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Ââåäåíèå

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ òàê íàçûâàåìûå îáîáù¼ííûå

ïðîöåññû Ëåâè. Íàïîìíèì, ÷òî ñëó÷àéíûé ïðîöåññ (X(t))t⩾0 íàçûâà-

åòñÿ ïðîöåññîì Ëåâè â òîì ñëó÷àå, åñëè âûïîëíåíû óñëîâèÿ:

1. X(0) = 0 ïî÷òè íàâåðíîå;

2. Íåçàâèñèìîñòü ïðèðàùåíèé: Äëÿ ëþáûõ 0 ⩽ t1 < t2 < ... <

tn < ∞ ïðèðàùåíèÿ X(t2) − X(t1), X(t3) − X(t2), ..., X(tn) − X(tn−1)

ÿâëÿþòñÿ âçàèìíî íåçàâèñèìûìè ñëó÷àéíûìè âåëè÷èíàìè;

3. Ñòàöèîíàðíîñòü ïðèðàùåíèé: Äëÿ ëþáûõ t > s ⩾ 0 ïðèðàùåíèå

X(t)−X(s) ðàâíî ïî ðàñïðåäåëåíèþ ñëó÷àéíîé âåëè÷èíå X(t− s);

4. Íåïðåðûâíîñòü ïî âåðîÿòíîñòè: Äëÿ ëþáûõ ε > 0 è t ⩾ 0 ñïðà-

âåäëèâî lim
h→0

P (|X(t+ h)−X(t)| > ε) = 0.

Îäíîìåðíûå ðàñïðåäåëåíèÿ ïðîöåññà Ëåâè (X(t))t⩾0 ïðè âñåõ t ⩾ 0

ÿâëÿþòñÿ áåçãðàíè÷íî äåëèìûì è, ñîîòâåòñòâåííî, äëÿ õàðàêòåðèñòè-

÷åñêîé ôóíêöèè ñëó÷àéíîé âåëè÷èíû X(t) ïðè âñåõ t ⩾ 0 èìååò ìåñòî

ïðåäñòàâëåíèå Ëåâè-Õèí÷èíà

E eipX(t) = exp

(
t

(
iap− 1

2
σ2p2+

∫
R\{0}

(eipy−1− ipy 1|y|<1(y)) Λ(dy)

))
,

ãäå p ∈ R; a ∈ R, σ ⩾ 0 � íåêîòîðûå êîíñòàíòû; Λ(dy) � ìåðà Ëåâè,

óäîâëåòâîðÿþùàÿ óñëîâèþ∫
R\{0}

min(y2, 1)Λ(dy) <∞.
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Îáîáù¼ííûå ïðîöåññû Ëåâè, êîòîðûå ðàññìàòðèâàþòñÿ íàìè äà-

ëåå, ïðåäñòàâëÿþò èç ñåáÿ íåêîòîðûå, âîîáùå ãîâîðÿ, íåâåðîÿòíîñò-

íûå îáîáùåíèÿ ñòàíäàðòíûõ ïðîöåññîâ Ëåâè. Îíè íàñëåäóþò îñíîâ-

íûå ñâîéñòâà ïðîöåññîâ Ëåâè, â ÷àñòíîñòè, íåçàâèñèìîñòü è ñòàöèî-

íàðíîñòü ïðèðàùåíèé, íî îòëè÷àþòñÿ òåì, ÷òî èõ îäíîìåðíûå ðàñïðå-

äåëåíèÿ íå îáÿçàíû áûòü âåðîÿòíîñòíûìè ìåðàìè.

Ðàíåå â ëèòåðàòóðå áûëè ðàññìîòðåíû ðàçëè÷íûå ïîäõîäû, ïîç-

âîëÿþùèå ñòðîèòü íåâåðîÿòíîñòíûå àíàëîãè ïðîöåññîâ Ëåâè. Â ÷àñò-

íîñòè, â [1], [2], [3] ðàññìîòðåíû òàê íàçûâàåìûå ïñåâäîïðîöåññû. Â

ðàìêàõ ñîîòâåòñòâóþùåé òåîðèè êàæäûé ïñåâäîïðîöåññ îïðåäåëÿåòñÿ

íåêîòîðûì ïñåâäîäèôôåðåíöèàëüíûì îïåðàòîðîì A. Äëÿ ýòîãî äëÿ

êàæäîãî íàòóðàëüíîãî n è êàæäûõ ôèêñèðîâàííûõ 0 < t1 < t2 < ... <

tn ñòðîèòñÿ ìåðà (âîîáùå ãîâîðÿ, çíàêîïåðåìåííàÿ èëè äàæå êîìïëåêñ-

íàÿ) µt1,...,tn, êîòîðàÿ äëÿ êàæäîãî áîðåëåâñêîãî ìíîæåñòâà I ⊂ Rn

îïðåäåëÿåòñÿ êàê

µt1,...,tn(I) =

∫
I

dx1dx2...dxnK0
t1
(0, x1)K0

t2−t1
(x1, x2)...K0

tn−tn−1
(xn−1, xn),

(0.1)

ãäå ÷åðåç K0
t (x, x

′) â (0.1) îáîçíà÷åíî ôóíäàìåíòàëüíîå ðåøåíèå ýâî-

ëþöèîííîãî óðàâíåíèÿ
∂u

∂t
= Au. (0.2)

Ïî ñåìåéñòâó ìåð µt1,...,tn íà àëãåáðå öèëèíäðè÷åñêèõ ìíîæåñòâ âè-

äà

Ut1,t2,...,tn,I = {ω(t) ∈ C0[0,∞) : (ω(t1), ω(t2), ..., ω(tn)) ∈ I}

(çäåñü C0[0,∞) � ïðîñòðàíñòâî íåïðåðûâíûõ íà îòðåçêå [0,∞) ôóíê-

öèé, äëÿ êîòîðûõ ω(0) = 0) îïðåäåëÿåòñÿ ìåðà Υ ñîîòíîøåíèåì

Υ(Ut1,t2,...,tn,I) = µt1,...,tn(I).
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Ìåðà Υ, âîîáùå ãîâîðÿ, íå ïðîäîëæàåòñÿ íà σ-àëãåáðó, ïîðîæ-

ä¼ííóþ öèëèíäðè÷åñêèìè ìíîæåñòâàìè, è ÿâëÿåòñÿ òîëüêî êîíå÷íî-

àääèòèâíîé. Íàèáîëåå èçâåñòíûì ïðèìåðîì òàêîé êîíå÷íî-àääèòèâíîé

ìåðû ÿâëÿåòñÿ òàê íàçûâàåìàÿ ìåðà Ôåéíìàíà, åé ñîîòâåòñòâóåò ÿäðî

K0
t (x, x

′) =
e−iπ4
√
2πt

e
i(x′−x)2

2t .

Â òåðìèíàõ òåîðèè ïñåâäîïðîöåññîâ ïîëóãðóïïà P t, ïåðåâîäÿùàÿ

íà÷àëüíóþ ôóíêöèþ φ ∈ L2(R) â ðåøåíèå çàäà÷è Êîøè äëÿ óðàâíå-

íèÿ (0.2) ìîæåò áûòü çàïèñàíà êàê

P tφ(x) =

∫
C0[0,∞)

φ(x− ω(t))µ(dω).

Îòìåòèì, ÷òî òåîðèþ ïñåâäîïðîöåññîâ ñëåäóåò ðàññìàòðèâàòü êàê

íåêîòîðîå ôîðìàëüíîå îáîáùåíèå òåîðèè ñëó÷àéíûõ ïðîöåññîâ. Ñîîò-

âåòñòâóþùåå îáîáùåíèå ÿâëÿåòñÿ ïðèíöèïèàëüíî íåâåðîÿòíîñòíûì, â

í¼ì îòñóòñòâóåò ïîíÿòèå âåðîÿòíîñòíîãî ïðîñòðàíñòâà, à èíòåãðèðîâà-

íèå ïî ýòîé êîíå÷íî-àääèòèâíîé ìåðå íå ìîæåò ðàññìàòðèâàòüñÿ êàê

âû÷èñëåíèå ìàòåìàòè÷åñêîãî îæèäàíèÿ. Â ÷àñòíîñòè, ýòîò ïîäõîä íå

ïîçâîëÿåò èñïîëüçîâàòü ìåòîä Ìîíòå-Êàðëî.

Äàëåå, â ðàáîòàõ [4], [5], [6], [7], [8], [10] áûë ïðåäëîæåí âåðîÿò-

íîñòíûé ïîäõîä, êîòîðûé ïîçâîëÿåò ñòðîèòü íåâåðîÿòíîñòíûå àíàëî-

ãè ïðîöåññîâ Ëåâè. Îñíîâíàÿ èäåÿ ýòèõ ðàáîò ñîñòîÿëà â òîì, ÷òî

â íèõ ðàñïðåäåëåíèå ñëó÷àéíîé âåëè÷èíû îïðåäåëÿëîñü íå êàê îá-

ðàç âåðîÿòíîñòíîé ìåðû, à êàê îáðàç íåêîòîðîé îáîáù¼ííîé ôóíê-

öèè. Îïèøåì ýòó êîíñòðóêöèþ ïîäðîáíåå. Ïóñòü ñíà÷àëà ξ � âåùå-

ñòâåííîçíà÷íàÿ ñëó÷àéíàÿ âåëè÷èíà, çàäàííàÿ íà âåðîÿòíîñòíîì ïðî-

ñòðàíñòâå (Ω,F ,P). Îòîæäåñòâèì âåðîÿòíîñòíóþ ìåðó P ñ îáîáù¼í-

íîé ôóíêöèåé P, êîòîðàÿ îïðåäåëåíà íà íåêîòîðîì êëàññå ïðîáíûõ
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ôóíêöèé φ ïî ôîðìóëå

(P, φ) =

∫
Ω

φdP. (0.3)

Äàëåå, ïóñòü ξP � îáðàç îáîáù¼ííîé ôóíêöèè P ïîä äåéñòâèåì îòîáðà-

æåíèÿ ξ. Ïî îïðåäåëåíèþ ξP ÿâëÿåòñÿ îáîáù¼ííîé ôóíêöèåé, êîòîðàÿ

äåéñòâóåò íà ïðîáíóþ ôóíêöèþ φ ïî ïðàâèëó

(ξP, φ) = (P, φ ◦ ξ) =
∫
Ω

φ(ξ) dP = Eφ(ξ).

Áóäåì íàçûâàòü îáîáù¼ííóþ ôóíêöèþ ξP ðàñïðåäåëåíèåì ñëó÷àéíîé

âåëè÷èíû ξ.

Îòìåòèì, ÷òî â ñëó÷àå âåùåñòâåííîçíà÷íîé ñëó÷àéíîé âåëè÷èíû

ξ ñòàíäàðòíîå îïðåäåëåíèå ðàñïðåäåëåíèÿ (êàê îáðàçà âåðîÿòíîñòíîé

ìåðû P ïîä äåéñòâèåì îòîáðàæåíèÿ ξ) è íîâîå îïðåäåëåíèå ñîâïàäàþò.

Äåéñòâèòåëüíî, äëÿ êàæäîé ïðîáíîé ôóíêöèè φ âûïîëíåíî

(ξP, φ) = Eφ(ξ) =

∫
R

φdPξ, (6)

ãäå Pξ = P ξ−1 � ðàñïðåäåëåíèå ñëó÷àéíîé âåëè÷èíû ξ.

Òåïåðü ðàññìîòðèì áîëåå îáùóþ ñèòóàöèþ. Ïóñòü ñëó÷àéíàÿ âå-

ëè÷èíà ξ óæå ïðèíèìàåò çíà÷åíèÿ íå â R, à â îáëàñòè îïðåäåëåíèÿ

ôóíêöèè Bφ (äëÿ âñåõ φ), ãäå B - íåêîòîðûé ëèíåéíûé îïåðàòîð, çà-

äàííûé íà ìíîæåñòâå ïðîáíûõ ôóíêöèé φ. Ïîñìîòðèì íà ðàñïðåäåëå-

íèå ñëó÷àéíîé âåëè÷èíû ξ êàê íà îáðàç îáîáù¼ííîé ôóíêöèè, òî åñòü

êàê íà îáîáù¼ííóþ ôóíêöèþ. Ïî îïðåäåëåíèþ îáîáù¼ííàÿ ôóíêöèÿ

ξP äåéñòâóåò íà ïðîáíóþ ôóíêöèþ φ ïî ïðàâèëó

(ξP, φ) = E (Bφ)(ξ). (7)

Åñëè B � òîæäåñòâåííûé îïåðàòîð, òî ξP åñòü îáû÷íîå âåðîÿòíîñò-

íîå ðàñïðåäåëåíèå. Åñëè æå B îòëè÷åí îò òîæäåñòâåííîãî îïåðàòîðà,
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òî ξP, âîîáùå ãîâîðÿ, óæå íå ÿâëÿåòñÿ âåðîÿòíîñòíîé ìåðîé. Âàæíî

îòìåòèòü, ÷òî îïðåäåë¼ííûé òàêèì îáðàçîì îáúåêò ξP � ðàñïðåäåëåíèå

ñëó÷àéíîé âåëè÷èíû è â ñìûñëå îáîáù¼ííûõ ôóíêöèé îïðåäåëÿåòñÿ

íå òîëüêî ñëó÷àéíîé âåëè÷èíîé ξ è âåðîÿòíîñòíîé ìåðîé P, íî òàêæå è

îïåðàòîðîì B. Â ëèòåðàòóðå â êà÷åñòâå îïåðàòîðà B èñïîëüçîâàëèñü

îïåðàòîðû òèïà ñâ¼ðòêè, îïåðàòîðû ÷¼òíîãî è íå÷¼òíîãî ïðîäîëæå-

íèÿ, à òàêæå îïåðàòîðû àíàëèòè÷åñêîãî ïðîäîëæåíèÿ (ïîäðîáíåå ñì.

[4], [5], [6], [7], [8], [10]).

Âïåðâûå äàííûé ïîäõîä, îñíîâàííûé íà ìåòîäîëîãèè òåîðèè îáîá-

ù¼ííûõ ôóíêöèé, áûë èñïîëüçîâàí â [4] äëÿ îïðåäåëåíèÿ ñèììåòðè÷-

íîãî óñòîé÷èâîãî ðàñïðåäåëåíèÿ ñ ïîêàçàòåëåì óñòîé÷èâîñòè α > 2.

Èìåííî, ñèììåòðè÷íîå óñòîé÷èâîå ðàñïðåäåëåíèå îïðåäåëÿëîñü êàê

îáîáù¼ííàÿ ôóíêöèÿ Qα, êîòîðàÿ äåéñòâóåò íà ïðîáíóþ ôóíêöèþ φ

ïî ïðàâèëó

(Qα, φ) = lim
ε→0

E [Aα
εφ](ξε), (0.4)

ãäå Aα
ε � îïåðàòîð ñâ¼ðòêè ñî ñïåöèàëüíî ïîäîáðàííîé áûñòðî îñöèë-

ëèðóþùåé ôóíêöèåé ωα
ε

Aα
εφ = ωα

ε ∗ φ,

à ξε � ñëó÷àéíàÿ âåëè÷èíà, çàäàííàÿ ñòîõàñòè÷åñêèì èíòåãðàëîì

ξε =

∫
|x|>ε

x ν(dx) (0.5)

ïî ïóàññîíîâñêîé ñëó÷àéíîé ìåðå ν(dx) ñ èíòåíñèâíîñòüþ

E ν(dx) =
Cα dx

|x|1+α
,

ãäå Cα � íåêîòîðàÿ êîíñòàíòà. Åñëè α ∈ (0, 2), òî òîãäà ïðè ε → 0

ïðàâàÿ ÷àñòü (0.5) èìååò ïðåäåë ξα, êîòîðûé ÿâëÿåòñÿ ñèììåòðè÷íîé
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α�óñòîé÷èâîé ñëó÷àéíîé âåëè÷èíîé. Ïðè ýòîì ôóíêöèÿ ωα
ε ñîâïàäà-

åò ñ äåëüòà-ôóíêöèåé Äèðàêà, à Qα ÿâëÿåòñÿ ðåãóëÿðíîé îáîáù¼ííîé

ôóíêöèåé âèäà

(Qα, φ) =

∞∫
−∞

φ(x) pα(x) dx,

ãäå pα(x) � ïëîòíîñòü ðàñïðåäåëåíèÿ ñîîòâåòñòâóþùåé ñèììåòðè÷íîé

α�óñòîé÷èâîé ñëó÷àéíîé âåëè÷èíû. Äëÿ α > 2 îáîáù¼ííàÿ ôóíêöèÿ

Qα ÿâëÿåòñÿ ðåãóëÿðíûì ôóíêöèîíàëîì ñî çíàêîïåðåìåííîé è, ñîîò-

âåòñòâåííî, íåâåðîÿòíîñòíîé ïëîòíîñòüþ.

Â ñëó÷àå α ∈
⋃∞

k=1 (4k, 4k+2) ïðåîáðàçîâàíèå Ôóðüå α�óñòîé÷èâîãî

ðàñïðåäåëåíèÿ, îïðåäåë¼ííîãî ôîðìóëîé (0.4), èìååò òàêîé æå âèä,

êàê è â ñëó÷àå α ∈ (0, 2), èìåííî Q̂α(p) = exp(−C |p|α), ãäå C � ïîëî-

æèòåëüíàÿ êîíñòàíòà. Â ñëó÷àå α ∈
⋃∞

k=1 (4k − 2, 4k) ïðåîáðàçîâàíèå

Ôóðüå èìååò âèä Q̂α(p) = exp(C1 |p|α − C2 p
4k), ãäå C1 è C2 � ïîëîæè-

òåëüíûå êîíñòàíòû.

Èäåÿ, ïðåäëîæåííàÿ â [4], ïîëó÷èëà äàëüíåéøåå ðàçâèòèå â [8] è

[9]. Â íèõ áûëè ïîñòðîåíû àíàëîãè ñèììåòðè÷íûõ α�óñòîé÷èâûõ ïðî-

öåññîâ Ëåâè ñ ïàðàìåòðîì óñòîé÷èâîñòè α > 2. Äëÿ ñëó÷àÿ

α ∈
∞⋃
k=1

(4k, 4k + 2)

ñîîòâåòñòâóþùèé àíàëîã îïðåäåëÿëñÿ êàê îáîáù¼ííàÿ ôóíêöèÿ Lt,x,

êîòîðàÿ äåéñòâóåò íà ïðîáíóþ ôóíêöèþ φ ïî ïðàâèëó

(Lt,x, φ) = lim
ε→0

E (ωt
ε ∗ φ)(x− ξε(t)), (0.6)

ãäå ωt
ε � ñïåöèàëüíî ïîäîáðàííîå ñåìåéñòâî áûñòðî îñöèëëèðóþùèõ

ôóíêöèé, à ξε(t) � ñëîæíûé ïóàññîíîâñêèé ïðîöåññ, îïðåäåë¼ííûé â
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âèäå ñòîõàñòè÷åñêîãî èíòåãðàëà

ξε(t) =

t∫
0

∫
|x|>ε

x ν(ds, dx)

ïî ïóàññîíîâñêîé ñëó÷àéíîé ìåðå ν(ds, dx). Èíòåíñèâíîñòü ìåðû ν(ds, dx)

ðàâíà E ν(ds, dx) = Cα ds dx
|x|1+α , ãäå Cα � íåêîòîðàÿ êîíñòàíòà.

Ñåìåéñòâî îïåðàòîðîâ

P tφ(x) = (Lt,x, φ)

îáðàçóåò ïîëóãðóïïó, ïåðåâîäÿùóþ ôóíêöèþ φ(x) ∈ L2(R) â òî÷íîå

ðåøåíèå çàäà÷è Êîøè

∂u

∂t
= cα Γ(−α)Dαu, u(0, x) = φ(x), (0.7)

ãäå cα = (−1)[
α
2 ], à îïåðàòîð Dα îïðåäåë¼í ôîðìóëîé

(Dαf)(x) =
1

Γ(−α)

∞∫
−∞

(
f(x− y)−

[α2 ]∑
j=0

f (2j)(x)

(2j)!
y2j

) dy

|y|1+α
.

Òàêèì îáðàçîì, âûðàæåíèå (0.6) ìîæíî èíòåðïðåòèðîâàòü êàê âåðî-

ÿòíîñòíóþ àïïðîêñèìàöèþ ðåøåíèÿ çàäà÷è Êîøè (0.7) ñåìåéñòâîì

ôóíêöèé

uε(t, x) = E (ωt
ε ∗ φ)(x− ξε(t)). (0.8)

Â ðàáîòàõ [8] è [9] òàêæå áûëà ïîëó÷åíà îöåíêà ñêîðîñòè ñõîäèìîñòè

(â ìåòðèêå êëàññà Ñîáîëåâà W l
2(R), l ∈ Z+) ñåìåéñòâà ôóíêöèé (0.8)

ê ñîîòâåòñòâóþùåìó ðåøåíèþ u(t, x).

Ïðè ïîñòðîåíèè àíàëîãîâ ñèììåòðè÷íûõ α�óñòîé÷èâûõ ïðîöåññîâ

Ëåâè ñ ïàðàìåòðîì óñòîé÷èâîñòè α ∈
⋃∞

k=1 (4k − 2, 4k) â [8], [9] ïðåä-

ëîæåíà äðóãàÿ êîíñòðóêöèÿ, îòëè÷íàÿ îò (0.6). Äëÿ ýòîãî áûëè ïðè-

âëå÷åíû íåêîòîðûå èäåè êîìïëåêñíîãî àíàëèçà, â ÷àñòíîñòè, èñïîëü-

çîâàëèñü êîìïëåêñíîçíà÷íûå ïðîöåññû è àïïàðàò ïðîñòðàíñòâ Õàð-

äè. Â ðàìêàõ äàííîé êîíñòðóêöèè âûðàæåíèå äëÿ ïðåîáðàçîâàíèÿ
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Ôóðüå ñîîòâåòñòâóþùåãî îáîáù¼ííîãî ñèììåòðè÷íîãî α�óñòîé÷èâîãî

ðàñïðåäåëåíèÿ èìåëî òàêîé æå âèä, êàê è â ñëó÷àå α ∈ (0, 2), èìåííî,

L̂t,x(p) = exp(−Ct|p|α), ãäå C � ïîëîæèòåëüíàÿ êîíñòàíòà.

Â äèññåðòàöèè ïîëó÷åíû ðåçóëüòàòû, àíàëîãè÷íûå ðåçóëüòàòàì [8],

[9], íî äëÿ çíà÷åíèé α = 2m+ 1, m ∈ N. Ñëó÷àé m = 0 ñîîòâåòñòâóåò

ïðîöåññó Êîøè, ïðè îñòàëüíûõ çíà÷åíèÿõ èíäåêñà m ïðîöåññ Êîøè

ïîíèìàåòñÿ òîëüêî â îáîáù¼ííîì ñìûñëå.

Íàïîìíèì, ÷òî ïðîöåññîì Êîøè (ξ(t))t⩾0 íàçûâàåòñÿ ñèììåòðè÷-

íûé α-óñòîé÷èâûé ïðîöåññ Ëåâè (c ïàðàìåòðîì óñòîé÷èâîñòè α = 1)

òàêîé, ÷òî ïðè âñåõ t > s ïðèðàùåíèå ξ(t) − ξ(s) èìååò ðàñïðåäå-

ëåíèå Êîøè C(0, t − s). Òðàåêòîðèè ïðîöåññà Êîøè ÿâëÿþòñÿ ÷èñòî

ñêà÷êîîáðàçíûìè, à ñîîòâåòñòâóþùèå åìó ìîìåíòû µj(t) = E (ξ(t))j

áåñêîíå÷íû ïðè âñåõ t > 0 è j ∈ N.

Èçâåñòíî, ÷òî ðåøåíèå çàäà÷è Êîøè

∂u

∂t
= A0u, u(0, x) = φ(x), (0.9)

ãäå îïåðàòîð A0 îïðåäåë¼í ôîðìóëîé

(A0f)(x) = v.p.

∫
R

f(x+ y)− f(x)

y2
dy,

à íà÷àëüíàÿ ôóíêöèÿ φ(x) ïðèíàäëåæèò êëàññó L2(R), äîïóñêàåò âå-

ðîÿòíîñòíîå ïðåäñòàâëåíèå â âèäå

u(t, x) = Eφ(x+ ξ(t)). (0.10)

Â íàñòîÿùåé ðàáîòå ìû ïîëó÷èì àíàëîãè÷íîå âåðîÿòíîñòíîå ïðåä-

ñòàâëåíèå äëÿ ðåøåíèÿ çàäà÷è Êîøè

∂u

∂t
= (−1)mAmu, u(0, x) = φ(x), (0.11)
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ãäå m ∈ N, à îïåðàòîð Am îïðåäåë¼í âûðàæåíèåì

(Amf)(x) = v.p.

∫
R

(
f(x+ y)− f(x)−

m∑
j=1

f (2j)(x)y2j

(2j)!

)
dy

y2m+2
.

Îòìåòèì, ÷òî ïîëó÷èòü â òî÷íîñòè âåðîÿòíîñòíîå ïðåäñòàâëåíèå

âèäà (0.10) äëÿ ðåøåíèÿ äàííîé çàäà÷è Êîøè íåâîçìîæíî, òàê êàê

ôóíäàìåíòàëüíîå ðåøåíèå ñîîòâåòñòâóþùåãî óðàâíåíèÿ íå áóäåò âå-

ðîÿòíîñòíîé ïëîòíîñòüþ.

Â ïåðâîé ãëàâå äèññåðòàöèè ñòðîèòñÿ âåðîÿòíîñòíàÿ àïïðîêñèìà-

öèÿ ðåøåíèÿ çàäà÷è Êîøè (0.11) ñåìåéñòâîì ôóíêöèé uε(t, ·) = P t
ε φ,

ãäå äëÿ âñåõ t > 0 îïåðàòîð P t
ε îïðåäåëÿåòñÿ â âèäå ìàòåìàòè÷åñêî-

ãî îæèäàíèÿ íåêîòîðîãî ôóíêöèîíàëà îò ïóàññîíîâñêîãî ñëó÷àéíîãî

ïîëÿ, îí äåéñòâóåò â L2(R) è ïî ïåðåìåííîé t çàäà¼ò îïåðàòîðíóþ

ïîëóãðóïïó. Ñëó÷àè ÷¼òíûõ m = 2k è íå÷¼òíûõ m = 2k − 1 ðàñ-

ñìàòðèâàþòñÿ îòäåëüíî. Ñëó÷àé íå÷¼òíûõ m = 2k − 1 ÿâëÿåòñÿ áîëåå

ñëîæíûì, ïðè ïîñòðîåíèè ïîëóãðóïïû P t
ε èñïîëüçóþòñÿ êîìïëåêñíî-

çíà÷íûå ïðîöåññû, à òàêæå àïïàðàò ïðîñòðàíñòâ Õàðäè.

Îòìåòèì, ÷òî äëÿ îáîáù¼ííîãî ïðîöåññà Êîøè ÿäðî K0
t çàäàåòñÿ

êàê

K0
t (x, x

′) = qt(|x′ − x|),

ãäå ôóíêöèÿ qt îïðåäåëÿåòñÿ êàê îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå ôóíê-

öèè q̂t(p) = e−Cmt|p|2m+1

. Â ñëó÷àå m = 0 ôóíêöèÿ qt åñòü ïëîòíîñòü

îäíîìåðíîãî ðàñïðåäåëåíèÿ ñòàíäàðòíîãî ïðîöåññà Êîøè.

Òàêæå â ãëàâå 1 íàìè äîêàçûâàþòñÿ ïðåäåëüíûå òåîðåìû î ñõîäè-

ìîñòè ìàòåìàòè÷åñêèõ îæèäàíèé ôóíêöèîíàëîâ îò ñóìì íåçàâèñèìûõ

ñëó÷àéíûõ âåëè÷èí ê îáîáù¼ííûì ðàñïðåäåëåíèÿì Êîøè.

Äðóãîé öåëüþ äèññåðòàöèè ÿâëÿåòñÿ ïîñòðîåíèå àíàëîãà ëîêàëü-

íîãî âðåìåíè äëÿ ïðîöåññà êîìïëåêñíîãî áðîóíîâñêîãî äâèæåíèÿ σ ·
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w(τ), τ ⩾ 0, ãäå σ � êîìïëåêñíîå ÷èñëî, óäîâëåòâîðÿþùåå óñëîâèÿì

0 < arg σ ⩽
π

4
è |σ| = 1.

Ëîêàëüíûì âðåìåíåì âèíåðîâñêîãî ïðîöåññà w(τ), τ ⩾ 0 â òî÷êå

x ∈ R ê ìîìåíòó âðåìåíè t ⩾ 0 íàçûâàåòñÿ ïðîèçâîäíàÿ Ðàäîíà-

Íèêîäèìà

l(t, x) =
dµ

dm
(t, x), (0.12)

ãäå m � ìåðà Ëåáåãà, çàäàííàÿ íà áîðåëåâñêèõ ïîäìíîæåñòâàõ âåùå-

ñòâåííîé ïðÿìîé R, à µ � ñëó÷àéíàÿ ìåðà, êîòîðàÿ ïðè âñåõ t ⩾ 0

îïðåäåëåíà íà áîðåëåâñêèõ ïîäìíîæåñòâàõ A ∈ B(R) ôîðìóëîé

µ(t, A) = m {τ : w(τ) ∈ A, 0 ⩽ τ ⩽ t}.

Ìåðà µ(t, A) îòâå÷àåò âðåìåíè ïðåáûâàíèÿ ïðîöåññà w(τ) â ìíîæåñòâå

A äî ìîìåíòà âðåìåíè t. Èçâåñòíî, ÷òî ïðîèçâîäíàÿ (0.12) ñ âåðîÿòíî-

ñòüþ 1 ñóùåñòâóåò ïðè âñåõ t > 0 è x ∈ R (ïîäðîáíåå ñì. [13], c. 21).

Ëîêàëüíîå âðåìÿ õàðàêòåðèçóåò äîëþ âðåìåíè, êîòîðîå ïðîöåññ w(τ)

ïðîâîäèò â òî÷êå x äî ìîìåíòà âðåìåíè t.

Ñëåäóþùèì øàãîì ïîëó÷èì ôîðìàëüíîå âûðàæåíèå äëÿ ëîêàëü-

íîãî âðåìåíè l(t, x). Ñîãëàñíî òåîðåìå î çàìåíå ìåðû, äëÿ ëþáîé èç-

ìåðèìîé èíòåãðèðóåìîé ôóíêöèè f ñïðàâåäëèâî ñîîòíîøåíèå

t∫
0

f(w(τ)) dτ =

∫
R

f(y)µ(t, dy). (0.13)

Ñ ó÷¼òîì (0.12), ñîîòíîøåíèå (0.13) ìîæåò áûòü ïåðåïèñàíî â âèäå

t∫
0

f(w(τ)) dτ =

∫
R

f(y) l(t, y) dy. (0.14)
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Äàëåå, ïîëîæèì â (0.14) f = δ (x−·), ãäå δ � äåëüòà-ôóíêöèÿ Äèðàêà.

