembr 5.2.4. [

[IpuBeem coBMecTHOe pacmpesenenne Beanand K u K.
Jlemma 5.2.1. Cosmecmmoe pacnpedesenue seauvun K_ u K 3adaemca gopmyaot

n!

Mk—j—D(n—k—1)
< [ {P@) = Fa - )Y {Fla =)}
X {F(z+b) — F@)} {1 — Flx +b)}" " dF(z), (5.2.4)

P{K_(n,k,a) =j,K.(n,k,b) =1} =

20e 0<1<k—-1,0<I<n—k, a>0,b>0ul<k<n.

JlokazareabcTBO JieMMBbI 5.2.1 cM. B maparpade 5.6.

Teopema 5.2.5. [Iycmo rp = 00 u npedea (1.2.1) cywecmeyem 0ai HEKOMOPOLT NOCTOAHHLT
a, b > 0. Tozda seavuunv, K_(n,n — k,a) u K,(n,n — k,b) (seaununa k > 0 nocmosnma)

acumnmomuvecru He3asucumdsl.

JokazarebcTBO TeopeMbl H.2.5 cM. B maparpade 5.6. I3 reopemsr 5.2.5 u 3amedanus 1.2.1

cJielyeT BayKHOe CJIeJICTBUE JIJIsl CIIEHCUHTOB.

CaencrBue 5.2.1. ITycmo rp = 00 u das wucen k, 1, j cnpasedausv, nepasencmea j > 1 u 1l <
I <Ek+1, k>0. Hycmo maxace npedea (1.2.1) cywecmeyem daa scex ay,as > 0, makuz wmo
ommowerue ai /as — uppayuonarvio. Toeda cocednue "seprrue "cneticuneu 0, (n—k+1—1,n—k),

on(n —k,n—k— 74 1) acumnmomuuecky HE306UCUMDL.

AcuMnToTnueckast He3aBUCHUMOCTEL COCEIHUX CIEHCHHIOB /I KJIacca paclpeaeeHnii 01m3-
KOTO K SKCIOHEHIHATHLHOMY paccMaTpuBaiach B pabore [158|. Acummnrorudeckast HE3aBUCH-
MOCTbD JIJISI VAQJIEHHBIX CIIEHCUHIOB, T.€. IOCTPOEHHBIM 110 HAMMEHBIITUM ¥ HAUOOJIBIITUM OPSI/I-

KOBBIM CTATHCTHKAM, 00CyKaaxach B pabore [178].
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§ 5.3 AcmmnTtoTuYeckme CBOWCTBA 4YuUCAa BEJIUYUH, PETUCTPUPYEMbIX

OKOJ10 NOpAgKOBbIX CTATUCTUK, NP NSMEHEHNN NaApaMeETpPOoB

B naparpade 5.3 6yaem usydars nosejenue segnand K_(n, ky, a,), K (n,k,,a,), upeimno-
narasi, 9to kp, @, MEHSIOTCI C POCTOM n, npudeMm k, — 0o, a, — 07 k,/n — a € [0,1]. B
pazgene 5.3.1 paccMoTpuMm acumnroruveckoe noseaenne K_(n, ky, a,), Ky (n,ky,a,) B 9Kc1o-
HEHITNAJIHHOM CJIydae. DTOT HKCIOHEHIHNAIbHBIN CIydail OyaeT CaIyKUTh CBOeOOPA3HBIM OPUEH-
TUPOM I TaJIbHeHInX uccaeaoBanuii. Pazaenst 5.3.2 — 5.3.4 mocB4IeHbl N3y YeHUIO0 aCUMIITO-
Traeckoro noweaenus ennaud K_(n, ky,,a,), Ky(n,ky,,a,) 1js Tpou3BOIbHON HEIPEPHIBHON

Fupn a=0, a € (0,1) n o = 1, cOOTBETCTBEHHO.

OrmernMm, 9T0 ecnau Yi,...,Y, — HOCIEI0BATEILHOCTh HE3ABUCHUMBIX OJMHAKOBO pPACIIpee-
. d d
JIEHHBIX CJlydaiiHbiX BejauduH, Takux 4ro Yy = —Xi, 10 Yi, = —Xppr1n (B = 1,...,n).

Orcro/1a BBITEKAET, ITO
K*(n,k, a) iK}:(n,n—lerl,a) n Kf(n,k,a) in(n,n—k+1,a),

rie Bepxane nagexchl X n Y coornocar Beamunnnl K_, K K nociegosareabnoctn X; nian Y.
Taxkum 06paszom, usyvas nosenenne K (n, k,,a) upu k,/n — a € (0,1), Mbl TakKe HccIeIyeM
u K_(n,k,,a) upu k,/n — 1 — a. B srom naparpade Oyger nokasaHo, 4To B CJIydae, KOrja

a =0 wmwm o = 1, HeOOXOAMMO TAKIKe YIUTHLIBATH KOHEUHBI JIM BEJINYUHBI [p U Tp.

5.3.1 AcumnTtoTuyeckoe nosegexue sennyud K_(n,k,,a,) n K (n,k,,a,) B cny4ae

3KCNoHeHUnaAbHOro pacnpegeneHumns

[Iycts Xq,...,X,, — He3aBUCHMBbIEe BEJUYHHBLI C OOMIIEH CTAHIAPTHON KCIOHEHIIHATILHON

dbyuxueit pacupenesnennst. 113 dopmyasr (5.2.1) maxomum, 410

P{K—(n7 k? CL) = ]} - O’fl—k-i-j(]' - e_a)je_(n_k+1)a7 j = 07 ) k—2

P{K_(nka)=k—1}=1— iP{K_(n, k,a) = j}.

Jj=0
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Takum obpazom, pacnpejgesnenne K_(n, k,a) B Toukax 0,1,... k — 2 coBuajaer ¢ OTpUIATeb-
HBIM GUHOMUAJIBHBIM pacipeeenueM ¢ mapamerpamu (n—k+1,e~%). OctaTok BepOATHOCTHOI
Macchl cocpeoroder B Touke k — 1. Takoe pacnpesesienne Ha3bIBAETCST KATOM OTPHUIATETHHOTO
OMHOMHUAJILHOTO pactpe/ieeHust B Touke k — 2. JIas cayvaitnoit BeIMIuHbl ¢ TAKAM PACIpe/ie-
JIeHHeM, B JajibHeilieM, Oy1eM UCIoIb30BaTh 0603Havenue nby_o(n—k+1,e~%). Ormerum, 4To

upu Jir0b6oM (UKCUPOBAHHOM k > 1 BBINOJIHAETCS aCUMITOTHIECKOE COOTHOIIEHHE:
K_(n,ka) B k—1 (n— 00).
C apyroit cTOpOHBI, HECJIOKHO yOeUTHCSA B TOM, 9TO pu N — k, — 00 u k, — 00 CIpaBe I InBO:
K_(n,ky,a) 5 oo.

B Teopeme 5.2.1 ormeqasnocs, uro ciayvaiinasg Besmuuna K (n,n —k,a) cxogures mo pacnpe/ie-

aennto K nb(k +1,e7).

s mekoroporo A > 0 u 70cTaTOIHO OOJIBIIUX 7 OIPE/IETUM
a=a,=—In(l—X/n)>0.

13 dopmyssr Crupimara caepyer, aro n! ~ (2)"/2mn. Orkyga

P{K_(n,k,a,) = j} ~ (n—k+j) (é)f (1_ é>nk+l

7! n

CoOTBETCTBEHHO,

K_(n,k,a,) 4 pok_2(A),

rje pog_o(A) — cayuaiinas BeJMuUMHA, UMEIONIAsd KAT pacupejesenus [lyaccona ¢ napaMerpom

A B Touke k — 2. Ec/in BBITIOJIHAIOTCS COOTHOIIEHUS 1, k, — 0o u o = (0, TO

—k Y A i A n—kn+1 )\j
P{K_(n, ]{?n,an) = ]} ~ m (_> (1 — —) — €7Af7 j Z 0.
! n n 4!
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Takum obpaszowm,

K_(n,ky,,ay,) Y po(N),

rie po(\) — ciydaiinas BeJMunHA, UMEIONas pacupeaesenue [lyaccona.

[Tycrs k,/n — « € (0,1). s dukcuposarroro A > 0 1 0CTATOUHO GOJIBIIUX 7 OIPEIETUM

a, = —In(1 — ﬁ) > 0. Torna a1a mo6oro j > 0 cnpabe1InBo:
k4 g) A J A ket N
P (1, by ) = ) ~ 2 ) o S
J! (1—a)n (1—a)n j!

[TocaegHee 03HATAET, ITO NPEAETbHBIM pacipeaeaenuem s seananubl K (n, k,, a,) asasercs

pacrupejenenue [lyaccona.

U3 (5.2.2) moaygaem pacnpejenenue sesnaunbl K (n, k, a):
P{K,(n,k,a)=j}=C'_ (1 —e e (ke 5>

P
Ouesuano, uro ecau n — k, — 0o, to K, (n,k,a) — oo. Iag uekoroporo A > 0 u 10cTarouHO

GOJILIINX T OlpeaeuM a = a, = —In(1l — A\/n) > 0. Torna upu k,/n — 0 cupaseiuso

K‘f’(na knv an) i) pO()\)

Ecim k,/n — a € (0,1) ua, = —In(1— m), TO MPEJEJIbHBIM PACTIPEIEJIEHUEM JIJIsl BeJINU-

ubl K, (n, ky,,a,) Takxke Oyger pacnpejesenue [lyaccona. AHAJIOrHYHOe BEPHO W JJisl CJIydasi,

korja k,/n — a, a € (0,1}, n —k, - oo un a, = —1In(1 — n:\kn)

Pestomupyem marepuas aToro paszgena. /Iy Toro, 9roObl MOIYYHTH MIyaCCOHOBCKOE IIpe-
JleJIbHOe pacupeesienne s seuann K (n, ky, a,) u Ky (n, k,, a,), Mbl 1oa6upasm nociem0-
BaTeJbLHOCTH a, — 07, 3aBucdILyI0, ONpeIe/IeHHBIM 06pa30M, OT A-KBAHTUIN IKCIOHEHIINAJ b-
HOTO pacmpejesienus, tae « = lim, o k,/n. [Ipu uccaemoBanuu obIero ciaydas Mbl OyaeMm

PYKOBO/JICTBOBATBHCH 3TOH 2Ke heei.

5.3.2 AcmmnTtoTnyeckoe nosegeHne senuydnHd K, K, B cnyvae, korga a =0

B stom pazmesne Gyaem mpejmnosararb, 9To [ — HelnmpepbiBHOE paciipejiejieHne, Takoe 9To

lp=0.
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YrBepxkaenue 5.3.1. [lycmo k,,n — o0 u a = 0. Tozda
K_(n,ky,a) 2 oo,
K (n, ky,a) 2 oo. (5.3.1)

dopmasibHOE JI0KA3ATEIHCTBO yTBep:K 1eHus 5.3.1 naxoaurcs B maparpade 5.6. Cxoaumoctnb
B (5.3.1) MoKeT OBITH TakkKe 00bsicHEHA caeyionmm obpa3om. [lopsinkosast crarnctuka Xy, 5,
(mpu n, k, — oo u o = 0) crpemurcs 10 BepositHocTH K 0. [Ipu GOIBIINX 1 MOBeeHNe BeJd-
anubl K (n, k,,a) aHATOTHIHO NOBEIEHII0 OGHHOMUAIBLHON CIyYaiiHOl BeTnIuHbl Y, HMeromeit
napamerp p ~ F(a). TlocaenosaresbHOCTh Y, CTPEMUTCSA 1O BEPOATHOCTH K OECKOHEYHOCTH.

Takum obpasom, K (n, k,,a) Tak:ke CTpeMHUTCI K OECKOHETHOCTH.

Teopema 5.3.1. Ilycmov F umeem obpammiro dynwyuo F~1 6 npasoti okpecmmuocmu nyasa.
Jaa X > 0 onpedeaum nocaedosamenvrocmy a, — 07 (n — 0o) pasencmeom a, = F~1(\/n).

Feau
Fle+vy)—F
lim (z+y) (z)

=1 5.3.2
z—0t, y—0+ F(y) ’ ( )

mo das A106020 k > 2 cnpasediuso:

K_(n,k,a,) KN pog_2(N).

JlokazarebcTBO TeopeMbl 5.3.1 mpejcraBieHo B naparpade 5.6.

3ameuanue 5.3.1. Ecau F' umeem nenpepoiehyto HEHYAEEYI0 NPOU3GOOHYI0 6 Npasot okpecm-
nocmu mouku 0, mo ycaosue (5.5.2) swnoansemes. Taxomy yeaosuro, nanpumep, yoos.iemeo-

paem pacnpedeserue

Fz)=1-14+2%e™ (z>0).

[Tepeitaem x ciaygao k = k, — oo.

Teopema 5.3.2. ITycmv n,k, — oo, a = 0 u F umeem obpammnyro dynxyuro F~1 6 npasoti
okpecmmocmu 0. Tas X > 0 onpedeaum nocaedosamesvrnocms a, — 07 pasencmeom a, =

F~Y(\/n). Ecau

F —F o
lim (z + an) (an) =1,
n—o00,z—01 F(.T)
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K_(n,ky,,ay,) KN po(N).

JlokazaresibcTBO TeopeMbl 5.3.2 He Oyjer lpejicraBieHo B naparpade 5.6, HOCKOJIbKY OHO
NMPAKTHYECKN TOJTHOCTHIO TOBTOPSET J0Ka3aTebcTBO Teopembl 5.3.1. JlokazaTeabcTBa Bcex
OCTaBINUXCS PE3YILTATOB 3TOro Maparpada Takzxke He OyayT IpeacTaBieHbl B maparpade 5.6,
IIOCKOJIBKY OHM O4eHb "rpomosiakue. SauHTEPECOBAHHOIO YHTATEs] Mbl OTCHLIAEM K HaIlei
pabote [213], rye sTu 10Ka3aTeNbCTBA JaHbl B OJHOM 0O0beme. [Jasee B 910oM maparpade npu-

BeJIeM Pe3yJbTaThl 0e3 JI0Ka3aTeIbCTBA.

Teopema 5.3.3. [Tycmo k, — nocaedosamesvbHocmsb NOAOHCUMEALHOLL YUCEN, YIOBAELMEBOPAIO-
WaA YCA0B8UI0 %" —a =0, uF - uenpepueran Gynryua pacnpedeserus, uMeowas 0opammiyo
dyrxuyuro 6 npasoti oxpecmmuocmu 0. Ilocaedosamenvrocmo a, — 01 onpedeaum paserncmeom

a, = F~1(\/n), X > 0. Ecau ycaosue (5.3.2) us meopemv, 5.3.1 6vinoansemcs, mo

K_,.(TL, kna an) i) pO()\)

5.3.3 AcumnTtoTudeckoe noseaexve sennyni K_, K, B cny4ae, korga a € (0,1)

DToT caydvail anagormden ciaydao o« = 0. 3mech Bermumabl K m K| cTpeMsaTcd MO Be-
POSTHOCTH K OECKOHEYHOCTHU MPU TTOCTOAHHOM @ > () M CTPOro BO3PACTAIONIEM B OKPECTHOCTH

Q-KBaHTHJIU paclipejiesienne F'.

VYreepxkaeuue 5.3.2. ITycmo o € (0,1) u cywecmeyem v, ydosaemesopatowuil pasercmey
F(v) = a. Ilyemv F — nenpepuvishoe pacnpedeenue, cmpozo 603pacmaiowee 6 oKkpecmHocm

v. Tozda dars awbozo nocmoannozo a > 0 cnpasediuco:

K_(n,kp,a) 5 0o, K (n ky,a) co.
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Teopema 5.3.4. ITycmov o € (0,1) u cywecmesyem vy, ydosaemeoparowuts ycarosuio F(y) = a.
IIyemw F — nenpepvisnoe pacnpedeserue, cmpozo cozpacmatouiee 6 okpecmmuocmu vy. Ilocaedo-
sameavrocmy a, — 07 (n — o00) onpedeaum pasencmeom a, =y — F~ o — X/n). ITpednono-

AHCUM TNAKIAHCE, 4MO
: F(x)—-F
lim
z—y,y—0t F(y) = F(y —y)

= 1. (5.3.3)

Tozda
K_(n,ky,ay,) KN po(N).

Caemyronuii pe3y/abrar BBITEKAET U3 JIBOMNCTBEHHOCTH, U3BECTHON /i Besmand K u K.

Teopema 5.3.5. ITyems o € (0,1) u cywecmsyem 7y, maxotd wmo F(vy) = a. IIyemv F -
HenpepusHoe pacnpedeserue, cmpozo eospacmalowee 6 okpecmuocmu . ITocaedosamenvrocmo
a, — 07 onpedeaum pasencmeom a, = F~ (o + \/n) —~. Ecau

lim
z—y,y—0Tt F(’)/ + y) —

F
=1 5.3.4
F ? ( )

KJr(”a kna an) i) pO()\)

Bameuanue 5.3.2. [ycmo naomuocmo f(T) cywecmeyem 6 okpecmHoOCmu Y, HENPEPLIEHI 6

mouke v u f(v) # 0. Toeda ycaosua (5.3.3) u (5.3.4) ewinoanaomca.

5.3.4 AcumnToTmn4eckoe nosegeHue K, B cny4ae, ecnm o =1

Acumvnrornueckoe nosejgenne Besmauabl K (n,n — k, a,) 00CyK1a/g0Ch B HEKOTOPBIX My0-
JMKANUAX, CM., Hanpumep, [149] nom [151]. Cront or™MeTHTh, 9T0 ACUMITOTHYECKHE PE3YILTATHI
it Benmantbl K (n, ky, a,) (o =1, ky, #n—k,rp = 00) eme HuKeM He mosrydersl. OTMeTnM,
4TO €CIU T < 00, TO COOTBETCTBYIOIINE PE3YIbTaThl A BeJuunH K _ u K| MOTryT OBITH MOJIY-
YeHbl U3 NpUHIUIA, ABOHCTBeHHOCTH. Ilyeth o = 1 m rp = 0o. Cdopmynupyem eInHCTBeHHbII

pe3yJIbTaT, KOTOpbIil yaanock nomxyants 1 Ky (n, k,,a,) (cm. [213]).
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Teopema 5.3.6. [lycmv F' — nenpepwieroe pacnpedesernue, rp = 00, « = 1 um, = n—=k, — oo.

Hycmb ap — nocAedosamenbHOCMd NOAOAHCUMENDHBLE Hucen, ydoe/temsopmomua: YCno6uUro

i L= @) A
zo0 1 — F(x) my,
IIpednonrosrcum, wmo
1—F(z+vy)

li =1.
m_migl_)(ﬁ 1-— F(l’)
Tozda

K+(n7 kna an) i) pO()\)

Bameuanue 5.3.3. Ommemum, wmo ecau k,/n — « € (0,1), mo m, — oco. Onpedesum
pasencmeom F(v) = a (3decv mui npednonazaem, wmo F~' cywecmeyem 6 oxpecmmocmu 7).

Onpedeaum nocaedosamesvHocms A, PaBEHCIMBOM

1-F
i L@ ta) A
Ty 1-— F(.I‘) my,
Tozda u3 ycaosus
1-F
TS e C )

z—y,y—0Tt 1-— F(ﬁ)

somexaem, wmo Ky (n,k,,a,) crodumecsa no pacnpedeseruto x po(N).
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§ 5.4 AcnMmnTtoTmnyeckoe NOBeAEHMNE HUNCEST OKOJIOPEKOPAHbIX BENNYMH

Bo BBejieHun ryiaBbl 5 ObLIM ONPEJIEIeHbl YUC/Ia OKOJOPEKOPAHbIX BeanuuH &,(a). Orme-
9aJI0Ch, YTO BeJIMIUHBI &,(@) W UX CYMMbI HAXOJAAT MPUMEHEHHe B aKTyapHOH U (DUHAHCOBOI
MaTeMaruke. B sToM maparpade Mbl H3yUnM aCHUMITOTHYECKHE CBOMCTBA STHX BeaudnH. B
pazzaene 5.4.1 npeacrasiaens pacupeaenenns eaunaun &, (a). ACUMITOTHYECKOE MOBEIeHNE Be-
maund &,(a) (n — 00) B ciaydae, Korjga HocuTe b F' OrpaHuveH cripaBa, U3ydaercs B pasjie-
ne 5.4.2. B paznene 5.4.3 no1o6HbIe UCCIET0BAHUS MPOBOIATCS I CIydas, KOrjia HocuTeab F

— HeOI'DaAHUYEH.

5.4.1 PacnpegeneHus 4ucen OKONOPEKOpPAHbIX BEANYUH

Jlemma 5.4.1. Pacnpedesenue sesununv, &,(a) (a > 0, n > 1) asasemcs cmewarntvim 2eo-

MEMPUUECKUM
P{&(a) =k} = / B(x —a,a){l — B(x — a,a)} dF,(x), (5.4.1)
R
20e k>0, 0 < fB(z,a) = % <1 u F,(x) — ¢pynrxyus pacnpedesenus X (n), onpedessemas
(3.2.2).

JokazareancTtBo gemmbl 5.4.1. [Ipexie Bcero ormernm, 4To

P{t,(a) = k} = / P{t,(a) = k| X(n) = 2} dF,(z).

st onenkn BepositHoctn P{&,(a) = k | X(n) = 2} MOXKHO CHOBa BOCIOJIb30BATHCSI METOJ0M
"yeeuennii" (cm. [11]). B mocmemoBarensuoctu X; (¢ > L(n) + 1) yaansiem Bce e X;, KOTOpbIe
VIOBJIETBOPSIOT HepaBeHCTBY X; < x — a. HoBast nocienosarensuocts X, , X, ... (L(n)+1 <
i1 < iy < ...) COCTOMT TOJIbKO M3 Tex X;, KOTOpble He MeHblne T — a. /laHHas npouemypa

He B/IUSET HAa KOJUYECTBO CJyYalHBIX BeJUYUH, DETUCTPUPYEMBIX OK0JIo X (n) B WHTEpBaje

(x — a,z]. Onpegennm nesaBucuMsbie Y; (7 > 1) caemyomum o6pasoMm:

Y, <y} =1{Xy, <y | Xy, >z —a} gma y>z-—a.
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Torma
P{&(a)=k|X(n) =z} =P{Y1<zx,....Ye <aY >z}

13 nocieanero pasencTBa u BoiTekaer (5.4.1). O

JlemMma 5.4.2. Pacnpedesenus sexkmopos

(nlar), . &nrialar))  u  (&nlar), Enre-1(ar))

uMem 8uo:

P{fn al =ki,. .. &g 1(%) = kt}

/ / / xn ai, al){l - ( —as, al)}kl cee 5(l’n+t—1 — Qy, at)
Tn Tn4+t—2
5(xn+t 1 — A, aft))} dHl ('Tn+t 15 Tn4t— 2) dHl (.Tn+1, xn)an(ajn) (542)

Plén(ar) = b nsei(ar) = ki) = /R " Bln — av, an){1 = Bl — ar, )}

X/B(Inth—l — Gy, at){l - 5($n+t—1 — Qg, at)}ktht($n+t—17 xn)an(xn)

3decv ag >0,...,a; >0, k1 >0,..., k>0, t>1u

| pwEwE@)
Ht(y,x):m/ et u du (y > x).

Jlemma 5.4.2 MoxKeT OBITH JOKa3aHa TEMHU YK€ METOJaMu, 9To u jiemma 5.4.1.

5.4.2 Cnyyvaii rp < 00

[Iycrs rp = inf{z : F(x) = 1}, 7 — cranjapTHas KCNOHEHIUATbHAS CoyJaiiHAs BeJIUIH-
na. B teopeme 5.4.1 paccmaTpuBaercs aCMMIOTOTHYECKOE NMOBeIeHne Beimaunbl &, (a) B ciayuae,

KOTr'la HOCUTEJIb pacClipeae/IeHuA F OrpaHUYEH CIIpaBa.
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Teopema 5.4.1. Ecaurp < 00, mo 0is 4100020 dukcuposarrozo a > 0 un — 00 cnpasediuso:

(1)

&n(a) 4. 00,

(2) F(X(n)&u(a) % Frp — a)T u
(3) Rele) By,
Hoka3atenbcTtBo Teopemsl 5.4.1. (1) 13 (5.4.1) caenyer, aro

P{fn(a)Skz}:/R[l—{l—ﬁ(x—a,a)}kH dF, (x).

Torna

dF (x)

/ Fr(y — Cf) — (_F(x —a) — F(x))kHt
R F(x)F*Y(x —a)
Yo P — a){F(x —a) — F(x)}!

- i Foi(r - a) dF(z).

S P{éa(a) < k)

N3 nocsiegaero BoipazkeHus MOJIy4aeM HEPABEHCTBO

dF (x)

> Plga(a) <k} < (k+1) /R Fz—a)

[IpaBast yacTh HepaBeHCTBA B (5.4.4) MOXKeT OBITH OIEHEHA CIEYIONUM 00PA30OM:

"FdF (z) k+1
(k+1)/mﬁ(x—a) <F(rp—a) < 00.

Taxum obpasom, s jgoboro k > 0 seimosnsiercs pasenctBo P{¢,(a) < k 6.u.} =

IIOCJIETHETr0 3aMeYaHisl BBITEKAeT CIpaBemuBocThb (5.4.3).

(2) Monb3ysich memmoii 5.4.1, HaxoUM TPOU3BOAANLY 0 GYHKIHIO &, (a):

pX(n) —a,a)

genla) _
b Tt = 3 - a,0)

(5.4.3)

(5.4.4)

0. Us

(5.4.5)
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—tF(X(n)

[Tpuaumas B (5.4.5) s paBHBIM € ) U yauTHIBas, 9TO

B(X(n) - a,a) "2 % (n— o0),

e XM L 4 P(X(n)) (14 0(1))  (n — o0),

HoJIydaeM, 9TO CIydaiiHash BeJMYnHA, CTOIIAst B KBaJAPATHBIX CKOOKax B (5.4.5), ¢ BepOsSTHO-
cThio eauaAna crpevutes K (1+ F(rp—a)t) L. [ocaemmee apngercs mpeobpasosanmem Jlammaca
ans F(rp — a)7. OTKya BBITeKaeT clpaBeTHBOCTh TeopeMbl 5.4.1 (2).

(3) Teopema 5.4.1 (3) Boirexaer w3 Teopembr 5.4.1 (2), mockosbky — In (X (n)) £ n (n — 00).
UJ

CpasuuMm 37101 carydait (F — HenpepbiBHast GyHKIMS U 7' < 00) € €10 JUCKPETHBIM aHAJIOIOM, TO
ecTb Korjga Xi, Xo, ... — He3aBUCUMBbIE OJMHAKOBO paCIIpe/Ie/IeHHbIE TeJI0UYHCIeHHbIE BeJTMINHBI,

npuanmarormue 3uadenus 0,1, ..., N. 3xech (cm. gemmy 3.2.4) ©3BeCTHO, 9TO £l = 0O II.H.

Hawm npejicraBiisieTcs: Takzke MHT€PECHBIM B3IJISIHYTh HA aCHMIITOTHYECKOE TIOBE/eHIe BeJIH-
unabl A(n) B KoHTekcTe Hepasencrsa (5.1.1) u Teopemsr 5.4.1. M3Bectro (cM., Hampumep, [3]),

qro A(n) " e (n — 00) st J11060it HenpepbisHOil F.

Jlanee B aToM maparpade OyaeM Ipeanoaararh, 9To ry = oQ.

5.4.3 lNpepenbHble TeoOpemMbl A1 HUCEN OKONOPEKOPAHbIX BEMUYUH

Pacemorpum nipesent (1.2.1). On ucnosnb3oBascs B maparpade 5.2 st u3ydeHus: aCHMIITO-
THYECKHUX CBOICTB BEJIUYUUH, PETUCTPUPYEMBIX OKOJI0 "BepXHUX'" MOPSIIKOBBIX CTATUCTUK. DTOT
npe/iesT oJIe3eH U MPU U3YyYeHUN aCUMITOTHIECKOTO TOBeJIeHUS IUCe OKOJOPEKOP/THBIX BeJIH-

YHuH.

Teopema 5.4.2. (1) Ecau B(a) =0, mo &,(a) 2 0o (n — 00).
(2) Ecau npeden 6 (1.2.1) cywecmsyem ¢ 0 < f(a) < 1, mo &,(a) KN g9(B(a)), 2de g(p) -
2COMEMPUYECKAA CAYUATHAA BEAUNUHA C NAPAMETNPOM P.

(3) Ecau f(a) =1, mo &(a) 20 (n — o0).

okazarenbcTBo Teopemsbl 5.4.2. Jlokaxem BHaudale yTBepxkienue (2). Ilycrs mpemen B

(1.2.1) cymecrByer ¢ 0 < f(a) < 1. Hecinoxkuo moka3aTh, 4To JIs JIOOOrO (DUKCHPOBAHHO-
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1o xy (xg < rp) CupaBeITHBO:
Fo.(xg) =0 (n— 00). (5.4.6)

VYpasuenne (5.4.1), masa m06bx dbukcupoBanubix a > 0, k > 0 u gocTaTo4HO GJU3KOM K T'p

SHAYE€HUIO Tg, MOXKeT OBITH 3aIIMCAHO B BUIeE:

Plaa) =k} = [ pla— a0t - 5a - 0.0}t R

+/mﬁmﬂl—ﬁMHkM%@%+dU-

3 (5.4.6) caeayer, 9To mepBbIii HHTErpaJl, CTOAIINIT B MPABO YACTH TOCJIEIHETO PABEHCTBA,
crpemuTes K Hyo. Bropoit e — ormngaercs ot 3(a){1 — B(a)}* na 6ecxoneuno masyio e/m-

quHy. V13 9TUX paccyKIeHuii 1 BhITEKaeT CIPaBeINBOCTh YTBEPKAeHUsT (2) TeopeMbr 5.4.2.

Yreepxaenust (1) u (3) reopemsr 5.4.2 jierko MOryT ObITH TOJIyYeHbI U3 yTBEp:KaeHusT (2).

JlocTaTouHo ycrpeMuTh BeuuuHy [3(a) K HyJII0 U eJIUHUIE, COOTBETCTBEHHO. []

[Ipumenss yciosue (5.4.6) x pasencry E&,(a) = [; 1-f(a— “a) dF,(x), moay1aem Teope-

B(z—a,a)
My 5.4.3.

Teopema 5.4.3. (1) Ecau B(a) =0, mo E,(a) — 0.
(2) Ecau 0 < f(a) <1, mo E&,(a) — 1;?[1(;1)
(3) Ecau B(a) =1, mo E,(a) — 0.

[Tonyuennbie Bbiie TeopeMbl 5.4.2, 5.4.3 MOXKHO NPOKOMMEHTHUPOBATDH CJIEIYIONIMM 00pa-
som. Korya ((a) = 0, xBocT umcxomuoro pacnpejesenust "toukuit". PekopjHas BejnvuHa
X (n) ¢ pocToM n JBUZKETCS JOCTATOYHO MeJJIeHHO u3 "Hadana' XBOCTa paCHpejiesieHus, T.e.
X (n) nupuaumaer "ornocurenbno mebosbmme 3nauenus. Cren0BaTesbHO, CIyvaliHblii HHTEP-
Bas1 (X (n) — a, X(n)] ¢ pocToM n nmosiyuaer MOYTH MOCTOSHHYIO HOPIMIO OT PACTYIIEro THC/Ia
HabmoaeHuit X (n)+1, 5 X(nt1)-1. JanHoe dncio mabmomenuit A(n) — 1 crpemurcs K 00
npu n — oo, u nodromy &,(a) Takxke crpemurcs k oo. C Apyroii CTOPOHBI, JJIsi PACIIpE/ie-
nenust, obnagaomero "rogcreim" xBocrom ((a) = 1), n-as pekopaHas BeJUUUHA JOCTHIACT
Gopiux 3uadennii (X (n) npeiraer B "konern xBocta'). st mOCTEAYIONUX UTEHOB BBHIGOD-

KA X7(n)41s- -3 XL(nt1)—1 TPEACTABATET OOJBIIYIO TPYAHOCTh HOMACTb B 3TOT '"oTmamenubrii”
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uarepsas (X (n) — a, X (n)], KOTOpBIil U OKA3BIBAETCSI IYCTHIM.

Hasoxkup ponosauTeabubie yeaosus Ha F', Teopembr 5.4.2 (1) u (3) mMokHO mpeobpaszoBaTh

B CHJIbHbBIE TIpeJIeJIbHbIE TeopeMbl (cM. Teopembl 5.4.4 u 5.4.5).

Teopema 5.4.4. ITycmov dasa wexomopozo dukcuposariozo a > 0

L(a) = /R F) %f x(‘)” = R () < oo (5.4.7)

Toz0a
(a) B(a) =1 daa arbozo a > 0,
(6) £a(b) ™ 0 01a 0 < b < a.

HokazarenbcTBo Teopemsbl 5.4.4. (a) Ormernm, uro ecsu (5.4.7) copaBeIuBO JIJIsi HEKO-
toporo a > 0, 1o (5.4.7) Takzke cupaseaIMBo u s J060ro @ u3 uarepsada |0, al. Yo, B cBOIO

Fa)—F(

ouepe/ib, O3HAIAET, ITO F(zaﬂ) — 0 Va € [0,a], wm S(x,a) — 1 nia kaxkaoro a € [0, al.

YrBepxaeHue Teopembl 5.4.4 (a) renepsh caepyer u3 3amedanust 1.2.1.

(6) O6ozuauum A, = {&,(a) > 0}. Torma

- Flx—a)—F
S pian = [ = T e,
] r F(@)F(z—a)
Ecom f(a) = 1, To nocaenuuii narerpan sksusasienren unrerpaiay B (5.4.7). Takum obpasom,

u3 cxopmmoctn nHTerpana B (5.4.7) w gemmbl Bopensi—KanTen BbITEKaeT CIPaBeIIHBOCTh

Teopembl 5.4.4 (6). O

Ormernm, uro yeaosust (5.2.2) u (5.4.7) sksuBajenTHol. B ¢Bsa3u ¢ Teopemoii 5.4.4 Bo3HuKaeT
BOIIPOC — KakKuM 06pa3om yciaoBue [1(a) < 0O CBSI3aHO ¢ TeOpUEl MPABUILHO MEHSIONTHXCS
byHKIMA?

