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BBenenne

B macrosimeil paboTe paccMaTpUBAIOTCI TaK Ha3biBaeMble ODOOIIEHHBIE
nporiecen Jlesn. Hamomuwm, aro cayvaiinerii nporiecce (X (t))s>o Ha3biBa-
eTcst poieccoM JIeBu B TOM citydae, €ciiv BbITIOJIHEHBI YCIOBUS:

1. X(0) = 0 mouru HaBepHoOe;

2. HesaBucumocrts npupatiennii: dist jiobbix 0 < 6 < 9 < ... <
t, < oo mpupammenns X (to) — X (t1), X(t3) — X(t2), ..., X (tn) — X(t—1)
SABJIAIOTCA B3AUMHO HE3aBUCUMBIMU CITyYailHBIMU BEJTMINHAMIY;

3. CranuonapHocTb npupalnenuit: s modbix ¢t > s > 0 npuparienue
X (t) — X(s) paBHo 1o pacrpejienenuto ciaydaiinoit Bemanne X (f — s);

4. HenpepoiBHOCTH 110 BepositHOCTU: [lJist jitobbix € > 0 u t > 0 cipa-
BEJIJINBO }liE)r(l)P (|X(t+h)—X(t)] >¢e)=0.

OpHomeptbie pacipejieienust npouecca Jlesu (X (t))i=o upu Beex t = 0
SABJIAIOTCA OE3TPAHUIHO JIETUMBIM U, COOTBETCTBEHHO, JIJIS XapaKTePUCTH-
deckoil byHKIUM caydaiinoii Besmannnl X (t) npu Beex t > 0 mMeeT MecTo

npejcrapiaenne Jlesu-Xunauna,

. 1 .
E e ") = exp (t (iap — 50+ / (€ =1 —ipy Ljy<1(y)) A(dy)> ) :
R\{0}
rie p € R; a € R, 0 > 0 — nekoropbie koncraursi; A(dy) — mepa Jlesu,

YAOBJIETBOPAIOIIAA YCJIOBUTO

/ min(y?, 1) A(dy) < oc.
R\{0}



ObobIménnbie mporecchl JIeBn, KoTopbie pacCMaTpPUBAIOTCS HAMK J1a-
Jiee, TPeCTaBIAI0T U3 cedsi HEKOTOPbhIe, BOODINE TNOBOPsi, HEBEPOSITHOCT-
Hble 0000IIeHsT cTaHIapTHBIX nporeccoB JleBu. OHM HACIEAYIOT OCHOB-
HbIE CBOICTBa mpoIeccoB JIeBu, B 4acTHOCTH, HE3aBUCUMOCTL U CTaI[HO-
HAPHOCTD IIPUPAIIEHN, HO OTIMYAIOTCS T€M, UTO UX OJHOMEPHBIE PacIIpe-
JleJieHnsl He 00si3aHbI ObITh BEPOSITHOCTHBIMU MEpPaMHU.

Panee B JjiuTeparype ObLIM PacCMOTPEHBI Pa3JIUUHbIE ITOJIXOJIbI, I103-
BOJISTIOIIE CTPOUTH HEBEPOSITHOCTHBIE aHAJIOTH mporeccoB Jlepu. B gact-
nocru, B [1],]2],[3] paccmorpensl Tak HasbiBaeMble 1ceBjoNpoLEcChH. B
paMKax COOTBETCTBYIOIIEH TEOPUU KarKIbIH MCEBIOPOIECC OIPEIE/IsieTCsI
HEKOTOPBIM TIceBaoaudg pepennuaabubiM oneparopoM A. s sroro mms
KasKJIOr0 HATYPAJbLHOTO N ¥ KaXKIbIX (PUKCUPOBAHHBIX (0 < 1] < 1y < ... <
t, cTporTcs Mepa (BOOOIIEe rOBOPs, 3HAKOIIEPDEMEHHAST UJTH JIAYKe KOMILTEKC-
Hast) [y, ¢,, KOTOpast JUIsi KaxXJj0ro bopesesckoro muoxkecrsa I C R™

onpejiesisieTcst Kak

g, (1) = /dxld:cg...d:cn IC?I(O,:cl)IC?z_tl(a:l,xg)...lC?n_tn_l(xn_l,xn),

' (0.1)

e uepes K (z,2') B (0.1) obosnadeno dynjaMenTaibHOe PEleHre 3B0-
JIOIIMOHHOTO yPABHECHUA
ou

ITo cemeiicTBy Mep [, . ¢, Ha ajareOpe IUIMHIPUICCKNX MHOYKECTB BU-

it}
Utl,t2,---7tn,f = {w(t) € CQ[O, OO) : (W(tl),W(tg), ,W(tn)) c [}

(3mecs Cy[0, 00) — mpoOCTPaHCTBO HEMPEPBIBHBIX Ha oTpeske [0, 00) dbyHK-

nmii, st koropbix w(0) = 0) onpejensiercst mepa I cOOTHOIIEHHEM

T(Utl,tg,...,tn,I) = Mtl,...,tn(f)-
5)



Mepa Y, BoODIIE TOBOpsi, HE MPOJOJKAETCS Ha 0-aaredpy, MOPOoXK-
JICHHYIO [IWJIMHJAPUYECKUMU MHOXKECTBAMU, U ABJAAETCA TOJbKO KOHEYHO-
a iTuBHON. HanboJiee u3BecTHBbIM IPUMEPOM TaKON KOHEYHO-a/ /U TUBHOMI

MepbI IBJIAETCS TaK HasbiBaeMas Mepa PeifHMaHa, eii COOTBETCTBYET SIPO

672% i(m/—x)2
e 2t
V2Tt

B TepMmUHAX TEOpUH ICEBIONPOIECCOB TOJAyrpyma P!, nepesondmias

/C?(a:, r') =

HavdasibHyo Gyaknuio ¢ € Ly(R) B pemenne 3agaqu Komu s ypasae-

rnst (0.2) MozkeT OBITD 3amucaHa Kak

Piote) = | ) ),

OTMerTuM, UTO TEOPHUIO IICEBJIOIPOIECCOB CJIEYET PpacCMaTpUBaTh Kak
HeKOTOpoe (hopMasibHOe 0000IIeHne TeOPHN CiryUdaiHbix mporeccoB. CooT-
BeTCTBYIOIEe 0000ITEHNE STBIISIETCST TPUHIMITHAIBHO HEBEPOSITHOCTHBIM, B
HEM OTCYTCTBYET HOHSITHE BEPOSITHOCTHOI'O IPOCTPAHCTBA, & MHTEIPUPOBa-
HEUE TT0 3TOH KOHETHO-aIUTUBHON Mepe He MOXKET pacCMaTPHBATHCSI Kak
BBIUUCJIEHAE MATEeMaTHIECKOTO OXKUJIaHWA. B 9acTHOCTH, 3TOT MOJIXOJ HE
II03BOJIsIeT UCIOIb30BaTh MeTos Monte-KapJio.

Hagee, B paborax [4], [5], 6], |7], |8], [10] 6Lt mpeaoxken BeposiT-
HOCTHBIW TIOXO0JI, KOTOPHIH TTO3BOJISIET CTPOUTH HEBEPOSITHOCTHBIE aHAJIO-
ru nporeccoB Jlesn. OcHoBHasi ujest 5Tux padOT COCTOsJIa B TOM, UTO
B HUX PaCIpEJICJICHUE CJIyUaiHON BEJUIUHbI ONPEJESSIOCh HE KakK 00-
pa3 BEpPOSITHOCTHON Mephl, a KaK o0pa3 HEeKOTOPO# 00ODIIEHHONE (YHK-
muu. OnuinemM 3Ty KOHCTPYKIWIO mojgpobree. [lycTh cHavama & — Bere-
CTBEHHO3HAUHAs CAydaiiHasi BeJIMUNHA, 3a/laHHAs Ha BEPOSITHOCTHOM IIPO-
crparcree (2, F,P). Oroxaecrsum BepositHocTHyo Mepy P ¢ 00001méH-

Hoit pynkumeit P, koTopasi onpejesena Ha HEKOTOPOM KJiacce MPOOHBIX



dyukuit ¢ o gpopmyie

(P, ) = /godP. (0.3)

Q

Hauiee, nyctb EP — obpasz 06006ménnoit pyukiuu P oy geiictsuem orodpa-
»kenwns £. o onpejgesennto EP siiisiercst 06001EHHOM dyHKIIMEH, KOTOPast

JleficrByeT Ha HpoOHYIO (PYHKIUIO (0 110 [IPABUJLY

(EP,¢) = (P.po ) = / o(€) dP = E p(€).
Q

Bynem nazbiBarh 006001meHHYyI0 DyHKINMIO EP paciupejenennem ciydaitnoit
BEJIMIWHEI &.

OTmeTuM, 4YTO B CjIydae BelleCTBEHHOZHATHOW CIyJYallHON BEJTMIUHBI
¢ craHapTHOE OIpeieieHne pacipesieseHns (Kak o0pa3a BepOSTHOCTHOM
mepb P o geifictBrem orobparkenust £) 1 HOBOE OTIPEJICJICHIE COBITAIAIOT.

Je#icTBuTE/IbHO, JIJIsl KaXKJI0i MPOOHO#N (DYHKIIMK (0 BBHITIOJIHEHO

(€P.¢) = E () = / o dPe. (6)

R
rie Pe = P&~ pacnpenesnenne ciyuaiinoii Besmaunnpl €.

Tenepnr paccmorpum Oosiee obiryio curyaruio. Ilycrs ciydaiinasi Be-
JuanHa € yxke npuHuMaeTr 3HadeHusi He B R, a B objiactu onpejeseHus
dyukun By (;1.1151 BCEX gp), rie B - HeKOTOpPBIi JTUHEHHBIN onepaTop, 3a-
JIAHHBIN Ha, MHOXKECTBe TPOOHBIX (pyHKIN ¢. [TocmoTpum Ha pacupeeste-
HUe CJyJailHoi BeJIMUUHBI & KaK Ha 00pa3 0000IMEHHON (DYHKITNH, TO €CTh
KaK Ha 0000meénnyto dynkmnuio. [To onpenenennio obobménHasi (pyHKIUsT

&P jneiictByer Ha TPOOHYIO PYHKIMIO O IO PABUITY

(&P, ) = E(Byp)(E). (7)

Ecnu B — ToxXKieCcTBeHHbIH onepaTop, To P ecTb 00bITHOE BEPOSITHOCT-

Hoe pacrpejeenne. Ecan ke B OTJMYeH OT TOXKIECTBEHHOI'O OIlepaTopa,
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to £P, BoOOIIE roBOPs, yXKe He siBJSeTCs BEPOSTHOCTHON Mepoii. BaxkHo
OTMETUTD, 4TO OIPEJICJEHHDI TaKuM 00pasoM 00bekT EP — pacupenenenue
CJIydalHON BeJIMUYMHBI U B CMbIC/IE 0DODIIEHHBIX (PYHKIMI Olpejie/isierTcst
He TOJILKO CJIyUailHOi BeTMINHON & ¥ BepOATHOCTHOU Mepoit P, HO Tak>ke
onepaTopoM B. B nmuteparype B KadecTBe omnepaTopa B HCIOJIb30BAINCH
OIepaTOpbl TUMA CBEPTKH, ONEPATOPbl YETHOTO U HEUYETHOT'O IMPOJOJIZKE-
HUSI, a TaKXKe OMepPaTOPbl AHAJUTUICCKOTO MPOJIOJIKEHHs ([0IpobHee CM.
(4], [5]. [6], 171, [8], [10]).

BiiepBbie jlaHHbBIH 110J1X0/I, OCHOBAHHBIII HA METO/0JIOINK TEeOPpUU 0000-
EHHBIX BYHKIUE, OblI UCIIOIB30BaH B [4] jist onpe/ieieHust CHMMeTPU -
HOTO YCTOMUMBOIO paCIpejieJIeHns ¢ MOoKa3aTejeM YCTOHIUBOCTH o > 2.
VMeHHO, CUMMETPUUYHOE YCTOMUMBOE pacIpejiesieHre OIPeJIessiioch Kak
obobmménnas dynknus Q%, KoTopas JeiicTByeT Ha MpoOHYIO (DYHKIUIO
10 TTPABUILY

(Q% ¢) = lim E [AZp](&), (0.4)
e—0
rie A2 — onepaTop CBEPTKH CO CHEIHUAJIBLHO MOJ0OPAHHOI OBICTPO OCITHII-

aupytommeit bynkimen wd
« _ «
AE ¥ = ws * ¥
a & — ciydaiinasi BeJIMUMHA, 3a/l@HHAsT CTOXaCTHIECKUM MHTErPajIoM

e = / zv(dx) (0.5)

|| >e

10 TIyaCCOHOBCKO# ciryvaiinoit mepe v(dz) ¢ MHTEHCHBHOCTHIO

C, dx
E V(d.il’,') = W,

rie C, — Hekoropas kouctanta. Ecin a € (0,2), To Torma npu € — 0

npaBas dactb (0.5) mmeer mnpegnen &,, KOTOPBIH SABJISETCS CUMMETPUIHON

8



a~ycroitunBoit ciaydaiinoit Besmunnoit. [Ipn stom dynxmus wd cosnaja-
er ¢ genabra-pynkiuei Jupaka, a Q% gBjsiercst peryasipuoit 00001mEeHHoi

dyukiueir Bujia
o0

(9%, ) = / (@) pal2) da,

—0o0

7€ Po(T) — MIOTHOCTH pacipeieseHusi COOTBETCTBYIONIEH CUMMETPUTHOI!
Q-yCTOWYMBON cyiydaitHOi BesmunHbl. g o > 2 0bobménnas pyHKIus
QY gaBJisieTcsl peryJsipHbIM (PYHKIMOHAIOM CO 3HAKOIEPEMEHHON 1, COOT-
BETCTBEHHO, HEBEPOSATHOCTHOM TLIOTHOCTBIO.

B cayuae a € | Jo (4k, 4k+2) upeobpazosatne Oypbe a—ycroitunBoro
pacnpe/jieennst, onpejenéuatoro dopmydoii (0.4), umeer rtakoil ke BuJ,
kak 1 B cayaac a € (0,2), nuerno Qo (p) = exp(—C' [p|*), rae C' — momo-
KUTeIbHas KoHcTauTa. B ciydae a € ;| (4k — 2,4k) npeobpazosatue
dypbe uMeer BUI @a(p) = exp(C} |p|* — Cop*), rne Cy u Oy — monoxu-
TeJIbHbIE KOHCTAHTDI.

Upest, npejuioxkennast B [4], nosyuwnia jaibueiinee passurue B [8] u
[9]. B Hux ObLiu OCTPOEHBI AHAJOIUH CUMMETPUIHBIX (—YCTOHUUBBIX T1PO-

eccoB JleBu ¢ napamerpom ycroiauoctu « > 2. Jljst ciydas
(0.@]
a €| 4k, 4k +2)
k=1

COOTBETCTBYIOMINII aHaJIOr OIpeJiesisica Kak 0000mentas dbyHKIuA Ly,

KOTOpas JefcTByeT Ha MPOOHYIO (PYHKIIHIO (0 MO MPABUITY

(L) = B (! = ) (& — £:(1)) (0.6)

t

. — CIeNuaJbHO MOJ0OpaHHOE CeMefCTBO OBICTPO OCIUIIIMPYIOIINX

e w

dyHkIuit, a fg(t) — CJIOXKHBII IyaCCOHOBCKHUIl IPOIECC, OMPE/ICJICHHbII B



Bre CTOXaCTUYIECKOT'O MHTEr'paJia

IO TTyaCCOHOBCKOI ¢ty daiinoii mepe v(ds, dx). UnrencuBHocTs Mepot v(ds, dx)

pasia Ev(ds,dxr) = Ct}c ﬁig{x . e C), — HeKOTOpast KOHCTAHTA.

CewmeiicTBO O11€pATOPOB

Plo(x) = (Lia, )

obpaszyer moJyrpytiy, nepepoginyto Gyaknuo p(x) € Ly(R) B TounOe

perenne 3ajauu Kornm

ou

57 = Ca ['(—a) D%, u(0,z) = ¢(z), (0.7)
rie ¢, = (—1)[2], a oneparop D onpenendn dbopmynoii
00 [£] .
1 ~ fP(x) 5N dy
D f)(x) = / T —y)— —y” :
PN = gy (fle—w) > "G ) e

Takum 006pasoM, Bbipaxkenue (0.6) MOXKHO MHTEPHPETUPOBATH KAK BEPO-
ATHOCTHYIO anmnpokcumanuio perienns 3ajadan Komm (0.7) cemeiicTBOM
byt

ue(t, z) = E (we * ) (z — (). (0.8)
B paborax [8] u [9] Takxke ObL1a TOMyUIEHA OMEHKA CKOPOCTH CXOIUMOCTH
(B Merpuxe kmacca Cobonesa Wi(R), | € Zy) cemeiicTsa dbynkmuit (0.8)
K COOTBETCTBYIOIEMY pereHuto u(t, ).

[Ipu nocTpoeHrn aHaJIOroB CUMMETPUIHBIX (—yCTORUUBBIX TPOIECCOB
Jlesu ¢ napamerpom ycroituusocru o € | Jpo (4k — 2,4k) B [8], [9] npen-
JIOXKeHa Jipyrast KoHerpyKiusi, orsmanast ot (0.6). duist 9roro Obuin mpu-
BJIEIEHBI HEKOTOPBIE UJIeM KOMILIEKCHOTO aHAJN3a, B YACTHOCTH, UCIOJb-
30BAJIMCh KOMILIEKCHO3HAYHBIE MPOIECChl U anapaT MPOCTPAHCTB Xap-

Jgu. B pamMkax JlaHHO# KOHCTPYKIIMHU BbipajkKeHue Jijisi peoOpa3oBaHusd

10



Dypbe cOOTBETCTBYIOINIETO 0O0OIEHHOTO CUMMETPUIHOTO —yCTOWIMBOTO
pacipejiesieHnsi UMeJIo Takoi ke Bujl, kak u B ciaydae « € (0,2), umenHo,
Zt\x(p) = exp(—Ct|p|?), e C — nosoxKuTesibHas KOHCTAHTA.,

B nuccepranuy mosrydeHbl pe3ysibTaThl, aHAJOTHIHBIE pe3yabTaTaM |8,
9], mo st 3Havenuit & = 2m + 1, m € N. Cayuaii m = 0 coorBeTcTByeT
nporeccy Korru, npu octaJbHBIX 3HAUEHUSX HHEKca m mporecc Korn
[IOHIMAETCS TOJBLKO B ODODIEHHOM CMBICJIE.

Hanomunwm, aro mporeccom Ko (£(t))i>0 Ha3bBaeTcst ciMMeTprt-
HBIIl a-ycTroituusbliii niporecc JleBu (c [mapaMeTpoM yCTOMYIUBOCTU (v = 1)
Takoil, 4To 1pu Beex t > s upupaiienue £(t) — £(s) umeer pacupeje-
nerne Komu C(0,t — s). Tpaekropun nporecca Kormm siBisiiorest aucto
CKATKOOOPA3HBIME, & COOTBETCTBYIONMe eMy MoMmenTol 11;(t) = E (£(t))?
6eckonedHsbl mpu Bcex t > 0 u 7 € N,

sBectro, uro penienue 3aja4un Korm
— = Ayu, u(0,x) = p(x), (0.9)

rie onepatop Ay onpenenén dhopmyJioi

(Aof) /fx+y f(x )dy

a HavasbHast GyHkus @(x) npunamexut kaaccy Lo(R), gomyckaer Be-

POATHOCTHOE IIPpEACTABJICHNE B BUJIE

u(t,z) = Ep(x +£(1)). (0.10)

B nacrosiiieit pabore Mbl 110JIy4UM aHAJOI'MYHOE BEPOSITHOCTHOE PE/I-

CTaBJIeHuE JIJIgl pEHICHUA 3a/a491 Komm

ou

5 = (=)™ Apu, u(0,x) = ¢(z), (0.11)

11



rine m € N, a oneparop A, onpeenén BhlpakeHneMm

y2m+2 '

moF(2)) 2j
(Anhle) = v [ (ftay) - @) - L )
J = (@)

OTMernM, 9TO TOJYUUTh B TOYHOCTH BEPOSTHOCTHOE IpECTABICHHE
suga (0.10) syt permennst jgaHHOM 3ajaun Kol HEBO3MOXKHO, TaK Kak
dbyHIaAMEHTAIBHOE PellleHre COOTBETCTBYIOIICIO YpaBHEHUsS He OyJieT Be-
POATHOCTHOM TIJIOTHOCTHIO.

B nepBoii riaBe amccepramnyy CTPOUTCS BEPOSITHOCTHAST AIlllIPOKCHMA-
nust peienns sagaun Ko (0.11) cemeticrsom gyuknuit u (t,-) = P,
rie 1 Beex ¢ > 0 omepatop P! ompenensiercss B BUIE MATEMATHICCKO-
ro OXKHJIAHUsT HEKOTOPOro (byHKIMOHAJA OT IyacCOHOBCKOIO CJIYIaifHOTO
noJisi, oH JieiicTByer B Lo(R) w mo mepemennoit t 3a7aér onepaTopHyo
nosyrpyniy. Caydanm uérabix m = 2k u neuérnoix m = 2k — 1 pac-
cmarpuBaioTcs otaenbao. Caydait HedéTHbix m = 2k — 1 sBisiercs OoJiee
CJIOXKHBIM, TIPH TIOCTPOEHUU HOJYTPYIbl P! UCIoIb3yloTCst KOMILIEKCHO-

3HAUYHbIE [IPOIECCHI, & TAKXKe allllapaT IIPOCTPAHCTB Xap/iu.