Òîãäà, îêîí÷àòåëüíî, ïîëó÷èì âûðàæåíèå äëÿ ëîêàëüíîãî âðåìåíè

l(t, x) =

t∫
0

δ(x− w(τ)) dτ. (0.15)

Èñïîëüçóÿ àíàëèç Ôóðüå, ôîðìóëå (0.15) ìîæíî ïðèäàòü ñòðîãèé

ìàòåìàòè÷åñêèé ñìûñë (èñïîëüçóåìûé ïîäõîä èçëîæåí â ñòàòüå Ñ.Ì.

Áåðìàíà [12]). Èìåííî, â êëàññå îáîáù¼ííûõ ôóíêöèé ñïðàâåäëèâî

òîæäåñòâî

δ(x− y) =
1

2π

∞∫
−∞

eip (y−x) dp =
1

2π
lim

M→∞

M∫
−M

eip (y−x) dp. (0.16)

Ñ ó÷åòîì (0.16), âûðàæåíèå (0.15) ìîæåò áûòü ïåðåïèñàíî â âèäå

l(t, x) =

t∫
0

(
1

2π

∞∫
−∞

eip(w(τ)−x) dp

)
dτ

= (L2) lim
M→∞

1

2π

M∫
−M

e−ipx

t∫
0

eipw(τ) dτ dp. (0.17)

Ïðåäåë â ïðàâîé ÷àñòè (0.17) áåð¼òñÿ â ìåòðèêå ïðîñòðàíñòâà L2(Ω×

R, P×m) (çäåñü (Ω,F ,P) � âåðîÿòíîñòíîå ïðîñòðàíñòâî, íà êîòîðîì

çàäàí âèíåðîâñêèé ïðîöåññ w(τ), m � ìåðà Ëåáåãà).

Ñ ïîìîùüþ áðîóíîâñêîãî ëîêàëüíîãî âðåìåíè ìîæåò áûòü ïîñòðîå-

íî âåðîÿòíîñòíîå ïðåäñòàâëåíèå ðåøåíèÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè

∂t u(t, x)−
1

2
∂2xx u(t, x) = f(x), u(0, x) = 0, f(x) ∈ L2(R), (0.18)

èìåííî,

u(t, x) = E (f ∗ l)(t, x), (0.19)
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ãäå (f ∗ l)(t, x) � ñòàíäàðòíàÿ ñâ¼ðòêà ôóíêöèé f è l(t, ·), îïðåäåë¼ííàÿ

ôîðìóëîé

(f ∗ l)(t, x) =
∫
R

f(x− y) l(t, y) dy.

Äåéñòâèòåëüíî,

E (f ∗ l)(t, x) = E

∫
R

f(x− y) l(t, y) dy

= E

∫
R

f(x− y)µ(t, dy) = E

t∫
0

f(x− w(τ)) dτ

=

t∫
0

v(τ, x) dτ, (0.20)

ãäå v(τ, x) = E f(x− w(τ)) � ðåøåíèå óðàâíåíèÿ

∂τ v(τ, x) =
1

2
∂2xx v(τ, x), v(0, x) = f(x). (0.21)

Îêîí÷àòåëüíî, åñëè ïîäñòàâèòü íèæíþþ ñòðîêó (0.20) â (0.18), òî,

ó÷èòûâàÿ (0.21), ïîëó÷èì ñïðàâåäëèâîñòü äàííîãî óòâåðæäåíèÿ.

Èç (0.19), â ÷àñòíîñòè, âûòåêàåò, ÷òî äëÿ ðåøåíèÿ u(x) äèôôåðåí-

öèàëüíîãî óðàâíåíèÿ

−1

2
u′′(x) = f(x), f ∈ L2(R)

â ñëó÷àå, êîãäà ýòî óðàâíåíèå èìååò ðåøåíèå (ò.å. ôóíêöèÿ f ïðèíàäëå-

æèò îáëàñòè çíà÷åíèé îïåðàòîðà −1
2

d2

dx2 ), ñïðàâåäëèâî âåðîÿòíîñòíîå

ïðåäñòàâëåíèå

u(x) = (L2) lim
t→∞

E (f ∗ l) (t, x). (0.22)

Â ãëàâå 2 äèññåðòàöèè íàìè îïðåäåë¼í àíàëîã ëîêàëüíîãî âðåìåíè

m = m(t, x), (t, x) ∈ [0,∞) × R äëÿ ïðîöåññà êîìïëåêñíîãî áðîóíîâ-
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ñêîãî äâèæåíèÿ σ ·w(τ), τ ⩾ 0, ãäå σ � êîìïëåêñíîå ÷èñëî, óäîâëåòâî-

ðÿþùåå óñëîâèÿì

0 < Arg σ ⩽ π/4, |σ| = 1.

Äàííûé àíàëîã îïðåäåë¼í â âèäå ñïåöèàëüíîé ðåãóëÿðèçàöèè èíòåãðà-

ëà (0.17) (ñ êîìïëåêñíûì ïðîöåññîì σ ·w(τ), Imσ ̸= 0 â ïðàâîé ÷àñòè).

Ñîîòâåòñòâóþùàÿ ðåãóëÿðèçàöèÿ ïîäîáðàíà òàêèì îáðàçîì, ÷òî ïðè

âñåõ t > 0 âûïîëíåíî ñîîòíîøåíèå

Em(t, x) = (L2) lim
M→∞

E

t∫
0

δM(x− σw(τ)) dτ, (0.23)

ãäå δM(x) = 1
π

sin(Mx)
x � ÿäðî Äèðèõëå. Òàêîé âûáîð ðåãóëÿðèçàöèè

ïîçâîëèë îáîáùèòü ïðåäñòàâëåíèå (0.19) íà ñëó÷àé óðàâíåíèÿ

∂t u(t, x)−
σ2

2
∂2xx u(t, x) = f(x), u(0, x) = 0, f ∈ L2(R). (0.24)

Èìåííî, ïîêàçàíî, ÷òî äëÿ ðåøåíèÿ óðàâíåíèÿ (0.24) ñïðàâåäëèâî

âåðîÿòíîñòíîå ïðåäñòàâëåíèå

u(t, x) = E (f ∗m)(t, x). (0.25)

Êàê ñëåäñòâèå, èç ñîîòíîøåíèÿ (0.25) âûòåêàåò âåðîÿòíîñòíîå ïðåä-

ñòàâëåíèå äëÿ ðåøåíèÿ u(x) äèôôåðåíöèàëüíîãî óðàâíåíèÿ (äëÿ f

ïðèíàäëåæàùèõ îáëàñòè çíà÷åíèé îïåðàòîðà −σ2

2
d2

dx2 )

−σ
2

2
u′′(x) = f(x), f(x) ∈ L2(R),

âèäà

u(x) = (L2) lim
t→∞

E (f ∗m) (t, x).

Òàêæå â ãëàâå 2 ïîêàçûâàåòñÿ, ÷òî ñëó÷àéíàÿ ôóíêöèÿ m(t, x) íà-

ñëåäóåò íåêîòîðûå äðóãèå ñâîéñòâà áðîóíîâñêîãî ëîêàëüíîãî âðåìåíè.
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Åù¼ îäíîé öåëüþ äèññåðòàöèè ÿâëÿåòñÿ ïîñòðîåíèå è èññëåäîâàíèå

ñâîéñòâ ñåìåéñòâà ñëó÷àéíûõ ëèíåéíûõ îïåðàòîðîâ Rt
λ : L2(R

2) →

L2(R
2), äàþùèõ âåðîÿòíîñòíîå ïðåäñòàâëåíèå ðåçîëüâåíòû äâóìåðíî-

ãî îïåðàòîðà Øð¼äèíãåðà

(Hf)(x) = −1

2
(∆ f)(x) + V (x) f(x),

ïîòåíöèàë V (x) êîòîðîãî ÿâëÿåòñÿ íåîòðèöàòåëüíîé è îãðàíè÷åííîé

íåïðåðûâíîé ôóíêöèåé, ñòåïåííûì îáðàçîì óáûâàþùåé íà áåñêîíå÷-

íîñòè

V (x) = O (∥x∥−α), α > 2. (0.26)

Ìû ïðåäïîëàãàåì, ÷òî îïåðàòîð H îïðåäåë¼í íà êëàññå Ñîáîëåâà

Dom (H) = W 2
2 (R

2). Íà ñâîåé îáëàñòè îïðåäåëåíèÿ îïåðàòîð Øð¼äèí-

ãåðà ÿâëÿåòñÿ ñàìîñîïðÿæ¼ííûì è ïîëîæèòåëüíî îïðåäåë¼ííûì îïå-

ðàòîðîì, à åãî ñïåêòð ÿâëÿåòñÿ àáñîëþòíî íåïðåðûâíûì è çàïîëíÿåò

ïîëîæèòåëüíóþ ïîëóîñü [0,∞).

Èçâåñòíî, ÷òî ðåçîëüâåíòà Rλ = (H − λ I)−1 îïåðàòîðà H äîïóñ-

êàåò ïðåäñòàâëåíèå â âèäå ïðåîáðàçîâàíèÿ Ëàïëàñà ïî τ ïîëóãðóïïû

îïåðàòîðîâ Pτ = e−τH, τ ⩾ 0. Èìåííî, â ñëó÷àå Reλ < 0 ñïðàâåäëèâî

ñîîòíîøåíèå

(H− λ I)−1 f(x) =

∞∫
0

eλ τ [e−τH f(x)] dτ. (0.27)

Ñ äðóãîé ñòîðîíû, äëÿ îïåðàòîðíîé ïîëóãðóïïû Pτ = e−τH, τ ⩾ 0

èìååò ìåñòî âåðîÿòíîñòíîå ïðåäñòàâëåíèå (ôîðìóëà Ôåéíìàíà-Êàöà)

(Pτf)(x) = E f(wx(τ)) e
−
∫ τ

0
V (wx(s)) ds, (0.28)

ãäå ÷åðåç wx(τ) îáîçíà÷åí ñëó÷àéíûé ïðîöåññ wx(τ) = x − w(τ), à

w(τ) = (w1(τ), w2(τ)), τ ⩾ 0 � ñòàíäàðòíûé äâóìåðíûé âèíåðîâñêèé

ïðîöåññ.
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Ñ ó÷¼òîì (0.28) è (0.27), îêîí÷àòåëüíî, äëÿ âñåõ f ∈ L2(R
2) ∩

Cb(R
2) ïîëó÷èì

(H− λ I)−1 f(x) = E

[ ∞∫
0

eλ τ f(wx(τ)) e
−
∫ τ

0
V (wx(s)) ds dτ

]
. (0.29)

Òàêèì îáðàçîì, íà ôóíêöèÿõ êëàññà L2(R
2) ∩ Cb(R

2) ðåçîëüâåíòà

îïåðàòîðà H äîïóñêàåò ïðåäñòàâëåíèå â âèäå ïîòðàåêòîðíîãî óñðåäíå-

íèÿ ñëó÷àéíîãî îïåðàòîðà

Aλ : f 7−→
∞∫
0

eλ τ f(wx(τ)) e
−
∫ τ

0
V (wx(s)) ds dτ. (0.30)

Çàìåòèì, ÷òî òðàåêòîðèÿ äâóìåðíîãî âèíåðîâñêîãî ïðîöåññà çàìå-

òàåò íà ïëîñêîñòè ìíîæåñòâî íóëåâîé ëåáåãîâîé ìåðû è, çíà÷èò, îïåðà-

òîðAλ íå ìîæåò áûòü ïðîäîëæåí äî íåïðåðûâíîãî îïåðàòîðà â L2(R
2).

Â ãëàâå 3 äèññåðòàöèè ïîñòðîåíî äðóãîå ñåìåéñòâî ñëó÷àéíûõ îïå-

ðàòîðîâ Rt
λ, óñðåäíåíèå êîòîðîãî òàêæå äà¼ò âåðîÿòíîñòíîå ïðåäñòàâ-

ëåíèå ðåçîëüâåíòû îïåðàòîðà H, íî, â îòëè÷èå îò (0.30), îïåðàòîðû

ýòîãî ñåìåéñòâà ñ âåðîÿòíîñòüþ åäèíèöà äîïóñêàþò ïðîäîëæåíèå äî

îãðàíè÷åííûõ èíòåãðàëüíûõ îïåðàòîðîâ â L2(R
2). Â ïàðàãðàôå 3.1

ðàññìàòðèâàåòñÿ ñëó÷àé V (x) ≡ 0. Â ïàðàãðàôå 3.2 ðàññìàòðèâàåòñÿ

îáùèé ñëó÷àé. Â ãëàâå 4 (ïðèëîæåíèå) ïðèâîäÿòñÿ íåîáõîäèìûå ñâå-

äåíèÿ èç ìàòåìàòè÷åñêîé òåîðèè ðàññåÿíèÿ.

Öåëè è çàäà÷è äèññåðòàöèîííîé ðàáîòû:

1. Ïîñòðîåíèå îáîáù¼ííûõ ïðîöåññîâ Êîøè, ñîîòâåòñòâóþùèõ ïî-

êàçàòåëþ óñòîé÷èâîñòè 2m + 1, m ∈ N, à òàêæå ïîñòðîåíèå íà èõ îñ-

íîâå âåðîÿòíîñòíîé àïïðîêñèìàöèè ðåøåíèÿ çàäà÷è Êîøè äëÿ ýâîëþ-

öèîííîãî óðàâíåíèÿ, â ïðàâîé ÷àñòè êîòîðîãî ñòîèò îïåðàòîð ñâ¼ðòêè
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ñ îáîáù¼ííîé ôóíêöèåé |x|−2m−2. Ïîëó÷åíèå îöåíêè ñêîðîñòè ñõîäè-

ìîñòè ïîñòðîåííîé àïïðîêñèìàöèè ê òî÷íîìó ðåøåíèþ çàäà÷è Êîøè.

2. Äîêàçàòåëüñòâî ïðåäåëüíûõ òåîðåì î ñõîäèìîñòè ðàñïðåäåëåíèé

ôóíêöèîíàëîâ îò ñóìì íåçàâèñèìûõ îäèíàêîâî ðàñïðåäåë¼ííûõ ñëó-

÷àéíûõ âåëè÷èí ê îáîáù¼ííîìó ðàñïðåäåëåíèþ Êîøè.

3. Ïîñòðîåíèå àíàëîãà ëîêàëüíîãî âðåìåíè äëÿ ïðîöåññà êîìïëåêñ-

íîãî áðîóíîâñêîãî äâèæåíèÿ.

4. Ïîñòðîåíèå è èññëåäîâàíèå ñâîéñòâ ñåìåéñòâà ñëó÷àéíûõ ëèíåé-

íûõ îïåðàòîðîâ, äàþùèõ âåðîÿòíîñòíîå ïðåäñòàâëåíèå ðåçîëüâåíòû

äâóìåðíîãî îïåðàòîðà Øð¼äèíãåðà.

Îñíîâíûå ïîëîæåíèÿ, âûíîñèìûå íà çàùèòó:

1. Ïîñòðîåíû íåâåðîÿòíîñòíûå àíàëîãè ïðîöåññà Êîøè. Íà èõ îñíî-

âå ïîëó÷åíà âåðîÿòíîñòíàÿ àïïðîêñèìàöèÿ ðåøåíèÿ çàäà÷è Êî-

øè äëÿ ýâîëþöèîííîãî óðàâíåíèÿ

∂u

∂t
= (−1)mAmu, u(0, x) = φ(x), m ∈ N, (0.31)

ãäå îïåðàòîð Am îïðåäåë¼í ôîðìóëîé

(Amf)(x) = v.p.

∫
R

(
φ(x+ y)− φ(x)−

m∑
j=1

φ(2j)(x)y2j

(2j)!

)
dy

y2m+2
.

2. Äîêàçàíû ïðåäåëüíûå òåîðåìû î ñõîäèìîñòè ôóíêöèîíàëîâ îò

ñóìì íåçàâèñèìûõ îäèíàêîâî ðàñïðåäåë¼ííûõ ñëó÷àéíûõ âåëè-

÷èí ê íåâåðîÿòíîñòíûì àíàëîãàì ðàñïðåäåëåíèÿ Êîøè.

3. Ïîñòðîåí àíàëîã ëîêàëüíîãî âðåìåíè äëÿ ïðîöåññà êîìïëåêñíîãî

áðîóíîâñêîãî äâèæåíèÿ σ w(τ), τ ⩾ 0, ãäå w(τ) � ñòàíäàðòíûé

âèíåðîâñêèé ïðîöåññ, à σ � êîìïëåêñíîå ÷èñëî, óäîâëåòâîðÿþùåå

óñëîâèÿì

0 < arg σ ⩽
π

4
è |σ| = 1.
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4. Ïîñòðîåíî ñåìåéñòâî ñëó÷àéíûõ ëèíåéíûõ îïåðàòîðîâRt
λ : L2(R

2) →

L2(R
2), äàþùèõ âåðîÿòíîñòíîå ïðåäñòàâëåíèå ðåçîëüâåíòû äâó-

ìåðíîãî îïåðàòîðà Øð¼äèíãåðà

(Hf)(x) = −1

2
(∆ f)(x) + V (x) f(x),

ïîòåíöèàë V (x) êîòîðîãî ÿâëÿåòñÿ íåîòðèöàòåëüíîé è îãðàíè-

÷åííîé íåïðåðûâíîé ôóíêöèåé, ñòåïåííûì îáðàçîì óáûâàþùåé

íà áåñêîíå÷íîñòè

V (x) = O (∥x∥−α), α > 2. (0.32)

Ïîêàçàíî, ÷òî ñ âåðîÿòíîñòüþ åäèíèöà îïåðàòîðû ýòîãî ñåìåé-

ñòâà ÿâëÿþòñÿ îãðàíè÷åííûìè èíòåãðàëüíûìè îïåðàòîðàìè â

L2(R
2), à òàêæå èññëåäîâàíû ñâîéñòâà èõ ÿäåð.

Òåîðåòè÷åñêàÿ è ïðàêòè÷åñêàÿ çíà÷èìîñòü.

Ðåçóëüòàòû äèññåðòàöèè íîñÿò òåîðåòè÷åñêèé õàðàêòåð è ìîãóò áûòü

èñïîëüçîâàíû â ðàçëè÷íûõ îáëàñòÿõ òåîðèè âåðîÿòíîñòåé, â ÷àñòíîñòè,

â èññëåäîâàíèè ñëó÷àéíûõ ïðîöåññîâ.

Ìåòîäû èññëåäîâàíèÿ.

Â äèññåðòàöèè èñïîëüçóþòñÿ ðàçëè÷íûå ìåòîäû ñîâðåìåííîé òåî-

ðèè âåðîÿòíîñòåé, â ÷àñòíîñòè, ìåòîä ïðåäñòàâëåíèÿ ïðîöåññîâ Ëåâè

â âèäå ñòîõàñòè÷åñêèõ èíòåãðàëîâ ïî ïóàññîíîâñêîé ñëó÷àéíîé ìåðå.

Òàêæå èñïîëüçóþòñÿ ìåòîäû Ôóðüå-àíàëèçà è ìàòåìàòè÷åñêîé òåîðèè

ðàññåÿíèÿ.

Àïðîáàöèÿ ðàáîòû.

Ðåçóëüòàòû äèññåðòàöèè äîêëàäûâàëèñü íà ñëåäóþùèõ êîíôåðåí-

öèÿõ è ñåìèíàðàõ:

20



� Ñàíêò-Ïåòåðáóðãñêîé çèìíåé ìîëîäåæíîé êîíôåðåíöèè ïî òåî-

ðèè âåðîÿòíîñòåé è ìàòåìàòè÷åñêîé ôèçèêå (Ñàíêò-Ïåòåðáóðã,

2019, 2021, 2022 ã.);

� Ìåæäóíàðîäíîé êîíôåðåíöèè International Conference on Stochastic

Methods (ICSM) (Äèâíîìîðñêîå, 2021, 2022, 2023 ã.);

� Ïåðâîé êîíôåðåíöèè ìåæäóíàðîäíûõ ìàòåìàòè÷åñêèõ öåíòðîâ

ìèðîâîãî óðîâíÿ (Ñî÷è, 9-13 àâãóñòà, 2021 ã.);

� Êîíôåðåíöèè "New Trends in Mathematical Stochastics"(Ñàíêò-

Ïåòåðáóðã, 30 àâãóñòà-3 ñåíòÿáðÿ, 2021 ã.);

� Êðûìñêîé îñåííåé ìàòåìàòè÷åñêîé øêîëå-ñèìïîçèóìå ïî ñïåê-

òðàëüíûì è ýâîëþöèîííûì çàäà÷àì (Êðûì, 17-29 ñåíòÿáðÿ 2021 ã.);

� Ãîðîäñêîì ñåìèíàðå ïî òåîðèè âåðîÿòíîñòåé è ìàòåìàòè÷åñêîé

ñòàòèñòèêå ÏÎÌÈ (Ñàíêò-Ïåòåðáóðã, ìàé 2022 ã.);

� Ìåæäóíàðîäíîé êîíôåðåíöèè "Branching Processes, RandomWalks

and Probability on Discrete Structures"(Ìîñêâà, 21�24 èþíÿ, 2022

ã.).

Ëè÷íûé âêëàä.

Ðåçóëüòàòû âòîðîé è òðåòüåé ãëàâ äèññåðòàöèè ïîëó÷åíû àâòîðîì

ñàìîñòîÿòåëüíî (îïóáëèêîâàíû â [20], [21], [22]). Ðåçóëüòàòû ïåðâîé

ãëàâû äèññåðòàöèè ïîëó÷åíû ñîâìåñòíî ñ Ì.Â. Ïëàòîíîâîé (îïóáëèêî-

âàíû â [18], [19]), â ýòèõ ðàáîòàõ îñíîâíîé âêëàä ïðèíàäëåæèò ñîèñêà-

òåëþ, åãî ñîàâòîðó Ì.Â.Ïëàòîíîâîé ïðèíàäëåæèò ïîñòàíîâêà çàäà÷è

è ðÿä èäåé ïî óïðîùåíèþ äîêàçàòåëüñòâà.

Ïóáëèêàöèè.
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Îñíîâíûå ðåçóëüòàòû äèññåðòàöèè ñîäåðæàòñÿ â ïÿòè ñòàòüÿõ [18,

19, 20, 21, 22], îïóáëèêîâàííûõ â âåäóùèõ íàó÷íûõ æóðíàëàõ èç ñïèñ-

êà, ðåêîìåíäîâàííîãî ÂÀÊ.

Ñîäåðæàíèå äèññåðòàöèè.

Â ïåðâîé ãëàâå äèññåðòàöèè ñòðîèòñÿ âåðîÿòíîñòíàÿ àïïðîêñè-

ìàöèÿ ðåøåíèÿ çàäà÷è Êîøè

∂u

∂t
= (−1)mAmu, u(0, x) = φ(x), m ∈ N, (0.33)

ãäå φ(x) ∈ L2(R), à îïåðàòîð Am íà ôóíêöèÿõ êëàññà îïðåäåë¼í ôîð-

ìóëîé

(Am f)(x) = v.p.

∫
R

(
f(x+ y)− f(x)−

m∑
j=1

f (2j)(x)y2j

(2j)!

)
dy

y2m+2
.

Ñíà÷àëà â ïàðàãðàôå 1.1 ðàññìàòðèâàåòñÿ ñëó÷àé ÷¼òíûõ m (m =

2k). Ïðè âñåõ ε > 0 íà ôóíêöèÿõ êëàññà L2(R) îïðåäåëÿåòñÿ îïåðà-

òîðíàÿ ïîëóãðóïïà

[P t
ε φ](x) = E[(φ ∗ htε)(x+ ξε(t))], (0.34)

ãäå ôóíêöèÿ htε(x) îïðåäåëåíà ñâîèì ïðåîáðàçîâàíèåì Ôóðüå

ĥtε(p) = exp

(
t

∫
|y|⩾ε

2k∑
j=1

(−1)j+1p2jy2j

(2j)!

dy

y4k+2

)
,

à ξε(t) � ñëîæíûé ïóàññîíîâñêèé ïðîöåññ, çàäàííûé â âèäå ñòîõàñòè-

÷åñêîãî èíòåãðàëà

ξε(t) =

t∫
0

∫
|x|⩾ε

x ν(ds, dx)

ïî ïóàññîíîâñêîé ñëó÷àéíîé ìåðå ν(ds, dx) ñ èíòåíñèâíîñòþ

Eν(ds, dx) =
ds dx

|x|2m+2
.
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Ïîêàçûâàåòñÿ, ÷òî îïåðàòîðû ýòîãî ñåìåéñòâà ÿâëÿþòñÿ ïñåâäî-

äèôôåðåíöèàëüíûìè îïåðàòîðàìè â L2(R).

Äàëåå, ïîêàçûâàåòñÿ, ÷òî ïðè âñåõ t ⩾ 0 è φ ∈ W l+4k+2
2 (R) ñå-

ìåéñòâî ôóíêöèé uε(t, ·) = P t
ε φ ïðè ε → 0 ñõîäèòñÿ â ìåòðèêå ïðî-

ñòðàíñòâà Ñîáîëåâà W l
2(R), l ∈ Z+ ê òî÷íîìó ðåøåíèþ çàäà÷è Êîøè

u(t, ·) = etA2k φ è îöåíèâàåòñÿ ñêîðîñòü ñõîäèìîñòè. Èìåííî, ñïðàâåä-

ëèâî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 0.1. Ïóñòü l ∈ Z+, k ∈ N. Òîãäà ñóùåñòâóåò êîíñòàíòà

C > 0 òàêàÿ, ÷òî äëÿ ëþáîé ôóíêöèè φ ∈ W l+4k+2
2 (R) è âñåõ t ⩾ 0

âûïîëíåíî íåðàâåíñòâî

∥uε(t, ·)− u(t, ·)∥W l
2
⩽ Ctε∥φ∥W l+4k+2

2
.

Äàëåå, âî âòîðîé ÷àñòè ïàðàãðàôà 1.1 ñòðîèòñÿ àíàëîãè÷íîå âåðî-

ÿòíîñòíîå ïðåäñòàâëåíèå èñõîäíîé çàäà÷è Êîøè, íî óæå â âèäå àï-

ïðîêñèìàöèè ðåøåíèÿ ìàòåìàòè÷åñêèìè îæèäàíèÿìè ôóíêöèîíàëîâ

îò ñëó÷àéíûõ áëóæäàíèé. Èìåííî, ïðè âñåõ n ∈ N îïðåäåëÿåòñÿ ñëó-

÷àéíûé ïðîöåññ

ζn(t) = n−
1

4k+1

η(nt)∑
j=1

ξj, (0.35)

ãäå {ξj}∞j=1 � ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ îäèíàêîâî ðàñïðåäå-

ë¼ííûõ ñëó÷àéíûõ âåëè÷èí, èìåþùèõ îáùåå ñèììåòðè÷íîå ðàñïðåäå-

ëåíèå. Ïðåäïîëàãàåòñÿ, ÷òî ñîîòâåòñòâóþùåå ðàñïðåäåëåíèå àáñîëþò-

íî íåïðåðûâíî îòíîñèòåëüíî ìåðû Ëåáåãà, à åãî ïëîòíîñòü q(x) ïðè

|x| → ∞ èìååò àñèìïòîòèêó ñïåöèàëüíîãî âèäà. Ïðîöåññ η(t) � ñòàí-

äàðòíûé (Eη(t) = t) ïóàññîíîâñêèé ïðîöåññ, íå çàâèñÿùèé îò ïîñëåäî-

âàòåëüíîñòè {ξj}∞j=1.

Äàëåå, ïî ïðîöåññó ζn(t) îïðåäåëÿåòñÿ îïåðàòîðíàÿ ïîëóãðóïïà P
t
n,

23



äåéñòâèå êîòîðîé íà ôóíêöèè φ(x) ∈ L2(R) îïðåäåëåíî ôîðìóëîé

[P t
n φ](x) = E[(φ ∗ rtn)(x+ ζn(t))], (0.36)

ãäå ôóíêöèÿ rtn(x) îïðåäåëÿåòñÿ ñâîèì ïðåîáðàçîâàíèåì Ôóðüå

r̂tn(p) = exp

(
− nt

2k∑
j=1

(−1)j µ2j (pn
− 1

4k+1 )2j

(2j)!

)
(0.37)

(çäåñü µ2j = E ξ2j1 � ìîìåíò ïîðÿäêà 2j ñëó÷àéíîé âåëè÷èíû ξ1).

Äàëåå, ââîäèòñÿ îáîçíà÷åíèå un(t, x) = [P t
n φ](x).

Îñíîâíîé ðåçóëüòàò âòîðîé ïîëîâèíû ïàðàãðàôà 1.1 ñôîðìóëèðî-

âàí â âèäå ñëåäóþùåãî óòâåðæäåíèÿ.

Òåîðåìà 0.2. Ïóñòü l ∈ Z+, k ∈ N. Òîãäà ñóùåñòâóåò êîíñòàíòà

C > 0 òàêàÿ, ÷òî äëÿ ëþáîé ôóíêöèè φ ∈ W l+4k+2
2 (R) è âñåõ t ⩾ 0

âûïîëíåíî íåðàâåíñòâî

∥un(t, ·)− u(t, ·)∥W l
2(R) ⩽ Ctn−

1
4k+1∥φ∥W l+4k+2

2 (R).

Äàëåå, â ïàðàãðàôå 1.2 ðàññìàòðèâàåòñÿ ñëó÷àé m = 2k−1, k ∈ N,

êîòîðûé ÿâëÿåòñÿ áîëåå ñëîæíûì. Çäåñü ìû óæå íå ìîæåì îïðåäåëèòü

ïîëóãðóïïó P t
ε òàê, êàê ýòî áûëî ñäåëàíî ðàíåå, ïîòîìó ÷òî ñèìâîë ñî-

îòâåòñòâóþùåãî åé ïñåâäîäèôôåðåíöèàëüíîãî îïåðàòîðà áóäåò èìåòü

ýêñïîíåíöèàëüíûé ðîñò. ×òîáû ñïðàâèòüñÿ ñ ýòîé ïðîáëåìîé ïðèâëå-

÷åíû íåêîòîðûå èäåè êîìïëåêñíîãî àíàëèçà, â ÷àñòíîñòè, êîìïëåêñíî-

çíà÷íûå ïðîöåññû è àïïàðàò ïðîñòðàíñòâ Õàðäè. Îñíîâíîé ðåçóëüòàò

ïàðàãðàôà 1.2 ñôîðìóëèðîâàí â âèäå òåîðåì 1.9 è 1.12.

Âî âòîðîé ãëàâå äèññåðòàöèè îïðåäåëÿåòñÿ àíàëîã ëîêàëüíîãî

âðåìåíè äëÿ ïðîöåññà êîìïëåêñíîãî áðîóíîâñêîãî äâèæåíèÿ σ w(τ), τ ⩾

0, ãäå σ � êîìïëåêñíîå ÷èñëî, óäîâëåòâîðÿþùåå óñëîâèÿì

0 < arg σ ⩽
π

4
è |σ| = 1.
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Ñíà÷àëà â ïàðàãðàôå 2.1 äà¼òñÿ îïðåäåëåíèå ñîîòâåòñòâóþùåãî àíà-

ëîãà m = m(t, x), (t, x) ∈ [0, T ]×R â âèäå èíòåãðàëà

m(t, x) =

t∫
0

h(t, τ, x− σw(τ)) dτ

=

t∫
0

(
1

2π

∫
|p|<

√
t
b τ

H(t, p) e−ip(x−σw(τ)) dp

)
dτ. (0.38)

Ïîêàçûâàåòñÿ, ÷òî èíòåãðàë (0.38) ñ âåðîÿòíîñòüþ 1 ñõîäèòñÿ ïðè

âñåõ t ⩾ 0 è x ∈ R.