[Iycts R, — Kj1acc M3MEPHMBIX, NPABHIBHO MEHSIOMNXCHA Ha OeCKOHeTHOCTH yHKImii
o(x) (x > 0) ¢ nokaszaresiem p € (—00,00). st HUX CHPABEIIMBO ACHUMIITOTUYECKOE COOT-
Homenue lim, ., p(Az)/@o(x) = A (A > 0). IIpaBuabHO MeHsfOImAsACH (DYHKIUs MOKET ObITh
npeacrasiena B Buge p(r) = a’L(x) (x > 0), tae L(z) — MeayeHHO MeHsomasacs GyHKIHs.

Knace memnerno mensomuxcs GpyHKIu o603HaunM depe3 Ry. Jl1g HUX crupaBeIinBO KaAHOHU-
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qecKoe Tpe/icTaBaenne Kapamars

La) = Claexo | [ et/

rae C(x) - C > 0u e(x) — 0 nupu & — oo. Bymem rooputh, 4to L (wiu @) — HOpMHPOBAaHHAS
MeIeHHO (mpaBuabHO) MeHsomascs dbynkmus, ecan C(x) = C. Knaccsr takux dyHKImit
oGosnaunm uepes Ry u R,, coorsercrienno. Hazosem ¢ 06001MeHHOMN MTPABHIBLHO MEHSIOMeHCs

dbyHKIHEI, ecin CymecTByOT ¢ > d, TaKHe 9To

A7¢ < lim inf o(Az)/@(z) < lim sup p(Az)/p(x) < A4 (0<A<1).

T—00

Jlannoe onpejenenne, siBisitolneecs MoanduKalnei onpeaeaeHns 0000IIEHHBIX TTPABUIBHO Me-
HAOIUXCA DYHKIUI, TPeIIOKEeHHOe Ha CTpaHutie 65 B ClipaBOYHUKE [52], JTyie cOOTBETCTBYET

HaImMM JajbHedmuM neaam. Kitace rakux ¢GpyHKmuit obo3naaum depes R.

Haxkowuer, HazoBem 7(z) — GbICTPO MeHsOMIEHCsT DyHKIHEH, ecn

lim r(Az)/r(z) =00 (=0), mg A>1 (0<A<1).

Yy—0o0

Knace takux dyakmuii obo3znaunm depe3 R... g HEX TakKe CIPaBeIINBO KaHOHHYIECKOE
npejcrasienue r(z) = C(z)exp ([{(6(2)/z)dz), rae d(z) — cou C(z) = C > 0 (z = o).

Ecim C(x) = C, 1o r(x) npuHaIeKUT KJIACCY HOPMUPOBAHHBIX OBICTPO MEHSAOIIUXCST (DY HK I

R.

Sameuanue 5.4.1. B pabome [149] 6vino nokasano, wmo das mozo wmobv nenpepvishoe F

obaadanro "morcmoim, " "

cpednum” uau "monkum” reocmom (daa ecex a > 0), neobrodumo u
docmamouno, wmobw F(Inx) asasnace, coomeememeenhno, Meoserno, NpasuibHo Uit Gucmpo

Menaruetica Gyrnkyued.

IIycts F' — meamenno mensomascs dbynknus. [Tockonsky F(oco) = 0, to [ (e(y)/y)dy =
—o0. CureoBaresbho, ecau €(x) € R,, 1o —1 < p < 0.
Jlemma 5.4.3. ITycmo F(z) = 1/L(e%), 2de L(y) € Ry u €(x) € R. Tozda das ecex a > 0 aubo

Ii(a) < 00, aubo I;(a) = co.

HokazarenbcTBo jiemmbl 5.4.3. 113 yeaosus L(y) € Ry BbiTekaer, 4to jyist Joboro a > 0
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CIIpaBe€dJINBO:

exp(z)

(Fla-a)/Fla) =1~ [ ()/sdy =L, (&)

exp(z—a)

13 Teopembl 0 pABHOMEPHO# CXOAMMOCTH 0BOOIIEHHBIX TPABHJIBLHO MEHSIOMMXCs DYHKIH (CM.

¢. 66 cupasounuka [52|, win c. 92 xkuuru [18]) caemyer, 9To IS BCeX JOCTATOYHO OOJIBITHX X

CIpaBe INBO:
ae(e”)(1+0(1)) < I, < ae(e®)e™(1 + o(1)).
Torma
ba g o Fl@—a)—Fz) _ F(z —a) — F(z) ad
(a/b)e ™ < llg)glf T b) T < hirf:ip T _b) T < (a/b)e*.

Taxum o6paszom, ecau I1(b) < 0o (= o0) agist mHexkoroporo b > 0, To I;(a) < 0o (= 00) Jyist Beex

a>0.0

B pab6ore [150] npe/raraninch HEKOTOPbIe JOCTATOYHbIE YCJIOBHUS JJIsl CIIPABEIJIHBOCTH HEPABEH-
crBa (5.4.7). Tak, nanpumep, ecim F' € R_, npu a > 0, 1o (5.4.7) Boinosinsiercs ajis seex a > 0.
Ecm F(z) = exp(—p()), rae o(z) € Ry, 10 (5.4.7) BHimonsercs npu seex a > 0, 0 < a < 1/2

W He BBINOJHAETCS mpu « > 1/2.

Teopema 5.4.5. [lycmob das nexomopozo durcuposarmozo a > 0 cnpasediuso:

dF(x)

L(a) = /}zm < 0. (5.4.8)

Toz0a
(a) B(a) =0 daa awbozo a > 0,

(6) &.(b) "5 00 daa ecex b > a.

HokazarenbcTBo Teopemsbl 5.4.5. (a) Ormerum, uro eciu HepaseHcTBO (5.4.8) crpaBeiu-
BO JI7Is1 HEKOTOporo a > 0, To (5.4.8) crpaseinBo Jyist 11000T0 @ U3 WHTepBaa [a,00). Takum
obpasom, [(z,a) — 0 maa kaxgoro a € |a,00|. Tlpumensg 3ameuanue 1.2.1, HaxoaUM, 9TO
B(a) =0 s Beex a > 0.

(6) Yreepxkaenue (6) Teopemsr caemyer u3 (5.4.4) u (5.4.8).0
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Crenyer oTMeTHTDb, YTO He BCe paclpejeneHus, uMerorue "Tonkne' XBOCTBI, yI0BJIETBOPSIIOT
(5.4.8). B npumepe 5.5.3 mpHUBEIEHO pacClpe/ieJieHne, KOTOPOe JHIIb MPU HEKOTOPBIX @ Y/I0-
BierBopsier ycsosuio (5.4.8). Hepasencrso (5.4.8) o3nadaer, 4T0 Takoe pacupejieieHne uMeer

"cBepxXTOHKHUIT" XBOCT. DTOT caydail HATOMIHAET CJiydail, Koraa rp < 0o (CeM. mpumMep 5.5.5).

5.4.4 AcnmntoTnyeckoe nosBeaeHne CyMM OKOJIOPEKOPAHbIX BeNYUH

B stom pazgene Gygem mpejmosaraTb, 9TO He3aBUCHMbBIE OJMHAKOBO paclpe/ie/ieHHble X;

(i > 1) upUHUMAIOT TOJIBKO HOJIOKUTE/IbHBIE 3HAUEHUs U T'p = 00. [lycrb s, (a) o6o3nauaer cym-

L(n+1)—-1

i L(n)+1 Xi» e

MY BEJIMIHMH, PETUCTPUPYEMBIX OKOJIO N-0if PEKOPIHON BEJIMIMHBL, T.€. S, (a) = Y
X; € (X(n) —a,X(n)]. Januas cymma, korja X; > 0, mpecTaB/iser 3HAYUTEIbHbIN HHTEPEC,
IIOCKOJILKY OHA MOZKeT OBITh MHTEPHPETHPOBAaHA KAaK CyMMa CTPAXOBBIX TpeOOBAHMIl, mMOmaia-
fommx B caydaiiasii uarepsana (X(n) — a, X(n)]. 9tu Tpebosanust GyyT pErucTpEpOBATHCS
TOJIBKO MOCJIe HEKOTOPOTO CICMUAJLHOTO MOMEHTA BPEMEHH. DTOT MOMEHT 0003HAUeH TpeboBa-
HHEM, TIPEBOCXOIAIIIM BCe TIPeIbl Iy Iue TpeOOBAHNS, WU, B HAINNX TePMHUHAX, ABJISCTCS N-BIM
pexopaubiM Bpemenem L(n). B cusy HEKOTOPBIX 00CTOATEJNLCTB (TEKYIEro 3aKOHOJAATe/IbCTBA

M T.II.) PEruCTpanust STHX TPeGOBaHWI MPEKPAIIAETCST B MOMEHT TOSIBJIEHUSI CJIEYIOIIEr0 pe-

KopaHoro Tpebosanus L(n + 1).

[Togobusre BOmpOCH M3ydauch B paborax [101], [102], [104], [103], [128], [149] u [200]. B
JAHHOM KOHTEKCTe IIeJIeCO00PA3HO TaKzKe OTMETHTDH pabory 32|, B KOTOpOil paccMaTpHBaIHCD
CYMMBI PEKOD/IHBIX BETHIHH.

[TongTne cymMMBI OKOJIOPEKODIHBIX BEIUYUH MOXKHO 0000MHTH. OUpenesnM CyMMY CyMM

s
n,m,a

s

OKOJIOPEKOPIHBIX BETHIHH caeayomum obpazom: S5 o = s,(a1) + ... + Spym-1(am),

s
n,m,a

rjie @ — BEKTOP, UMM KOOPAUHATHI A1, . . . , Gy > 0. CiryuaitHast BemanHa ABJIACTCA

CyMMOIl BcexX HaOJII0/IeHUI, peTHCTPUPYEMBIX OKOJIO IIOCJI€I0BATETbHOCTH PEKOP/IHBIX BeJTUYINH

X(n),...,.X(n+m—1).

Acumnrornyeckoe IIopeJeHne BEeJIMNIMHDL Sn((l) BBITEKAET U3 PE3YJbTAaTOB IIPEAbIAYIICIO I1a-

parpada u HepaBeHCTBA

{X(n) — a}nla) < snla) < X(n)n(a),

KOTOPOE BBIIIOJTHACTCA C BEPOATHOCTHIO € IJUHUIIA TJId BCEX JOCTATOTIHO oosapiux n. VI3 acuMmi-
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ILH.
TOTHYECKOTO cOOTHONIeHNsT X (n) —» 00 BBITEKAET, YTO

e (a). (5.4.9)

CrenyroIast TeopemMa, sIBJIsIeTCss OYeBUIHBIM CJIEICTBHEM TeopeMbl H.4.2.

Teopema 5.4.6. (1) Ecau F umeem "monkud” xeocm, m.e. B(a) =0, mo ‘;(”T(Z; 2 .
(2) Ecau 0 < B(x,a) — Bla) < 1, mo ‘;"T(Z)) L g(B(a)), 2de g(B(a)) — ceomempunecku pacnpe-

denennas cayualinas eeaununa ¢ napamempom [(a).

(3) Ecau F umeem "moacmud” xeocm, m.e. f(a) =1, mo i?((ﬁf)) 0.

Crenyer ormMeTuTh, 9To anajgorn teopeM 5.4.4, 5.4.5 Ttakke MOKHO (HPOPMYJIUPOBATH ISt

caydaitnoit Bennuunsl s,(a)/X (n). Tak, nanpumep, eciu (5.4.7) BBIIOJHSAETCS 1711 HEKOTOPOTO

a> 0,70 s,(b)/X(n) "5 0 gz b e (0,a.

Teopewmbr 5.4.7, 5.4.9 ncnoab3y0TCA B TadbHeIeM /1711 N3y 9eHNs aCHMITOTHIECKOTO TIOBe-
JeHUst BeTNIUHBL Sy, (@). [0 HATIIEMY MHEHHIO, OHH TaKzKe MPEeJICTABIISIOT U CAMOCTOSTETLHbIH

WHTEPEC.

Teopema 5.4.7. (a) Ecau F € Ro, mo das mobozo m = 1,2, ... cnpasediueo acumnmomu-

weckoe coommowenue: X (n +m)/X(n) 5 1.

(6) IIycmov das ecex b > 1

F(bx)
I5(b) = _ dF . 4.1
0= [ s dFa) <o (5.4.10)
Tozda dasa awbozo m = 1,2, ... cnpasediuco:
n.H.
X(n+m)/X(n) =" 1. (5.4.11)

oxkazarenbcTBo TeopeMsl 5.4.7. (a) l3sectHo, cMm., Hanpumep, [15], aTo mocsesoBaTe b

HOCTb PEKOPJIHBIX BeJIUYUH obpa3syer 1ernb MapkoBa, npuieM

P{X(n+1)>ylX(n) =2} =F(y)/F(z) (y=>2)
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Nurerpupyst 310 paBeHctso 1m0 F,(x) u nonaras y = bz (b > 1), moaydaem, 41o

F(bx)
P o) (5.4.12)

A:PLwn+nﬂwm>m}:/

[Tockosibky F' — ObICTpO MeHSIONgsAcA (PYHKIMS, TO s (PUKCHPOBAHHOTO € > () MOXKHO BHI-

};((bf)) < e (Vx> xp). Torma

OpaTh JOCTATOIHO OOJBIIONH (o, TAKON 9ITO

T F(b

L g/ 02) 15 (1) + (1 = Fu(ao)) — <.
oo F(x)

OTKy/a cieayer cupaseainsocTs pasencrsa X (n + 1)/X(n) 2 1. Jlas 3asepurenns nokasa-

TeJBCTBA TeopeMbl 5.4.7 (&) BOCHOIb3yeMcs IIpe/ICTaBIeHIeM

X(n+m) Xn+1) X(n+2) X(n+m)
X(n) ~ X(n) Xm+1) Xn4+m-—1) (5.4.13)

X(n+m)
13 (5.4.13) BbITEKaeT, YTO BEJTUUMHA “X(n) CTPEMHUTCH MO BEPOATHOCTH K €THHHUIIC.

(6) Cymmuposanue 110 1 B paBercTie (5.4.12) IPUBOANT HAC K PABEHCTBY
> P{X(n+1)/X(n) > b} = I;(b),
n=1

Yreepxaenue (6) Teopembl 5.4.7 mpu m = 1 caexyer Tenepb u3 jemMbl Bopeng—Kanreim.
[Tosb3ysick npeacrapiaenuem (5.4.13), Hec10KHO MOKa3aTh cipaseiuBocTh (5.4.11) npu obom

m > 2.0

Ha npumepe pacupejesenus Beitbysia (eM. nmpumep 5.5.3) Hecs10kHO yOeuThCst B TOM, 9TO

nn

OBICTPO MEHSIOIHUECS XBOCTBHI DacClpelle/IeHUil MOTYT OBbITh " TOHKUMU cpeqauMu" u nazke
Jits pil y s 1, Pl

"roscreivu" B Hameli kiaccudukanun. V13 xoma mokasaresbersa TeopeMbl 5.4.7 (6) ciemyer,

410 ycaosue (5.4.10) paBHOCHIBHO COOTHOIIEHUTO
X(n+1)/X(n)—1

(B cMbicsie 10JiHO cxopumocth). Jannoe 3amedanue MOKHO 0600umTh. st Toro 4robbr s
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HEKOTOPOro 1m > 1 BBIMOIHAIOCH ACHMITOTHIECKOE COOTHOIICHHE
X(n+m)/X(n)—1

(B cMBIC/Ie TOJHON CXOAUMOCTH), HEOOXOAMUMO U JOCTATOTHO, ITOOBI JJisl TOTO Ke M > 1 BbI-

IOJTHAJIOCH HEPABEHCTBO.

L (b) = /]R ;gzg; {— In (Z(éf)))r_ldﬂx) <o (b>1). (5.4.14)

B teopeme 5.4.8 1peji0zKeHbl JJOCTATOYHbIE YC/IOBUS JIJIsl BBIIIOJIHEHUS yCJIOBUiT Teopembl 5.4.7

n nepasencrsa (5.4.14)

Teopema 5.4.8. (a) ITycmov [(a) cywecmeyem dasn ecex a > 0. Ecau 0 < [(a) < 1, mo
F € Ry.. Ecau oice F(x) = [C(x) exp(o(x))]™, 2de p € B, 0 <1 <1 uCx) = C >0, mo
Bla)=1uF € Ry.

Iyemy F € Ry, u 6(x) — dynryus us xanonuueckozo npedcmasaenus Goicmpo MEHANOUUTCA
dyHryul.

(6) Ecau [~(6(x))"dx < 00 dan nexomopozo vy > 0, mo (5.4.10) cnpasedauso dna ecex b > 1.
(B) Kpome mozo, ecau das ecex b > 1 ewnoansemes pagencmeso f;x(é(y)/y)dy = 0((x)), mo

I3.,,(b) < 00 npu arobwx b > 1,m > 1.

HokazarenbcTBo Teopemsl 5.4.8. (a) Ecom b > 1ua > 0, 1o mua > a/(b—1) cupaseiu-
BO bx > x +a. Uz (1.2.1) creayer, aro limsup,_, . F(bz)/F(x) < B(a). Oanako, ecin $(a) < 1,

10 B(a) = 0 (a — 00). Orkyna F € R..

J1st fokazaresberBa BTopoit wacTu TeopeMst 5.4.8 (a) 3amerum, 4To
exp (' (L(z) — Lz + ) — Lz + a) (&' — (z +a)"))

Ouesnsno, uro L(z +a)(x' — (x+a)') — 0 (z — 00,0 < < 1). B ycaosuax teopembr 5.4.8 (a)

cupaseiaBa gemMa 3.1, B3artas u3 paborst [150]. Tam 6b10 nokazauno, aro L(z +a) — L(z) =

0 (@), rae L(z) € Ry. Otxyna 2'(L(z) — L(z +a)) — 0 (0 < I < 1). Iostomy B(z,a) — 1.
(6) V13 KaHOHHYECKOIO IpeJICTaBIeHUs JIJIsi ObICTPO MeHSmuXcs GYHKIUT HAXOAUM, YTO

F'(z) = (6(z)/2)F(x). OTmMeTnM, 9TO A1 JOCTATOYHO GOIBIIOTO T CHPABEITHBO f;a” @du >
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§(z)Inb. Orkyna caenyer, uto (5.4.10) Bomonusercs, ecaun [ 6(x)e*@Mbdy < co. B To xe
Bpemsa a mo6oro meroro k > « + 1 BemomHserca mepasercTo e 0@ MY < EI(§(x) Inb) 7,

OTKy/1a 1 BBITEKAET CIPABEJINBOCTD yTBepzKAeHust (6) Teopembr 5.4.8.

(B) HeiicTByst MerogaMm ToKazaTeibcTBa TeopeMbl 5.4.8 (6), maxommm, uto I3,(b) <
(Inb)™=! [°(5(z))me @ Mbdz. Anasornino npeblLyleMy LyHKTY J0Ka3aTe/bCTBa Te0peMbl,

u3 Hepasencra e 0P MY < EI(5(2)Inb)~F (k > v 4+ m), noaygaem xkestaemoe.

[Tosb3ysich MeTo/IaMu JI0OKa3aTeIbCTBA TEOPEMbI H.4.7, MOZKHO TOJIYYUTh CJI€/IY IO Pe3YJIbTaT.

Teopema 5.4.9. (a) Ecau F' € Ry, mo das scex m = 1,2,. .. cnpasedauso:

X(n+m)/X(n) 5 co.

(6) ITycmov das ecex b > 1

L(b) = /R — g @) <o (5.4.15)

Ecmu b > 1, To 2 + a < bx ang 1100010 @ U BCeX JOCTATOIHO OOIbIMHX . OTKYIa ClIeLyeT,
aro ecan (5.4.15) Bblnosnsiercst jyist Hekoroporo b > 1, vo I1(a) < oo jus Beex a > 0. Cuie-
nosaresibHo, [f(a) = 1. MoxHo ckazarh, uro yeiaosue (5.4.15) onpegessier moJKIace pacipeie-
Jennii, obnamaomux "ceepxToacTeiM XxBocToM. I TaKUX pacrpeeeHnil HOBash PeKOp HAs
BeanunHa "mpeiraer" HACTOMBKO AJEKO BIEpPe IPeablayIneil, YTO UX OTHOIIEHHe CTPEMUTCS

K OECKOHEYHOCTH € BEPOSITHOCTHIO €/IMHUIIA.

Cremytomnuit pe3yabTaT SIBIIeTCI CBOCOOPA3HBIM MPOI0IKeHrHeM TeopeMbl H5.4.1. OH TakxKe

OyaeT moJie3eH I UCCJIeI0BAHNs ACHMITOTHIECKOIO MOBEICHNE BEJIMIUHbBI S5

n,m,a"
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Teopema 5.4.10. IIpednosostcum, wmo npedea 6 (1.2.1) cywecmsyem das a,b > 0, makuz

wmo a/b — uppayuonarvro. Tozda

(a1, s Enrmer(@m)) 2 (01(B(a1)), - -, gm(Blan))  (n = o0),

2de gi(p) — eeomempuueckas CAYHATHAA BEAUNURG C NAPLMEMPOM P U KOMNOHEHMbL 6EKMOPA,

cmoAauwezo 6 TZPGSO{J Yacmu nocaednez0 npede./zbuoeo COOMHOWEH UL, HE3ABUCUMDL. B wacmno-

d
cmu, si,m,a — 85,4, ede

e = (@) F ot bpmat(am),  Sha = 01(8(a1)) + .o A gm(Blam).

Ipu smom npouseodawas Pyrkyua sy, ; umeem eud:

- B(a:)
E [tm} - ’ . 5.4.16
=5 (54.16)
doka3zaTeabcTBo TeopeMbl 5.4.10. 13 jmemMmbl 5.4.2 ciaeayer, 9TO caydaiiHble BeJTMIUHBI
Envi—1(a;) (1 = 1,...,m) yCJIOBHO HE3aBUCUMBI M MMEIOT I€OMETPUYECKHME DACIPE/Ie/TeHUs
nupu ycaosun {X(n) =z, ..., X(n+m —1) = 2,1} Torga ux coBMecTHAS TPOU3BOIAIIAS

byHKIUS UMeeT BHL:

m

H t§n+i—1(ai)

i=1

m

B(X(n+i—1)—a;a;)
Hl—(l—B(X(n+z—1)—az,a,))tz

E =F

i=1

[Mockonbky B(X (n+i—1)—a;, a;) L4 B(a;), To U3 MOCIeJHETO PABEHCTBA MOJIyYaeM TpeOyeMoe.

O

Pacrpenenenne BetmanHbI an,a SIBJISIETCSI CBEPTKON reOMeTpPUYecKux pacrpejesnennii. B dact-

HOCTH, €CJI1 BCe KOOPAUHATHI BEKTOpPa a = (al, Ce ,Cln) Pa3/IM49HbI, TO
P(Sgn,& = k) = Zal(m) /B(al) (1 _B(az))ka k= O?La (5417)
i=1
rae

B(m) (1 — B(a:)
B(a;) H%ﬁli(ﬂ(aj) — B(a;))

i

a;(m) = i1=1,...,m, (5.4.18)
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5 m) = Tri a;). Ecan xe ay = ... = Uy, TO pacapeagecjacaue Sg a ABJIdeTCd OTpullaTeJIbHbIM
=1 ) p p m,a p

GunoMuATBHBIM. 113 Teopem 5.4.7 (a), 5.4.10 u yenosus (5.4.9) BbITEKAeT CJIeIYIONHI PE3YIHTAT.

Teopema 5.4.11. IIycmo F — 6viempo menstowasca Gynkyua u npedes (1.2.1) cywecmsyem
das a,b >0, maxuz wmo a/b — uppayuonarvro. Tozda S;, ,, -/ X (n) KN Sin.ar 20e eeaununa S, o

onpedeasemcs pasencmeom Sy, o = Sp(a1) + ...+ Sppm-1(am) U seaununa sy, ; onpedessemca

npouseodawet dynryued (5.4.16).

(1) (a) B wacmnocmu, ecau 0 < f(a) < 1 u 6ce komnonenmo, G pasiuunvl, mo pacnpede-

aenue sadaemca (5.4.17) u (5.4.18).

(6) Ecau orce a1 = -+ - = a,, = a, mo

P{shq =k} = Cp 1 {B(@)}™{1 = B(a)}*  (k>0).

(2) Ecau B(a) = 0, mo dasn 106020 6eKMOpPa G ¢ NOAOAHCUMENLHOLMU KOMNOHEHTAMY GEPHO:
Sy mal X (n) 4 0.

(3) Ecau B(a
S5 ma/X(n) 5 0.

1, mo daa 4106020 6ERMOPG a ¢ NOAOHCUMENDHBMU KOMNOHEHMAMU 6EPHO.
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§ 5.5 lMpumepsl

ITpumep 5.5.1. Paccmompum pacnpedeserue Kowu F(z) = %+% arctg x. Imo pacnpedeserue
2241

umeem "moacmoi" (dasn mobozo a) xeocm, m.x. B(x,a) ~ Grari

— 1. 3navum, wacmu (3)

meopem 5.4.2, 5.4.3 svinoansromces. aa 60avwus x cnpasediuso

F(x+a)— F(z) = %arctg (1 —|—x(ax+a)) ~ 7:;2 (a>0).

Omryda

* F(z) — F(z +a) a [ 1
/xo o dF(x)N—/xo . iz (5.5.1)

F2(z T 1 2
( —arctg x}
Yuumuwieas, wmo

1 1 1
x4 - ——arctgr p — — (x — 00),
2 s

npurodum % 6weody, wmo unmezpar 6 (5.5.1) crodumca npu awbom a > 0. Takum ob6pazom,
yeaosus (5.2.2) u (5.4.7) ewnoansomea. Toeda K_(n,n — k,a) "0 dan mobwz durcupo-
sannoir a > 0 u k > 0, cocednue "seprnue’ cneticuneu bydym acumnmomuvecku HE3a8UCUMbL

n.H. .
u &p(a) == 0 (dan aobozo a > 0). C dpyzoti cmoponss, TE0CM PaACNPedeseHUs HE ACAAEMCH

"ceeprmoncmoim”. B camom dene,

* F(x) — F —1 [ 1
0 F?(x) T Juy a3 {% — %tg a:}

(% o0
Hocaednutd unmezpas sK6uUBaNEHMEN PACTOOAULEMYCA UHMESPAALY f L dz, mo ecmv ycaosue
To T
(5.4.15) ne ewnoansemes. Ommemum, 4mo T60CM Pacnpedeserus ABAALNCA NPABUALHO M-
Harowetdcs Gyuryuet ¢ nokazamenem -1.

IIpumep 5.5.2. Pacnpedeaenue Ilapemo F(x) =1 —2~* (x > 1,a > 0). Imo pacnpedeaerue

< 1

maxotce umeem "moacmui” reocm max, xax f(x —a,a) = (1 —a/x)* — 1. Caedosamenvho,

K_(n,n—k,a) 5 0ué,(a) B 0. Cocednue "seprmue” cneticunzu acumnmomuieck, He3a6uct-
moi. Yenosue (5.2.2) evnoanaemes (cm. [127]) w nosmomy K_(n,n—k,a) "5 0 u &,(a) ™" 0.
Teopema 5.4.4 cnpasedausa dis amozo pacnpedeaenus. Tax orce Kax u 6 npedvidyuem npumepe,

xreocrtn pacnpe@menu.ﬂ HE ABAAEINCA "CGGp.’EmO/LCTTL’bLM " u aeasemca npasusbHO ,M,eHﬂTOuge’&:Cﬂ,

Ppyrryuer.
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Ipumep 5.5.3. Paccmompum pacnpedesenue Betibyana: F(x) =1—e " (x>0, a > 0). Ipu
aobom o > 0 enpasedaueo F € Ray. 3ect 603M0HCHL MPU CAYHAA.
5.5.3.1 Pacnpedeaenue umeem "ceeprmonkud” reocm (npu awbom a > 0), ecau o > 1. B

[y me ot e

camom odene,

Taxum obpazom, Ky (n,n—k a) >k u&,(a) U 0. U3 meopemni 5.4.11 (2) saxaronwaem, wmo
S mal X (n) 5 oo

5.5.3.2 IIpu o = 1 pacnpedenenue cosnadaem co cmandapmuvim IKCNOHEHUUGADHUM. 30eC
F umeem "epednuti" xeocm, npuyem B(z,a) = €. Bunoanaromcs ciedyrousue acumnmomue-
crue coomnowenus: Ky(n,n—k,a) 4 b(k,e ) u K_(n,n—k,a) KN nb(k+1,e~%). Ymeeporcde-
wus (2) meopem 5.4.2, 5.4.8, 5.4.6 u meopema 5.4.7 cnpasediusv. 0aa amozo cayuad. Yeaosue
(5.4.10) swnoansemes das arbozo b > 1. Caedosameavno, X (n +m)/X(n) 1 (m o> ).

Hecaoorcrno nowasamasv, YImo nocaedHee acuMMMOMUYECKOE COOTNHOWEHUE GUINOAHACMCA U 6

emoviene noanots cxodumocmu. Jlas danrozo pacnpedeserus cnpasediusa maksice u meope-

ma 5.4.11 (1).

5.5.3.3 Ecau 0 < o < 1, mo F umeem "moacmuii" xeocm, mo ecmo Ki(n,n —k,a) 20
u &nla) 20. Omo pacnpedeaenue ydosaemsopsem yeiosuro (5.4.7) npu 0 < a < 1/2. Toeda
K_(n,n—k,a) "% 0 u &(a) ™2 0. Yeaosue (5.4.10) svinoansemes das mobozo 0 < a < 1,
m.e. X(n+m)/X(n) A (m > 1). Us meopemn 5.4.11 (3) saxaouaem, wmo S, . -/ X (n ) B

0.

ITpumep 5.5.4. Cmandapmnoe nopmanrvhoe pacnpedeserue F(x) = ®(z) = \/%7 ffoo e 2y,

Hseecmmo, wmo 1 — ®(x) ~ \77;2 (z — 00). Coomsememesenno, F' € Ry u B(z — a,a) ~

:c;a efxa+a2 /2

!

— 0. Xeocm nopmasvhozo pacnpedesenus "monkud,” mo ecmov ewnosnsemcs

P .
coommuowenue K (n,n—k,a) = k. "Bepxnue" cocednue cneticunzu acumnmomusiecky He3a6u-
cumnvi. Mootcrno nokazamo, wmo (5.4.8) evinoansemesn. Caedosamenvho, reocm pacnpedeserus

Y

— "eeeprmonkui”. Teopemwv, 5.4.5, 5.4.7 cnpasedaiusv, orn nopmasvhozo pacnpedescnus. U3

meopemot 5.4.11 (2) caedyem, wmo Sy, -/ X (n ) & 0.
ITpumep 5.5.5. Pasnomeproe pacnpedeaenue F(x) = x (0 < = < 1). Pacnpedeserue "bes-
n. 1.

xzeocmosoe”. 3decv cnpasedausa meopemv, 5.2.4 u 5.4.1. Toeda K_(n,n — k,a) =" oo,

n.Mm. R 3
K _(n,n—kya) ="k u&(a) = o0 das a > 0. Cneticuneu, nocmpoernvie no nopadkosoim
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CAMUCUKAM, CUMMEMPUYHO 3asucumo, (cm. [158]).

IMpumep 5.5.6. Paccmompum pacnpedesenue, komopoe maxoice umeem "moscmon” xeocm:

In2
F(z) = 1—m (x >1n2).

3decv Bz —a,a) = In@=a) 1 9gua ar06020 a > 0. Xeocm pacnpedesenus — "ceeprmonrcmuiti”.

Inz

B camom dene,

F(z) — F(bx) Y A Inb -
/R F2(z) dF () = AQ zlnzn(br) < (b>1).

Coomeememeerno, das awbozo a > 0 cnpasedauso K_(n,n — k,a) =" 0, (a) =" 0 u

X(n+m)/X(n) "% oo (m>1). Ommemum, wmo 6 darnom npumepe F asasemes medaenmo

menauetica pynrkyued.
IMpumep 5.5.7. Iycmov F(x) = exp(—xL(x)), 2de L(x) € Ry u L(z) — oo (z — 00). Jaa
a >0 umeem:

xL(z) — (r —a)L(x — a) = al(x) — (x — a)(L(z) — L(z —a)) =

aL(z)(1+0(1)) = 00 (x — 00).
Caedosamenvno, B(a) = 0 u cnpasedauev. meopemovs 5.4.2 (1), 5.4.3 (1) u 5.4.6 (1). Hockorvry
F'(z) = F(z)L(x)(140(1)), mo ycaosue (5.4.8) evinoanaemea, ecau cnpasediuso nepasencmeo

Iy(a) = / L(z)e " @ dz < oo,

IIyemw, nanpumep, L(z) = (Inz)® (¢ >0 ux > e). Tozda

o~

Iy(a) = c™! / y!eem v dy
1

© , npuc<l, a>0,
=4 <o , npuc=1l,a>1

<o , mnpuc>1,a>0,
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ITpumep 5.5.8. Ilpousstocmpupyem meopemy 5.4.8 npumepom. [lycmo cnpasedirusol ycirocus:

F(z) € R ud(x) =1+ 1In(lnz) (x > e€). [ycmv maxoce | =1nb > 0. Tozda

/ RRIC PR / " gy = 11+ In(in)) + o) = O(3(a)) - o

U nr

Caedosamenvno, I3 ,,(b) < oo (m > 1) mozda u moavko mozda, xozda b > e.

Ecau oce swbpams 6(x) = Inx, mo das ecex b > 1 cnpasedauso Is,,(b) < oo (m > 1).
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§ 5.6 NMpunoxeHune rnasebl 5

5.6.1 [Joka3aTtenbcTBa pe3ynbTaTtoB naparpada 5.2

dokazaTeabcTBO TeopeMbl 5.2.2. JloKazaTeabCTBO 3TOTO pe3yabTaTa OMUPAETCI Ha JIeM-

My 2.2.4. Beejem obo3naveHust
A, ={K_(n,n—k,a)#0} u A, ={K_(n,n—Fk,a)=0} (n>k).

13 reopembr 5.2.1 (6) caeayer, uro ecin B(a) = 1, 1o P(A,) — 0. Hecioxuo nokasarh, 4o st
dbukcuposannoro k > 0 nocinenosarensuocrs K_(n,n—k, a) (n > k) obpasyer nens Mapkosa.

Cobbite AS A, 11 MOXKHO TIPEJCTABATDL B BH/IE:
AlApy ={K_-(n,n—Fk,a)=1,K_(n+1,n+1—k,a) =2}
={K_(n,n—Fk,a) =1, Xpst1n < Xo—n+a, Xot1 > Xpgn—a} U
{K_(n,n—Fk,a)=1, Xy 10> Xpgn +a, Xppn —a < Xpp1 < Xppn +a}.