OrMmeTnM, 9TO AJs1 0000IEHHOrO mporecca Ko sipo IC? 3a/1aeTCsl

KaK

Kz, 2') = qi(|a" — xl),

rie PYHKIMS ¢y OIIpejiesisieTcss Kak oOpaTHoe rpeobpazopanne Pypbe PpyHK-

_ 2m—+1
) = e Ot B cnyuae m = 0 dyuknus g ectb MIOTHOCTD

i @ (p
OJIHOMEPHOI'O PacCIpeiesieHusl CTaH1apTHOro nporecca Korrm.

TaK)Ke B I'JlaBe€ 1 HaMM NOKa3bIBalOTCA IIPEACIIbHBIEC TCOPEMbI O CXOAHN-
MOCTHU MaTeEMATNYECKUX O}KI/I,ILaHI/Iﬁ CbYHKHI/IOHaJIOB OT CYMM HE€3aBUCHUMbIX
CAyYafHBIX BEJIMUNH K ODOOIMEHHBIM pacipeeaennsaM Korrm.

Jpyroil 1enbio auccepTanun ABJIAeTCS IMOCTPOeHne aHaJora, JIOKAJIb-

HOT'O BpeMeHHu JJid IIponecCa KOMIIJIEKCHOI'O 6p0yHOBCKOFO JABU2KEeHu«Ad o -

12



w(T), ™ = 0, T7e 0 — KOMIUIEKCHOE YUCJI0, YJIOBJIETBOPSIIOIIEE YCIOBUSIM

0 <arg o < n o] =1.

7

4
JlokaJIbHBIM BpeMeHeM BWHEPOBCKOro mporecca w(7), 7 = 0 B Touke

r € R K momenty Bpemenn t > (0 HazbiBaercs npousBojiHasi PajoHa-

Hukomuma

dp

[(t,x) = E@’I)’ (0.12)

e m — Mmepa Jlebera, 3ajjanHasg Ha OOPEIEBCKUX MOJIMHOXKECTBAX Bellle-
crBennoit nmpamoit R, a pu — cioyuaiinag Mepa, Kotopasd npu Bcex t = 0

onpejiesieHa Ha bopesesckux noamuokecrsax A € B(R) dbopwmyioii
w(t,A) =m{r : w(t) € A, 0 <7 <t}

Mepa u(t, A) orBevaer Bpemenu npedbIBaHUsT TPOIECCa W (T) B MHOXKECTBE
A 1o momenTa Bpemenw t. ssecrro, uro npoussojnas (0.12) ¢ BeposiTHO-
creio 1 cymecrsyer nipu Beex t > 0 u x € R (nogpobuee cm. [13], c. 21).
JIoKaJIbHOE BPEMsl XapaKTepusyer JIOJII BPEMEHU, KOTOpoe 1poiece w(T)
IIPOBOJIAT B TOYKE T JIO MOMEHTA BPEMEHH {.

CuleiyIoImuM maroM mnojyduM (popMasibHOE BBLIPAYKEHUE JJIsT JIOKAJIb-
rHoro Bpemenu [(t, x). CoryacHo Teopeme 0 3aMeHe Mepbl, JIJIs JH00oH u3-

MepuMoii nHTerpupyemoit pyHKImN f crpaBeinBoO COOTHOTITEHNE

/ﬂwmwzfﬂwwmw (0.13)

C yuérom (0.12), coornorenue (0.13) Moxker ObITh IEPENUCAHO B BUJIE

/ﬂmwmzfﬂwmw@. (0.14)

R
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Hasnee, nonoxum B (0.14) f = § (x —+), e § — peapra-bynkius upaka.

TOFIL&, OKOH4YaTEJIbHO, ITOJYYUM BbIpazK€HHE IJIs1 JIOKAJIbHOI'O BpEMEHN

It 2) = / 5z — w(r)) dr (0.15)

cnonb3yst ananuz Oypwe, dopmyse (0.15) MOXKHO npujarTh cTporuii
MaTEeMaTUYECKUT CMbICJT (MCIONIBb3YeMbIii 110/1X0/| u3J10kKeH B crarbe C.M.
Bepmana [12]). Vmenno, B kiacce 00OOMEHHBIX (DYHKIHH CIIPABEJIHBO
TOXKJICCTBO

M

1 1 |
— = — p (y—iﬁ) e 1 p (y—;v)
o(z —y) / e dp=o— lim [ e dp. (0.16)
—00 -M

C yuerom (0.16), Boipaxenue (0.15) MoxkKeT OBITH EPENUCAHO B BU/IE

t 0
1 .
I(t,z) = / (% / eiP(w(r)=7) dp) dr
0

M t
1 ; .
:(LQ)A}EHOO%/ e_’px/e’pw(T) drdp. (0.17)
M 0

[Ipegen B npasoit vactu (0.17) Gepércsi B MeTprke mpocTpancTBa Lo(€) X
R, P x m) (31ech (€2, F,P) — BeposiTHOCTHOE [IPOCTPAHCTBO, Ha KOTOPOM
3aJlaH BUHEPOBCKUii mporece w(7), m — mepa Jlebera).

C 110MO11IBI0 6POYHOBCKOTO JIOKAJILHOIO BPEMEHU MOXKET ObITh LHOCTPOE-

HO BEPOSITHOCTHOE MPEJICTABJICHUE DEIeH st YPABHEHNUS TeIIONPOBOIHOCTH
1
Oru(t,x) — 5 % u(t,r) = f(x), w0,z) =0, f(zr)ec Ly(R), (0.18)
MMEHHO,

u(t,x) =E(f x1)(t,x), (0.19)
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rie (f*1)(t, x) — cranpapraas céprka Gyukuumit f u l(t, -), onpenenénnast
dopmyJioit

(fxD)(t,z)= [ flz—y)l(ty)dy.
/

HeicrBuresibHo,

Eu*nm@:ﬂy/fm—wuawm/

R

~E [ fle-p)ultdy) =B [ flo—w(r)dr

R
t

:/ﬁ@@w,mm

0

rie v(7,x) = E f(xr — w(7)) — perenne ypaBHenust
@mﬁ@:%@wuwyum@:juy (0.21)

OKoHYaTesIbHO, ecii MojicTaBuTh HIKHIOI ¢Tpoky (0.20) B (0.18), T0,
yaurbiBast (0.21); mosyduM CripaBeyiIiBOCTh JaHHOIO YTBEPXKJICHUSI.
3 (0.19), B yacTHOCTH, BHITEKAET, 4TO Jiisi pemenust u(x) guddepen-

[INaJIbHOI'O YpaBHEHUA

S W(0) = f(2), [ € La(R)

B CJIydae, KOrjia 9T0 ypaBHeHUe uMeeT perenne (T.e. pyHKIiws f npuHajye-
" 1 d?
’KUT 0OJTaCTH 3HAYCHUI omeparopa —3 W), CIIPABEJJINBO BEPOATHOCTHOE

IIpejacraBjacHnue

u(x) = (Lo) tlgglo E(fx1)(t x). (0.22)

B riaBe 2 jpuccepraliin HaAMU OIPEJIEJIEH aHAJIOr JIOKAJIHHOI'O BPEMEHU

m = m(t,x), (t,z) € [0,00) x R s uponecca KoMIIeKCHOro 6poyHOB-
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ckoro jiBukenust o - w(7), T > 0, rjie ¢ — KOMILIEKCHOE YUCJI0, Y/IOBJIETBO-
PAIOIIEE YCJIOBUAM

0<Argo <7/4, |o|=1.

JaHHbIit aHaJI0r ONPEJIe/IEH B BUJIE CIICIUAJIbHON Perysisipusaiun HHTerpa-
ma (0.17) (¢ kommekcubM ipotieccoM o -w(T), Im o # 0 B mpaBoit gacTn).
CooTBeTcTBYyIOIAsA peryjsdpusalus oj00paHa TaKuM 00pa3oM, 4TO IIPH

Bcex t > () BBIIOJTHEHO COOTHOIICHHE

t

Em(t,z) = (Ls) A}im E /5M(x — ow(T)) dT, (0.23)
—00
0
rie Oy(z) = %Sm(;m) — anpo Hupuxie. Takoit BLIOOD peryisapusaliin

n1o3BoIHIT 00001uTH Tpescraienue (0.19) na caydail ypasnenus
2
Oy ult, z) — %Q,%xu(t,x) = f(x), u(0,2) =0, f € Ly(R).  (0.24)

NmenHo, mokaszaHo, 910 Jijis periernst ypasuenust (0.24) cnpaseiiuBo

BEPOSITHOCTHOE TTPEJICTaBJIEHIE
u(t,z) =E(f«m)(t,z). (0.25)

Kak ciaefiersue, u3 coornomienust (0.25) BbITeKaeT BEPOSATHOCTHOE T1PE/I-

crapiienne Juist perenusi u(x) auddepenipaibioro ypasaenus (juis f

o? d2)

IPUHAJIEZKAIIMX 00JIaCTH 3HAYeHUit onlepaTopa —% 7—

——u"(:z:) - f(x>7 f(SC) S LQ(R)v

BHTA
u(z) = (Lo) tliglo E(fxm)(t x).

Tak>ke B ry1aBe 2 MOKa3bIBACTCsI, UTO Cirydaiinas (yHkius m(t, ) Ha-

cJieJlyeT HEKOTOpbhIe JPYTHe CBOMCTBA OPOYHOBCKOI'O JIOKAJILHOT'O BPEMEHH.
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Emé o1Hoit 1e/pio AuccepTanny sBIsieTcs IOCTPOEHNE U NCCIEI0BAHIE
CBOICTE ceMeficTBa Ciydaiinbix Jiuneitnbix oneparopos Ry @ Lo(R?) —
Ly(R?), naiomux BeposTHOCTHOE IPEJICTABICHIE PE30JIbBEHTHI JIBY MEPHO-

ro oneparopa LIpénunarepa

(D)) = —3 (A (&) + V() f2),

norernuas V(x) KOTOPOro siBJISETCs HEOTPUIATEbHON M OrpaHUuYeHHON
HeIpepbIBHON (DYHKIMEH, cTeleHHbIM 00pa30oM yObIBatoleil Ha OecKoHe -
HOCTH

Viz)=O(|z]|™), a>2. (0.26)

Mbr npejiosaraeM, 4ro omneparop H ompejenén Ha Kjaacce CobosieBa
Dom (H) = W2(R?). Ha cBoeit obaacTu onpejenenust oneparop ILpénnn-
repa sIBJISIETCsI CAMOCOTIPSIKEHHBIM U TOJOXKUTEIBHO OIMPeIeIEHHBIM Olle-
PATOPOM, & €ro CIIEKTD siBJIsIeTCs aDCOJIOTHO HEIPEPHhIBHBIM U 3aII0JIHSIET
TOJIOXKUTETHHYO TOJIYOCh [0, 00).

Ussectno, uro pesombsenta Ry = (H — A 1)~! oneparopa M nomyc-
KaeT IIpeJICTaBIeHre B Brjie IpeobpasoBanus Jlamiaca 1Mo 7 IMOJyrpyIIIbl

—TH

oriepaTopoB P™ = e """, 7 > 0. Umenno, B ciyuae Re A < 0 cpaBeinBo

COOTHOIIIEHHUE

oo

(H—-XI)"' flz) = /e” [e™™ f(x)] dr. (0.27)
0
C 1pyroil CTOPOHBI, JIJIS OIIePATOPHOIt Toayrpynnsl PT = e 7% 7> 0

MMeeT MECTO BEpOSITHOCTHOE mpesicTanienue (dbopmyna Deitamana-Kara)
(P7f)(2) = E fw, (1)) e Jo ViwalDds (0.28)

re depe3 w,(T) obo3HaueH caydaiiubii mporece w,(T) = x — w(7), a
w(t) = (wi(7),wa(7)), 7 = 0 — craHIAPTHBII BYMEPHBIH BUHEPOBCKMI

IIPOIIECC.
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C yuérom (0.28) u (0.27), okonuarennno, jist Beex f € Lo(R?) N
Cy(R?) nomyanm

oo

(H—-XI)"'f(z) =E /e/\Tf(wx(T))e Jo Vwels)ds gr | (0.29)

0

Taxum obpasom, na dynxmusx kiacca Ly(R?) N Cy(R?) pesonbsenTa
onepaTopa H J0IyCKaeT NpejCcTaBlIeHue B BUJE MOTPACKTOPHOIO YCPEHe-

HUs CJIyYaiHOTrO oreparopa

Ay f— /e’\Tf(wx(T)) —Jo Viwe(s)ds g (0.30)

3amMeTnM, ITO TPAEKTOPHS JIBYMEPHOIO0 BUHEPOBCKOTO TTPOIECCa 3aMe-
TAeT Ha TJIOCKOCTH MHOXKECTBO HYJIEBO#T J1e0ETrOBO# Mephl 1, 3HAUTUT, OTIepa-
Top A) He MOZKeT GBbITH MPOJIOJIZKEH JI0 HelTpepbIBHOTOo oneparopa B La(R?).

B ryiaBe 3 jiuccepraliyu mocTPOEHO JIPyroe ceMefcTBO CydaiiHbiX Olle-
paTopoB R}, ycpesinenne KoToporo Takxke JaéT BepOsITHOCTHOE TIPEJICTAB-
JIeHWe Pe30JIbBEHTHI oneparopa H, #o, B orauume ot (0.30), omeparopsl
9TOTO CEMENCTBA C BEPOATHOCTHIO €JIMHUIIA JOMYCKAIOT MPOOJIKEHUE JI0
OTPaHMYEHHBIX WHTerpaabHbix onepatopos B Lo(R?). B maparpade 3.1
paccmarpuBaercst ciaydait V(x) = 0. B maparpade 3.2 paccmarpubaercs
obmuit caydait. B ruase 4 (npusiokenue) npuBojsTCs HEOOXOIUMbIE CBE-

JECHUA U3 MaTreMaTuiecKoi TEOPpHHN PACCECAHM.

Ienu n 3aga4um JUCCEPTAIMOHHON PabOTHI:

1. ITocTpoenue obOOIEHHBIX TIPoIieccoB Kollu, cooTBETCTBYOMKX 10~
Kazareso ycroituuoctn 2m + 1, m € N, a Tak»e 1MocTpoeHne Ha X OC-
HOBE BEPOSITHOCTHOMN alllPOKCUMAIUN pellieHus 3ajiadu Ko jijist 9BoJIo-

IMOHHOI'O ypaBHEHUdA, B IIPABOI 4aCTU KOTOPOTO CTOUT ONEPaTOpP CBEPTKHU
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¢ obobménnoit dynkuueit |z| 2m~2. Tlomydenne oneHKW CKOPOCTH CXOJIH-
MOCTH MOCTPOEHHOM alTPOKCUMAINKA K TOYHOMY pelieHunio 3aja4qn Korm.

2. JlokazaTebCTBO MPeJIeJIbHBIX TEOPEM O CXOAMMOCTH PaCIpe/eleH 1
(hYyHKIIMOHAIOB OT CyMM HE3aBUCUMBIX OJIMHAKOBO PACHPEIEJEHHBIX CITy-
JallHbIX BEJIMIWH K 0000MEnHoMy pacupeneaenuio Kormm.

3. IlocTpoenne anaJiora JOKaJbHOTO BPEMEHH JIJIsI ITPOIIECca KOMILIEKC-
HOT'O OPOYHOBCKOTO JIBUYKEHWUS.

4. TTocTpoenue u ncceloBaHne CBOWCTB CeMefCTBa CJydailHbIX JIMHEH-
HBIX ONEPATOPOB, JAIONIUX BEPOATHOCTHOE IPEJCTaBICHUE PEe30JbBEHTHI

JByMepHoro oneparopa HIpénunrepa.

OcHoBHBIE ITIOJIO2KE€HN 4, BbIHOCHUMBbIE€ Ha 3alllUTYy:

1. IlocTpoennl HeBepOATHOCTHBIE aHasoru mporecca Komm. Ha nx ocro-
Be TOJIyYeHa BEPOSITHOCTHAST Al POKCUMAIls PeleHns 3a1a9u Ko-

o1 JiJig 3BOJIIOIIMOHHOT'O YPaBHEHW A

o _
ot

rie omeparop A, onpenenén hopmyaoi

(=)™ Au, u(0,2) =p(x), m e N, (0.31)

o o2d) 2j
o (x)y™\ dy
(Auf)(w) = v [ (ol +9) = olo) = 3 Egt )
R =1
2. JlokazaHbl 1pejiesibHbIe TEOPEMbI O CXOAUMOCTH (PYHKIIMOHAJIOB OT

CYMM HE€3aBUCHUMbLIX OIHNHAKOBO paCHpeﬂeﬂéHHle CﬂyqaﬁHle BeJIN-

YMH K HEBEPOATHOCTHBLIM aHaJIOI'aM PaCHpeleJICHUA Kormm.

3. TMocTpoen aHaJor JIOKaJILHOIO BpeMeH| J1J1s [IPOILeCca KOMILJIEKCHOTO
opoyHoBCKOro jBuxkenust o w(T), T = 0, rue w(T) — cranjaprHbiii
BUHEPOBCKMII TIPOTECE, & 0 — KOMILUICKCHOE YUCJIO, YAOBICTBOPSIONICE
YCIIOBUAM

0 <arg o < u |o|=1.

AN
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4. TlocTpoeno cemeiicTBO calydaiiHbIX JuHeiinbix onepatopos RY : Ly(R?) —
Ly(R?), paomumx BeposTHOCTHOE NPEICTABICHIE Pe30IbBEHTH JIBY-

mepHoro oreparopa IIpéjunrepa

(@) = —3 (A (&) + V() ),

norernuas V() KOTOPOro siBJSIeTCsi HEOTPULATEJLHON U OpaHu-
YeHHO} HempepbIBHON (BYHKIUEH, CTeIeHHBIM 00pa30M yObIBaIOIIEit

Ha OECKOHEYHOCTH
V(z)=0(||z|™%), a>2. (0.32)

[Tokazano, 9T0 ¢ BEPOATHOCTHIO €IMHUIA OIEPATOPHI ITOIO CeMeii-
CTBa SBJAIOTCA OIPAHUYEHHBIMM WHTErPaJbHBIMUA OIlepaTOpaMu B

Ly(R?), a Takske uCC/ieloBalbl CBORCTBA UX sIIED.

TeopeTuvueckad u npakTudeckas 3HAUYNMOCTbD.
PesyibrarTh! juccepraii HOCAT TEOPETUIECKUil XapaKTep U MOT'YT ObITh
UCIIOJIb30BAHbI B PA3JIMIHbBIX 00JIACTAX TEOPUHM BEPOSITHOCTEH, B 4aCTHOCTH,

B MCCJIEJIOBAHNM CJIYHYaHHBIX MTPOIECCOB.

MeToapl nccjea0BaHUA.

B nuccepranyuy MCHONB3YIOTCA PA3JUIHbIE METOJbI COBPEMEHHON Teo-
PUM BEPOSITHOCTEN, B YaCTHOCTH, METOJ IIpeJicTaBIeHns mporeccoB Jlepu
B BHUJE CTOXaCTUYECCKNX MHTErPaAJIOB IO MMyaCCOHOBCKOW CIAyYalHON Mepe.
Taxk>ke ucrnosib3ytorcs merojibl Pypbe-aHains3a U MaTeMaTudecKoit Teopuu

paccestHus.

Arnpobarusa paboThI.
PesynbraThl guccepTaliii JIOKJIAIbIBAJINCH Ha CJIEIYIONNX KOH(MepeH-

IuAX 1 CEMHUHapax:
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o Cankr-IlerepOyprcekoit 3uMHeH MOJIOIEKHON KOH(MEPEHIINN 110 Teo-
pun BepositHocTell u maremarTudeckoii dusuke (Cankr-Ilerepbypr,

2019, 2021, 2022 .);

e Mexynaponoit koundepennun International Conference on Stochastic

Methods (ICSM) (dusromopckoe, 2021, 2022, 2023 r.);

o [lepBoii KoH(MDEpEHIIMM MEXK[yHAPOIHBIX MATEMATUUECKUX IEHTPOB

muposoro ypostst (Coun, 9-13 asrycra, 2021 r.);

e Koudepenrun "New Trends in Mathematical Stochastics"(Cankr-

[TerepOypr, 30 aBrycra-3 cenrsiopsi, 2021 r.);

o KphbiMcKoil oceHHell MaTeMaTrudecKoi I1KOJIe-CUMIIO3UYyMe 10 CIIeK-

TPAJBHBIM U 9BOJIONMOHHBIM 3a1a9aM (Kpbim, 17-29 cenrsibpst 2021 1.);

e [opojickOM ceMmHApe O TEOPHH BEPOATHOCTEH M MaTeMaTHIecKOi

craructuke [IOMU (Cauxr-IlerepOypr, mait 2022 r.);

o Mexynapomnoit korudepenrun "Branching Processes, Random Walks

and Probability on Discrete Structures" (Mocksa, 21-24 utonsi, 2022

r.).

JImaHubIii BKJIaI,.

PesyibraThl BTOPOii U TpeTheil TyiaB JiuccepTalnui Moy IeHbl aBTOPOM
camocrositesibio (onybsukoanbt B [20], [21], [22]). Pesynbrarsr neppoii
rJIaBbl JccepTal nosydenbl copmecrno ¢ M.B. [liarorosoit (ormy6snko-
Banbl B [18], [19]), B 911X paborax OCHOBHO¥ BKJIA/I| IPUHAJIEKUT COMCKA-
Temo, ero coaropy M.B.IlnaToHoBoit npuHA IEKUT TOCTAHOBKA, 33,1891

U pdaJ ujieil Mo ynpoueHuo JTOKa3aTeJbCTBA.

Ilybmukanmmn.
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OCHOBHBIE PE3YJILTATHI JIMCCEPTAIIMN COJIEPIKATCA B IATH CTaThsx |18,
19, 20, 21, 22|, onyGJIMKOBAHHBIX B BEJIYIIMX HAYUHBIX XKyPHAJIAX U3 CIUC-

Ka, pekoMmenjopannoro BAK.