Â ýòîì æå ïàðàãðàôå ïîêàçûâàåòñÿ, ÷òî ñëó÷àéíàÿ ôóíêöèÿm(t, x)

íàñëåäóåò íåêîòîðûå ñâîéñòâà áðîóíîâñêîãî ëîêàëüíîãî âðåìåíè òà-

êèå, êàê:

1. Ôóíêöèÿ m(t, x) ïî ïåðåìåííîé x ñ âåðîÿòíîñòüþ 1 ÿâëÿåòñÿ

ã¼ëüäåðîâñêîé ôóíêöèåé ñ ïîêàçàòåëåì α ∈ (0, 1) (çäåñü ñëåäóåò îò-

ìåòèòü, ÷òî äëÿ áðîóíîâñêîãî ëîêàëüíîãî âðåìåíè ñîîòâåòñòâóþùèé

ïîêàçàòåëü ëåæèò â èíòåðâàëå α ∈ (0, 12)).

2. Ïðè âñåõ t > 0 è α ∈ [0, 32) ôóíêöèÿ m(t, ·) ïðèíàäëåæèò êëàññó

Ñîáîëåâà W α
2 (R).

3. Ïðè âñåõ f ∈ L2(R) ñïðàâåäëèâî ñîîòíîøåíèå

t∫
0

(h ∗ f)(t, τ, σ w(τ)) dτ =

∫
R

f(y)m(t, y) dy (0.39)

(çäåñü (h ∗ f)(t, τ, ·) � ñòàíäàðòíàÿ ñâ¼ðòêà ôóíêöèé h(t, τ, ·) è f ñîîò-

âåòñòâåííî).

Ñîîòâåòñòâóþùèé ðåçóëüòàò ñôîðìóëèðîâàí â âèäå òåîðåìû 2.2.

Äàëåå, â ïàðàãðàôå 2.2 îáîáùàåòñÿ äðóãîé ðåçóëüòàò, èçâåñòíûé

äëÿ áðîóíîâñêîãî ëîêàëüíîãî âðåìåíè, èìåííî, ïîêàçûâàåòñÿ, ÷òî äëÿ
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ðåøåíèÿ u(x) äèôôåðåíöèàëüíîãî óðàâíåíèÿ

−σ
2

2
u′′(x) = f(x), f(x) ∈ L2(R),

â ñëó÷àå, êîãäà f ïðèíàäëåæèò îáëàñòè çíà÷åíèé îïåðàòîðà −σ2

2
d2

dx2 ,

ñïðàâåäëèâî âåðîÿòíîñòíîå ïðåäñòàâëåíèå u(x) = lim
t→∞

E f ∗ m (t, x).

Ýòîò ðåçóëüòàò ñôîðìóëèðîâàí â âèäå òåîðåìû 2.5.

Â òðåòüåé ãëàâå äèññåðòàöèè îïðåäåëÿåòñÿ è èññëåäóþòñÿ ñâîé-

ñòâà ñåìåéñòâà ñëó÷àéíûõ ëèíåéíûõ îïåðàòîðîâRt
λ : L2(R

2) → L2(R
2),

äàþùèõ âåðîÿòíîñòíîå ïðåäñòàâëåíèå ðåçîëüâåíòûRλ äâóìåðíîãî îïå-

ðàòîðà Øð¼äèíãåðà H = −1
2 ∆+ V (x).

Ñíà÷àëà â ïàðàãðàôå 3.1 ðàññìàòðèâàåòñÿ ñëó÷àé V (x) ≡ 0. Â ïåð-

âîé ïîëîâèíå äàííîãî ïàðàãðàôà èññëåäóåòñÿ ñëó÷àé Reλ ⩽ 0, ïðèâî-

äèòñÿ ÿâíîå âûðàæåíèå äëÿ ñîîòâåòñòâóþùåãî ñåìåéñòâà îïåðàòîðîâ

(Rt
λ f)(x) =

t∫
0

eλτ
[
1

2π

∫
S1

f(x− ∥w(τ)∥ · θ) dS(θ)
]
dτ, (0.40)

ãäå ∥ · ∥ � ñòàíäàðòíàÿ åâêëèäîâà íîðìà â ïðîñòðàíñòâå R2, à dS(θ)

� äëèíà ýëåìåíòà äóãè åäèíè÷íîé îêðóæíîñòè S1. Ïîêàçûâàåòñÿ, ÷òî

îïåðàòîðû ýòîãî ñåìåéñòâà äîïóñêàþò ïðîäîëæåíèå äî îãðàíè÷åííûõ

èíòåãðàëüíûõ îïåðàòîðîâ â L2(R
2) (òåîðåìà 3.1).

Äàëåå, âî âòîðîé ïîëîâèíå ïàðàãðàôà 3.1 ââîäèòñÿ îïðåäåëåíèå ñå-

ìåéñòâà îïåðàòîðîâ Rt
λ : L2(R

2) → L2(R
2) äëÿ ñëó÷àÿ Reλ > 0, ïîêà-

çûâàåòñÿ, ÷òî îïåðàòîðû ýòîãî ñåìåéñòâà òàêæå äîïóñêàþò ïðîäîëæå-

íèå äî îãðàíè÷åííûõ èíòåãðàëüíûõ îïåðàòîðîâ â L2(R
2) (òåîðåìà 3.3).

Â êîíöå ïàðàãðàôà 3.1 äîêàçûâàåòñÿ òåîðåìà î âåðîÿòíîñòíîì ïðåä-

ñòàâëåíèè ðåçîëüâåíòû äâóìåðíîãî îïåðàòîðà Øð¼äèíãåðà ñ íóëåâûì

ïîòåíöèàëîì (òåîðåìà 3.5).

Çàòåì â ïàðàãðàôå 3.2 ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà ïîòåíöèàë
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V (x) � íåîòðèöàòåëüíàÿ, îãðàíè÷åííàÿ íåïðåðûâíàÿ ôóíêöèÿ, ñòå-

ïåíííûì îáðàçîì óáûâàþùàÿ íà áåñêîíå÷íîñòè

V (x) = O (∥x∥−α), α > 2. (0.41)

Ñíà÷àëà ïðèâîäÿòñÿ íåîáõîäèìûå ñâåäåíèÿ î ñîáñòâåííûõ ôóíê-

öèÿõ íåïðåðûâíîãî ñïåêòðà îïåðàòîðà Øð¼äèíãåðà φ(x, k). Çàòåì ïðè

âñåõ t > 0 è λ ∈ C, Reλ ⩽ 0 îïðåäåëÿåòñÿ ñëó÷àéíàÿ ôóíêöèÿ gtλ(x, k)

gtλ(x, k) =


(2π)−1

t∫
0

eλτ φ (wx(τ), k) e
−
∫ τ

0
V (wx(s)) ds dτ, ∥k∥ < m

(2π)−1 φ(x, k)
t∫
0

eλτ ψ (w0(τ), ∥k∥) e−
∫ τ

0
V (w0(s)) ds dτ, ∥k∥ ⩾ m

,

ãäå ôóíêöèÿ ψ = ψ(y, ρ), (y, ρ) ∈ R2 × [m,∞) îïðåäåëåíà ôîðìóëîé

ψ(y, ρ) =
1

2π

∫
S1

φ (y, ρ θ)

φ (0, ρ θ)
dS(θ), (0.42)

ãäå dS(θ) � ýëåìåíò äëèíû äóãè åäèíè÷íîé îêðóæíîñòè, à m � íåêî-

òîðîå ÷èñëî, êîòîðîå îïðåäåëÿåòñÿ ïîòåíöèàëîì V (x).

Äàëåå, ïîêàçûâàåòñÿ, ÷òî ñëó÷àéíàÿ ôóíêöèÿ

rtλ(x, y) = F∗[gtλ (x, ·)](y),

ãäå F � îáîáù¼ííîå ïðåîáðàçîâàíèå Ôóðüå, ïðåäñòàâëÿþùåå èç ñåáÿ

ðàçëîæåíèå ïî ñîáñòâåííûì ôóíêöèÿì íåïðåðûâíîãî ñïåêòðà îïåðà-

òîðà Øð¼äèíãåðà (F∗ � ñîïðÿæåííûé ê F îïåðàòîð), ïðè âñåõ x ∈ R2

è α ∈ [0, 1/2) ïî ïåðåìåííîé y ñ âåðîÿòíîñòüþ åäèíèöà ïðèíàäëåæèò

êëàññó Ñîáîëåâà W α
2 (R

2) (òåîðåìà 3.6).

Äàëåå, ïðè âñåõ t > 0 è λ ∈ C, Reλ ⩽ 0 íà ìíîæåñòâå ôóíêöèé

f ∈ L2(R
2) îïðåäåëÿåòñÿ ñëó÷àéíûé èíòåãðàëüíûé îïåðàòîð Rt

λ, êàê

Rt
λ f(x) =

∫
R2

rtλ(x, y) f(y) dy.
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Ïîêàçûâàåòñÿ, ÷òî ñîîòâåòñòâóþùèé èíòåãðàëüíûé îïåðàòîð ñ âåðîÿò-

íîñòüþ 1 ÿâëÿåòñÿ îãðàíè÷åííûì îïåðàòîðîì â L2(R
2) (òåîðåìà 3.7).

Â êîíöå ïàðàãðàôà 3.2 äîêàçûâàåòñÿ òåîðåìà î âåðîÿòíîñòíîì ïðåä-

ñòàâëåíèè ðåçîëüâåíòû îïåðàòîðà Øð¼äèíãåðà.

Òåîðåìà 0.3. 1. Åñëè Reλ < 0, òî òîãäà ïðè âñåõ f ∈ L2 (R
2) âû-

ïîëíåíî

Rλ f(x) = E

∫
R2

r∞λ (x, y) f(y) dy.

2. Åñëè Reλ = 0 è λ ̸= 0, òî òîãäà ïðè âñåõ f ∈ L2 (R
2) âûïîëíåíî

Rλ f(x) = (L2) lim
t→∞

E

∫
R2

rtλ(x, y) f(y) dy.

3. Åñëè λ = 0, òî òîãäà ïðè âñåõ f ∈ Dom (R0) âûïîëíåíî

R0 f(x) = (L2) lim
t→∞

E

∫
R2

rt0(x, y) f(y) dy.

Ñòðóêòóðà è îáú¼ì äèññåðòàöèè.

Äèññåðòàöèÿ ñîñòîèò èç ââåäåíèÿ, òð¼õ ãëàâ, ïðèëîæåíèÿ, çàêëþ-

÷åíèÿ è áèáëèîãðàôèè.

Îáùèé îáú¼ì äèññåðòàöèè ñîñòàâëÿåò 111 ñòðàíèö. Ñïèñîê ëèòåðà-

òóðû ñîäåðæèò 38 íàèìåíîâàíèé, â ÷èñëî êîòîðûõ âêëþ÷åíû 5 ðàáîò

àâòîðà ïî òåìå äèññåðòàöèè. Îñíîâíûå ðåçóëüòàòû ðàáîòû ñôîðìóëè-

ðîâàíû â âèäå òåîðåì. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ ñôîðìóëèðîâà-

íû â âèäå ëåìì.

Áëàãîäàðíîñòè.

Àâòîð âûðàæàåò ãëóáîêóþ áëàãîäàðíîñòü ñâîåìó íàó÷íîìó ðóêîâî-

äèòåëþ, ïðîôåññîðó Íàòàëèè Âàñèëüåâíå Ñìîðîäèíîé çà ïîñòàíîâêó

èíòåðåñíûõ çàäà÷, ïîñòîÿííîå âíèìàíèå è ïîääåðæêó, ïîëåçíûå îá-

ñóæäåíèÿ è öåííûå ñîâåòû, çàìå÷àíèÿ è êîììåíòàðèè.
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Îñíîâíûå îáîçíà÷åíèÿ è îïðåäåëåíèÿ

×åðåç f ∗ g ìû áóäåì îáîçíà÷àòü ñòàíäàðòíóþ ñâåðòêó ôóíêöèé f è g

ñîîòâåòñòâåííî

(f ∗ g)(x) =
∫
R

f(x− y) g(y) dy.

Ïðÿìîå ïðåîáðàçîâàíèå Ôóðüå îïðåäåëÿåòñÿ êàê

φ̂(p) =

∞∫
−∞

φ(x) eipx dx,

à, ñîîòâåòñòâåííî, îáðàòíîå ïðåîáðàçîâàíèå êàê

φ(x) =
1

2π

∞∫
−∞

φ̂(p) e−ipx dp.

×åðåç W k
2 (R) îáîçíà÷èì ïðîñòðàíñòâî Ñîáîëåâà ôóíêöèé, îïðåäå-

ëåííûõ íà R è èìåþùèõ êâàäðàòè÷íî ñóììèðóåìûå îáîáùåííûå ïðî-

èçâîäíûå äî ïîðÿäêà k âêëþ÷èòåëüíî (ñì. [27], ñòð. 146). Ñòàíäàðòíàÿ

íîðìà â ïðîñòðàíñòâå W k
2 (R) îïðåäåëÿåòñÿ ôîðìóëîé

∥∥ψ∥∥2
k
=

k∑
l=0

∫
R

|ψ(l)(x)|2 dx.

Íàì óäîáíî èñïîëüçîâàòü â ïðîñòðàíñòâå W k
2 (R) äðóãóþ íîðìó, ýêâè-

âàëåíòíóþ ñòàíäàðòíîé (ñì. [27], ñòð. 190)∥∥ψ∥∥2
W k

2
=

∫
R

(1 + |p|2k) |ψ̂(p)|2 dp.
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Îïåðàòîð A, äåéñòâóþùèé ïî ïðàâèëó

(Aφ)(x) =
1

2π

∫
R

e−ipx Â(p) φ̂(p) dp,

íàçûâàåòñÿ ïñåâäîäèôôåðåíöèàëüíûì îïåðàòîðîì ñ ñèìâîëîì Â(p).

Äëÿ îãðàíè÷åííîãî îïåðàòîðà A : W k
2 (R) → W l

2(R) ÷åðåç

∥A∥W k
2 →W l

2

îáîçíà÷àåòñÿ ñîîòâåòñòâóþùàÿ îïåðàòîðíàÿ íîðìà.

×åðåç C îáîçíà÷èì êîìïëåêñíóþ ïëîñêîñòü, à ÷åðåç C+ è C− �

âåðõíþþ è íèæíþþ ïîëóïëîñêîñòè ñîîòâåòñòâåííî.

×åðåç J0(ρ) ìû áóäåì îáîçíà÷àòü ôóíêöèþ Áåññåëÿ ïåðâîãî ðî-

äà íóëåâîãî ïîðÿäêà. Îíà äîïóñêàåò èíòåãðàëüíîå ïðåäñòàâëåíèå (ñì.

[31], c. 22)

J0(ρ) =
1

2π

2π∫
0

eiρ cosφ dφ. (0.43)

Äëÿ ôóíêöèé èç ñåìåéñòâà {J0(αρ)}α,ρ>0 âûïîëíåíî óñëîâèå îðòî-

ãîíàëüíîñòè

∞∫
0

ρ J0(αρ) J0(βρ) dρ =
δ (α− β)

α
, α, β > 0, (0.44)

êîòîðîå ñëåäóåò ïîíèìàòü â ñìûñëå îáîáù¼ííûõ ôóíêöèé (ïîäðîáíåå

ñì. [29]).

×åðåç I0(ρ) áóäåì îáîçíà÷àòü ìîäèôèöèðîâàííóþ ôóíêöèþ Áåññå-

ëÿ ïåðâîãî ðîäà íóëåâîãî ïîðÿäêà. Îíà ÿâëÿåòñÿ ôóíêöèåé Áåññåëÿ

÷èñòî ìíèìîãî àðãóìåíòà I0(ρ) = J0(ρ e
iπ/2), ρ ∈ R è äîïóñêàåò èíòå-

ãðàëüíîå ïðåäñòàâëåíèå (ñì. [31], ñ. 201)

30



I0(ρ) =
1

2π

2π∫
0

eρ cosφ dφ. (0.45)

Ôóíêöèÿ I0(ρ) ïðè ρ→ ∞ èìååò àñèìïòîòèêó (ñì. [31], ñ. 228)

I0(ρ) =
eρ√
2πρ

(
1 +O

(1
ρ

))
. (0.46)
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Ãëàâà 1

Íåâåðîÿòíîñòíûå àíàëîãè ïðîöåññà Êî-

øè

Â ýòîé ãëàâå áóäåò ïîñòðîåíà âåðîÿòíîñòíàÿ àïïðîêñèìàöèÿ ðåøåíèÿ

çàäà÷è Êîøè

∂u

∂t
= (−1)mAmu, u(0, x) = φ(x), (m ∈ N) (1.1)

ãäå φ(x) ∈ L2(R), à îïåðàòîð Am îïðåäåëåí íà ôóíêöèÿõ f(x) ∈

C∞(R) ôîðìóëîé

(Am f)(x) = v.p.

∫
R

(
f(x+ y)− f(x)−

m∑
j=1

f (2j)(x)y2j

(2j)!

)
dy

y2m+2
.

Ñíà÷àëà â ïàðàãðàôå 1.1 áóäåò ðàññìîòðåí ñëó÷àé ÷åòíûõ m (m =

2k, k ∈ N). Çàòåì â ïàðàãðàôå 1.2 áóäåò ðàññìîòðåí ñëó÷àé íå÷åòíûõ

m (m = 2k− 1, k ∈ N), êîòîðûé ÿâëÿåòñÿ áîëåå ñëîæíûì è ïîòðåáóåò

èñïîëüçîâàíèÿ êîìïëåêñíîçíà÷íûõ ïðîöåññîâ.
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1.1 Ñëó÷àé m = 2k

Ïóñòü ν(dt, dx) � ïóàññîíîâñêàÿ ñëó÷àéíàÿ ìåðà íà [0,∞)×R, èìåþ-

ùàÿ èíòåíñèâíîñòü

E ν(dt, dx) = dtΛ(dx) =
dt dx

x4k+2
.

Ìåðà Λ óäîâëåòâîðÿåò óñëîâèþ∫
R

min(x2, 1)Λ(dx) = ∞

è, ñîîòâåòñòâåííî, íå ÿâëÿåòñÿ ìåðîé Ëåâè íè äëÿ êàêîãî ïðîöåññà

Ëåâè.

Äëÿ êàæäîãî ε > 0 ðàññìîòðèì ñëîæíûé ïóàññîíîâñêèé ïðîöåññ

ξε(t) âèäà

ξε(t) =

t∫
0

∫
|x|⩾ε

x ν(ds, dx).

Îòìåòèì, ÷òî ïðè êàæäîì t > 0 ñåìåéñòâî ñëó÷àéíûõ âåëè÷èí ξε(t) íå

èìååò ñëàáîãî ïðåäåëà ïðè ε→ 0.

Õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ñëó÷àéíîé âåëè÷èíû ξε(t) èìååò âèä

E eipξε(t) = exp
(
t

∫
|y|⩾ε

(eipy − 1)
dy

y4k+2

)
, (1.2)

÷òî ñëåäóåò èç òåîðåìû Êýìïáåëëà (ñì. [26], �3.2).

Ïî ïðîöåññó ξε(t) ïîñòðîèì ïîëóãðóïïó îïåðàòîðîâ P t
ε , ïîëàãàÿ äëÿ

φ ∈ L2(R)

[P t
ε φ](x) = E[(φ ∗ htε)(x+ ξε(t))], (1.3)

ãäå ôóíêöèÿ htε(x) îïðåäåëåíà ñâîèì ïðåîáðàçîâàíèåì Ôóðüå

ĥtε(p) = exp

(
t

∫
|y|⩾ε

2k∑
j=1

(−1)j+1p2jy2j

(2j)!

dy

y4k+2

)
.
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Âàæíî îòìåòèòü, ÷òî ôóíêöèÿ ĥtε(p) ÿâëÿåòñÿ áûñòðî óáûâàþùåé

(ñòàðøèé êîýôôèöèåíò â ïîëèíîìå, êîòîðûé ñòîèò ïîä ýêñïîíåíòîé,

îòðèöàòåëåí) è, ñîîòâåòñòâåííî, åå îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå

îïðåäåëåíî êîððåêòíî.

Äàëåå íàì ïîíàäîáèòñÿ ñëåäóþùåå âàæíîå óòâåðæäåíèå

Ëåììà 1.1. 1. Äëÿ ëþáîãî ε > 0 îïåðàòîð P t
ε ÿâëÿåòñÿ ïñåâäîäèô-

ôåðåíöèàëüíûì îïåðàòîðîì â L2(R) ñ ñèìâîëîì Qt
ε(p), ãäå

Qt
ε(p) = exp

(
t

∫
|y|⩾ε

cos (p y)− 1

y4k+2
dy

)
· ĥtε(p).

2. Äëÿ ëþáûõ ε > 0, p ∈ R ñïðàâåäëèâî íåðàâåíñòâî |Qt
ε(p)| ⩽ 1.

Äîêàçàòåëüñòâî. Ïðåäñòàâèì ôóíêöèîíàë, êîòîðûé ñòîèò ïîä çíà-

êîì ìàòåìàòè÷åñêîãî îæèäàíèÿ â (1.3), ñâîèì ïðåîáðàçîâàíèåì Ôóðüå.

Ïîëó÷èì

[P t
ε φ] (x) = E

1

2π

∞∫
−∞

φ̂(p) ĥtε(p) e
−i p (x+ξε(t))dp

=
1

2π

∞∫
−∞

φ̂(p) ĥtε(p) e
−ipxEe−i p ξε(t) dp =

=
1

2π

∞∫
−∞

φ̂(p)Qt
ε(p)e

−i p xdp ,

ãäå

Qt
ε(p) = ĥtε(p) · E e−i p ξε(t).

Äàëåå, èñïîëüçóÿ ïðåäñòàâëåíèå (1.2) äëÿ õàðàêòåðèñòè÷åñêîé ôóíê-

öèè ïðîöåññà ξε(t), èìååì

Qt
ε(p) = exp

(
t

∫
|y|⩾ε

cos (p y)− 1

y4k+2
dy

)
· ĥtε(p).
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Ñëåäóþùèì øàãîì, ïðåîáðàçóåì âûðàæåíèå äëÿ ôóíêöèè Qt
ε(p) ê

âèäó

Qt
ε(p) = exp

(
t

∫
|y|⩾ε

cos (p y)− 1

y4k+2
dy

)

× exp

(
t

∫
|y|⩾ε

2k∑
j=1

(−1)j+1(p y)2j

(2j)!

dy

y4k+2

)

= exp

(
t

∫
|y|⩾ε

(
cos (p y)− 1 +

2k∑
j=1

(−1)j+1(p y)2j

(2j)!

)
dy

y4k+2

)
. (1.4)

Ñäåëàåì çàìåíó ïåðåìåííîé s = |p|y â èíòåãðàëå, êîòîðûé ñòîèò

ïîä ýêñïîíåíòîé â (1.4). Ïîëó÷èì

Qt
ε(p) = exp

(
t|p|4k+1

∫
|s|⩾ε|p|

(
cos s− 1 +

2k∑
j=1

(−1)j+1s2j

(2j)!

)
ds

s4k+2

)
.

Èç íåðàâåíñòâà

cos s− 1 +
2k∑
j=1

(−1)j+1s2j

(2j)!
< 0, (1.5)

ïðè ëþáîì âåùåñòâåííîì s ̸= 0 ñëåäóåò óòâåðæäåíèå ï. 2.

Äàëåå, ïðè âñåõ t > 0 è ε > 0 îïðåäåëèì ôóíêöèþ uε(t, x), ïîëàãàÿ

uε(t, x) = [P t
ε φ] (x).

Ñëåäóþùèì øàãîì ìû ïîêàæåì òî, ÷òî åñëè íà÷àëüíàÿ ôóíêöèÿ φ

ïðèíàäëåæèò êëàññó Ñîáîëåâà W l+4k+2
2 (R) ïðè íåêîòîðîì íåîòðèöà-

òåëüíîì öåëîì l, òî òîãäà ïðè ε → 0 ôóíêöèÿ uε(t, ·) ïî íîðìå ïðî-

ñòðàíñòâà W l
2(R) ïðèáëèæàåò ðåøåíèå u(t, ·) = P tφ çàäà÷è Êîøè

(1.1).

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.
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Òåîðåìà 1.2. Ïóñòü l ∈ Z+, k ∈ N. Òîãäà ñóùåñòâóåò êîíñòàíòà

C > 0 òàêàÿ, ÷òî äëÿ ëþáîé ôóíêöèè φ ∈ W l+4k+2
2 (R) è âñåõ t ⩾ 0

âûïîëíåíî íåðàâåíñòâî

∥uε(t, ·)− u(t, ·)∥W l
2
⩽ Ctε∥φ∥W l+4k+2

2
.

Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà óòâåðæäåíèÿ òåîðåìû âîñïîëü-

çóåìñÿ èçâåñòíîé ôîðìóëîé òåîðèè âîçìóùåíèé (ñì. [25], ãë. IX, �2

ï.1).

Ïóñòü A ïðèíàäëåæèò êëàññó îïåðàòîðîâ, îïðåäåëåííûõ íà ãèëü-

áåðòîâîì ïðîñòðàíñòâå H, òàêîìó, ÷òî ñóùåñòâóåò îãðàíè÷åííàÿ (t ⩾

0) ïîëóãðóïïà îïåðàòîðîâ

UA(t) = etA.

Ïóñòü îïåðàòîð B � íåêîòîðîå âîçìóùåíèå îïåðàòîðà A òàêîå, ÷òî

ïîëóãðóïïà UA+B(t) òàêæå îãðàíè÷åíà. Òîãäà ñïðàâåäëèâà ôîðìóëà

et(A+B) − etA =

t∫
0

eτ(A+B)Be(t−τ)Adτ. (1.6)

Äàëåå, îáîçíà÷èì ÷åðåç Gε ãåíåðàòîð ïîëóãðóïïû P
t
ε . Íà ôóíêöèÿõ

êëàññà C∞
b (R) îí îïðåäåëåí ôîðìóëîé

(Gε ψ)(x) =

∫
|y|⩾ε

(
ψ(x+ y)− ψ(x)−

2k∑
j=1

ψ(2j)(x)y2j

(2j)!

)
dy

y4k+2
.

Ïðèìåíèì ôîðìóëó (1.6) äëÿ ñëó÷àÿ, êîãäà A = Gε, A+ B = A2k.

Çàìåòèì, ÷òî ïðè âñåõ t > 0 è d ∈ Z+ ñïðàâåäëèâû íåðàâåíñòâà

∥etA∥W d
2→W d

2
⩽ 1 (ñì. ëåììà 1.1) è ∥et(A+B)∥W d

2→W d
2
⩽ 1 (etA2k � ïñåâäî-

äèôôåðåíöèàëüíûé îïåðàòîð, ñèìâîë êîòîðîãî ïî ìîäóëþ íå ïðåâîñ-

õîäèò 1). Òàêèì îáðàçîì, äëÿ äîêàçàòåëüñòâà óòâåðæäåíèÿ òåîðåìû

äîñòàòî÷íî ïîëó÷èòü îöåíêó îïåðàòîðíîé íîðìû ∥B∥W l+4k+2
2 →W l

2
.
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Âû÷èñëèì ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè (Bφ)(x). Èìååì

(B̂φ)(p) = (Â2kφ)(p)− (Âφ)(p)

= 2 φ̂(p)

ε∫
0

(
cos (p y)− 1−

2k∑
j=1

(−1)j(py)2j

(2j)!

)
dy

y4k+2
=

= 2 φ̂(p) |p|4k+1

ε|p|∫
0

(
cos y − 1−

2k∑
j=1

(−1)jy2j

(2j)!

)
dy

y4k+2
.

Îöåíèì ìîäóëü ñîîòâåòñòâóþùåãî âûðàæåíèÿ â äâóõ ñëó÷àÿõ: ε|p| <

1 è ε|p| ⩾ 1.

Åñëè ε|p| < 1, òî òîãäà ñîîòâåòñòâóþùàÿ îöåíêà èìååò âèä

|(B̂φ)(p)| ⩽ C |φ̂(p)| p4k+2 ε

(îöåíèâàåì îñòàòî÷íûé ÷ëåí â ôîðìóëå Òåéëîðà).

Â ïðîòèâíîì ñëó÷àå (ε|p| ⩾ 1) äëÿ íåêîòîðîé ïîëîæèòåëüíîé êîí-

ñòàíòû C ñïðàâåäëèâî íåðàâåíñòâî

|(B̂φ)(p)| ⩽ C |φ̂(p)| |p|4k+1.

Òåïåðü ìû ìîæåì îöåíèòü âåëè÷èíó ∥Bφ∥2
W l

2
. Èìååì

∥Bφ∥2W l
2
=

∫
|p|< 1

ε

(1 + |p|2l)|(B̂φ)(p)|2 dp +

∫
|p|⩾ 1

ε

(1 + |p|2l)|(B̂φ)(p)|2 dp

⩽
∫

|p|< 1
ε

(1 + |p|2l)
(
C |φ̂(p)|p4k+2ε

)2

dp

+

∫
|p|⩾ 1

ε

(1 + |p|2l)
(
C |φ̂(p)|p4k+1

)2

dp

⩽ C2ε2
∫
R

(1 + |p|2l)p8k+4|φ̂(p)|2dp. (1.7)
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Çàìåòèì, ÷òî ïðè l ⩾ 0 ñïðàâåäëèâî íåðàâåíñòâî

(1 + |p|2l)p8k+4

1 + |p|2l+8k+4
⩽

2p8k+4

1 + p8k+4
< 2. (1.8)

Èç (1.7) è (1.8) âûòåêàåò îöåíêà

∥Bφ∥2W l
2
⩽ C2ε2

∫
R

(1 + |p|2l+8k+4)|φ̂(p)|2dp = C2ε2∥φ∥2
W l+4k+2

2
,

èç êîòîðîé íåìåäëåííî ñëåäóåò óòâåðæäåíèå òåîðåìû.

Ñëåäñòâèå 1.3. Ñåìåéñòâî îïåðàòîðîâ P t
ε ïðè ε→ 0 ñèëüíî ñõîäèò-

ñÿ ê îïåðàòîðó P t, òî åñòü äëÿ ëþáîé ôóíêöèè φ ∈ L2(R) âûïîëíåíî

∥P t
εφ− P tφ∥L2

→
ε→0

0.

Äîêàçàòåëüñòâî. Òàê êàê îïåðàòîðíûå íîðìû ∥P t
ε∥L2→L2

è ∥P t∥L2→L2

íå áîëüøå åäèíèöû, à êëàññ ÑîáîëåâàW 4k+2
2 (R) ïëîòåí â ïðîñòðàíñòâå

L2(R), òî óòâåðæäåíèå ñëåäñòâèÿ íåìåäëåííî âûòåêàåò èç óòâåðæäå-

íèÿ òåîðåìû 1.2 è òåîðåìû Áàíàõà�Øòåéíãàóçà (ñì. [24], II.1.18).