Nmeem:

P(A;An-i-l)
= nC*_, /R {F(z —a)}" ! [{1-F(z—a)}(1-F(x)*— (1 - F(z+a)")

+{F(@+a) - Flz—a)} (1 - F(z+a)"| dF ()

—nCk_, /R [Fle-a)} ™ [{1= Fle - o)} {1 - F@)}* — {1 - Flz + a)}*"] dF ().

Orkyna

S PlAAL) = 1= Flz - a)} {1 - F@)}* - {1 - Pl +a)}*"
Y P(A A = (k+1) /R 1 Fle—a)? dF (z).

n=k+1

BOCHOHBByeMCﬂ N3BE€CTHBIM HEpPaBEHCTBOM

nlc—b)p" 1 <" —b" < nlc—b)c" . (5.6.2)
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YHucmTes b MoBIHTErPATBHOrO Bhipazkenus B (5.6.1) He mpeBOCXOIUT
(1—Fz—a)"' ' —(1=F(z+a)".

3 (5.6.2) caeayer, 4To

o0

¢ o [ Flz+a)—F(z—a)
> P(AnAnH)g(k:Jrl)/R 0 Flz o) dF(z).

n=k+1

PaBercTBo (5.6.1) MOXKHO 3anuCaTh B CIEYIONEM BUJIE:

S Pl AL
— *{1-Fz—a)}{l - F@@)}' - {1 - F+a}""" i
_c+(k+1)/m0 1 Fle— ) dF(z), (5.6.3)

rie
zo {1 — F(:L’ — CL)} {1 — F(x)}k _ {1 . F(x + a)}k.H

. {1- Fla - )}

C=(k+1) dF (z)

— Hekoropoe 4uciao. Uarerpan B (5.6.3) MOXKET TOJBKO YMEHBIIUTHCS, €CJAH B HEM 3aMEHUTH

1—F(z)wal— F(x+ a). Torna

) B k+1 CFx+a)— F(x—a)
nzzkﬂ Ul 2 € (7 o / T-Fa—ap 0

U3 jieMmbl 2.2.4 Tenephb CIeyer, 9To CXOAUMOCTh uHTerpaia B (5.2.2) saBisiercs: HeOOXOAUMBIM

1 JOCTaTOYHBIM YCJIOBHEM JIJ14
II.H

K_(n,n—k,a) =" 0.

g

HokazareabcTBo jgemmbl 5.2.1. Ilpeamonoxum, uro pacnpemgesnenue F' abCOJIOTHO Helpe-

pbiBHO. Tosib3ysich jiemmoit 1.3.1, 00 yc10BHO#T HE3aBUCUMOCTH BEKTOPOB

XY = (X1, Xpeim) 1 X = (Xpgim, oo Xon)
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npu yeaosun { Xy, = 2}, Hoaydaem, 9ro

P{K_ (n kya) =j,Ki(n,kb) =1}

=10y / {G —a)Y G*(x = a) fup(@)T' (x + 0) {1 = T + 0)}" ' dar

:J(k’—j—l)'l'(n— k—1)! /{F F(z—a)y F*7 "z —a)
x {F(x+b) — F(a)} {1 = Flz +)}"*" f(z)dx.

Pesynbrar ocTtanercs cripaBeIUBBIM B B CJIydae, Korja pacipesenenue F' menpepbsiBHO. [J

JoxkaszarenbcTBo Teopemsbr 5.2.5. [Ipoussogsine dyukuun K_(n, k,a), K (n,k,a) n Bek-
topa (K_(n,k,a), Ki(n,k,b)) merko maxomurcs u3 (5.2.1), (5.2.3) u (5.2.4), coOTBETCTBEHHO.

OHu UMerT BUIL;

M (n, k,a, s) = nC* 1/{ (1= $)F(z — a) + sF(x)}* {1 — F(a)}" *dF(x),

Iy (n, k. a,8) = nCy7| /]R [s{F(z+a) = Fl@)} +1 - Flz+a)]" " {F)}" " dF (),

nkas)tK+(nkbt) nck’—%
n—

/ (1-(1—9)F(z—a)— sF(@)}" " (1= )F(x +b) + tF(2))" " dF (2). (5.6.4)

[ycrs npeen (1.2.1) cymecrsyer n xoct F awagercs "cpeaumm" pist HekoTophix a > 0

b > 0. Torma u3 Teopem 5.2.1(a), 5.2.3 ciaeayer, 4ro Ipu . — 0O CHPABEIJIUBO:

5(@) k+1 ) )
<>>) (B) + (1= BO))".  (5.6.5)

II_ — II —
(n,n—k,a,s)Il(n,n k’b’t)%(l—s(l—ﬁa

Jlnsa mpousBosibHOTO € > () MOXKHO BBIOpATh Ty, TaKOi UTO JJII BCEX T > Xg CIIPaBeITUBBI
HepaBeHCTBA!
(1—€)-B(b) Flz) < F(z+b) < (1+¢)-B(b) - F(x),

1—¢
B(a)

14+¢ =

: (x)<F(:L‘—a)<ﬁ(a) F(z).
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Torma u3 (5.6.4) BBITEKAET, ITO

La(0) + nCp_ {(1 = £)(1 = £)5(b) + 1}*

« /Oo{ - <% 4 s) F(x)}n_k_l (F(2)}dF(z)

<ESK (n,n— ka)tK+(nn k,b) <L ($0)+7’L

JATNC T

{F(2)}rdF(z),

+
»
~_
eS|
&
H/—/
w)—‘

e

{( )(1+¢e)B(b) + 3"

170

(5.6.6)

(5.6.7)

Ly (z0) = nC*_, /_ﬂfo {1-(1-9)F(z—a)— sF(x)}n_k_l (1=t)F(z+b) + tF(x))k dF(z).

Ormernm, uro L, (zg) — 0 npu nocrognaom o u n — 00. VIHTErpupys BHIPDAKEHUsT, CTOSIIHE

B (5.6.6) u (5.6.7), k pa3 mo gacTsiM, HOJIydaeM, 9TO

B(a) o ¢
0(1)+((1—s)(1+5)+35(a)) {1=t)(1—¢)B(b) +t}*n

</ °° { - (% " ) F(@}"l 4F (z)

<ES (n,n— ka)tK+(nn k,b)

B(a) e k
<o(l)+ <(1_8)<1_8)+85(a)) {1 =t)(1+e)B(b) +t}'n

« /OO { - (% + s> F(m)}n_l AP (z).

13 ocJieJHero HepaBeHCTBa BbITEKaeT aCUMIITOTUYECKOE COOTHOIICHUE

R (e ) BRGCAL C

Takum o6pasoMm, B cayuae, korma 0 < f(a) < 1 uw 0 < p(b) < 1, cxomumoctb B

noc/ie/iHeM BhipazkeHuu u cxoaumocth B (5.6.5) osmauaer, uro Esf-(n=ka) pelimn=kb) 4

Esl-(nn=ka) K (nn=kb) yyreror oamn u Tot ke npeges. B cayuasx, korma 3(a) win B(b) pasusr 0

nin 1, TeopeMa JIOKa3bIBae€TCd aHAJOTMYHO. TakKuM 00pa3oM, aCHMITOTHYECKasd He3aBUCUMOCTD

K _(n,n—k,a) u Ky(n,n — k,b) nokazana.]
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5.6.2 [Joka3aTenbcTBa pe3ynbTaTtoB naparpada 5.3

Mpu1 OyieM HCIOB30BATH CJAEIYIONNe 0003HATEHUS:

n!

k= )k — g — DY

n>1 ke{l,...,n}, j€{0,...,k—1}.

Jlns mokasaTe/ibeTBa JIAJbHEHINX Pe3y/IbTaTOB HAM MOHAJI00UTCS CJIeIYIONHi BCIIOMOTa-

TeJbHBIA pe3yJibTar.

Jlemma 5.6.1. [lycmo k — nocmoannas seauvuna, k, — 0o, a =0 u 0 < d < 1. Tozda
(@) cupd"" =0 (n— o),

(6) o, ;A" =0 (n— 00).
Hoka3arenbcTBo gemma 5.6.1. (a) Ormernm, ato

n! nkdn—k
< dn—k S
R Ry o T T by

OdeBuIHO, 9TO MpaBasi YaCTh HEPABEHCTBA CTPEMUTHLCS K HYJIIO IPH 1 — 0O.
(6) Ucnonbsys dopmyny Crupimura, st IPOU3BOILHOIO € > 0 U BCEX JA0CTATOYHO OOJIb-

X n, MOKHO 3allucaThb

n!

n kn
! . ' dn—kn - ]. n n — kn k%+1/2dn_k”
(n—k)!(k, — 75— 1)ly! V2rjl \n — k, k.,

1
<

V27!

Bripaxkenue, crosiiee B SKCIOHEHTE,

n—k,
K,

exp {knln(e +e) + kyIn ( ) +(+1/2)Ink, — (n— kn)(—lnd)} .

ko, k., k, (7+1/2)
(n kn)[n_knln(e+s) n—k‘nln(n—k‘n>+ — Ink, — (—Ind)

CTPeMHUTCsT K —00, T.K. BCE cjlaraeMble, CTOsIIIIe B KBAPATHBIX CKOOKaX (KPOMe MOCJIeHEro),

crpemsrcsd K Hyso. [locneanee ciaraemoe orpunareibHo. L]

HdokazareabcTBo yrBepxkaeHud 5.3.1. Ormerum, uto ecau k, — oo u o = 0, TO

P{kan < a} —1
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st ioboro dukcuposannoro a > 0, to ecte P{K_(n,ky,a) = k, — 1} — 1. Torma pis
mo6oro j > 0 copaseuso cootromenune P{K_(n,k,,a) = j} — 0. IIpoBepum Teneps (5.3.1).

Pasencrso (5.2.3) miast a > 0,0 < j <n—k,1 <k <n moxker GbITh 3aIIUCAHO B BH/IE:
P{Ki(n,k,a) =7} = cortj, / [F(z+a)— F(x)]] [1—F(z+ a)]n_k_j [F(2)]" dF (2).
0
Torna

P{K-f—(n’ k, CL) = j}
< Cnptigll — F(a)]"kj/o [1— F(2)P[F(2)]* " dF (z) < pppii[l — Fa)]" .

[Tpumensst renepb gemmy 5.6.1 (a), moaydaem, uto s T00bIX (bUKCHpoBaHHBIX a > 0,7 > 0
u n,k, — 00, takux uro « = 0, cnpasemmuso: P{K, (n,k,,a) = j} — 0 . U3 nocaennero

D
ACHUMITOTUYIECKOIO COOTHOIIEHHS BBITEKAET cXoaumMoctb K (n, k,,a) = co.

JoxkazarenabcTBo Teopembr 5.3.1. OueBugno, uro npu lp = 0u j = 0,...,k — 2 cupasej-

PR (k) = 7} = easy [ [F— )} 97F (@) - Plo = @)l - Fa) (@)

r—a,a xr—a,a

. k—2
P{K_(n,k,a)=k—1} =1-> P{K_(n,k,a) = j}.
§=0
[Tockombky misg j =0, ...,k — 2 BBIIOJTHAIOTCSA PABEHCTBA

P(n,k,an, §) = o, / Oo {1 - Jf ((Cil))rj_l [p (tln) - 1]j [F(2)]" ™ dF(z)
— Y

g [F ()" L = F(an))?

—k+1). . (n—k+j AN N
:(n 1 (n +J) 1—— N e (n— o0),
niyj! n J!

JOCTAaTOYHO IIOKa3aTb, 9TO

|P(K_(n,k,a,) = j) — P(n,k,an, )| =30 mpu j=0,...,k—2.
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g dbukcuposanuoro xo > 0 (koropsiit Gyaer BoIOpaH HUKE), JJisd G, < To U JOCTATOTHO

DOJIBIIIAX T UMEeM:
|P(K*(n7k7a’n) = ]) - P<n7 kvanhj)’ S Il + IZ + [37

rIe

—k

i = 10kt 0) = gy [ 1@ = ) @) — Fla = a)p [F@)] " P ()

z0

I = Lo(n, by j, an, 20) = Cops / h [1— F(z) ]Ml{ ! —1r [F(a)]" ™ dF(2)

Z0

o _ O
I3 - [3(77’7 k>j7 an>$0) = Cn,k,j/ |G1(n7 kajaan7$) - G2(n7k7j7 an7x)| [F(‘T)} £ dF($)

B nocsieanem wHTErpasie Mbl HCIOJIB3yeM 0003HAYEHUSI:

ik ons) = 1= ] Pk 1}]7

— a,ay — a,an

Gmwa%wzzb_ﬁgrjﬁg%—@f

Jlnsa onenku [, BOCIOJIb3yeMCsl HEPABEHCTBOM

Li(n,k, 5yt 0) < ooy [Flw0)]" ™ / b [F(x — a,)]" 7V dF (z) < copy [Fl0)]" ™"

zo

[Ipumensst gemmy 5.6.1, moaydaem, uro Ii(n,k,j,an,x9) — 0 (n — o0). Ouennm Io. s

0 <j <k — 2 MOXKHO 3amucaTh

. i n—k+1 F(an) —j—1, n—k+j
[2(71, k7j7 an7x0) = Cn,k,j[F(a’n)]j [F(an)] * / (1 - y)k ! 1y i dy
0
i
= n—k+1 an n—
S Cn k‘][F(axn)] [F( n)] /0' Yy ket dy
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[Tocneanee BeIpazKeHue CTPEMUTCA K HYJIIO BeieacTBre JjeMMbl 5.6.1. PaccmoTpum nnterpadt Is.

[Ipu 0 < j < k — 2 crpaBeTUBO CJIeIyIOIIee HEPABEHCTBO:

[3(n7k7j7 CLn,ZCo) S ]31(71, k7j7 anaxO) + [32(71, kaja an,.fl'(]> + [33(n7k7j7 an?£0) )

rIe

() O

" ‘(5@@ - 1>j (- 1>j

A

« (ﬁ - 1)] [F(2)]" ™" dF(a),

zo
Isi(n, k, j, an, ko) = Cn,k,j/
Qn

[F(2)]" ™ dF(x)

zo
]32<n7k}7j7an,$0) - Cn:k’j/
Qn

. zo F(r k—j—1

1 J 1 J
) (=
(e=aa ) ~ (7 )

Ouenum I33. I3 ycanosus (5.3.2) caempyer, 9ro

, 1 1 -
lim _ 1 = —1 =1.
n—00,2—0,2>an ﬂ(x —a, CLn) F(CL”>

Torma nnsga j =0,...,k — 2 cupaBeJIuBO:

X

J

1 1 -
Va>0 3N1 3500 anNl vwe(a,,“jo) [(m — 1) <F(a ) — 1) ] —1| <e. (568)

[Monb3ysacek HepasencTBoM (5.6.8) mign > Ny, 0 < j <k —2u0 < zg < I, 3anumem

Tas(1, K, J, s T0) < Copse (% - 1)j / (1 - FF ((;’3))“1 [F(a)]" ™ dF(2)
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1
< enny -2 [Flan)} - [Flan)]" ™ / (1= )ty gy

= e O (@) - [Fa)]"™" = Plnb(n — k +1,F(a,)) = j) -e <,

rje nb — caydaiinas BeJilmduHA, WMEIOIIee OTPUIATEIbHOe OMHOMUAIHLHOE PACIIPE/IeIeHe C Tia-

pamerpamu n — k + 1 u F(a,). lokaxem, uro I3y < e. TIpexie BCEro oTMeTnM, 4To

(- ) (i) = [t

[ockonbky F(a,) =1 — % "Z% 1, npumensia (5.3.2) K BEIPAXKEHHIO, CTOSIIEMY B KBAPATHEIX

ckoOKax, mosydaem npu j = 0,1,...,k — 2, 9To
F(a) P\
x x
V203N, F7050 V> N, Vae(ay, i l————— (1 - =—= -1l <e. (5.6.9
0o TN Foclon ) [( oe) (U ) ] 569

Torma st m0dbix 1> Ny, 0 < j < k—2u 0 < xg < Ty cupaBeIInBO:

Iso(n, k, J, an, o) < Cp € <ﬁ - 1)j /:) <1 - ;S%)k_j_l [F(x)]"—k‘ﬂ dF(z) <e.

[TocaeHee HEPABEHCTBO AHAJIOTMYHO TOMY, KOTOPOE yzKe BCTPEdYasioch 1pu onenke Izs. Jlis
TOro, 9TOOBI MPOBEPUTH HepaBeHCTBO [3; < &, Bocmoabdyemcs (5.6.8) u (5.6.9) . [lust Beex

n > N =max{Ny, Na}, 0 < j <k —2u o =min{, o} cupaseminso:




nasa 6 lNpepenbHble TeopemMbl AN cepuii, OCHOBAHHbIX Ha

nopAaAaKOBbIX CTATUCTUKAX N peKOopAaXx

§ 6.1 BeepeHune

Tepmun "cepust ycrexoB" ObLI, O-BUANMOMY, BIIEPBbIE HCIIOIH30BAH MPU OMUCAHUU UCITHI-
ranuii Bepuymu. [lonstue "ycmexa" Brmocsieacrsun BapbupoBaoch. "YcmexoMm' Ha3bIBaJIM II0-
MaIaHre BEJTUINH B 33 JaHHYI0 0071aCTh, OMPE/IeTeHHBIN TOPSTOK PACTIOTOKEHST BEJIMINH U T.]T.
FnaBubim obpaszom "cepun ycrnexos" m3ydasuch B pamkax teopun neneit Mapkosa. [osryaen-
HbIe Pe3y/JbTAThl MPUMEHINCh B OUOCTATUCTUKE, MeIUIuHe, OUOJOTUH, TEOPUH HAIKHOCTH.
[Toxpobuast uHMOpPMAIUs O JAHHOMY BOIPOCY COJEP:KUTCS, B YacTHOCTH, B KHuUrax [4], [19],
[41], [57], |93|. B mameii pabore BmMecro Tepmuna "cepust ycrexos" Mbl GyJeM HCIOIB30BATH

TEPMUH CEpUd.

Cepun, OCHOBaHHbBIE HA MOPSJIKOBBIX CTATUCTUKAX U PEKOP/IAX, PACCMATPUBAJINCH B HEIAB-
Hux paborax: [83], [84], [85], [88], [208], [214], [224], [225], [226]. B mamux paGorax [208] n
[214] 6b11M MpeIoKeHbI TIOHSITHS Cepuil, 06pa3yeMbIX CIeCHHIaMU MOPSIIKOBBIX CTATUCTUK H

PEKOPIOB, COOTBETCTBEHHO.

B »sroii rmaBe OyayT paccMaTpHBATHCA BBIOOPKH ABYX BHIOB. BBIOOpDKH IEepBOro BH-
Jla — OObIYHbBIE BbIOOPKM, COCTOSIIME U3 HE3ABUCUMbBIX OJUMHAKOBO PACIIPE/IEJICHHbIX BeJIUYUH
Xi,...,X, c "HenpepbiBHOI dyHKIMel pacupejgeserus F'. VIx HUX 1MOJydeHbl COOTBETCTBYIO-
e mopsiaKoBbie craructukun X, < ... < X, ,. Beibopkn Broporo Buma (B JaHHON pabore
OHM Ha3bIBAIOTCsI OOPATHBIME BBIGOPKAME MEepBOro poja, cM. [164] u [165]) GymayT BeiGopkamu,
cocrosgimumu u3 pexopaabix Beqnana X (1), ..., X (n). Onu 006bIYHO NCHOIB3YIOTCS TOT/IA, KOTIA

KJIACCUYECKUE BHIOOPKH HEJIOCTYIHBI.

Cepun, OCHOBAaHHBle HA CHEHCHHIAX IOPSJIKOBBIX CTATUCTUK X;, — X, 1, U cueficuHrax

pekopaubix Benann X (j) — X (j — 1), onpegensinck, coorBeTcTBeHHO, B paborax [214]| u [208]

176
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caenytomuM oopaszoM. g € > 0 onpeaennm BeJnduHbl V;,, U £ paBeHCTBAMHI

e _ e
vin, =1v

1, ecnnm

n+1ln = 17 gi = 17€Z+1 = 17

Xi,n_Xi—l,n>57 1=2,...,m,

B IPOTUBHOM CJIy4ae,

1, ectu X(n)—X(n—1)>¢, n>2

0,

B IIPOTHBHOM CJIyYae.
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Bynem roBoputb, 4TO 10C/I€/I0BATEILHOCTD CIIEHCHUHIOB, 00PA30BAHHBIX HOPIIKOBBIMH CTATH-

CTHKaMH

Xin — Xicip,---

)

) Xj,n - Xj—l,n

(o6pazoBanubix pexopaubivu Beuaunamu X (i) — X (i1 —1),..., X(j) — X(j — 1)), dopmupyer

cepuio qymuoii j —i—1 (i +1<j<n+1), ecan

1> _ € _ _ € — 15 —
Vip =LVig,=...=v_1,=0v,=1
(& =1¢&,,=...=&_1 =0, = 1). Takue cepun Oyjiem TakxKe Ha3bBATH cepusiMu ""Majbx"

creiicuaroB. OTMETHM, YTO C YBEJIUYEHHEM pa3Mepa oOpaTHON BHIOOPKU 1 3HAYEHUS] BEJTUINH

§; me MensoTcs. [1o9TOMYy MOKHO CUATATH, ITO OHU HE 3ABHCAT OT 7.

[TycTn

J
e,V £
Ri,j = Z Vin
=i

(1<i<j<n) R"=R"

1,n

n
RA=)"¢.
=1

Besmunnbl RSV m RS Ha30BeM 4HCIOM BCeX cepmil, 06pa30BaHHBIX CHeHCHHTaMH TaHHOH BBI-

Oopku u 0OpaTHOI BHIOOPKHN MEPBOTO POja, COOTBETCTBEHHO. [loc/ieoBaTe/ IbHOCTH CIIEHCHHTOB

HOPSIIKOBBIX CTATUCTUK (M PEKOPIOB) 00pa3yer Bcero ojny ceputo, ecau v, = 0 (uu £ = 0)

JII BeeX ¢ = 2, ..., n. bynem roBopuThb, 9TO IyTMHA CEPUH paBHA HYJTIO, €CJTH MEXKTY ABYMS €1~

nunamu Her nyseit. Obosuadenus L)Y u Lff Oy/1eM MCIOJIb30BaTh JIJIsl JJIMHBI CAMOW JIJIMHHON

cepuu, OCHOBAHHON CHEfiCMHTaMU TOPSIKOBBIX CTATUCTHK W PEKOPJIOB, cOOTBeTCTBeHHO. [[ycTh

1 =14 <19 <

< 4; < n — HOMepa BCeX eJUHHII, HOJYyYeHHbIX M3 IOCJIeJ0BaTeJIbHOCTU
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Vi ey Vo, (mmm &5 .o &5). OnpenesinM JITHHY caMoil JJIMHHOM Cepuu CJie Iy OIuM 00pa3oM:

(LY =)L5* = max{ig — iy — 1,43 — iy — 1,...,4; —i;_1 — 1,n —i;}.

Kak MbI BuauM, cepuio obpas3yeT I0C/I1e/I0BaTe/IbHOCTD CIEHCHHIOB, KOTOPbIE HE IPEBOCXOIAT

BennuunHy € > (. g rydmmero BOCIpUATHAS BBEJIEHHBIX MOHATHNH PAaCCMOTPUM TPUMED.

ITpumep 6.1.1. Paccmompum nocaedosamenvrocms us 20 nopadkoSuT CMamucmuk, nosy-

YEHHOLT U3 Pasromepro pacnpedeaennoir wa [0, 1] cayuatinor eeaunun:

0.0842,0.0937, 0.1009, 0.1280, 0.1595, 0.1964, 0.2063, 0.2320, 0.2480,

0.3467,0.3754, 0.3831, 0.6403, 0.6489, 0.7652, 0.8015, 0.8095, 0.8867, 0.9895, 0.9901 .
< y AN 2 2N - NN ,

Jlas e = 0.05 umeem: RO =6, LIV = 8.
20 20

Hanbueitiee cojepxkanue riaasbl 6 ciepyionee. B naparpade 6.2 npupejienbl pacipejielie-
HUSI BeJIUYUH V; , U &,. TaM ke jaercs jronosiHnTesbHast nHGOPMAIs, KaCAIONIAsiCsl PEKOP/IHBIX
Besimuud. B maparpade 6.3 paccMarpuBaioTcs pacipejesieHus ¢ OrpaHnYeHHbIM HocuTeieM. B
9TOM Maparpade MoKa3bIBaeTCs, YTO UccaeoBanne (hbopMbl MYHKIUN pacupeaeneHnnsd F' MOXKHO
HPOBO/IMTH IIPU TIOMOIIIM CEePHUii, OCHOBAHHBIX Ha clieiicuHrax. Tak, HalrpuMep, 1pejieabHoe moBe-
JleHNe BeJIMYNHB [7)Y yKa3blBaeT Ha KOJNIECTBO HHTePBAJIOB ocTossHCTBa [, B maparpade 6.4
bopMyTHpYIOTCS HpeiebHbIe TeopeMbl A Benmana RS n RS B clydae HeOrpaHHICHHOTO
Hocuressi. B naparpade 6.5 paccmarpuBaloTcsi SKCIOHEHIIMAJILHBIM 1 PABHOMEDHbBIi cjiydau, B
KOTOPBIX CIEeHCHHIH, 0Opa3yeMbie MOPSJIKOBBIME CTATUCTUKAMK, COOTBETCTBEHHO, HE3ABUCHMBI
U CHMMETPHUYHO 3aBUCUMBI. B 9KcronennuaabHOM ciydae, ClieiCuHTH, 0Opa3yeMble PeKOPIHBIMI
BeJIMYMHAME, TaK:Ke He3aBucuMbl. Hakoner, B maparpade 6.6 MbI petaraeM CTaTUCTHIECKUI

KpUTepuil, OCHOBAHHbIN Ha CepUsX, 00PA3yEeMbIX CHEHCUHIAMU TOPSIKOBBIX CTATUCTUK.

Matepuasn auccepraliui, MpeacTaBIeHHBIH B riaBe 6, onmyOJUKOBAH aBTOPOM TUCCEPTAIIH-

OHHOIT PaGOTEL B caeyiomux crarbax: 208, [214], [224], [225] u [226].
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§ 6.2 lNpepBapuTenbHble pe3ynbTaThl

B srom maparpade Oyaem mupejmnosararb, 94To F' — NpPOU3BOJILHOE HEIPEPLIBHOE paciipe-
nesnenne. MOXKHO IOKa3aTh, YTO paclpejesieHusl BeJIUYUH U, U MaTeMaTUIecKoe OKHUIaHUe

BeTHYNHEL [T)Y IMEIOT BU:

,n

P{v;, =1} =nC: 3 /RFI'Q(:C)(l — F(e+2)" " dF(x) (i=2,...,n)

ERY = n / 1= F(e +2) + F@)" " dF (2). (6.2.1)

B sT10it rnaBe 6y1eM HCIOMB30BATH CAEAYIONIHE 0003HATEHUS:
Far(y | 2) = P(X(n) <y | X(k) = z),
ey >z,n>kn
Fivijoj(@ion,xixjg, ;) =P(X(@E—1) <z, X(4) <2, X(j— 1) <xj1, X(J) < xj),

rie ¢ < j — 1. B kuure [31] npuBoggTCcs paBeHCTBA

[~ In(1 — F(2))]""

dF,(z) = =1 dF (x),
n—k—1
_ 1-F(y)
n
dFi—l(%‘—ﬂ dF;1|i($e1 ’ fsz)
dFi—l,i,j—l,j<xi—17 ZTi, Ij—la (L’j) = T{{L‘Z_l) dF(J]Z) i — F(]{L‘j_l) dF((L’])

Ucnonw3ys 31u (hopMyIbl, MOKHO TOJYIATH CJIETYIONIHE Pe3YIbTATH:

P& =1} = [ Bl e)iF(a), (622)
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P& =1, =1} = /R (/OO+ (/OO B(xj_1,2)dF;_1i(z;_1 | xi)) dF(xZ-)> ff:—Fl—(é:ll))

(6.2.3)
" -1
BR =3 P& =1)=1+ / Ble,e)d )y Fi(), (6.2.4)
i=1 R i=1
rie B(z,a) = IIZ(,“C(:)G ). Onpeienym ciaydaitnyo Besnanuy RS ¢ moMombio mpejiea

R = lim RS°.

n—o0

13 (6.2.4) maxomum, 910

ERS =1+ /Rﬁ(x,E) [JLIEOZ = ln(}i__igf))]i_l dF(z)
_ 1+Ag(x,g)ﬂ_F—% _ 1+/R%dF(x). (6.2.5)
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§ 6.3 OrpaHu4eHHbIi HOCUTESb

B sTom nmaparpade Oyem npejmnosarath, YTO HOCUTEIb pacipejeienus [ orpanndes.

6.3.1 Cepun, ocHoBaHHble Ha cnecuHrax NopsiAKoOBbIX CTaTUCTUK

OcranoBuMcs BHaYa/Ie HA aCHMITOTHYIECKHX CcBoiicTBax Benmuuubl LY. CopaseaimBo cie-

JIyIOTIIee YTBepZKIeHNe.

YrBepxkaenue 6.3.1. [lycmv nocumenwv pacnpedeserus F oepanuvern xomsa 6o, ¢ 001U cmo-

n. 1.
porni. Tozda LY =" oo.

dokazarenbcTtBo yrBepkaeHud 6.3.1. [lycth HocuTe/b pacipe/ie/ieHus OrpaHIYeH CJIeBa.
[Tycrto k,, — mOCI€I0BATETLHOCTD HATYPATBHBIX Uncesl, Takasg u4ro k, — oo u k,/n — 0. Torga

1I.H. e ILH. e ILH.
Xig, = lpu Ukn 7 1, Lkn 7 oco.

e,V
[Tonyunwm erme ouH pe3yabTaT 18 BeIUIUHBI LY.

YrBepxkaenue 6.3.2. [lycmov F — dpynryusa pacnpedesenus, cmpozo MOHOMOHHAA HA HEKO-

n.H.
mopom unmepeane. Tozda L5V =" oo.

HokazarenbcTBo yrBepKAeHus 6.3.2. Boibepem o, (0 < a < [ < 1), Takumu 4910

F~Y(a) u F7Y(3) npunamie;karh uaTepBady Ha KOTOPOM (QYHKIMs pacupejienenus F crpo-

ro monorouna, npudem F~1(8) — F7l(a) < &, rae F~!(y) — v-kBaurunn F. Ouesujno, uro
IL.H.

Xann LA FYa), Xpnn — F'(B)n R;Zﬂ,[ﬁn] 80, rae [z] — nenas wacth wmcna . 13

mocJieTHeil CXOAMMOCTH BBITEKAET CIIPaBeINBOCTD JAHHOTO YTBep:KIeHusd. []

Jlaee 10 KOHIIa 9TOro pasjesia OyaeM IpeoaraTb, YTO HOCUTE b F' orpanudeH ¢ JIByX
II.H.
CTOpOH, TpuueM € + [p < rp. V13 yrBep:Kaenusa 6.3.1 n3BeCTHO, YTO B 3TOM caydae LY =" 0o.

Paccmorpum acumnrormdeckue csoiicrsa [T,
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Teopema 6.3.1. Caedyroujue mpu ymeeptcoenus IK8USAAEHINHDL:

1. Pynryusa pacnpedenenus F nocmoanna na k (kK > 0) nenepecexarowurcs unmepeanax

0AUHOT HE MeHee E;

2.
ERY — k+1;
3.
2 L Sy | (6.3.1)

dokazaTeabcTBo TeopeMbl 6.3.1. /g mokKazaTenbcTBa TeOpeMbl TOKaxkKeMm, 4To 1. <

2:1.+2. = 3. = 1.

1. = 2. Urak, nycth dyHKIus pacnpejaesienust F mocrosuua Ha k (k > 0) Hemepecekaro-
muxcss uaTepBaTax (a;,b;), Takux uro lp < a3 < by < ... < ap < by < rp, €+ a; < b;. Bue
9TUX WHTEPBAJIOB (DYHKIIMS pacHpepaeeHnsl MOXKeT ObITh MOCTOSSHHON Ha WHTepBaJIaxX ITWHOM
memnbIneii €. 113 (6.3.1) mveem:

k41

ER;Y =n Z /ai_E (1 — Fle+z)+ F(x)]" " dF(z)+

i=1

k+1

Y / 1= Fla) + Fa)" " dF(2) = o(1) + k +1,

riae bo == lF uagy1 = Tp.

2. = 1. J/lokaxkeM MeTOZOM OT HpPOTUBHOTO. llycTh W3 chmpaBeaMBOCTH COOTHOIIEHUS
ER:Y — k + 1 Boitekaer, uro dbyuknus pacupeienenus F unocrosnua wa ki # k (k; > 0)
HelepeceKaIXcss WHTepBaaxX JUIMHONW He MeHbineil €. I3 jjokazaHHOrO BBHIIIE CJIELYET, Y9TO

torga LR,V — ki + 1. llocnennee npuBoAUT HAC K MPOTHBOPEIHIO.

1. + 2. = 3. Illycrs dyukuus pacupenenenus: F' nocrosiaaa Ha k HemepeceKaroImxcs
HHTepBajgax JJIUHON He MeHbIneil €. Torma s BceX JIOCTATOYHO OOJIBIIUX 7 CIIPABEJTUBO
R > k + 1 n.u. 113 mepaBencrBa MapkoBa n cxogumoctu FRY — k + 1 ciexyer, 9ro
Rv 5k + 1 Kpome Toro, st Bcex aocTaTodHO OOJIBIINX 7 BBIIMOJIHSIETCS HEPABEHCTBO
RZ” > R}, mu. Jlauuple paccy KAeHds HPHBOAAT HAC K CIIPABEJIMBOCTH ACHMITOTHYECCKO-

IL.H.
ro coornomenusa ;" ="k + 1.
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3. = 1. MOXKHO MOKa3aTh TeM K€ MeTO/IOM, KOTOPBIl yKe HCIOJIb30BAJIC JIJId T0Ka3aTeTh-

cTtBa 2. = 1.0

OtrmernM, 910 ecyin (DYHKIHUSA PACIPE/IeIeHNsI, HMeroIast OrPAHNIeHHbII C JIBYX CTOPOH HOCH-
TeJTb, IOCTOSIHHA, Ha OECKOHEYHOM YHCJIe HHTEePBAJIOB, TO JJid Jioboro € > 0 cymectByer k > 0,
takoe 4yto ER;Y — k+ 1 u R)Y Tk 4 1. Bean ke nocurens HeOrpaHudeH u (PYHKIHS
pacrpejie/ieHust MOCTOSTHHA, Ha, OECKOHEYHOM YHCJIe WHTEPBAJIOB JJINHON HE MeHee £, TO JYHCJIO
BCcex cepuil "MaJsbIX" CIIEICMHTIOB MOPSIIKOBLIX CTATUCTHK JIJIS 3TOTO € CTPEMHUTCS K OECKOHEeU-
HOCTHU C BEPOATHOCTBIO €JMHHUILA. I/ITaK, Mbl BbIACHUJIM, YTO MHTEPBAJI IIOCTOAHCTBA (byHK]_H/II/I

paciipeaeJsiecHrusA BbI3bIBa€T ITPEPbIBaHUE CEPpUN CIIEICUHTOB NOPAIKOBBIX CTaTUCTHK.