ConepxkaHue OUCCEPTAIAN.
B mepBoii ry1aBe juccepTaii CTPOUTCS BEPOSITHOCTHAS AIIIPOKCH-

Mallusd pernieHud 3ada49un Kommn

(9u_

o= ()" A, u(0,2) = ple), mEN, (0.33)

rie p(x) € Lo(R), a oneparop A,, Ha QyHKIUAK KIacca onpenesén Gop-

MYJIOM

(29) ()%
(Am f)(z) = v.p. / (f(x +y) — f(z) — Z / (2(j))|y ) ych)?w'

j=1

Cuauasra B naparpade 1.1 paccmarpuBaercs ciydaii 96X m (m =
2k). Ilpu Bcex € > 0 na dyukuusax kiacca Lo(R) onpenensiercst onepa-

TOpPHAs MOJSYTPYIIIa

[PLel(x) = E[(p* h) (@ + &(1))], (0.34)

re dbynxuus hl(x) onpenenena csoum npeobpazosanuem Pypoe
ron (=1 *p¥y* dy
hg(p) = €XDp <t / Z (2]')! yAk+2 ’

a 55(15) — CJIOKHDBII MyaCCOHOBCKUA TIPOIECC, 3a/laHHbIA B BUJE CTOXACTHU-

YECKOI'O MHTEI'paJia
t

E(t) = / / v u(ds, da)

0 |z|=e

110 11yaCCOHOBCKO# cityvaiinoii mepe v(ds, dr) ¢ MHTEHCUBHOCTIO

dsdx
El/(dS, d.’,U) = W
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[TokasbiBaeTCst, 9TO ONEPATOPHl STOrO CEMECTBa SBIAIOTCA TCEBIO-
muddepennuaibabiMu oneparopamu B Lo(R).

Hanee, nokassizaercs, aro upu Beex t = 0 u ¢ € WITHTA(R) ce-
MeitcTBo dynkuuit u.(t,-) = Py npu e — 0 cXomuTCs B METPHUKE MPO-
crpancra Cobonesa WI(R), [ € Z, k TounoMmy pemennio 3aga4u Ko
u(t,-) = e o 1 orenHnBaeTCs CKOPOCTH CXOAMMOCTH. VIMenno, crpase-

JIMBO CJIEJIYIOINee YTBEPKJICHUE.

Teopema 0.1. Ilycmov | € Z, k € N. Toeda cywecmeyem koncmanma
C > 0 makas, wmo das moboti dynruyuu o € Wi 2(R) u ecex t > 0

6bINONHEHO HEPABEHCINBO

luc(t, ) = u(t, Ylws < Ctellgllypsease

HaJjee, Bo BTopoit yactu naparpada 1.1 crpouTcss aHAJOIHIHOE BEPO-
ATHOCTHOE IIpeJICTaB/IeHre MUCXOAHON 3ajaum Komm, HO yxXKe B Buje all-
IPOKCUMAIMK PEIIeHUA MaTreMaTUuIeCKUMU OXKUJAHUAMU (PYHKITMOHAJIOB
oT ciaydailubix Ouykganunii. imenno, mpu Bcex n € N onpejiesnsiercst Cy-

JaWHbIN TTPOIECC
1 n(nt)
G(t) =n"m1 Y g, (0.35)
j=1

rae {€;}32) — nocieoBaTebHOCTh HE3ABUCUMbIX OJIMHAKOBO Pacipe;ie-
JEHHBIX CJIydailHbIX BeJMIMH, MMEIOIMX 00IIee CUMMETPUIHOE PACIIPE/ie-
nenne. IIpeamonaraercs, 9T0 COOTBETCTBYIONEE pacTpeieaeHne abcoTiOT-
HO HEMPEPLIBHO OTHOCHTENBLHO Mephl Jlebera, a ero mmotHocTh ¢(x) mpn
|z| — oo mMeer acumnToTHKy crenuasgbHOro Buja. Ilpomece n(t) — cran-
naprubiii (En(t) = t) nyacconoBekuit iporiece, He 3aBUCATINI OT TTOCJIE0-
BaresbocTH {152,

Hauee, o npoueccy (,(t) onpeensiercst oneparophas nojyrpymma P
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neiicrere KoTopoii Ha dyuknun ¢(x) € Lo(R) onpeneneno dpopmyiioit

[Prel(@) = E[(¢ ) (@ + Gil(1))], (036)

e dynxuus vl (x) onpegedsierca csoum 1peobpazosatuem Pypoe

7 (p) = exp < = ntz N i p)? 4k+1)2]) (0.37)

2j : -

(3mech pg; = E &7 — MomentT mopsiyika 25 coryvaitHoit BeanunHs ;).
Hanee, BBomuTCs oboznadenue u,(t, z) = [PL ¢|(z).
OcHoBHOI1 pe3yJsbTar Bropoil mosoBuHbl naparpada 1.1 copmysmupo-

BaH B BUJIE CJIEJIYIONIETO YTBEPXKJICHUS.

Teopema 0.2. IIycmov | € Z, k € N. Tozda cywecmsyem woncmanma
C > 0 maxaa, wmo daa mobol pynkyuy @ € W2l+4k+2(R) u ecert >0

6bINOANHEHO HEPABEHCINBO

1
Jun(t, ) = w(t, hwyemy < Ctn™ Tl ypgessn

Hauee, B maparpade 1.2 paccmarpuBaercs caydait m = 2k—1, k € N,
KOTOPBI# sSIBJISIeTCsT 00J1ee CIIOXKHBIM. 3/1€Ch MbI YK€ HE MOYKEM OIPEJIETUTh
nostyrpyniy P! rak, Kak 310 ObLIO ¢JIeJaHo paHee, [I0TOMY YTO CUMBOJI CO-
OTBETCTBYIOIEro et mcesonuddepeHIimaibLHoro oneparopa 0yner uMerh
9KCIIOHEHIIMAJIbHBIH pocT. UTOOBI ClIpaBUTHCs C 9TOH IIPOOJIEMOil IIPUBJIE-
JeHbl HEKOTOPBIEe UJIed KOMIIJIEKCHOTO aHaJn3a, B YaCTHOCTH, KOMILJIIEKCHO-
3HAYTHBIE TTPOIECCH W ammapar npocrpancTs Xapan. OCHOBHON pe3ysbTar
naparpada 1.2 chopmynuposan B Bujie Teopem 1.9 u 1.12.

Bo BTOpoOil TiIaBe juccepTraiuu OlpeJeisieTcs aHaJior JIOKaJbHOI'O
BPEMEHHU JIJIs1 IPOLECCa KOMILIEKCHOIO OPOYHOBCKOIO JIBUXKeHust 0 w(T), T >

O, i€ 0 — KOMIIJIEKCHOE YHUCJIO, YJOBJIETBOPAIOIIEE YCJIOBUAM

0 <arg o < u |o]=1.

T
4
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Cuauasia B naparpade 2.1 gaérest onpejiesienne COOTBETCTBYOIIEr0 aHa-
aora m = m(t,z), (t,z) € [0,T] x R B Buje unrerpaia

t

m(t,x) = / h(t,7, v — ow(T)) dr

0
— H ip(x—ow(T)) . .
/ (2 / t p dp | dt (0 38)

0 pl</i%

[TokasbiBaercst, ato uuTerpas (0.38) ¢ BeposATHOCTBIO 1 CXOMUTCS IPH
Becext > 0ux € R.

B sroMm ke maparpade mokasbiBaercs, 9To ciaydaiinas dbyakims m(t, x)
HaCJIE/lyeT HEKOTOPble CBOICTBA OPOYHOBCKOIO JIOKAJLHOIO BPEMEHH Ta-
KHe, KaK:

1. @yukuust m(t,r) 10 HEPEeMEHHOU T ¢ BEPOSITHOCTHIO 1 siBJisieTCsl
réuibiepoBekoil dynkueit ¢ nokasaresem o € (0,1) (31mech caeyer or-
METHUTh, U4TO JIJIsI OPOYHOBCKOTO JIOKAJLHOIO BPEMEHH COOTBETCTBYIONMIA
nokasaTesb JexxuT B uarepsaie o € (0, 3)).

2. Ipn Beex t > 0 n o € [0, 2) byukuus m(t, ) IpUHAIIIEKUT Kiaccy
Cobosnesa W§'(R).
3. Ilpu Beex f € Lo(R) cripaBeymmBo cooTHOTIEHNE

t

/h* V(b7 o w(r dT—/f ) dy (0.39)

0
(3mech (h* f)(t,T,-) — cranmaprHas ceéprka dyukuunii h(t, 7,-) u f coor-
BETCTBEHHO).
CoorBercrBytomuit pe3yabrar cpOPMyTUPOBAH B BUJIE TEOPEMbI 2.2.
Hajee, B maparpade 2.2 oboOIaeTcss Ipyroil pe3yabTaT, U3BECTHDIN

JIJIs OPOYHOBCKOI'O JIOKAJILHOI'O BPEMEHM, UMEHHO, II0KA3bIBAETCs, UTO JIJIsd
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perernst u(x) auddepeHuansbHOro ypaBHEHUST

2

g
—?u”(:p) = f(x)a f(.fL’) € LQ(R)7
B cllydae, Korja f IpUHAJUIeKAT 00JacTh 3HAYEHWi onepaTop —%Qj—;,

CLIPABE/JIMBO BEPOSITHOCTHOE LpejicTaBienne u(r) = tllglo E fxm(t,x).
DToT pesyabrar ¢chOPMYJIUPOBAH B BUJIE TEOPEMbI 2.5.

B Tperbeil rjiaBe juccepraliu ONPeJesieTcs U UCCIELYIOTCS CBOIi-
CTBa ceMeiicTBa cJrydaiinbix JuHeiinbx oneparopos R @ Lo(R?) — Lo(R?)
JIAIOIIUX BEPOSTHOCTHOE [IPEJICTABICHIE PE30ILBEHTLI R IByMEpHOTo OI1e-
paropa IlIpénunrepa H = —% A+ V(x).

CrauaJsia B naparpade 3.1 paccmarpusaercs caydaii V(x) = 0. B mep-
BO#l 110J10BMHE JlaHHOIO naparpada ucciepayercs ciaydaii Re A < 0, npuso-

JINTCS SIBHOE BbIpaXKeHue Jjisi COOTBETCTBYIONIETO CeMeCTBa OllepaToOpOB

RD@ = [ |5 [ fa—u@l-0ase)|dr. (040
0 St

e || - || — crampaprias eskiaugosa Hopma B mpocrpancrse R2) a dS(6)
— JUIMHA 3JIeMEeHTa, J[yTH eInHnaHoil okpyxkuocti S1. [Tokaspisaercs, 1o
OIEPATOPbI ITOIO CEMEHCTBA JIONYCKAIOT POJIOJIKEHUE JI0 OIPAHUIEHHbIX
unTerpaibibix oneparopos B Ly(R?) (Teopema 3.1).

Haiee, Bo Bropoii mosoBure maparpada 3.1 BBOIUTCS OMpeieieHne ce-
meiicTea onepatopos R : Lo(R?) — La(R?) s cayuas Re A > 0, noka-
3BIBACTCsI, UTO OMEPATOPHI ITOTO CEMEHCTBA TAKXKe JIOMYCKAIOT POIOJIZKe-
HEE JI0 OPaHMYeHHbIX HHTErpabHbIX oepaTopos B Ly (R?) (teopema 3.3).
B konie naparpada 3.1 jjoka3biBaercsi TeopeMa 0 BEPOSITHOCTHOM IPE/i-
CTaBJIEHUU PE30JIbBEHTHI JIByMepHOro oneparopa LIIpégunrepa ¢ Hy/eBbiM
noreHnuajgoM (reopema 3.5).

Sarem B maparpade 3.2 paccMaTpUBAETCA CIydail, KOrja MOTeHIIAa
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V(x) — meorpunaresbHasi, OrpaHUYeHHasi HEMpepbiBHAsT (DYHKIMs, CTe-

IEHHHBIM 00pa30M yObIBarOIasi Ha OECKOHEYHOCTH
V(z)=0(||z|™), a>2. (0.41)

CrauaJjia NpUBOJIATCSA HEOOXOIUMBbIE CBEJICHHS O COOCTBEHHBIX (DYHK-
MUSIX HEPEPBIBHOTO crieKTpa oneparopa pémunrepa ¢(x, k). Satem mpu

Beex t > 0u A € C, Re A < 0 onpegesisiercst cayuaiinas Gyuknus gb (z, k)

t
@2m)7! [ e @ (we(7), k) e b VN g k|| < m
gg\(xak) - 0 t
@2m) oz, k) [ M (wolr), [[k]]) e Jo VoD ds gr | k|| >
0]

e dbynxmusa ¥ = ¥(y, p), (v, p) € R? x [m, 00) onpenenena dbopmyoit

UV(y, p) = ;ﬂ / %dff@ (0.42)

Sl
riae dS(0) — syieMeHT JUTMHBL JIyTH eMHAIHON OKPY’KHOCTH, a 1M — HEKO-
TOPOE YUCJI0, KOTOPOE OpejiesieTcst norenipasom V (x).

HaJiee, oKasbIBa€TCsI, 4TO CydaiiHas QyHKIUs

ri(z,y) = Flgh (=, )] (),

e F — obobmeénnoe mpeodbpazoBanue Oypbe, mpejcTapisioniee 3 ceds
pasIoXkKeHnue 1Mo COOCTBEHHBIM (DYHKIUSAM HEIPEepPbLIBHOIO CIEKTPa, Olepa-
ropa [Ipéunrepa (F* — conpsi>kennbiit K F oneparop), npu Beex © € R2
v« € [0,1/2) 1o nepeMeHHO Y ¢ BEPOSITHOCTHIO €J[MHUIIA TIPUHAJIJIEXKUT
kiaccy Cobosiesa W3(R?) (reopema 3.6).

Hagee, mpu Bcex t > 0 u A € C, ReA < 0 #Ha MHOXKecTBe (DYHKIUH

f e Lo (RQ) omnpejiesigeTcs CIydailHblili THTerpaJbHbIil OTlepaTop R)\, KaK

RY f(z) = / r(e.y) £(y) dy.

R2
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TToKas3bIBACTCS, YTO COOTBETCTBYIOIINIT HHTEIPAJILHBII OIIepaTOp ¢ BEPOsT-
HoCThIO 1 siBjisiercst orpanudenHbiM onepatopom B Lo(R?) (Teopema 3.7).
B konue naparpada 3.2 10Ka3bIBaeTCst TEOPEMa, 0 BEPOSITHOCTHOM HPE/I-

CTaBJICHUU Pe30JbBEHTHI onepaTopa Ipéannrepa.

Teopema 0.3. 1. Ecau Re X < 0, mo mozda npu ecex f € Ly (R?) 6vi-
NONHEHO
Ry f(@) =B [ ¥ (a) f0)dy
RQ
2. EcauRe X = 0 u X\ # 0, mo moeda npu ecex f € Ly (R?) svinoamneno

R fo) = (La) fim B [ #i(2.0) £(0) d.
R2

3. Ecau A =0, mo mozda npu ecex f € Dom (Ry) evinoaneno

Ro f(z) = (L) lan B [ rife.y) () dy.
t—00
R2

CrpyKTypa m 00b€M AMCCEPTAIIUN.

Juccepraliiyst COCTOUT U3 BBEJEHUsI, TPEX IJIAB, HPUJIOKEHUS, 3aKJIIO-
yeHusi U Oubsimorpaduu.

Ob6mmit 00beéM ucceprarun cocrapisier 111 crpanuni. Cuncok anTepa-
TYPbI COJIEPKUT 38 HaUMEHOBAHMI, B UUCI0 KOTOPBIX BKJIIOUYEHBI D paboT
aBTopa 110 Teme juccepranun. OCHOBHBIE PE3yJIbTaThl PAOOTHI CHOPMYJIN-
pOBaHBI B BUJE TeopeM. BeroMorareibHble YTBEPIKIeHNsT CHOPMYIUPOBaA-

HbI B BHUJIC JIEMM.

BaarogaprocTu.

ABTOp BhIpaxkaer riayboKyo 0J1aroJapHoCTh CBOEMY HayYHOMY PYKOBO-
nutenio, npodeccopy Haranun BacunbeBne CMOpOMHOI 3a MOCTAHOBKY
MHTEPECHBIX 3a/1a4, IOCTOSHHOE BHUMAHME U IOJJIEPXKKY, IOJIE3HbIE 00-

CyXXJ€HNA W NEHHbIE COBETDLI, S3aMCYaHuA 1 KOMMECHTAPWH.
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OcHoBHbIE 0003HaUYEHN 11 OIPeaeIeHU S

Yepes f * g Mmbl OyjieM 0003HAYATH CTAHAAPTHYIO CBEPTKY PYHKIMA f 1 g

COOTBETCTBEHHO

(f*g)(x /fx— (v) dy.

[Ipsimoe mmpeobpazoBanme (Dypbe ompejiessieTcs Kak

@]

o) = [ ela)erds

—00

a, COOTBETCTBEHHO, oOpaTHOe IIpeodpa3oBaHue Kak

1 xXO
— -~ —ipT
o(z) %/@@ dp.

Yepes WF(R) obosnaunm npocrpancrso Cobosena dbyHKImii, ompeie-
JleHHbIX Ha, R u uMennmx KBajiparniHo cyMMupyeMbie 0000IIeHHbIE TTPO-
M3BOJHbIE JI0 TTOpsijiKa k BKJTOUMTEsbHO (eM. [27], crp. 146). Cranjaprhas

nopma B npocrpanctse Wi (R) onpenenserca dbopmymoii

ol =3 [ 160

=0 &
Hawm yno6n0 ncnosnbzosats B ipocrpanctse WF(R) apyryio nopmy, sKBu-

BaJICHTHYO cTaH apTHOH (cM. [27], crp. 190)

[0l = [+ W10 ds

R
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Omnepatop A, AeficTBYIONHiT 10 TTPABWILY

1

(Ap)(x) = 5

/ e A(p) P(p) dp,
R

Ha3bIBACTCST T1CeBIOMNGbGMEPEHITHATBHBIM OIEPaTOPOM ¢ CHMBOJIOM A(p).

Jns orpanmaennoro omeparopa A : WF(R) — W(R) uepes

A ws—we

0003HATAETCA COOTBETCTBYIONIAA OIIepaTOpHAas HOPMA.

Yepez C 0b603HAUNM KOMILJIEKCHYIO TJI0CKOCThH, a 4depe3 C, n C_ —
BEPXHIOI ¥ HUKHIOIO TIOJIYIJIOCKOCTH COOTBETCTBEHHO.

Yepes Jo(p) mbi Oyuem obosnadarsh dyukiuio Beccesst nepsoro po-

Jia HyJieBoro nopsiyika. OHa JI0IyCKaeT MHTerpaJjibHOe lpejcraBierue (CM.

31], c. 22)

2

3

1
P =5 / PP dip. (0.43)

T

0
Hutst dyukimit u3 cemeiicrsa {Jo(ap) }a,p>0 BBILIOIHEHO yCIOBHE OPTO-

T'OHaJIbHOCTH

J/ Ptﬂ)CW9 Jb 6#0 éjf%i;EQW Q, 5 >’07 «l44)
0

KOTOPOE CJIeJIyeT TIOHNMATh B CMbIC/Te 0000MEHHBIX dyHKIHit (110pobHee
cM. [29]).

Yepes 1y(p) Oymem obosnavatTsh MogndunupoBannyio Gy becce-
Jisl TIepBOTO poja HyJeBoro nopsijka. Ona sBisiercss ¢gpynknumeit Becceost
aucro MuuMoro aprymenta Io(p) = Jo(pe™?), p € R u jonyckaer unre-

rpasbHOe mpejcTasiaenne (cm. [31], c. 201)
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2T

1
Ih(p) / e’ 7 dep. (0.45)

" 2r
0

Oyuxrms Io(p) mpu p — 0o umeer acuMnToTuky (cm. [31], c. 228)

To(p) = j;;_p (1 + 0(%)). (0.46)
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I'maBa 1

HesepogarnocTHble aHaJjoru mmpoiiecca Ko-

min

B sroii rimaBe O6yieT mocTpoeHa BEPOSTHOCTHAs AIIIPOKCUMAIUs PEIIeHUsT

3a1a9m Kot

(9u_

a = (_1)mAmua u(oax) - @(x% (m € N) (1'1)

rie p(x) € Lo(R), a omeparop A, onpenenen wa dbynkuusax f(x) €
C*(R) dopmyuoit

™ r(2) ()2
Ao D) = v [ (a9 = o) = S ) 0

J=1

CuauaJia B naparpade 1.1 6yjier paccMorpen ciyuail yerHbix m (m =
2k, k € N). Barem B maparpade 1.2 OyJeT pacCMOTpeH CIydaii HeYeTHBIX
m (m =2k —1, k € N), KoTopblii siBiisieTcst 60jiee CII0KHBIM U TTOTpeOyeT

HCIIOJIb30BaHA KOMIIJIEKCHOSHAYHBIX IIPOIECCOB.
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1.1  Coayuait m = 2k

[Tycrs v(dt, dx) — nyacconosekas ciaydaiinas mepa na [0,00) X R, umero-
111251 UHTEeHCUBHOCTD

dt dx

Ev(dt,dzx) = dt AMdz) = ——.
T

Mepa A yoBieTBopsieT ycioBmio
/min(x2, 1)A(dz) = oo
R

1, COOTBETCTBEHHO, He sIBJIIeTCs Mepoil JIeBn HU It KAKOro IpOIEecca,
JleBu.

st kaxkj0oro € > 0 paccMOTPUM CJIOXKHBIN 11yACCOHOBCKHUI 1IPOLIECC

£.(t) Busa t
fs(t)z/ / zv(ds,dz).

0 |z|ze

Ormernm, 9To pu KaxkaoM t > 0 cemeiicTBO corydaiibbix Besnaun £ (1) He
umMeer cjaaboro npejena nupu € — 0.