Òàêèì îáðàçîì, ìû ïîëó÷èëè âåðîÿòíîñòíîå ïðåäñòàâëåíèå

u(t, x) = (W l
2) lim

ε→0
E [(φ ∗ htε)(x+ ξε(t))]

äëÿ ðåøåíèÿ çàäà÷è Êîøè (1.1).

Ñëåäóþùèì øàãîì ìû ïîñòðîèì àíàëîãè÷íîå âåðîÿòíîñòíîå ïðåä-

ñòàâëåíèå èñõîäíîé çàäà÷è Êîøè, íî óæå â âèäå àïïðîêñèìàöèè ìàòå-

ìàòè÷åñêèìè îæèäàíèÿìè ôóíêöèîíàëîâ îò ñëó÷àéíûõ áëóæäàíèé.

Ïóñòü {ξj}∞j=1 � ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ îäèíàêîâî ðàñ-

ïðåäåëåííûõ ñëó÷àéíûõ âåëè÷èí, èìåþùèõ îáùåå ñèììåòðè÷íîå ðàñ-

ïðåäåëåíèå P . Ïðåäïîëîæèì, ÷òî ðàñïðåäåëåíèå P àáñîëþòíî íåïðå-

ðûâíî îòíîñèòåëüíî ìåðû Ëåáåãà, è äëÿ ïëîòíîñòè q(x) ïðè |x| > 1
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âûïîëíåíî

q(x) =
1

x4k+2
(1 + h(x)), (1.9)

ãäå ôóíêöèÿ h(x) ïðè |x| → ∞ èìååò àñèìïòîòèêó h(x) = O (|x|−β)

(β > 1).

Ïðè âñåõ n ∈ N îïðåäåëèì ñëó÷àéíûé ïðîöåññ ζn(t), ïîëàãàÿ

ζn(t) = n−
1

4k+1

η(nt)∑
j=1

ξj, (1.10)

ãäå η(t) � ñòàíäàðòíûé (Eη(t) = t) ïóàññîíîâñêèé ïðîöåññ, íå çàâèñÿ-

ùèé îò ïîñëåäîâàòåëüíîñòè {ξj}∞j=1.

Õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ñëó÷àéíîé âåëè÷èíû ζn(t) èìååò âèä

E eipζn(t) = exp

(
nt

∞∫
−∞

(
eipyn

− 1
4k+1 − 1

)
q(y) dy

)
(1.11)

÷òî, â ñâîþ î÷åðåäü, ÿâëÿåòñÿ ñëåäñòâèåì òåîðåìû Êýìïáåëëà (ñì.

[26], �3.2).

Äàëåå, ïðè âñåõ j ⩽ 2k îáîçíà÷èì ÷åðåç µ2j = E ξ2j1 ìîìåíò ïîðÿäêà

2j ñëó÷àéíîé âåëè÷èíû ξ1.

Ïî ïðîöåññó ζn(t) îïðåäåëèì ïîëóãðóïïó îïåðàòîðîâ P t
n, ïîëàãàÿ

äëÿ φ(x) ∈ L2(R)

[P t
n φ](x) = E[(φ ∗ rtn)(x+ ζn(t))], (1.12)

ãäå ôóíêöèÿ rtn(x) îïðåäåëÿåòñÿ ñâîèì ïðåîáðàçîâàíèåì Ôóðüå

r̂tn(p) = exp

(
− nt

2k∑
j=1

(−1)j µ2j (pn
− 1

4k+1 )2j

(2j)!

)
. (1.13)

Îïðåäåëåííàÿ òàêèì îáðàçîì ôóíêöèÿ r̂tn(p) ÿâëÿåòñÿ áûñòðî óáû-

âàþùåé, òàê êàê ñòàðøèé êîýôôèöèåíò â ïîëèíîìå, êîòîðûé ñòîèò

ïîä ýêñïîíåíòîé, îòðèöàòåëåí.

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.
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Ëåììà 1.4. 1. Äëÿ ëþáîãî n ∈ N îïåðàòîð P t
n ÿâëÿåòñÿ ïñåâäîäèô-

ôåðåíöèàëüíûì îïåðàòîðîì â L2(R) ñ ñèìâîëîì H t
n(p), ãäå

H t
n(p) = exp

(
nt

∞∫
−∞

(
cos (pyn−

1
4k+1 )− 1

)
q(y) dy

)
· r̂tn(p).

2. Äëÿ ëþáûõ n ∈ N, p ∈ R ñïðàâåäëèâî íåðàâåíñòâî |H t
n(p)| ⩽ 1.

Äîêàçàòåëüñòâî. Ïðåäñòàâèì ôóíêöèîíàë, êîòîðûé ñòîèò ïîä çíà-

êîì ìàòåìàòè÷åñêîãî îæèäàíèÿ â (1.12) ñâîèì ïðåîáðàçîâàíèåì Ôó-

ðüå, ïîëó÷èì

[P t
n φ](x) = E

1

2π

∞∫
−∞

φ̂(p) r̂tn(p) e
−i p (x+ζn(t)) dp

=
1

2π

∞∫
−∞

φ̂(p) r̂tn(p)e
−ipxE e−i p ζn(t) dp =

=
1

2π

∞∫
−∞

φ̂(p)H t
n(p) e

−i p x dp ,

ãäå

H t
n(p) = r̂tn(p) · Ee−i p ζn(t).

Ñ ó÷åòîì (1.11), âûðàæåíèå äëÿ ôóíêöèè H t
n(p) ïðèìåò âèä

H t
n(p) = exp

(
nt

∞∫
−∞

(
cos (pyn−

1
4k+1 )− 1

)
q(y) dy

)
· r̂tn(p)

= exp

(
nt

∞∫
−∞

(
cos (pyn−

1
4k+1 )−1+

2k∑
j=1

(−1)j+1(pyn−
1

4k+1 )2j

(2j)!

)
q(y) dy

)
.

(1.14)

Äëÿ äîêàçàòåëüñòâà óòâåðæäåíèÿ ï. 2. äîñòàòî÷íî ïîêàçàòü, ÷òî

ïîäûíòåãðàëüíîå âûðàæåíèå â (1.14) íåïîëîæèòåëüíî. Äàííîå óòâåð-

æäåíèå ñëåäóåò èç íåðàâåíñòâà
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cos s− 1 +
2k∑
j=1

(−1)j+1s2j

(2j)!
< 0, (1.15)

êîòîðîå ñïðàâåäëèâî ïðè ëþáîì âåùåñòâåííîì s ̸= 0.

Äàëåå, ïðè âñåõ t > 0, n ∈ N îïðåäåëèì ôóíêöèþ un(t, x), ïîëàãàÿ

un(t, x) = [P t
n φ] (x).

Ñëåäóþùèì øàãîì ìû ïîêàæåì òî, ÷òî åñëè íà÷àëüíàÿ ôóíêöèÿ φ

ïðèíàäëåæèò êëàññó Ñîáîëåâà W l+4k+2
2 (R) ïðè íåêîòîðîì íåîòðèöà-

òåëüíîì öåëîì l, òî òîãäà ïðè n → ∞ ôóíêöèÿ un(t, ·) ïî íîðìå

ïðîñòðàíñòâà W l
2(R) ïðèáëèæàåò ðåøåíèå u(t, ·) = P tφ çàäà÷è Êîøè

(1.1).

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1.5. Ïóñòü l ∈ Z+, k ∈ N. Òîãäà ñóùåñòâóåò êîíñòàíòà

C > 0 òàêàÿ, ÷òî äëÿ ëþáîé ôóíêöèè φ ∈ W l+4k+2
2 (R) è âñåõ t ⩾ 0

âûïîëíåíî íåðàâåíñòâî

∥un(t, ·)− u(t, ·)∥W l
2(R) ⩽ Ctn−

1
4k+1∥φ∥W l+4k+2

2 (R).

Äîêàçàòåëüñòâî. Îáîçíà÷èì ÷åðåç Gn ãåíåðàòîð ïîëóãðóïïû P t
n. Íà

ôóíêöèÿõ êëàññà C∞
b (R) îí îïðåäåëåí ôîðìóëîé

(Gn ψ)(x) = n

∞∫
−∞

(
ψ(x+y n−

1
4k+1 )−ψ(x)−

2k∑
j=1

ψ(2j)(x)(y n−
1

4k+1 )2j

(2j)!

)
dy

y4k+2
.

Ïðèìåíèì ôîðìóëó (1.6) äëÿ ñëó÷àÿ, êîãäà A = Gn, A+B = A2k.

Çàìåòèì, ÷òî ïðè âñåõ t > 0 è d ∈ Z+ ñïðàâåäëèâû íåðàâåíñòâà

∥etA∥W d
2→W d

2
⩽ 1 (ñì. ëåììà 1.4) è ∥et(A+B)∥W d

2→W d
2
⩽ 1 (etA2k � ïñåâäî-

äèôôåðåíöèàëüíûé îïåðàòîð, ñèìâîë êîòîðîãî ïî ìîäóëþ íå ïðåâîñ-

õîäèò 1). Òàêèì îáðàçîì, äëÿ äîêàçàòåëüñòâà óòâåðæäåíèÿ òåîðåìû

äîñòàòî÷íî ïîëó÷èòü îöåíêó îïåðàòîðíîé íîðìû ∥B∥W l+4k+2
2 →W l

2
.
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Âû÷èñëèì ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè (Bφ)(x). Èìååì

(B̂φ)(p) = (Â2kφ)(p)− (Âφ)(p)

= φ̂(p)|p|4k+1

∞∫
−∞

(
cos y −

2k∑
j=0

(−1)jy2j

(2j)!

)
dy

y4k+2

− nφ̂(p)

∞∫
−∞

(
cos (pyn−

1
4k+1 )−

2k∑
j=0

(−1)j(pyn−
1

4k+1 )2j

(2j)!

)
q(y) dy.

Äëÿ óäîáñòâà ââåä¼ì îáîçíà÷åíèå

S(y) = cos y −
2k∑
j=0

(−1)jy2j

(2j)!
.

Ïîñêîëüêó ðàñïðåäåëåíèå P ñèììåòðè÷íîå, à åãî ïëîòíîñòü q(x)

ïðè |x| > 1 îïðåäåëÿåòñÿ ôîðìóëîé (1.9), òî òîãäà âûðàæåíèå äëÿ

ôóíêöèè (B̂φ)(p) ïðèìåò âèä

(B̂φ)(p) = 2 φ̂(p) |p|4k+1

|p|n− 1
4k+1∫

0

S(y)
dy

y4k+2

− 2n φ̂(p)

1∫
0

S(pyn−
1

4k+1 )q(y) dy

− 2n φ̂(p)

∞∫
1

S(pyn−
1

4k+1 )h(y)
dy

y4k+2
= I1(n, p)− I2(n, p)− I3(n, p).

(1.16)

Îöåíèì |(B̂φ)(p)| ïðè |p| ⩽ n
1

4k+1 .

Ìîäóëü ïîäûíòåãðàëüíîé ôóíêöèè â I1(n, p) íå ïðåâîñõîäèò íåêî-

òîðîé êîíñòàíòû, à çíà÷èò, ñïðàâåäëèâî íåðàâåíñòâî

|I1(n, p)| ⩽ C|φ̂(p)|p4k+2n−
1

4k+1 . (1.17)
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Äëÿ îöåíêè |I2(n, p)| âîñïîëüçóåìñÿ òåì, ÷òî ïðè |y| < 1 ñïðàâåä-

ëèâî íåðàâåíñòâî

|S(pyn−
1

4k+1 )| ⩽ Cp4k+2n−
4k+2
4k+1y4k+2.

Òàêèì îáðàçîì, ïîëó÷èì

|I2(n, p)| ⩽ C|φ̂(p)|p4k+2n−
1

4k+1

1∫
0

y4k+2q(y) dy ⩽ C|φ̂(p)|p4k+2n−
1

4k+1 .

(1.18)

Íàêîíåö, äëÿ |I3(n, p)| èìååì îöåíêó

|I3(n, p)| ⩽ C|φ̂(p)|
∞∫
1

min

(
p4k+2n−

1
4k+1y4k+2

(4k + 2)!
,
p4kn

1
4k+1y4k

(4k)!

)
dy

y4k+2+β

⩽ C|φ̂(p)|p4k+2n−
1

4k+1 . (1.19)

Ñ ó÷åòîì (3.27), (3.28) è (1.19), îêîí÷àòåëüíî, îöåíêà äëÿ ôóíêöèè

|(B̂φ)(p)| íà ïðîìåæóòêå |p| ⩽ n
1

4k+1 èìååò âèä

|(B̂φ)(p)| ⩽ C|φ̂(p)|p4k+2n−
1

4k+1 .

Òåïåðü îöåíèì |(B̂φ)(p)| ïðè |p| ⩾ n
1

4k+1 .

Ïîñêîëüêó ôóíêöèÿ S(y) · y−(4k+2) ÿâëÿåòñÿ èíòåãðèðóåìîé íà (−∞,∞),

òî òîãäà äëÿ |I1(n, p)| âåðíà îöåíêà

|I1(n, p)| = 2|φ̂(p)||p|4k+1

∣∣∣∣
|p|n− 1

4k+1∫
0

S(y)
dy

y4k+2

∣∣∣∣ ⩽ C|φ̂(p)||p|4k+1.

Îöåíèì |I2(n, p)|. Åñëè |y| < 1 è |p| ⩾ n
1

4k+1 , òî òîãäà âûïîëíåíî

íåðàâåíñòâî

|S(pyn−
1

4k+1 )| ⩽ 1 +
2k∑
j=0

(|p|n− 1
4k+1 )2j

(2j)!
⩽ C

|p|4k+1

n
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è, òàêèì îáðàçîì,

|I2(n, p)| ⩽ C|φ̂(p)||p|4k+1

1∫
0

q(y) dy

⩽ C|φ̂(p)||p|4k+1.

Íàêîíåö, îöåíèì |I3(n, p)|. Åñëè |y| ⩾ 1 è |p| ⩾ n
1

4k+1 , òî òîãäà

âûïîëíåíî íåðàâåíñòâî

|S(pyn−
1

4k+1 )| ⩽ Cp4kn−
4k

4k+1y4k.

Ñîîòâåòñòâåííî

|I3(n, p)| ⩽ C|φ̂(p)|p4kn
1

4k+1

∞∫
1

y−2−β dy

⩽ C|φ̂(p)||p|4k+1.

Îêîí÷àòåëüíî, ïðè |p| ⩾ n
1

4k+1 ïîëó÷èì

|(B̂φ)(p)| ⩽ C|φ̂(p)||p|4k+1.

Òåïåðü ìû ìîæåì îöåíèòü âåëè÷èíó ∥Bφ∥2
W l

2
. Èìååì

∥Bφ∥2W l
2
=

∫
|p|<n

1
4k+1

(1+|p|2l)|(B̂φ)(p)|2dp+
∫

|p|⩾n
1

4k+1

(1+|p|2l)|(B̂φ)(p)|2dp

⩽
∫

|p|<n
1

4k+1

(1 + |p|2l)
(
C|φ̂(p)|p4k+2n−

1
4k+1

)2

dp

+

∫
|p|⩾n

1
4k+1

(1 + |p|2l)
(
C|φ̂(p)||p|4k+1

)2

dp

⩽ C2n−
2

4k+1

∫
R

(1 + |p|2l)p8k+4|φ̂(p)|2dp. (1.20)
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Çàìåòèì, ÷òî ïðè l ⩾ 0 ñïðàâåäëèâî íåðàâåíñòâî

(1 + |p|2l)p8k+4

1 + |p|2l+8k+4
⩽

2p8k+4

1 + p8k+4
< 2. (1.21)

Èç (1.20) è (1.21) âûòåêàåò îöåíêà

∥Bφ∥2W l
2
⩽ C2n−

2
4k+1

∫
R

(1 + |p|2(l+4k+2))|φ̂(p)|2dp = C2n−
2

4k+1∥φ∥2
W l+4k+2

2
,

èç êîòîðîé íåìåäëåííî ñëåäóåò óòâåðæäåíèå òåîðåìû.

Ñëåäñòâèå 1.6. Ïîñëåäîâàòåëüíîñòü îïåðàòîðîâ P t
n ïðè n → ∞

ñèëüíî ñõîäèòñÿ ê îïåðàòîðó P t, òî åñòü äëÿ ëþáîé ôóíêöèè φ ∈

L2(R) âûïîëíåíî

∥P t
nφ− P tφ∥L2

→
n→∞

0.

Äîêàçàòåëüñòâî. Òàê êàê îïåðàòîðíûå íîðìû ∥P t
n∥L2→L2

è ∥P t∥L2→L2

íå áîëüøå åäèíèöû, à êëàññ ÑîáîëåâàW 4k+2
2 (R) ïëîòåí â ïðîñòðàíñòâå

L2(R), òî óòâåðæäåíèå ñëåäñòâèÿ íåìåäëåííî âûòåêàåò èç óòâåðæäå-

íèÿ òåîðåìû 1.5 è òåîðåìû Áàíàõà�Øòåéíãàóçà (ñì. [24], II.1.18).

1.2 Ñëó÷àé m = 2k − 1

Â äàííîì ñëó÷àå ìû íå ìîæåì îïðåäåëèòü ïîëóãðóïïó P t
ε òàê, êàê

ýòî áûëî ñäåëàíî â ïðåäûäóùåì ïàðàãðàôå, ïîòîìó ÷òî ñèìâîë ñî-

îòâåòñòâóþùåãî åé ïñåâäîäèôôåðåíöèàëüíîãî îïåðàòîðà áóäåò èìåòü

ýêñïîíåíöèàëüíûé ðîñò (ñì. ôîðìóëà 1.4). ×òîáû ñïðàâèòüñÿ ñ ýòîé

ïðîáëåìîé íàì ïðèä¼òñÿ âûéòè â êîìïëåêñíóþ ïëîñêîñòü.

Ïóñòü ν(dt, dx) � ïóàññîíîâñêàÿ ñëó÷àéíàÿ ìåðà íà [0,∞) × R ñ

èíòåíñèâíîñòüþ

E ν(dt, dx) = dtΛ(dx) =
dt dx

x4k
.

45



Äëÿ êàæäîãî ε > 0 îïðåäåëèì ñëîæíûå ïóàññîíîâñêèå ïðîöåññû

ξ+ε (t) è ξ
−
ε (t), ïîëàãàÿ

ξ+ε (t) =

∫∫
[0,t]×[ε,∞)

x dν(s, x),

ξ−ε (t) =

∫∫
[0,t]×(−∞,−ε]

x dν(s, x).

Îòìåòèì, ÷òî ïðè êàæäîì t > 0 ñëó÷àéíûå âåëè÷èíû ξ+ε (t) è ξ
−
ε (t)

íåçàâèñèìû, òàê êàê îíè çàäàþòñÿ ñòîõàñòè÷åñêèìè èíòåãðàëàìè ïî

íåïåðåñåêàþùèìñÿ ìíîæåñòâàì.

Äàëåå, ïðè ïîñòðîåíèè ïîëóãðóïïû P t
ε íàìè áóäóò èñïîëüçîâàòüñÿ

êîìïëåêñíîçíà÷íûå ñëó÷àéíûå ïðîöåññû σ+ ξ
+
ε (t), σ− ξ

−
ε (t), σ− ξ

+
ε (t) è

σ+ ξ
−
ε (t), ãäå

σ+ = e
iπ

4k−1 , σ− = e−
iπ

4k−1 .

Èç òåîðåìû Êýìïáåëëà (ñì. [26], �3.2) âûòåêàåò ñïðàâåäëèâîñòü ñî-

îòíîøåíèé

E eipσ+ξ
+
ε (t) = exp

(
t

∞∫
ε

(
eipσ+y − 1

) dy
y4k

)
, p > 0, (1.22)

E eipσ−ξ
−
ε (t) = exp

(
t

−ε∫
−∞

(
eipσ−y − 1

) dy
y4k

)
, p > 0, (1.23)

E eipσ−ξ
+
ε (t) = exp

(
t

∞∫
ε

(
eipσ−y − 1

) dy
y4k

)
, p < 0, (1.24)

E eipσ+ξ
−
ε (t) = exp

(
t

−ε∫
−∞

(
eipσ+y − 1

) dy
y4k

)
, p < 0, (1.25)

êîòîðûå ïîíàäîáÿòñÿ íàì â äàëüíåéøåì.
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Äàëåå, ÷åðåç P± îáîçíà÷èì ïðîåêòîðû Ðèññà, äåéñòâóþùèå èç L2(R)

íà ïðîñòðàíñòâà Õàðäè H2
+ (C+) è H

2
− (C−) ñîîòâåòñòâåííî (ïðî êëàñ-

ñû Õàðäè ñì. ðàçäåë îñíîâíûå îáîçíà÷åíèÿ è îïðåäåëåíèÿ). Íà êëàññå

ôóíêöèé L1 ∩L2(R) äåéñòâèå ïðîåêòîðîâ Ðèññà îïðåäåëÿåòñÿ ôîðìó-

ëàìè

φ+(x) = (P+φ)(x) =
1

2π

0∫
−∞

e−ipx φ̂(p) dp, (1.26)

φ−(x) = (P−φ)(x) =
1

2π

∞∫
0

e−ipx φ̂(p) dp. (1.27)

Îòìåòèì, ÷òî ôóíêöèè φ+(x), φ−(x) àíàëèòè÷åñêè ïðîäîëæàþòñÿ

â âåðõíþþ è íèæíþþ êîìïëåêñíûå ïîëóïëîñêîñòè ñîîòâåòñòâåííî.

Ïîñòðîèì òåïåðü ïîëóãðóïïó îïåðàòîðîâ P t
ε , ïîëàãàÿ äëÿ φ ∈ L2(R)

[P t
ε φ](x) = E [(φ− ∗ htε)(x+ σ−ξ

+
ε (t) + σ+ξ

−
ε (t))

+ (φ+ ∗ htε)(x+ σ+ξ
+
ε (t) + σ−ξ

−
ε (t))],

ãäå ôóíêöèÿ htε(x) îïðåäåëåíà ñâîèì ïðåîáðàçîâàíèåì Ôóðüå

ĥtε(p) = exp

(
− t

4k−1∑
j=1

∞∫
ε

(−i|p|σ−y)j

j!

dy

y4k
− t

4k−1∑
j=1

−ε∫
−∞

(−i|p|σ+y)j

j!

dy

y4k

)
.

Íåñëîæíî çàìåòèòü, ÷òî âûðàæåíèå äëÿ ôóíêöèè ĥtε(p) ìîæåò áûòü

ïåðåïèñàíî â âèäå

ĥtε(p) = exp
(
− 2t

4k−1∑
j=1

∞∫
ε

cos
((4k + 1)πj

8k − 2

)(|p|y)j
j!

dy

y4k

)
.

Îïðåäåëåííàÿ òàêèì îáðàçîì ôóíêöèÿ ĥtε(p) ÿâëÿåòñÿ áûñòðî óáû-

âàþùåé, òàê êàê êîýôôèöèåíò ïðè ñòàðøåé ñòåïåíè |p|4k−1 â ïîëèíî-

ìå, êîòîðûé ñòîèò ïîä ýêñïîíåíòîé, ðàâåí íóëþ, à ïðè ñòåïåíè |p|4k−2

îòðèöàòåëåí.

Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.
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Ëåììà 1.7. Äëÿ ëþáîãî z ⩾ 0 ñïðàâåäëèâû íåðàâåíñòâà

1. Re
(
eizσ+ −

4k−2∑
j=0

(izσ+)
j

j!

)
⩽ 0,

2. Re
(
e−izσ− −

4k−2∑
j=0

(−izσ−)
j

j!

)
⩽ 0.

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ëåììû ïðèâåäåíî â äèññåðòàöèè Ïëà-

òîíîâîé Ì.Â. (ñì. [9], ñòð. 66).

Ëåììà 1.8. 1. Äëÿ ëþáîãî ε > 0 îïåðàòîð P t
ε ÿâëÿåòñÿ ïñåâäîäèô-

ôåðåíöèàëüíûì îïåðàòîðîì â L2(R) ñ ñèìâîëîì Lt
ε(p), ãäå

Lt
ε(p) = exp

(
t

∞∫
ε

(
e−i|p|σ−y−1

) dy
y4k

)
·exp

(
t

−ε∫
−∞

(
e−i|p|σ+y−1

) dy
y4k

)
· ĥtε(p).

2. Äëÿ ëþáûõ t, ε, p ñïðàâåäëèâî íåðàâåíñòâî

∣∣Lt
ε(p)

∣∣ ⩽ 1.

Äîêàçàòåëüñòâî. Èñïîëüçóÿ îïðåäåëåíèå ïðîåêòîðîâ Ðèññà (1.26), (1.27),

ïðåäñòàâèì âûðàæåíèå äëÿ ôóíêöèè [P t
ε φ](x) â âèäå

[P t
ε φ](x) =

1

2π

∞∫
0

φ̂(p) e−ipxE e−ipσ−ξ
+
ε (t)E e−ipσ+ξ

−
ε (t) ĥtε(p) dp

+
1

2π

0∫
−∞

φ̂(p) e−ipxE e−ipσ−ξ
−
ε (t)E e−ipσ+ξ

+
ε (t) ĥtε(p) dp.

Äàëåå, èç (1.22), (1.23), (1.24) è (1.25) âûòåêàåò, ÷òî

[P t
ε φ](x) =

1

2π

∞∫
−∞

e−ip x φ̂(p)Lt
ε(p) dp.

Òàêèì îáðàçîì, îïåðàòîð P t
ε ÿâëÿåòñÿ ïñåâäîäèôôåðåíöèàëüíûì

îïåðàòîðîì â L2(R) ñ ñèìâîëîì Lt
ε(p).
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Èç ëåììû 1.7 ñëåäóåò ñïðàâåäëèâîñòü íåðàâåíñòâà

∣∣Lt
ε(p)

∣∣ ⩽ 1,

÷òî çàâåðøàåò äîêàçàòåëüñòâî óòâåðæäåíèÿ ï.2.

Äàëåå, ïðè âñåõ t > 0 è ε > 0 îïðåäåëèì ôóíêöèþ uε(t, x), ïîëàãàÿ

uε(t, x) = [P t
ε φ] (x).

Ñëåäóþùèì øàãîì ìû ïîêàæåì òî, ÷òî åñëè íà÷àëüíàÿ ôóíêöèÿ φ

ïðèíàäëåæèò êëàññó ÑîáîëåâàW l+4k
2 (R) ïðè íåêîòîðîì íåîòðèöàòåëü-

íîì öåëîì l, òî òîãäà ïðè ε→ 0ôóíêöèÿ uε(t, ·) ïî íîðìå ïðîñòðàíñòâà

W l
2(R) ïðèáëèæàåò ðåøåíèå u(t, ·) = P tφ çàäà÷è Êîøè (1.1).

Òåîðåìà 1.9. Ïóñòü l ∈ Z+, k ∈ N. Òîãäà ñóùåñòâóåò êîíñòàíòà

C > 0 òàêàÿ, ÷òî äëÿ ëþáîé ôóíêöèè φ ∈ W l+4k
2 (R) è âñåõ t ⩾ 0

âûïîëíåíî íåðàâåíñòâî

∥uε(t, ·)− u(t, ·)∥W l
2
⩽ Ctε∥φ∥W l+4k

2
.

Äîêàçàòåëüñòâî. Îáîçíà÷èì ÷åðåçGε ãåíåðàòîð ïîëóãðóïïû P
t
ε . Ïðè-

ìåíèì ôîðìóëó (1.6) äëÿ ñëó÷àÿ, êîãäà A = Gε, A + B = −A2k−1.

Çàìåòèì, ÷òî ïðè âñåõ t > 0 è d ∈ Z+ ñïðàâåäëèâû íåðàâåíñòâà

∥etA∥W d
2→W d

2
⩽ 1 (ñì. ëåììà 1.8.) è ∥et(A+B)∥W d

2→W d
2
⩽ 1 (e−tA2k−1 �

ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð, ñèìâîë êîòîðîãî ïî ìîäóëþ íå

ïðåâîñõîäèò 1). Òàêèì îáðàçîì, äëÿ äîêàçàòåëüñòâà óòâåðæäåíèÿ òåî-

ðåìû äîñòàòî÷íî ïîëó÷èòü îöåíêó îïåðàòîðíîé íîðìû ∥B∥W l+4k
2 →W l

2
.

Âû÷èñëèì ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè (Bφ)(x). Èìååì:
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(B̂φ)(p) = −(Â2k−1φ)(p)− (Âφ)(p)

= −φ̂(p)|p|4k−1

∫
γ1

(
eiz − 1−

4k−2∑
j=1

(iz)j

j!

)
dz

z4k
,

ãäå

γ1 =
{
z ∈ C : arg z ∈

[π(4k − 2)

4k − 1
, π

]
, |z| = ε|p|

}
∪{z ∈ C : −ε|p| ⩽ Re z ⩽ ε|p|, Im z = 0}

∪
{
z ∈ C : arg z ∈

[
0,

π

4k − 1

]
, |z| = ε|p|

}
.

z

Re z

Im z

γ1

Ðèñ. 1: Êîíòóð èíòåãðèðîâàíèÿ γ1.

π
4k−1

ε|p|−ε|p|

Îöåíèì ìîäóëü ñîîòâåòñòâóþùåãî âûðàæåíèÿ â äâóõ ñëó÷àÿõ: ε|p| <

1 è ε|p| ⩾ 1.

Åñëè ε|p| < 1, òî òîãäà ñïðàâåäëèâî íåðàâåíñòâî

|(B̂φ)(p)| ⩽ C ε |φ̂(p)|p4k.

Â ïðîòèâíîì ñëó÷àå (ε|p| ⩾ 1) èìååì

|(B̂φ)(p)| = |φ̂(p)||p|4k−1

∣∣∣∣ ∫
γ1

(
eiz − 1−

4k−2∑
j=1

(iz)j

j!

)
dz

z4k

∣∣∣∣ ⩽ C|p|4k−1|φ̂(p)|.
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Òåïåðü ìû ìîæåì îöåíèòü âåëè÷èíó ∥Bφ∥2
W l

2
. Èìååì

∥Bφ∥2W l
2
=

∫
|p|< 1

ε

(1 + |p|2l)|(B̂φ)(p)|2dp+
∫

|p|⩾ 1
ε

(1 + |p|2l)|(B̂φ)(p)|2dp

⩽
∫

|p|< 1
ε

(1 + |p|2l)
(
C ε |φ̂(p)|p4k

)2

dp+

∫
|p|⩾ 1

ε

(1 + |p|2l)
(
C |φ̂(p)|p4k−1

)2

dp

⩽ C2ε2
∫
R

(1 + |p|2l)p8k|φ̂(p)|2dp.|φ̂(p)|p4k. (1.28)

Çàìåòèì, ÷òî ïðè l ⩾ 0 ñïðàâåäëèâî íåðàâåíñòâî

(1 + |p|2l)p8k

1 + |p|2(l+4k)
⩽

2p8k

1 + p8k
< 2. (1.29)

Òîãäà èç (1.28) è (1.29) âûòåêàåò îöåíêà

∥Bφ∥2W l
2
⩽ C2ε2

∫
R

(1 + |p|2(l+4k))|φ̂(p)|2dp = C2ε2∥φ∥2
W l+4k

2
,

èç êîòîðîé íåìåäëåííî ñëåäóåò óòâåðæäåíèå òåîðåìû.