6.3.2 Cepun, ocHoBaHHble Ha CMelCUHIrax PeKopAHbIX BeNN4uH

B sTom pazzaene 6yaem npe/osiaraTtb, 9YTo HOCUTE b F' OrpaHUYeH CIIpaBa, TO eCTb 'y < 00.

[TokazkeMm, 9TO B 3TOM caydae Belmdamaa RSS orpanmdena, a LSS cTpeMuTes K G6eCKOHETHOCTH.

YrBepxkaenue 6.3.3. FEcau nocumenv F ozpanuyen cnpasa, mo ¢ sepoammocmvro edunuua

n. .
seaununa RS ozpanuuena, a L5535 co.

dokazaTeabcTBo yTBepkKaeHud 6.3.3. I13 ¢BOiCTB peKOPIOB CAeyeT, 9TO ¢ BEPOITHOCTHIO

eJIMHUIA 151 JOCTATOYHO 6OIBIOro n cupase o X (n) > rp—e. VI3 nocaenero HepaBencTsa

ILH. .
noaydaem, uro & =0 s Beex ¢ > n. [

Creayrotee yrBep:KIeHEE eCTh MpocToe caeacTsue hopmyst (6.2.5).

YrBepxkaenue 6.3.4. Fcau pacnpedenenue F ozpanuyerno cnpasa, mo

"FTEl— Fx+¢)
ERY =1 ———— —dF(z) < . 6.3.2
[ T rmRne < (0:3:2
[ycrs T2% (1 < T2% < n) — nHomep caydaiinoit sejmaunbl (cpemn Bemuwann &5, ..., &),

KOTOpas MmocjefHeil npuanMaet 3nadenne 1, mw T5¢ > 1 — Bpemsi nepBoil peKOPTHON BeJIMUMHE,
Takoi 4To X (Ts’f) >rp—e¢. Jnga n > 2 ¢ BepodTHOCTBIO €TUHATIA BHITOTHAIOTCA CJIeTyIONIHe

HepaBeHCTBAa:

TS < T°F, (6.3.3)
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L8 < T — ReF (6.3.4)

Pacupenesnenne T5¢, naiinennoe ¢ momomtbio gsemvbr [loppoka (memva 3.2.3), npejcraBieno B

CJIEJIYIOTIEM YTBEDPZKJIEHUN.

VrBepxkaenue 6.3.5. Pacnpedesenue TS umeem eud:

: e—A/\k—l
PT**=k)=——+ (k>1
2de N\ = —1In(1 — F(rp —¢)).
Ormerum, 91O
ET* =1—In(1 — F(rg —¢)). (6.3.5)

[ycrs L5 = limy, oo LS. 3 (6.3.3) u (6.3.4) HaX0 UM BEPXHIOO OLEHKY JIjIs MATEeMATHYeCKOro
OKHJIaHusl BeJImuuHbl Lo%:

EL®¢ < ET¢ — ER®*.

K COZKaJIEHHUIO, IIOCJaeJHAA OICHKa CUJIbHO 3aBbllll€eHa, 9TO IIOKa3bIBaeT C.HG,HYIO]J_[I/II'/JI IIpumMep.

IIpumep 6.3.1. ITycmo F' — cmandapmmoe pasromeproe pacnpedeserue u e = 0.1. Uz (6.5.2)
u (6.3.5) caedyem, wmo

0.9 1 . o 1
ERYVE — 1 +/ t O 94026,

0 (1—x)?

ET*Y =1+ 1n10 = 3.3026,

EL%¢ <0.9.

Moot CPABHUM IMTU TMEOPETNUYECKUE PE3YADBINATINDL C PE3YADITNATNAMU, TLOAYHEHHBIMUYU U3 IKCTE-

PUMEHMA CITNATUCITMUYECK020 MO&G./LUpOGGHUﬂ.

IIpesicde ecezo, mu kKpamrko onuwem kak zenepupyromes pekopdu X (1), X (2), ..., noayuen-
HBLE U3 NOCAEA0BAMENLHOCTIU HE3ABUCUMBLE 00UHAK060 pacnpedesennvls X1, Xo, ... ¢ Henpe-
pulenot dynkyuet pacnpedeaenus F. Buavase mow 2enepupyem X (1) = Xy ¢ pacnpedesernuem
F. 3amem, daa dannoz n > 2 u X(n—1) = x(n — 1), seaununa X (n) noayuaemes xax edun-

CMBEHHAA 2EHEPALUA, NOAYIEHHAA U3 pacnpedeenus (cm. memod yceuenul, npedrorcentol 6
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[11])
Fx) = F(z(n = 1))

ona x> x(n —1).

1—F(z(n—-1))
B nawem npumepe mui zenepuposanu 20 000 pas seauwunoe X (1), ..., X(10) us emandapmmnozo
—0. —0.
pasHomeproz0 pacnpedesenud. Ilycmo me u me — 6BLOOPOUHBIE CPEJHUE BENUNUHBL ONA 00-

we20 Koauecmsa cepuli u daunv, Haubosvuwet cepuu. Movw nosyuuau caedyrouue pesysomamol:

Ro® =2.4065 u Loy =0.3616.

—0.1,¢
Mui 6udum, wmo snavenue ER 6ausko x snauenuio Ry, . B mo oice 6pema, 6epruss ouenka

—0.1,¢
0.9 daa EL*YS danexa om sxcnepumenmanvrozo snavenus Ly .
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§ 6.4 HeorpaHun4eHHbIi HOCUTESb

6.4.1 AcnntoTnyeckue pe3ynbTaTtbl 419 CEPUi, OCHOBAHHbIX HA CNeMCUHrax

nopsagKoBbIX CTATUCTUK

B riiaBe 5 paccmarpuBajiach T€OpuUsi BEJIMYUH, PECUCTPUPYEMbBIX OKOJIO HOPSJ/IKOBBIX CTa-
TUCTUK W PEKOPOB. /Ijis onucanmst acCHMITOTUYECKOTO TIOBEJICHUS YNC/IA BEJIUUNH, PETUCTPH-
PYEMBIX OKOJIO BEPXHHUX MOPSIKOBBIX CTATHCTUK W PEKOPJOB, UCHOJIBb30Bascs mpenen (1.2.1).
AnajiorngHbiM 00pa30M MOZKHO HCIOJIB30BATH IIPEJIeT

F
lim (z)

A F b v(b) € [0,1] (lp = —o0,b > 0) (6.4.1)

JJIA OIIMCAHUA aCUMIITOTAYECKOTO ITOBEJICHUA YNACJIa BeJINYNH, PETUCTPUPYEMBIX OKOJIO HUZKHUAX
MOPSIIKOBBIX cTaTuCTUK. Kak u mpexe, Oy/ieM TOBOPUTDH, YTO MPaBblil XBOCT paclpe/e/IeHus

"

"voscreiit," ecmu B(a) = 1, "cpennmii," ecim 0 < f(a) < 1 m "roukuii," ecim f(a) = 0.

AnanorndanbiM 06pazom 7(b) OGyaer XapakTepru30BaTh JIEBBI XBOCT PACTIPe/Ie/ICHNS.

MeToabl ¥ MOAXOABI TEOPHUU BEJIUYHH, PEIHCTPUPYEMBIX OKOJIO IIOPSJIKOBBIX CTATUCTUK W
PEKOPJIOB, HAXOJAT IPUMEHEHHE U JIJIS OIMUCAHUS ACUMITOTHYECKUX CBOWCTB cepuil "masnix"
cueiicunros. [IpuBesem, 6e3 jl0Ka3aTe/ILCTBA, /IBA MPEJIEJILHBIX Pe3y/ibTraTa, MOJyYeHHbIX B Ha-

meii padore [214]. Tam GbL10 mOKazamno, uro ecm B(e) = 1 wmm y(e) = 1, To RZ” 5 0o, Kpome

TOrO, IpH JONONHATENBHOM YCJIOBHH g ME—W dF(x) < oo B [214] nokaspiBamach crpa-

ILH.

BEJIJINBOCTH aCUMIITOTUYECKOrO cooTHOLIeHust RSV =" 0o. OueBuiHO, 4T0 /ISl JIEBOTO XBOCTA
F(:E)—F(I—S) dF

DACHPE/Ie/ICHIST JAHHBIE PE3YILTATH TAKAKE CIPABEIMBBL, T.€., €C/IM [ —fmes— (r) < o0,

II.H.
To RV =" 00.

Kax Mbl BujinM, acUMITOTHYECKOe 1OBejleHne ;Y 3aBucut oT "Tosmunel" XBoCTa pacipe-

e,V
nenennsd F. Ilomyanv apyrue acUMITOTHYeCKHe Pe3yJbTaThl A RV,

Teopema 6.4.1. [Tycmwv o6a npedeaa 6 (1.2.1) u (6.4.1) cywecmsyrom. Tozda

1©) L, e

PR T T T

HoxkazareabcTBo Teopembl 6.4.1. Tlycrs y(g), B(e) € (0,1). Torga ans manawix 1,05 > 0
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CYIIECTBYIOT Z1, T2, TAKUE YTO

y(e) — 01 < % <~(e)+ 0 (x < x1), (6.4.2)
Ble) = < % < B(e) + 62 (x > x9). (6.4.3)

[Moss3ysics nepasencrsamu (6.4.2) u (6.4.3), u3 pasencrsa (6.2.1) mosydaem, 9ro

ERY <n / N [1 - %F(:@)} " P

—0o0

+n /u (1 — F(e+ )+ F(x)]" " dF(z) + n/oo [1— (1= B() = 6y)F(a)]" " dF ()
~v(g) + 01 1
B S S L T g

Amnasoruuneiv o6pazom ERY MoxkeT ObITh OlleHeHO cHU3Y. V13 JaHHBIX OIIEHOK BBITEKAET CIIPa-
BeTUBOCTH Teopembl 6.4.1 mpu (), 5(e) € (0,1). Ilpu ~(g), B(€) paBHBIX HYJTIO U €TUHUIE

JI0KA3aTeTbCTBO TeopeMbl 6.4.1 uMmeeT JUIb HeOOIbIHe oTinaus. [

Takum obpasoM, ecm 0b6a XBocTa pacupenenenns "Toukue,"

To BR;Y — 1. Ecim ke X0Ts OB
" O e,V

oaun u3 Hux "roscteiil," To ER;Y — oco. [losgBiaenne mogoOHBIX pe3yIbTaTOB MOYKHO TTPOKOM-

MEHTHPOBAThH cjemyrommm obpasom. Korma oba xBocTa TOHKHE, BRHIOOpKaA cobupaercs B '"'cepe-

nuHe" HOCUTe s pacupe/ienenns. PaccTogHnsa MexK/ 1y MOPSIKOBBIMU CTATHCTUKAMA MAJIbl U MBI

OJIyIaeM TOJBKO ONHY cepuio "manbix" crmeiicmaros. Ecim, ckaxkeM, mpaBblii XBOCT pacipe-

"

JeJIeHnA ”TOJ’ICTbeI, TO PaCCTOAHUA ME2KAY BEPXHUMU HHOPAAKOBbIMHU CTATUCTUKAMHW BEJIMKHU U

MBI TIOJTy9aeM OeCKOHEYHOe KOJMYECTBO CepHi.

P
Ormerum, aro ecsm B(e) = v(e) = 0, To u3 nepasencrsa Yebbinmiena caemyer, uro RSV — 1.

JTokaxkem DGoJjiee CHJIBHOE YTBEPIKICHUE.

Teopema 6.4.2. ITycmw 5(e) = () = 0 u, xpome mozo,

F(x+¢) F(x —¢)
/RFQ—(:E)dF(x)<OO’ /RF2—($)dF(a:)<oo.

Tozda

n.H.
RV "5 1.

n
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HokazarenbcTBo Teopemsbl 6.4.2. Ilycts A, = {RS > 1+ 6} (0 < 0 < 1). OgeBugno, 4ro
P(A,) — 0. Janee,

> P(AsAn) =) P{RY = LR}, >2}
n=1 n=1

= ZP{yin =Ly, =...=v,,=0,X1 < X1, — e}
n=1
o0
+> P, =105, = =, =0, X1 > Xy + e} = 51+ S
n=1

OnenuM BTOPYIO CYMMY CBEPXY
Sy = Z/ Plg, =...=&,=0,X01 >0 +e| Xypn = 2}dF, . (2),
n=1 R

rie F, . (z) — dyuknus pacnpenerenns Bennaubl X, ,,. [Toxydaem, 410

S, < i / Fla + 2)dF, ()

:/IRF(x+s)d (F(lx)) :/RF(;Q—(J;;) dF ().

Anajornanbim o6p330M MOZKHO ITOKa3aTh, 9YTO

Sy < /RF(;?—(;)E) dF(z).

Bocnonbzyemcest Tenepn jiemmoit 2.2.1. Pesyiibrar Teopembr 6.4.2 Takke cienyeT u3 jeMMbr 2.2.4,

IOCKOJIBKY TOC/IeJI0BaTeTbHOCTH RV obpa3dyer nenb Mapkosa. [J

OTmeTnM, 9TO ecJin HOCUTeIh Paclpe/ie/ieHtsi OPPAHIYeH ¢ OJHON CTOPOHBI (CKaykKeM cJieBa), a

¢ JIpyToif CTOPOHBI HEOTPaHUYeH, TO pe3yabTaThl TeopeM 6.4.1 u 6.4.2 MpUHUMAIOT CJIey oIt

suji. Ecmu B(g) € [0, 1], o ERE — #%E) Ecmu f(e) =0m [, FF(;”(JS) dF (z) < 0o, T0 R%" RECET

OTMeTuM TakzKe, 9TO NPH BBINOJHEHUH YCJOBHUII TeopeMbl 6.4.2 cHpaBeJIMBO aCHMITOTH-

Lyv H.H. 1.

YeCKoe COOTHOILIEeHHue —
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6.4.2 AcnntoTnyeckue pe3ynbTaTtbl /19 CEPUi, OCHOBAHHbIX HA CNeMCUHrax

pekopAHbiX BeIN4YNH

B stom pa3jgeJie BbIBEJEeM HEKOTOPbIE IIpeAeJIbHbIE TeOpeMbl IJId Cepm‘/i, OCHOBAHHBIX Ha

CHeliCUATaX PEKOPIAHBIX BEJIMYWH.

3 (6.2.2) caeayer, uro ecsim f(e) =1 (= 0), o P(& = 1) — 1 (— 0). Iycrs S(e) = 0.

[TockonbKy cipaBe I IMBO COOTHOTIIEHTE

PR =1)=P(&=0,---,& =0) < P& =0),

n

10 P(RSS = 1) — 1. JlanHble acCHMOTOTHICCKHE Pe3YIbTaThl, B KOTOPHIH pa3, MOXKHO 00DbC-
HUTh, aHaau3upyd "Toamuny" xBocra pacupenenenus F'. MoKHO Tak:Ke MOKa3aTb, YTO €CJIH

p .
B(e) =1, ro RS = 0o. B cueyiomeil TeopeMe paccMaTpHBaeTCa aCUMIITOTHUECKOE 1I0BEIeHHe

ER:E.
Teopema 6.4.3. ITycmv npedea 6 (1.2.1) cywecmeyem u B(e) € [0,1]. Tozda

ER:¢

— Be).

dokazaTeasbcTBo TeopeMbl 6.4.3. [IpoBejem jokazaresibCTBO Ui ciaydas, korga 0 <
B(e) < 1. Buibepem dukcupoBanubiii xg, Takoit uro 5(z,e) < [(e) + 61 aus Becex x> xp. U3
TEOPHU PEKOPJIOB M3BECTHO, 4To X (1) T . Bei6epem N, takum uro P(X(n—1) < xp) < &

st n > N. 13 (6.2.2) nveem:

ER;¢ < ER;’ijZ?:NH ffgodFiﬂ(x) _i_Z?:N-i-l ;00(5(5)‘“51)615—1@)
n n n n

<ofty + TN ZDOEO 80— 8)

£,€
AnasornauasiM 06pa3om EIZ" MOZKeT OBITh OIleHeHO CHH3Y. []

Caenyromiee ciejicrre BoiTekaer u3 (6.3.4) u Teopemsbr 6.4.3.

Caencrue 6.4.1. ITyemw B(e) = 1. Tozda

EL:* = o(n).
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¥ 7| &
B Teopewme 6.4.4 maeTcs cHIBHBINA Ipe/IebHBII pe3yabTaT A1 255,

Teopema 6.4.4. ITycmv F — abcomommo nenpepwuiehoe pacnpedesenue, S(e) € (0,1] u S(z, )

cmpozo sospacmaem no nepemernot x. Tozda

RS .

=" B(e).

n

JokazarenbcTBO TeopeMsbl 6.4.4. Bravase ™Mbl mpeactaBuM pesyiabrar dremaan  [86]
(Etemadi 1983) (cm. takzke o6obiieHune 3Toro pesynbrara B Kuure [58]), Koropsrii Oyaem mc-
10JIb30BATH B JIAJbHEHIIEM JIjIsl JJOKA3ATeJbCTBA ITOI TEOPEMBbI.

Jlemma 6.4.1. Ilycmo Y, — Heompuuyamesvuvie GeAUMUNb, MAKUE “Mo Sup,s; BY, < oo,

S0 P < 00 u cov(Yy,, Vi) < 0. Tozda Z?:ln_nZ?:l EY e,

n=1 n?2

Cremyer ormeruTh, uto jemMa 6.4.1 cupasejauBa u B caydae, Korjua cov(Yy,,Y,,) < 0 mia

BCEX JIOCTATOYHO OOJIBIIHAX 70 U M.

[Tockonbky 0 < D¢ < 1, Teopema 6.4.4 crenyer u3 teopembl 6.4.3 u gemwmbl 6.4.1, ecin

Bpibpath Y, = & u nokazarhb, uro cov(&f,§5) < 0.

Mpsl 3HAeM, 4TO Jist JiI000T0 € dyHukuus f(x,€) cTporo Bo3pacTaer 1o nepeMenHoii x. Or-
ciofga ciaenyer, uro F' — crporo Bospacraiomas ¢ynkmus. Torma obparnas ¢ynxmus F1(x)

cymiecTByer u HenpepbiBHa. 13 (6.2.4) mosrydaem, 9to

P& =1) = / B(z,)dF ()

_ /1 1—F(F'1—u)+e) (—Inu)? " (6.4.4)

u (1 —2)!

CuoBa paccmorpuM pasencrso (6.2.3):

P& =1§=1)

L L e st arten} TS

1-F(x;_1)

[onb3ysch 3amMeHoil —— o)

= U, TOJIy4YaeM cjeaylolee:

/ B(wj1,e)dFj_1i(wj1 | 75)
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_ /1 L= P =1 = Fa)]u) +¢) (~lmu)*
0 u G—i—2)
Y F(FY(1—u)+e) (—hupmiz
<A u Goi—or W= PEa=1

Torma, u3 nocieaueit onenkn u (6.4.4), caemyer, 9rTo

P& =16 =1) < P& =1)P(§; = 1).

Hecs10:x00 mokaszarh, 4to ecau [5(x,€) ¢Tporo BO3pacTaer 1o MepeMeHHol &, TO

f@) . fa+o
1—F(z) " 1—F(x+e¢)

Torna

Xz

o 1—F(z+e)(—In(1 - F(x))%f(z)
P(fi—l)_/R 1— F(x) (1—2)! a
:/x—ma—F@miV@+@d
. (i—1)!
L= Fz+e)(=In(l - F())?f(x)
S/R ) (i —2)!

T

P& = 1).

OrKy/a moJjiy4aemM HEPABEHCTBO

P& =1,=1) <P =1)P( =1),

KOTOPOE U 3aBEPIIAeT J0KA3ATE/IbCTBO TeopeMbl. []

. P
Mpb1 3HAEM, 9TO eciu XBOCT pacupeesnenns "toukuii," To R; — 1. Hamoxkus Ha XBOCT pacmpe-

jenenns F' jjonosHuTe/IbHBIE YCJIOBUS, MOYXKHO TOJIYIUTH CUJIBHYIO TPE/IeJIbHYI0 TeOPeMy JIjIs
e,§
RS,

Teopema 6.4.5. Ilycmo
1—-F
/ # dF(z) < . (6.4.5)

Toezda

JokazarenabcTBo TeopeMbr 6.4.5. CHoBa Bocmosib3yeMcs teMMoii 2.2.4. Ilycrs cobbitue A,
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uveeT Bug; A, = {R5¢ > 146} (0 < § < 1). OTMeTnm, 9To U3 CXOAMMOCTH HHTerpata B (6.4.5)

BeiTekaeT, uto 3(e) = 0, 1.e. P(A,) — 0. Kpome Toro, umeem:

S=> PAA) =Y PRF=1R%>2)=> PE=1=-=§ =08, =1).
n=1 n=1 n=1
Ounenum
S:Z/P(ff:1,§§:--~:§,€1:0,X(n+1)>x+5|X(n):x)an(x)
n=1 R

cBepxy. meem

[ 1—F(z+¢) 1—F(x+e¢)
S<;/R—1—F(x) dF,(x) —/}R—(l_F(%))2 dF (z).
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§ 6.5 Cepun B 3akCnoHeHUMaIbHOM U PAaBHOMEPHOM Cny4asix

6.5.1 PaBHOoMepHOe pacnpegeneHune

YeBHIHO, UTO B CJIyYae, KOT, — CTaHIapTH BHOMEDH i} JIEHHE, BeJTHINHbBI
Oue 0, 9TO B CJaydYae, Korja I — cTangapTHOe paBHOMEPHOE pacIpeeeHue, Be

V5, CAMMETPHUYHO 3aBUCUMBI H

g __ _ n g __ g __ _ n

B mameit pabore [214| 6pi1a copmyimpoBana neHTpasbHasl IpeeJibHAsS TeopeMa, JJisl BeJIu-
qunbl RSV (e, — 0), KoTopyto Mbl ceiivac u u3noxkuMm. Ilycrs Xy, ..., Xy, — He3aBHCHMBbIE
paBHOMepHO Ha [0, 1] pacipejeennbie caydaiinble BeTUIUHbL U k,, — 00 Opu n — 00. PaceMor-
puUM cxemy cepuil, 1jie € = €, Oy/JleT YMeHbIIAThCsd 110 Mepe PocTa KOJMYecTBa HAOJIIOIeHUN B

Kaxk10it cepun, Tak uto 0 < g, < . MBI Takzke BBeJileM CUMMETPHYHO 3aBUCHUMbBIE CJIyYaii-

1
kn—1

HbI€ BEJTMYIUHBI 1))

Ormerum, 410

Eny=0, E (7}2"1)2 =1

Bestmanusl 7, Oy1yT HCHOIB30BATHCS B JIOKA3ATEIbCTBE CJAELYIONEH PE/eIbHON TEOPEMBI.

Teopema 6.5.1. Ilycmo m,, < k, — nocaedosamesvHocms HAMYPANOHOLT YUCEN, MAKUL 410

m

limy, 00 7 = a € (0,1).

1) Hycmo e, = ede k, — 0o u A€ (0,1). Toeda

k -1

RenY — e *m,,

Mn

/e 20 a>dy
\/(e—’\—e—2’\)m \/ 1—a

2) lycmov € = 0(%) u enks* = 0o. Toeda

En,V __
P {u 2(1 a) dy

my, len } \/Ta /
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HokazarenbcTBo Teopemsbl 6.5.1. IIpuBesem HeoOXoAUMOe HAM CJIeJCTBHE U3 paboThl [65].

CaencrBue 6.5.1. Ilycmv das ecex mamyparvuuxr n = 1,2,... cayuatinoe eeaununvs Yy ;
(1 =1,...,kn, k, — 00) ABAANOMCA CUMMEMPUYHO 3ABUCUMBLMU, YOOBALTNEOPANOULUMY YCAO-
BUAM.!
EY,; =0, (6.5.1)
EY? =1. (6.5.2)

Ecau m, < k, — nocaedosamesbrocms HAMYPAALHHT “ucen, YOOGACMEOPAIOUNUT YCAOCUAM
: m.
lim,, o 72 =a € (0,1),

EY,' = o(k,) (6.5.3)

cou(Y;,Y,2,) = o(1), (6.5.4)

S Vo } 1 / o
P =1 "7 < €T _ e 2(1—a)d .
{ VAL V2m(l — «) Y

st nokazaresnscrsa Teopemst 6.5.1 mpumvennm corencrsre 6.5.1 k Besmanmam 1), Ormern,
aro yeaosud (6.5.1) u (6.5.2) cupaBeyuBbl 11 Beaudud 1)) B 06enx dacTax Teopembl 6.5.1.

[Tposepum ycsosue (6.5.3). Mmeem:

2

] < IH. (6.5.5)
V=)™ (1= (1= e,)k)
Ecyiu cipaBeyinBsa nepsast 4acthb Teopembl 6.5.1, To
(1—g,) — e (6.5.6)
n (5t < m ILH. JIJIs1 BCEX J0CTATOIHO Gostbinux . Takum obpazom, yciaosue (6.5.3)

CIIPaBEJJINBO JIJIs TIepBOil YacTu TeopeMbl 6.5.1.

J1ist BTOpOit 9acTu TeopeMbl CIIPaBe/JIMBbl AaCUMITOTHYECKHE COOTHOIIEHUSI:

(1—e)" =1, 1—0—c,)" ~enk, — 0. (6.5.7)
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U3 nepasenctsa (6.5.5) mojydaeM, 9TO JJist BCeX JOCTATOYHO OOJIBIINX i CIPABETTUBO HEPa-

16
kien

BeHcTBO (17%)* < .H. Takum obpasom, ycaosue (6.5.3) BBIIOJHIETCS U TSI BTOPOH IacTH

TeopeMbl 6.5.1.

Tenepb niposepum yeaosue (6.5.4). Mmeem:

‘COU<<77271)27 (772”2)2” = ‘E<(77271)2(77272)2) - 1‘

B (& = (1= e)™)2(€0 — (1 - e)™)?]
= —1f.
(1= )™ = (1= )2

[Tocie HEKOTOPBIX Tpeodpa30BaHuil, MOTydaeM, ITO

|cov((m;)?, (05)°)]

(1 —e)™ = (1 =26)")(1 =4 (1 =)™ (1 = (1 —e0)™))
(1= en)™ = (1= &)™) '

[onsysick nepasencTsom a — bF < (a — b)a* 1k (0 < b < a), maxomum, aro

2
k

cov((nEm)?, (n5y)?)| < Enfin .

‘ ()™, (m3)72) )| = (1= €n)k" - 6n)2k")2

st obenx gacteit Teopembl 6.5.1 crpaBeInBoO:

Jcou((mEn)2, (E)2)| < O (ki) S0

Cremyer oTMeTuTh, 9TO

1 % . R —my (1 —¢,)
—> = .
S (=) (- (1 e

"=

J1s1 3aBepirenust jgokasarenabcersa, npumenuM (6.5.6) (ms mepsoii wacti Teopemst) u (6.5.7)

(n1s1 BTOpO# wactu teopembl) kK (1 —e,)™ 11— (1 —¢g,)". 0

. En,V
Cdopmyaupyem Tenepb yCHJIEHHbBIT 3aKOHOM OOJIBIIAX YuCes Jist Beananubl R (cm. [214]).
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Teopema 6.5.2. [lycmov € = €, cmpemumeca x Hyao, mak wmo ne, — X > 0. Tozda

R non.
i Ve

n

HokazaTenbcTBo Teopemsr 6.5.2. Orvernm, uro cov(E;,,, &5,) = (1 —2¢)" — (1 —¢)*" < 0.
OmycTuM 10Ka3aTelbcTBO TeopeMbl 6.5.2. OTMeTHM TOJIBKO, 9TO OHO TaKzKe Oasmpyercs Ha

nemmve Dremasn [86] (memma 6.4.1). O

B zaBepmienue sToro pasjesia mpuBejieM JieMMy, KOTopas Oy/IeT HCIOJIb30BaThCs HUKE B Iapa-

rpacde 6.6 mpu mpoBepKe CTATUCTUUECKON THIIOTE3bI.

Jlemma 6.5.1. Ilycmo Xq,..., X, — ne3asucumvie pacHOMEPHO PACTPEOCACHHBLE HA OMPESKE
[0,a] (a>0) cayuatinwe sesruvuns. Toeda dna 0 < e < =5, k=1,...,n cnpasedruso:
n—k . n
i k+j—1)e
P(RY = k) = C* 1S (=1)¢? (1 - %) . (6.5.8)
=0

dokazareabcTBo geMmMbl 6.5.1. [[oCKOTBbKY BeJWYUHBI VY CAMMETPHYIHO 3aBUCHMBI, NMe-

i\n

eM:
PRy =k)=Cl{P(vs,=1,....v5, =1, =0,...,v5, =0).
Torna
n—Fk '
P<R7817V = k) = Cs:% (_]‘)chszp(ygn - 17 ce 7Vl:::+j,n = ]')
§=0

<.
Il
o

[Tosb3ysick u3BectHoit hopmy:noii (cm., mampumep, [19] wim [195])

$1+...+.’Ek+',1 "
P(XZ,n — Xl,n > Ty, ... ,Xk-+j7n — XkJrj,l’n > .ﬁEkJrj,l) = (1 — J R

a

IIOJIy49a€eM 2KeJlaeMOoe.

O
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6.5.2 DkcnoHeHUManbHbIW cay4yai

B sTom paznmenie Oyaem mpejnosaraTh, 9To [ — 3KcIoHEeHIHAIbHOE pacipeeaeHne ¢ mapa-

merpoM 1/A > 0. OueBnano, 9TO 31€Ch BeJIMIUHBI Vs ,,, . . ., Vy, , HE3ABUCHMBI 1

P, = 1} = "0,

n n

ERY = Z e~(nmitA - pREr Z (e—(n—i+1)eA — 6—2(n—i+1)6k) ‘ (6.5.9)

i=1 =2

B pabore nameii [214| 66110 10JIyY€HO ACUMIITOTHYECKOE COOTHOIIEHUE

o.H 6/\s
R =" .
e —1
Ormerum, uro ecsn € > 0 buxkcuposano, 1o DRV — const. CoorBercrBeHHO, He yiaaercs chop-

MYJIUPOBATDH IEHTPAJIbBHYIO IIPEJAEbHYI0O TEOPEMY U YCUJIEHHBIN 3aKOH ITOBTOPHOTO Jiorapudma

8%
JI/Id BeJTMYuHBL Y.

O1HaKO, TMO3BOJIMB € CTPEMUTHLCS K HYJIF0, MOYKHO MOJIYIUTH U 9TU PE3Y/AbTaThl. Paccmorpum

caydait € = €, — 0 6osee moapoOHO.

YrBepxkaeaume 6.5.1. 1. [lycmov €, — 0, npuuem

ne, — ¢ € (0,00]. (6.5.10)
Toz0a
1— —cA
e R A Te (6.5.11)
En,V __ 1 _—CcA
P{)\gan (1= e < x} — O(x)
(1 — e~ MV Aey,

u

, Nep R — (1 — e=N) n.m.
lim sup ="1,
n—00 (1—e)y/2Xe, | In | Ine, ||

2de ® — cmandapmmoe HOpMasvbHOE pacnpedeseHue.

2. Ilycmo €, = 0, npuvem

ne, — 0.
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Toezda
Rinv n..

n

1. (6.5.12)

JokazarenbcTBo yrBepkaeHus 6.5.1. OueBmano, 9TO 3/1€CHh BEJNIUHEL ;" HE3aBUCHMBI I

En,V
R

I.H.
pPaBHOMEPHO OrpaHuueHbl. Toraa ¢M., HapuMep, IPUIOKeHne KHUrH [3], wime — 1. Cxonm-
n

mocth B (6.5.11) 1 (6.5.12) BeITekaeT U3 aHAIH3a MATeMAaTHIeCKOro oxuganus R B (6.5.9).

Ecnu cupasenso cootromrerne (6.5.10), To aucnepcust Beuauubl R cTpeMutces K Gec-
KOHEYHOCTH. Tora MoKHO c(hOPMY/IMPOBATH HEHTPAJILHYIO HPE/Ie/IbHYIO TEOPEMY U yCUJICHHBI i
3aKOH MOBTOPHOTO Jiorapudma 11 Bemnanubl ;Y. VIX BUJ BBITeKaeT U3 aHAIN3a MaTeMaTn-

9eCKOro OxKuJauus u auctnepcuu B (6.5.9). O
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§ 6.6 lNpoBepka cTaTUCTUHECKOW rMNoTessbl

B srom maparpade ¢ momorisio cepuit "masbix" creiicuHroB, 00pa3yeMbIX MOPSIKOBBIMA
CTATUCTUKAMU, MBI TPOBEPUM TUIIOTE3Y O TOM, UYTO BBIOOPKA M3BJIeYeHA U3 COBOKYITHOCTH, UMe-
ommeil cTangapTHOe paBHOMepHOe pachpeenenne. CylecTBYIOT TPAJAUIIMOHHBIE METOIBI TPO-
BEPKHU IOJ0OHOTO pojia THUIOTE3, UCIOJb3YIoNue Kiaccudeckue BbIOOpKH. OJHAKO 3/1€Ch MbI
mpeJnoJiaraeM, 9To BHIOOPKa HAM HEM3BECTHA, a W3BECTHBI TOJIHKO CIIEHCHHTH, 0Opa3yemMbie To-
DPSTKOBBIMH CTATUCTUKAMU. Takas CHUTyaIus MOKeT BOSHHKHYTH B CIydae, KOrJIa TPOUCXOIUT
UCHBITAHUE W3JIeJINi HA HAJIEZKHOCTb U HAOJIIO/EHUE 33 HUCHBITYeMOU HapTheil HAadYWHAETCH He
¢ MOMEHTa Hadaja paboThl U3JeJIMil, a B HEKOTOPbBIH HeOolpeaeeHHbIf MOMEHT BpeMeHu. Mbl
He OyJIeM 3HAThb MOMEHTa HadaJja pabOThbI, TO €CTh He OyjieM 3HaTb BLIOOPKY, HO Oy/ieM 3HATD

BpeMeHa MeXKIy BBIXOJAaMU H3JIeJTUi U3 CTPOs, TO eCTh OyJIeM 3HATh CIIeHCHHTH.