Xapakrepucruieckast (pyHKIUsE CirydailHOl Besnuunnbl & (1) umeer Bu/l

. , d
E P = exp <t / (e — 1) 4/312)’ (1.2)
Y

ly|>e

qTo cieyeT u3 Teopembl Kammbemta (em. [26], §3.2).

TTo nponeccy & (t) mocrponm mostyrpyiy onepatopos P!, nonarast s
¢ € Ly(R)
[P o)(x) = E[(p * ho)(z + &(1))], (1.3)

re dbynxuus hl(x) onpenenena ceoum npeobpazopanuem Pypoe

B (p) = exp (t / 3 (—l)z;;izjyzj yi%)




BaxkHo oTMeTuTh, UTO (DYHKIUS ﬁz(p) sIBJISIETCsE ObICTPO yObIBaAOIIEH
(CTapLHI/Iﬁ KO DUIMEHT B [HOJIMHOME, KOTOPbI CTOUT 110/], SKCIIOHEHTOI,
OTpHUIIATENEH) U, COOTBETCTBEHHO, ee obparTHoe mpeobpazoBanme Dypbe
OTIpeieIeH0 KOPPEKTHO.

Jajiee HaM ITOHAJ00UTCS CJIEIyIOIee BayKHOE YTBEpIKIeHHEe

Jlemma 1.1. 1. Jas amobozo € > 0 onepamop P! asasemcsa nceedodudh-

Ppeperyuarvnvm onepamopom 6 Lo(R) ¢ cumesorom QL(p), 2de

@msz/mﬁﬂ”@ﬁm.

ly|>e

2. Jas mobwz € >0, p € R cnpasedauso nepasencmeso |QL(p)] < 1.

Hoxazameavcmeo. IlpencraBum (yHKIMOHAJ, KOTOPbIA CTOUT IIOJ 3Ha-

KOM MaTemaruiyeckoro oxxujganust B (1.3), ceonm npeobpazosannem Qyphe.

[Tosyaum
1 OO/\ T —ip(x
[PLel (@) =B [ B(p)he(p) e Wdp
1 ~( 0\t —ipz Fp ,—ipE(t)
=3 P(p) h(p) e """ Ee dp =
— 5 [ 2@y
2 ¢ ’
e

QL) = t(p) - Be 70
Hausiee, ucnosb3yst npejcrapienue (1.2) jisi xapakTepucTuaeckoi gy HK-

nmu mporiecca . (), nmeem

QL(p) = exp (t / = Si,fi)z_ 1dy> B (p).

ly|>e
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Cueyomum marom, npeobpasyem soipaxkenne s dbynkimun QL (p) x

BUTY
cos (py) — 1
L(p) = exp (t / i dy)
ly|>e
L (1) py)¥ dy
X exp <t / 2@ y>
ly|=e 7~
L (1) (py)¥ dy
= exp (t / (Cos(py)—1+z ) >y4k+2>' (1.4)
lyl>e 7=l
Crenaem 3aMeHy MepeMeHHoit § = |p|ly B uHTerpaje, KOTOPBIH CTOUT

oyt 9kcronenToit B (1.4). [Homyaum

2k 11 94
tioy — Ak+1 (=177 sV ds
e N G )]

|s|>elp]

3 nepaBeHcTna
-1 J+125
coss—1+z((;T'S<0, (1.5)

pu JIIoOOM BerecTBeHHOM § # () cjiejiyeT yTBepKeHue 1. 2.

[]

Hagiee, upu Beex t > 0 u € > 0 oupejesum GyHKImo U (t, ), nojaras

us(t, x) = [P ] (x).
Cre/lyIoIuM IaroM MbI TOKayKeM TO, 4TO eCId HadadbHasd (PYHKIMUA @
npumasuieskut kiaccy Cobonesa WEHF2(R) npu nekoropom meorpuia-
TeJabHOM 1esioM [, 1o Torja npu € — 0 dyukuus u.(t,-) 10 HOpME 1PO-
crparctBa Wi(R) npubnmxaer pemenme u(t,) = Ply sagaum Komm
(1.1).

CupaBeJJIuBO Cjeyiollee yTBEepK JIeHue.
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Teopema 1.2. Ilycmov | € Z, k € N. Tozda cywecmsyem koncmanma
C > 0 makas, wmo das moboti dynryuu p € WIrF2(R) u ecex t > 0

GHINOANENHO HEPAGEHCNEO
luc(t, ) = ult,)llwy < Ctellpllypgrame.

Jlokazameavcmeo. J1isa noKa3aTesbeTBa, yTBEPKICHUS TEOPEMbI BOCIIOb-
3yeMcst U3BeCTHOH hbopmysoit Teopun Bo3mytenuii (em. [25], rr. IX, §2
m.1).

[Tycth A NpUHAJJICKUT KJIACCY ONEPATOPOB, ONPEJIEJICHHBIX Ha T'MJlb-
GepToBOM TIpocTpaHcTBe H, TakoMy, 4To CyIiecTByer orpaHuudeHHas (¢ >

0) 1moJyrpyIia onepaTopos
Uy (t) = ¢4,

Ilycts omeparop B — HeKoTOpoe BO3MYIIEHHE omepaTopa A Takoe, 4TO

nostyrpytia Uy, p(t) Takxke orpanudena. Toryia crupaseiuBa dhopMmyna
t
HALB) _ A _ / TALB) (-7 A (1.6)
0
Hanee, obozuaunm yepes G reneparop nosyrpynnst P Ha Gyukmusix
kiacca Cp°(R) on onpegenen dopmyiioit

2k

G = [ (vt v -0

¢<2f><a:)y?~f) dy
Yy

4k+2-°

ly|>e
[Tpumenum dopmyny (1.6) mist cayvasi, korga A = G, A+ B = Ajy.
Samerum, uro npu Beex t > 0 u d € Z, cupaBejjiIuBbl HEPABEHCTBA,

MATB) g e < 1 (€42 — nceno-

tA
e lwgwg <1 (em. nemma 1.1) u [l
nuddepeHIaibHbIil OnepaTop, CUMBOJ KOTOPOTO TI0 MOJIYJIIO He MPeBOC-
xomur 1). Takum o6pasoM, juis JTOKa3aTeIbCTBA YTBEPKICHUS TEOPEMbI

JIOCTATOYHO IIOJIyYUTh OLEHKY OLePATOPHOI HOPMBI || B||ypt+ar+2_ypi.
2 2
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Boraucanm npeobpazosatne Oypre dyukinnn (By)(z). Umeem

(Be)(p) = (Aup) (p)

g

Ag) (p)
p

(A
(

2k J ()2
=250 [ (cos y)—l—;(_%ﬁf’) )it -
elpl ok L
~ Ak+1 —1)y7\ d
=200 " [ (cosy—1-3- S50 ) 2
0 j=1

O1eHIM MOJTYJTh COOTBETCTBYIOIIETO BLIPAXKEHHS B JIBYX CJyTasax: £|p| <
luelp| > 1.

Ecnu e|p| < 1, T0 Torjia cOOTBETCTBYIOIIAs OIEHKA UMEET B/

(Be)(p)| < C|p(p)| p*+2e

(omeHmBaeM ocraTovHbIN WieH B Gopmyse Teitmopa).
B nporusHom ciydae (g]p| = 1) juist HEKOTOPO# MOJNOKUTETHHOM KOH-

crautsl C' CIIpaBe€JINBO HEPAaBEHCTBO

(Bo)(p)] < C3(p)] |p|*+.

Teneps Ml MOXkeM olennTh Betudnny | By||?,,. Mmeem
2

|Bollf: = / (L+ [p)|(Bo)(p) P dp + / (1+ [pP)I(Be)(p)|* dp

Ip|<2 lp|>21
< [ as P (cpwi ) a
lp|<i
+ [ s (clpet ) d
p|>1

< C%? / (1 + P18 Pdp. (17)
R
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Bamerum, uro npu [ > 0 crpaBeyinBO HEPABEHCTBO

(1 + |p|2l)p8k+4 2p8k+4
1 + |p|2+8k+4 ] o pBkH4

< 2. (1.8)

3 (1.7) u (1.8) BhITEKaeT OleHKa,

1Bl < €% (14 P 30 Pdp = €2l
R

13 KOTOPOIT HEMEJJIEHHO CJIeJIyeT YTBEPXKJIECHUE TEOPEMBI. ]

Cnencrbue 1.3. Cemeticmeo onepamopos P! npu e — 0 cuavno cxodum-

ca % onepamopy P', mo ecmv das moboti dynxyuu o € La(R) svinoaneno
Plp — Pt — 0.
[P — Pollz, = 0

Joxasameavcmeo. Tax xkax oneparopubie nHopmbt || Pz, -z, n [|[P||1,-L,
ne Gosbine eaunup, a kiaace Cobosesa Wy (R) mioren B nmpocrpancrse
Ly(R), 10 yrBep>K/IeHUE CJICJCTBUS HEMEJIJICHHO BbITEKACT U3 YTBEDXKJIe-

Hns TeopeMbr 1.2 n Teopembr Banaxa-Hlrteitaraysa (cm. [24], 11.1.18). [

Takum 0OpazoM, Mbl TOJIYUUJIH BEPOSITHOCTHOE TIPEJICTABJICHNE

u(t.x) = (W) I B [( » h) (& + &-(1))]
muist perernst 3agadu Kormm (1.1).

Cutety1o1uM 1maroM Mbl TOCTPOUM aHAJOTHIHOE BEPOSATHOCTHOE MPE/T-
CTaBJIeHNe MCXOMHON 3aa4uu KoIu, Ho y2Ke B BHjIe allllpOKCUMAITUU MaTe-
MATUIECKIMU OXKWJIAHUSIMI (DYHKIMOHAJIOB OT CJIyJaiHbIX OJIy K IaHWi.

I[Tycrs {¢; j21 — HOCJE/IOBATE]ILHOCTD HE3aBUCHMbIX OJMHAKOBO pac-
1IPEJIEJIEHHBIX CJIyUYalHbIX BEJIMYUH, UMEIOIIUX O0Iee CUMMETPUIHOE Pac-
npenenenue P. Ilpennmonoxkum, uro pacrnpeaenenne P abCoTIOTHO Hempe-

PBIBHO OTHOCHUTENILHO Mepbl Jlebera, u mis mioraoctu g(z) mpu |x| > 1
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BbITTOJIHEHO

1
) = —zg (1 +h(x), (19)
rie dynxmusa h(x) mpu |z| — oo mmeer acumnrotuxy h(z) = O (|z|~7)

(6 >1).

I[Ipu Bcex n € N ompegenum cayqaiineiii mporece (,(t), monaras

n(nt
Galt) =m0 Y g, (1.10)
j=1

rie 1(t) — crammaprasiii (En(t) = t) myacconoBekmil mporece, He 3aBHCH-
muit ot nocesosaresbuoctn {£;152,

Xapakrepuctrieckas (DYHKIUs iy daiHoil Beuaunbt G, (1) umeer Buj

Eez’pg‘n(t) — exp (nt / (eipyn_m . 1)q(y) dy> (1.11)

—0o0
9TO, B CBOIO OUEpeJib, SIBJISIETCs CJiejicTBUeM TeopeMbl Kammbesia (cM.
126], §3.2).
Haugee, npn Beex j < 2k 060o3HauuM Yepes flg; = E§1 MOMEHT TOPSIJIKA,
27 cjydaitHo#t BesimanHbl &.
ITo uponeccy (,(t) oupepenum mosyrpyiiy oneparopos Pl ioJjiaras

st p(z) € Ly(R)
[Py l(x) = El(p 7)) (2 + Cu(t))], (1.12)

rie dynkuusa ! (x) onpenensierca ceoum npeobpazopanuem Pypoe

7 (p) = exp < —ntz “% (pn W)ZJ). (1.13)

7t (p) sABasiercst GbICTPO YObI-

Omnpejiesiernasi Takum 00pas3om QPyHKIMs
BaloOIeil, TaK KaK cTapuinii Ko UIUEHT B MOJUHOME, KOTOPbIA CTOUT
[10J1, 9KCIIOHEHTOM, OTpUIaTeseH.

CupaBeJJIuBO Cjeayiolee yTBepK JIeHue.
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Jlemma 1.4. 1. Jaa ao6ozo n € N onepamop Pl asasemca nceedodudh-

Ppepenyuarvivm onepamopom 6 La(R) ¢ cumsonom HY (p), 2de

H,,(p) = exp (nt 7 (cos (pyn™ %) — 1)q(y) dy) 7 (p)-

—00

2. Taa mobwx n € N, p € R cnpasedauco nepasencmeo |HE (p)| < 1.

Hoxasameavemeo. IlpencraBum dyHKIMOHAJ, KOTOPBI CTOUT 110J1 3Ha-
KOM MaTeMarudeckoro oxujanus B (1.12) cBomm mpeoGpasosatnem Dy-

pbe, MOJydYuM

1 r -~ —ip(x
Pl =By [ BT me e dp
1 —ipx ipCalt)
% m( Ee dp =
— L [ i w) e ap
s " ’
rie

HY (p) = 74 (p) - Be 740,

C yuerowm (1.11), Beipaxenne s Gyukmun H! (p) npumer sup

(0.9]

H,(p) = exp (nt/ (cos (pyn™71) — 1)q(y) dy) -7 (p)
= exp (nt /OO (cos (pyn~ ) 1+Z D p 7 4k+l)2j>q(y) dy).

(1.14)

s nmokaszareabcTBa YTBEPXKJACHUA M. 2. JIOCTATOYHO ITOKA3aTh, ITO
noJIbIHTErpaibioe Boipakerue B (1.14) menonoxurensro. lannoe yrBep-

KJACHUE CcjieyeT U3 HepaBEHCTBa
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—1)it1lg%
coss—1+2%<0, (1.15)
KOTOPOE CITPAaBEJINBO TIPH JIF0OOM BermecTBeHHOM § # (. []

Hagiee, upu seex t > 0, n € N oupejesum HyHKIUIO Uy, (t, ), noaaras

un(t, z) = [P, o] (2).
CiieiytonuM IaroM Mbl IIOKayKeM TO, UTO €CJIM HadajbHas (DYHKIH @
npunajieskut Kiaccy CoGomesa Wi 2(R) npu nekoropom meorpura-
TEJLHOM TeJIOM [, TO Torja mpu n — o0 GyHKIuA u,(t,-) mo Hopme
npocrpancrsa Wi(R) npubmmxkaer pemenne u(t, ) = Ply sanaun Konm
(1.1).

CripaBeIJINBO CJIeIyIOIee yTBePK IeHne.

Teopema 1.5. Ilycmov | € Zy, k € N. Tozda cywecmesyem koncmanma
C > 0 maxas, wmo das woboti dynruuu @ € WS 2(R) u scex t > 0

6HbINONHEHO HEPAGEHCTNGO

__1
[un(t, ) = w(t, ) lwyry < Ctn” 557 ||| yrvacsa g

Joxasamesvcmeo. Obozmaunm yepes G, remeparop noyrpynmsl P, Ha

dbynkiusax kimacca Cp°(R) on onpegesen dopmyioi

(0]

(Govla) =n [ (wloryn ) Z‘” Sy )

—0Q

[Tpumenum dopmyny (1.6) st cayuast, korga A = Gy, A+ B = Ay
Samerum, uro npu Beex t > 0 u d € Z, cupaBejjiuBbl HEPABEHCTBA,
tA (A+B) tA
e lwgwg <1 (em. semma 1.4) u et ngﬁwg < 1 (e — ncesgo-
muddepeHuaabHblii onepaTop, CHMBOJ KOTOPOTO 110 MOJYJIIO HE TPEBOC-
xonut 1). Takum oOpasoM, JJis JTOKA3aTEJbCTBA YTBEPKJICHUS TEOPEMbI

JIOCTATOYHO IIOJIyYUTh OLEHKY OLePATOPHOi HOPMBI || By t+ar+2_ypi.
2 2
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Boraucanm npeobpazosatne Oypre dyukinnn (By)(z). Umeem

(Bg)(p) = (A)(p) — (Ap)(p)

(0.} 2]45 P94
PN (=1)’y\ dy
= o(p)Ip| / <cosy — 2@y )y

oo

2% (o512
=120 [ (eos o) = 52 T Yoty

—00

st ynobcTBa BBeiEM 0DO3HAUECHME

[Tockosbky pacnpesiesienne P CUMMETPUYHOE, & €ro MmIOTHOCTHL ()
npu |xz| > 1 oupenensiercss dopmysnoit (1.9), To Torya BhIpaKeHUe s

byHKIIN (é@)(p) IPUMET BUJT

[pln” T
— R dy
(B2) () = 26(p) [p**" / S) s

1
—2np(p /S pyn”~ T )q(y) dy
0

00 dy
—2nd(p / S(pyn™ () g5 = 1n.p) = Bn.p) = ().
1

(1.16)

Onermy |(By)(p)| mpu |p| < nwer,
Moy mofpiaTerpaibioil hyuknuu B 11(n, p) He TPEBOCXOJUT HEKO-

TOPOIl KOHCTAHTHI, a 3HAYUT, CIIPABEJIMBO HEPABEHCTBO

|[1(n, p)| < Cl(p)p™ 0~ w5, (1.17)
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st onenku |Io(n, p)| Bocmonbayemest Tem, dro nipu |y| < 1 crpase-

JINBO HEPABEHCTBO

1 _ k2
‘S(pyn 4k+1 ) | < Cp4k+2n 4k+1 y4k+2_
Taxum obpazom, ToJIyunM

1

I (n, p)| < C|3(p)|p* 20w / v 2 (y) dy < C|3(p)|p*F 20w

’ (1.18)

Haxowner, js |I3(n, p)| umeem onenky

oo

I / pht2n - T y4l<:+2 p4knﬁy4k dy
n
(. )l 4k +2)1  ° (dk)! ) yieeees

1

< C|3(p)[p* 0w (1.19)

C yuerom (3.27), (3.28) n (1.19), okoHUIATETBHO, ONEHKA JJIsT DYHKITAN

B Ha IIPOMEXKVTKEe NS nﬁ nMmeeT BUJ
[(Be)(p)| p yTKe |p| <

(B2 (p)| < C|3(p)|p™ 20,

Tenepnb onennm |(§Zp)(p)| npn |p| = nw.

— (4k+2)

[Tockombky dyukiws S(y) -y SIBJISIETCS MHTErPUPYEMOii Ha (—00, 00),

To Torma jts |[1(n, p)| BepHa orenka

|p|n7 4k1+1
dy
S(y) A2

Ii(n,p)| = 2|3(p)||p|* ! < C13)]|p|* .

0

Ouetnn |L(n,p)|. Ecam Jy| < 1 u |p| = n@, 10 toria BbUIOIHEHO

HEPaBEHCTBO

|4k+1

2k
4k+1
Sy < 143 PE ol
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1, TAaKUM 00pa3oMm,

1

I, p)| < Cl2()|lp|*! / a(y) dy
0

< C13(p)||p| .

Hakouen, onenum |I3(n,p)|. Ecau |y = 1 u |p| > N, TO TOrA

BbBIIIOJIHEHO HEPABEHCTBO

S (pyn~ 1| < Cp'in~miyth,

CooTBeTCTBEHHO

(0.9]

I5(n, p)| < C|3(p)|p**nmr / 0 dy
1

< C13(p)||p|** .

1
OkonuaresibHO, 11py |p| = NI HoJyYuMm

(Bo)(p)| < C|@(p)|[p[*+".

Tenepb Mbl MOKeM ouennts senuuny | Bep||2,,. Umeenm
2

1Belly = [ QbIEA@Pd [ 0B ) Py

1 1
|p|<n4k+1 |p|>n4k‘+l

1 2
< [ asPy(Cpm ) dp

|p|<n4k+1

w [ arpP (et

‘p|>n4k+1

2 —~
< Ot / (1+ P 4130 Pdp. (1.20)
R
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Bamerum, uro npu [ > 0 crpaBeyinBO HEPABEHCTBO

(1 + |p|2l)p8k+4 2p8k+4
1 + |p|2+8k+4 ] o pBkH4

< 2. (1.21)

I3 (1.20) u (1.21) BBITEKAET OIEHKA

IBely; < CPn-w / (1+ [P+ |3(p) Pdp = Cn w5 [ @3 rvaeea,
R

13 KOTOPOIT HEMEJJIEHHO CJIeJIyeT YTBEPXKJIECHUE TEOPEMBI. ]

CnencrBue 1.6. Iocaedosamenvrocms onepamopos P npu n — oo
0 P! 0 6ot

cuavno cxodumea x onepamopy P', mo ecmv das mobol dynkyuu @ €

Ls(R) 6vinoaneno

1Pup — Plollr, — 0.

Joxasamesvcmeo. Tax xax oneparopubie HopMbl || Pl ||z, sz, 1 [P, L,
He OoJtblile euHuIbI, a Kjiacc CobosieBa W24k+2(R) IIJIOTEH B IIPOCTPAHCTBE
Ls(R), TO yTBep)KjeHNE CJIEJICTBUSI HEME/JIEHHO BHITEKAET U3 YTBEPIKIe-

Hust reopeMbl 1.5 u reopembl Banaxa—Ireitnraysa (cm. [24], 11.1.18). [

1.2 Cayuait m =2k — 1

B jaHHOM CJlydae MBI HE MOXKEM ONpEeIequTh nojayrpyminy P! rak, kak
9TO ObLIO CJEJaHO B TPEJbIIyIIeM naparpade, moroMmy 4To CUMBOJI CO-
OTBETCTBYIOIIEro eii 1ncesoguddepeHinaibHoro oneparopa Oyjaer nMeTh
IKCHOHEHIMabHbIE poct (cM. dopmysa 1.4). Hrobbl cipaBuThes ¢ 310
1pobJieMoit HaM MPUIAETCS BBIATH B KOMILJIEKCHYIO ILJIOCKOCTD.