Ñëåäñòâèå 1.10. Ñåìåéñòâî îïåðàòîðîâ P t
ε ïðè ε → 0 ñèëüíî ñõî-

äèòñÿ ê îïåðàòîðó P t, òî åñòü äëÿ ëþáîé ôóíêöèè φ ∈ L2(R) âû-

ïîëíåíî

∥P t
εφ− P tφ∥L2

→
ε→0

0.

Äîêàçàòåëüñòâî. Òàê êàê îïåðàòîðíûå íîðìû ∥P t∥L2→L2
è ∥P t

ε∥L2→L2

íå áîëüøå åäèíèöû, à êëàññ Ñîáîëåâà W 4k
2 (R) ïëîòåí â ïðîñòðàíñòâå

L2(R), òî óòâåðæäåíèå ñëåäñòâèÿ íåìåäëåííî âûòåêàåò èç óòâåðæäå-

íèÿ òåîðåìû 1.9 è òåîðåìû Áàíàõà�Øòåéíãàóçà (ñì. [24], II.1.18).

Òàêèì îáðàçîì, ìû ïîëó÷èëè âåðîÿòíîñòíîå ïðåäñòàâëåíèå

u(t, x) = (W l
2) lim

ε→0
E [(φ− ∗ htε)(x+ σ−ξ

+
ε (t) + σ+ξ

−
ε (t))

+ (φ+ ∗ htε)(x+ σ+ξ
+
ε (t) + σ−ξ

−
ε (t))]
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äëÿ ðåøåíèÿ çàäà÷è Êîøè (1.1).

Ñëåäóþùèì øàãîì ìû ïîñòðîèì àíàëîãè÷íîå âåðîÿòíîñòíîå ïðåä-

ñòàâëåíèå èñõîäíîé çàäà÷è Êîøè, íî óæå â âèäå àïïðîêñèìàöèè ìàòå-

ìàòè÷åñêèìè îæèäàíèÿìè ôóíêöèîíàëîâ îò ñëó÷àéíûõ áëóæäàíèé.

Ïóñòü {ξ+j }∞j=1 � ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ îäèíàêîâî ðàñ-

ïðåäåë¼ííûõ íåîòðèöàòåëüíûõ ñëó÷àéíûõ âåëè÷èí, à {ξ−j }∞j=1 � ïî-

ñëåäîâàòåëüíîñòü íåçàâèñèìûõ îäèíàêîâî ðàñïðåäåë¼ííûõ íåïîëîæè-

òåëüíûõ ñëó÷àéíûõ âåëè÷èí. Ïîòðåáóåì äîïîëíèòåëüíî, ÷òîáû ñëó-

÷àéíûå âåëè÷èíû ïîñëåäîâàòåëüíîñòåé {ξ+j }∞j=1 è {ξ−j }∞j=1 áûëè íåçà-

âèñèìûìè.

Ïðåäïîëîæèì, ÷òî ðàñïðåäåëåíèå P± ñëó÷àéíîé âåëè÷èíû ξ±1 èìå-

åò ïëîòíîñòü q±(x) è ñïðàâåäëèâû ñîîòíîøåíèÿ

q+(x) = q−(−x), x > 0, (1.30)

q+(x) =
1

x4k
(1 + h(x)), x > 1, (1.31)

ãäå ôóíêöèÿ h(x) óäîâëåòâîðÿåò íåðàâåíñòâó |h(x)| ⩽ C x−β äëÿ íåêî-

òîðûõ β > 1, C > 0.

Äëÿ âñåõ j ⩽ 4k−2 ÷åðåç µ±j = E
(
ξ±1

)j
îáîçíà÷èì ìîìåíò ïîðÿäêà j

ñëó÷àéíîé âåëè÷èíû ξ±1 . Èç ôîðìóëû (1.30) âûòåêàåò ñïðàâåäëèâîñòü

ñîîòíîøåíèÿ µ+j = (−1)jµ−j , j ⩽ 4k − 2.

Äëÿ ëþáîãî n ∈ N îïðåäåëèì äâà ñëó÷àéíûõ ïðîöåññà ζ±n (t), ïî-

ëàãàÿ

ζ±n (t) = n−
1

4k−1

η(nt)∑
j=1

ξ±j , (1.32)

ãäå η(t) � ñòàíäàðòíûé (Eη(t) = t) ïóàññîíîâñêèé ïðîöåññ, íå çàâèñÿ-

ùèé îò ïîñëåäîâàòåëüíîñòåé {ξ+j }∞j=1 è {ξ−j }∞j=1.
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Äàëåå, ïðè ïîñòðîåíèè ïîëóãðóïïû P t
n íàìè áóäóò èñïîëüçîâàòüñÿ

êîìïëåêñíîçíà÷íûå ñëó÷àéíûå ïðîöåññû σ+ ζ
+
n (t), σ− ζ

−
n (t), σ− ζ

+
n (t) è

σ+ ζ
−
n (t), ãäå

σ+ = e
iπ

4k−1 , σ− = e−
iπ

4k−1 .

Èç òåîðåìû Êýìïáåëëà (ñì. [26], �3.2) âûòåêàåò ñïðàâåäëèâîñòü ñî-

îòíîøåíèé

E eipσ+ζ
+
n (t) = exp

(
nt

∞∫
0

(
eipyσ+n

− 1
4k−1 − 1

)
q+(y) dy

)
, p > 0, (1.33)

E eipσ−ζ
−
n (t) = exp

(
nt

0∫
−∞

(
eipyσ−n

− 1
4k−1 − 1

)
q−(y) dy

)
, p > 0, (1.34)

E eipσ−ζ
+
n (t) = exp

(
nt

∞∫
0

(
eipyσ−n

− 1
4k−1 − 1

)
q+(y) dy

)
, p < 0, (1.35)

E eipσ+ζ
−
n (t) = exp

(
nt

0∫
−∞

(
eipyσ+n

− 1
4k−1 − 1

)
q−(y) dy

)
, p < 0, (1.36)

êîòîðûå ïîíàäîáÿòñÿ íàì â äàëüíåéøåì.

Äëÿ êàæäîãî n ∈ N ïîñòðîèì ïîëóãðóïïó îïåðàòîðîâ P t
n, ïîëàãàÿ

äëÿ φ(x) ∈ L2(R)

[P t
n φ](x) = E[(φ+ ∗ rtn)(x+ σ+ζ

+
n (t) + σ−ζ

−
n (t))

+ (φ− ∗ rtn)(x+ σ−ζ
+
n (t) + σ+ζ

−
n (t))], (1.37)

ãäå ôóíêöèÿ rtn(x) îïðåäåëÿåòñÿ ñâîèì ïðåîáðàçîâàíèåì Ôóðüå

r̂tn(p) = exp

(
− nt

4k−2∑
j=1

µ+j (i|p|σ+n−
1

4k−1 )j

j!

)

· exp
(
− nt

4k−2∑
j=1

µ−j (i|p|σ−n−
1

4k−1 )j

j!

)
. (1.38)
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Îïðåäåë¼ííàÿ òàêèì îáðàçîì ôóíêöèÿ r̂tn(p) ÿâëÿåòñÿ áûñòðî óáû-

âàþùåé.

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Ëåììà 1.11. 1. Äëÿ ëþáîãî n ∈ N îïåðàòîð P t
n ÿâëÿåòñÿ ïñåâäîäèô-

ôåðåíöèàëüíûì îïåðàòîðîì â L2(R) ñ ñèìâîëîì M t
n(p), ãäå

M t
n(p) = exp

(
nt

∞∫
0

(
e−i|p|yσ−n

− 1
4k−1 − 1

)
q+(y)dy

)

· exp
(
nt

0∫
−∞

(
e−i|p|yσ+n

− 1
4k−1 − 1

)
q−(y)dy

)
· r̂tn(p).

2. Äëÿ ëþáûõ t, n, p ñïðàâåäëèâî íåðàâåíñòâî∣∣M t
n(p)

∣∣ ⩽ 1.

Äîêàçàòåëüñòâî. Èñïîëüçóÿ îïðåäåëåíèå ïðîåêòîðîâ Ðèññà (1.26), (1.27),

ïðåäñòàâèì âûðàæåíèå äëÿ ôóíêöèè [P t
n φ](x) â âèäå

[P t
n φ](x) =

1

2π

∞∫
0

φ̂(p) e−ipxE e−ipσ−ζ
+
n (t)E e−ipσ+ζ

−
n (t) r̂tn(p) dp

+
1

2π

0∫
−∞

φ̂(p) e−ipxE e−ipσ−ζ
−
n (t)E e−ipσ+ζ

+
n (t) r̂tn(p) dp.

Èç ñîîòíîøåíèé (1.33), (1.34), (1.35), (1.36) âûòåêàåò, ÷òî

[P t
n φ](x) =

1

2π

∞∫
−∞

e−ip x φ̂(p)M t
n(p) dp

è, ñîîòâåòñòâåííî, îïåðàòîð P t
n ÿâëÿåòñÿ ïñåâäîäèôôåðåíöèàëüíûì

îïåðàòîðîì ñ ñèìâîëîì M t
n(p).

Èç ëåììû 1.7 ñëåäóåò ñïðàâåäëèâîñòü íåðàâåíñòâà∣∣M t
n(p)

∣∣ ⩽ 1,
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÷òî çàâåðøàåò äîêàçàòåëüñòâî ï.2 ëåììû.

Äàëåå, ïðè âñåõ t > 0 è n ∈ N îïðåäåëèì ôóíêöèþ un(t, x), ïîëàãàÿ

un(t, x) = [P t
n φ] (x).

Ñëåäóþùèì øàãîì ìû ïîêàæåì òî, ÷òî åñëè íà÷àëüíàÿ ôóíêöèÿ φ

ïðèíàäëåæèò êëàññó ÑîáîëåâàW l+4k
2 (R) ïðè íåêîòîðîì íåîòðèöàòåëü-

íîì öåëîì l, òî òîãäà ïðè n→ ∞ ôóíêöèÿ un(t, ·) ïî íîðìå ïðîñòðàí-

ñòâà W l
2(R) ïðèáëèæàåò ðåøåíèå u(t, ·) = P tφ çàäà÷è Êîøè (1.1).

Òåîðåìà 1.12. Ïóñòü l ∈ Z+, k ∈ N. Òîãäà ñóùåñòâóåò êîíñòàíòà

C > 0 òàêàÿ, ÷òî äëÿ ëþáîé ôóíêöèè φ ∈ W l+4k
2 (R) è âñåõ t ⩾ 0

âûïîëíåíî íåðàâåíñòâî

∥un(t, ·)− u(t, ·)∥W l
2(R) ⩽ Ctn−

1
4k−1∥φ∥W l+4k

2 (R).

Äîêàçàòåëüñòâî. Îáîçíà÷èì ÷åðåçGn ãåíåðàòîð ïîëóãðóïïû P
t
n. Ïðè-

ìåíèì ôîðìóëó (1.6) äëÿ ñëó÷àÿ, êîãäà A = Gn, A + B = −A2k−1.

Çàìåòèì, ÷òî ïðè âñåõ t > 0 è d ∈ Z+ ñïðàâåäëèâû íåðàâåíñòâà

∥etA∥W d
2→W d

2
⩽ 1 (ñì. ëåììà 1.11) è ∥et(A+B)∥W d

2→W d
2
⩽ 1 (e−tA2k−1 �

ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð, ñèìâîë êîòîðîãî ïî ìîäóëþ íå

ïðåâîñõîäèò 1). Òàêèì îáðàçîì, äëÿ äîêàçàòåëüñòâà óòâåðæäåíèÿ òåî-

ðåìû äîñòàòî÷íî ïîëó÷èòü îöåíêó îïåðàòîðíîé íîðìû ∥B∥W l+4k
2 →W l

2
.
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Âû÷èñëèì ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè (Bφ)(x). Èìååì

(B̂φ)(p) = −(Â2k−1φ)(p)− (Âφ)(p)

= φ̂(p)|p|4k−1

∞∫
−∞

(
cos y −

2k−1∑
j=0

(−1)jy2j

(2j)!

)
dy

y4k

− nφ̂(p)

∞∫
0

(
ei|p|yσ+n

− 1
4k−1 −

4k−2∑
j=0

(i|p|yσ+n−
1

4k−1 )j

j!

)
q+(y) dy

− nφ̂(p)

0∫
−∞

(
ei|p|yσ−n

− 1
4k−1 −

4k−2∑
j=0

(i|p|yσ−n−
1

4k−1 )j

j!

)
q−(y) dy. (1.39)

Äëÿ óäîáñòâà ââåä¼ì îáîçíà÷åíèå

S(z) = eiz −
4k−2∑
j=0

(iz)j

j!
, z ∈ C.

Äàëåå, ñ ó÷¼òîì ñîîòíîøåíèé äëÿ ïëîòíîñòåé ðàñïðåäåëåíèé ñëó-

÷àéíûõ âåëè÷èí ξ±1 (ôîðìóëû (1.30), (1.31)), âûðàæåíèå (1.39) ìîæåò

áûòü ïåðåïèñàíî â âèäå

(B̂φ)(p) = −φ̂(p)|p|4k−1

∫
γ2

S(z)
dz

z4k

−
(
n φ̂(p)

1∫
0

S(|p|yσ+n−
1

4k−1 ) q+(y) dy+n φ̂(p)

0∫
−1

S(|p|yσ−n−
1

4k−1 ) q−(y) dy

)

−
(
n φ̂(p)

∞∫
1

S(|p|yσ+n−
1

4k−1 )h(y)
dy

y4k
+n φ̂(p)

−1∫
−∞

S(|p|yσ−n−
1

4k−1 )h(−y) dy
y4k

)
= I1(n, p)− I2(n, p)− I3(n, p).

ãäå

γ2 =
{
z ∈ C : arg z ∈

[π(4k − 2)

4k − 1
, π

]
, |z| = |p|n−

1
4k−1

}
∪{z ∈ C : −|p|n−

1
4k−1 < Re z < |p|n−

1
4k−1 , Im z = 0}
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∪
{
z ∈ C : arg z ∈

[
0,

π

4k − 1

]
, |z| = |p|n−

1
4k−1

}
.

z

Re z

Im z

γ2

Ðèñ. 2: Êîíòóð èíòåãðèðîâàíèÿ γ2.

π
4k−1

|p|n− 1
4k−1−|p|n− 1

4k−1

Îöåíèì |(B̂φ)(p)| â ñëó÷àå, êîãäà |p| ⩽ n
1

4k−1 .

Ïîëó÷èì îöåíêó äëÿ |I1(n, p)|. Ìîäóëü ïîäûíòåãðàëüíîé ôóíêöèè

íå ïðåâîñõîäèò íà êîíòóðå èíòåãðèðîâàíèÿ γ2 íåêîòîðîé êîíñòàíòû

C > 0. Òàêèì îáðàçîì, ñïðàâåäëèâà îöåíêà

|I1(n, p)| ⩽ C|φ̂(p)|p4kn−
1

4k−1 .

Äëÿ îöåíêè |I2(n, p)| âîñïîëüçóåìñÿ òåì, ÷òî ïðè |y| < 1 èìååò

ìåñòî íåðàâåíñòâî ∣∣S(|p|yσ±n− 1
4k−1 )

∣∣ ⩽ Cp4kn−
4k

4k−1 .

Òàêèì îáðàçîì

|I2(n, p)| ⩽ C|φ̂(p)|p4kn−
1

4k−1 .

Íàêîíåö, äëÿ |I3(n, p)| èìååì

|I3(n, p)| ⩽ C|φ̂(p)|
∞∫
1

min

(
p4kn−

1
4k−1y4k

(4k)!
,
p4k−2n

1
4k−1y4k−2

(4k − 2)!

)
dy

y4k+β
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⩽ C|φ̂(p)|p4kn−
1

4k−1 .

Îêîí÷àòåëüíî, ïðè |p| ⩽ n
1

4k−1 ïîëó÷èì

|(B̂φ)(p)| ⩽ C|φ̂(p)|p4kn−
1

4k−1 .

Îöåíèì |(B̂φ)(p)| â ñëó÷àå, êîãäà |p| ⩾ n
1

4k−1 .

Äëÿ |I1(n, p)| èìååì

|I1(n, p)| = |φ̂(p)||p|4k−1

∣∣∣∣ ∫
γ2

S(z)
dz

z4k

∣∣∣∣ ⩽ C|p|4k−1|φ̂(p)|.

Îöåíèì òåïåðü |I2(n, p)|. Â ñëó÷àå åñëè âûïîëíåíî íåðàâåíñòâî |y| <

1, âåðíà îöåíêà

|S(|p|yσ±n−
1

4k−1 )| ⩽ C

n
|p|4k−1.

Òàêèì îáðàçîì

|I2(n, p)| ⩽ C|p|4k−1|φ̂(p)|. (1.40)

Íàêîíåö, îöåíèì |I3(n, p)|.

Âîñïîëüçóåìñÿ òåì, ÷òî ïðè |y| ⩾ 1 èìååò ìåñòî íåðàâåíñòâî

|S(|p|yσ±n−
1

4k−1 )| ⩽ Cn
1

4k−1 |p|4k−2y4k−2.

Òîãäà

|I3(n, p)| ⩽ C|φ̂(p)|p4k−2n
1

4k−1

∞∫
1

y−2−βdy

⩽ C|φ̂(p)||p|4k−1.

Îêîí÷àòåëüíî, ïðè |p| ⩾ n
1

4k−1 îöåíêà äëÿ (B̂φ)(p) ïðèìåò âèä

|(B̂φ)(p)| ⩽ C|φ̂(p)||p|4k−1.
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Òåïåðü ìû ìîæåì îöåíèòü âåëè÷èíó ∥Bφ∥2
W l

2

∥Bφ∥2W l
2
=

∫
|p|<n

1
4k−1

(1+|p|2l)|(B̂φ)(p)|2dp+
∫

|p|⩾n
1

4k−1

(1+|p|2l)|(B̂φ)(p)|2dp

⩽
∫

|p|<n
1

4k−1

(1 + |p|2l)
(
C |φ̂(p)|p4kn−

1
4k−1

)2

dp

+

∫
|p|⩾n

1
4k−1

(1 + |p|2l)
(
C |φ̂(p)||p|4k−1

)2

dp

⩽ C n−
2

4k−1

∫
R

(1 + |p|2l)p8k|φ̂(p)|2dp. (1.41)

Çàìåòèì, ÷òî ïðè l ⩾ 0 ñïðàâåäëèâî íåðàâåíñòâî

(1 + |p|2l)p8k

1 + |p|2l+8k
⩽

2p8k

1 + p8k
< 2. (1.42)

Òîãäà èç (1.41) è (1.42) âûòåêàåò îöåíêà

∥Bφ∥2W l
2
⩽ C n−

2
4k−1

∫
R

(1 + |p|2(l+4k))|φ̂(p)|2dp = C n−
2

4k−1∥φ∥2
W l+4k

2
,

èç êîòîðîé íåìåäëåííî ñëåäóåò óòâåðæäåíèå òåîðåìû.

Ñëåäñòâèå 1.13. Ïîñëåäîâàòåëüíîñòü îïåðàòîðîâ P t
n ïðè n → ∞

ñèëüíî ñõîäèòñÿ ê îïåðàòîðó P t, òî åñòü äëÿ ëþáîé ôóíêöèè φ ∈

L2(R) âûïîëíåíî

∥P t
nφ− P tφ∥L2

→
n→∞

0.

Äîêàçàòåëüñòâî. Òàê êàê îïåðàòîðíûå íîðìû ∥P t∥L2→L2
è ∥P t

n∥L2→L2

íå áîëüøå åäèíèöû, à êëàññ Ñîáîëåâà W 4k
2 (R) ïëîòåí â ïðîñòðàíñòâå

L2(R), òî óòâåðæäåíèå ñëåäñòâèÿ íåìåäëåííî âûòåêàåò èç óòâåðæäå-

íèÿ òåîðåìû 1.12 è òåîðåìû Áàíàõà�Øòåéíãàóçà (ñì. [24], II.1.18).
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Ãëàâà 2

Àíàëîã ëîêàëüíîãî âðåìåíè äëÿ ïðî-

öåññà êîìïëåêñíîãî áðîóíîâñêîãî äâè-

æåíèÿ

Â íàñòîÿùåé ãëàâå áóäåò îïðåäåë¼í àíàëîã ëîêàëüíîãî âðåìåíè äëÿ

ïðîöåññà êîìïëåêñíîãî áðîóíîâñêîãî äâèæåíèÿ σ w(τ), τ ⩾ 0, ãäå w(τ)

� ñòàíäàðòíûé âèíåðîâñêèé ïðîöåññ, à σ � êîìïëåêñíîå ÷èñëî, óäîâëå-

òâîðÿþùåå óñëîâèÿì

0 < arg σ ⩽
π

4
è |σ| = 1.

Ñîîòâåòñòâóþùèé àíàëîã m(t, x) óíàñëåäóåò íåêîòîðûå âàæíûå ñâîé-

ñòâà áðîóíîâñêîãî ëîêàëüíîãî âðåìåíè. Â ÷àñòíîñòè, áóäåò ïîêàçàíî,

÷òî äëÿ ðåøåíèÿ u(x) äèôôåðåíöèàëüíîãî óðàâíåíèÿ

−σ
2

2
u′′(x) = f(x), f(x) ∈ L2(R)

(â ñëó÷àå, êîãäà f ëåæèò â îáëàñòè çíà÷åíèé îïåðàòîðà −σ2

2
d2

dx2 ) ñïðà-

âåäëèâî âåðîÿòíîñòíîå ïðåäñòàâëåíèå u(x) = lim
t→∞

E f ∗m (t, x).
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2.1 Êîíñòðóêöèÿ àíàëîãà ëîêàëüíîãî âðåìåíè äëÿ

ïðîöåññà êîìïëåêñíîãî áðîóíîâñêîãî äâèæåíèÿ

Ïóñòü w(τ), τ ⩾ 0 � ñòàíäàðòíûé âèíåðîâñêèé ïðîöåññ, à σ = a+ ib �

êîìïëåêñíîå ÷èñëî, óäîâëåòâîðÿþùåå óñëîâèÿì

0 < arg σ ⩽
π

4
è |σ| = 1.

Äàëåå, ïðè âñåõ t > 0 è τ ∈ (0, t] îïðåäåëèì ôóíêöèþ h(t, τ, ·) ñ

ïîìîùüþ å¼ ïðåîáðàçîâàíèÿ Ôóðüå

ĥ(t, τ, p) = H(t, p) · 1
[0,
√

t
b τ ]
(|p|), (2.1)

ãäå ôóíêöèÿ H(t, p) îïðåäåëåíà ôîðìóëîé

H(t, p) =


1, |p| < 1√

b

1−e−
tσ2p2

2

1−e−
tσ2
2b

, |p| ⩾ 1√
b

.

Îòìåòèì, ÷òî îïðåäåë¼ííàÿ òàêèì îáðàçîì ôóíêöèÿ h(t, τ, ·) äî-

ïóñêàåò àíàëèòè÷åñêîå ïðîäîëæåíèå íà âñþ êîìïëåêñíóþ ïëîñêîñòü

êàê öåëàÿ ôóíêöèÿ ýêñïîíåíöèàëüíîãî òèïà. Òàêæå îòìåòèì, ÷òî â

ñëó÷àå σ2 = i, ôóíêöèÿ h(t, τ, ·) îïðåäåëåíà òîëüêî äëÿ çíà÷åíèé t ̸=

2
√
2πk, k ∈ N.

Äàëåå, îïðåäåëèì ñëó÷àéíóþ ôóíêöèþm = m(t, x), (t, x) ∈ [0, T ]×

R, ïîëàãàÿ

m(t, x) =

t∫
0

h(t, τ, x− σw(τ)) dτ. (2.2)

Åñëè σ2 = 1, òî ĥ ≡ 1 è, ñîîòâåòñòâåííî, ôóíêöèÿm(t, x) ñîâïàäàåò

ñ áðîóíîâñêèì ëîêàëüíûì âðåìåíåì.

Íèæå ìû ïîêàæåì òî, ÷òî ôóíêöèÿ m(t, x) âûñòóïàåò åñòåñòâåí-

íûì àíàëîãîì ëîêàëüíîãî âðåìåíè äëÿ êîìïëåêñíîãî âèíåðîâñêîãî
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ïðîöåññà σ w(τ), τ ⩾ 0, â ÷àñòíîñòè, äëÿ íåå âûïîëíåíî ñîîòíîøåíèå,

àíàëîãè÷íîå (0.14).

Ñëåäóþùèì øàãîì ïîêàæåì, ÷òî èíòåãðàë (2.2) ñõîäèòñÿ ñ âåðîÿò-

íîñòüþ 1 ïðè âñåõ t > 0 è x ∈ R.

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Ëåììà 2.1. Èíòåãðàë (2.2) ñ âåðîÿòíîñòüþ 1 ñõîäèòñÿ ïðè âñåõ

t > 0 è x ∈ R.

Äîêàçàòåëüñòâî. Ñ ó÷¼òîì (2.1), (2.2) ìîæåò áûòü ïåðåïèñàíî â âèäå

m(t, x) =

t∫
0

(
1

2π

∫
|p|<

√
t
b τ

H(t, p) e−ip(x−σw(τ)) dp

)
dτ. (2.3)

Ïðåäñòàâèì èíòåãðàë (2.3) â âèäå ñóììû äâóõ èíòåãðàëîâ

m(t, x) =

τ0∫
0

(
1

2π

∫
|p|<

√
t
b τ

H(t, p) e−ip(x−σw(τ)) dp

)
dτ

+

t∫
τ0

(
1

2π

∫
|p|<

√
t
b τ

H(t, p) e−ip(x−σw(τ)) dp

)
dτ

= I1(t, x) + I2(t, x), (2.4)

ãäå 0 < τ0 <
1
e � íåêîòîðîå ÷èñëî.

Èíòåãðàë I2(t, x) ñ âåðîÿòíîñòüþ 1 ñõîäèòñÿ ïðè âñåõ t > 0 è x ∈ R,

òàê êàê ïîäûíòåãðàëüíîå âûðàæåíèå åñòü îãðàíè÷åííàÿ ôóíêöèÿ, à

èíòåãðèðîâàíèå âåä¼òñÿ ïî ìíîæåñòâó êîíå÷íîé ìåðû.

Òåïåðü ïîêàæåì, ÷òî èíòåãðàë I1(t, x) òàêæå ñõîäèòñÿ. Çàìåòèì,
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÷òî ïðè âñåõ τ > 0 âåðíà îöåíêà∣∣∣∣ 12π
∫

|p|<
√

t
b τ

H(t, p) e−ip(x−σw(τ)) dp

∣∣∣∣
⩽

1

2π

∫
|p|<

√
t
b τ

|H(t, p)| |e−ip(x−σw(τ))| dp

⩽ 2C(t, b) e
√

t
b τ |w(τ)|

√
t

b τ
, (2.5)

ãäå C(t, b) = sup
p∈R

|H(t, p)|.

Äàëåå, îïðåäåëèì íîâóþ ôóíêöèþ

A(τ, w(τ)) =
|w(τ)|√
τ ln ln(1τ )

. (2.6)

Îòìåòèì, ÷òî ïðè âñåõ 0 < τ ⩽ τ0 âûïîëíåíî A(τ, w(τ)) ⩽ C, ãäå

C > 0 � íåêîòîðàÿ (ñëó÷àéíàÿ) êîíñòàíòà. Ñîîòâåòñòâóþùàÿ îöåíêà

ÿâëÿåòñÿ ñëåäñòâèåì ëîêàëüíîãî çàêîíà ïîâòîðíîãî ëîãàðèôìà. Òàêèì

îáðàçîì, ïîëó÷èì∣∣∣∣ 12π
∫

|p|<
√

t
b τ

H(t, p) e−ip(x−σw(τ)) dp

∣∣∣∣
⩽ 2C(t, b) e

√
t
b A(τ,w(τ))

√
ln ln( 1τ )

√
t

b τ

⩽ 2C(t, b) e
√

t
b C

√
ln ln( 1τ )

√
t

b τ
. (2.7)

Ñ ó÷¼òîì (2.7) îöåíêà äëÿ ôóíêöèè |I1(t, x)| ïðèìåò âèä

|I1(t, x)| ⩽ 4C(t, b)

√
t

b

τ0∫
0

e
√

t
b C

√
ln ln( 1τ ) d(τ 1/2)

= 2C(t, b)

√
t

b

∞∫
y0

e−
1
2 e

y+y+
√

t
b C

√
y dy, (2.8)
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ãäå y0 = ln ln(1/τ0).

Èç îöåíêè (2.8) ñëåäóåò ñõîäèìîñòü èíòåãðàëà I1(t, x).

Òàêèì îáðàçîì, èíòåãðàë (2.2) ñõîäèòñÿ ñ âåðîÿòíîñòüþ 1. Èç òåî-

ðåìû Ôóáèíè ñëåäóåò ñïðàâåäëèâîñòü ñîîòíîøåíèÿ

m(t, x) =

t∫
0

(
1

2π

∫
|p|<

√
t
b τ

H(t, p) e−ip(x−σw(τ)) dp

)
dτ

=
1

2π

∞∫
−∞

H(t, p) ·
( t·r(p)∫

0

eipσw(τ) dτ

)
e−ipx dp. (2.9)

Äàëåå, îïðåäåëèì ñâ¼ðòêó ôóíêöèè h ñ ôóíêöèåé f ∈ L2(R), ïî-

ëàãàÿ

(h ∗ f)(t, τ, x) =
∫
R

h(t, τ, x− y) f(y) dy. (2.10)

Âàæíî îòìåòèòü, ÷òî ñâ¼ðòêà (h ∗ f)(t, τ, ·), 0 < τ ⩽ t äîïóñêàåò àíà-

ëèòè÷åñêîå ïðîäîëæåíèå íà âñþ êîìïëåêñíóþ ïëîñêîñòü, ïîñêîëüêó

ôóíêöèÿ ĥ(t, τ, ·) èìååò ôèíèòíûé íîñèòåëü ïðè êàæäîì τ > 0.

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 2.2. 1. Äëÿ ëþáîãî t > 0 è α ∈ [0, 32) ôóíêöèÿ m(t, ·) ñ

âåðîÿòíîñòüþ åäèíèöà ïðèíàäëåæèò êëàññó Ñîáîëåâà W α
2 (R).

2. Äëÿ ëþáîé ôóíêöèè f ∈ L2(R) âûïîëíåíî ñîîòíîøåíèå

t∫
0

(h ∗ f)(t, τ, σ w(τ)) dτ =

∫
R

f(y)m(t, y) dy. (2.11)

Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà ïåðâîãî óòâåðæäåíèÿ òåîðåìû

äîñòàòî÷íî ïîêàçàòü, ÷òî ìàòåìàòè÷åñêîå îæèäàíèå E ∥m(t, ·)∥2Wα
2
êî-

íå÷íî ïðè âñåõ 0 ⩽ α < 3/2.
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Çàìåòèì, ÷òî åñëè ìû ïîêàæåì ñõîäèìîñòü èíòåãðàëà

I =

∫
|p|⩾1

|p|2αE
∣∣∣ t·r(p)∫

0

eipσw(τ)dτ
∣∣∣2 dp, (2.12)

òî òîãäà êîíå÷íîñòü ñîîòâåòñòâóþùåãî ìàòåìàòè÷åñêîãî îæèäàíèÿ áó-

äåò äîêàçàíà.