Brawasie paccMOTpPHM MOHATHE, Mpeioxkennoe B pabore [20], em. Takxke [87] u [171]. IIycTn

X n Y — aBe cayuaiiHbple BeJMUMHBI ¢ (DYHKIUAME pacipenenenns ' u (G, cOOTBETCTBEHHO.

Bynem rosoputh, 4To neppoe pacupejeienue nMeer 60Jbinil pa3dpoc u OyJIeM UCIOJIb30BATH
disp

samuck F' > G, ecoim jast Beex 0 < a < [ < 1 (B cayuae —lp = rp = 400 Kpaiinne

HEPABEHCTBA CTPOIHE)

F7Y(B) = F~'(a) 2 GTH(B) = G7(a).

B unocrpanHOil JMTeparype ciaoBocodeTaHuio "Gosbimumii pa3bpoc” cOOTBETCTBYeT TepMHH
. disp

"more dispersed". Ormerum, uro ecom F > G, ro DX > DY. Ob6parunoe, BooOlie ropops,

HEBEPHO.

dis
Jlemma 6.6.1. ITycmo F' u G — cmpozo monomonnwvie dynkuyuu pacnpedesenus u F <7

Toeda das ecex € > 0 enpasedauso nepasencmeo ER > ER,.

disp
HoxkazarenbcTBo gemmbl 6.6.1. Ecomm /7 > G u obe ¢dpyHKIUA CTPOr0 MOHOTOHHBI, TO W3
st st
teopemsr 2.B.15 paborsr [171] crenyer, ato X;,, — Xi—1 > Yip — Yis1,, ¢ = 2,..., 0, vae >
0003HaYAeT CTOXACTUIECKOe CpaBHEeHWe IBYX BeTWduH. I3 mocsieqnero HepaBeHCTBa BBITEKAET,

aro P{X;, — Xi—1n >} > P{Y,,, — Yi_1, > x} nnsa Bcex x. Bemomuus, 9to

ER)=14+> P{Xiy—Xi10>¢},
=2
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MOJIydaeM pe3yabTaT JeMMbI. []

Takum 06pasom, KoandecTBo cepuii "Maibix" CreiiCHHroB MOXKHO MCIOJIB30BATH I TPOBEPKH
disp - - disp
runoressl Hy : F' = (. Koukypupytomeii rumore3oii oyaer rumoresa Hy : F' > G. OueBuno,

410 runoTe’y Hy ciaeayer oTBeprarb, ecam pasHocth R-% — RO%, Benuka.
0 ) n, X n,Y

[ToB3YACH BBINIECH3I0ZKECHHBIM, MBI XOTUM IPOBEPUTD THIOTE3Y O TOM, 4TO F' — cTangapTHOE
paBHOMEPHOE paclpejie/ieHne, TPOTHB ATLTEPHATHBBI, 9TO F — paBHOMEpHOEe pacupe/eTeHue,
samannoe Ha orpeske [0,a] (a > 1). OueBnano, uro ecam F pasnomepnoe na [0,al pacupe-
JIEJIEHAE, TO TaKOe PACIpeie/leHue uMeeT 0oabmmii pa3bpoc, 4eM CTaHJaApPTHOE PABHOMEPHOE
pacnpesenenne. Iis JAaHHOTO v, OIPEIETIM Co KaK HH(MUMYM TeX ¢, KOTOPHIE YI0BIETBOPSIOT
nepasencrsy P(R)"y > c | Hy) < a. Ecim nabiozaemoe snagenne )" Gosbine qem ¢, TO Mbi
OTBEpraeM HyJIeBYIO THIOTE3y W FOBOPHM, 4TO F — paBHOMEPHOE pacupejiesienue, 3aJaHHoe Ha

orpeske [0,a] (a > 1). 113 (6.5.8) maxoxnm byHKIHIO MOITHOCTH TecTa Ipu a > 1:

n n—k . n
Bla) = Pt > e = 3 e Y vy, (1- L)
I=[ca] j=0
rae [y| — obo3madaer HaMMEHBIIEE NEJ0e YHuCI0, Gosbmiee wanm pasHoe y. OUEeBUAHO, UTO
YHKIMS MOIIHOCTH BO3DACTAaeT 10 G U TecT sBisiercss HecMmerneHHbIM. C momorbio (1)
MOYKHO COCTABHTDL TAOIUILy KPUTHYECKHUX 3HAYEHUIH M1 pasJUIHBIX (. Tak, HAIpuMep, IIpH
a = 0.05, ¢ = 0.0625 maxogum TaOINIHOE 3HAUECHHE R(1)‘50625’” = 9. MbI npoBesu cjeayoommii

SKCIIEPHMEHT CTaTHCTHYecKoro MoaenupoBanud. IIpu a = 1.02 MbI reHepupoBaiu 15 paBHOMep-

HBIX BEJIMYHUH U IIOJIy4daJId CJAEeAYIOINHUE IIOPAAKOBbIE CTATUCTUKH:

0.0185 0.1763 0.2311 0.4447 0.4565 0.4860 0.6068 0.6154
0.7382 0.7621 0.7919 0.8214 0.8913 0.9218 0.9501.

. 0.0625, .
Hecnoxuo maiitu, 4to 31ech 5 v = = 6. Takum oOpa3oM, HeT ocHOBaHUil OTBepraTh HyJIeBYIO

TUIIOTESY.



hasa 7 lNpepenbHble TeopeMbl AJ11 KOHKOMUTAHTOB MOPSAKOBbIX

CTaTUCTUK U PEKOpA0B

§ 7.1 BeepeHune

B ritaBe 7 paccMmarpuBarTcs npeaeabHble TEOPEMbI /I8 KOHKOMUTAHTOB IMOPSIIKOBBIX CTaTH-
CTUK U peKopaoB. lHTepec K KOHKOMHTAHTAM MOPSIKOBBIX CTATUCTUK U PEKOPIAOB IMPOSBIISIET-
¢ B CTPAXoBOM Om3HEcCe, KOrla KOHKOMUTAHTBI HAHOOIBIINX CTPAXOBBIX BBHIILIAT TaK¥Ke MOTYT
BBI3BATH OOJIBIINE PACXO/IbI /I CTPAXOBBIX KOMIAHUN, B TEOPUU HAJIE?KHOCTH, KOTJIa CJA0ZKHbIE
CHCTEeMBbI COCTOSIT M3 HECKOJbKUX KOMIIOHEHT U BBIXOJ U3 CTPOsl OT/IeJbHBIX KOMIIOHEHT CHUCTe-
MBI MPHUBOJHUT K IHpEKpaIrieHnio paboThl BCeil cUCTeMbl, B OMOCTATUCTUKE, IPU HCCJIEIOBAHUN

1106049HbIX 3PPEKTOB OT JefICTBUS JIEKAPCTB, U B HEKOTOPBIX JPYI'UX 00/IaCTsIX.

B sroii rnase Gygem npeanonarath, uto (X,Y), (X1,Y1), (X2, Ys), ..., (X,, Yy), ... — He3a-
BHUCUMbIE OJIMHAKOBO PaClpe/Ie/IeHHbIe BEKTOPBI C JBYMEPHOil HenpepbiBHON (yHKIMed pacipe-
nenenust F'(x,y) u maprunansasivu byaknuaMu pacipegenenust H(x) u G(y). B abcosrorno
HEMpPEePBIBHOM CJIydae IIOTHOCTH THX PACIpe/iesieHuii 6y1emM 0603HaYaTh CJIEYOMHIM 00pa30M:
f(z,y), h(z) ug(y). Mycrs Xy, < Xo, < ... < X, — HOPSIIKOBBIE CTATUCTUKHU, 0OPA30BAHHbBIE
BbibopKOit X1, Xy, ..., X, a X(n) (n > 1) — pekop/iHbie BeJIUYUHBI, HOJIyYeHHbIE U3 BHIOOPKH
X1, Xo, ... [l1g 1OpAAKOBBIX CTATHCTHK M PEKOP/IHLIX BeJIMINH, 00pPa30BaHHBLIX BeJIMINHAME X,
OIpeJIe MM KOHKOMHTAHTBI HOPSAIKOBBIX CTATHCTUK Y[1 n]; Y[2.n]s - - - » ¥]n,n] 1 PEKOPIHBIX BEJTUYNH
Yn] (n > 1). IHycrs X; = X . Torma Y;,) = Y; HasbiBaeTCs KOHKOMHTAHTOM IIOPSIIKOBOI CTa-
tucrukn X ,. Ecin xe X, = X(k), ro Y[k] = Y,, Ha3bIBaeTCsl KOHKOMUTAHTOM DEKODHOM
pesimanbl X (k). KOHKOMUTAHTBI MOPSIIKOBBIX CTATUCTHK OBLIN MpeJIozKeHbl B paborax JI9ii-
suza |70| (David 1973) u Bxarragapun |[50| (Bhattacharya 1974). KonKoMHTAHTBI pEKODIHBIX

BEJINYNH, T10-BHINMOMY, BIepBbie 00cy K ammch B pabore Xoyuensa [110] (Houchens 1984).

Acumirorndeckoe MOBeJeHUe BEPOSTHOCTU P(Y[n_k’n] < y) B cayuae, korma k > 0 gmbo

201
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dburcuposano, u60 crpemMuTces K 6eCKOHEYHOCTH (IIPH N — 00), U3YYaaoCh BO MHOTHX Pado-
Tax, cm., Hampumep, [5],[50], [51], [66], [71], [72], [73], [96] u [179], cM. TakKe CCBLIKH B 9THX
paborax. B kaure /Ivituna n Harapajzku 73| (David and Nagaraja 2003) onuceiBasmch obira-

CTH NPUTSIZKEHNST JJIsi PACTIpe/leIeHuit Benaun Yy, i ) (1pn dpukcnposannom k).

Crout ormMernuTh, 9TO pabOT, B KOTOPHIX PACCMATPUBAJIUCH CUJIbHBIE MPEIEIbHBIE TEOPe-
MBI JIJIST KOHKOMHATAHTOB TOPSIIKOBBIX CTATUCTUK W PEKOPJIOB, OBILJIO HEMHOTO. Y MOMSTHEM 371€Ch
crarbio [96], B KOTOPOIi GBLIN MOy YeHbl CHIbHbBIE MPEeIETbHBIE TEOPEMbI JII PA3HOCTEI MeZK Ty
HOPSIIKOBBIMH CTATHCTHKAMH U MX KOHKOMHUTaHTaMu, ctarbio [166|, B KoTopoil paccmarpuBa-
JINCH MPUHIIATIBI THBAPUAHTHOCTH JI/IsT KOHKOMUTAHTORB TTOPSITKOBBIX CTATUCTHK, U HATIH PabOTHI
[196], [227], B KOTOPBIX 006CYZKIATUCH ACHMITOTHIECKHE CBOHCTBA BEJUIUH Y], _j pn], B TOM GHC-
Jie CUIbHbIE TIpejiesibHble TeopeMbl. MOKHO TakzKe yIoMsiHyTh Harry paGory [197], B koTopoii

N3y4aJiiCb aCUMITOTUYIECCKHE CBOCTBA KOHKOMHUTAHTOB PEKOPAHbIX BEJIMYUH.

B sT1o0ii rmaBe MBI 00CYIMM acCUMIOTOTHYECKHE CBOMCTBA KOHKOMUTAHTOB MOPSIAKOBBIX CTa-
THCTHK U PEKOPIOB. AKIEHT OyeT cjeslaH Ha CHJIbHBIX MPeJIesIbHBIX pe3y/abrarax. B maparpa-
de 7.2 00CyKTAI0TCA OCHOBHBIE CBOWCTBA KOHKOMHTAHTOB IOPSIKOBBIX CTATHCTUK U PEKOP]I-
HBIX BEJIMYUUH, B TOM YHCJIe JAIOTCS UX pacipejenennd. TaM e mpejiaraeTcs KaaccupuKaug
JIByMepHbIX paciupejiesennii. [Ipeuiaraemast kiaccupukanms 1oJie3Ha Ipu U3y YeHUU aCUMIITO-
TUYECKUX CBOWCTB KOHKOMHUTAHTOB BEPXHUX IMMOPSJIKOBBIX CTATUCTUK W PEKOp/oB. B maparpa-
de 7.3 dopmynupyroTCsa CHIbHBIE IPeeabHble TeOpeMbl I Y}, ) B Clydae, KOrjia BeJluduHa
k dukcupoBana. B maparpade 7.4 npencraBieHbl JabHeHIINe acCUMITOTHYECKHE pe3y/abTa-
ThI JIJIT KOHKOMHUTAHTOB IMOPSIJIKOBBIX CTATHCTUK. B 9acTHOCTH, MCC/IEAYeTCs CXOAMMOCTH I10
BEPOATHOCTH IIOCTICI0BATETLHOCTH Yy, _k,, n], TAE Ky — IIOCIEI0BATEIBHOCTD CTPeMAIIadgcs K Oec-
KoHedHocTH. B srom maparpade Taxzke nccaemyerca nosefenne Beandnl Cn Y,k ), rae Cp —
HecJ Iy yaifHas 1ocJjie/oBare/ibHocTh. B naparpade 7.5 uccjejiyercst cujibHas CXOJAMMOCTb KOHKO-
MHUTAHTOB PEKOPIAHBIX BeJWYnH. B 3akaounTesbHOM maparpade 1iiaBbl 7 pe3yabTaThl MPeIbl-
Jymux naparpadgoB WLIIOCTpUpPYIOTC mpuMepamu. Tam Ke 00CyKIaI0TCs METO/bI TeHepaIun

KOHKOMHUTAHTOB HNOPAIKOBBIX CTATUCTHUK U PEKOPIOB.

Pesynbrars! r1aBel 7 U371araloTCs aBTOPOM JTUCCEPTAIIMOHHON pabOThI B CJIEIYIONIUX Iy O IH-

karusix: [196], [197], u [227].
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§ 7.2 lNpepBapuTenbHble pe3ybTaThl

B sTom nmaparpade paccmorpum paciipegeiennst KOHKOMATAHTOB MOPSIIKOBbIX CTATUCTUK U
PEKOJIHBIX BEJIMYHUH. 3aTeM MPE/JIOKUM KJIACCU(MUKAIINIO JIBYMEPHBIX paclpe/ieeHuii yI00HyIo
JITIST OMMUCAHUS aCUMITOTUYECKAX CBOMCTB KOHKOMHUTAHTOB BEPXHUX MOPSIKOBBIX CTATUCTUK U

PEKOAHbIX BEJIMYHNH.

[ycts Znn = (Xin, Yiam))s - Zimn] = (X, Yjn)). Hectokno maiiTé coBMecTHYIO
IIJIOTHOCTb KOHKOMHWUTAHTOB HOpHﬂKOBbIX CTaTUCTUK A1 COBMeCTHyIO IIJIOTHOCTb BeKTOpOB

Ziim)y -5 L)
f20miiZing = P (@1,91) o f(@syn)  (lp <21 <. <xp <7F,y €R), (7.2.1)

It 1 Yiamgoo Yy = T / . / flxy, 1) .o f(Tn, yn)dxy ... dxy,. (7.2.2)
lp<xi<..<xp<rp

N3 (7.2.1) caeayer, aro miast mobbiX 7 < ... < Tp < Tpp1, Yi € Ryrme bk =1,...,n — 1,

CIIpaBe/IJINBO PABEHCTBO

(1- H(xk+1>>n_k_1‘

fZ[k+1,n]|Z[k,n]7~..,Z[1,n](xk’-i-lﬂ Yk+1 | LkyYky v -y L1, yl) = (n - k)f(xk—i-lv yk-i-l) (1 _ H(a:k))”*k

OueBuHO, YTO HOCAELOBATENLHOCTD Z[1 p], - - - , Lfn,n] 00pasyer nenb Mapkosa. nrerpupysa B

(7.2.2), HAXOMUM pacIpeeseHne Y, k)

n!

P(Yj—in) <y) = m—k— D&

/R(1 — H(z))*H" Y (2)F(dz,y), (7.2.3)

r7e mocsieHsasa (popMysia 3amucana, g 0oJiee 001Iero HempepbIBHOTO ciydas. HecnoxkHO HafiTh

COBMECTHYIO LJIOTHOCTh BEKTOPOB Z[1,1], Z[2,2]; - - - s L[nn):

fz[l,l],Z[m],‘..,z[n,n] = flzr,v) f(z2,92) ... f(Zn,yn) (lrp <21 <...<zy <rp,y €R).

OueBuano, 4TO OC/IEIOBATEILHOCTD [y 1) (n > 1) Takxe obpasyer nenr Mapkosa. ITycThb
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CoBMecTHad MIOTHOCTH KOHKOMUTAHTOB PEKOPAHBIX BEJIMYUH U COBMECTHad IIJIOTHOCTH BEKTO-

pos Z[1],..., Z[n] (cm. [146]) nmeer Bu:
fZ[l],...,Z[n] (Z‘l, Yi,- -, T, yn)
f(z1,11) f(@n—1,Yn-1)
=2 eI e ) (e <ap < ... < ¥ €R),
1~ H(x) = Hwn ) @otm) (<o Tn <73 € R)

fyng v (Wi, -5 Yn)
/ / ) o J(@n, yn_l)f(xn, Yn)day ... dz,. (7.2.4)
lp<zi<...<zp<rp

]_—H(ZL‘l) 1 _H(l‘n—l)

Unrerpupys B (7.2.4), naxomum pacupezesenue Y [n| (em. [197]):

P(YIn] <) = Guly) = - ! 5 / G@_‘jﬂ%’ Y (1= BH@)"2dH (). (7.2.5)

[Tocaeansis dpopmysia 3ammucana Jijiss HEIPEPLIBHOI'O CJIyYasi.
Crenyromee 3amedanne u3BecTHO w3 kuuru JIditBuga u Harapamxku [73| (David and

Nagaraja 2003, c. 346).

3ameuanne 7.2.1. [lycmo

lim P(Y <y | X =2z)=T(y), (7.2.6)

Q’J—)TH

2de T'(y) — nexomopas Pynryus pacnpedeaenus. Tozda npu k > 0 un — oo cnpasediuso

P(Ypn—im <y) = T(y).

B zameuannn 7.2.1 yrBepxK gaercs, 4to ecau npejen B (7.2.6) cymniecTByer u paBeH HEKOTOPO-
My pacIpeiesIeHHI0, TO 9TO paclpe/iesenue OyIeT IpeaeJbHbIM pacipeieeHneM s CIy JailHoi

BETMIHHBL Y, _j ) (N — 00).

[Ipemen, cxoxwuii ¢ mpegeaom B (7.2.6), paccmarpuBasicsa B Hamux paborax [196] u [197]:

lim G(?__PZ(;)’ Y _ o) € 0.1]. (7.2.7)
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U3 cymecrBoBanus npenesa B (7.2.6) BbiTekaer cymiecTBoBanue mpejena B (7.2.7), mpudem
o(z) = T(x). lpenen B (7.2.7) ucnonszoBanca B paborax [196] u [197] misa knaccudukanumn
JIBYMepHbIX pacipe/esennii. Beqnauna @ kiaccudunupyer pacupejesienus [ ciempyronmm 06-
Pa30M.

(i) IIycTp ay1st HEKOTOPOTO € € [—00, 00| CIpaBeJHBO:

py) =0 (y<c) m py)=1 (y>c).

Torna pacnpenenenue F' Ha3bIBaeTCsd -KOHKOMHTAHT-CTAOMTHLHBIM.

(ii) Ecsin Takoit ¢ He cymecrByer, T0 F' Ha3bIBAeTCS KOHKOMUTAHT-HECTAOMIBHBIM DACIPE/Iese-
nuem. Hanpuwmep, ecsiu X u Y — He3aBucumble ciyuaiinbie Bequansbl, 10 9(y) = G(y) u F —
KOHKOMUTaHT-HecTabuIbHOEe pacupeaenenne. CyTh JaHHO#l Ki1accudukanuu OyaeT oObsCHEHA

B HavaJje CJaedyiomero naparpada.

Jlemma 7.2.1 asisiercs obobmenneM 3amedanust 7.2.1 (cm. mamu paborsr [196], [197]).

Jlemma 7.2.1. ITycmo npeden 6 (7.2.7) cywecmeyem. Tozda npun — oo u k > 0 cnpasedaugo:

P(Y[n] <y) = p(y).

okazareancTBo jgemmbl 7.2.1. Jlokakem TOJILKO BTOPOil pe3yabrar 3Toit iemmbl. [lepBoiii
Gly)=F(zy)
pe3yJIbTaT JOKa3bIBaeTCs aHaaIorndHo (eM. [196]). Beibepem x, Takum 910 ey S o(y)+e

JUIs BeeX o > Tg. PaBencrso (7.2.5) 3auuiiem ciieyomum 06pa3om:

Gn(?J) — Il + -[27

riae
o 1 o G(y) — F(fE,y) n(1 — . n—29 .
b= [ g P~ H) A )
[~ In(1 — H(z))"
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_ 1 " G(y)—F(x,y)_n _ )72 T
b= | T e e — @) )

Zo

< g(gé—yz;)f / = In(1 = H@)P"2dH (@) < (oly) + €)1+ o(1))

o

AnanornaabiM 06pazom, otneruB Gy, (y) CHU3Y, MOKHO 3aKOHYHUTDH JIOKA3ATEIBCTBO JIeMMBI. [
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§ 7.3 CnnbHble npegenbHbie TeopeMbl ansa Y, i

B nauaJie sToro naparpada aprymMeHTupyeM KjaacCu(UKaIN, IPUBEJIEHHYIO B ITPEIbI 1Y IIeM
naparpade. V3 memmbr 7.2.1 ciepyer, 9To Korjaa F' — KOHKOMHTaHT-HECTaOUILHOE PACIIpeieie-
HIe, CYIIeCTBYeT HEeBBIPOXKJIEHHOe IpeJIeNbHOe pPACIHpeIeenue 1st Y, _k, 1 Y [n]. CregoBa-
TENBHO, Yu—kyn] Y [N] HE CXOZATCH 10 BEPOATHOCTH K KAKOH-IH00 KOHCTAHTE, TO eCTh PaCIpe-
JIeJICHUE F ABJIAETCA HeCTa6I/IIIbeIM C TOYKHU 3peHnd KOHKOMUTAHTOB BEPXHHUX MOPAIKOBBIX
CTATHCTUK W PEeKOpJ0oB. B mpoTuBHOM ciydae pacupeneneHne I Ha3bIBaeTCd KOHKOMUHAHT-

CTaOUJIbHBIM.

B 5Toii r/1aBe MBI pacCMOTPHUM CHJIbHBIE IIPeJieJbHbIe TeOpeMbl /18 KOHKOMUTAHTOB BePXHUX
HOPSIKOBBIX CTATUCTUK B Cjydae, Korja F' — c-KOHKOMUTAHT-CTaOUJIbHOE paclipejiesieHue, TO
ecThb Yjy_jn) % ¢ Tycrs F — 7G-KOHKOMUTAHT-CTabIIbHOE pacipeesenne. 3aech 3(y) = 0 s
BCeX Y < rg U Yin—gn) % rg (n — o0). Ilpn HEKOTOPHIX TOMOJTHHTETBHBIX IPEIIOTOKEHIIX
MOZKHO C(HOPMYTHPOBATH CHIBHY O TIPEIETBHYI0 TeOpeMy s Y],k . BHATATE MBI paccMOTpIM

TaKyIo Teopemy Jis Y, .-

Teopema 7.3.1. ITycms das eécex y < rg cnpasedauso pasencmeo p(y) = 0. Crodumocmo
Yinnl 4. re (n— o0)

UMEEM MECMO Mo20a U MoAbKO moz20a, Ko20a

G(y) — F(z,y)
/R 1—H@)e W@ - Fldey) <o (7.3.1)

ons ecex Yy < rg.
dokazareabcTBo Teopembl 7.3.1. Ilyctn
An = {Z[n,n} € H(foo,oo)x(foo,y)}a

e g p)x(c,d) — OTKPBITBI IPAMOYTOIBHEK € BepliHHAME a, b, ¢ u d. I3 (7.2.3) caenyer, 1ro

P(A,) = P(Yjun <y) = n/RHnl(ac)F(d:c,y).
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113 memwmsbr 7.2.1 Bertekaer, 9to P(Y, ) < y) — 0. [losp3ysich cumMerpreil 1 He3aBUCHMOCTBIO,

noydaeM (popMyTy

P(AzAnJrl) = P [n,n] > Z/,Y[n+1 n+1] < y)

= / / P(Xy <x,..., Xy <2, Xnp1 € Wgrpyxpy)F (de, dv)

o /R H™ Y(2)(Gy) — Fla,y))[dH () — F(dz,y)],

Torma

> P(AAL) = /R Gg/)_ Hi(f)w [dH (x) — F(dz,y)].

Teopema 7.3.1, oueBuaHO, Tenepb ciaepyer u3 jgemmbl 2.2.4. [

Cremytomas TeopeMa sIBJisgeTcd 0000IeHneM TeopeMbl 7.3.1.

Teopema 7.3.2. [lycmov das ecex € > 0 8bNOAHAIOMCA PABEHCMBA:

plc—e)=0 (7.3.2)

plc+e)=1 (7.3.3)

D
(wmo, Konewro swce, nodpasymesaem, wmo Yy, , — ¢ npu n — 00). Jas mozo wmobo.
n.H.
Yin — ¢ (n— 00),

HeoOxL00uUMO U AOCTNAMOYHO, 4MOobbL UHMEZPANbL

G(c+¢e)— F(z,c+e) - o
/R A—H@)E @) - Fldre+e) (7.3.4)
G(c—¢)— F(z,c—¢) e
/R A—H@)yE  AH@) = Fldre—e)] (7.3.5)

cxodusucey npu ecex € > 0.

HoxkazareabcTBo Teopemsbl 7.3.2. I[lycrs cupasenuso (7.3.2). Paccmorpum cobbitue D, =
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{Yn,n] < c¢—e}. U3 gokasarenbcrBa Teopembl 7.3.1 u jieMMbl 2.2.4 ciiejyer, 9To Jjist TOro ITo0bI

P(D,, 6.4.) = 0, HeOGXOAUMO U JOCTATOYHO, YTOOBI BBIMOTHSIOCH yeyoBue (7.3.5).

Pacemorpum cobsitue @, = {Y},n > ¢+ €}. llycrs cupasegnuso (7.3.3). 13 nokasaress-
crBa TeopeMbl 7.3.1 u gemmbl 2.2.5 ciejyer, uTo s Toro urodbl P(Q),, 6.14.) = 0, HeoGXxoaumo
M JIOCTATOYHO, YTOOBI BHIIOJIHSIOCH yesaoBue (7.3.4). Takum 0o6pa3om, Mbl JOKA3a/d CHPABE]I-

JINBOCTH TeopeMbl 7.3.2. [

Nccienyem Tenepb CUIbHYIO CXOAMMOCTb BEJIUYUHDL Yn_k p] (k > 0,n — o0). Ha nepsbrii
B3TJIsT TaKoe 0000Imenue OyaeT nmpocThiM u popMaabHbiM. OJHAKO 3/1eCh BO3HUKAIOT TEXHM-
qeckue caoxkHOcTH. He ymaercs cdopmymnpoBarh HeOOXOIUMBIE U JTOCTATOYHBIE YCIOBUS IS
CHJIBHOM CXOZMMOCTH T0C/IeJ0BATEIBHOCTH Yk y) (K > 0). Mbl orpanmanmcst oMCKOM 10CTa-

TOYHBIX YCJIOBUI.

Teopema 7.3.3. ITycmov das 6cex y < rg ewnoansemes pasencmeo ©(y) = 0 u cnpasedauso
yeaosue (7.8.1). Tozda

n.M.
Yv[nfk,n] — g (n — 00, k> O)
JokazarenbcTBo TeopeMbl 7.3.3. CrupaBeyinBO paBEeHCTBO

P(Yv[nfk,n] > yvyv[nkarl,nJrl} < y) = P(Yv[nfk,n] > y,Y[nka,n] < y,Y[nka,nH] < y)

+ P(}/[n—k,n] > Y, }/[n—k—i—l,n] > Y, Yr[n—k-i-l,n-&-l] < y)

CHOBa 110/1b3y$ICh HE3ABUCUMOCTHIO U MPUHIIMIIOM CHMMMETPHHE, [OJIy9aeM, 9TO

n!

n—k— 1k - 1)

re¢ pro [y
X// / / P(Xs<z, ..., Xppp1 <0, Xppp2>21,..., Xy > 71, Eppy)
RJy x lg

F(dxq,dvy)F(dz, dv),

P<Yr[n—k,n} > y:Yv[n—k-l—l,n] < y;Y[n—k—&—l,n—i-l] < y) - (

e

En+1 - {(Xn—i-la Yn—l—l) S H(x,rH]X[lg,y} U H(xl,rH]X(y,rg]}

1 (g 4% (c,d) — TTOJYOTKPBITBII NPAMOYTOIBHUK C BepIIMHAMH @, b, ¢, d. AHajormaneiM 06pa3om
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3aIHIIeM:

n!
(n—Fk—11k—-1)

rGg T rG ~
x// / / P(Xs < 0o Xt < 0 Xoiga > 1, X > 21, Bppa)
RJy T y

F(dxy,dvy)F(dzx,dv),

P(Yv[nfk,n] > Y, Y'[nkarl,n} > Y, Yv[nfk+1,n+1] < y) -

rae

B = {(XnJrla Yot1) € H(w,m]X[lc,y]} :

HecioxxkHO moka3arh, 4TO

P(Yv[n k,n] > y>Yv[n k+1n] < y, n—k+1n+1] < y)

7’G
— nk—l
i L,

/ /z [1— H(x1) + F(zy,y) — F(z,y)](1 — H(z,))*! F(dzy,dv,)F(dz,dv)

P<Yr[n k,n] > yayv[n k+1,n] > ?/,Yn k+1,n+1] < y)

~ k=Dl — 1) // Jin

/ - / (w1,y) — Fo,p)|(1 — H(z)EY F(day, dvy) Fda, dv).

Onenusas BepodatHOCTD P(Yj_n 2> Y, Yinokt1n] < ¥, Yin—kt1nt+1] < ¥), OTMETHM, 9TO

/TH /ly[l — H(z1) + F(z1,y) — Fla,y))(1 = H(x1))"™" F(da, dv)
/TH/Z (da1,dvr) < (1~ H(2))*[G(y) — F(z.y)].

Omnennpast BepoaTHOCTb P(Yj—rn] = ¥, Yin—kt1,0 = Y, Yin—k+1,n41] < ¥), OTMETHM, UYTO

/TH/ r1y) = Pl )] = Hw)*" Fldr.dvy)

/ /y )] F(day, duy)

(1- ())’“[G(y)—F(:ﬁ,y)]-
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Torma

P(Yv[nfk,n] >y, Yr[nkarl,nJrl} < y)

= _Qf;!(k 1 / (1~ H(2) H" (@) (Gly) — F(e,y)[dH (x) — F(dz,y).

Mpb1 mpuniim K HepaBeHCTBY

(e o]

Z P(Yv[nfk,n} > yayv[nfk+1,n+1] < y)

<2+ pi [ UL

Teopema 7.3.3 caeayer Tenepb u3 jgemmbl 2.2.1 (win u3 jgemmvbr 2.2.4). [Tas 97010 HEOOXOUMO

[dH (x) — F(dz,y)].

BbIOpaTh Ap = {Yjoin < y}.0O

Caenytomnmii pe3yabTar aBasieTcss 00o0IennemM Teopembl 7.3.1.

Teopema 7.3.4. [lycmov das ecex € > 0 cnpasedausv, pasencmsa (7.3.2) u (7.5.3). Ilycmo 0ba

unmeepana (7.3.4) u (7.3.5) cxodames daa ecex € > 0. Tozda

Yin—ten] n- . (n — o0).

Mgl ocTaBUM JaHHYIO TeoOpeMy oe3 JOKa3aTeJIbCTBa, IIOCKOJBKY TaKO€ JO0Ka3aTeJIbCTBO AB-

JISLJIOCH ObI OYeBH/IHOM Mot uKaIueil JoKa3aTeJbCTB BbINIEIIPUBEIEHHBIX TEOPEM.
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§ 7.4 [anbHeiiwne acnmnToTv4eckne pesynbTatbl Ana Y, .

7.4.1 AcnmnToTu4yeckue pe3ynbTaTbl A/ KOHKOMUTAQHTOB BEpPXHUX NMOPAOKOBbIX

CTaTUCTUK Y|,_;, B CAy4dae, KOrga k ctpemuTcs K 6eCkOHeYHOCTH

[Ipeamonoxum, aro k = k, — co nupu n — oo. B jemme 7.4.1 OyayT HaiieHbl yC/I0BUs J1JIs
CXOIMMOCTH TIO BEPOATHOCTH K HEKOTOPOIT KOHCTaHTE BEJTMIUHBI Y], _, »]- ByJem npeamonarars,
9TO pacupejgesnenue F abcomoTHO HenpepbiBHoe. Ilycth F,(x,y) — MIOTHOCTB-pacpe/ieeHme

sekropa (X,Y), ro ecrb Fy(x,y) = F.(z,y). Ilycrs s vekoroporo y < rg

F
i (2, y)

Jm = = (), (7.4.1)

rae h — WIOTHOCTH pacnpefenenus H. Ormerum, 9To u3 cymectBoBanus mpenena B (7.4.1)

BBITEKAET CylecTBoBanue npejena B (7.2.7) u p(y) = p1(y)

Jlemma 7.4.1. Ilyecmo F — abcomrommuo uenpepueHan Gynkuyus pacnpedesehus u npeden 6
(7.4.1) cywecmsyem u pasen nyato daa ecex y < rg. Ilyemsv k, — 603pacmarousas nocaedosa-

MEALHOCTD HAMYPAALHOLL wucen, makas 4mo k, — co,n — k, — 00, k,/n — 0 npu n — oo.
Toz0a

Yin—t ) LN re (n— o00).