[Iycts v(dt,dr) — myacconoBckast caydaitnas mepa Ha [0,00) X R ¢

MHTEHCUBHOCTDBLIO

dt dx

Ev(dt,dz) = dt A(dz) = ——.
T
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st kaxxkjaoro € > (0 onpesiesiiM CJIOXKHbBIE TTYACCOHOBCKHUE TTPOIECCHI

EX(t) m & (t), nonaras
- [ wavtso
[0,t] % [e,00)

= // zdy(s,x).
% (—00,—2]

Ormerum, 9To ipu Kaxkom ¢ > 0 caydaiinbie sesmaunbt () u & (1)
HE3aBUCUMBbI, TAK KaK OHH 3aJal0TCsl CTOXaCTUYECKUMHU HHTerpajaMi 10
HEIIEPECEKAIONIMCA MHOXKECTBAM.

Jasnee, Ipyu MOCTPOCHAM MOSYTPYHIIbl P! Hamu Gy/lyT UCTIONB30BATHCST

KOMIIJIEKCHO3HAUHbIE CJlydaitubie nponeccol o (), o_ &2 (t), o_ & (t) m

04 55_ (t)u rjue

O = €1, og_ = e 4k—1

13 Teopembr Kammbesta (eum. [26], §3.2) BbITeKaeT crpaBeimBOCTh CO-

OTHOIIIEHU

E o+ = exp (t :

d
eiPo+Y —y> p>0,  (1.22)

Q@

d
E e = exp (t / ey — Ty> p >0, (1.23)

d
E¢7o-& 0 (t MY — —y> p <0, (1.24)

A
o

. d
E ePo+ée () — exp (t / (eZpUW Ty) P (1.25)

y

—0o0

KOTOPBIE TIOHAI00ATCSI HAM B JAJbHEHIIeM.
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Hasee, aepe3 Py 0603uaunm poekTopbl Pucca, neiicrBytorime u3 Lo(R)
na npocrpancrsa Xapau H2 (Cy) u H2 (C_) coorsercrBento (1po Kiac-
cbl Xapji CM. pas/ieJl OCHOBHbIe 0003HaueHUs 1 olpejiesiennst ). Ha kiacce

dbyuxmmit Ly N Ly(R) meitcrBue mpoektopos Pucca ompepessiercs Gopmy-

JlaMU 0
o) = (Peg)(w) = 5= [ €7 Glp) (1.26)
o) = (Pp)a) = 5 [ € 3l d. (1.27)
0

Ormernm, uro GyHKIME @4 (), p_(T) AHATUTHYIECKH TPOJI0JIKAIOTCs
B BEPXHIO U HUYKHIOI KOMILICKCHbIE HOJIYIIJIOCKOCTH COOTBETCTBEHHO.

I[TocTponm Tenepn mosyrpynmy oneparopos P, nomaras mis ¢ € La(R)

(P2 ol(x) = Ef(p- * ho)(z +0-& () + 048 (1))
+ (o1 x he)(z + o &0 () + o0& (1)),

e dynxuus hi(x) onpenenena csoum npeobpasosanuem Oypne

4k—1 4k—1

—%Ipla y)’ dy —2\p|0+y ) dy
ht()—eXp<—tZ/ —tZ/ i)

J=1 "

Hecnoxuo 3ametuts, 9ro Beipaxkenue s Gyukimn bl (p) MoxkeT GBITH

HepeHI/IcaHO B BUJie
k-1

-, (4k + 1) id
hi(p) = exp —2752/00 8k+—)2]>(‘p"y) y‘iyk)

!

Onpenesiennast TakuM 00pa3oM (HyHKIHsT /ﬁé (p) stBuisiercsi GrICTPO YObI-

%=1 5 nosmmo-

Baroleil, Tak Kak kKoa(duienT upu crapiieii crenexu |p
Me, KOTOPBIfi CTOUT IO/ 9KCIIOHEHTO, paBeH HyJTio, a Ipu cremend |p|*+ 2
OTpHUIlaTe e,

CupaBeJiJIuBbI CJIEJIyIONINe YTBePXK ICHHSI.
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JIemma 1.7. /lasa arb6oz20 2 > 0 cnpacedausv nepasencmea
. ak—2
1. Re (e”"+ - > M) <0,

j!
=0’

| =2,
2. Re (e‘”" = (_M—U)) < 0.

1
j=0
Hoxasameavemeo. JlokazaTesibCTBO JIEeMMbI IPUBEIEHO B JuccepTaiinu [ia-

ronosoit M.B. (cm. [9], crp. 66). [

Jlemma 1.8. 1. Jlaa aoboz0 € > 0 onepamop P! asasemca ncecdodud-
Ppepernyuarvrvm onepamopom 6 Lo(R) ¢ cumeorom LL(p), 20e

—&

r ; d . d .
Li(p) = exp (75/ (eﬂmg‘y — l)yTyk) -exp (t / (eﬂlp\ﬂy _ 1)37:1) Bt (p).

—00

2. Jlas 100wz t, £, p cNpasediuso Hepasencmaeo

[LL(p)| < 1.

Hoxazameavcmeo. Ucnonbsys onpejienenne npoekropos Pucca (1.26), (1.27),

npejcrasuM Bhipaxkenue 1 dbynxuun [P o|(z) B BUge

1 i PN —1ipT —1ipo —ipo & (H) T
Plile) = 5 [ @)e ™ Be OB E R ) dy
0
| 0
+ o / 2(p) e~ R o062 (1) |y o PO (1) /;;Z (p) dp.

Hasee, uz (1.22), (1.23), (1.24) u (1.25) BBITEKaeT, 910
PLole) =5 [ e 30 L) dp

Taxum o6paszom, oneparop P! sasercsa ncenomuddepenmanbabiM

oneparopom B Ly(R) ¢ cumsosiom Li(p).
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3 nemmbr 1.7 ciaepyer cnpaseyinBOCThL HEPABEHCTBA
ILi(p)| < 1,

YTO 3aBepIIaeT J0Ka3aTeJbCTBO YTBEPXKIECHUS 11.2.

]

Hanee, mpu Beex t > 0 u € > 0 onpegennm HyHKIHUIO U (t, x), moaras

u(t, z) = [PX ] ().
Cuteiy oM maroM Mbl MMOKaXKeM TO, 9TO €CJI HadajbHas (DYHKIUSA
npunajiexxut Kiaaccy Cobosiesa, WQHM(R) LIPA HEKOTOPOM HEOTPUIATE/ b
HOM 11eJ10M [, TO Tora ipu € — 0 dbyHKIMs u.(t, -) IO HOpMe MPOCTPAHCTBA,

W(R) npubmmxaer pemenne u(t, ) = Ply samaan Komm (1.1).

Teopema 1.9. Ilycmov | € Z, k € N. Tozda cywecmsyem xoncmanma
C > 0 makas, wmo das mobot dynryuu o € WITH(R) u ecex t > 0

6UINONHEHO HEPABGEHCTNGO

lue(t, ) = ult, ) llwy < Ctellpllypgea-

Joxazameavemeo. Oboznaaum yepes G, reneparop nosyrpyiibt PL. [Tpu-
merum (opmyry (1.6) masa cayaasi, korma A = Ge, A+ B = — Ay 1.
Bamerum, yto npu Beex t > 0 m d € Z, cupaBejyiuBbl HEPABEHCTBA
e lwgwe < 1 (cm. semma 1.8.) u \|et(A+B)HW2d_>W2d < 1 (e
nceBiogud hepeHImaIbHbIi ornepaTop, CUMBOJ KOTOPOI'O 1O MOJLYJIIO He
npesocxouT 1). Takum obpasoM, jiist JOKA3aTeILCTBA Y TBEPK ICHUsT T€O-
PeMbl JIOCTATOMHO HOJLY U Th OLEHKY ONepaTOpHON HOPMbI || B[y rva_yp.

Bbrancium npeobpasosanue Oypoe dynkiun (By)(z). Umeem:
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4k—2 .. \;
~ _ i (12)7\ dz
=g [ (-1 X ) 4

rjie
m(4k — 2) B
%—_1;77}7 2] = E‘P‘}

U{z € C: —¢|p| <Rez <¢lp|, Imz =0}

”yl:{zeC:argze[

T
U{z cC:argz € {O, m}, 2| —6\p\}.

Im 2

) ®

\\ ///7_[_
/ [ /’\4k1\ Re 2

—¢pl elp|

Puc. 1: Konrtyp uaTerpupoBanus ;.

OueHuM MO/1yJib COOTBETCTBYIOIIEI0 BhIpazKeHUsl B JIBYX Cydasx: €|p| <

luelp| > 1.

Ecnu €|p| < 1, To Torma crnpaBeyinBO HEPABEHCTBO

(Be)(p)| < Ce|3(p)p™.

B nporusnoM ciaydae (e]p| = 1) umeem

71 =1

(Be)(0)| = |8(p)||p]* < O™ Y2(0)].
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Terneps Mb1 MoxkeM ouennth Benanny | By||?,. Vveem
2

1Bl = / (1+ pI*)(By) (p)[*dp + / (1+ pI*)(By) (p)*dp

|p|<é |P\>%
21 ~ 4k 2 21 ~ 4k—1 2
< [ av® (o) d+ [+ (cEep) @
p|<t lp|>1
< 0252/(1+ pI*)p™(2(p)|dp.12(p) Ip*™. (1.28)
R

Samernm, aro npu [ > 0 crupaBeinBO HEPABEHCTBO

(1t [P _ 2™
1+ [p20+4k) S 1 4 pok

< 2. (1.29)

Torpa uz (1.28) u (1.29) BbiTekaeT OleHKa,

Bl < O [+ PR dp = 2ol
R

U3 KOTOPOII HEMEJJIEHHO CJIeJlyeT YTBEPXKJICHUE TEOPEMBI. ]

Cnencreue 1.10. Cemeticmeo onepamopos P! npu e — 0 cuavho cxo-
dumea x onepamopy P', mo ecmv das moboti dynxuyuu @ € La(R) 6wi-

NoAHEHO

t  pt
H}2¢7 P)¢HL2é:%(l

Joxasameavcmeo. Tax xkax oneparopubie HOpMbl || Pz, -z, 1 [|PY||,-L,
He Gosbie eaunuipl, a Kiace Cobonesa Wak(R) mioren B mpocTpaHcTBe
Ly(R), 10 yTBepXK/JIeHNE CJECJCTBUST HEMEJIJIEHHO BBITEKAET U3 YTBEDIKjie-

Hust reopembl 1.9 u reopembl Banaxa—Ireitnraysa (cm. [24], 11.1.18). [
Takum 00pa30oM, Mbl [HOJIYUYHJIN BEPOSITHOCTHOE IIPEJICTABICHNAE
u(t.x) = (W) ImE [(p_ » h)(x + 0_€7 (1) + 046 (1)
+ (o x W) (2 + 0. &8 (1) + 062 (1))]

ol



nuist periernst 3agaqu Ko (1.1).

CieLyo1yM 11aroM Mbl OCTPOMM aHAJOTUYHOE BEPOATHOCTHOE MPE]I-
crapjieHne UCXOHOM 3aauu Ko, HO yKe B BUJIE allllPOKCUMAIMKA MATE-
MATHUECKUMU OKUJAHUSIMI (DYHKIMOHAJIOB OT CJIYUYARHBIX OJIy K IAHMUI.

Iycrs {€;7}32) — nocie0BaTebHOCTh HE3ABMCHMBIX OJIMHAKOBO DAc-
Npe;Ie/IEHHBIX HeOTPUTIATEBHBIX CTyYaliHpx pesmyun, a {€; 152, — 1o-
CJIEJIOBATEJIbHOCTD HE3ABUCUMBIX OJIMHAKOBO DACIIPEICTEHHBIX HEIOJIOK M-
TEJIBHBIX CIydaiinbix Beanunn. [lorpebyeM JOMoJHUTENLHO, 9TOOb CIIy-
qaifibie BemTuHbL nocaeoBatepuocTei {€715%, u {€5 132, Goum nesa-
BUCUMbBIMU.

[Tpe ook, o pactpeenenue PE ciydaiinoil Beamanms & nMe-

eT MJIOTHOCTD ¢4 () ¥ CHpPaBe/INBBI COOTHOIICHHST

q-l—(x) - q—(_x)a r >0, (130)

g (x) = %(1 +h(z), &> 1, (131)

e dynxius h(z) yrosiaersopser nepasencrsy |h(x)| < C 28 jns neko-
Topbix 3> 1, C' > 0.

Hoist Beex j < 4k—2 qepes ,ujc = E(fli)j 0003HaYUM MOMEHT 1OPSIJIKA ]
CJIy4aiiHO! BEJTMYMHBI ffE N3 dopmyssr (1.30) BeITEKaeT crpaBeinBOCTD
COOTHOILIEHHUSI ,uj = (—1)ju;, j < 4k —2.

Jnst moboro n € N onpejesium JiBa ciydaiinbix mpomnecca (- (), mo-

Jlarasd

n(nt)
GEt)y =n"m1 ) &, (1.32)
j=1

rie n(t) — cranpaprusiit (En(t) = t) myacconoBekuii mporiece, He 3aBUCS-

mwii o1 moceoBareprocTei {17122 n {5 152,

02



[laJiee, Mpu TTOCTPOEHUH TTOJIYTPYIIIIHI Pﬁ HAMU OY1yT MCIIOJIb30BATHCSI

KOMILJIEKCHO3HAUHbBIE Ciryuaiinbie nponeceot oy (F(t), o ¢ (t), o_ (7 (t) u

0+ C; (t)a rjie

T _
0‘+ = €4k71’ O_ = ¢ 4k-1

13 Teopembr Kammbesta (eum. [26], §3.2) BbITekaeT crpaBeinBOCTh CO-

OTHOIIIEHU

Eeipmr(;f(t) = exp (m‘/ (eipyom‘m o 1)q+(y) dy), p > 0, (1.33)
0

0
E 7 ) = exp <nt / (e " = 1)g (y) dy), p>0, (1.34)
Eeipa-—gr—i—(t) = exp (nt/ (eipyg_n_m — 1)(]+(y) dy); p < 07 (135)
0

B e+ (1) Z exp (nt / (eProm 1 —1)q_(y) dy>, p<0, (1.36)

—0o0

KOTOPBIE TIOHAI00ATCSI HAM B JaJbHEHIIeM.

Jnst kaxgoro n € N HOCTpOUM MOJIyTpyIILy onepatopos Pl momarast

st p(x) € Lo(R)
[Py ¢)(2) = El(py #7p) (2 + 001G (1) +0-(; (1))
+ (oo xrp) (@ + oG (1) + oG, (1)), (1.37)

e dynxuus vl (x) onpegedssiercsa csoum 1peobpasosatuem Pypbe

4k—2
py |p|0+n W)
(p)—exp<—ntz g

4k—2

exp<—nt2“9 ‘p‘a n 1)j>. (1.38)
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Onpeenénnas Takum obpazom GyHKIwWs 7 (p) aBageTCst OLICTPO yObI-
Balolei.

CripaBeIJINBO CJIe/IyIOIIEee yTBEPK IeHUE.

Jlemma 1.11. 1. Jas 06020 n € N onepamop Pl asasemca ncecdodud-

Ppepenvuanrvnvim onepamopom 6 La(R) ¢ cumeonom ML(p), 2de

M} (p) = exp (mf (e plyr—n H0 1)61+(y)dy>

0
- exp (nt/ (e_”p'ymn_m - 1)q_(y)dy> -7 (D)

2. JTas aobuix t, n, p cnpacediuco nepasencmeo
| ML (p)| < 1.

Joxasamesvcmeo. Venosbsyst onpenenenne mpoektopos Pucca (1.26), (1.27),

npejcrasuM Bhipaxkenue s dynxuun [P o](x) B Buge

1 OO/\ —ipr —ipo —ipo4+(,,
FLolw) = 5= [ B e mBe SO B GO R () dy
0

n

1 . o .
b / B(p) e i7" B e 776 O | ¢~ osGEO 7 (1) dp,

U3 coornomennit (1.33), (1.34), (1.35), (1.36) BbiTekaer, 4To

7

Pele) =5 [ €7 o) Min)dy

W, COOTBETCTBEHHO, omeparop P! smasercs ncesnoanddepennnanbubim
oneparopom ¢ cumsosiom M (p).

U3 siemmbl 1.7 caepyer cripaBe/inBOCTh HEPABEHCTBA,

My (p)| <1,

o4



YTO 3aBepIaeT JI0Ka3aTelIhCTRBO 1.2 JIeMMHbI. []

Hagee, mpu Beex t > 0 un € N onpegesum GyHKIHO Uy, (¢, ), mogaras

un(t7 .%‘) - [Pth 90] (.%‘)
Cuieiy oM maroMm Mbl MTOKaXKeM TO, UTO eCJin HadajbHas (PYHKIUSA @
npunajexxut Kiaaccy Cobosena W2l+4k(R) [P HEKOTOPOM HEOTPHUIIATE b
HOM 11eJIOM [, TO TOrja 1ipu 1. — 00 (MYHKIUsE Uy (t, +) 110 HOPME IPOCTPAH-

crea Wi(R) npubmmxaer pemenne u(t, ) = Ply samaan Komm (1.1).

Teopema 1.12. I[Iycmov | € Zy, k € N. Tozda cyuecmsyem xoncmanma

C > 0 maxas, wmo das moboti dynwyuu @ € WITH(R) u ecex t = 0

6V NONHEHO HEPABGEHCTINGO

1
Juats ) =t )lwycry < Ctn™ Tl

Joxasameavcmeo. Oboznaunm yepes G, reneparop nosyrpynmbt Pt Tpu-

menuM dopmyiy (1.6) mis coayuas, korma A = Gy, A+ B = —Agy—1.
Bamerum, uto npu Beex t > 0 u d € Z, cupaBeIuBbLl HEPABEHCTBA
e g e < 1 (em. memma 111) [l B)[jpa o <1 (e7Monmr -

ncesogudg GepeHuaabHblil onepaTop, CUMBOJ KOTOPOI'O II0 MOJLYJIIO He
npeBocxoaut 1). Takum obpasom, Jijist JTOKA3ATENbCTBA YTBEPKICHIU TEO-

PEMBbI JIOCTATOYHO MOJIYYUTh OLEHKY ONEPATOPHONR HOPMbI HBHW21+4k R
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Boraucanm npeobpazosatne Oypre dyukinnn (By)(z). Umeem

(Be)(p) = —(Azp190)(p) — (A2)(p)

o ] (o5 )

—00

4k—2

o~ ilplyo n_ﬁ iplyo n_é“c%l /
0

)|
/=0 S’

0 4k—2

— n3(p) / (€i|P|ya_n4kll B Z (i’p’yg—n‘“"l‘l)j)q_(y) dy. (1.39)

j=0 J!

—00

st ynobcTBa BBeEM 0DO3HAUECHHE

. 4k—2 (ZZ)]
S(Z)ZBZZ—ZT, ZGC
7=0

Hajiee, ¢ yaéTOM COOTHOIIEHUH JIJIsT TJIOTHOCTEN pacipeeseHnii ciy-
. +
gaitubix Besuard & (popmyabr (1.30), (1.31)), Beipaxenue (1.39) mMoxer

ObITH HEPEINCAHO B BUJIE

(Bo)w) = -0l [ 56) 5

0
- (n 2p) | S(Iplyosn™77) g4 (y) dy-+n 3 (p) / S(|plyo_n"77) q_(y) dy)

-1

1 d A 1 d
Slplyoren™ ) bly) S+ 3(0) [ S(plyon ) by y—y)

—00

- Il(nap) - IQ(TL:p) o ]3(71,]9)-

- (n 50)

»—\8 O\H

rie

w(4k — 2)

Ak — 1 ’W}’ 2| = ,p|n—4,£_1}

vgz{zec:argze{

U{zeC: —|p|n*4k#—1 <Rez < |pln %71, Imz = 0}
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U{z eC:.argz € [0, ﬁ},w = ‘p‘n_zlkll}'

Im 2

) ®

\\ ///7_[_
/ [ /’\4k1\ Re 2

~lpln~w [pln

Puc. 2: Konrtyp uaTerpmpoBanusd vs.

- 1
Ouenum |(Bp)(p)| B ciyuae, korya |p| < n-1.
[Tostyuum ouenky st |I1(n, p)|. Momysb nojpiarerpaibuoit GyHkiuu
HE MPEBOCXOJUT Ha KOHTYPE MHTETPUPOBAHHA 7o HEKOTOPOIl KOHCTAHTHI

C' > 0. Takum oOpa3oM, CIpaBe/lJINBa OICHKA,

[11(n, p)| < C1&(p)|p* 7.

Huist ouenku |Io(n, p)| Bocnosib3yemest rem, uro upu |y| < 1 umeer

MECTO HEepaBEHCTBO

4k

‘S(‘p\y@:?fﬁ)‘ < Cp**p= w1,

Taxum obpazom

1

|I(n, p)| < C1&(p)|p* 7.

Hakoner, jist |I3(n, p)| umeem

x Al — 4k 4k—2 A 4k—9
. ) pn w1y P ni-1y dy
Ianap)] < CIp()] [ min (B0 P ) B
1

o7



—~ 1
< Clg(p)p*n~m.

1
OkoHUATEJBLHO, TIPY |p| < NTF-1 MOJTydUM

(Bo)(p)| < C|3(p)|ptn~ 7=,

Onenum \(é:o)(pﬂ B catydae, Korja |p| = n#1,

Host |1 (n, p)| nveem

N dz
‘4k: 1 /S(Z)ﬁ

2

[Li(n, p)| = [2(p)lIp < Clp* &)

Onennm rereps |I5(n, p)|. B ciaydae econ BeioHeHo HepaBeHCTBO |y| <

1, BepHa oreHka

_1 C _
[S(plyon”#) < —|p[*.
Takum obpazom
[Io(n, p)| < Clp|™ (D). (1.40)

Hakower, onennm |I3(n, p)|.