Íàì ïîíàäîáèòñÿ ñëåäóþùàÿ ëåãêî ïðîâåðÿåìàÿ ôîðìóëà, èìåííî,

äëÿ êàæäîé ôóíêöèè φ ∈ L1 [0, t] ñïðàâåäëèâî ñîîòíîøåíèå∣∣∣∣
t∫

0

φ(τ) dτ

∣∣∣∣2 = 2

∫
0<τ2<τ1<t

Re[φ(τ1)φ(τ2)] dτ1 dτ2. (2.13)

Âû÷èñëèì ìàòåìàòè÷åñêîå îæèäàíèå, ñòîÿùåå â ôîðìóëå (2.12).

Èñïîëüçóÿ (2.13), ïîëó÷èì

E

∣∣∣∣∣
t·r(p)∫
0

eipσw(τ) dτ

∣∣∣∣∣
2

= 2 · Re
∫

0<τ2<τ1<t·r(p)

E eipσ(w(τ1)−w(τ2))E e−2bpw(τ2) dτ1 dτ2

= 2 ·
t·r(p)∫
0

(
Re

t·r(p)∫
τ2

e−
p2σ2(τ1−τ2)

2 dτ1

)
e2b

2p2 τ2 dτ2.

(2.14)

Äàëåå, çàìåòèì, ÷òî âûïîëíåíî íåðàâåíñòâî

Re

t·r(p)∫
τ2

e−
p2σ2(τ1−τ2)

2 dτ1 ⩽
2|e−

p2σ2(t·r(p)−τ2)
2 − 1|
p2

⩽
4

p2
. (2.15)

Èñïîëüçóÿ (2.14), (2.15), à òàêæå ëåãêî ïðîâåðÿåìîå íåðàâåíñòâî

r(p) · p2 ⩽ 1

b
,
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ïîëó÷èì îöåíêó èíòåãðàëà I

I ⩽ 8

∫
|p|⩾1

1

|p|2−2α

( t·r(p)∫
0

e2b
2p2 τ dτ

)
dp =

4

b2

∫
|p|⩾1

1

|p|4−2α
(e2b

2p2 t·r(p) − 1) dp

⩽
4

b2
(e2b t − 1)

∫
|p|⩾1

1

|p|4−2α
dp <∞.

Òåïåðü äîêàæåì âòîðîå óòâåðæäåíèå òåîðåìû.

Îáîçíà÷èì ÷åðåç fM(x) ñâ¼ðòêó ÿäðà Äèðèõëå δM(x) = π−1 (sin (Mx)/x)

ñ ôóíêöèåé f(x)

fM(x) = (δM ∗ f)(x).

Äàëåå, ïðåîáðàçóåì ëåâóþ ÷àñòü ôîðìóëû (2.11). Èñïîëüçóÿ (2.1),

ïîëó÷èì

t∫
0

(h ∗ f)(t, τ, σ w(τ)) dτ = lim
M→∞

t∫
0

(h ∗ fM)(t, τ, σ w(τ)) dτ

= lim
M→∞

t∫
0

(
1

2π

∫
|p|<min (M,

√
t
b τ )

H(t, p) f̂(p) e−ipσ w(τ) dp

)
dτ

= lim
M→∞

1

2π

M∫
−M

f̂(p)H(t, p) ·
( t·r(p)∫

0

e−ipσw(τ) dτ

)
dp

=
1

2π

∞∫
−∞

f̂(p)H(t, p) ·
( t·r(p)∫

0

e−ipσw(τ) dτ

)
dp.
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Ñ äðóãîé ñòîðîíû, äëÿ ïðàâîé ÷àñòè (2.11) ïîëó÷èì∫
R

f(y)m(t, y) dy

=

∫
R

f(y)

[
1

2π

∫
R

eipyH(t, p) ·
( t·r(p)∫

0

e−ipσw(τ)dτ

)
dp

]
dy

=
1

2π

∫
R

f̂(p)H(t, p) ·
( t·r(p)∫

0

e−ipσw(τ) dτ

)
dp.

Ñëåäñòâèå 2.3. Ïðè âñåõ t > 0 ôóíêöèÿ m(t, ·) ñ âåðîÿòíîñòüþ 1

ÿâëÿåòñÿ ã¼ëüäåðîâñêîé ñ ïîêàçàòåëåì α ∈ (0, 1).

Ñëåäóþùèì øàãîì ïîêàæåì, ÷òî ôóíêöèÿ m(t, x) ìîæåò áûòü èñ-

ïîëüçîâàíà ïðè ïîñòðîåíèè âåðîÿòíîñòíîãî ïðåäñòàâëåíèÿ ðåøåíèÿ

óðàâíåíèÿ −σ2

2 u
′′(x) = f(x), x ∈ R.

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Ëåììà 2.4. Ïðè êàæäîì t > 0 cïðàâåäëèâî ñîîòíîøåíèå

Em(t, x) = (L2) lim
M→∞

E

t∫
0

δM(x− σw(τ)) dτ, (2.16)

ãäå δM(x) = sin(Mx)
π x � ÿäðî Äèðèõëå.

Äîêàçàòåëüñòâî. Ïîêàæåì, ÷òî ïðè êàæäîì t > 0 ôóíêöèÿ

m̂(t, p) = H(t, p) ·
( t·r(p)∫

0

eipσw(τ) dτ

)
ïðèíàäëåæèò êëàññó L1(Ω ×R,P ×mes), ãäå Ω � âåðîÿòíîñòíîå ïðî-

ñòðàíñòâî, íà êîòîðîì çàäàí âèíåðîâñêèé ïðîöåññ w(τ), τ ⩾ 0, P � âå-

ðîÿòíîñòíàÿ ìåðà, îïðåäåë¼ííàÿ íà áîðåëåâñêèõ ïîäìíîæåñòâàõ ïðî-

ñòðàíñòâà Ω, mes � ìåðà Ëåáåãà, îïðåäåë¼ííàÿ íà áîðåëåâñêèõ ïîäìíî-

æåñòâàõ R.
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Ïîêàæåì êîíå÷íîñòü èíòåãðàëà

I =

∫
R×Ω

|m̂(t, p)| dp dP.

.

Èñïîëüçóÿ íåðàâåíñòâî Êîøè-Áóíÿêîâñêîãî, ïîëó÷èì

I = lim
M→∞

∫
|p|⩽M

|H(t, p)| · E
∣∣∣∣

t·r(p)∫
0

eipσw(τ) dτ

∣∣∣∣ dp
⩽ lim

M→∞

∫
|p|⩽M

|H(t, p)| ·
(
E

∣∣∣∣
t·r(p)∫
0

eipσw(τ) dτ

∣∣∣∣2) 1
2

dp

⩽ C · lim
M→∞

∫
1⩽|p|⩽M

1

p2
dp,

ãäå C > 0 � íåêîòîðàÿ êîíñòàíòà.

Âû÷èñëèì ìàòåìàòè÷åñêîå îæèäàíèå Em(t, x).

Èñïîëüçóÿ (2.9), à òàêæå ñîîòíîøåíèå

E eipσw(τ) = e−
τp2σ2

2 , τ > 0, p ∈ R,

ñ ó÷¼òîì òåîðåìû Ôóáèíè ïîëó÷èì

Em(t, x) = E
1

2π

∞∫
−∞

H(t, p) ·
( t·r(p)∫

0

eipσw(τ) dτ

)
e−ipx dp.

=
1

2π

∫
R

H(t, p)
( t·r(p)∫

0

E eipσw(τ) dτ
)
e−ipx dp

= − 1

πσ2

∞∫
−∞

e−ipx e
− tσ2p2

2 − 1

p2
dp. (2.17)

Ñ äðóãîé ñòîðîíû, ñ ó÷¼òîì âûðàæåíèÿ äëÿ ïðåîáðàçîâàíèÿ Ôóðüå
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ÿäðà Äèðèõëå δ̂M(p) = 1[−M,M ](p), ïîëó÷èì

(L2) lim
M→∞

E

t∫
0

δM(x− σw(τ)) dτ

= (L2) lim
M→∞

t∫
0

(
1

2π

M∫
−M

e−ipxE eipσw(τ) dp

)
dτ

= − 1

πσ2

∞∫
−∞

e−ipx e
− tσ2p2

2 − 1

p2
dp.

Ïîêàæåì òåïåðü, ÷òî èìåííî òàêîé ñïîñîá ðåãóëÿðèçàöèè ôóíêöèî-

íàëüíîãî èíòåãðàëà (0.17) ÿâëÿåòñÿ íàèáîëåå åñòåñòâåííûì, ïîñêîëüêó

ïîñòðîåííàÿ òàêèì îáðàçîì ñëó÷àéíàÿ ôóíêöèÿ m(t, x) íàñëåäóåò îä-

íî âàæíîå ñâîéñòâî ëîêàëüíîãî âðåìåíè âèíåðîâñêîãî ïðîöåññà.

2.2 Òåîðåìà î âåðîÿòíîñòíîì ïðåäñòàâëåíèè

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 2.5. Ïóñòü ôóíêöèÿ f ∈ L2(R) óäîâëåòâîðÿåò ñîîòíîøå-

íèÿì

1.

∫
R

f(x) dx = 0,

2.

∫
R

x f(x) dx = 0,

3.

∫
R

|f(x)| (1 + x2) dx <∞.

Îïðåäåëèì ôóíêöèþ u(t, x), t > 0, x ∈ R, ïîëàãàÿ

u(t, x) = E f ∗m (t, x).

Òîãäà
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1. Â ñëó÷àå Reσ2 > 0 ñóùåñòâóåò ðàâíîìåðíûé ïî x ïðåäåë

lim
t→∞

u(t, x) = u(x), (2.18)

ãäå ôóíêöèÿ u(x) ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì óðàâíåíèÿ

−σ
2

2
u′′(x) = f(x), x ∈ R,

óäîâëåòâîðÿþùèì óñëîâèþ u(x) ∈ L2(R) ∩ L∞(R).

2. Â ñëó÷àå Reσ2 = 0 ïîòðåáóåì äîïîëíèòåëüíî, ÷òîáû ôóíêöèÿ

f ∈ L2(R) ïîìèìî ñîîòíîøåíèé 1) è 2) óäîâëåòâîðÿëà òàêæå ñîîò-

íîøåíèÿì

4.

∫
R

x2 f(x) dx = 0

5.

∫
R

x3 f(x) dx = 0

6.

∫
R

|f(x)| (1 + x4) dx <∞

Â ýòîì ñëó÷àå ïðåäåë (2.18) ñóùåñòâóåò, íî òîëüêî â ñìûñëå ïîòî-

÷å÷íîé ñõîäèìîñòè.

Äîêàçàòåëüñòâî. Èñïîëüçóÿ (2.17), ïåðåïèøåì âûðàæåíèå äëÿ ôóíê-

öèè u(t, x) â âèäå

u(t, x) =

∫
R

f(x− y)Em(t, y) dy

= − 1

πσ2

∫
R

f(x− y)

(∫
R

e−ipy e
− tσ2p2

2 − 1

p2
dp

)
dy

= − 1

πσ2

∫
R

f̂x(−p)
e−

tσ2p2

2 − 1

p2
dp, (2.19)
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ãäå f̂x(p)=e
ipxf̂(−p) � ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè fx(y)=f(x−y).

Òàêèì îáðàçîì, âûðàæåíèå äëÿ ôóíêöèè u(t, x) ïðèíèìàåò âèä

u(t, x) = − 1

πσ2

∫
R

f̂(p)
e−

tσ2p2

2 − 1

p2
e−ipx dp. (2.20)

Äàëåå, çàìåòèì, ÷òî ôóíêöèÿ f̂(p) óäîâëåòâîðÿåò àñèìïòîòè÷åñêî-

ìó ñîîòíîøåíèþ f̂(p) = O(p2), p → 0, ÷òî ÿâëÿåòñÿ ñëåäñòâèåì óñëî-

âèé 1), 2) è 3). Òàêèì îáðàçîì, èíòåãðàë èç ôîðìóëû (2.20) ìîæåò

áûòü ïðåäñòàâëåí â âèäå ñóììû äâóõ ñõîäÿùèõñÿ èíòåãðàëîâ I1(t, x) è

I2(x).

Èìååì

u(t, x) = − 1

πσ2

∫
R

f̂(p)

p2
e−

tσ2p2

2 e−ipx dp+
1

πσ2

∫
R

f̂(p)

p2
e−ipx dp

= I1(t, x) + I2(x).

(2.21)

Çàìåòèì, ÷òî ôóíêöèÿ I2(x) ÿâëÿåòñÿ ðåøåíèåì äèôôåðåíöèàëü-

íîãî óðàâíåíèÿ −σ2

2 u
′′(x) = f(x), ÷òî ïðîâåðÿåòñÿ íåïîñðåäñòâåííûì

äèôôåðåíöèðîâàíèåì. Òàêèì îáðàçîì, äëÿ äîêàçàòåëüñòâà òåîðåìû

îñòàåòñÿ ïîêàçàòü, ÷òî ñëàãàåìîå I1(t, x) ïðè t→ ∞ ñòðåìèòñÿ ê 0.

Â ñëó÷àå, åñëè Reσ2 > 0, ñõîäèìîñòü ìîæåò áûòü äîêàçàíà ïðè

ïîìîùè íåðàâåíñòâà Øâàðöà

|I1(t, x)| <
(∫

R

|f̂(p)|2

p4
dp

)1/2

·
(∫

R

e−tp2·Reσ2

dp

)1/2

⩽
C

t1/4
. (2.22)

Ïðè ýòîì èç íåðàâåíñòâà (2.22) ñëåäóåò, ÷òî ñõîäèìîñòü äîïðåäåëü-

íîé ôóíêöèè u(t, x) ê ðåøåíèþ ñîîòâåòñòâóþùåãî äèôôåðåíöèàëüíîãî

óðàâíåíèÿ u(x) â ýòîì ñëó÷àå áóäåò ðàâíîìåðíîé.

Ðàññìîòðèì òåïåðü ñëó÷àé Reσ2 = 0. Èñïîëüçóÿ èíòåãðèðîâàíèå

ïî ÷àñòÿì, ïåðåïèøåì âûðàæåíèå äëÿ ôóíêöèè I1(t, x) â âèäå
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I1(t, x) = − 1

πt

∫
R

f̂(p)

p3
e−ipx d(e−

itp2

2 )

= − 1

πt

f̂(p)

p3
e−ipx e−

itp2

2

∣∣∣∣∞
−∞

+
1

πt

∫
R

(
f̂(p)

p3
e−ipx)′p e

− itp2

2 dp

=
1

πt

∫
R

f̂ ′(p)

p3
e−ipx e−

itp2

2 dp− 3

πt

∫
R

f̂(p)

p4
e−ipx e−

itp2

2 dp

− ix

πt

∫
R

f̂(p)

p3
e−ipx e−

itp2

2 dp = R1(t, x) +R2(t, x) +R3(t, x).

(2.23)

Ïîêàæåì òåïåðü, ÷òî ôóíêöèÿ R1(t, x) ïðè t → ∞ ðàâíîìåðíî

ïî x ñòðåìèòñÿ ê íóëþ. Äëÿ ýòîãî íàì ïîíàäîáÿòñÿ ëåãêî ïðîâåðÿåìûå

íåðàâåíñòâà supp∈R |f̂ ′(p)| ⩽ C è |f̂ ′(p)| ⩽ C|p|3, p ∈ R, êîòîðûå

ÿâëÿþòñÿ ñëåäñòâèåì ñîîòíîøåíèé (2), (4), (5) è (6).

Òîãäà

sup
x∈R

|R1(t, x)| ⩽
1

πt

∫
|p|⩽1

|f̂ ′(p)|
|p|3

dp+
1

πt
sup
p∈R

|f̂ ′(p)| ·
∫

|p|>1

1

|p|3
dp ⩽

C

t
.

(2.24)

Òàêèì îáðàçîì, èìååò ìåñòî ñîîòíîøåíèå

lim
t→∞

sup
x∈R

|R1(t, x)| = 0.

Àíàëîãè÷íûì îáðàçîì ìîæåò áûòü ïîêàçàíà ñïðàâåäëèâîñòü ñîîò-

íîøåíèé

lim
t→∞

sup
x∈R

|R2(t, x)| = 0,

lim
t→∞

|R3(t, x)| = 0, x ∈ R,

÷òî çàâåðøàåò äîêàçàòåëüñòâî òåîðåìû.
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Çàìå÷àíèå. Îòìåòèì, ÷òî â ñëó÷àå, åñëè Reσ2 > 0, â (2.18) åñòü íå

òîëüêî ðàâíîìåðíàÿ ñõîäèìîñòü, íî è ñõîäèìîñòü â L2, ïîñêîëüêó L2

� íîðìà ôóíêöèè I1(t, ·) ñòðåìèòñÿ ê 0 ïðè t→ ∞.

Äåéñòâèòåëüíî,

∥I1(t, ·)∥2L2
= C ·

∫
R

|f̂(p)|2

p4
e−tp2·Reσ2

dp ⩽
C√
t

∫
R

e−p2·Reσ2

dp −−−→
t→∞

0.

Ïîñëåäíåå íåðàâåíñòâî ñëåäóåò èç ñîîòíîøåíèé 1), 2) è 3).

Îòìåòèì åùå, ÷òî ôóíêöèÿ u(t, x), t > 0, x ∈ R, îïðåäåëåííàÿ ñ

ïîìîùüþ ôîðìóëû u(t, x) = E f ∗m (t, x), ÿâëÿåòñÿ ðåøåíèåì óðàâíå-

íèÿ

∂t u−
σ2

2
∂2xx u = f(x), u(0, x) = 0, (2.25)

÷òî ïðîâåðÿåòñÿ íåïîñðåäñòâåííîé ïîäñòàíîâêîé ôîðìóëû (2.20) â (2.25).
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Ãëàâà 3

Âåðîÿòíîñòíîå ïðåäñòàâëåíèå ðåçîëü-

âåíòû äâóìåðíîãî îïåðàòîðàØð¼äèí-

ãåðà

Â íàñòîÿùåé ãëàâå ñòðîèòñÿ ñåìåéñòâî ñëó÷àéíûõ èíòåãðàëüíûõ îïå-

ðàòîðîâ

Rt
λ : f 7−→

∫
R2

rtλ(x, y) f(y) dy, t > 0, λ ∈ C.

Ïîêàçûâàåòñÿ, ÷òî ñ âåðîÿòíîñòüþ åäèíèöà îïåðàòîðû ýòîãî ñåìåé-

ñòâà ÿâëÿþòñÿ îãðàíè÷åííûìè îïåðàòîðàìè â L2(R
2), à òàêæå èññëå-

äóþòñÿ ñâîéñòâà èõ ÿäåð. Çàòåì ñ èõ ïîìîùüþ ñòðîèòñÿ âåðîÿòíîñòíîå

ïðåäñòàâëåíèå ðåçîëüâåíòû îïåðàòîðà Øð¼äèíãåðà H = −1
2 ∆+ V .

Â � 3.1 ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà V (x) ≡ 0. Â � 3.2 ðàññìàòðè-

âàåòñÿ ñëó÷àé, êîãäà V (x) � íåîòðèöàòåëüíàÿ è îãðàíè÷åííàÿ íåïðå-

ðûâíàÿ ôóíêöèÿ, ñòåïåííûì îáðàçîì óáûâàþùàÿ íà áåñêîíå÷íîñòè

V (x) = O (∥x∥−α), α > 2. (3.1)
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3.1 Cëó÷àé V (x) ≡ 0.

3.1.1 Îïðåäåëåíèå îïåðàòîðà Rt
λ. Ñëó÷àé Reλ ⩽ 0.

Ïóñòü w(τ) = (w1(τ), w2(τ)), τ ⩾ 0 � ñòàíäàðòíûé äâóìåðíûé âèíå-

ðîâñêèé ïðîöåññ. Ïðè êàæäîì λ ∈ C, Reλ ⩽ 0 è t > 0 îïðåäåëèì

ñëó÷àéíûé îïåðàòîð Rt
λ íà ôóíêöèÿõ f ∈ L∞ ∩ C(R2), ïîëàãàÿ

(Rt
λ f)(x) =

t∫
0

eλτ
[
1

2π

∫
S1

f(x− ∥w(τ)∥ · θ) dS(θ)
]
dτ, (3.2)

ãäå ∥ · ∥ � ñòàíäàðòíàÿ åâêëèäîâà íîðìà â ïðîñòðàíñòâå R2, à dS(θ) �

äëèíà ýëåìåíòà äóãè åäèíè÷íîé îêðóæíîñòè S1.

Íèæå ìû ïîêàæåì, ÷òî îïåðàòîð Rt
λ ñ âåðîÿòíîñòüþ 1 ïðîäîëæà-

åòñÿ äî îãðàíè÷åííîãî èíòåãðàëüíîãî îïåðàòîðà â L2(R
2) è èçó÷èì

ñâîéñòâà åãî ÿäðà.

Ñïðàâåäëèâî óòâåðæäåíèå.

Òåîðåìà 3.1. 1. Îïåðàòîð Rt
λ ñ âåðîÿòíîñòüþ 1 ÿâëÿåòñÿ ïñåâäî-

äèôôåðåíöèàëüíûì îïåðàòîðîì â L2(R
2) ñ ñèìâîëîì

r̂tλ(p) =

t∫
0

eλτ J0(∥p∥ ∥w(τ)∥) dτ, p = (p1, p2) ∈ R2. (3.3)

2. Ôóíêöèÿ rtλ(x), îïðåäåë¼ííàÿ ñâîèì ïðåîáðàçîâàíèåì Ôóðüå r̂tλ(p),

ñ âåðîÿòíîñòüþ 1 ïðèíàäëåæèò êëàññó Ñîáîëåâà W α
2 (R

2) ïðè êàæ-

äîì α ∈ [0, 1/2).

Äîêàçàòåëüñòâî. Íàéä¼ì ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè (Rt
λ f)(x).

Çàìåòèì, ÷òî (3.2) ìîæåò áûòü çàïèñàíî â âèäå

(Rt
λ f)(x) =

t∫
0

eλτ Eθ(τ) f(x− w(τ)) dτ, (3.4)
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ãäå Eθ(τ) � ìàòåìàòè÷åñêîå îæèäàíèå, âçÿòîå ïî óãëîâîé êîìïîíåíòå

θ(τ) =
w(τ)

∥w(τ)∥

äâóìåðíîãî âèíåðîâñêîãî ïðîöåññà w(τ).

Ñ ó÷¼òîì (3.4), âûðàæåíèå äëÿ ôóíêöèè (R̂t
λ f)(p) ïðèìåò âèä

(R̂t
λ f)(p) =

t∫
0

eλτ Eθ(τ) e
i(p,w(τ)) dτ · f̂(p)

=

t∫
0

eλτ
(

1

2π

∫
S1

ei(p,∥w(τ)∥y) dS(y)

)
dτ · f̂(p). (3.5)

Â ïîñëåäíåì ñîîòíîøåíèè ìû âîñïîëüçîâàëèñü òåì, ÷òî ñëó÷àéíûé

âåêòîð θ(τ) â êàæäûé ìîìåíò âðåìåíè τ > 0 èìååò ðàâíîìåðíîå ðàñ-

ïðåäåëåíèå íà åäèíè÷íîé îêðóæíîñòè S1.

Èñïîëüçóÿ (0.43), îêîí÷àòåëüíî ïîëó÷èì

(R̂t
λ f)(p) =

t∫
0

eλτ J0(∥p∥ ∥w(τ)∥) dτ · f̂(p). (3.6)

Äëÿ äîêàçàòåëüñòâà âòîðîãî óòâåðæäåíèÿ òåîðåìû äîñòàòî÷íî ïî-

êàçàòü êîíå÷íîñòü èíòåãðàëà

It,α,λ =

∞∫
1

q2αE

∣∣∣∣
t∫

0

eλτ J0(q ∥w(τ)∥) dτ
∣∣∣∣2q dq. (3.7)

Âû÷èñëèì ìàòåìàòè÷åñêîå îæèäàíèå, ñòîÿùåå â (3.7). Èñïîëüçóÿ

(2.13), ïîëó÷èì

E

∣∣∣∣
t∫

0

eλτ J0(q ∥w(τ)∥) dτ
∣∣∣∣2

= 2 · Re
∫

0<τ2<τ1<t

eλτ1 eλτ2 E [J0(q ∥w(τ1)∥) J0(q ∥w(τ2)∥)] dτ1 dτ2. (3.8)
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Îáîçíà÷èì ÷åðåçM =M(q, τ1, τ2) ìàòåìàòè÷åñêîå îæèäàíèå, ñòîÿ-

ùåå â ôîðìóëå (3.8). Íàéäåì â ÿâíîì âèäå âèäå âûðàæåíèå äëÿ ôóíê-

öèè M(q, τ1, τ2).

Èñïîëüçóÿ ñîîòíîøåíèå

J0(q ∥w(τ)∥) =
1

2π

∫
S1

eiq (θ, w(τ)) dS(θ),

ïîëó÷èì

M(q, τ1, τ2)

=
1

(2π)2

∫
S1

∫
S1

E eiq (θ1, w(τ1)−w(τ2))E eiq (θ1−θ2, w(τ2)) dS(θ1) dS(θ2). (3.9)

Äàëåå, èñïîëüçóÿ ôîðìóëû

E eiq (θ1, w(τ1)−w(τ2)) = e
−(τ1−τ2) q

2

2

è

E eiq (θ1−θ2, w(τ2)) = e−τ2 q
2 (1−cosφ),

ãäå φ � óãîë ìåæäó âåêòîðàìè θ1 è θ2, ïðåîáðàçóåì (3.9)

M(q, τ1, τ2) =
1

(2π)2
e

−(τ1−τ2) q
2

2

∫
S1

∫
S1

E eiq (θ1−θ2, w(τ2)) dS(θ1) dS(θ2)

=
1

2π
e

−(τ1−τ2) q
2

2

2π∫
0

e−τ2 q
2 (1−cosφ) dφ. (3.10)

Ñ ó÷åòîì èíòåãðàëüíîãî ïðåäñòàâëåíèÿ äëÿ ìîäèôèöèðîâàííîé ôóíê-

öèè Áåññåëÿ (0.45), îêîí÷àòåëüíî ïîëó÷èì

M(q, τ1, τ2) = e
−(τ1−τ2) q

2

2 e−τ2 q
2 · I0(τ2 q2). (3.11)

Äàëåå, èç (0.46) ñëåäóåò, ÷òî ôóíêöèÿ e−τ q2· I0(τ q2) äîïóñêàåò îöåí-
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êó e−τ q2 · I0(τ q2) ⩽ C
q
√
τ
. Òàêèì îáðàçîì, ñïðàâåäëèâî íåðàâåíñòâî

E

∣∣∣∣
t∫

0

eλτ J0(q ∥w(τ)∥) dτ
∣∣∣∣2

=

t∫
0

(
Re

t∫
τ2

eλ(τ1−τ2) e
−(τ1−τ2) q

2

2 dτ1

)
e2Reλ·τ2 e−τ2 q

2

I0(τ2 q
2) dτ2

⩽
C∣∣q2

2 − λ
∣∣ · q

t∫
0

1√
τ
e2Reλ·τ dτ ⩽

C(t, λ)∣∣q2
2 − λ

∣∣ · q . (3.12)

Îêîí÷àòåëüíî, ïîëó÷èì

It,α,λ ⩽ C(t, λ)

∞∫
1

dq

q2−2α
<∞.

Â ñëó÷àå Reλ < 0 â ôîðìóëå (3.12) ìîæíî ïîëîæèòü t = ∞. Ýòî

çíà÷èò, ÷òî â ìåòðèêå ïðîñòðàíñòâà Wα
2 èçìåðèìûõ ñëó÷àéíûõ ôóíê-

öèé g(x) ñ íîðìîé

∥g∥2α = E

∫
R2

(1 + ∥p∥2α) |ĝ(p)|2 dp

ñóùåñòâóåò ïðåäåë

r∞λ (x) = lim
t→∞

rtλ(x).

Ñëåäñòâèå 3.2. Èç ï.2 òåîðåìû ñëåäóåò, ÷òî îïåðàòîð Rt
λ äîïóñêà-

åò ïðîäîëæåíèå íà âñå ïðîñòðàíñòâî L2(R
2).

Èñïîëüçóÿ (0.44) è (3.3), ìîæíî ïîëó÷èòü ÿâíîå âûðàæåíèå äëÿ

ôóíêöèè rtλ(x) êàê ôóíêöèîíàëà îò òðàåêòîðèè äâóìåðíîãî âèíåðîâ-
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ñêîãî ïðîöåññà w(τ)

rtλ(x) = (L2) lim
M→∞

1

(2π)2

∫
∥p∥<M

( t∫
0

eλτ J0(∥p∥ ∥w(τ)∥)dτ
)
e−i(p,x) dp

= (L2) lim
M→∞

1

2π

t∫
0

eλτ
( M∫

0

q J0(q ∥x∥) J0(q ∥w(τ)∥) dq
)
dτ

=
1

2π ∥x∥

t∫
0

eλτ δ (∥x∥ − ∥w(τ)∥) dτ, (3.13)

ãäå ÷åðåç q îáîçíà÷åíà åâêëèäîâà íîðìà ïåðåìåííîé p = (p1, p2) ∈ R2,

à ÷åðåç δ îáîçíà÷åíà äåëüòà-ôóíêöèÿ Äèðàêà.

3.1.2 Îïðåäåëåíèå îïåðàòîðà Rt
λ. Ñëó÷àé Reλ > 0.

Ïóñòü λ = a+i b. Îïðåäåëèì ñëó÷àéíóþ ôóíêöèþ rtλ(x), t > 0, x ∈ R2

åå ïðåîáðàçîâàíèåì Ôóðüå, ïîëàãàÿ

r̂tλ(p) = −
t∫

0

e−λτ e(p, w(τ)) dτ, (3.14)

åñëè ∥p∥ <
√
2a, è

r̂tλ(p) =

t∫
0

eλτ J0(∥p∥ ∥w(τ)∥) dτ (3.15)

â ïðîòèâíîì ñëó÷àå.

Ñïðàâåäëèâî óòâåðæäåíèå.

Òåîðåìà 3.3. Ôóíêöèÿ rtλ(x), îïðåäåëåííàÿ ôîðìóëàìè (3.14) è (3.15),

ñ âåðîÿòíîñòüþ 1 ïðèíàäëåæèò êëàññó Ñîáîëåâà W α
2 (R

2) ïðè êàæ-

äîì 0 ⩽ α < 1/2.