HoxkazarenbcTBo jiemmbl 7.4.1. TlockonbKy npejen B (7.4.1) paBen Hyso, Jjist T1060T0 Ma-

JIoro (bUKCUPOBAHHOIO € > () MOXKHO BbIOpATh T., TAKOU YTO
Fl(z,y) <eh(x) (x>uz.,y<rg). (7.4.2)

3 (7.2.3) caeayer, 4T0
P(Yv[nfkn,n] < y) = ]1(?/) + ]z(y),

e
Li(y) = (= k;nn‘— o] /%H(l — H(z)) H" = (2) F(d, y)
n! - ki pyn—kn—1
B0) = (g (1 HD S H @) P ),



[raBa 7. KoHKOMHTAHTBI HOPSITKOBBIX CTATHCTHK H PEKOPJIOB 213

U3 (7.4.2) moaygaem, 910 Jjisi JE000r0 Y < 7' CIPABETHBO:

nle " ke —
1) < !/ (1= H(z)) % (2)h(2)dx < e.
JLnsa moboro y < rg uMeeM:
n!
I H(x)]"

Bocmosbsyemes temmoit 5.6.1. Iockosbky H(z:) < 1, To I2(y) — 0 miag Beex y < rg. O

7.4.2 AcumnTtoTudeckne pesynbtatbl gna C,Y},_j

B sTom paszene Mpl paceMoTpuM acumnToTHdeckoe mosegenue CpY(,_in), Tae O, — Hecy-
JaifHas MOCJIeI0BaATEILHOCTE. MBI pacCcMOTpUM BiHsHEE mocaegoBaTeabHocT C), HA aCHMIITO-

Taeckoe nosegenne Cp Y], g .

Teopema 7.4.1. Ilycmv F asasemesa 0-KoHKOMUMAGHM-CMAOUADHOM  DACNPEICNCHUEM, MO

ecmo Y _kn) 0.

1. Ilycmv A, — 400, max wmo das mobozo y > 0 cnpasediuso:
n|G(y/An) — G(=y/An)] = 0 (n — o0).
Toz0a dasa arwboz20 Ppukcuposarmozo k > 0

An | Yinhm |2 00 (n— 00).
2. Ilycmv B,, — 400, makx umo das 106020 y > 0 cnpasediuso:
> n[G(y/B,) — G(—y/B,)] < oo
n=1
Toz0a dasa ar06020 Pukcuposarrozo k > 0 umeem:

By | Yin—km) "M o (n— ).
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okazarenbcTBo Teopembl 7.4.1. OTmernMm, 4TO JaxKe eciu lg U 7 KOHEIHBbI, HOCHTE/b
TpeJIeTbHOTO PaCIpe/leTeHns Caydainoi Beauannsl A, Y}, i, Heorpanmden. 113 (7.2.3) crexy-

€T, 9TO

i
L

P(a < Yp_pn <b) =n(G(b) — G(a)).

£
Il

Torma
Pla < Yp—pn <b) <n(G(b) — G(a)). (7.4.3)

I3 (7.4.3) moywaem, 9To
P(_y < AnYV[nfk,n} S y) S n(G(y/An) - G(_y/An)) (y > 07 An > 0)

Taxum obpazom, nepBoe yrBepxkaenue Teopembl 7.4.1 cripasegnBo. Bropoe yrBepk/ienue Teo-
pembl 7.4.1 MoxkKeT OBITH MPOBEPEHO AHAJOIHYHBIM O6PA30M, eCJid BOCIOJIb30BaThCs (7.4.3) u

1epBoil yacToio JiemMbl Bopesrs—Kanresuiu. [

MoKHO TakzKe MOTYIUTH CIeTYIONINiIl Pe3yabTar.

Teopema 7.4.2. Ilycmov F — oo-konwkomumanm-cmabusvroe pacnpedeserue (uau —oo-

p P
KOHKEOMUMARM-cmabusvroe pacnpedesenue), m.e. Yi_gn] — 00 (Uath Yjp_gn — —00 ).

1. IIyemw a,, — 0T, max wmo das aobozo y > 0 cnpasedauso:
n[l = G(y/an) + G(=y/a,)] =0 (n — oc).

Tozda anYj—kn 0.

2. Ilycmw b, — 07, max wmo daa a0boz0 y > 0 cnpasedrueo:
S nll— Glu/ba) + Cl—y/b)] < oo.
n=1

Tozda b, Y—k ) g,

3ameuanue 7.4.1. Ommemum, 4mo pe3ysomamos, 3moz2o pa3desa cnpasediuss, U 6 CAYyYae,

xozda k = k, — o0 npu n — oo.
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§ 7.5 CunbHble npegenbHble TeOpeMbl ANsi KOHKOMUTAHTOB PEKOPAOB

B siemme 7.2.1 6b10 nmokazaso, 4ro ecsm npefena B (7.2.7) cymecrByer u paser ©(y), TO

P(Y[n] <y) = o(y). Chopmyaupyem CHIbHYIO TPeJETbHYIO TEOPEMY I BeTUIUHBL Y [n].

Teopema 7.5.1. ITycmo das ecex y < rg cnpasedauco pasencmso ©(y) = 0. Crodumocmv
n.H.
Y[n] =" rg (n— o0)
uMeem Mecmo moz0a u moavko mozda, k0204 0aa 6cex y < rg svnoansemes ycaosue (7.3.1).

dokazaTeabcTBo TeopeMbl 7.5.1. Teopema Oyjer jokasana jijisi ciaydasi, Korjga F — abco-
JIIOTHO HenpepbiBHOE pactpejesienne. B padore [146] Gbiio nokasano, 9to Beqmunnb Y [n] 06-

pa3yioT nenb Mapkosa. Uurerpupyst B (7.2.5), HAX0AUM, 9TO

1
Syin-1y ) (Yn—1,Yn) = n_2)
[—In(1 — H(z,_1)]" 2
f(@n-1,Yn-1)f(@n, yn)dx, 1dz,. (7.5.1
//lF<:cn 1<Tn<TR 1 - H(xn—l) ( )
[Tosb3ysicw (7.5.1), nomydaem, 4To

Teopema 7.5.1 Tenepsb ciaemyer u3 jgemmvbr 2.2.4. [

Crenyromas TeopeMa sBjigeTca 0000IeHneM TeopeMbl 7.5.1.

Teopema 7.5.2. Ilycmov daa ecex € > 0 swnoanaomes pasencmea (7.8.2) u (7.3.8) (umo,

P
Koneuno oice, nodpazymesaem, wmo Y [n] = ¢ npu n — o0). Jlas mozo wmobo

Y] " ¢ (n— o0),

neobxodumo u docmamouno, wmobv, unmeeparv (7.3.4) u (7.3.5) cxodurucy npu ecexr € > 0.
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Mp1 ommycTuM JTOKa3aTe/THCTBO TEOPEMBI 7.5.2, TTOCKOJIBKY OHO MPAKTUYECKH HMOJTHOCTHIO ITO-

BTOPSIET JTOKA3aTeIbCTBO TEOPEMBI 7.3.2.
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§ 7.6 NMpumepbl 1 MeTOoAbI reHepMpoBaHUS

7.6.1 lNpumepsbl

B stom maparpade MBI mpeioKuM TpU HpUMepa, TPU3BAHHBIX MPOUILIIOCTPUPOBATH Pe-

3yJIBTATBI IIPEbIYIINX naparpadoB 3TOH IJ1aBbl.

IIpumep 7.6.1. IIycmo

1— efx(y*Fl)

Flr,yy=1—¢e"—
(z,y) ST

(x >0,y >0).
C’oomeemcmeymwue MAP2UHAAOHDBLE pacnpede,/teHUﬂ uMenm 6uo:

Hx)=1—c (z>0) u G(y)zl—y—il(y>0).

s ao0bo20 y > 0 cnpasedaiuso:

o(y) = lim (1— exy) — 1.

P
Taxum obpasom, ' — O-xornkomumarm-cmabuavroe pacnpedeseriue u Yy, — 0. Boaee mozo,

s ecex € > 0,

G(e) — F(x,¢)  F(de
/R e 4 (@) Fde.)

o0 e—E$
= / (1 — ) e ¥dr < 0.
0 €+ 1
n.1

Hs (7.5.1), meopemo, 7.5.2 u mepemvr 7.5.1 caedyem, wmo Yj,_j gy Y[n] =" 0.

s a06020 y > 0 cnpasedaiuso:

n(Gly/An) = Gl=y/A)] =

W3 meopemor 7.4.1 caedyem, wmo das nocaedosamenvhocmu A, maxotd wmo n/A, — 0, cnpa-
6€0AUB0:

An ‘ Yv[n,km] ’£> Q.
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oo
Ananozuuno, ecaw Yy~ n/B, < 0o, mo

n.H.
Bn ’ Yv[n,kyn] ’ — OQ.
IIpumep 7.6.2. Ilycmv F' — deymeproe mopmanvhoe pacnpedeienue ¢ napamempamu O, =

oy =1, py = py =0 u dsymeproti naommocmuvio

1 1

T,y) = ———exp | ———— (2* + y* — 2pzy) | .
fz,y) T 2(1_pg>( y® — 2pry)

B cayuae, koeda p = 0, seaununv, X u 'Y — nesasucumv, u p(y) = G(y). 3decvy umeem: H =
G = ®, 20e ® — cmandapmmoe nopmanrvhoe pacnpedesenue. Pacnpedesenue F — xonxomumarm-—

HeCmabusbHOoE.

B pabome [197] 6vino nokasano, wmo

G(y)—F(x,y)N(I)<y—,ox>_> 0, ecau p>0, v — o0,

1= H(z) N

1, ecau p<0, x— o0.

Taxum obpasom, ecau p > 0, mo F' — oo-Konkomumanm-cmabuivhoe pacnpedesenue. Ecau orce

p <0, mo F — —oo-KoHkoMumManm-cmabusvbhoe pacnpedesetue.

Ioxasicem, wmo wozda p > 0, nocaedosamesvonocmv Y,k n) CMPEMUMCA C 6EPOAMHOCTILIO
edunuya x beckonewrnocmu. Mssecmmo, wmo xoeda H — cmandapmmoe nopmanvroe pacnpede-

aenue u h — €20 NAOMHOCTG, Mo
1—H(x) ~h(x)/z (z— o0).

Taxum obpazom,

G(y) — F(z,y) Fy(vy) x y—px
h ~——=_—_H | —. 7.6.1
- " e 2\ A (76.1)
Ommemum, ¥mo 0as 1106020 6OALUWO20 HAMYPANLHO20 K,

" H(c) — cor) =0 (2 — 00), (7.6.2)
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2de co > 0, ¢ — nekomopuwie Koncmanmol. Takorce cnpasediuso, 4mo

G(y) — F(z,y)
/R (1 —H@)e @) - Fldey) (7.6.3)

Gly) — F(z,y)
< [ e

U3 (7.6.1) u (7.6.2) caedyem, wmo nodvinmezpasvhas GyHkyus, 6 nociednem unmezpane cmpe-
mumea x nyaro buempee, wem 1/z% (x — 00), 2de k — nexomopoe namypaavnoe uwucao. dmo

o3nauaem, wmo unmezpan, cmoswud 6 (7.6.3), crodumca. Uz meopemos 7.3.3 caedyem, wmo

Ouesudno, wmo ecau p <0, mo

Yv[n—k,n} TL_T;, —0Q.

U3 meopemov, 7.5.2 caedyem, wmo das p > 0 cnpasedauso Y [n] "W 0. Eeau oice p >0, mo

Yin] " 0o, Ommemum, wmo

2
2a,n =¥

e (a, — 01).
o ( )

n[l = H(y/an) + H(=y/an)] ~
Ecau a, — 0%, max wmo daa 06020 y > 0
Inn+Ina, — a,?y* — —oo,
mo u3 meopemol 7.4.2 caedyem, wmo
P,

aan[n—k,n} — 0.

Ananozuuno, ecau b, — 07, max wmo daa awbozo y > 0
S~ ponc i
bp,ne n < 00,
n=1

b Yin om0
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Ilpumep 7.6.3. IIycmo

F(z,y) = / / —26_“_“/“2dvdu (x >0,y >0).
o Jo U

Coomeemecmsyowumy, Map2utaibHuLMU PACTPEJENEHUAMUY DYOYM PACIPEIENCHUS:
& 2
Hz)=1—-¢" Gy =1 —/ e~V gy,
0

Ouesudno marotce, 4mo

Fy(z,y) =" (1—e V")

p1(y) = lim (1— ") =0 (y >0).

T—r00

Taxum obpazom, p(y) = 0 das awbozo y. Y nac ecmsv 0O-KOHKOMUMAHM-CMAOUALHOE pacnpe-

p,
deaerue, mo ecmo Yin_kn — 00. Heeaedyem danee unmezpan

/G(y)—F(%?J) [dH(z) — F(dz,y)]

(1—H(x))?
= /fo e‘“(le— eV )du [e*(1 — e ¥/*")]da.

—2x

Hrnmezpupyemasn @yrkyus 6 nociednem unmezpare (npu GukcuposanHom Yy u 60AWUT T) IK-
2 n.H.
susasenmna Gynryuu 1 — eV ~ L. 3z meopemwvs 7.3.3 3axaouaem, wmo Yy, _jpn — 00. U3z
x ’ [ ) }

meopemor 7.5.2 noayuaem, wmo Y [n] LN

7.6.2 NeHepupoBaHMe KOHKOMWTAHTOB BEPXHUX MOPSIAKOBbLIX CTAaTUCTUK N PeKOpaoB

Metoapl remepupoBaHUsS PEKOPJHBIX BEJTMYWH B CJIydae, KOTJA HCXOTHOE pacIpejeseHne
uMeer 00paTHy0 MYHKIUIO, H3Iarajiuch B pasiene 6.3.2. O0cyauM TakKe TeHePUPOBAHUE BEPX-
HUX MOPSJIKOBBIX CTATUCTUK MeTooM obparubiXx dyuknwmii. [lycrts X, ..., X, — HezaBucumbie
OJINHAKOBO pacIpe/leJieHHble BeJTHYNHbI ¢ HeNpepbiBHON (yHKuneil pacupeenenus H(x). [Tycrs
U, — renepalus cTaHIAPTHON paBHOMEpPHON CJIyJaiiHON BequduHBI. B cuiy TOro, 4To Makcu-
mMyMm BbiGOpKH X7, ..., X, umeer pacupeieneaune H™(x), esuauny X, ,, MOXKHO NOJIy4YUTh KaK

H*I(Ull/n), rie H~! — dbynkuns obparnas k H. 13 aemmnr 1.3.1 caenyer, uro, ecin X, , = @,
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TO BeJImuuHA X,_1, ABIdeTCS MAaKCUMyMOM B BbIOOpKe Xi,..., X, 1 ¢ dyHKIHeil pacupeme-
neunst Q(xn—1) = H(zp_1)/H(xy) (Tn-1 < ). OTKyzna cremyer, aro X, _1, MOXKHO MOTYYATH
—1/771/nyr1/(n-1) .
kak H (U, U, ), tae Uy n Uy — renepanuy CTaH apTHBIX PABHOMEDHBIX CJIyYaiiHbIX Be-
| 1/(n—k
smumn. Takum obpazom, X,k MOXKHO noayuuth kak H (U, A UkJ/r(ln )), e Uy, ..., Ugiq

— PeHepaIuu CTAHJIAPTHBIX paBHOMEpPHBIX BeauduH. Hampumep, ecmu H(zx) = 2 (0 < z < 1),

10 Xy—fn T€HEPUDYETCs KAk Ull/" . U;J/r(f_k), ecim H(z) =1—¢* (x > 0), ro Xk re-
Hepupyercss kak — In(1 — f/"...U,iJ/r(f_k)), ecmm Hz) =1—27% (x > L,a > 0), t0 X,k n

renepupyerca kak (1 — U™ .. U;i(f’k))‘”“-

PacemorpuMm Ternepb Kak reHepUPYIOTCS KOHKOMHTAHTBI PEKOPJIOB M BEPXHUX MOPSIKOBBIX
cratuctuk. 13 pesysnbraroB naparpada 7.2 ciaeayer, 9TO YCJIOBHBIE IJIOTHOCTH KOHKOMUTAHTOB

NOPAOKOBBIX CTATUCTHUK U PEKOPAOB UMEIOT BUI:

StV KXo Yo o3 Yn [ @1, ) = Hf(yz' |zi) (21 <... <)

fY[l],...,Y[n]\X(l),...,X(n)(yh o Yn | T,y = Hf(% | 25) (21 <. <),

i=1
riae f(y | x) = f(x,y)/h(z), TO €CTH KOHKOMATAHTBI TOPSIKOBBIX CTATUCTHK W PEKOPIOB YCIOB-
HO He3aBuCUMBbL. [lycTh yeaosuas dynknus pacupegesnenns F(y | x) umeer obparnyio dbyHk-
muio. Tor1a KOHKOMATAHTHI PEKOP/IOB U BEPXHUX MOPSIKOBBIX CTATUCTUK MOYKHO T€HEPHPOBATH
crenyomum obpasom. [enepupyem X (n) Kak ObLIO TpeTIOKeHO B pasese 6.3.2 (wiu renepu-
pyeM X, _j, KaK 9TO [eJaJIOCh BBIIIE B 9TOM pasjee), 3areM nosydaem Y [n] (min Yi,_pn)
kak F~Y(U | X(n)) (mmu F~YU | Xp—kn)), vae U — reHepanus cTangapTHO PaBHOMEPHON

CJIy4aliHOU BEJIMYUHBDI.

Cuosa paccmorpum npumep 7.6.1. 3aecs umeem: F(y | ) = 1 — e ™ (z,y > 0). Torua

KOHKOMHUTAHT BepXHeil IOPAIKOBOil CTATUCTUKH Y|,_j ) T€HEPHPYETCs KaK

—InU
T VA A

a KOHKOMUTAHT PEKOPHOI Besimunubl Y [n] renepupyercsa Kak

—InU
~InU; —...—1InU,’
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re Benunnaa U n Besimauabl U; — reHepaluu CTaH/IapTHOW paBHOMEPHOM CIyYaiiHON BeTHINHEI.



Nnasa 8 XapakTepunsaynoHHble TeopeMbl OJ1S MOPSAAKOBbIX U

pPeKopAHbIX CTAaTUCTUK

§ 8.1 BeepeHune

[naBa 8 puccepranuoHnoil pabOThl COCTOUT U3 BBejieHUs U TpeX naparpadgos. Bo Beeenne
KPAaTKO W3JIAral0TCs W3BECTHBbIE XapaKTEePpU3AIMOHHBIE Pe3yJabTaThl, OCHOBAHHBIE HA CBOWCTBAX
MOPSIIKOBBIX M PEKOPIHBIX cTAaTHCTHK. [lo Tpamgunum, obpa3oBaBiieiics B 9T0i paboTe, aKIeHT
JeslaeTcsd Ha XapaKTePU3allUOHHBIX TeopeMaX, CBA3aHHbIX C pe3yJibTaTaMu, IMOJIYYeHHbIMU aB-
TOPOM JIaHHO# JIEccepTanMoOHHON paboThl. /lanbHeiiee cojpepzkanue 1yaBbl 8 ciemyioriee. B
naparpade 8.2 mpeacTaBaeHbl XapaKTepUu3alil pacipeIe/eHnil CBOCTBaAME C1a0bIX PEKOPIOB.
B naparpade 8.3 npuBojsrcs xapakTepusalni, OCHOBaHHbIE Ha HMOPSIJKOBBIX CTaTuCTUKax. B
naparpade 8.4 j1aHbl XapakKTepu3alni, OCHOBAHHBIE HA BTOPOIl PEKOPIHON BeJIWINHE U MAKCH-

MyMe BBIOOPKH.

CroifcTBa MOPSIIKOBBIX U PEKOPIHBIX CTATHCTHK YaCTO UCHOIB3YIOTCS [T XapaKTepU3ainm
pacupeenennii. [IpuBeem 31ech HEKOTOpBIE MyGIUKAIMHA B KOTOPHIX COIEPKATUCH XapaKTe-
pU3aIUK, OCHOBAHHBIE HA HODPsAKOBbIX crarucrukax: [39], |89], [112], |113], [115], |121], |136],
[137], [138], [140], [173] u [181].

XapakTepu3aldOHHbIE 331491 JAHHON TeMATUKH IIOIHIMAJINCH K OCBEIIAJINCH B KHArax Ka-
rama, JIunnuka u Pao [7] (1972), Pamam6oma n Kormna [94] (Galambos and Kotz 1978), Fasam-
Goma [3| (1984), Pao u Hlau6xara [162] (Rao C. R. and Shanbhag 1993), Axcamyuraxa [24] (
Ahsanullah 1995), Apuonbna, Banakpumnana n Harapamxku [30], [31] (Arnold, Balakrishnan
and Nagaraja 1992, 1998), Heszoposa [15| (2000), [dsiiBuna u Harapamxu [73| (David and
Nagaraja 2003).

Cpeiu MHOXKECTBA 1y OJIMKAIIHIT, MCIIOIb30BABIINX CBONCTBA PEKOPIOB /ISl XapaKTePU3aun

pachpejiesieHnii, MOXKHO BbIIenTh padors: [22|, [23], [25], [135], [40], [100], [117], [120], [138],

223
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[140], [143], [144], [189] u [191].

C 1993 roma ciabbie peKOP/bl TaKKe CTAJU HUCIOJIh30BATHCS sl XapakrTepusanuii. [Ipu-
Bo/iuMas HuzKe Teopema 8.1.1, omy6GimKOBaHHAS ABTOPOM JHCCEPTAIMOHHON paboTsl B [191],
SIBIJIACHh TIEPBBIM PE3yIbTaTOM, HCIOJIb3VIOMKUM CBOICTBA CI1a0BIX PEKOPIOB 1A XapaKTepH-
sanuu pacnpejesernii. O6o6IeHnsT 9TON TeopeMbl ObLIM TOJMYYeHbl M03/Hee B paborax [27],
[28], [129] w [183]. Caexyer ynomsuyTh padorsr [60], [68], [69], [75], [79], B KoTOpHIX Takke

paccMaTpUBAJIMCh XapaKTepU3alui, OCHOBAHHbIE Ha CJIA0BIX PEKOP/Iax.

Bo BBesenue riaBbl 8 npuBegeM HEKOTOPbIE U3BECTHbIE XapaKTePU3allHOHHbIE TEOPEMBI JIJIs
MOPSIKOBBIX CTATUCTUK W PEKOPIHBIX BEJIMYWH. JTH PE3YIbTATHI OyIyT UCIOJb30BATHCI B 10~
KazaTeJbCcTBaX 3T0i 1iaBbl. B aToMm maparpade Oyjem mpejnosararb, 410 Xi, Xo, ... — HE3a-
BHCHMbIE OJIMHAKOBO PaCIpe/ieJIeHHbIe C/IydaiiHble BeJIMYUHBI ¢ aOCOJIIOTHO HEIIPEPHIBHBIM Pac-

npejesenneM F', HocuTesb KOTOPOro umMeer Buj S = (g, rp|, tae —oo < lp < rp < oo.

JInneitnas perpeccusda MexKay COCeJHUMHU MOPAAKOBBIMU CTaTUCTUKAMHN WJIM COCEJHUMU Pe-
KOPAHbIMHA BE€JIMYHMHAMHU JaBHO HCIIOJIb3YE€TCAd B XaPAaKTEPU3aIlMOHHBIX Te€OpeMaX. CHG,HYIO]_L[&H

Teopema Gblia gokasana Peprioconom [89] (Ferguson 1967).

Teopema 8.1.1. Coomnowerue
E{Xin | Xisin =2} =X-2+p (8.1.1)

BHINONHAENCA ONA HEKOOPBIL BEUECTNBEHHOLL A U L MO020a U MOALKO mMo2da, Koz20a Henpe-
pwuenoe F asasemes pacnpedenenuem 00no20 u3 caedyowsur mper munos (¢ mouHocmuvio 9o

napamempos cosu2a U Macwma6a):
Fiiz)=2" 0<z<1, 0<A<1),

Fyzr)=¢" (<0, A=1),
Fy(w) = (-z)" (z<-LA>1),
2de § = L. 2

1-X°

okasbiBas 31y Teopemy, Pepriocon nokasbiBaJjl, 4TO €JMHCTBEHHBIMU HEIIPEPbIBHBIMU pe-
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meHusaMa ypasaenusd (7 > 1)

4 =\ R 1.2
Fi) r+p, €S, (8.1.2)

ABJISIOTCA (DYHKIMH OJIHOIO U3 CJAeAyiomux Tpex tunoB: Fi, Fo mim F3. O4eBuHBIM JIBOI-
CTBEHHBIM pe3y/IbTaTOM i TeopeMbl 8.1.1 gaBisercsa Teopema 8.1.2, KOTOPYIO MOXKHO HalTH B

crarbsx [89], [137| wiam xuure |7].

Teopema 8.1.2. Coomnowerue
E{Xi+1,n|Xi,n = Z['} =72 +0 (813)

CNPABEINUBO ONA HEKOMOPLLL GEWECNEEHHVIL Y U T M020G U MOAbKO Mo20a, k0206 Henpe-
pouenoe F asasemes pacnpedeaenuem 00no20 u3 mper cAedyiouus munos (¢ mouHocmuvio 9o

napamempos cosuza u macwmaba):
Fiz)=1—(-2)° (-1<x<0, 0<~vy<1),

Fs(z)=1—¢" (x>0,v=1),
Fo(z)=1—2° (x>1,v>1),

ede § = . L.
n—i l—vy

[Ipu nokazaresbcTBE TON TEOPeMbl HYZKHO ObLIO MOKa3aTh, YTO €IUHCTBEHHBIMHU Helpe-

PBIBHBIME DeIleHUsIME YpaBHeHUsl (¢ TOYHOCTHIO 10 MApaMeTPOB CJBUTa U MacITada)

f;F ud(l — F(u))"™"
(1= F(z))

=v-x+o0, (reFn—i>1) (8.1.4)

apastiorcss dyukmun  Fy, Fy wmn Fg. CobpaB BMecte 3Tm pe3syibrarsl, Harapajku [137]

(Nagaraja 1988a) mosry9m/i cyeyomLy o Teopemy.

Teopema 8.1.3. Pasencmea (8.1.1) u (8.1.8) cnpasedaiusv, 00Hospemento 0a4 HEKOMOPO20 i
(1 <@ < n) moeda u moavko mozda, kozda nenpepuenoe I aeasemes pasromeproim pacnpede-

ACHUEM.
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Sameuanue 8.1.1. Pacnpedenenus F; (1 < i < 6) asaatomes pewenuamu ypasrenut (8.1.2)
u (8.1.4). Onu beckoneuno duddepenyupyemo, Ha CE0ULT HOCUMENAT, HECMOMPA HA MO, 4IMO

PEWEHUA UCKAAUCH 8 KAACCE HENPEPLIEHBIT PHYHKUU.

JLJ1st peKOP/IHBIX BEJIMYMH CIIPABE/JIMBbI aHAJIOIUYHbIE pe3ysibTaThl. [[puBejiem reopemy, j10-

kazanuyio Harapaku B paborax [135] u [137] (Nagaraja 1977, 1988a).

Teopema 8.1.4. Coomnowerus

E{X(n+1)| X(n) =2} =X-z +p,

E{X(n) [ X(n+1) =z} =~-2+0

BHNONHANOMCA 0OHOBPEMEHHO OAA HEKOMOPLL GEWECTNEGEHHBL N, p, Y, 0 u n > 1 moezda u

moaAbKO moeda, Ko2da HENPEPBLEBHOE F saeasemcesn IKCNOHEHYUUANBH LM pacnpedenenuem.

Yenosroe pacmpegenenne X | X;, = x 61710 Haiigeno B padore [140]:

—

|
=
S

P{X\ <ul|Xi,=a}= o
o TR o 2T

(8.1.5)

S |-

JlarHOE yCJIOBHOE pacipejesierue nveer atoMm 1/n B Touke . 113 (8.1.5) GbLIO MOIYIEHO, UTO

E,n(x) = E{Xl ’ Xi,n = Jj}

z i—1 J, udF(u) p—; f;udF(u)
:ﬁ—i_ n lF(x) + n '1—F(x)'

(8.1.6)

B crarbe [140] 6bu10 Takzxke mokazano, uro E{X; | X;,} exuncrBeHHBIM 06pa30M OMpeIe/iseT

ucxosnHoe pacupejesnenne F. [Tpusenem coorsBercrBytfommii pesyabrar u3z [140].

Teopema 8.1.5. [lycmv Xi,..., X, u Y1,...,Y, — dee nezasucumuvie nocaedosamenvrocmu
HE3ABUCUMDBLT 00UHAKOBO PACTPEIENCHHBIT CAYUATHVT 6eaudun ¢ HenpepuieHumy F u G, co-
0MBEMCMEENHO, NPuUueM 006 pacnpedeserus umeom ooun nocumens S = [lp,rp|, —oo <lp <
lp < oco. Ilpednorosicum, umo E X, cywecmeyem u cyuecmeyem mouka o, Makas 4mo o0as

nexomopozo o (0 < av < 1) enpasedauso:

F(zo) = G(xg) = a, (8.1.7)
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E{X)| X1 <zo} = E{Y1 | Y1 <0} (8.1.8)
as mozo umobw, F' = G, neobrodumo u docmamouno, wmobv, paseHcmeo

i—1 Jy udF(u) Ln=i S udF(u) i—1 J,udG(u) Lnoi [77 udG(u)
n F(z) n 1-F(x)  n G(z) n 1—G(x)

BVNOAHANOCHO NPU BCEX T € 3

ABropsr Teopembl 8.1.5 TakzKe BBICKA3AIN MPe/II0I0KeHne, 9o yeaosus (8.1.7), (8.1.8) mo-
ryT ObIThb J1UOO OnyIIeHbl, Jinbo, 110 Kpaiineit mepe, ocjad/ienbl. [Ipusejem eie ojun pesy/brar

u3 paborst [140].

Teopema 8.1.6. ITycmv X (2) — My u My — nezasucumvie cayuatinoe sesununss. Tozda ucroo-
Hoe HenpepwuisHoe pacnpedeserue F - asasemcs o0Hum u3 pacnpedenseruts IKCNOHEHUUAALHO20

muna.

Bo BBereHnn MBI KpaTKO paccMOTPETN HEKOTOPbIe M3BECTHBIE XapaKTePU3AMMOHHBIE Pe3Y. Th-
TaThl, OCHOBAHHBIE HA MOPSIIKOBBIX CTATHCTUKAX W PEKOpjax. B mocieayomux Tpex naparpa-
dax MbI IpHUBEJIEM HAIIA pe3yabTarbl. Mbl HAUHEM ¢ XapaKTepu3aluil, OCHOBAHHBIX Ha CJ1abbIX

pexopaax.

MatepuaJs juccepraluu, MpeICTaBJIeHHLI B r1aBe 8, OlyOJUKOBAaH aBTOPOM JIUCCEPTAIIH-

oHHOIT paGoTel B craThax: [189], [191], [202] u [223].
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§ 8.2 XapakTepusaumnoHHblie TeopeMbl AN Cnabbix pekopaos B

ANCKPETHOM cJiy4dae

[TpuBopnmas Huzke Teopema 8.2.1, onmybmkoBanHast B [191], sBUIach NEPBBHIM PE3YIHTATOM,
HCIIOJIb3YIONKMM CBOMCTBA CJA0BIX PEKOPJIOB JIsd XapaKTpepus3amuu pacupeaenenunii. O6o01e-
HHUS 9TOIi TeopeMbl OBLIH MOTYyYeHbl o3 Hee B paborax [27], [28], [183], [129]. Crexyer ymoms-
HyTh Takzke paborsl [60], [68], [69], [75] u [79], B KOTOpPBIX paccMaTpuBaINCh APyTHe XapakTe-

pU3aIuu, OCHOBaHHBIE HA CJ1aOBIX PEKOp/IaxX.

[Tycry X1, Xo, ... — 10CJI€/10BATE/IBHOCTH HE3ABUCUMbBIX BEJINYWH, HIPUHUMAIOIINX 3HAYCHUSI

0,1,..., c obmeit pynkmueit pacupeaenenusa F', takoit uro rp = oo. [lomoxum
Y¥n)=X"n+1)—X“n) (n>1).

Teopema 8.2.1. /[aa mozo wmobwv cayuatinas sesuvurna Xq umenra pacnpedeserue 6uda

H:'ll(a +(i—1)B)
2,1+ a+iB)

P{X,>m} = (m=1,2,...) (8.2.1)

( das nexomopwxr « >0 u > 0), neobrodumo u docmamouro, wmobol
E{Y¥(n)|X“(n) =1} =a+pl (8.2.2)

ons ecex 1 =0,1,... (n>1).

Sameuanue 8.2.1. IIpu B = 0 Mo noayvaem TaparmepusauuoHHyI0 Meopemy OAL 2€0MEMPU-

weck020 pacnpedenenu.

oxkazarenbcTBo Teopemsbl 8.2.1. Vcnoan3ys dopmyity, noaydenuyo B pabore [177],
P{Y"(n) >m|X"(n) =1} =quu/at (m=0,1,...,1=0,1,..., ¢, = P(X; >n))

W U3BECTHOE PABEHCTBO

E{Y"(n)|X"(n) =1} = Y P{Y"(n) = m|X"(n) =1},



I'maBa 8. XapakTepusainoHHbIe T€OPEMbI 229

IIoJiy1aeM, 4TO

E{Y"(n)|X"(n Z G- (8.2.3)

Heobxogumocts. [Tycre X; nmeer pacnpenesrenne Buga (8.2.1). Torma pasencrso (8.2.3)

BAIUIIETCS CJIEIYIOIMIM 00Pa30oM:

E{Y(n)|X*(n) =1}

_ 1L 1(1+a+z6 y iﬂm“ a+(i—1)8)
Hizl(a—i—(z—l — m (14+a+iB)

_ Z [Ti- 1+1 (a+(—1)p) — (a+18) Z Hi:lJ:l (a+(i—1)B)

ZnJlril(l"‘O“"Zﬁ) H;iﬁr1<1+a+iﬁ) ’

l .
rie [ [, 1 (o +i8) = 1. Heobxoaumocth Tenepn cieiyer u3 COOTHONTCHU

i [0 e+ (i —1)B)
= T+ a+ip)

Hocratounoctsb. I[lycth coorHomenne (8.2.2) BBIMOJHSIETCS [T HEKOTOPBIX BeIeCTBEH-

HeiX o« u (5. Hns | > 0 onpenenum GyHKITHIO

=Y P{X;>=m+1}.
m=1

Torna
JU)=J(I+1)+ P{Xy>1+1}.