Bocnosibayemest tem, ato mpu |y| > 1 umeer Mecto HEpaBEHCTBO

|S(|plyosn )| < Cna=t [p| =2y =2,

Torma

o

~ _ _1 _9_
[ I3(n,p)| < C|@(p)|p*"*na= /y >y
1

< C13)||p|* .

OxonuareabHo, IpHu |p| > NTE-T OlLEHKa Jlsl (é:p)(p) IPUMET BHU/T

(Bo)(p)| < C|@(p)||p[*.
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Ternepb MBI MOXKEM OTCHUTH BEJUIUHY HB(pH%Vl
2

1Bl = / (1+1p)|(Be) (p)[2dp+ / (1+1p)|(Be) (p)|*dp

pl<n T plzn T
2
~ __1
< [ aspry(clpmltnw)
pl<n -1
2
w [ ar P (ClRwlib )
plzn 1

< Cnts / (1 + o5 3(p)2dp. (1.41)
R

Samerum, uro 1pu [ > 0 crpaBe/JinBO HEPABEHCTBO

(A o
1+‘p‘2l+8k \1_|_p8k< ’ ( : )

Torga u3z (1.41) u (1.42) BbITeKaeT oleHKa,

Bl < Ot [ (L4 P09 Pdp = Oy
R

13 KOTOPOIT HEMEJJIEHHO CJIeJlyeT YTBEPXKJIECHUE TEOPEMBI. ]

CnencrBue 1.13. Ilociedosamenvrocms onepamopos Pﬁ npu n — 00
CUNDHO CTOJUMCA K One Pt %) 601

pamopy P', mo ecmv daa a0601 dynruyuu @ €
Ls(R) 6vinoaneno

1Pup = Plollr, — 0.

Joxasamesvcmeo. Tax xax oneparopubie HOpMbl || P\ p, r, v || PL||L,- L,
e Gosbiie eauauipl, a Kiace Cobonesa Wak(R) mioTen B mpocTpancTse
Ly(R), 10 yTBepXKIeHNE CJEJCTBUST HEMEJIJIEHHO BBITEKAET U3 YTBEPIKjie-

Hust reopembl 1.12 u reopembl Banaxa—IIreitaraysa (cm. [24], I1.1.18). [
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I'1aBa 2

AHaJIOr JOKaJHLHOTO BpeMeHH JJIsi MPOo-
1ecca KOMIJIEKCHOIO OpOYyHOBCKOTO JIBU-

2K€eHUu4d

B wacrostieit riaBe OyaeT omnpejeséH aHaJor JIOKaJhHOTO BPEMEHU JIJIst
poIecca KOMIJIEKCHOrO 6pOyHOBCKOTO jiBnkenust o w (1), 7 = 0, rae w(T)
— CTaHIAPTHBIM BUHEPOBCKUI IIPOIECC, & 0 — KOMILJIEKCHOE YHUCJIO0, YI0BJIe-

TBOPAOLIEE YCJIOBUAM

0 <arg o < n |o|=1.

s
4
CoorsercrBytonuii anajgor m(t, x) yHacaegyeT HeKOTOPbIe BayKHbIE CBOii-

cTBa OPOYHOBCKOI'O JIOKAJILHOTO BpeMeHu. B wacTtHOCTH, Oy/IeT 1moka3aHo,

qr0 Jiist pertenus u(x) auddepeHnuaabHOr0 ypaBHeH s

—5u'(x) = f(z), [f(z)€ LyR)

a? &

(B cydae, Korja f JexKUT B 00JIaCTH 3HAYEHHI! ollepaTopa — % 4 CIpa-

BEJIJINBO BEpOsiTHOCTHOE TipescTanienne u(x) = lim E f xm (¢, x).
t—00
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2.1 KoHcTpyKIiusg aHaJ0ra JOKAJbHOTO BPEMEHU JIJisd

nponecca KOMIIJIEKCHOTO 6pOYHOBCKOI‘O ABUN2KEHU A

[Tycrs w(T), 7 = 0 — cranjapTHbIi BUHEPOBCKU 1IPOLECC, a 0 = a + ib —

KOMIIJIEKCHOC YMCJIO, YAOBJIETBOPAIOLIEE YCJIOBUAM

0 <arg o < u o] =1.

AN

Hanee, pu Bcex t > 0 u 7 € (0,t] onpenenum byukmuio h(t, 7,-) c
IOMOIIBIO ¢ npeobpasopanns Pypoe

~

h(t77_?p) - H(tap) ) :H-[O7 - ](|p|)7 (21)

T

rie dbyukiusa H(t, p) onpejenena hopmMyJioit

1, p| < &=
H(t7p) = to2p? vh .

loe 2 1

——, |p| = 7

1—¢ %

Ormernm, 9T0 onpejiesiéntast TakuM obpasom byukius h(t, 7, ) j0-

IYCKAeT aHAJMTUYCCKOE IPOJOJKEHUE Ha BCIO KOMILIEKCHYIO ILJIOCKOCTD

Kak Teaas (DYHKINSA SKCIOHEHIMAJLHOrO THIA. TakKe OTMETHM, 49TO B

ciydae o2 = i, Gynkuus h(t, 7,-) onpejenena TOILKO i 3HaUCHUi ¢ #
2V2rk, k € N,

Hauee, onpejiesum ciyuaiinyto dyuxiuio m = m(t, x), (t,x) € [0,T] x

R, nosiaras
t

m(t,z) = / h(t, 7, v — ow(T)) dT. (2.2)

0

Ecin 0 = 1,10 h = 1 u, coorsercrsento, gyukius m(t, ) copnajaer
¢ 6GPOYHOBCKUM JIOKAJLHBIM BPEMEHEM.,
Hwxe Mbl mokaxkem 10, 9t0 Gyuxuusa m(t, r) BHICTYAET €CTECTBEH-

HBbIM aHaJIOI'OM JIOKaJIbHOI'O BpeMEHM [JId KOMIIJIEKCHOT'O BHMHEPOBCKOI'O
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nporiecca 0 w(T), 7 > 0, B 9aCTHOCTH, JIJIsi Hee BBITOJHEHO COOTHOIIEHNE,
anasornanoe (0.14).

Cuiety oIyM 11aroM moKaxKeM, 4ro uHTerpad (2.2) cXojuTes ¢ BeposT-
HocThio 1 mpu Becex t > 0 u x € R.

CupaBeJJIuBO Cjeayiolee yTBepK JIeHue.

Jlemma 2.1. Humeepan (2.2) ¢ eepoammocmovio 1 cxodumea npu ecex

t>0uxeR.

Hoxazamenvcmeo. C yuérom (2.1), (2.2) Moxker ObITh HEPEHUCAHO B BUJIE

t

m(t,x) = / (% / H(t,p) e wl=ow(r)) dp) dr. (2.3)
° Pl<v/i%

[IpencraBum wnTerpas (2.3) B BUJE CyMMbI JIByX HHTETDAJIOB

70

1 .
m(t,z) = / (% / H(t,p) o~ p(x—ow(r)) dp) dr

0 Ipl<\/75
t

1 .
+/ (— / H(t,p) e Pla—owlr) dp) dr
2m

o pl</i%
= L(t,z) + L(t,x), (2.4)

re 0 < 1y < % — HEKOTOPOe YHUCJIO.

Nnrerpan I5(t, x) ¢ BepositnocThio 1 exomurest mpu Beex t > 0u x € R,
TaK KaK IOAbIHTEIPAJILHOE BbIPasKeHue ecTh orpaHudeHHas QyHKIMs, a
MHTEIPUPOBAHUE BEJAETCs 110 MHOXKECTBY KOHEUHOM Mepbl.

Tenepb nokaxem, uro unrerpas I1(t, ) rakxke cxojurcs. 3amerum,
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41O npu Bcex 7 > () BepHA OlleHKa

1 .
— Hit —iplz—ow(7)) 4
pl<v/35

<or [ @RI dp
rie C(t,b) = sup |H(t, p)|.

21
7 t
<2C(t,b)eVer vWl [ (2.5)
bt
pER

Ipl<v/35
aJiee, onpeiesnM HOBYIO (DYHKITUIO

[w(7)|
A(T,w(T)) = — (2.6)
7Inln(>)
Ormernm, aro mipu Beex 0 < 7 < 719 Beinosueno A(r,w(7)) < C, e
C' > 0 — mekoropas (ciydaitnass) koncranTa. COOTBETCTBYOIAS OIEHKA,
SIBJISICTCS CIIE/ICTBUEM JIOKATHHOTO 3aKOHA MOBTOPHOTO Jiorapudma. Taxum

o0pa3oM, ToJIyIuM

1 .
o H —ip(x—ow(T))
pl<v/i=
< 20(t,b) eViAFwE) il \/bz
-

<20(t,b) V5OV ,/bi. (2.7)
T

C yuérom (2.7) onenka jst yuxmu |I1(t, x)| npumer Bu

t o :
‘Il(t7aj)| <4C(t,b)\/%/ e\/;c\/md(Tl/2)

0
t i 1y 7
=2C(t,b) \/%/ e 2°¢ +y+\/gc\/§dy, (2.8)
Yo
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rie yo = Inln(1/7).
13 onenku (2.8) caepyer cxomumocts unrerpana I (t, x).

]

Takum o6pazom, waTerpas (2.2) cxomuresi ¢ BeposiTHOCTHIO 1. 3 Teo-

pevbl OyOuHM CiieyeT ClpaBeIInBOCTh COOTHOIIEHMSI

'

/( / H(t,p)e ip(z— ”w())dp)dT
2T

0

pl<v/5&
t-r(p)

1 7 . |
= / H(t,p) - (/ e””w(T)d7'> e P dp. (2.9)
2m
—00 0

Hagiee, oupejiesium cséprky dbyukiuu h ¢ dyuxuueii f € Ly(R), no-
jarast
(h* f)(t,T,2) = / h(t, 7, x —y) f(y) dy. (2.10)
R

Baxuo ormeruts, uro cséprka (h x f)(t,7,-), 0 < 7 < t jomyckaer ana-
JIUTHYECKOE IMPOJIOJIKEHNE Ha BCIO KOMILIEKCHYIO ILJIOCKOCTH, IIOCKOJIbKY
dbyukuust h(t, 7,-) umeer GUHUTHDBIH HOCHTEb TPU KaxKIoM T > 0,

CripaBeIJINBO CJIeIyIOIee yTBePK IeHne.

Teopema 2.2. 1. Jaa mobozo t > 0 u o € [0,3) pymwyua m(t,-) c
gepoammuocmuio edunuya npunadsescum waaccy Coboresa Wit (R).
2. Ana mobot pynxuyuu f € Lo(R) swnoaneno coommowenue

t

[ nerovmyir= [ fomtgd. @1

0

Joxazameavcmeo. Jjist TOKa3aTEILCTBA TIEPBOrO YTBEPXKICHUS TEOPEMbI
JIOCTATOYHO 110Ka3aTh, 4TO MareMarnieckoe oxxujanue B ||m(t, )HWa KO-

rewno mpu Beex 0 < o < 3/2.
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BaMeTI/IM, qTO €CJIM MbI ITOKa>KEM CXOJIMMOCTb MHTEI'PaJia

t-r(p) ,
[ = / W@E‘ / eiww“)dT] dp. (2.12)
Ip|>1 0

TO TOI/IA KOHETHOCTH COOTBETCTBYIONIEIN0 MATEMATHIECKOTO OXKUTAHNsT OY-
JIeT JIOKa3aHa.
Hawm nonaioburcsi ciejyroiasi JIerko npopepsieMasi (popMyJia, UMEHHO,

Jist Kaxkoit pynkiuu @ € Ly [0, ] cupaseyiuBo cooTHOIIEHME

[ et

Berauesnm mMaremarndeckoe oxujanue, crosimee B dopmyre (2.12).

) / Relp(r)o(m)|dndr.  (213)

O<m<m<t

Ucnonnayst (2.13), nosydaum

tr(p) 2
E / ePow(7) dr
0

— 2. Re / E i (w(m)-u(m) B o=2000) g dr,

(2.14)
O<mo<m <t-r(p)
tr(p) tr(p)
_p262(f1772) 2p212
=2. Re e 2 dr | e” P 2 dm.
0 T2
aJjiee, 3aMeTUM, UTO BBIIIOJHEHO HEPABEHCTBO
t-r(p) L, _pzaz(t,T(p)_Q)
_pPoi(r1—79) 2|€ 2 — 1| 4
Re e 2 dn < 5 < - (2.15)
p p

T2

Ucnonbsys (2.14), (2.15), a Takxke JIETKO TPOBEPSIEMOE HEPABEHCTBO

1
T’(p) 'p2 < 57
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MOJIyIUM OIeHKYy nHTerpaJjia [

t-r(p)
2,2 4 1 2,2
2bp7'd dp = — prt'T(p)_ld
/ N 2a( / T) P =32 / p[+—2 (€ ) dp
Ipl>1 Ip|>1
et /”42adp<oo
Ip|>1

Tenepsb 0KaxKeM BTOPOE YTBEPXKICHIE TEOPEMBbI.
O6oznaunm uepes fi(x) ceéprky aapa Jupuxie dy(x) = 71 (sin (Mx) /x)
¢ dyuknueit f(x)
fau(@) = (0ar * f)(2).
Hasiee, npeobpasyem Jieyto dactb dhopmydibl (2.11). Ucnoansyst (2.1),

1OJLy YU M

t t

/(h* N, mow(r))dr = lim | (hx fy)(t, 7,0w(T))dr

M—o0
0 0
t

1 -~ .
— 71 = —ipo w(T)
g [ (5 [ HeR T e )b
0 |p| <min ( M\/I
t-r(p)
_ - —ipow(T)
]\}gnoo27T / f </ c dT) dp

0

t-r(p)

_ % 7 Flp) H(t,p) - ( / ¢mipow(7) dT) dp.

0
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C apyroii cTroponsl, st mpaBoil qactu (2.11) nosydwm

/ fy) m(t
R
t-r(p)

- [l e (] o) o]

& oo ([ emre)o
)

Caencrue 2.3. Ilpu s¢cex t > 0 dynxuyua m(t,-) ¢ eepoammocmoio 1

asasemes 2éavdeposcrot; ¢ nokasamenem o € (0,1).

CJie/ly1omum marom nokaxkeM, 9to GbyHkiwst m(t, ) MoXKeT ObITh HC-
[0JIb30BaHa IPK OCTPOCHUK BEPOSITHOCTHOTO IPEJICTABJICHUs PEIeHUs]
2
ypasuenns —% u"(r) = f(x), = €R.

CrpaBeJInBO CJeayiolee yTBepXK IeHue.

Jlemma 2.4. Ilpu xaosrcdom t > 0 cnpasedauso coommowenue

t

Em(t,z) = (L) lim E /5M(:U — ow(T))dr, (2.16)

M —o0
0

ede Op(x) = SinfTMx) — adpo Jupuxae.

T

oxazameavcmeo. Tlokaxkem, uro npu kaxkjom t > 0 pyHkus

t-r(p)
T?L(t,p)zﬂ(tp)-(/ ”’”w”df)
0

npunajiiexut kiaaccy Li(Q2 x R, P X mes), rjge 2 — BeposrHocTHOE T1PO-
CTPAHCTBO, Ha KOTOPOM 3aJiaH BuHeposcekuii npouecc w(t), 7 = 0, P — Be-
POSAITHOCTHASI Mepa, ONpeeJeHHas Ha DOPEJEBCKUX MOAMHOXKECTBAX TIPO-
crpaHcTBa {2, mes — Mepa Jlebera, onpejenéanas Ha OOPEIEeBCKUX TOMHO-

x)ecrBax R.
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[Tokaxxem KOHEIHOCTh MHTErpaJia,

I= [ |at.p)ldpdp.

RxQ

Ucnonbsyst nepapencTo Kotu-ByHsikoBckoro, mnojiyaum

t-r(p)
I = lim \H(t,p)\-E‘/ e dr| dp
M—o0
Ip|<M 0
t-r(p) 9¢ 1
2
< lim \H(t,p)\-(E‘ / (™) 7 ) dp
M—o0
lp|<M 0

rie C' > 0 — HeKoTOpast KOHCTAHTA.
Borancanm maremarndeckoe oxunanue Em(t, x).

Ucnombays (2.9), a TakyKe COOTHOIIEHUE

ag

Ee?v() = =™57 7 >0, peR,

¢ yaérom TeopeMbl OyOUHU MOy IUM

00 t-r(p)
1 :
Em(t,z) = E—/Htp (/ eipow(r dT)eprdp.
27
—00 0
t-r(p)
1 .
_ H(t,p)( / Eezpow()dT)e—szdp
2T
R 0
o0 t02p2
1 e 2 —1
= - Tt dp. (2.17
7mg/e = p. (2.17)

C Apyroit cropoHbI, ¢ YIETOM BblparkeHus Jijisi ipeobpazopanns Oypbe
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spa Tpmce 531(p) = 1i_ar ) (p), oy
t
(L2) lim E /(5M(x—aw(7))d7
M—00
0
t X M

_ : - —ipx ipow(T)

(Lz)]\/}linoo (27r / e " Ee dp) dr

0 -M

_to%p?

[Tokazkem Terepb, 4T0 UMEHHO TaKO! c110cob peryJisipusaliuu QyHKIO-
HasibHOrO uHTerpasa (0.17) spisiercst Hanbosiee eCTeCTBEHHBIM, TOCKOJIBKY
MOCTPOCHHAST TaKUM 00pa3oM ciydaiinast hyukiws m(t, ) Hacjemayer oj-

HO BayXHOE CBOMCTBO JIOKAJbHOI'O BpEMEHHN BHMHEPOBCKOI'O IIPpOIECCa.

2.2 Teopema 0 BepOdATHOCTHOM IIp€/ICTABJIEHUN

CripaBeUIMBO CJIe/IYIONIEE yTBEPXK JICHUE.

Teopema 2.5. I[lycmo dynryus f € Lay(R) ydosaemsopaem coommowe-

HUAM

1. [ f(x)dx=0,
[

2. [ zf(x)dx =0,
/

3. / |f(z)] (1 + 2?) dx < .
R

Onpedeaum Pynryuro u(t,x), t >0, x € R, nosrazan
u(t,z) =E fxm(t, z).

Tozda
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1. B cayuae Reo? > 0 cywecmeyem pasromepnviti no x npeden

lim u(t,z) = u(x), (2.18)

t—o0
2@6 ¢ym€uuﬂ u(:z:) ABAACINCA €0UHOm66HHT)LM PeUWEHUEM YPAGHEHUA

0.2

-5 u'(z) = f(z), ze€R,

ydosaemeoparowyum yeaosuro u(x) € Lay(R) N Loo(R).
2. B cayuae Reo? = 0 nompebyem donosnumenvno, wmobvi Gynsyus
f € Lay(R) nomumo coommowenut 1) u 2) ydosaemeopanra maksice coom-

HOWEHUAM

4. 2% f(z)de =0

/
E[x?’f =0
[

o

6. [ |f(2)| (142" dr < oo

B smom cayuae npedea (2.18) cywecmsyem, Ho moavko 6 cMbicae nomo-

yeynoth cxodumocmu.

Hoxazameavcmeo. Ucnonnbsys (2.17), nepernuiieM BbipaxkeHue Jist hyHK-

v u(t, r) B BUIE

ult, z) = / f(x — ) Em(t,y) dy

R



v fo(p) =€ f(—p) - npeobpasosatme Oypoe dynunn f,(y) = f(z—y).

Takum 0O6pa3oM, BbIparkKeHue Jijisi (byHKLU/H/I u(t, x) upuHuMaer Buy
u(t, ) / Fp et =L i dp (2.20)
> : :

Hanee, 3amernm, 970 QyHKIUS f( ) YIOBJIETBOPSIET ACHMITTOTHIECKO-
MY COOTHOIIEHHIO | (p) = O(p?), p — 0, 9To ABIAETCS CICACTBUEM YCIIO-
puit 1), 2) u 3). Takum obpasom, uarerpas us dopmyiibl (2.20) Moxer

ObITh LIPEJICTABJIEH B BUJIE CYMMbI JIBYX CXO/sluxcst uuarerpaios I1(t, z) u

]2(33‘)
Nnmeem
1 f t02p2 . 1 f .
u(t,r) = — 2/ (]2)) e 2 e Pdp+ 2/ (]29) e P dp
O TOo
RV RV (2.21)

Bamerum, uro dyukius Io(x) spasiercs pemenueM juddepeHiyualib-
a2 .
noro ypasnenus —% u”(z) = f(r), 9T0 HpoBepAeTCs HENOCPEICTBEHHBIM
nuddepennupopanreM. TakuMm o0pas3oM, JUJisd JOKa3aTeJIbCTBA TEOPEMbI
OCTaeTCsl MOKa3aTh, 910 caaraemoe I (t,x) npu t — oo crpemurcs K 0.

2

B cayuae, ecim Reo® > 0, cxoaumocTh MOXKeT OBbIThH JIOKa3aHa TPH

nomoinu HepaseHncrsa IlIBapiia

TN 2 1/2 , , 1/2 C
|]1(t,l’)| < ( |f§i)| dp) . (/ e P ‘Reo dp> < m (2.22)
R R

[Ipu sroM U3 HepaBeHCTBa (2.22) CJIE/yeT, 4TO CXOJUMOCTD JIOTPE/Ie b

HOU pyHKIMK U(t, T) K PEIIEHUIO COOTBETCTBYIONIErO JuddepeHuaibHOro
ypaBHeHust u(x) B 9TOM ciydae OyjieT paBHOMEDHOIA.
PaccmorpuM teneps ciyuait Reo? = 0. Ucnoib3ys HHTErpHpOBaHUe

0 9acTsAM, TepenuiieM Boipaxkenue st Gyukiuu [1(t, z) B BUjie
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J0) e gy,
Li(t,z) = — ——=e Pd(e )
g

p3

Tt PP
R

LT ey gy 3 [0 e

= " —p3 e e P — E F € e 2 dp
R R
y . itp2
B ﬁ/ Lﬁ?) e 7 =" dp = Ri(t,2) + Ro(t, ) + Ry(t, ).
Tt p
R

(2.23)

[Tokaxem renepb, uro dpyukuus Ri(t,z) npu ¢ — 00 pPaBHOMEPHO
10 & CTPEMUTCS K HyJT0. [1jist 5TOro HaM moHa00sITCst JIETKO POBepsieMble
HEPaBEHCTBA SUP,cR 1F(p)] < C u |f'(p)] < Clpf’, p € R, kotopsle
SIBIISAIOTCA cotesicTBueM coornomennit (2), (4), (5) u (6).