Äîêàçàòåëüñòâî ýòîé òåîðåìû ïîëíîñòüþ àíàëîãè÷íî äîêàçàòåëü-

ñòâó ï.2 òåîðåìû 3.1.
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Ñëåäñòâèå 3.4. Èç òåîðåìû 3.3 ñëåäóåò, ÷òî îïåðàòîð Rt
λ, îïðåäå-

ë¼ííûé ñ ïîìîùüþ ôîðìóëû

Rt
λ f(x) = (f ∗ rtλ)(x),

äîïóñêàåò ïðîäîëæåíèå íà âñå ïðîñòðàíñòâî L2(R
2).

3.1.3 Âåðîÿòíîñòíîå ïðåäñòàâëåíèå ðåçîëüâåíòû îïåðàòîðà

H0 = −1
2 ∆.

Îáîçíà÷èì ÷åðåç∆ äâóìåðíûé îïåðàòîð Ëàïëàñà è ðàññìîòðèì îïåðà-

òîð H = −1
2 ∆, çàäàííûé íà îáëàñòè îïðåäåëåíèÿ Dom (H) = W 2

2 (R
2).

Îòìåòèì, ÷òî îïåðàòîð H ÿâëÿåòñÿ ñàìîñîïðÿæåííûì è ïîëîæèòåëü-

íî îïðåäåëåííûì íà åãî îáëàñòè îïðåäåëåíèÿ è èìååò ëèøü àáñîëþò-

íî íåïðåðûâíûé ñïåêòð, ñîñðåäîòî÷åííûé íà ïîëîæèòåëüíîé ïîëóîñè

σ (H) = σac (H) = [0,∞).

×åðåç Rλ = (H − λ I)−1 îáîçíà÷èì ðåçîëüâåíòó îïåðàòîðà H. Â

ñëó÷àå, åñëè λ /∈ σ (H), îáëàñòü îïðåäåëåíèÿ Rλ ñîâïàäàåò ñ L2(R
2). Â

ïðîòèâíîì ñëó÷àå îáëàñòü îïðåäåëåíèÿ îïåðàòîðà Rλ èìååò âèä

Dom (Rλ) = {f(x) ∈ L2(R
2) :

f̂(p)
∥p∥2
2 − λ

∈ L2(R
2)}.

Â èìïóëüñíîì ïðåäñòàâëåíèè (òî åñòü ïîñëå ïðåîáðàçîâàíèÿ Ôó-

ðüå) îïåðàòîðó Rλ ñîîòâåòñòâóåò óíèòàðíî ýêâèâàëåíòíûé åìó îïåðà-

òîð R̂λ, êîòîðûé íà ñâîåé îáëàñòè îïðåäåëåíèÿ äåéñòâóåò ïî ïðàâèëó

(R̂λf̂)(p) = r̂λ(p) · f̂(p),

ãäå ôóíêöèÿ r̂λ(p) îïðåäåëåíà ñ ïîìîùüþ ôîðìóëû
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r̂λ(p) =
1

∥p∥2
2 − λ

.

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 3.5. 1. Åñëè λ ∈ C, Reλ < 0, òî ïðè âñåõ f ∈ L2 (R
2)

âûïîëíåíî

Rλ f(x) = E (f ∗ r∞λ )(x).

2. Åñëè λ ∈ C\σ(H), Reλ ⩾ 0, òî ïðè âñåõ f ∈ L2 (R
2) âûïîëíåíî

Rλ f(x) = (L2) lim
t→∞

E (f ∗ rtλ)(x).

3. Åñëè λ ∈ σ(H), òî ïðè âñåõ f ∈ Dom (Rλ) âûïîëíåíî

Rλ f(x) = (L2) lim
t→∞

E (f ∗ rtλ)(x).

Äîêàçàòåëüñòâî. Ðàññìîòðèì ñíà÷àëà ñëó÷àé Reλ < 0. Ïîñêîëüêó

îïåðàòîð R∞
λ äåéñòâóåò íà ôóíêöèè f(x) ∈ L2(R

2) ïî ïðàâèëó

R∞
λ f(x) = (r∞λ ∗ f)(x),

òî â Ôóðüå-îáðàçå îí èìååò âèä

R̂∞
λ f̂(p) = r̂∞λ (p) · f̂(p).

Òàêèì îáðàçîì, ñïðàâåäëèâî ñîîòíîøåíèå

E [R̂∞
λ f̂(p)] = E

∞∫
0

eλτ J0(∥p∥ ∥w(τ)∥) dτ · f̂(p).

Ñ ó÷åòîì òîæäåñòâà

E J0 (∥p∥ ∥w(τ)∥) = E ei (p, w(τ)) = e−
τ ∥p∥2

2 ,
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îêîí÷àòåëüíî ïîëó÷àåì

E [R̂∞
λ f̂(p)] =

f̂(p)
∥p∥2
2 − λ

,

÷òî çàâåðøàåò äîêàçàòåëüñòâî ïåðâîãî ïóíêòà òåîðåìû.

Ïåðåéäåì ê äîêàçàòåëüñòâó âòîðîãî óòâåðæäåíèÿ òåîðåìû. Äåé-

ñòâèå îïåðàòîðà R̂t
λ íà ôóíêöèè f̂(p) ∈ L2(R

2) îïðåäåëÿåòñÿ ôîðìó-

ëîé

R̂t
λ f̂(p) = r̂tλ(p) · f̂(p)

è, ñëåäîâàòåëüíî,

E [R̂t
λ f̂(p)] = E r̂tλ(p) · f̂(p).

Òàêèì îáðàçîì, äëÿ äîêàçàòåëüñòâà ñîîòâåòñòâóþùåãî óòâåðæäå-

íèÿ äîñòàòî÷íî ïîêàçàòü òî, ÷òî

f̂(p)
∥p∥2
2 − λ

= (L2) lim
t→∞

E r̂tλ(p) · f̂(p) (3.16)

ñïðàâåäëèâî ïðè âñåõ f̂(p) ∈ L2(R
2) è λ ∈ C, Reλ ⩾ 0, λ /∈ σ(H).

Íàéäåì â ÿâíîì âèäå âûðàæåíèå äëÿ ìàòåìàòè÷åñêîãî îæèäàíèÿ,

ñòîÿùåãî â (3.16). Ñ ó÷åòîì (3.14) è (3.15), ïîëó÷èì

E r̂tλ(p) = H(t, λ, p) +
1

∥p∥2
2 − λ

, (3.17)

ãäå ôóíêöèÿ H(t, λ, p) îïðåäåëåíà ñ ïîìîùüþ ôîðìóëû

H(t, λ, p) =
e± t (∥p∥

2

2 −λ)

λ− ∥p∥2
2

(çíàêè + è − îòâå÷àþò ñëó÷àÿì ∥p∥ ⩽
√
2a è ∥p∥ >

√
2a ñîîòâåòñòâåí-

íî).
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Äàëåå, íàïîìíèì, ÷òî ñïåêòð îïåðàòîðà H ñîñðåäîòî÷åí íà ïîëî-

æèòåëüíîé ïîëóîñè σ (H) = [0,∞). Çàìåòèì, ÷òî ïðè êàæäîì t > 0,

λ /∈ σ (H), Reλ ⩾ 0 è p ∈ R2 ñïðàâåäëèâî íåðàâåíñòâî

|H(t, λ, p)| ⩽ 1

|Imλ|
, (3.18)

à ïðè êàæäîì λ /∈ σ (H), Reλ ⩾ 0 èìååò ìåñòî ñõîäèìîñòü

lim
t→∞

H(t, λ, p) = 0 (3.19)

ïðè ïî÷òè âñåõ p ∈ R2.

Òàêèì îáðàçîì, ïî òåîðåìå Ëåáåãà î ìàæîðèðóåìîé ñõîäèìîñòè,

ñïðàâåäëèâî (3.16), ÷òî çàâåðøàåò äîêàçàòåëüñòâî âòîðîãî ïóíêòà òåî-

ðåìû.

Äîêàæåì òåïåðü óòâåðæäåíèå ï.3 òåîðåìû. Ïîñêîëüêó λ ∈ σ (H),

ìû óæå íå ìîæåì èñïîëüçîâàòü îöåíêó (3.18). Âìåñòî ýòîãî çàìåòèì,

÷òî

f̂(p)
∥p∥2
2 − λ

∈ L2(R
2)

(ïîñëåäíåå ïî îïðåäåëåíèþ îçíà÷àåò, ÷òî f ∈ Dom (Rλ)). Ñíîâà èñ-

ïîëüçóÿ òåîðåìó Ëåáåãà î ìàæîðèðóåìîé ñõîäèìîñòè, à òàêæå (3.17) è

(3.19), ïîëó÷àåì ñïðàâåäëèâîñòü (3.16).

3.2 Ñëó÷àé V (x) ̸≡ 0.

3.2.1 Îïðåäåëåíèå îïåðàòîðà Rt
λ. Ñëó÷àé Reλ ⩽ 0.

Â ýòîì ïàðàãðàôå ìû ðàññìîòðèì ñëó÷àé, êîãäà ïîòåíöèàë V îòëè-

÷åí îò íóëÿ. Ìû áóäåì ïðåäïîëàãàòü, ÷òî V (x) � íåîòðèöàòåëüíàÿ è

83



îãðàíè÷åííàÿ íåïðåðûâíàÿ ôóíêöèÿ, ñòåïåííûì îáðàçîì óáûâàþùàÿ

íà áåñêîíå÷íîñòè, èìåííî

V (x) = O (∥x∥−α), α > 2.

Ïîñëåäíåå óñëîâèå ãàðàíòèðóåò íàì, ÷òî ñïåêòð îïåðàòîðà Øð¼-

äèíãåðà ÿâëÿåòñÿ àáñîëþòíî íåïðåðûâíûì è çàïîëíÿåò ïîëîæèòåëü-

íóþ ïîëóîñü.

Â îòëè÷èå îò ïðåäûäóùåãî ïàðàãðàôà, âìåñòî êëàññè÷åñêîãî ïðå-

îáðàçîâàíèÿ Ôóðüå ìû áóäåì èñïîëüçîâàòü òàê íàçûâàåìîå îáîáù¼í-

íîå ïðåîáðàçîâàíèå Ôóðüå F , ïðåäñòàâëÿþùåå èç ñåáÿ ðàçëîæåíèå ïî

ñîáñòâåííûì ôóíêöèÿì íåïðåðûâíîãî ñïåêòðà îïåðàòîðà Øð¼äèíãå-

ðà. Îïðåäåëåíèå îïåðàòîðà F ïðèâîäèòñÿ â ïðèëîæåíèè.

Ðàññìîòðèì ñíà÷àëà ñâîéñòâà ñîáñòâåííûõ ôóíêöèé íåïðåðûâíîãî

ñïåêòðà. Ïóñòü ôóíêöèÿ φ(x, k) � íåïðåðûâíîå è îãðàíè÷åííîå ðåøå-

íèå óðàâíåíèÿ Øð¼äèíãåðà

−1

2
∆x φ(x, k) + V (x)φ(x, k) =

∥k∥2

2
φ(x, k), k ∈ R2, (3.20)

óäîâëåòâîðÿþùåå àñèìïòîòè÷åñêèì ñîîòíîøåíèÿì

v(x, k) := φ(x, k)− ei(x,k) = O(∥x∥−
1
2 ), (3.21)

∂ v(x, k)

∂ ∥x∥
− i ∥k∥ v(x, k) = o(∥x∥−

1
2 ), ∥x∥ → ∞. (3.22)

Èçâåñòíî, ÷òî ïðè êàæäîì k ∈ R2 \ {0} ñîîòâåòñòâóþùåå ðåøåíèå

óðàâíåíèÿ (3.20) ñóùåñòâóåò è â ñâîåì êëàññå ÿâëÿåòñÿ åäèíñòâåííûì

(ñì. Ïðèëîæåíèå). Áîëåå òîãî, îíî óäîâëåòâîðÿåò ñëåäóþùèì ñâîé-

ñòâàì:

1. Ïðè âñåõ k ∈ R2 \ {0} è x ∈ R2 âûïîëíåíî φ(·, k) ∈ C(R2),

φ(x, ·) ∈ C(D) (çäåñü D � ïðîèçâîëüíûé êîìïàêò â R2, êîòîðûé íå

ñîäåðæèò íà÷àëî êîîðäèíàò).
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2. Ñóùåñòâóåò ÷èñëî M > 0 òàêîå, ÷òî ïðè âñåõ x, k ∈ R2 âûïîë-

íåíî íåðàâåíñòâî |φ(x, k)| ⩽M .

3. Ñóùåñòâóþò ÷èñëà m > 0 è δ > 0 òàêèå, ÷òî ïðè âñåõ x ∈ R2 è

∥k∥ ⩾ m âûïîëíåíî íåðàâåíñòâî |φ(x, k)| > δ.

4. Ñóùåñòâóþò êîíñòàíòû C > 0 è q > 0 òàêèå, ÷òî ïðè âñåõ ∥k∥ ⩾

q âûïîëíåíî íåðàâåíñòâî

sup
x∈R2

|φ(x, k)− ei(x,k)| ⩽ C

∥k∥1/2
.

5. Ïðè âñåõ x, k ∈ R2 è t > 0 ñïðàâåäëèâî ñîîòíîøåíèå

φ(x, k) e−
t∥k∥2

2 = Eφ(wx(t), k) e
−
∫ t

0
V (wx(s)) ds.

Äàëåå, îïðåäåëèì ôóíêöèþ ψ = ψ(x, ρ), (x, ρ) ∈ R2 × [m,∞), ïî-

ëàãàÿ

ψ(x, ρ) =
1

2π

∫
S1

φ (x, ρ θ)

φ (0, ρ θ)
dS(θ), (3.23)

ãäå dS � ýëåìåíò äëèíû äóãè åäèíè÷íîé îêðóæíîñòè, à ÷èñëî m îïðå-

äåëåíî â òðåòüåì ñâîéñòâå ôóíêöèè φ(x, k).

Îïðåäåëåííàÿ òàêèì îáðàçîì ôóíêöèÿ ψ(x, ρ) óäîâëåòâîðÿåò óñëî-

âèÿì:

1. Ïðè âñåõ x ∈ R2 è ρ ⩾ m ñïðàâåäëèâî ψ(x, ·) ∈ C[m,∞),

ψ(·, ρ) ∈ C(R2).

2. Ïðè âñåõ x ∈ R2 è ρ ⩾ m âûïîëíåíî íåðàâåíñòâî

|ψ(x, ρ)| ⩽M.

3. Ñóùåñòâóåò êîíñòàíòà C > 0 òàêàÿ, ÷òî ïðè âñåõ ρ ⩾ m âûïîë-

íåíî íåðàâåíñòâî

sup
x∈R2

|ψ(x, ρ)− J0 (∥x∥ρ)| ⩽
C

ρ1/2
. (3.24)
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4. Ïðè âñåõ t > 0, x ∈ R2 è ρ ⩾ m ñïðàâåäëèâî ñîîòíîøåíèå

ψ(x, ρ) e−
tρ2

2 = Eψ(wx(t), ρ) e
−
∫ t

0
V (wx(s)) ds,

÷òî, â ñâîþ î÷åðåäü, ÿâëÿåòñÿ ñëåäñòâèåì ñîîòâåòñòâóþùèõ ñâîéñòâ

ôóíêöèè φ(x, k).

Äàëåå, ïðè âñåõ t > 0 è λ ∈ C, Reλ ⩽ 0 îïðåäåëèì ñëó÷àéíóþ

ôóíêöèþ gtλ(x, k), (x, k) ∈ R2 ×R2, ïîëàãàÿ

gtλ(x, k) =


(2π)−1

t∫
0

eλτ φ (wx(τ), k) e
−
∫ τ

0
V (wx(s)) ds dτ, ∥k∥ < m

(2π)−1 φ(x, k)
t∫
0

eλτ ψ (w0(τ), ∥k∥) e−
∫ τ

0
V (w0(s)) ds dτ, ∥k∥ ⩾ m

.

(3.25)

Ñëåäóþùèì øàãîì ìû ïîêàæåì òî, ÷òî ñëó÷àéíàÿ ôóíêöèÿ

rtλ(x, y) = F∗[gtλ (x, ·)](y)

ïðè âñåõ x ∈ R2 è α ∈ [0, 1/2) ïî ïåðåìåííîé y ñ âåðîÿòíîñòüþ åäèíèöà

ïðèíàäëåæèò êëàññó Ñîáîëåâà W α
2 (R

2) (ñëó÷àé α = 0 ñîîòâåòñòâóåò

òîìó, ÷òî rtλ(x, ·) ∈ L2(R
2) ïðè âñåõ x ∈ R2).

Ñïðàâåäëèâî óòâåðæäåíèå.

Òåîðåìà 3.6. 1. Åñëè Reλ ⩽ 0, òî òîãäà ïðè âñåõ x ∈ R2 è α ∈

[0, 1/2) ñëó÷àéíàÿ ôóíêöèÿ rtλ(x, y) = F∗[gtλ (x, ·)](y) ïî ïåðåìåííîé y

ñ âåðîÿòíîñòüþ åäèíèöà ïðèíàäëåæèò êëàññó Ñîáîëåâà W α
2 (R

2).

2. Åñëè Reλ < 0, òî òîãäà ïðè âñåõ x ∈ R2 è α ∈ [0, 1/2) ñëó÷àé-

íàÿ ôóíêöèÿ r∞λ (x, y) = F∗[g∞λ (x, ·)](y) ïî ïåðåìåííîé y ñ âåðîÿòíî-

ñòüþ åäèíèöà ïðèíàäëåæèò êëàññó Ñîáîëåâà W α
2 (R

2).

Äîêàçàòåëüñòâî. Èç ëåììû 4.6 (ñì. ïðèëîæåíèå) ñëåäóåò òî, ÷òî äëÿ

äîêàçàòåëüñòâà ïåðâîãî óòâåðæäåíèÿ òåîðåìû äîñòàòî÷íî ïîêàçàòü êî-
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íå÷íîñòü èíòåãðàëà

I = E

∫
R2

(1 + ∥k∥2α)|gtλ(x, k)|2 dk <∞. (3.26)

Èíòåãðàë I ìîæåò áûòü ïðåäñòàâëåí â âèäå ñóììû èíòåãðàëîâ

I1 = E

∫
∥k∥<m

(1 + ∥k∥2α)
∣∣∣∣

t∫
0

eλτ φ (wx(τ), k) e
−
∫ τ

0
V (wx(s)) dsdτ

∣∣∣∣2 dk
(3.27)

è

I2 = E

∫
∥k∥⩾m

(1 + ∥k∥2α)
∣∣∣∣

t∫
0

eλτ ψ(w0(τ), ∥k∥) e−
∫ τ

0
V (w0(s)) ds dτ

∣∣∣∣2
· |φ(x, k)|2 dk (3.28)

ñîîòâåòñòâåííî.

Ïîêàæåì êîíå÷íîñòü èíòåãðàëîâ I1 è I2. Èç ñâîéñòâà 2 ôóíêöèè

φ(x, k) íåìåäëåííî âûòåêàåò îöåíêà äëÿ èíòåãðàëà I1

I1 ⩽ (Mt)2
∫

∥k∥⩽m

(1 + ∥k∥2α) dk

= 2π (Mt)2
m∫
0

(1 + r2α) r dr

= π (mM t)2 (1 +
1

α + 1
m2α), (3.29)

ãäå M = supx,k∈R2 |φ(x, k)|.

Â ñëó÷àå Reλ < 0 îöåíêà èíòåãðàëà I1 ðàâíîìåðíà ïî t è èìååò

âèä

I1 ⩽ π
(mM

Reλ

)2
(1 +

1

α + 1
m2α). (3.30)
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Òåïåðü îöåíèì èíòåãðàë I2. Èñïîëüçóÿ òåîðåìó Ôóáèíè, à òàêæå

ñîîòíîøåíèå∣∣∣∣
t∫

0

f(τ) dτ

∣∣∣∣2 = 2 ·
∫

0<τ2<τ1<t

Re [f(τ1) f(τ2)] dτ1dτ2, (3.31)

ïîëó÷èì

I2 = 2 ·
∫

∥k∥⩾m

|φ(x, k)|2 (1 + ∥k∥2α)

·
(
Re

∫
0<τ2<τ1<t

eλτ1 eλτ2 E [ψ (w0(τ1), ∥k∥)ψ (w0(τ2), ∥k∥)

· e−
∫ τ1
0

V (w0(s1)) ds1 e−
∫ τ2
0

V (w0(s2)) ds2 ] dτ1 dτ2

)
dk. (3.32)

Âû÷èñëèì ìàòåìàòè÷åñêîå îæèäàíèå, ñòîÿùåå ïîä çíàêîì èíòåãðà-

ëà â (3.32). Èñïîëüçóÿ ñâîéñòâà óñëîâíûõ ìàòåìàòè÷åñêèõ îæèäàíèé,

ïðè óñëîâèè τ1 > τ2 ïîëó÷èì

E [ψ (w0(τ1), ∥k∥)ψ (w0(τ2), ∥k∥) e−
∫ τ1
0

V (w0(s1)) ds1 e−
∫ τ2
0

V (w0(s2)) ds2]

= E [ψ (w0(τ2), ∥k∥) e
−

τ2∫
0

V (w0(s2)) ds2

· E (ψ (w0(τ1), ∥k∥) e
−

τ1∫
0

V (w0(s1)) ds1
|F⩽τ2)]. (3.33)

Äàëåå, ñ ó÷åòîì ìàðêîâñêîãî ñâîéñòâà ïðîöåññà w0(τ), à òàêæå

ñâîéñòâà 4 ôóíêöèè ψ(x, ρ), èìååì

E (ψ (w0(τ1), ∥k∥) e
−

τ1∫
0

V (w0(s1)) ds1
|F⩽τ2)

= e
−

τ2∫
0

V (w0(s2)) ds2
· E (ψ (wy(τ1 − τ2), ∥k∥) e

−
τ1−τ2∫

0

V (wy(s1)) ds1
)|y=w0(τ2)

= e
−

τ2∫
0

V (w0(s2)) ds2
· ψ (w0(τ2), ∥k∥) · e−

(τ1−τ2)∥k∥
2

2 . (3.34)
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Ïîäñòàâëÿÿ (3.34) â (3.33), îêîí÷àòåëüíî ïîëó÷èì

E [ψ (w0(τ1), ∥k∥)ψ (w0(τ2), ∥k∥) e−
∫ τ1
0

V (w0(s1)) ds1 e−
∫ τ2
0

V (w0(s2)) ds2]

= e−
(τ1−τ2)∥k∥

2

2 E |ψ (w0(τ2), ∥k∥)|2 e
−2

τ2∫
0

V (w0(s2)) ds2
. (3.35)

Ñ ó÷åòîì (3.35) âûðàæåíèå äëÿ èíòåãðàëà I2 ïðèíèìàåò âèä

I2 = 2·
∫

∥k∥⩾m

(1+∥k∥2α)
( t∫

0

e2Reλ τ2 E |ψ (w0(τ2), ∥k∥)|2 e
−2

τ2∫
0

V (w0(s2)) ds2

·
[
Re

t∫
τ2

eλ(τ1−τ2) e−
(τ1−τ2)∥k∥

2

2 dτ1

]
dτ2

)
|φ(x, k)|2 dk. (3.36)

Äàëåå, îöåíèì ìàòåìàòè÷åñêîå îæèäàíèå, ñòîÿùåå â (3.36). Èñïîëü-

çóÿ óñëîâèå V (x) ⩾ 0, íåðàâåíñòâî

|a+ b|2 ⩽ 2 (|a|2 + |b|2), a, b ∈ C,

à òàêæå ñâîéñòâî 3 ôóíêöèè ψ(x, ρ), ïîëó÷àåì îöåíêó

E |ψ(w0(τ2), ∥k∥)|2 e
−2

τ2∫
0

V (w0(s2)) ds2

⩽ 2E |ψ(w0(τ2), ∥k∥)− J0(∥w(τ2)∥ ∥k∥)|2 + 2E |J0(∥w(τ2)∥ ∥k∥)|2

⩽ C1 ∥k∥−1 + 2 e−τ2 ∥k∥2 I0(τ2 ∥k∥2).

Èñïîëüçóÿ àñèìïòîòèêó äëÿ ìîäèôèöèðîâàííîé ôóíêöèè Áåññåëÿ

I0(r) (0.46), ïîëó÷àåì

E |ψ(w0(τ2), ∥k∥)|2 e
−2

τ2∫
0

V (w0(s2)) ds2
⩽ C1 ∥k∥−1 + C2 ∥k∥−1 τ2

− 1
2 . (3.37)

Ñ ó÷åòîì (3.36), (3.37), à òàêæå íåðàâåíñòâà

Re

t∫
τ2

eλ(τ1−τ2) e−
(τ1−τ2)∥k∥

2

2 dτ1 ⩽
2

|∥k∥
2

2 − λ|
,
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îêîí÷àòåëüíî, ïîëó÷àåì îöåíêó èíòåãðàëà I2

I2 ⩽ (C1 t+ C2 t
1/2)

∞∫
m

(1 + q2α)
2

|q22 − λ|
dq <∞, (3.38)

ñïðàâåäëèâóþ ïðè âñåõ λ ∈ C, Reλ ⩽ 0, 0 ⩽ t <∞ è 0 ⩽ α < 1/2.

Èç íåðàâåíñòâ (3.29) è (3.38) ñëåäóåò ñïðàâåäëèâîñòü óòâåðæäåíèÿ

ï.1 íàñòîÿùåé òåîðåìû.

Åñëè Reλ < 0, òî òîãäà ñîîòâåòñòâóþùàÿ îöåíêà èíòåãðàëà I2 ïðè-

íèìàåò âèä

I2 ⩽
C1

|Reλ|

∞∫
m

(1 + q2α)
1

|q22 − λ|
dq

+ C2

∞∫
m

(1 + q2α)

( ∞∫
0

e2Reλ ττ−1/2 dτ

)
1

|q22 − λ|
dq <∞. (3.39)

Èç îöåíîê (3.30) è (3.39) ñëåäóåò òî, ÷òî â ìåòðèêå ïðîñòðàíñòâàHα

(0 ⩽ α < 1/2) èçìåðèìûõ ñëó÷àéíûõ ôóíêöèé g = g(y, ω) ñ íîðìîé

∥g∥2α = E

∫
R2

(1 + ∥k∥2α) |(Fg)(k, ω)|2 dk

ñóùåñòâóåò ïðåäåë

r∞λ (x, ·) = (Hα) lim
t→∞

rtλ(x, ·),

êîòîðûé (êàê ôóíêöèÿ êîîðäèíàòû) ïðè êàæäîì x ∈ R2 è λ ∈ C, Reλ <

0 ñ âåðîÿòíîñòüþ åäèíèöà ïðèíàäëåæèò êëàññó Ñîáîëåâà W α
2 (R

2).

Äàëåå, ïðè âñåõ t > 0 è λ ∈ C, Reλ ⩽ 0 íà ìíîæåñòâå ôóíêöèé

f ∈ L2(R
2) îïðåäåëèì ñëó÷àéíûé èíòåãðàëüíûé îïåðàòîðRt

λ, ïîëàãàÿ

Rt
λ f(x) =

∫
R2

rtλ(x, y) f(y) dy.
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Äîêàæåì, ÷òî ñëó÷àéíûé îïåðàòîð Rt
λ ñ âåðîÿòíîñòüþ åäèíèöà ÿâ-

ëÿåòñÿ îãðàíè÷åííûì îïåðàòîðîì â L2(R
2).

Ñïðàâåäëèâî óòâåðæäåíèå.

Òåîðåìà 3.7. Ïðè êàæäîì 0 ⩽ t < ∞ ñëó÷àéíûé îïåðàòîð Rt
λ ñ âå-

ðîÿòíîñòüþ åäèíèöà ÿâëÿåòñÿ îãðàíè÷åííûì èíòåãðàëüíûì îïåðà-

òîðîì â L2(R
2), ïðè÷åì â ñëó÷àå Reλ < 0 äàííîå ñâîéñòâî îñòàåòñÿ

ñïðàâåäëèâûì è ïðè t = ∞.

Äîêàçàòåëüñòâî. Èñïîëüçóÿ óíèòàðíîñòü îáîáù¼ííîãî ïðåîáðàçîâà-

íèÿ Ôóðüå, à òàêæå îïðåäåëåíèå ôóíêöèè gtλ(x, k) (3.25), çàïèøåì âû-

ðàæåíèå äëÿ îïåðàòîðà Rt
λ â âèäå

Rt
λ f(x) =

1

2π

∫
∥k∥⩽m

( t∫
0

eλτ φ (wx(τ), k) e
−
∫ τ

0
V (wx(s)) ds dτ

)
(Ff)(k)dk

+
1

2π

∫
∥k∥⩾m

φ(x, k)

( t∫
0

eλτ ψ (w0(τ), ∥k∥) e−
∫ τ

0
V (w0(s)) ds dτ

)
(Ff)(k)dk.

(3.40)

Äàëåå, îáîçíà÷èì ÷åðåç Bm(0) ìíîæåñòâî {k ∈ R2 : ∥k∥ ⩽ m}.

Ïðîñòðàíñòâî L2(R
2) ìîæíî ïðåäñòàâèòü â âèäå ïðÿìîé ñóììû ïîä-

ïðîñòðàíñòâ

L0(R
2) = {f ∈ L2(R

2) : supp (Ff)(k) ⊆ Bm(0)}

è

L1(R
2) = {f ∈ L2(R

2) : supp (Ff)(k) ∩Bm(0) = ∅}

ñîîòâåòñòâåííî. Äëÿ äîêàçàòåëüñòâà òåîðåìû äîñòàòî÷íî ïîêàçàòü òî,

÷òî ñóæåíèÿ îïåðàòîðà Rt
λ íà ïîäïðîñòðàíñòâà L0(R

2) è L1(R
2) ÿâëÿ-

þòñÿ îãðàíè÷åííûìè îïåðàòîðàìè.
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Èç (3.40) âûòåêàåò, ÷òî ñóæåíèå îïåðàòîðà Rt
λ íà ïîäïðîñòðàíñòâî

L1(R
2) ìîæíî ïðåäñòàâèòü â âèäå êîìïîçèöèè îïåðàòîðîâ F∗ R̂t

λF ,

ãäå ñëó÷àéíûé îïåðàòîð R̂t
λ íà ñâîåé îáëàñòè îïðåäåëåíèÿ çàäàí ôîð-

ìóëîé

R̂t
λ : g(k) 7−→

t∫
0

eλτ ψ (w0(τ), ∥k∥) e−
∫ τ

0
V (w0(s)) ds dτ · g(k).

Èç ñâîéñòâà 2 ôóíêöèè ψ(x, ρ) ñëåäóåò òî, ÷òî ñ âåðîÿòíîñòüþ åäè-

íèöà îïåðàòîð R̂t
λ ÿâëÿåòñÿ îãðàíè÷åííûì îïåðàòîðîì (êàê îïåðàòîð

óìíîæåíèÿ íà îãðàíè÷åííóþ ôóíêöèþ). Òîãäà â ñèëó èçîìåòðèè îáîá-

ùåííîãî ïðåîáðàçîâàíèÿ Ôóðüå F , ñóæåíèå îïåðàòîðà Rt
λ íà ïîäïðî-

ñòðàíñòâî L1(R
2) ñ âåðîÿòíîñòüþ åäèíèöà òàêæå ÿâëÿåòñÿ îãðàíè÷åí-

íûì îïåðàòîðîì.