13 (8.2.2) u (8.2.3) cieayior paBeHcTsa

J(1) = (a+ BYP{X > 1}

JI+1)=(a+B(+1)P{X1 > 1+ 1},
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IIPUBO/IAIIEE HAC K PEKYPPEHTHOMY COOTHONIECHUIO

a+ Bl
l+a+p(1+1)

P{X;>1+1} = P{X, >1} (l=0,1,...),

U3 KOTOPOTO W BBITEKAeT BHUJ pacupenesnenus B (8.2.1). B 3aBepiieHue J0Ka3aTeabCTBa TEO-
pembr 8.2.1 ompesenum 30y jeficteus nmapamerpoB « u . Nveem 0 < J(0) = a (a = 0
BBIDOZKAeHHBIH carydait). danee, a4+ Sl > 0 st Becex | = 0, 1, ..., orkyna Beitekaer, 9to 5 > 0.

O

Teopema 8.2.1 6bli1a 00001IEHAa B HECKOJIbKUX paborax. [IpuBenem ojHO n3 Takux 0bobIIe-

HUi, nosydentoe B [183].

Teopema 8.2.2. [Tycmv X1, Xy, ... — nocaedosamesvbhocms HE3G6UCUMBLT BEAUNUH, NPUHUMA-
rowux suawenus 0,1, ..., ¢ obwetd pynrkyued pacnpedesenua F. Ilycmo das nexomopwix o > 0
u > —1 enpasedauso:

E{Y"(n)| X“(n)} "2 a+ BX"(n).

Eerua>0u—-1< <0, morp=—a/ff — namyparvhoe wucio u cayuaiinai seauvuna Xq

umeem pacnpedeserue 6uda:

—o/B—j

C )
P{X, 2 m) = el
CL1*1/6fa/6




I'maBa 8. XapakTepusainoHHbIe T€OPEMbI 231
§ 8.3 Xapakrepusayuu, ocHoBaHHble Ha MOPALKOBbLIX CTaTUCTUKAX

B srom naparpade 6yjem npejanonararh, 9to Xq, Xa, ... — HE3aBUCUMbIE OJIUHAKOBO pacIiipe-
JleJIeHHbIE CJIydaiiHble BeJUIUHBI ¢ aDCOTIOTHO HEMPEePLIBHBIM pacipeiesienueM [, HocuTe b Ko-
Toporo umeet Buj ¥ = [lp, 1], vie —o00 < lp < rp < c0. [lycts EX; cymectByer u £ = EX;.
[Ipex e yem mepexoauTh K OCHOBHOMY XapaKTepPU3AMUOHHOMY pe3y/brary maparpada, cdop-

MYJIMpyeM BcrioMoraTeJabHylo jgemmy 8.3.1.

Jlemma 8.3.1. ITycmo das eécex x € S cnpasedaiuso:
E{X1 | Xi,n = ZL‘} = Mi,n<x)) (831)

ede M; ,(z) (n > 2,i € {1,...,n}) — cmpoeo eospacmarowasn na S Pynkyua. Tozda abeorrommo

nenpepuisroe pacnpedeaenue Fonpedeasemes pasencmeom (8.3.1) eduncmeentvim 06pazom.

HokazareascTtBo gemmsbr 8.3.1. Ilpu ¢+ = 1 wim ¢+ = n jgemma 8.3.1 dakruyeckn Obi-
1a pokasana B [121], cm. Takxke [122] u [135]. [lokaykeM ee i OCTABIIUXCS 3HAYCHUI i

(1 <i<mn,n>3). Beegem obozuavenus qisg 1 < i <mn,n > 3:

-1
win:Z , O<win=1—v, <1,
’ n _1 ’ )
I(z) = /lF wlF (), Rinla) = " (Toa() = 2)
113 pasencrsa (8.1.6) cieayer, 410
I(x) E — I(z)

Oyukuun [(x)/F(z) n (E — I(z))/(1 — F(x)) uccrenoBanuch B paborax [89], [121], [134] u
|135|. Ecau F' — abcosorHo HenpepbiBHast dyHKIMs, TO 00€ 91u DYyHKIMHA TakzKe abCOJIOTHO
HenpepsBHEL. Kpome Toro, onn He yobiBatoT Ha . OTKyna BeITeKaeT, 9T0 MYyHKIUS [T, , TaKKe

SIBJISIOTCS aDCOJIIOTHO HEIPePBLIBHOI U HeyObIBatomieit. V3BecTHO, 4TO

. (2) . E—1I(x)
lim =lp, lim ——= =rp,
ooty F(x) 7 e 1= F(z)  F
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u Jist 11060ro & € (Ip, TR) cnpaBe/iuBo:

RO <<
Ip < é((?) <E. (8.3.3)

[TIyctes uurepBan [a,b] (I < a < b < rp) cOCTOUT U3 TEX X, KOTOPHIE ABIAIOTCS W; ,-Oi KBAH-

Tuabio F', To ecth

F(z) =w;, VY€ a,b].

13 (8.3.2) maxomnm, uro Vo € [a,b] cupasegmuso: R;,(z) = E. ®@yuxuua I(x) nocrognua Ha
9TOM HHTEPBAJE U

I(x) =1(a) Yz € [a,b]. (8.3.4)

Ypasuenue (8.3.2) moxker ObITH mpeobpa3oBano B auddepeHnuaibHoe ypaBHEHHE MEPBOro MO-

psinka. B camom merne, u3 (8.3.2) cienyer, uro qist x € (Ip,a)|J(b, r) cupaBeamuso:

E—-R;,
I(z) = Rin(z) - F(z) + v (B — Rip(z)) + v - w; - T_(J) (8.3.5)
rie
1 L AR | I L S
a:igl* F(ZE) — W; J:lg£L F(I’) — W;
I(CL) — U)ZE c
N W;V; -

st &, npunajeskanux uarepsady |a, b, I(x) oupenensercs pasencrsom (8.3.4). Hepasencrso

lp—F
Uy

< e <0,

cripaBe/nBoe BesresicTre (8.3.3), 3amaer rpanunst st €. Juddepennupyst obe qacru (8.3.5)

pu x € (Ip,a)|J(b, rr), momydaem, aro

R, () - F(x) - (1= F(x))- (F(r) —w;)
(F(z) —wi)? - (Rin(2) — 2) + v - wi - (Rin(2) — E)

Fl(z) =9(z, F) = (8.3.6)
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B Tom cayuae, Korja T IpUHAIEKAT UHTEpBaty (a,b), CIpaBeyIuBO PABEHCTBO:
F'(z) =0. (8.3.7)

Huddepennnaibuoe ypaBuenue, 3aaBaemoe (8.3.6) u (8.3.7), apisercss AGeIeBbIM U PellleHie
B KBAJApPaTypax MOKET OBITh HAllIeHO TOJIBKO B HEKOTOPBIX YACTHBIX CJaydYagx. B cooTBeTcTBUN
¢ Teopemoii Korru, cymecrBoBanue peiieHusi U ero eJIMHCTBEHHOCTh I'apaHTUPYETCs Be3Jie Ha
(lp,a)|J(b,TF) Tak, kak ¥(x, F) u % — menpepbiBable Ha (I, a) | J(b, rF) dbysknuu. Ha un-
TepBasie [a,b] Mbl umeem ere ogHO ocoboe pemenue F(z) = w; (Ip < x < rp). Boibupas u3
00LIero penreHud 4acTHOE pelieHue, sp/diomeecd QyHKIUeH paciupeiejeHns, Mbl eJInHCTBEeH-
HBIM 06pa3oMm onpenensiem F' aepes dyuknuio R;,, (wau T;,,). Ilockonsky R, , — nHeyObIBatomsist
Ha [lp, rr| dynknus, o T;, — crporo Bospacraiomasi. Torga

M;n(z) = Tin()

)

st Beex & € [lp, rp]. OTRyna caeayer, aro M, , () TakKe e TMHCTBEHHBIM 00PA30M OIPEIeIsIeT

F. TlomoGHBIe paccyzKaeHHUs 3aBepIIalT JT0Ka3aTeIbCTBO JeMMbl 8.3.1. [

Sameuanue 8.3.1. Vpasnenue (8.1.6) pacemampusanrocsy namu kax duddepenyuarvroe ypas-
nenue. Paxmuuecku, yeaosus (8.1.7) u (8.1.8) meopemv, 8.1.5 onpedeastom woapduyuenm E
amoz0 ypasnenus. Xoma Mo donosnumenvro npednoaazanu, wmo F abcorommo nenpepviera
dynryus, nu 00no us yeaosud (8.1.7) uau (8.1.8) ne mozao 6vmo onyueno. Konewno, darnwvie

YCnoeus MOHCHO O6vLA0 OBl 3aMEHAMD HA KaKUe-AUOO pacrHoueHHbLE.

Otreerum Ha Bonpoc, moausaTsiii B [140]. OcHoBbiBasch Ha 3aMedanun 8.2.1, MOKHO yTBEPXK/IATh,

uro yeaosus (8.1.7) u (8.1.8) B Teopeme 8.1.5 He MOTYT OBITH OCJIAGTEHBI HIH OMYIIEHBI.

Sameuanue 8.3.2. [ockorvry T, (x) 6 semme 8.3.1 abcorrommro nenpepuiénan GyHkyua, mo

u aeyrwbz M, ,(x) makorce abcorromno nenpepuieha.

B ciienyroteit TeopemMe, uctosib3ys jsiemmy 8.3.1, moJiyduM XapakKTepu3anuio PpaBHOMEPHOI'O

pacipeeeHus.
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Teopema 8.3.1. Ilycmv coommnowerue

B{X\ | Xip =2} = M(i) -+ pu(i) (n>2). (8.3.8)

BHINOAHAECMCA 0N HeKomopur eewecmeeniois A, (1) > 0 u p,(i) no xpatned mepe npu deyx
pasavunor snavenud @ (1 < i < n). Tozda abcorromno nenpepwuienoe pacnpedeaenue F aeit-

EMCA PABHOMEDHBIM.

Hoka3zarenbctBo Teopemsl 8.3.1. Ilycrs M, ,(z) = A\, (i) - & + pn(i), Tae Ay (i) > 0 u p,(i)
— HEKOTOpbIe BerecTBeHHble aucaa. Ormernm, uro npu A, (i) > 0 dynxnus M;,(z) asagerca
Bo3pacTtawrteii. B reopeme 8.3.1 npenosaraercs, 9To paBeHCTBO (8.3.8) crpaBeyinBo st IBYyX

sHavenuit i, rae n > 2,1 < ¢ < n. U3 gemmsr 8.3.1 caeyer, uro juist Beex x € (lp,rp)

CIIPAaBE/IJINBO: I ) - 1)
U@ T T R () el)

I(az) o E [(x): o

Wi F(z) + ;- ~F(x) Rjn(z)

(1 <i<j<n). Oynkmun R, ,(x) n R;,(r) — muneitusle, aucia w;, w;, v;, Uj — GUKCHPOBAHEL.
CoorsercrBenno, Beipaxenus [ (z)/F(x) u (E—I(x))/(1 — F(z)) takxke quneiinsl. Vcenoab3yst
ApryMeHTAII0, KOTopas yi:Ke npuBoamiachk s (8.1.2) u (8.1.4), 3akmouaeM, 4T0 pactpe/ie-
Jgenne F' apigercs pacnpeeseHueM, TPUHAIICKAIIAM IBYM Pa3HbIM KJIacCaM paclipeieeHuii
omuospemenno: Fy m Fy. Hanarag mocurenum STHX pacupeleseHuil Apyr Ha Apyra, IOJIydaeM,

gyro 0 <z < 1wu 6 =90 =1 pna pacupenenenus F.[]
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§ 8.4 Xapaktepusauyusi, nCcnosib3yloLlasi BTOPYHO PEeKOpPAHYIO

BEJIMHNHY N MAKCMMYM BbI60pKI/I.

B stom naparpade Gyiem npejnosiaraTthb, uro F — HemnpepbiBHOe pacipeesenue. Onpe-
JequM caydaiinyio Benmauny S, = X(2) — M, (n > 1). HezaBucumoctsb Besmaun So u Mo
HCIIOIB30BaIach B TeopeMe 8.1.6 11a XxapaKTepu3aIuy paclpe/IeeHnii SKCIOHeHIINAILHOTO TH-
na. PaccMoTpum, K demy HpUBEIYT MOJA00HBIE PACCYKJIEHUs HPU JPYrUX 3HadeHusx n. Ham

HOH&,ZLO6I/ITCH BCIIOMOI'aTeJIbHad JeMMa.

Jlemma 8.4.1. Jlaa mobvx x,y, npunadiesncauur S, cnpasediuso pageHcmaso:

0, n=12 y<z (a),

I
PIX@) <y|My=a}=q It ok (F8), n>3, y<ao (),
%—i—%%, n>1, y>z (aaa).

HokazareabcTtBo jgemmbl 8.4.1. Ilpeamonoxkum, uTo pacnpenenenue F abCOJIOTHO Hempe-

PBIBHO.

(a) Pesynbrar oueBuzen. B camom jese, cobbITHe
{X(2) <y, 2 <M, <z+dzr}
He MOXKeT mpou3oiitu mpu n = 1,2 u m0bbIX z,y, Takux 9ro y < x. ClaegoBaTeabHo,

P{X2)<y|M,=2}=0 (n=12, y<zeg).

(aa) Ilycre cobbrtust Uy (y), V (i), Uiz, y), V (ie, t, x), U(t, x), V(t,x) onpenenstorcs ciemy-

IONIMMHA paBE€HCTBaMM:

i9—1

Ui(y) = {X1 <y}, V(iz) = ﬂ {Xi < Xq},

t—1
U(i27y) = {Xl < Xiz S y}a V(iz,t,l‘) = ﬂ {XZ < x}a

i=i2+1
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n

U(t,z) ={X; € (z,x + dz|}, Vt,z) = ﬂ {X; <z +dx}.
i=t+1

Hnsa y < x, rakux uro f(x) > 0 cupasemso:

P{X(2) <y,x <M, <zx+dz}=

n t—1

=3 > P{UIy)V (i2)U (ia, y)V (in, t, 2)U (t, )V (, 2)} + o(dx). (8.4.1)

=3 ip=2
[Mosicaum mpoucxoxkaerue dbopmynbr (8.4.1). O4eBUAHO, YTO TOJBKO CPEJU TeX CJydYailHbIX
penmund X; (1 < i < n), KoTopble monagaoT B uHTEpBaJa (T, + dr|, MOXKET BCTPETHTH-
csd MakcuMyM BboiGOpku X, ..., X,. MomenT Bpemenu, Korja mnepBblii Takoit X; 3aperucrpu-
poBat, obo3HaunMm uepe3 t (3 < ¢t < m). MoMEHT TOSIBJIEHUsT BTOPOTO PEKOPHOTO BpPEMEeHU
obozHauuM 4epes ip (2 < iy < t). TIocKOJNIBbKY BTOpasi PEKOp/HAS BEJUUNHA HE MPEBOCXOIUT
M, ona monxua Obuia nogsutbest 10 Xy Cobbrrus U (y) m Ui, y) onuchiBaior nosiBieHue
HepBOil U BTOPOH PEKOP/HON Besimaunbl, coorBercTBenHo. Cobbitue U(t, r) cocTouT B MOsIBIIE-
HEe TepBOr0 HabJIIO/IeHHsI, KOTOpoe ObLIO 3aperucrpupoBano B unrepsase (z,x + dz|. Cobbi-
tie V(i) COCTOUT M3 UCHBITAHUN, KOTOPBIE JAJIM BEJUIHHBI, He MPEBOCXOJAIINE TMEPBYIO pe-
KOD/IHYIO BesinunHy (MHOZXKECTBO TaKMX MCHbITaHuil MOXKeT ObiTh 1rycThim). Cobbrrue V (ig, t, )
dopMuUpYIOT BeTUIUHBL Xy 41, Xiyt+2, - - -5 X¢—1, CPEIA KOTOPBIX HEKOTOPBbIE BETUIUHBI MOTYT
OBITH PEKODJIHBIME (X MHOYKECTBO TakKzkKe MOKeT ObTh mycTbiM). Cobwitie V (¢, x) cocront
u3 ucnplranuit X1, Xeyo, ..., X, (MHOKeCTBO MOXKeT ObITE mycThiM). [IponsBesenne cobbITuit
Ui(y)V (i2)U (19, y)V (io, t, z)U(t, z)V (t, x) o3HaUaeT, 9TO CyNECTBYIOT 0 KpaiiHeii Mepe jBe pe-
KODJIHBIE BeJINUUHbBI, IPUHAJIIeKAIIIe HHTepBaIy (—o0, Y|, IpuueM MaKCUMYyM BbIOODKH HAaXO-
qurcs B untepsane (z, r + dz|. U3 (8.4.1) ciemyer, 94ro ajis Tex , It KOTOPHIX BBIMOTHIETCS

nepasencrso f(x) > 0, cupasenBo:

P{X(2) <y, <M, <z+dz}

n t—1

=SS ([ ) - PP e + o) P o ) )

t=3 ip=2 o

= (f(2) +o(1))F" !z + dz)dx i Z (i —11)2'2 (F(ff)dx)) |

i9=2t=i2+1

— (@) + o) P (a4 de)da S 2 (F(F(y) ))

io=2
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U3 mocsenneit hbopmyJibl HAXOUM ILIOTHOCTB-pactpeenenue G(y, x) Bekropa (X (2), M,)

G0 =) 3 75 (58

riey < x € . Yuureisag, 9ro mioTHocTh M, 3a1aeTca BuipazxkenneM nF" 1 (x) f(z), nomyuaem
(aa).

(aaa): Ins m06bix @ < y € & cupaBeuBo:

P{X(k)<y| M, =z}

S, P{N(n) =i, u(z,y) > k—i}, (n<k) (6),
P{N(n) >k} + 317 P{N(n) =i, p(x,y) > k—i}, (n>k) (66).

Baech, kKak u npexje, N(n) — 4ucao pekopaHblx Besndul cpeau Xi, Xo, ..., X,, a pu(z,y) —
TUCJI0 PEKOPJIOB, MONAIA0MuX B uHTepBas (z,y). Hamomuum (cM. riaBy 3), 4To pacupejeieHne

N(n) 3amaerca pasencrsom P{N(n) =i} = ‘T’ rae St — unciaa Crupiaunra 1epBoro poja.

JokazarenbcTBo eMMbl 8.4.1 (aaa) HEOOXOIUMO TPOBOJUTD JJisl IBYX CJIyvaeB. B mepBoM
caydae (aaa 1), mokazaresbcTBO MpoBedeM st n > k = 2. Bo Bropowm (aaa 2), qis k = 2,n =

1,2.

Coayuaii (aaa 1). 3aech cupasemBo:
PX(2) <y | M, = 2} = P{N(n) > 2} + P{N(n) = 1, u(,) > 1}

=1—P{N(n) =1} + P{N(n) = 1} P{u(xz,y) > 1} (n>3). (8.4.2)

[Tocnennee mpou3BeeHne IOABILAETCS B CIIY TOTO, UYTO BeJUINHBI N U (1 He3aBUCHMBL. B ca-
moMm zesie, N (n) ecTh 9ucsio peKopaubix Bemaun cpegn X, Xo, . .., X, T.€. 9UCJI0 PEKOPIHBIX
BEJINYNH, 3aDErUCTPHPOBAHHBIX B HHTepBase (—oo, z|. Oxuako, temmva [loppoka (nemma 3.2.3)
yTBepKaaeT, u4to fi(—00, x| u p(z,y| ABIAAOTCA HE3ABUCUMBIME CJIyYaHBIMU BeJTUIHHAME. 13

(8.4.2) maxoxum, 91O

PIX@2) <y | My =g} =1 1/n+ = P1EY) =0}

n
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Cnyuait (aaa 2). 3aech Mbl OyieM HCIONB30BaTh paBeHCTBO (6). 13 KOTOPOro HaXoAuM, 9TO
P{X(2)<y|M,=x}

P{u(z,y) = 1}, n=1k=2y2>uz,
P{N(2)=1,pu(z,y) > 1} + P{N(2) =2, u(z,y) >0}, n=k=2,y>z

Orkyma

(F(y) = F(x))/(1 = F(x)), n=1Lk=2y2u,

(F(y) = F(2))/ 20— F(2)) +1/2, n=k=2,y>z.

P{X2) <y|M,=z}=

B zaBepmienune jgokasaresbcTBa OTMETHM, UTO JieMMa CIIpaBejiuBa W B ciaydae, korga F —

HelpepbiBHOE pacupeaeserue. [

Jlemva 8.4.1 ncnosrb3yeTcs I T0Ka3aTeIbCTBA CAEAYIONel TeOpeMbl.

Teopema 8.4.1. (1) Cayuatinve seaununo, S, = min{0,S,} u M, nesasucumvr s nekomo-
poz2o n > 3 mozada u Mmoavko mozda, koz2da ucrodnoe HenpepuieHoe pacnpedeserue ' coenadaem

(¢ mounocmuio do napamempos cdsuza u macwmaba) ¢ Fy.

(2) Cayuatinve seavuunve S = max{0,S,} u M, nesasucumv, drs nexomopozo n > 1
mozda u moavko moezda, kozda ucrodnoe nenpepvehoe F cosnadaem (¢ mownocmuio do napa-

mempos cdsuza u macwmaba) ¢ Fs.

3) Beauwunwv S, u M, wnezasucumo, das nekomopozo n = 1,2, ... mozda u moavko mozda,
Kkoeda ucxodnoe nenpepuenoe I cosnadaem (¢ mounocmuvio 0o napamempos coeuza u Macuwma-

6a) ¢ F5s un=1 aubon = 2.

HoxkazarenbcTBo Teopemsbr 8.4.1. (1) loctaro9HOCTH MOXKHO IPOBEPUTH HEMTOCPEICTBEHHO.
[TosToMy mokazkeM TOJIBKO HEOOXOAUMOCTE. OUeBHIHO, YTO HOCHTEIEM PaCIpe/ e TeHIs BeTnIn-
ubl S, aBisierca uaTepBas (—oo;0]. YeaoBHoe pacnpenesienue S, moaydaem u3 jeMmbl 8.4.1.

Nmeem:

!
1 n—1 n—| F(z+y)
o 2l (l—1)l< F(;v)y> ;Y <0, (k)

1, y>0, (kk)

P{S,Z <y|M,=z}=
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rae n > 3, x € . Jlamnoe yeiosmoe pacupeserenue mveer atom 1/(n — 1) +1/n > 21/l B

rouke 0. Hezasucumocts S, u M,, npeanonaraer, uro (k) He 3aBucut or z, T.e.

ch (y+2)/F(x) ' =H@y) y<0,zeS, (8.4.3)

e ¢ = l(l 1) > 0 u H(y) — mexoropas uenpepoiBaas pynknusa. Pakruduecku H ecTh Hempe-
PBIBHAs YaCTh YCJIOBHOIO pacipejeenns Beandunnl S, . Jloonpegennm ee B HyJIe CJIe/IyIONIM
obpason: H(0) =377 ¢; = ¢ (0 < ¢ < 1). Temepn, H(x) — menpepsipuas ma (—o0; 0] dbymxmms

co caeayomumu csoiicrsamu: H(0) = ¢ > 0,
H(—o00) = 0. (8.4.4)
CuegoBaresibHo, cyniecrByer xo < 0 Takoii, 4To
H(z) >0 (8.4.5)
st Beex © (zg < x < 0). Cueyionee BCHOMOIaTeIbHOE yTBEPZK/IeHue OyIeT MOJIe3HBbIM JIJIs

JoKazarensersa Teopemst 8.4.1 (1).

YrBepxkaenue 8.4.1. [lycmv nexomopoe nenpepuehoe pacnpedesenue F' ydosaemesopaem

(8.4.83) das a06020 y < 0 u kascdozo v € S = [lp,rp]. Tozda lp = —00 u rp < +00.

dokazarenbcTtBo yrBepkaeHuda 8.4.1. Jlokaxkem BHaudajie Bropoe yrBepzjenue. [loka-
xKem, uTo g < +00. [lycTh BepHo obparHoe, To ecth F(z) < 1 mas joboro z. CooTHOmeHNe

(8.4.3) mozxker GbITh 3amucano s r = —2y > 0 (v € ¥) B BUIE

ic; (F(=y)/F(=2y))' = H(y).

Otkyna nosydaeM, 9TO

lim H(y)=c>0.

y——00
Onnako, sto nporuBopeunt (8.4.4). CienoBaTesbHO, HALIE MPEIIOJOKeHHe 0 TOM, 4To F'(z) < 1

(nist mr0Goro x) GbLIO HeBepHBIM. IIpeanosaras, 4To rp < +00, MOXKHO TOJOKUTE 7'p = 0.



I'maBa 8. XapakTepusainoHHbIe T€OPEMbI 240

3ameuanue 8.4.1. Kowneuwno owce, ecau rp < +00 u 3navenue v = —2y > 0 swbupaemcs s
(8.4.8) docmamouno boavuwium, mo. makace nosyuaem (8.4.5). Ho mozda neavsa npumensmo

(8.4.3), nockoavky T ne npunadaescum .

Jlokazem Tenepb, ato [ = —o0o. [Ipeamnonoxkum, aro Bepao odparuoe. To ecThb, cyliecTByer
lp (—o00 < lp < 0), takoe uro F(z) = 0 pas moboro z < lp u F(z) > 0 (Ir < x < 0). [onoxus

y=Ilg/m, x=1p —lp/m (m > 2), noxyuaem, 41o
Fly+x)/F(z) = F(lp)/F(lp — lp/m) = 0.

13 (8.4.3) Boitekaer, uro H(lp/m) = 0 mnua modoro m > 2. To ects, H(y) = 0 ps o6oro

y < 0. 9ro nporusopeunt (8.4.5). Orkyna caenyer, uro lp = —oo. ]

Bepuemcs Tenepsb K jiokazareibeTBy TeopeMbl 8.4.1 (1). IMonaras x = 0, x = y Jyisl ypaBHeHUsI

(8.4.3), maxomum, 4TO
n—1

aF'(y) = H(y),

[y

n—

a(F(2y)/F(y)) = H(y).

||
N

Boruuras u3 0HOIO paBeHCTBA JIPyroe, MoJIydaeM, 9To

S, P ) — Fl(2y)
=)

=0 (n>3). (8.4.6)

Bee ¢; B (8.4.6) nosnoxkurenbusie. CienoBaresbro, st awo6oro y < 0 crnpaBeinBo:
F*(y) = F(2y).
O6001mas mocjeHee paBeHCTBO, MOJLYyYaeM PaBEHCTBO
FF(y)=F(ky) (y<0, k>2). (8.4.7)

EnnucTBeHHBIM BO3MOXKHBIM pererneM (8.4.7) B Kjacce HempepbiBHBIX (DYHKIHI, HMEOIHX
HocuTes b (—o00; 0], MozKeT ObITh TOIBKO Fh. [loceHee 3aMedanue 3aBepiiaer J0Ka3aTeIbCTBO

teopembl 8.4.1 (1). O
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HokazarenbcTBo Teopemsbl 8.4.1. (2) docrarounocts Teopembr 8.4.1 (2) MozkeT GbITH MPO-

BepeHa HemocpeCTBEHHO.

Heobxomumoctb. O4UeBHIHO, UTO HOCUTETb PACIpPEJETCHNd Caydaiinoii Bemauubl S, COB-
nagaer ¢ uarepsaaoM [0;+00). Yemosaoe pacnpenenenue S, MoxKeT ObITH HANJIEHO W3 JIeM-

Mbl 8.4.1. OHO uMeeT B

P{S:§y|Mn:x}:
0 , (y<0)
(n=1)/n+ (F(y +2z) - F(z))/(n(1 - F(2))) , (y=0)

rae © € §, n > 1. Hesasucumocts Benmunn S;” u M, npeanonaraer, 9to

F(zx+y)— F(x)

(=Dt = )

— G(y), (8.4.8)

rie G — HekoTopas HempepbiBHas Ha [0, +00) dbynkmus. Ncnoassys 3ameny Gi(y) = n(G(y) —

(n — 1)/n), moxkno 3anucarsb ypasuenue (8.4.8) B Buje

1—F(z+vy)

= o) =Gi(y) (y>0,xeJ,n>1). (8.4.9)

[Tocneanee ypaBuenue sipjisiercs (pyHKIMOHAJIbHbIM ypaBHeHueM Komu. EjquncrBenubiv perie-
HUEeM, B KJacce HeNpephiBHBIX (GYHKIHMIT (¢ TOYHOCTHIO 0 mapameTpa CABuTa W maciraba),
gaBJisieTcsd pacnpeaenenne 5. Mbl omyckaem 37ech CTaHTaPTHBIE METOBI, TIO3BOSIONINE TTPOBe-
puTh 10T haKT. DTH METOBI, MOXKHO HaiiTw, HanpumMep, B Kuure |7|. OJuH U3 HUX UCIOJIB3YeT

TOT 7Ke MPHWHINI, KOTOPBIA y7Ke MPUMEHsIJICS TPH JToKa3aTesbeTBe Teopembr 8.4.1 (1).

B cayuae, eciu 661 MbI IPOBOJMIIN JI0OKA3aTEIbCTBO TeopeMbl 8.4.1 (2) HOJIHOCTHIO, MbI BbI-

HYZKJIEHBI ObLIN OBl JOKa3aTh CJeIYIONIee YTBEPIKIEHUE.

YrBepxkaenue 8.4.2. [lycmv nexomopoe pacnpedeaenue F dasn aobvix y > 0, x € S ydosae-
meopaem ypasnenuto (8.4.9). Tozda das e2o0 nocumensn S = [lp,rp| cnpasedauso caedyrousee:

lp > —00, rp = 400.

Ormerum, 910 37€Ch [p TakzkKe MOKeT ObITh BbIOpaH paBHbIM (. DTUM 3aMedYaHUEM Mbl

3aBepIIaeM JI0Ka3aTeIbCcTBO Teopemsl 8.4.1 (2). O
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HokazarenbcTBo Teopembl 8.4.1. (3) JI0cTATOYHOCTD JIEIKO MPOBEPSETCS [T PACIIPE IeIe-
uust F5 (n = 1,2). Heobxoaumocts npu n = 1,2 BuiTekaeT u3 Teopemst 8.4.1 (2). B camom jee,

upu n = 1,2 umeem: S;F = S, n.n.

HeobGxopaumoctsb. (n > 3) Mbl J0MKHBI OKA3aTh, 9TO MPU JHOOOM 1 > 3 HE CYIIECTBYET
pacupe/eenns 00eCnedInBaIONero He3aBucuMocTs S, u M, . Hactu (aa) u (aaa) semmsbr 8.4.1

MOTYT OBITH 3alMCAHBI IPU N > 2 B CJIEAYIONIEM BHJIE:

s e (Fly+x)/F(x)), y <0 (ad),
(n=1)/n+ (F(z +y) = F(x))/(n(1 = F(x))), y=0 (aad’).

P{S, <y| M, =xz}=

Hesasucumocts S, u M, (n > 2) nogpasymesaet, uro obe uactu (aa’), (aaa’) He 3aBucsT OT .
DT0, B CBOIO O4Y€pe/ib, IpeJIInoiaraer, 9ro yreepzxaenns 8.4.1 u 8.4.2 cupasejjiuBbl OJIHOBpE-
MEHHO JIjIsT HEKOTOPOTr0 HENMpephIBHOTO pactupenenenns F. OgHako, Takoe HEBO3MOYKHO, B CBSA3M
¢ TeM, 9TO HUKAKOU HOCUTEJTb He MOXKET Y/IOBJIeTBOPATH YCJIOBUAM yTBepxKaeHnmit 8.4.1, 8.4.2

OJIHOBPEMEHHO. DTUM 3aMEYaHUeM Mbl 3aBepIIaeM JI0Ka3areibeTBo Teopembl 8.4.1 (3). O

Sameuanue 8.4.2. Ommemum, umo ycaosroe pacnpedeaenue P{X(2) <y | M, = x} umeem

amom %Z;:ll 1/i (n > 2) 6 mouke x.

Bameuanue 8.4.3. Yeaosnoe pacnpedesenue X (k), npu dannom M,, moorcem Guimov makoice
Hatideno u daA npouseosonuix k u n. B obwem caywae coomeememeyrowan popmyaa bydem,
umemsb kpatine 2pomo3okutl 6ud u, CKopee 6ce20, HE MONCEM ObiMD UCTLOAL306AHA ONA TAPAK-

mepu3ayud.



JintepaTtypa

10.

11.

. Beppen A., Heszopos B.B. (2004). Beibopku 6e3 BO3BpAIleHNsT: INCKPETHBIE AHAJIOTH HEKO-

TOPBIX HEIPEPLIBHBIX pacupeienenunii, 3an. nayun. cem. ITOMHU, 311, 40-50.

. bopoBkoB A.A. Mamemamuueckas cmamucmuka. — M. Hayka, 1984.

Famamborr f1. Acumnmomuueckas meopus IKCMPEMALLHOIL NOPAJKOSHLT CMAMUCTIUK. —

M. Hayxka, 1984.

. Hemakun E.B. Maproscrxue npoueccor. — M. @uzmarruz, 1963.

Eropos B.A., Heszopos B.B. (1981). O ckopocTu ¢XOAUMOCTH K HOPMAJIBLHOMY 3aKOHY CYMM

UH/IYIIHPOBAHHBIX MOPAJKOBBIX CTATUCTHUK, 3an. HayywH. cem. [IOMU, 108, 45—56.

Uoparnvos N.A., Jlunuuk FO.B. Hezasucumuvie U cmayuoHapHo c6A3GHHBIE BCAUMUHDL. —

M. Hayxka, 1965.

Karan A.M., Jlurauk FO.B., Pao C.P. Xapaxmepusavyuornnve zadavwu mamemamuveckoti

cmamucmuru. — M. Hayka, 1972.
Kengamr M., Creioapt A. Cmamucmuueckue 6v6odv, u ceasu. — M. Hayka, 1973.

Maprukaiinen A.J1., ITerpos B. B. (1990). O semmve Bopens—Kanremn, 3an. nayun. cem.

ITOMH, 184, 200-207.

Heszopos B.B. (1985). O pekopHbIX MOMEHTaX M MeXKPEKODJHBIX BPeMeHaX JJisi [MOC/Ie-
JIOBATETLHOCTEl HEOJMHAKOBO PACIpEIeTeHHBIX CIYYAHBIX BETUYUH, 3an. HAY4H. CEM.