Torma

1 |f’(p)| 1 -~ / 1 C
sup |Ri(t,z)| < — dp + — su . —dp < —.

p|<1 Ip|>1
(2.24)

Taxum obpa3oM, UMeeT MECTO COOTHOIIECHUE

lim sup |R;(t,z)| = 0.

t—o0 zeR

AnasioruaabiM 00pa3oM MOXKeT ObITh TTOKa3aHa, CIIPABEJJINBOCTD COOT-

HOIIIEHU 1
lim sup |Rs(t,z)| =0,
t—00 zeR
lim [Rs(t,2)| =0, = € R,
t—0o0
4TO 3aBepliaeT JJ0Ka3aTeJIbCTBO TCOPEMBI. ]
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Bameuanme. Ormernm, uto B ciyuae, ecin Reo? > 0, B (2.18) ecrn ne
TOJIKO DABHOMEPHAs CXOJMMOCTH, HO M CXOAUMOCTH B Lo, TOCKOJIBKY Lo

— nopma dyukiuu 14 (t,+) crpemurest K 0 nupu t — 00.

HeiicTBUTEIBHO,

~

TP i rRes?
Hh(t,-mz:c-/‘ ;ﬁ’ et R g

t—00

S Q

- / ¢V Reo? dp —— 0.
R

R

[Tocsieiaee HepaBeHCTBO ciejyer u3 cooTHouenuit 1), 2) u 3).
Ormerum erme, uro dyuknus u(t,z), t > 0, z € R, onpesenennast ¢
nomornbio dopmynst u(t, x) = E f+*m (t,x), aBisercs pemienuem ypaphe-

1504551
2

Oy u — %agxu = f(z), u(0,z)=0, (2.25)

4TO MPOBEPSIETCsT HEMOCPEICTBEHHOI 110/IcTaHOBKOI hopmyJibl (2.20) B (2.25).
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I'maBa 3

BeposgTHOCTHOE IpeacTaB/IeHUE PE30JIb-
BEHTHI AByMepHoro oneparopa Lllpeann-

repa

B nacrostineii rjiaBe CTpOUTCsl CEeMeRCTBO CIyYallHbIX MHTErPaJibHbIX Olle-

paTopoB

R&rf%/r’i(x,y)f(y)dy, £50, e C.
R2

[TokasbiBaeTCst, 4TO ¢ BEPOSTHOCTHIO €AMHUIIA OIIEPATOPLI TOIO CeMeii-
CTBa ABJAIOTCA OrpaHnueHHbIME oneparopamu B Lo(R?), a Takske nccie-
JYIOTCS CBOMCTBA UX sI/Iep. 3aTeM ¢ UX ITOMOIIBI0 CTPOUTCA BEPOSATHOCTHOE
IpeJicTaBIeHne pe30oJbBeHThl onepaTopa [pénuarepa H = —% A+V.

B §3.1 paccmarpuBaercsa ciydaii, korga V(x) = 0. B §3.2 pacemarpu-
BaeTcst ciaydaii, korga V(xr) — HeoTpuIaTesbHAST W OPpaHUYEHHAsT Herpe-

phIBHasi (DYHKIIMS, CTEIIeHHbIM 00pa3oM yObiBatolas Ha OECKOHETHOCTH

Viz) =0 (||z]™), a> 2. (3.1)
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3.1 Caywaii V(z) =0

3.1.1 Omnpenenenne oneparopa R). Ciuyuaii Re A < 0.

[Tycrs w(7) = (wi(7),wao(7)), 7 = 0 — cranjaprHblii JByMEpHbIi BUHe-
posckuii nporecc. Ilpu kaxgom A € C, ReA < 0 u t > 0 oupejgenum

ciyuaitnbii oneparop RY na Gynkmusax f € Ly, N C(R?), nonaras

RN = [ o [ fa= om0 ds@)]an @2)
0 St

rie || - || - crampaprias eskammoBa Hopma B npocrpanctee R% a dS(0) —
JIMHA 3IEeMEHTa JIyTH eINHITHON OKpyxKHocTH S,

Huxxe mbl mokaxem, 4ro oneparop RY ¢ BeposTHOCTBIO 1 11pojiosKa-
eTcs 0 OrpaHMYeHHOro MHTerpalabHoro omnepartopa B Lo(R?) w nzyunm
CBOICTBa €ro djpa.

CripaBeIJINBO yTBEPK JICHHE.

Teopema 3.1. 1. Onepamop Rf\ ¢ sepoammnocmvro 1 asasemcs ncesdo-

dugppeperyuarvrvm onepamopom 6 La(R?) ¢ cumeosom

t

A = [ & alplleml) dr, p= (o) <R (33)

2. Qynxyuari(z), onpedeaénnan ceoum npeobpasosarnuem Pypve i (p),

¢ sepoammocmvio 1 npunadaescum xaaccy Coboresa WE(R?) npu waorc-

dom o € 0,1/2).

Hoxasamenvcmeo. Haiiném npeoGpasoanne @ypoe dynknun (RE f)(x).

BameTum, 9To (3.2) MOXKET OBITH 3AIUCAHO B BHJIE
t
/ e Eo) f(z —w(7))drT, (3.4)
0
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rue EQ(T) — MaTeMaTu4ecKoe OXKuJaHue, B3ATOE M0 YIJIOBOW KOMITOHEHTE

JIBYMEPHOTO BUHEPOBCKOTO TIporiecca w(T).
/\

C yuérom (3.4), serpaxkenue gist byukmun (RY f)(p) npumer Bus

t

RLP)(p) = / & gy 00 g7 . F(p)

0
t

_ / Y (% / i) ly) dS(y)>dT-f(p). (3.5)
0 St

B nocsiejineM COOTHOIIIEHUH Mbl BOCIOJIB30BAJUCH TEM, UTO CJIydaiiHbIi
BekTop 0(T) B Kaxkjiblii MOMeHT Bpemenu T > () uMeeT PaBHOMEDPHOE Pac-
1pejiesienue Ha eJIMHIIHOI oKpy»kHocTn St

cnombays (0.43), OKOHIATETHHO MOy TUM

t

RL)(p) = / & Jo(|lpll () ) dr - Flp). (3.6)

0
,ZL.HH JAOKa3aTeJIbCTBa BTOPOI'O YTBEP2KAECHNA TEOPEMbBI JOCTATOYHO I10-

Ka3aTbh KOHEYHOCTDL MHTEI'PaJla

00 t 9
It,av/\:/qzaE‘/e)‘TJO qllw(T)|]) dr| qdq. (3.7)
1 0

Borancanm maremarndeckoe oxujanne, crosiee B (3.7). Uenonbsys
(2.13), mosyanm

t

E\ [ & nlalwtr))ar

0

2

=2 Re / e e E [o(g[lw(m)]) Jolq |w(m)|)] dry dra. (3.8)

O<m<m<t
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Ob6osnaunm wepes M = M(q, 71, To) MaTeMaTHIeCKOe OXKWIAHIE, CTOSI-
ee B popmysie (3.8). Haiijiem B siBHOM BuJie BUJe BbIpaxkeHue jijist (pyHK-
nun M(q, 71, 7).

Ucnons3ys cooTHotEnE

1 1 w(T
Il u(]) = 5= [ 0+ ase),

Sl
OJIy YUM
M(QuTlaTQ)
1 7 917’11} T1)—w (T2 1 91_92,711 To
_ (27r)2//E6Q( () =u(m)) | it O—0a0(m) 45(0,) dS(6s). (3.9)

51851
HaJiee, uctosibzyst popmyiibl

—(T1 — T 2
Eeiq (01, w(r)—w(72)) _ 6%

E ¢id(01=02,w(r2)) _ =7 q? (1—cos p)

9

e © — yroy Mex Iy Bekropamu 6 u o, mpeobpasyem (3.9)

1 —(r1-73) ¢ . 0 w(r
M(q,1,m2) = (27?)26 2 //Eezq(el b2, 0(72)) 15(6,) dS ()
stost

2m

1 —-m)d? 2
=g5-€ S /6_72‘1 (1=cos9) dp. (3.10)

0
C yueToM HHTErpaJbHOr0 MpeICTaBICHNS JIJIsT MOIU(DUIINPOBAHHON (DYHK-

nun Beccerns (0.45), OKOHIATETBHO MOy THM

2
—(r1=72)4q

M(q,m,m) =€ 2 e . Io(m9 ¢%). (3.11)

Haiee, u3 (0.46) caemyer, aro Gynkmnus e ¢. Io(7 ¢%) nomyckaer onen-
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2
Ky e TC - Io(1¢?) < q\%. Takum 0O6pasom, crpaBeJInBO HEPABEHCTBO

t

E\ [ & ntalwtr) ) ar

2

0
' '
_ —(r1=72) ¢ . 2
:/ (Re / M=) o= 3 dﬁ) e?ReATs =724 Iy(m q2) dTo
0

t
C / L 9Rerr C(t,\)
< — e dr < —————. (3.12)
5 =A-af VT 5=

2

OKOH‘TIaTeJIbHOj I[IOJIYI1UM

[ d
Liox < C(t,)\)/ qz_qm < 0.

1

B ciyaae Re A < 0 B dopmyne (3.12) MOKHO TONOKHUTL ¢ = 00. DTO

3HAYUT, YTO B METPHUKE MPOCTPAHCTBA VW5 N3MEPUMBIX CJIyJailHbIX QyHK-

nuit g(x) ¢ HopMoit

l9l% = E / (1 + [plP) [5(0)P dp

R2
cyliecTByeT Iipeaea
00 — 1 t )
() = lim 7l ()

]

CatencrBue 3.2. Uz n.2 meopemui caedyem, wmo onepamop RY donycra-

em npodosdcenue Ha 6¢e NPOCMPAHCMEO LQ(R2).

Ucnonbsys (0.44) u (3.3), MOXKHO TOJyIUTH sIBHOE BBIDAXKCHHE JIJIsI

dyHKIMN Tﬁ(:p) KaK (PYHKIMOHAJA OT TPACKTOPUK JBYMEPHOI'O BUHEPOB-
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cKoro mporecca w(T)

M—r00 ( 7T)2

A = @) g ot [
[pll<M
—@ﬁhm—L/?”(fq%MM)%@wvHM@dT

t
[ nllalwolar )e o dp
0

M—oo 27

1 te)ﬂ' Il = llw(r .
|x|0/ O ([lzfl = lw(m)]) dr, (3.13)

27
e Jepes ¢ 0b03HaTeHa eBKINI0Ba HopMa MepeMenHoil p = (p1, p2) € R2,
a gepe3 § obozHaveHa Jeabra-QyHkims npaxa.
3.1.2 Omnpenenenne oneparopa R'. Ciayuaii Re A > 0.

ITycrb A = a+14b. Onpejenum ciydaiinyio dyuknuio rh (), t > 0, z € R?

ee nipeoOpazoBanreM Pypne, moaras

r(p) = — / e e ) dr, (3.14)
0
ecn ||p|| < v/2a, u
t
A0 = [ @ ool ol dr (319

0
B IIPOTHUBHOM CJIy4ac€.

CupaBeJJInBO yTBEPXKICHHE.

Teopema 3.3. Qynxyuari(x), onpedeaennan dopmyaramu (3.14) u (3.15),
¢ 6epoammocmuvio 1 npunadaesicum xaaccy Coboaesa WS (R?) npu waorc-

dom 0 < v < 1/2.

,ZLOK&S&TGJH)CTBO 9TOI TEOPEMDI IIOJTHOCTHIO aHaJIOI'MYIHO JOKa3aTeJb-

CTBY 1.2 TeopeMbl 3.1.
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Caexnctsue 3.4. Hs meopemv, 3.3 caedyem, wmo onepamop R, onpede-

AEHHDIT ¢ MOMOULLIO POPMYAbL

R) f(z) = (f*13)(2),

donycraem npodosrcenue Ha 8Ce NPOCMPAHCMEO LQ(RQ).

3.1.3 BeposaTHOCTHOE TIpEeACTaBJIEHNE PE30JIbBEHTHI OIEpaTopa

Ho= LA

O6o3nauum yepes A nByMepHbIil oneparop Jlammaca u pacCMOTPUM OIlepa-
Top H = —1 A, sajannslii na obuacru oupesenenus Dom (H) = W (R?).
OrMmerum, 4To oneparop H ABISAETCS CAMOCONPSIPKEHHBIM 1 TTOJOXKATE T b-
HO OIIPEJEICHHBIM Ha, €ro 00JIacTH ONPEJeJICHIs 1 UMEET JINIIL abCOJIIOT-
HO HENPEPbIBHBIN CIIEKTD, COCPEJIOTOYEHHbII Ha HOJIOKUTEJILHOM 10J1yoCH
o (H) =04 (H) = [0, 00).

Yepes Ry = (H — AI)~! obosnaunm pesonnsenty onepatopa H. B
ciyuae, ecii A & o (H), obiacrs onpejienenus Ry cosnajaer ¢ Ly(R?). B

MPOTHUBHOM cJiyuae 00JIacTh OlpejiesieHnst oriepaTopa [y nMeer Bu/I

Dom (R)) = {f(z) € Ly(R?) : p_{;(—p_))\ € Ly(R?)}.

B uminysabcHoM mpejictasienun (To ecth nocie npeodbpasobanust Dy-
pbe) oneparopy Ry COOTBETCTBYET YHUTAPHO 9KBUBAJCHTHBIN eMy onepa-

Top R), KOTOPBI Ha cBOeH 0bJacT ompejieeHusl JeHCTBYeT 1Mo IPaBUIy

rie dbyHKIma 7\ (p) onpejeseHa ¢ MOMOIIbIO GOPMYJIbI
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R 1
TA(p) = Tz
BF

CripaBeIJINBO CJIeIyIONIee yTBeP:K IeHne.

Teopema 3.5. 1. Ecau A € C, ReX < 0, mo npu ecex f € Lo (R?)

GOINONHEHO
Ry f(z) = E(f *ry)(@).
2. Ecau X € C\o(H), Re X > 0, mo npu scex f € Ly (R?) evimoaneno

Ry f(x) = (L) Jim B(f r})(@)

3. Ecau A € a(H), mo npu scex f € Dom (R)) ewnoanero

Ry f(x) = (L) Jim B (f r4)(2)

Hokaszamesvemeo. Pacemorpum cradana caydait Re A < 0. [Hockombky

orepatop R neitcreyer na dynkiuu f(z) € Lo(R?) no npasuiy

RY flx) = (X * f)(),

T0 B Dyphe-obpase OH UMEeT BHU/I

~

RY f(p) =13(0) - F(»).

Takum 0bOpa3oM, CIPaBeJJInBO COOTHOIICHHUE

E [RY f(p)]

E [ (ol fur)) dr - F)

C yuerom TOXKjIeCTBA

7 o2

B o (] [w(n)]) = B @) = 4"
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OKOHYaTEJIbHO IOJIy9acM

IR fi) = 5 S

YTO 3aBEPUIACT JIOKA3ATEIbLCTBO [EPBOrO IIyHKTa TEOPEMDI.
I[lepeiiieM K JIOKA3aTeILCTBY BTOPOrO YTBEPXKICHUS TeopeMbl. Jleii-
creue oneparopa RE na dyukunn f(p) € Lyo(R?) onpenensiercst Gpopmy-

JION

-~

r\(p) - f(p)

yw)

RL f(p) =
U, CJIe0BaTeIbHO,
E (R} f(p)] = Eri(p) - f(p).
Taxum obpas3oM, JJisi JI0Ka3aTeJIbCTBa COOTBETCTBYIOIIETO YTBEPXK Ie-

HuA 1O0CTATOYHO ITOKa3aTb TO, 9YTO

~

P () i BA®M) - Fp) (3.16)

Ip|l A t—00

CIIPABEJIJINBO IIPU BCEX ]/”\(p) € Ly(R*)uAeC,Redr >0, ¢ a(H).
Haiizem B BHOM BUJIE BBIpasKCHUE Il MATEMATHUCCKOIO OXKUIAHNUS,

crosiiero B (3.16). C yuerom (3.14) u (3.15), nosyunm

Erl(p) = H(t.\p) + (3.17)

H(t,\,p) =

(3makm + u — orBevator cayvasam ||p|| < v2a u [|p|| > v2a coorBercrBen-

HO).
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Jajee, HAMOMHWM, 9TO CIEKTp orneparopa H COCPeJIOTOUEH Ha MOJI0-
x)uresbHolt nosyocu o (H) = [0,00). 3amerum, uro npu kaxom t > 0,

A¢ o (H), Red >0 u p € R? cipase/yinBo HEPaBeHCTBO

1

H(t, A\ p)| < ——, 3.18
HOAD| < (3.15)
a pu KaxxoM A ¢ o (H), Re A > 0 umeer mecto cXouMocTh

lim H(t,A\,p) =0 (3.19)

t—00

npu 1no4Tu Bcex p € R2.

Takum obpazom, 1mo Teopeme Jlebera o MarKOpUPYEeMOil CXOIUMOCTH,
crpaBeinBo (3.16), 4To 3aBepIiaeT JoKa3aTeJbLCTBO BTOPOrO MyHKTa, T€0-
PEMBI.

Jokaxkem renepb yrBepxkjenue 1.3 reopembl. [lockosibky A € o (H),
MBI y2Ke He MOXKeM HCIONB30BaTh OneHKy (3.18). Bmecto aroro 3amern,

qTOo

~

||pf2(p) € L,(R’)

(mocstesmee mo ompesenennio oszuadaer, uro f € Dom (Ry)). Crosa nc-
noJIb3yst TeopeMy Jlebera o MaskopupyeMmoii cxoaumMocTH, a Takxke (3.17) u

(3.19), nosyuaem crnpaseiuBocTh (3.16).

3.2 Caywaii V(x) # 0.

3.2.1 Omnpenenenne oneparopa R). Ciuyuait Re A < 0.

B srom naparpade Mbl paccMOTpuM ciiydail, Korjia noreHiumas Vooriu-

den or Hysisi. Mbl Oyjiem npejosarars, 4ro V(x) — HeorpunaresibHas u

83



orpaHuWYeHHas HenpepbiBHAas (DYHKINS, CTEIIeHHBIM 00pa30M yObIBAOIIas

Ha OECKOHEYHOCTHU, UMEHHO
V(z) =0 (lz]™), a>2.

[Tocnennee ycimoBue rapaHTHpyeT HaM, UTO CIEKTp omeparopa LIIpé-
JINHTepa, SABJIsIeTCs abCOJIOTHO HEIPEPLIBHBIM K 3aIIOJHAET MOJOXKHUTE b
HYIO I10JIYOCh.

B orauune ot mpempiayiiero naparpada, BMECTO KJIaCCHIECKOTro Mpe-
obpazoBanusi Dypbe Mbl Oy/ieM KCIIOJIH30BATH TaK Ha3bIBaeMoe 0DOOIIEH-
Hoe 1peobpazoBanue Pypoe F, npejcrapiisioniee u3 cedsi Pas3ioyKeHne 1o
cOOCTBEHHBIM (DYHKIMSIM HElPePbIBHOIO cliekTpa, otieparopa Ipéjunre-
pa. Onpenenenue oneparopa JF TPUBOJUTCA B TPUTIOKCHIH.

PaccMmorpum cHadaJia CBOMCTBaA COOCTBEHHBIX (PYHKITUI HEIIPEPBHIBHOTO
crektpa. [lyers dbyukius ¢(x, k) — HempepbIBHOE U OTPAHUYECHHOE pellie-

Hue ypapuenus IIpéannrepa
LN k)+V ISP Li PR 3.20
2 x@(l’, ) + (LU) QO(LU, ) - 2 (10(377 )7 € ) ( : )

YAO0BJIETBOPAIOIIEE aCUMIITOTUYIECCKUM COOTHOIICHUAM

vl k) = (o, k) — 0 = O(||] %), (3.21)
% —i[[kl| vz, k) = o(||z]| %), ||z = oo. (3.22)

Ussecrno, uro npu kaxkjaom k € R?\ {0} coorsercrryiomiee perenne
ypasrenusi (3.20) cyIiecTByer u B CBOEM KJIACCe sIBJISIeTCsI e[MHCTBEHHBIM
(em. TIpuioxkenne). Bosiee Toro, oHO yjoBeTBOpSIET CJEIYIONMM CBOfi-
CTBaM:

1. IIpu Beex k € R*\ {0} u x € R? omosneno ¢(-, k) € C(R?),
o(z,-) € C(D) (3mecy D — npoussosibublii KomnakT B R?, KoTOphii He

COJICPIKHUT HATAJIO KOODJMHAT).
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2. Cymecryer uncio M > 0 takoe, uro npu Bcex =, k € R? Boinos-
HeHO HepaBeHCTBO |p(x, k)| < M.

3. Cymecrsyior uncia m > 0 u 6 > 0 Takue, uto npu Beex © € R? u
|k|| = m BBImOSTHEHO HepaBeHcTBO [P (2, k)| > 0.

4. Cymectsytor koucrantel C' > 0 u ¢ > 0 Takue, 9T0 npu Beex ||k|| =
¢ BBITIOJTHEHO HEPABEHCTBO

- C
su z, k) — @] < :
sup le(, k) S TR

5. Ilpu Beex z,k € R? u t > 0 crpaBejiinBO COOTHOIICHHE
o(x, k) e~ M55 = Ep(w,(t), k) e~ o Vi) ds,

Hanee, onpenenum dynknmio ¢ = P (x, p), (x,p) € R? X [m, o), no-
Jarast

¢mm=%/§%%w@, (3.23)
Sl

rie dS — 3JIeMeHT JUIMHLL AYTY eJIUHUIHON OKPYXKHOCTH, & YUCTIO 1M, Olpe-
JIeJICHO B TpeTbeM cBoiicTe dbyHKIuu ¢(z, k).