Äàëåå, çàìåòèì, ÷òî ñóæåíèå îïåðàòîðàRt
λ íà ôóíêöèè f ∈ L0(R

2)

èìååò âèä

(Rt
λ f)(x) =

t∫
0

eλ τ f(wx(τ)) e
−
∫ τ

0
V (wx(s)) ds dτ. (3.41)

Îöåíèì L2 - íîðìó ñëó÷àéíîé ôóíêöèè (Rt
λ f)(·, w(·)). Èñïîëüçóÿ

(3.41) è íåðàâåíñòâî Êîøè-Áóíÿêîâñêîãî (îöåíèâàåì êâàäðàò ìîäóëÿ

èíòåãðàëà (3.41)), ïîëó÷èì

∥(Rt
λ f)(·, w(·))∥2L2

= lim
M→∞

∫
∥x∥<M

dx |(Rt
λ f)(x,w(·))|2

⩽ t lim
M→∞

∫
∥x∥<M

dx

( t∫
0

dτ |f(wx(τ))|2
)
.

Îòìåòèì, ÷òî èñïîëüçîâàíèå íàìè íåðàâåíñòâà Êîøè-Áóíÿêîâñêîãî

îïðàâäàíî, ïîñêîëüêó ôóíêöèÿ f ∈ L0 ÿâëÿåòñÿ îãðàíè÷åííîé (ïðî-

ñòðàíñòâî L0 ñîäåðæèòñÿ â ïðîñòðàíñòâå ãëàäêèõ è îãðàíè÷åííûõ ôóíê-

öèé C∞
b (R2)).
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Èñïîëüçóÿ òåîðåìó Ôóáèíè, îêîí÷àòåëüíî, ïîëó÷èì

∥(Rt
λ f)(·, w(·))∥2L2

⩽ t lim
M→∞

t∫
0

dτ

∫
∥x∥<M

dx |f(wx(τ))|2 ⩽ t2 ∥f∥2L2
.

Òåïåðü ðàññìîòðèì ñëó÷àéReλ < 0. Äëÿ ôóíêöèè |(R∞
λ f)(x,w(·))|2

âåðíà îöåíêà

|(R∞
λ f)(x,w(·))|2 ⩽

( ∞∫
0

eReλ τ dτ

)
·
( ∞∫

0

eReλ τ |f(wx(τ))|2 dτ
)

=
1

|Reλ|

∞∫
0

eReλ τ |f(wx(τ))|2 dτ,

÷òî, êàê è â ïðåäûäóùåé âûêëàäêå, ÿâëÿåòñÿ ñëåäñòâèåì íåðàâåíñòâà

Êîøè-Áóíÿêîâñêîãî.

Ñíîâà èñïîëüçóÿ òåîðåìó Ôóáèíè, ïîëó÷èì

∥(R∞
λ f)(·, w(·))∥2L2

⩽
1

|Reλ|
· lim
M→∞

∞∫
0

eReλ τ

( ∫
∥x∥<M

|f(wx(τ))|2 dx
)
dτ

=
1

|Reλ|2
∥f∥2L2

.

3.2.2 Âåðîÿòíîñòíîå ïðåäñòàâëåíèå ðåçîëüâåíòû îïåðàòîðà

H = −1
2 ∆+ V .

Îáîçíà÷èì ÷åðåç H = −1
2 ∆ + V äâóìåðíûé îïåðàòîð Øð¼äèíãåðà.

Îòìåòèì, ÷òî îïåðàòîðH ÿâëÿåòñÿ ñàìîñîïðÿæåííûì è ïîëîæèòåëüíî

îïðåäåëåííûì íà åãî îáëàñòè îïðåäåëåíèÿ è èìååò ëèøü íåïðåðûâíûé

ñïåêòð, ñîñðåäîòî÷åííûé íà ïîëîæèòåëüíîé ïîëóîñè σ (H) = [0,∞).
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×åðåç Rλ = (H−λ I)−1 îáîçíà÷èì ðåçîëüâåíòó îïåðàòîðàH. Â ñëó-

÷àå λ /∈ σ (H) îáëàñòü îïðåäåëåíèÿ îïåðàòîðà Rλ ñîâïàäàåò ñ L2(R
2).

Â ïðîòèâíîì ñëó÷àå ñîîòâåòñòâóþùàÿ îáëàñòü îïðåäåëåíèÿ èìååò âèä

Dom (Rλ) = {f ∈ L2(R
2) :

(Ff)(k)
∥k∥2
2 − λ

∈ L2(R
2)}.

Â èìïóëüñíîì ïðåäñòàâëåíèè (òî åñòü ïîñëå îáîáùåííîãî ïðåîáðà-

çîâàíèÿ Ôóðüå) îïåðàòîðó Rλ ñîîòâåòñòâóåò óíèòàðíî ýêâèâàëåíòíûé

åìó îïåðàòîð óìíîæåíèÿ íà ôóíêöèþ (∥k∥
2

2 −λ)−1 (ïîäðîáíåå ïðî óíè-

òàðíóþ ýêâèâàëåíòíîñòü ñì. [37], ñ. 101).

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 3.8. 1. Åñëè Reλ < 0, òî òîãäà ïðè âñåõ f ∈ L2 (R
2) âû-

ïîëíåíî

Rλ f(x) = E

∫
R2

r∞λ (x, y) f(y) dy.

2. Åñëè Reλ = 0 è λ ̸= 0, òî òîãäà ïðè âñåõ f ∈ L2 (R
2) âûïîëíåíî

Rλ f(x) = (L2) lim
t→∞

E

∫
R2

rtλ(x, y) f(y) dy.

3. Åñëè λ = 0, òî òîãäà ïðè âñåõ f ∈ Dom (R0) âûïîëíåíî

R0 f(x) = (L2) lim
t→∞

E

∫
R2

rt0(x, y) f(y) dy.

Äîêàçàòåëüñòâî. Èñïîëüçóÿ óíèòàðíîñòü îïåðàòîðà F è òåîðåìó Ôó-

áèíè, ïîëó÷èì

E

∫
R2

rtλ(x, y) f(y) dy =

∫
R2

(E gtλ(x, k)) (Ff)(k) dk. (3.42)

Âû÷èñëèì âåëè÷èíóE gtλ(x, k). Èñïîëüçóÿ ñâîéñòâî 5 ôóíêöèè φ(x, k),
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â ñëó÷àå ∥k∥ < m ïîëó÷èì

E gtλ(x, k) =
1

2π

t∫
0

eλτ Eφ(wx(τ), k) e
−
∫ τ

0
V (wx(s)) ds dτ

=
1

2π
φ(x, k)

e t (λ−
∥k∥2
2 ) − 1

λ− ∥k∥2
2

. (3.43)

Àíàëîãè÷íî, èñïîëüçóÿ ñâîéñòâî 4 ôóíêöèè ψ(x, ρ), â ñëó÷àå ∥k∥ ⩾

m èìååì

E gtλ(x, k) =
1

2π
φ(x, k) ·

t∫
0

eλτ Eψ(w0(τ), ∥k∥) e−
∫ τ

0
V (w0(s)) ds dτ

=
1

2π
φ(x, k)

e t (λ−
∥k∥2
2 ) − 1

λ− ∥k∥2
2

. (3.44)

Ïîäñòàâëÿÿ (3.43), (3.44) â (3.42), ïîëó÷àåì

E

∫
R2

rtλ(x, y) f(y) dy =
1

2π

∫
R2

φ(x, k)
et (λ−

∥k∥2
2 )

λ− ∥k∥2
2

(Ff)(k) dk

+
1

2π

∫
R2

φ(x, k)
1

∥k∥2
2 − λ

(Ff)(k) dk = I1(t, λ, x) + I2(λ, x). (3.45)

Åñëè Reλ < 0, òî òîãäà I1(∞, λ, x) = 0, ÷òî çàâåðøàåò äîêàçàòåëü-

ñòâî ïóíêòà 1 òåîðåìû.

Äàëåå, íàïîìíèì, ÷òî ñïåêòð îïåðàòîðàH ñîñðåäîòî÷åí íà ïîëîæè-

òåëüíîé ïîëóîñè σ (H) = [0,∞). Îáîçíà÷èì ÷åðåç H(t, λ, k) ôóíêöèþ

H(t, λ, k) =
et (λ−

∥k∥2
2 )

λ− ∥k∥2
2

.

Çàìåòèì, ÷òî ïðè êàæäîì t > 0, Reλ ⩽ 0, λ ̸= 0 è k ∈ R2 ñïðàâåä-

ëèâî íåðàâåíñòâî

|H(t, λ, k)| ⩽ 1

|Imλ|
, (3.46)

95



à ïðè ïî÷òè âñåõ k ∈ R2 èìååò ìåñòî ñõîäèìîñòü

lim
t→∞

H(t, λ, k) = 0. (3.47)

Òàêèì îáðàçîì, ïî òåîðåìå Ëåáåãà î ìàæîðèðóåìîé ñõîäèìîñòè,

ôóíêöèÿ I1(t, λ, ·) ïðè t → ∞ èìååò ïðåäåë (â ìåòðèêå ïðîñòðàíñòâà

L2(R
2)) ðàâíûé 0, ÷òî çàâåðøàåò äîêàçàòåëüñòâî âòîðîãî ïóíêòà òåî-

ðåìû.

Äîêàæåì òåïåðü óòâåðæäåíèå ï. 3 òåîðåìû. Ïîñêîëüêó 0 ∈ σ (H),

ìû óæå íå ìîæåì èñïîëüçîâàòü îöåíêó (3.46). Âìåñòî ýòîãî çàìåòèì

òî, ÷òî
(Ff)(k)

∥k∥2
2

∈ L2(R
2)

(ïîñëåäíåå ïî îïðåäåëåíèþ îçíà÷àåò òî, ÷òî f ∈ Dom (H−1)). Ñíî-

âà èñïîëüçóÿ òåîðåìó Ëåáåãà î ìàæîðèðóåìîé ñõîäèìîñòè, ïîëó÷àåì

ñïðàâåäëèâîñòü óòâåðæäåíèÿ ïóíêòà 3 òåîðåìû.
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Ãëàâà 4

Ïðèëîæåíèå. Îñíîâíûå ñâåäåíèÿ îá

îáîáù¼ííûõ ñîáñòâåííûõ ôóíêöèÿõ

îïåðàòîðà Øð¼äèíãåðà.

Ïîä îáîáùåííûìè ñîáñòâåííûìè ôóíêöèÿìè îïåðàòîðà Øð¼äèíãåðà

áóäåì ïîíèìàòü íåïðåðûâíûå è îãðàíè÷åííûå ðåøåíèÿ óðàâíåíèÿ

−1

2
∆x φ(x, k) + V (x)φ(x, k) =

∥k∥2

2
φ(x, k), k ∈ R2, (4.1)

êîòîðûå óäîâëåòâîðÿþò àñèìïòîòè÷åñêèì ñîîòíîøåíèÿì

v(x, k) := φ(x, k)− ei(x,k) = O(∥x∥−
1
2 ), (4.2)

∂ v(x, k)

∂ ∥x∥
− i ∥k∥ v(x, k) = o(∥x∥−

1
2 ), ∥x∥ → ∞ (4.3)

(óñëîâèÿ èçëó÷åíèÿ).

Èçâåñòíî, ÷òî ôóíêöèÿ φ(·, k), êîòîðàÿ óäîâëåòâîðÿåò óðàâíåíèþ

(4.1), à òàêæå ñîîòíîøåíèÿì (4.2) è (4.3), â òî æå âðåìÿ ÿâëÿåòñÿ ðå-

øåíèåì óðàâíåíèÿ Ëèïïìàíà-Øâèíãåðà (ñì. [30], ñ. 252)

φ(x, k) = ei(x,k) +
i

2

∫
R2

H
(1)
0 (∥k∥ ∥x− y∥)V (y)φ(y, k) dy, (4.4)

ãäå H
(1)
0 (r) = J0(r)+iN0(r) � ôóíêöèÿ Õàíêåëÿ ïåðâîãî ðîäà íóëåâîãî

ïîðÿäêà (ïîäðîáíåå ñì. [38], ñ. 645-647).
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Çäåñü ñëåäóåò îòìåòèòü, ÷òî â îáùåì ñëó÷àå óðàâíåíèå Ëèïïìàíà-

Øâèíãåðà èìååò äâà òèïà ðåøåíèé φ±(x, k), îòâå÷àþùèõ ðàçëè÷íûì

òèïàì ðåãóëÿðèçàöèè ÿäðà èíòåãðàëüíîãî îïåðàòîðà â óðàâíåíèè.

Óðàâíåíèå (4.4) âîçíèêàåò â êâàíòîâîé ìåõàíèêå ïðè îïèñàíèè ðàñ-

ñåÿíèÿ ÷àñòèö â ïîòåíöèàëüíîì ïîëå.

Ñëåäóþùèì øàãîì ìû ïîêàæåì, ÷òî ïðè êàæäîì k ∈ R2\{0} óðàâ-

íåíèå (4.4) èìååò åäèíñòâåííîå íåïðåðûâíîå è îãðàíè÷åííîå ðåøåíèå,

êîòîðîå óäîâëåòâîðÿåò óñëîâèÿì èçëó÷åíèÿ (4.2) è (4.3).

Ñïðàâåäëèâî óòâåðæäåíèå.

Òåîðåìà 4.1. Ïóñòü V (x) � íåîòðèöàòåëüíàÿ è îãðàíè÷åííàÿ èçìå-

ðèìàÿ ôóíêöèÿ, äëÿ êîòîðîé âûïîëíåíî óñëîâèå

V (x) = O(∥x∥−α), α > 2.

Òîãäà ïðè êàæäîì k ∈ R2 \ {0} ñóùåñòâóåò åäèíñòâåííîå íåïðåðûâ-

íîå è îãðàíè÷åííîå ðåøåíèå óðàâíåíèÿ (4.4), óäîâëåòâîðÿþùåå óñëî-

âèÿì èçëó÷åíèÿ (4.2) è (4.3).

Äîêàçàòåëüñòâî. Îáñóäèì îñíîâíóþ èäåþ äîêàçàòåëüñòâà òåîðåìû (â

ðàáîòå [36] ïðèâåäåíî ïîëíîå äîêàçàòåëüñòâî, íî äëÿ òðåõìåðíîãî ñëó-

÷àÿ).

×åðåç B îáîçíà÷èì áàíàõîâî ïðîñòðàíñòâî ôóíêöèé

B = {f : f ∈ C(R2;C), lim
R→∞

sup
∥x∥=R

|f(x)| = 0}

ñ íîðìîé

∥f∥B = sup
x∈R2

|f(x)|.

Äàëåå, îïðåäåëèì îãðàíè÷åííûé èíòåãðàëüíûé îïåðàòîð T∥k∥ : B →

B, ïîëàãàÿ

T∥k∥ f(x) =
i

2

∫
R2

H
(1)
0 (∥k∥ ∥x− y∥)V (y) f(y) dy. (4.5)
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Ñ ó÷åòîì (4.2), (4.4) è (4.5), ïîëó÷àåì

v(x, k) = h(x, k) + T∥k∥ v(x, k), (4.6)

ãäå ôóíêöèÿ h(x, k) îïðåäåëåíà ôîðìóëîé

h(x, k) =
i

2

∫
R2

H
(1)
0 (∥k∥ ∥x− y∥)V (y) ei(k,y) dy. (4.7)

Íåòðóäíî ïîêàçàòü, ÷òî ïðè êàæäîì k ∈ R2 \ {0} ôóíêöèÿ h(·, k)

ïðèíàäëåæèò ïðîñòðàíñòâó B.

Ñëåäóþùèì øàãîì, èñïîëüçóÿ òåîðåìó Àðöåëà-Àñêîëè (ñì. íàïð.

[33], ñ. 114), ìîæíî ïðîâåðèòü òî, ÷òî îïåðàòîð T∥k∥ ÿâëÿåòñÿ êîìïàêò-

íûì îïåðàòîðîì â áàíàõîâîì ïðîñòðàíñòâå B. Òàêèì îáðàçîì, îïåðà-

òîð I−T∥k∥ îáðàòèì â B òîãäà è òîëüêî òîãäà, êîãäà ÿäðî ñîîòâåòñòâó-

þùåãî îïåðàòîðà òðèâèàëüíî Ker (I − T∥k∥) = 0 (cì. [35], ñ. 286-288).

Äåéñòâóÿ àíàëîãè÷íî òîìó, êàê ýòî áûëî ñäåëàíî â [36] (ñ. 15, Ëåì-

ìà 4.4), ìîæíî ïîêàçàòü òî, ÷òî óðàâíåíèå v(x, k) = T∥k∥ v(x, k) èìååò

ëèøü òðèâèàëüíîå ðåøåíèå. Òàêèì îáðàçîì, ïðè âñåõ k ∈ R2\{0} óðàâ-

íåíèå (4.6) èìååò åäèíñòâåííîå ðåøåíèå v(·, k) ∈ B. Cîîòâåòñòâåííî,

ñóùåñòâóåò åäèíñòâåííîå íåïðåðûâíîå è îãðàíè÷åííîå ðåøåíèå φ(·, k)

óðàâíåíèÿ Ëèïïìàíà-Øâèíãåðà (4.4), êîòîðîå ïðè ∥x∥ → ∞ èìååò

àñèìïòîòèêó φ(·, k) ∼ ei(x,k). Ñîîòâåòñòâóþùåå ðåøåíèå óäîâëåòâîðÿ-

åò óñëîâèÿì èçëó÷åíèÿ (4.2) è (4.3).

Äàëåå, îáñóäèì íåêîòîðûå âàæíûå ñâîéñòâà ôóíêöèè φ(x, k).

Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.

Ëåììà 4.2. 1. Ïðè âñåõ k ∈ R2 \ {0} âûïîëíåíî φ(·, k) ∈ C(R2).

2. Ïðè âñåõ x ∈ R2 âûïîëíåíî φ(x, ·) ∈ C(D), ãäå D � ïðîèçâîëü-

íûé êîìïàêò â R2, êîòîðûé íå ñîäåðæèò íà÷àëî êîîðäèíàò.
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Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ïåðâîãî óòâåðæäåíèÿ ëåììû âûòå-

êàåò èç Òåîðåìû 4.1. Äîêàçàòåëüñòâî âòîðîãî óòâåðæäåíèÿ ïðèâåäåíî

â [36] (ñ. 18, Òåîðåìà 3).

Ëåììà 4.3. Ñóùåñòâóåò ÷èñëîM > 0 òàêîå, ÷òî ïðè âñåõ x, k ∈ R2

âûïîëíåíî íåðàâåíñòâî |φ(x, k)| ⩽M .

Äîêàçàòåëüñòâî. Èç ñîîòíîøåíèé (4.2) è (4.6) ñëåäóåò òî, ÷òî ôóíê-

öèÿ φ(x, k) ìîæåò áûòü ïðåäñòàâëåíà â âèäå

φ(x, k) = (I− T∥k∥)
−1 h(x, k) + ei(x,k), (4.8)

ãäå h(x, k) = T∥k∥ e
i(x,k).

Èñïîëüçóÿ èçâåñòíûå àñèìïòîòèêè äëÿ ôóíêöèè Õàíêåëÿ H
(1)
0 (r)

(ïîäðîáíåå ñì. [38], ñòð. 645-647), ïîëó÷àåì îöåíêó îïåðàòîðíîé íîðìû

∥T∥k∥∥B→B

∥T∥k∥∥B→B = sup
f∈B: ∥f∥B=1

∥T∥k∥ f∥B

⩽
C0

2∥k∥ 1
2

sup
x∈R2

∫
R2

∥y∥−
1
2 V (x+ y) dy =

a

∥k∥1/2
, (4.9)

ãäå êîíñòàíòà C0 îïðåäåëåíà ôîðìóëîé

C0 = sup
r>0

|H(1)
0 (r)| r1/2.

.

Äàëåå, åñëè âûïîëíåíî óñëîâèå ∥T∥k∥∥B→B < 1, òî òîãäà îïåðàòîð

(I− T∥k∥)
−1 ìîæåò áûòü ïðåäñòàâëåí â âèäå ðÿäà Íåéìàíà

(I− T∥k∥)
−1 =

∞∑
n=0

T n
∥k∥, (4.10)
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ãäå ÷åðåç T n
∥k∥ îáîçíà÷åíà êîìïîçèöèÿ èç n îïåðàòîðîâ T∥k∥. Ñîîòâåò-

ñòâåííî, ñ ó÷åòîì (4.8) è (4.10) âûðàæåíèå äëÿ ôóíêöèè φ(x, k) ïðè-

íèìàåò âèä

φ(x, k) =
∞∑
n=0

T n
∥k∥ e

i(x,k). (4.11)

Äàëåå, ôèêñèðóåì ÷èñëî R > 0 òàêîå, ÷òî R > a2. Òîãäà ñ ó÷åòîì

(4.9), (4.11), à òàêæå íåðàâåíñòâà

sup
x∈R2

|T n
k e

i(x,k)| ⩽ ∥Tk∥nB→B, (4.12)

ïðè âñåõ x ∈ R2 è k ∈ R2 : ∥k∥ ⩾ R ïîëó÷èì

|φ(x, k)| ⩽
∞∑
n=0

an

∥k∥n/2
⩽ C.

Òàêèì îáðàçîì, ôóíêöèÿ |φ(x, k)| îãðàíè÷åíà ñâåðõó íåêîòîðîé

êîíñòàíòîé ïðè âñåõ x ∈ R2 è k ∈ R2 : ∥k∥ ⩾ R.

Òåïåðü ðàññìîòðèì ñëó÷àé ∥k∥ < R. Â [36] (ñ. 18, Òåîðåìà 3)

ïîêàçàíî òî, ÷òî ôóíêöèÿ |φ(x, k)| îãðàíè÷åíà ïðè âñåõ x ∈ R2 è

k ∈ D (D � ïðîèçâîëüíûé êîìïàêò, êîòîðûé íå ñîäåðæèò íà÷àëî êî-

îðäèíàò). Ñîîòâåòñòâóþùèé ðåçóëüòàò âûòåêàåò èç òîãî, ÷òî ôóíêöèÿ

v(·, k) = (I − T∥k∥)
−1 h(·, k) íåïðåðûâíà ïî k (â òîïîëîãèè ïðîñòðàí-

ñòâà B) ïðè âñåõ k ∈ D. Èñïîëüçóÿ ïðèíöèï ïðåäåëüíîãî ïîãëîùåíèÿ,

ìîæíî ïîêàçàòü òî, ÷òî v(·, k) îãðàíè÷åíà ïðè k → 0. Òàêèì îáðàçîì,

ôóíêöèÿ |φ(x, k)| îãðàíè÷åíà ïðè âñåõ x ∈ R2 è k ∈ R2 : ∥k∥ < R

Ëåììà 4.4. Ñóùåñòâóþò ÷èñëà m > 0 è δ > 0 òàêèå, ÷òî ïðè âñåõ

x ∈ R2 è ∥k∥ ⩾ m âûïîëíåíî íåðàâåíñòâî

|φ(x, k)| > δ.

101



Äîêàçàòåëüñòâî. Ïîëîæèì m := 9 a2 (êîíñòàíòà a îïðåäåëåíà â ôîð-

ìóëå (4.9)). Òîãäà c ó÷åòîì (4.9), (4.11) è (4.12) ïðè âñåõ x ∈ R2 è

∥k∥ ⩾ m ïîëó÷èì

sup
x∈R2

|φ(x, k)− ei(x,k)| ⩽
∞∑
n=1

∥Tk∥nB→B =
∥Tk∥B→B

1− ∥Tk∥B→B
⩽

1

2
,

÷òî çàâåðøàåò äîêàçàòåëüñòâî ëåììû.

Ëåììà 4.5. Ñóùåñòâóþò êîíñòàíòû C > 0 è q > 0 òàêèå, ÷òî ïðè

âñåõ ∥k∥ ⩾ q âûïîëíåíî íåðàâåíñòâî

sup
x∈R2

|φ(x, k)− ei(x,k)| ⩽ C

∥k∥1/2
. (4.13)

Äîêàçàòåëüñòâî. Óòâåðæäåíèÿ ëåììû ñëåäóåò èç (4.9), (4.11) è (4.12).

Äàëåå, îïðåäåëèì îïåðàòîð F : L2(R
2) → L2(R

2), ïîëàãàÿ

F : (F f)(k) = (L2) lim
M→∞

1

2π

∫
∥x∥<M

f(x)φ(x, k) dx. (4.14)

Ñîîòâåòñòâåííî, ýðìèòîâî ñîïðÿæåííûé åìó îïåðàòîð F∗ îïðåäå-

ëåëÿåòñÿ ôîðìóëîé

F∗ : (F∗ g)(x) = (L2) lim
M→∞

1

2π

∫
∥k∥<M

g(k)φ(x, k) dk.

Îïðåäåëåííûé òàêèì îáðàçîì îïåðàòîð F áóäåì íàçûâàòü îáîá-

ùåííûì ïðåîáðàçîâàíèåì Ôóðüå. Åñëè V (x) ≡ 0, òî òîãäà îáîáùåí-

íîå ïðåîáðàçîâàíèå Ôóðüå ñîâïàäàåò ñî ñòàíäàðòíûì ïðåîáðàçîâàíèåì

Ôóðüå â L2(R
2), ïîñêîëüêó â ýòîì ñëó÷àå ñïðàâåäëèâî ñîîòíîøåíèå

φ(x, k) = ei(x,k).
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Òàêæå îòìåòèì, ÷òî îïåðàòîð F � óíèòàðíûé îïåðàòîð â L2(R
2)

F F∗ = F∗F = Id.

Ñïðàâåäëèâî ñëåäóþùåå âàæíîå ñâîéñòâî îáîáùåííîãî ïðåîáðàçî-

âàíèÿ Ôóðüå.

Ëåììà 4.6. Ïóñòü ïðè íåêîòîðîì α ∈ (0, 1/2) èçìåðèìàÿ ôóíêöèÿ

g(k) óäîâëåòâîðÿåò óñëîâèþ∫
R2

(1 + ∥k∥2α) |g(k)|2 dk <∞.

Òîãäà ôóíêöèÿ (F∗g)(x) ïðèíàäëåæèò êëàññó Ñîáîëåâà W α
2 (R

2).

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî âïîëíå àíàëîãè÷íîãî óòâåðæäåíèÿ

ïðèâåäåíî â [17] (ñ. 149, Ëåììà 3).

Ïðåîáðàçîâàíèå F èãðàåò ðîëü äèàãîíàëèçóþùåãî ïðåîáðàçîâàíèÿ

äëÿ îïåðàòîðà Øðåäèíãåðà

H = −1

2
∆ + V,

ñïëåòàÿ åãî â L2(R
2) c îïåðàòîðîì óìíîæåíèÿ íà ôóíêöèþ íåçàâèñè-

ìîé ïåðåìåííîé ∥k∥2
2

H = F∗ ∥k∥2

2
F .

Äàííîå ñâîéñòâî ïîçâîëÿåò ýôôåêòèâíî ñòðîèòü ôóíêöèè îò îïåðà-

òîðà H. Èìåííî, ïóñòü F � ïðîèçâîëüíàÿ èçìåðèìàÿ ôóíêöèÿ. Òîãäà

îïåðàòîðíîå óðàâíåíèå F (H) f(x) = h(x) â L2(R
2) ðàâíîñèëüíî óðàâ-

íåíèþ F (∥k∥
2

2 ) · (Ff)(k) = (Fh)(k).

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.
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Ëåììà 4.7. Ïðè âñåõ x, k ∈ R2 è t > 0 ñïðàâåäëèâî ñîîòíîøåíèå

φ(x, k) e−
t∥k∥2

2 = Eφ(wx(t), k) e
−
∫ t

0
V (wx(s)) ds (4.15)

Äîêàçàòåëüñòâî. Ñïðàâåäëèâîñòü (4.15) âûòåêàåò èç ôîðìóëû Ôåéíìàíà-

Êàöà è ñïëåòàþùåãî ñâîéñòâà îïåðàòîðà F .
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Çàêëþ÷åíèå

1. Äëÿ âñåõ íàòóðàëüíûõ m ïîñòðîåíû îáîáùåííûå ïðîöåññû Êî-

øè, ñîîòâåòñòâóþùèå ïîêàçàòåëþ óñòîé÷èâîñòè 2m + 1. Íà èõ

îñíîâå ïîëó÷åíà âåðîÿòíîñòíàÿ àïïðîêñèìàöèÿ ðåøåíèÿ çàäà÷è

Êîøè äëÿ ýâîëþöèîííîãî óðàâíåíèÿ

∂u

∂t
= (−1)mAmu, u(0, x) = φ(x), m ∈ N, (4.16)

ãäå îïåðàòîð Am îïðåäåë¼í ôîðìóëîé

(Amf)(x) = v.p.

∫
R

(
φ(x+ y)− φ(x)−

m∑
j=1

φ(2j)(x)y2j

(2j)!

)
dy

y2m+2
.

Ïîëó÷åíà îöåíêà ñêîðîñòè ñõîäèìîñòè äàííîé àïïðîêñèìàöèè ê

ñîîòâåòñòâóþùåìó ðåøåíèþ.

2. Äîêàçàíû ïðåäåëüíûå òåîðåìû î ñõîäèìîñòè ôóíêöèîíàëîâ îò

ñóìì íåçàâèñèìûõ îäèíàêîâî ðàñïðåäåë¼ííûõ ñëó÷àéíûõ âåëè-

÷èí ê îáîáùåííîìó ðàñïðåäåëåíèþ Êîøè.

3. Ïîñòðîåí àíàëîã ëîêàëüíîãî âðåìåíè äëÿ ïðîöåññà êîìïëåêñíîãî

áðîóíîâñêîãî äâèæåíèÿ σ w(τ), τ ⩾ 0, ãäå w(τ) � ñòàíäàðòíûé

âèíåðîâñêèé ïðîöåññ, à σ � êîìïëåêñíîå ÷èñëî, óäîâëåòâîðÿþùåå

óñëîâèÿì

0 < arg σ ⩽
π

4
è |σ| = 1.
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4. Ïîñòðîåíî ñåìåéñòâî ñëó÷àéíûõ ëèíåéíûõ îïåðàòîðîâRt
λ : L2(R

2) →

L2(R
2), äàþùèõ âåðîÿòíîñòíîå ïðåäñòàâëåíèå ðåçîëüâåíòû äâó-

ìåðíîãî îïåðàòîðà Øð¼äèíãåðà

(Hf)(x) = −1

2
(∆ f)(x) + V (x) f(x),

ïîòåíöèàë V (x) êîòîðîãî ÿâëÿåòñÿ íåîòðèöàòåëüíîé è îãðàíè-

÷åííîé íåïðåðûâíîé ôóíêöèåé, ñòåïåííûì îáðàçîì óáûâàþùåé

íà áåñêîíå÷íîñòè

V (x) = O (∥x∥−α), α > 2. (4.17)

Ïîêàçàíî, ÷òî ñ âåðîÿòíîñòüþ åäèíèöà îïåðàòîðû ýòîãî ñåìåé-

ñòâà ÿâëÿþòñÿ îãðàíè÷åííûìè èíòåãðàëüíûìè îïåðàòîðàìè â

L2(R
2), à òàêæå èññëåäîâàíû ñâîéñòâà èõ ÿäåð.
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