ITOMH, 142, 109-118.

Heszopos B.B. (1986). O k-bIX pEKOPIHBIX MOMEHTAX U UX OOOOIIEHUSX, 3an. HaAY4H. CeM.

IIOMH, 153, 115-121.

243



JInTeparypa 244

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

Hessopos B.B. (1987a). Pexopap, Teopusa seposmn. u ee npumen., 32 (2), 219-251.

Heszopos B.B. (19876). MoMeHTHI HEKOTOPBIX BEJTHUYNH, CBS3AHHBIX € DeKOpAaMu, Becmnuxk

Ccliel'y, 8, 33-37.

Heszopos B.B. (1997). O6 oarOM HpeebHOM COOTHONTEHUN MEYKIY MOPSIKOBBIMH CTaTH-

CTHKAMHU U pekopjaamu, 3an. nayun. cem. IIOMU, 244, 218-226.
Hesszopos B.B. Pexopdo.. Mamemamuueckas meopus. — M. PAZNC, 2000.

[Terpos B.B. (1968). Acmmnrornveckoe MmoBejeHne BePOSTHOCTEH OOJIBIINX YKJIOHEHHI,

Teopus eepoammu. u ee npumen., 13 (3), 432-444.
[Terpos B.B. Cymmovl nezasucumus cayuatinme seauvun. — M. Hayka, 1972.

Cenera E. Ipasuavro menmoujuecs dynryuu. — M. Hayka (nmepeBoj ¢ aHDIHHACKOrO 1O/

pea. Bomorapesa B.M.), 1985.
Qennep B. Bsedenue 6 meopuro seposmmuocmet u ee npunrostcenus. — M. Hayka, 1967.

Ahmad, I.A. and Kochar, S.C. (1988). Testing for dispersive ordering, Statist. Probab. Lett.,
7, 179-185.

Ahmadi, J. and Arghami, N.R. (2001). On the Fisher information in record values, Metrika,
53, 195-206.

Ahsanullah, M. (1979). Characterization of the exponential distribution by record values,
Sankhya, Ser. B, 41, 116-121.

Ahsanullah, M. (1981). On a characterization of the exponential distribution by weak
homoscedasticity of record values, Biometrical J., 23, T15-7T17.

Ahsanullah, M. (1995). Record Statistics, Nova Science Publishers, Commack, NY.

Ahsanullah, M. and Holland, B. (1984). Record values and the geometric distribution,
Statist. Hefte, 25, 319-327.

Ahsanullah, M. and Nevzorov, V.B. (2001). Ordered random wvariables, Nova Science
Publisher, NY.



Jlureparypa 245

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

Aliev, F.A. (1998). Characterizations of distributions through weak records, J. Appl. Statist.
Sci., 8, 13-16.

Aliev, F.A. (1999). New characterization of discrete distributions through weak records,

Teopusa sepoammn. u ee npumen., 44, 756-761.

Akbaria, M. and Fashandia, M. (2014). On characterization results based on the number
of observations near the k-records, Statistics, 48 (3), 633-640.

Arnold, B.C., Balakrishnan, N. and Nagaraja, H.N. (1992). A first course in order statistics,
John Wiley & Sons, NY.

Arnold, B.C., Balakrishnan, N. and Nagaraja, H.N. (1998). Records, John Wiley & Sons,
NY.

Arnold, B.C. and Villasenor, J.A. (1998). The asymptotic distributions of sums of records,
Extremes, 1 (3), 351-363.

Bairamov, I.G. (1997). Some distribution free properties of statistics based on record values
and characterizations of the distribution through a record, J. Appl. Statist. Sci., 5 (3), 17—
25.

Bairamov, I.G. (2000). On the characteristic properties of exponential distribution, Ann.

Inst. Statist. Math., 52 (3), 448-458.

Bairamov, I.G. and Eryilmaz, S.N. (2000). Distributional properties of statistics based on

minimal spacing and record exeedance statistics, J. Statist. Plann. Inference, 90, 21-33.

Bairamov, I.G. and Apaydin, A. (2000). Characterizations of continuous distributions by
property of conditional expectation, S. Afr. Statist. J., 34, 39-50.

Bairamov, [.G. and Eryilmaz, S.N. (2005). Spacings, exceedances and concomitants in

progressive type II censoring scheme, J. Statist. Plann. Inference, 136 (3), 527-536.

Bairamov, I.G., Gebizlioglu, O.L. and Kaya, M.F. (2001). Asymptotic distributions of the
statistics based on order statistics, record values and invariant confidence intervals. In book:

Asymptotic methods in Probability and Statistics with Applications, Ed. by Balakrishnan,
N., Ibragimov, I.A. and Nevzorov, V.B., Birkhauser, Boston, NY, 309-320.



Jlureparypa 246

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

20.

Balakrishnan, N. and Akhundov, LS. (2003). A characterization by linearity of the
regression function based on order statistics, Statist. Probab. Lett., 63, 435—440.

Balakrishnan, N. and Balasubramanian, K. (1995). A characterization of geometric

distribution based on record values, J. Appl. Statist. Sci., 2, 233—-248.

Balakrishnan, N. and Koutras, M.V. (2002). Runs and scans with applications, Wiley Series
in Probability and Statistics.

Balakrishnan, N. and Nevzorov, V.B. (1997). Stirling numbers and records. In book:
Advances in Combinatorial Methods and Applications to Probability and Statistics, Ed.
by N.Balakrishnan, Boston, MMA: Birkhauser, 189-200.

Balakrishnan, N. and Ng, H.K.T. (2006). Precedence-Type Tests and Applications, Wiley,
Hoboken, NJ.

Barndorff-Nielsen, O. (1961). On the rate of growth of the partial maxima of a sequence of
independent identically distributed random variables, Math. Scand., 9, 383-394.

Baryshnikov, Y., Eisenberg, B. and Stengle, G. (1995). A necessary and sufficient condition
for the existence of the limiting probability of a tie for first place, Statist. Probab. Lett., 23,
203-209.

Beirlant, J., Goegebeur, Y,. Teugels, J. and Segers, J. (2004). Statistics of extremes. Theory
and applications, Chichester, Wiley.

Berred, A. (1992). On record values and the exponent of a distribution with a regularly
varying upper tail, J. Appl. Prob., 29, 575-586.

Berred, A. (1998a). Prediction of record values, Comm. Statist. Theory Methods, 27 (9),
2221-2240.

Berred, A. (1998b). An estimator of the exponent of regular variation based on k-record

values, Statistics, 32, 93-109.

Bhattacharya, B.B. (1974). Convergence of sample paths of normalized sums of induced
order statistics, Ann. Statist. , 2, 1034—10309.



Jlureparypa 247

ol.

92.

23.

o4.

95.

26.

a7.

28.

29.

60.

61.

62.

63.

64.

Bhattacharya, B.B. (1984). Induced order statistics: theory and applications, In Handbook
of Statistics 4, Ed. Krishnaiah, P. R. andSen, P. K., North Holland, Amsterdam, 383-403.

Bingham, N.H., Goldie, C. and Teugels, J.F. (1997). Regular variation, Encyclopaedia Math.
Appl. 27, Cambridge University Press.

Borel, E. (1909). Les probabilites denombrables et leurs applications arithmetiques, Rend.
Circ. Mat. Palermo, 27, 247-271.

Borel, E. (1912). Sur un probleme de probabilites relatif aux fisctious continues, Math.
Ann., T7, 578 587.

Brands, J.J.A.M., Steutel, F.W. and Wilms, R.J.G. (1994). On the number of maxima in
a discrete sample, Statist. Probab. Lett., 20, 209-217.

Breiman, L. (1968). Probability, Addison-Wesley. Reading Mass.

Bremaud, P. (1999). Markov Chains. Gibbs Fields, Monte Carlo Simulation, and Queus,
Springer-Verlag, New York.

Bulinski, A. and Shashkin, A. (2007). Limit Theorems for Associated Random Fields and
Related Systems, World Scientific Publishing Co. Pte. Ltd.

Cantelli, F.P. (1917). Sulla probalitita come limite della frequenza, Atti Accad. Naz. Lincei,
26, 39-45.

Castano-Martinez, A., Lopez-Blazquez, F. and Salamanca-Mino B. (2013). An additive

property of weak records from geometric distributions, Metrika, 76, 449-458.

Chandler, K.N. (1952). The distribution and frequency of record values, J. Royal Statist.
Soc., Ser. B, 14, 220-228.

Chandra, T.K. (2012). The Borel-Cantelli Lemma, Springer Briefs in Statistics.

Chakraborti, S. and van der Laan, P. (1996). Precedence tests and confidence bounds for

complete data: an overview and some results, Statistician, 45, 351-369.

Chakraborti, S. and van der Laan, P. (1997). An overview of precedence-type tests for
censored data, Biometrical J., 39, 99-116.



Jlureparypa 248

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

5.

76.

Chernof, H and Teicher, H (1958). A central limit theorem for sums of interchangeable
random variables, Ann. Math. Statist., 29 (1), 118-130.

Chu, S.J., Huang, W.J. and Chen, H. (1999). A study of asymptotic distributions of

concomitants of certain order statistics, Statist. Sinica, 9, 811-830.

Chung, K.L. and Erdés, P. (1952). On the application of the Borel-Cantelli lemma. Trans.
Amer. Math. Soc., 72, 179-186.

Danielak, K. and Dembinska, A. (2007a). Some characterizations of discrete distributions

based on weak records, Statist, Pap., 48, 479-489.

Danielak, K. and Dembinska, A. (2007b). On characterizing discrete distributions via

conditional expectations of weak record values, Metrika, 66, 129-138.

David, H.A. (1973). Concomitants of order statistics, Bull. Internat. Statist. Inst., 45 (1),
295-300.

David, H.A. (1994). Concomitants of Extreme Order Statistics, In Extreme Value
Theory and Applications, Proceedings of the Conference on Extreme Value Theory and
Applications, 1, Ed. Galambos, J., Lechner, J., and Simiu, E., Kluwer Academic Publishers,
Boston 211-224.

David, H.A. and Galambos, J. (1974). The asymptotic theory of concomitants of order
statistics, J. Appl. Probab., 11, 762-770.

David, H.A. and Nagaraja, H.N. (2003). Order Statistics, Third edition, John Wiley &
Sons, NY.

Dembinska, A. (2001). Linearity of regression for adjacent order statistics — discrete case,

Demonstratio Math., XXXIV (3) 711-721.

Dembinska, A. (2007). Review on Characterizations of Discrete Distributions Based on

Records and k-th Records, Comm. Statist. Theory Methods, 37 (7), 1381-1387.

Dembinska, A. and Wesolowski, J. (1998). Linearity of regression for non-adjacent order

statistics, Metrika, 48, 215-222.



Jlureparypa 249

e

78.

79.

80.

81.

82.

83.

84.

85.

86.

87.

88.

89.

Dembinska, A. and Wesolowski, J. (2000). Linearity of regression for non-adjacent record

values, J. Statist. Plann. Inference, 90, 195-205.

Dembinska, A. and Wesolowski, J. (2003). Constancy of regression for size-two record

spacings, Pakistan J. Statist., 19, 143-149.

Dembinska, A. and Lopez-Blazquez, F. (2005). A characterization of geometric distribution
through k-th weak records, Comm. Statist. Theory Methods, 34, 2345-2351.

Eisenberg, B., Stengle, G. and Strang, G. (1993). The asymptotic probability of a tie for
first place, Ann. Appl. Probab., 3, 731-745.

Embrechts P., Kluppelberg C. and Mikosch T. (1997) Modelling Exztremal Events for

Insurance and Finance, Berlin, Springer.

Erdos, P. and Rényi, A. (1959). On Cantor’s series with convergent > 1/q,. Ann. Univ.
Sci. Budapest. Sect. Math., 2, 93-109.

Eryilmaz, S. (2005). On the distribution and expectation of success runs in nonhomogeneous

Markov dependent trials, Statist. Pap., 46,117-128.

Eryilmaz, S. (2007). Extension of runs to the continuous valued sequences, Statist. Probab.

Lett., 77, 383-388.

Eryilmaz, S., Fu, J. (2008). Runs in continuous-valued sequences, Statist. Probab. Lett., 78,
759-765.

Etemadi, N. (1983). On the laws of large numbers for nonnegative random variables, .J.

Multivariate Anal., 13, 119-122.

Fan, Y. (1999). A data-driven test for dispersive ordering, Statist. Probab. Lett., 41, 331—
336.

Fan, A.H., Wang, Z.Z and Ding, F.Q. (2008). Some limit theorems of runs to the continuous—
valued sequence, Kybernetes, 37, 1279-1286.

Ferguson, T.S. (1967). On characterizing distributions by properties of order statistics,
Sankhya, Ser. A, 29, 265-278.



JInTeparypa 250

90.

91.

92.

93.

94.

95.

96.

97.

98.

99.

Foster, F.G. and Stuart, A. (1954). Distribution free tests in time-series band on the
breaking records, J. Royal Statist. Soc., Ser. B, 16 (1), 1-22.

Foster, F.G. and Teichroew, D. (1955). A sampling experiment on the powers of the record
tests for trend in a time series, J. Royal Statist. Soc., Ser. B, 17 115-121.

Frolov, A.N. (2012). Bounds for probabilities of unions of events and the Borel-Cantelli
lemma, Statist. Probab. Lett., 82, 2189-2197.

Fu, J.C. and Lou, W.Y.W. (2003). Distribution theory of runs and patterns and its

applications, World Scientific Publishing, Singapore.

Galambos, J. and Kotz, S. (1978). Characterizations of Probability Distributions, Lecture

Notes in Mathematics No. 657, Springer-Verlag, Berlin.

Gibbons, J.D. and Chakraborti, S. (1992). Nonparametric Statistical Inference, Third
edition, Marcel Dekker, New York.

Goel, P. K. and Hall, P. (1994). On the average difference between concomitants and order
statistics, Ann. Probab., 22, 126-144.

Gouet, R.F., Lopez, J. and Sanz, G. (2012). Central Limit Theorem for the Number of
Near-Records, Comm. Statist. Theory Methods, 41(2), 309-324.

Greene, D.H. and Knuth, D.E. (1982). Mathematics for the Analysis of Algorithms, 2th.
Ed., Birkhauser.

Griffin P., Lossers, O.P. and Rade, L. (1994). Problem E3436 and its solution, Amer. Math.
Monthly, 101, 78-80.

100. Gupta, R. C. (1984). Relations between order statistics and record values and some

characterization results, J. Appl. Probab., 21, 425-430.

101. Hashorva, E. (2003). On the number of near-maximum insurance claims under

dependence, Insurance Math. Econom., 32, 37-49.

102. Hashorva, E. (2004). Bivariate maximum insurance claim and related point processes,

Statist. Probab. Lett., 69 (2), 117-128.



JInTeparypa 251

103. Hashorva, E. and Husler, J. (2002). The neighborhood of the bivariate maxima: with
application to insurance, Suppl. Rendiconti del Circolo Matematico di Palermo, Serie II,

70, 361-376.

104. Hashorva, E. and Husler, J. (2005). Estimation of Tails and Related Quantities Using the
Number of Near-Extremes, Comm. Statist. Theory Methods, 34 (2), 337-349.

105. Hofmann, G. (2004). Comparing Fisher information in record data and random

observations, Statist. Pap., 45, 517-528.

106. Hofmann, G. and Balakrishnan, N. (2004). Fisher information in k-records, Ann. Inst.
Statist. Math., 56, 383—-396.

107. Hofmann, G., Balakrishnan, N. and Ahmadi, J. (2005). A characterization of the
factorization of the hazard function by the Fisher information in minima and upper record

values, Statist. Probab. Lett., 72, 51-57.

108. Hofmann, G. and Nagaraja H. N. (2003). Fisher information in record data, Metrika, 57,
177-193.

109. Hofri, M. (1995). Analysis of Algorithms, O.U.P., NY.

110. Houchens, R.L. (1984). Record value theory and inference, Ph.D. Dissertation, University

of California, Riverside, California.

111. Hu Z. and Su C. (2003). Limit theorems for the number and sum of near-maxima for

medium tails, Statist. Probab. Lett., 63, 229-237.

112. Huang, J.S. (1975). Characterization of distributions by the expected values of order
statistics, Ann. Inst. Statist. Math., 27, 87-93.

113. Huang, J.S. (1989). Moment problem of order statistics: a review, Intern. Statist. Rev.,
57, 57-66.

114. Tliopoulos, G., Dembinska, A. and Balakrishnan, N. (2012). Asymptotic properties of

numbers of observations near sample quantiles, Statistics, 46 (1), 85-97.

115. Kaminsky, K.S. and Nelson, P.I. (1975). Best linear unbiased predictor of order statistics
in location and scale families, J. Amer. Statist. Assoc., 70, 145-150.



JInTeparypa 252

116. Khmaladze, E., Nadareishvili, M. and Nikabadze, A. (1997). Asymptotic behaviour of a
number of repeated records, Statist. Probab. Lett., 35, 49-58.

117. Kirmani, S.N.U.A. and Beg, M.I. (1984). On characterization of distributions by expected
records, Sankhya, Ser. A, 46, 463—-465.

118. Kochen, S.B. and Stone, C.J. (1964). A note on the Borel-Cantelli lemma. Illinois J.
Math., 8, 248-251.

119. Kounias, E.G. (1968). Bounds for the probability of a union, with applications, Ann. Math.
Statist., 39, 2154-2158.

120. Korwar, R.M. (1984). On characterizing distributions for which the second record value
has a linear regression on the first, Sankhya, Ser. B, 46 (1), 108-109.

121. Kotlarski, I. (1972). On a characterization of some distributions by conditional expectation,

Sankhya, Ser. A, 34, 461-467.

122. Kotz, S. and Shanbhag, D. N. (1980). Some new approaches to probability distributions,
Adv. App. Probab., 12, 903-921.

123. Lamperti, J. (1963). Wiener’s test and Markov chains, J. Math. Analysis Appl., 6, 58—66.
124. Lehmann, E.L. (1953). The power of rank test, Ann. Math. Statist., 24, 23—42.

125. Lehmann, E.L. (1998). Nonparametrics: statistical methods based on ranks, Prentice Hall,

New Jersey.
126. Lévy, P. (1937). Theorie de I’ addition des variables aleatoires, Gauthier-Villars, Paris.

127. Li, Y. (1999). A note on the number of records near maximum, Statist. Probab. Lett., 43,
153-158.

128. Li, Y. and Pakes, A. (1998). On the number of near—records after the maximum observation

in a continuous sample, Comm. Statist. Theory Methods, 27, 673—686.

129. Lopez-Blazquez, F. (2004). Linear prediction of weak records: the discrete case, Teopus

geposmu. u ee npumen., 48, 7T18-723.



JInTeparypa 253

130. Lossers, O.P. (1993). Solution to part (b) of a problem of Lennart Rade, Amer. Math.
Monthly, 101, 78-80.

131. Mann, B. (1992). How do you stop flipping a lot of coins?, A.B. Thesis, Princeton

University.

132. Maronna, R.A., Martin, R.D. and Yohai V.J. (2006). Robust Statistics — Theory and
Methods, John Wiley & Sons, New York.

133. Mori, T.F. and Székely, G.J. (1983). On the Erdés—Rényi generalization of the Borel-
Cantelli lemma. Studia Sci. Math. Hunger., 18, 173-182.

134. Nagaraja, H.N. (1975). Characterization of some distributions by conditional moments, J.
Indian Statist. Assoc., 13, 57-61.

135. Nagaraja, H.N. (1977). On a characterization based on record values, Austral. N. Z. J.
Statist., 19 (1), 70-73.

136. Nagaraja, H.N. (1984). Asymptotic linear prediction of extreme order statistics, Ann. Inst.
Statist. Math., 36, 289-299.

137. Nagaraja, H.N. (1988a). Some characterizations of continuous distributions based on

regressions of adjacent order statistics and record values, Sankhya, Ser. A, 50, 70-73.

138. Nagaraja, H.N. (1988b). Record values and related statistics — A review, Comm. Statist.
Theory Methods, 17, 2223-2238.

139. Nagaraja, H.N. and David, H.A. (1994). Distribution of the maximum of concomitants of
selected ordered statistics, Ann. Statist., 22, 478-494.

140. Nagaraja, H.N. and Nevzorov, V.B. (1997). On characterizations based on record values
and order statistics, J. Statist. Plann. Inference, 63, 271-284.

141. Nelson, L.S. (1963). Tables of a precedence life test, Technometrics, 5, 491—499.

142. Nelson, L.S. (1993). Tests on early failures: the precedence life test, J. Qual. Technol., 25,
140—143.



JInTeparypa 254

143. Nevzorov, V.B. (1986). Two characterizations using records, Lecture Notes in Mathematics,

1233, Springer, Berlin, 79—85.

144. Nevzorov, V.B. (1992). A characterization of exponential distributions by correlations

between records, Math. Methods Statist., 1, 49-54.

145. Nevzorov, V.B. (2012). Records with confirmation. In: Abstracts of International
Conference Probability Theory and its Applications; In Commemoration of the Centennial

of B.V. Gnedenko, Moscow State University, 152—153.

146. Nevzorov, V.B. and Ahsanullah, M. (2000). Some Distributions of Induced Records,
Biometrical J., 42 (8), 1069-1081.

147. Nevzorov, V.B. and Balakrishnan, N. (1998). A record of records, in Handbook of Statistics,
Ed. Balakrishnan, N. and Pao, C.R. Elsevier Science, Amsterdam, 16, 515-570.

148. Nevzorov, V.B., Balakrishnan, N. and Ahsanullah, M. (2003). Simple characterization of
Student’s to distribution, Statistician, 52, 395—-400.

149. Pakes, A. (2000). The number and sum of near-maxima for thin-tailed populations, Adv.
Appl. Probab., 32, 1100-1116.

150. Pakes, A. (2005). Criteria for convergence of the number of near maxima for long tails,

Extremes, 7 (2), 123-134.

151. Pakes, A. and Li, Y. (1998). Limit laws for the number of near maxima via the Poisson

approximation, Statis. Probab. Lett., 40, 395-401.

152. Pakes, A. and Steutel, F.W. (1997). On the number of records near the maximum, Austral.
N. Z. J. Statist., 39, 179-193.

153. Petrov, V.V. (1995). Limit Theorems of Probability Theory, Oxford University Press,
Oxford.

154. Petrov, V.V. (2002). A note on the Borel-Cantelli lemma, Statist. Probab. Lett., 58, 283
286.

155. Petrov, V.V. (2004). A generalization of the Borel-Cantelli lemma, Statist. Probab. Lett.,
67, 233-239.



JInTeparypa 255

156. Pfeifer, D. (1989). Extremal processes, secretary problems and the 1/e law, J. Appl.
Probab., 27, 722—733.

157. Pfeifer, D. (1991). Some remarks on Nevzorov’s record model, Adv. Appl. Probab., 23,
823-834.

158. Pyke, R. (1965). Spacings (with discussion), J. Royal Statist. Soc., Ser. B, 27, 395-449.

159. Qi, Y. (1997). A note on the number of maxima in a discrete sample, Statist. Probab. Lett.,
33, 373-377.

160. Qi, Y. and Wilms, R.J.G. (1997). The limit behavior of maxima modulo one and the
number of maxima, Statist. Probab. Lett., 32, 357-366.

161. Rade, L. (1991). Problem E3436, Amer. Math. Monthly, 99, 366-366.

162. Rao, C.R. and Shanbhag, D.H. (1993). Choquet-Deny Type Functional Equations with
Applications to Stochastic Models, John Wiley & Sons, Chichester, England.

163. Rényi, A. (1962). On the extreme elements of observations, In Selected papers of Alfred
Renyi, Budapest: Akademiai Kiado, 3, 50-65, 1976. (Translation of the paper — Edy
megfigyelessorozat kiemelkedo elemeirol, Mag. Tud. Acad. 3 Oszt. Kozl., 1962, 12, 105—
121.)

164. Samaniego, F.J. and Whitaker, L.R. (1986). On estimating popular characteristics from
record breaking observations 1. Parametric results, Naval Res. Log. Quart., 33, 531-543.

165. Samaniego, F.J. and Whitaker, L.R.(1988). On estimating popular characteristics from
record breaking observations II. Nonparametric results, Naval Res. Log. Quart., 35, 221—

236.

166. Sen, P.K. (1981). Some invariance principles for mixed rank statistics and induced order

statistics and some application, Comm. Statist. Theory Methods, 10 1691-1718.

167. Sen, A. and Balakrishnan N. (1999). Convolution of geometrics and a reliability problem,
Statist. Probab. Lett., 43, 421-426.

168. Shorrock, R.W. (1972). A limit theorem for inter-record times, J. Appl. Probab., 9 (1),
219-223.



JInTeparypa 256

169. Shorrock, R.W. (1972). On record values and record times, J. Appl. Probab., 9 (2), 316—
326.

170. Shorrock, R.W. (1974). On discrete time extremal processes, Adv. Appl. Probab., 6, 580
992.

171. Shaked, M. and Shanthikumar, J.G. (1994). Stochastic Orders and Their Applications,

Academic Press, San Diego, California.
172. Spitzer, F. (1964). Principles of Random Walk, Van Nostrand, Princeton.

173. Székely, G.J. and Méri, T.F. (1985). An extremal property of rectangular distributions,
Statist. Probab. Lett., 3, 107-109.

174. Shuster, J. (1970). On the Borel-Cantelli problem, Canad. Math. Bull., 13 (2), 273-275.

175. Tata, M.N. (1969). On outstanding values in a sequence of random variables, Z.
Wahrscheinlichkeitheor. verw. Geb., 12 (1), 9-20.

176. van der Laan, P., Chakraborti, S. (2001). Precedence tests and Lehmann alternatives,
Statist. Pap., 42, 301-312.

177. Vervaat, W. (1973). Limit theorems for records from discrete distributions, Stochast.
Process. Appl., 1 (2), 317-334.

178. Walsh, J.E. (1969). Sample sizes for approximate independence between sample median

and largest (or smallest) order statistic, Austral. N. Z. J. Statist., 11 (3), 120-122.

179. Wang, K. (2008). On concomitants of order statistics, PhD dissertation, The Ohio State

University, Columbus, Ohio.

180. Wesolowski, J. (1995). Bivariate distributions via a Pareto conditional distribution and a

regression function, Ann. Inst. Statist. Math., 47 (1), 177-183.

181. Wesolowski, J. and Ahsanullah, M. (1997). On characterizing distributions via linearity of
regression for order statistics, Austral. N. Z. J. Statist., 39 (1), 69-78.

182. Wesolowski, J. and Ahsanullah, M. (1998). Distributional properties of exceedance
statistics, Ann. Inst. Statist. Math., 50 (3), 543-565.



JInTeparypa 257

183. Wesolowski, J. and Ahsanullah, M. (2001). Linearity of regression for non—adjacent weak
records, Statist. Sinica, 11 (1), 39-52.

184. Wesolowski, J. and Gupta, A.K. (2001). Linearity of convex mean residual life, J. Statist.
Plann. Inference, 99, 183-191.

185. Wilcoxon, F. (1945). Individual comparisons by ranking methods, Biometrics Bull., 1,
80-83.

186. Yang, M.C.K. (1975). On the distribution of the inter-record times in an increasing
population, J. Appl. Probab., 12, 148-154.

Crarbu, onybsimkoBanubsie CrenanoBeiM A.B.

187. Hessopos B.B., Crenanos A.B. (1988). Pekop/ipl: MapTHHIAIbHBII OIXO0/] K HAXOZK ICHUTO
MOMeHTOB, B ¢0. Koavua u modysu. Ilpedesvnovie meopemv, meopuu eeposmuocmer, J1.

JITY, 171-181.

188. Crenanos A.B. (1987). O sorapudMuvecKinx MOMEHTAX Jjisi MEeXKPEKOPHBIX BpeMeH, Teo-

PUA BEPOATH. U ee NPuMeH., 32, T74-T76.

189. Crenanos A.B. (1989). XapakTepusaluu reOMETPUIECKOIO KIacca pactpeenenuii, Teo-

pus sepoamm. u mamem. cmamucm., Kues, 41, 133-136.

190. Crenanos A.B. (1992). IIpesesbHble TEOpEMbI JIJIs CIa0BIX PEKOPIOB, Teopus 6eposmm. u

ee npumen., 37, 586-590.

191. Crenanos A.B. (1993). Xapakrepu3anunoHHas TeopeMa JIJisl C1a0bIX PEKOP/IHBIX BEJUIHH,

Teopusa sepoammn. u ee npumen., 38, 762-764.

192. Crenanos A.B. (1996). DkcTpemasibHble MOPSAIKOBbIE CTATUCTUKE MPU W3MEHEHHH OTHO-

IMeHud nopgaaka, Teopus eepoamm. u ee npumen., 41, 896-900.

193. Crenanos A.B. (2002a). YcioBHBIE pachpe/ie/ieHus] BPEMEH OJHOCTOPOHHUX TOCTeI0Ba-

TeJTbHBIX TpuOamKeHuit, Teopus eepoammn. u ee npumen., 47, 364-366.

194. Crenanos A.B. (2002b). CyMMmbl cayvaiiHBIX BeJUYUH, UMEMOIINX TeOMETPUIECKUE PAC-

npenenenns, Masecmusa KI'TY, 1, 179-183.



JInTeparypa 258

195. Bairamov, 1., Berred, A. and Stepanov, A. (2010). Limit results for ordered uniform
spacings, Statist. Pap., 51 (1), 227-240.

196. Bairamov, I. and Stepanov, A. (2010). Numbers of near-maxima for the bivariate case,

Statist. Probab. Lett., 80, 196-205.

197. Bairamov, I. and Stepanov, A. (2011). Numbers of near bivariate record-concomitant

observations, J. Multivariate Anal., 102, 908-917.

198. Bairamov, I. and Stepanov, A. (2013). Numbers of near-maxima for F*-scheme, Statistics,

47, 191-201.

199. Balakrishnan, N., Dembinska, A. and Stepanov, A. (2008). Precedence-type tests based
on record values, Metrika, 68, 233-255.

200. Balakrishnan, N., Pakes, A. and Stepanov, A. (2005). On the number and sum of near
record observations, Adv. Appl. Probab., 37, 1-16.

201. Balakrishnan, N. and Stepanov, A. (2004a). A note on the paper of Khmaladze et al.,
Statist. Probab. Lett., 68, 415-419.

202. Balakrishnan, N and Stepanov, A. (2004b). Two characterizations based on order statistics
and records, J. Statist. Plann. Inference, 124, 273-287.

203. Balakrishnan, N. and Stepanov, A. (2005). A note on the number of observations registered

near an order statistic, J. Statist. Plann. Inference, 134, 1-14.

204. Balakrishnan, N. and Stepanov, A. (2006). On the Fisher information in record data,
Statist. Probab. Lett., 76, 537-545.

205. Balakrishnan, N. and Stepanov, A. (2008a). Asymptotic properties of the ratio of order
statistics, Statist. Probab. Lett., 78, 301-310.

206. Balakrishnan, N. and Stepanov, A. (2008b). Asymptotic properties of numbers of near
minimum observations under progressive Type-II censoring, J. Statist. Plann. Inference,

38, 1010-1020.

207. Balakrishnan, N. and Stepanov, A. (2010). Generalization of the Borel-Cantelli lemma,
Math. Sci., 35, 61-62.



JInTeparypa 259

208. Balakrishnan, N. and Stepanov. A. (2013). Runs based on records: Their distributional
properties and an application to testing for dispersive ordering, Methodol. Comput. Appl.
Probab., 15, 583-594.

209. Balakrishnan, N. and Stepanov, A. (2014). On the Use of Bivariate Mellin Transform in
Bivariate Random Scaling and Some Applications, Methodol. Comput. Appl. Probab., 16,
235-244.

210. Bayramoglu, I. and Stepanov, A. (2006). A note on large deviations for weak records,
Statist. Probab. Lett., 76, 1449-1453.

211. Berred, A. and Stepanov, A. (2005). Ties for the the second place, in book Recent
Developments in Ordered Random Variables, Ed. Ahsanullah M. and Ragab M., Nova
Science Publisher, NY, 171-185.

212. Dembinska, A. and Stepanov, A. (2006). Limit theorems for the ratio of weak records,
Statist. Probab. Lett., 76, 1454-1464.

213. Dembinska, A. Stepanov, A. and Wesolowski, J. (2007). How many observations fall in a
neighborhood of an order statistic, Comm. Statist. Theory Methods, 36, 851-867.

214. Eryilmaz S. and Stepanov A. (2008). Runs in an ordered sequence of random variables,

Metrika, 67, 299-313.

215. Hashorva, E. and Stepanov, A. (2012). Limit theorems for the spacing of weak records,
Metrika, 75, 163-180.

216. Nevzorov, V.B. and Stepanov, A. (2014). Records with confirmation, Statist. Probab. Lett.,
95, 39-47.

217. Stepanov, A. (1998). Limit behavior of the times of one-sided successive approximations,

Istatistik, 1 (3), 43-46.

218. Stepanov, A. (1999). The second record time in the case of arbitrary distribution, Istatistik,
2 (2), 65-70.

219. Stepanov, A. (2001). Records when the last point of increase is an atom, J. Appl. Statist.
Seci., 10 (2), 161-167.



Jlureparypa 260
220. Stepanov, A. (2003). Conditional moments of record times, Statist. Pap., 44 (1), 131-140.

221. Stepanov, A. (2004). Random intervals based on record values, J. Statist. Plann. Inference,
118, 103-113.

222. Stepanov, A. (2006). The number of records within a random interval of the current record

value, Statist. Pap., 48, 63-79.

223. Stepanov, A. (2007). Weak Records, in book Encyclopedia of Statistical Sciences, Ed.
Balakrishnan, N.

224. Stepanov, A. (2011a). Runs based on discrete order statistics, TWMS J. Appl. Engineering
Math., 1 (2), 185-191.

225. Stepanov, A. (2011b). Runs based on the ratios of consecutive order statistics, Comm.

Statist. Theory Methods, 40 (18), 3252-3268.

226. Stepanov, A. (2011c). Limit theorems for runs based on ’small’ spacings, Statist. Probab.
Lett., 81, 54-61.

227. Stepanov A. (2014). On the Use of the Borel-Cantelli Lemma in Markov Chains, Statist.
Probab. Lett., 90, 149-154.

228. Stepanov, A.V., Balakrishnan, N. and Hofmann, G. (2003). Exact distribution and Fisher
information of weak record values, Statist. Probab. Lett., 64, 69-81.