Onpejiesiernast Takum 0bpazom hyHKIWST (T, p) YIOBIETBOPSIET YCIIO-
BUSIM:

1. Ilpu Beex © € R? u p > m cupasegmso ¥(z,-) € Clm,0),
U(-, p) € C(R).

2. Ilpu Bcex € R? w1 p > m BBINONHEHO HEPABEHCTBO

[(x, p)| < M.

3. CymectByer koncranta C' > 0 Takasd, 9TO TPU BCEX P = M BBITIOJ-

HEHO HEPaBEHCTBO

C
sup [v(z. p) — o (lxl)] < (3.24)

rzeR?
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4. Tlpn Beex t > 0, x € R? n p > m chpaBeyInBO COOTHOIIIEHIE

tp2

bl p)e s = Bu(w,(t),p) e o VD,
YTO, B CBOIO OYEPE[lb, SABJSIETCSA CJIEJCTBHEM COOTBETCTBYIOIIMX CBOMCTB
byuknnum p(x, k).
Hagee, npu Bcex t > 0 u A € C, ReA < 0 onpenennm ciydaiinyio

byukuuio ¢ (z, k), (z,k) € R? x R? nosarast

t
@2m)7 [ e @ (we(7), k) e b V=D ds g k]| < m
gi(ﬂf,k) - 0 t
@2m) " o(w, k) [ M (wolr), ||k]|) e o Vil ds gr | k|| >
0
(3.25)

Cuteiy oM 1maroM Mbl TOKaXKeM TO, UTO cjydaiinast (pyHKIIsT

npu Beex ¥ € R?u o € [0,1/2) 110 nepementoit y ¢ BeposiTHOCTHIO €JIMHUTIA
npunayiexur kiaccy Cobonesa Wi'(R?) (ciyuait a = 0 coorsercrpyer
Tomy, uro 75 (z,-) € Ly(R?) npu Beex x € R?).

CupaBeJJInBO yTBEPXKICHHE.

Teopema 3.6. 1. Ecau Re X < 0, mo mozda npu ecex x € R*> u a €
[0,1/2) caywatinan dynryusa m =F* [gf\ (x,)](y) no nepemennot y
¢ sepoammocmuvio edunuua npunadaescum xaaccy Coboaesa W3(R?).

2. Ecau Re X < 0, mo moeda npu ecex x € R* u o € [0,1/2) caymati-
Has GyYHKUUA W = f*[m] (y) no nepemennoti y ¢ 6eposmmo-

cmwvio edununa npunadaescum xaaccy Coboresa Wi'(R?).

Joxasamesvemeo. V3 memmbr 4.6 (cM. TPUIOKEHUE) CIETYET TO, UTO JJIsT

JAOKa3aTEJIbCTBa IIEPBOI'O YTBEP2KACHU A TEOPEMDBI JOCTATOYIHO IIOKa3aTb KO-
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HEYHOCTb I/IHTeraﬂa
I—E / (14 [[k]12)| gz, k)2 di < o, (3.26)
R2

Uurerpan I moxer ObITH IIPEJCTaBICH B BUAE CYMMbI HHTEIDAJIOB

t

I =E / (1—|—||]gH2a) /e)\TWG_IOTV<ww(S)>deT

1k[|<m L

2

dk

(3.27)

t

12 =B / (1 + HkH2a) / eATw(wO(T), Hk}”) e_foT V(wo(s))ds dT

[[E]|Zm 0

2

o(z, k)| dk (3.28)

COOTBETCTBEHHO.
[Tokarkem KoHeuHOCTH MHTerpaJjioB [; u Iy. VI3 cBoiicTBa 2 QyHKIUH

x, k) HeMe JIeHHO BbLITEKAEeT OIEHKAa JIJIsi HHTEerPaJIa Il
)

I < (Mt)? / (1+ K[ dk

[k||<m
m
2/ 1+r20‘ rdr
0

=1 (mMt)*(1

1 2
« 3.29

rie M = sup, jegre |@(z, k).
B cinyuae Re A < 0 onenka unrerpasa [; paBHOMepHa 110 t 1 uMmeer

BU/JL

m>®). (3.30)




Tenepn onenum unrerpas Io. Mcnonb3ys reopemy Dybunn, a Takxke

COOTHOIIIeHue
t 2
\/"fwodr —2 [ Rl Twildndn, ()
0 O<mo<mi <t
TIOJTY M

bzz-/\waw%uww%

-Qm / & 7 B [ (wo(my), | ])) & (o (r2), TET)

O<mp<Ti<t

e foTl V(wo(s1)) ds1 e fOTz V(wo(s2)) ds2 ] dT1 dTQ) dk. (332)

Borunciaum MaTeMaTuaeckoe oyKujganue, CTosee Mo/, 3HakOM HHTerpa-
7a B (3.32). Ucnoan3yst cBOMCTBA yCIOBHBIX MATEMATHICCKUX OXKHUJIAHMUIA,

DU YCJIOBUU T1 > Ty MOJIYUUM

E [3 (wo(m), [|k]]) ¥ (wo(ra), [K]]) e Jo" Viwols)dsr o= Jg* Vwo(sa)) dsz]

— Tﬁ V(w0(82)) dSQ
= E[¢ (wo(m2), [K]]) e

— Tfl V(’U)o(sl)) d81
- E (¢ (wo(m), [[k]]) e 0 [ F<r)]- (3.33)
Hajee, ¢ yueToM MapKOBCKOI'O CBOMCTBa mporiecca wy(T), a Takke

cpoiicTBa 4 dyuknuum Y (x, p), nmeem

1

—f V(wo(sl))dsl
e o0

E (¢ (wo(71), [|£]]) | F<r)
- }2 V(wo(s2)) ds2 —~ TlfTQ V(wy(s1)) ds
=e 0 K (@D (wy(Tl - 7-2)7 ”kH) e 0 )‘yzwo(n)
- }2 V(wo(s2)) ds2 _(—m)lIkI?
—c 0 4 (wol(m), IK]) - e FL (3.34)
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[Toncrasisist (3.34) B (3.33), OKOHYATENBLHO TIOJLYIUM

E [ (wo(m), |II) & (wo(7o), [[R][) e Jo" ¥ olorDdor o= fo® Viwoloa)) deay

G ) L —2 [ V(wo(s2)) dsz
=e T E (wln) [K)[Pe 0L (3.35)

C yuerom (3.35) BbIpazkeHue Jijisi HHTerpaja Iy IPUHUMAET BUJL

Ty

t
o oA T f ’U.)o 82 dSQ
b=z [ ) (/e”*fmwummﬂww /
0

K[ Zm

t
: [Re /6)‘(71_72)6 (gl d7'1] dTQ) lo(x, k)| dk. (3.36)

7
Haiiee, olleHUM MaTeMaTHIeCKoe oxKuanue, crosimiee B (3.36). Ucnonb-

3ysi yesioue V(x) = 0, HepaBeHCTBO
la+ > < 2(|a]* + b]?), a,b € C,

a Takxke CBoicTBO 3 dyHKIMU Y (T, p), HOJYyUAEM OLEHKY

—2 }2 V(’UJ()(SQ)) d82

E [¢(wo(m), |[k])]?e "0
< 2E [¢(wo(n), [k]) — Jo([[w(m)[| 1B + 2 E [ Jo(|[w(m)]| 1))
< Oy K|+ 27 I 1o (ry |[)12).

Vcnonan3yst acHMITOTUKY JIJIsT MOAMpUIIMPOBaHHON pyHKINU Becces

Io(r) (0.46), momyaaem

2 [ Vi(wo(s2)) s, ) N
E [ (wo(m2), [k])[Pe @ < CLENT + Co [k 7

=

(3.37)

C yuerom (3.36), (3.37), a TakKe HEpaBEHCTBA

t

B ] L 2
Re /6A<T1 TQ) e 2 dTl < W,
| 2 )‘|

T2
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OKOH4YaTEJIbHO, TTOJIyYaceM OLEHKY MHTEr'paJia [2

(e.¢]

< (Crt+ Cat'?) /(1+q2‘1) e

5 = Al

dq < o0, (3.38)

m

crpaseyuByio pu Bcex A € C, ReA < 0,0 <t <ocou < a<1/2

I3 mepasencrs (3.29) u (3.38) cieayer crpaBesTABOCTD YTBEPIK ICHHST
1.1 HacTosIeit TeopeMbl.

Ecin Re A < 0, To Torja coorBercTByloiias oleHKa naTerpaJa Iy npu-

HUMaECT BU/J]

r 1
—_~ dg
IReA / ——)\|

o0 o0 1
‘|‘02/ 1+ ¢* (/ eZReAT =1/ dT) Y dg < co. (3.39)
m 0

2

I3 onenok (3.30) u (3.39) caemyer 1o, 4T0 B MeTpUKe HpocrpaHcTBa H,

(0 < a < 1/2) usmepumbix ciaydaitabix Gyskiuit g = g(y,w) ¢ HopMoii

HmzzE/YLHWWM@mwﬂmwk

CyIIECTBYET lpeJiet

r(x,-) = (Ha) lim ry(z, ),

t—00
KoTOpbIi (Kak GyHKIMs Koopunarsl) npu Kaxkjaom 7 € R?u )\ € C, Re X <

0 ¢ BEPOATHOCTHIO eMHUTIA TpUHAIIEKNUT Kiaccy Cobonea W' (RZ). [

Hanee, mpu Bcex t > 0 m A € C, ReA < 0 na muoxecrse QyHKIHit

[ € Ly(R?) onpejiesium ciyuaiinblii unrerpajibhblii oneparop RY, nosarast

Mﬂ@=/ﬂwwﬂw@

R2
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JlokarkeM, 9TO CJIydaiiHbIil onepaTrop Rf\ C BEPOATHOCTHIO €JINHUILA 5IB-
JIsleTCst OrpaHudeHHbIM orepaTopoM B Lo(R2).

CripaBeIJINBO yTBEPKJICHHE.

Teopema 3.7. I[Ipu xaocdom 0 < t < 00 caymatinuts onepamop RY ¢ se-
POAMHOCTNDIO eQUHULA ABAACTNCA 02PAHUMEHHDLM UHMELPAALHLM ONEPa-
mopom 6 La(R2), npunem 6 cayuwae Re X < 0 danmoe ceoticmeo ocmaemca

CNPasediusvLM U Npu t = 00.

Hoxasamenavemeo. Vcnosib3ysi yHUTaAPHOCTH 0DOOIIEHHOIO 11peobpa3oBa-
nust Pypoe, a rakxe onpejenenne Gbyuknuu gi(x, k) (3.25), sanumem BbI-

paxKeHue JJisd ornepaTropa Rg\ B BUJIE

Rofw) =g [ ([ pmmm e f e i)
k<m0

= e ( [ € wle, e Vo df) (FF) (k).

(3.40)

HManee, oboznaunm uepes B, (0) muoxkecrso {k € R? : ||k|| < m}.
[Ipoctpancrso Ly(R?) MOXHO HpejicTaBUTh B BUJE MPAMOR CyMMBI TO/I-

MIPOCTPAHCTB

Lo(R?) = {f € Lo(R?) : supp (Ff)(k) € Bu(0)}

L1(R?) = {f € La(R?) : supp (Ff)(k) N B,u(0) = &}

coorBercTBeHHO. JlJIst 10Ka3aTesheTBa TEOPEMbI JOCTATOTHO MOKA3ATh TO,
uTo cyxenust oneparopa R na nognpocrpancrsa Lo(R?) u L1(R?) spist-

I0TCA OI'PAHMYCHHBIMUA OlI€EPpATOPaMU.
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I3 (3.40) BBITeKaer, 4To cy»Kenue oneparopa R Ha 110/IIPOCTPAHCTBO

A
L£1(R?) MOXHO HpeJCTaBuTh B BUJE KOMIO3UIMN ONEepaTopoB JF* Rf\ F,
e ciayvaiinbiii oneparop RY na csoeii obsacru onpeenenust sagan Gop-

MYJIOM
t

Ry g(k)— [ €0 wolr) ) e & VD ar )
0

U3 cpoitcrBa 2 dyukuuu 1 (x, p) ciejyer T, 4To ¢ BEPOSITHOCTHIO €11~
HUIA OIIEPATOP ﬁ’f\ SIBJISIETCsT OTPAHUYEHHBIM OMIEPATOPOM (KaK OMepaTop
YMHOXKEHHUsI Ha OrpaHnvIeHnyo dbyHkimio). Torma B cuity u3omerpun 0600-
mennoro npeobpaszosanus Pypwe F, cyxenune oneparopa RY Ha mosmpo-
crpanctso L£1(R?) ¢ BeposTHOCTBIO eIMHNTIA TAKIKe SBJISETCS OrpaHutieH-
HBIM OTIIEPATOPOM.

Hasiee, 3amernm, uro cyzxkeuue oneparopa R na bynkiuu f € Lo(R?)

nMeeT BUJI
t

Ry D)@ = [ & flunr)e FVean (s
0
Ounennm Ly - nHopmy cayuaitnoit dyukimun (RS f)(-, w(+)). Ucnonnsys

(3.41) u nepasencrso Kormu-ByHsikoBckoro (oneHnBaeM KBaJpar MOJLYJIst

uHTerpada (3.41)), nouaydaum

RSl = fim [ de (R )P

l]|<M

M—o0
[|z)| <M 0

<t lim dz (j dT|f(wx(T))\2>.

Ormernm, 410 MCHOJAb30BaHUe Hamu HepasencrBa Koriu-ByHsikoBekoro
OTIPaBJIAHO, TMOCKOJIBbKY DyHKINA f € Ly ABIAETCS OrpaHUTIeHHON (Tpo-
cTPaHCTBO L() COAEPKUTCS B TPOCTPAHCTBE TIIAIKAX U OTPAHUICHHBIX (DY HK-
muit C°(R?)).
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Ucrnionnayst Teopemy PyOMHM, OKOHIATEIHHO, TTOJIYIUM

I(RA P w()IIL

M—o00

t
<ttm [ar [ delr )P <2,
0 feli<M

Teneps pacemorpum ciydait Re A < 0. g dyukuun [(RY f)(z, w(-))|?

BepHa, OlleHKa

(5 Pl wl)F < ( 7 ar)- / | ()
0

1 I CAT
- | )R
0

49TO, KaK 1 B Hpe;[bmymeﬁ BBIKJIaJIKE, fBJIAETCA CJIIEJCTBUEM HEPaBEHCTBaA

Kormu-ByHsikoBckoro.

CuoBa ncnosbayst Teopemy OyOunm, oIy IUM

I(R5: £)C wIE, < oyl v (] \f(wm))\?dx)m
0

el <M

|R )\lg HfHL2

[]

3.2.2 DBepodaTHOCTHOe TNpeACTaBJIeHNE Pe30JIbBEHThI OllepaTopa

H=—3A+V.

— 1 . .
Ob6osnaunm 4depes H = —5 A + V' asymepuniit oneparop Ipéuunrepa.
OrmernMm, ITO omtepaTop H SABJSIETCS CAMOCONPSKEHHBIM U MTOJOXKUTETHHO
OIIpEJICJIEHHBIM Ha, €r0 00JIACTH OIPEICJICHIS U UMEeT JIUIIb HelIPePhIBHBIN

CIIEKTD, COCPEIOTOYCHHBII Ha MOJIOXKUTENbHON nosyocu o (H) = [0, o).
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Yepes Ry = (H—M1)~! obosnaunm pesonbeenty oneparopa H. B ciy-
qae A € o (H) obnacth onpesesnenus oneparopa Ry copmanaer ¢ Lo(R?).

B nporusBHOM cilydae cOOTBETCTBYIONIAs 00JIACTH OIPEJIE/ICHUST UMEeT BIJL

Dom (Ry) = {f € Ly(R?): % € Ly(R?)}.

B umiysibcroM nipejicraBiennu (To ecTh nocse 0b6o0IeHHOro mpeobpa-
soanust Dypwe) oneparopy R) cOOTBETCTBYET YHUTAPHO SKBUBAJICHTHbIf
eMy OIepaTop YMHOMKEHUs Ha (DYHKIIUIO (M —A)~! (moapo6uee mpo yHu-

2
TapHYI0 9KBUBAJEHTHOCTH cM. |37], c. 101).

CupaBeJJIuBO Cjeyioliee yTBepK JIeHue.

Teopema 3.8. 1. Ecau Re A < 0, mo mozda npu ecex f € Ly (R?) 6vi-

NnNoAHEHO

Ry f(@) =B [ r¥(w.9) £ dv.
R2
2. EcauRe X = 0 u X\ # 0, mo moeda npu ecex f € Ly (R?) svinoamneno

R fo) = (L) fim B [ #i(e.0) £(0) .

t—00
R2
3. Ecau A =0, mo mozda npu ecex f € Dom (Ry) ewnoanero

RM@=@MME/%mwMMU

t—o0
R2

oxazameavcmeo. Vcnonb3ys yHurapHocTh onieparopa J u teopemy Dy-

OUHM, 110JIyHUM

E/@@wﬂw@=/mﬁ@mmwwwh (3.42)

R? R?

Borancsinm sesmuauny E gf (2, k). Ucnonssys csoiicrso 5 dynkun ¢(z, k),

94



B caydae ||k|| < m momyamum

t

1 o
Egi(x,k):%/e”\TEgo(wx(T) k)e™ Jo Viws(s)ds g
0

2/ —1

(3.43)

DO
)
>

Anajiornuano, ucnosb3yst coiictso 4 dhyukiwu ¥ (x, p), B caydae ||k|| =

m nMmeeM
| t
Egi(e.k) = 5- 2@ B [ " Buluo(r), ) e F Vs ar
0
1 et -1 _
[Toncrasnas (3.43), (3.44) B (3.42), momyuaem
t 1 ot (- Hk\lz)
B [ ) @)y =5 [ G@H) o Fwa
R2 2

n % / o F) @% (FHk) dk = L(E M 2) + (A z). (3.45)

Eciu Re A < 0, to Torma I1(0o, A, ) = 0, 94T0 3aBepiiaer 0Ka3aTes b
CTBO TIyHKTa 1 TeopeMmbl.
JlaJjiee, HAIIOMHKM, YTO CIEKTP oreparopa H cocpeloTOUeH Ha, T0JI0XK U-

resibHoi nostyocu o (H) = [0, 00). Obozuauum vepes H(t, A\, k) dyukuuio

pers

2

e

H(t,\ K
(t,\ k) = -

I
2

BamernM, uro npu KaxjoMm t > 0, ReA <0, A # 0 u k € R? cupaseji-

JINBO HEPaBEHCTBO

1
H(EAB) < s (3.46)
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a npu oyt Beex k € R? umeer Mecro cxo/uMocThb

lim H(t, A k) =0. (3.47)

t—00

Takum obpazom, 1o Teopeme Jlebera 0 MarKOpupyeMmoil CXOIUMOCTH,
dbyukuus I1(t, A, -) npu t — 0o uMeer npejiest (B METprKe POCTPAHCTBA
Ly(R?)) pasubiii 0, 4To 3aBepiiaer J0Ka3aTebCTBO BTOPOIO IyHKTa TEO-
PEMBI.

Jokaxem Tenepb yTBepxenue 1. 3 teopembl. [lockonbky 0 € o (H),
MBI y2Ke He MOXKEM HCIOoIb30BaTh onenky (3.46). Bmecro sroro 3amernm
TO, 9TO

ED0 ¢ g

2

(mocsenee 1o onpejiesenuto oznadaer 1o, uro f € Dom (H™1)). Cuo-
Ba MCIIONL3ys TeopeMy Jlebera o MazKOpUPYeMoOil CXOJMMOCTH, HOJIYYaeM

CIIPaBEJIJTUBOCTD YTBEPKIEHUS ITyHKTA 3 TEOPEMBI. ]
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I'maBa 4

IIpunoxkenne. OcHoBHBIE cBeaeHus: 00
00OOIIEHHBIX COOCTBEHHBIX (PYHKITMSAX
oneparopa lllpenunrepa.

[Tox obobIeHHEBIME cOOCTBEHHBIMU (hyHKIMsiMU oreparopa LLIpéaunrepa

Oy/leM MOHUMAThH HEMPEPLIBHBIE W OMPAHUIEHHBIC PEICHUsT yPABHEHUs]
1 2
~3 Ay p(x, k) +V(z)p(z, k) = Ly H o(x, k), ke R, (4.1)

KOTOpPbIE YJOBJIETBOPAIOT aCUMIITOTUIECCKHUM COOTHOIIECHUAM

o(x,k) = (e, k) — & = O(|l] %), (4.2)
8;}(@”@ — ikl o(a, k) = o(ll|2), [l]| = oo (4.3)

(yciioBust usydenust).
NzBectno, aro dbyukmnusa (-, k), KOTopas ya0oBICTBOPSIET YPaBHEHHIO
(4.1), a Takxke coornomenusMm (4.2) u (4.3), B TO xKe BpeMsl SIBJISETCA pe-

menneM ypasuenuns Jlunmvamna-sunrepa (cm. [30], c. 252)

plak) = /if (Il e = o) V@) ol k) dy, (44

e Hél)(r) = Jo(r)+i No(r) — byuxnusa Xamkess mepBoro pojia HyJIeBoro
nopsiyika (mogpobnee M. [38], ¢. 645-647).
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3J1ech cieflyer OTMETHTh, 4TO B 00IIeM ciyvae ypapHenue Jlunmnvana-
[IsuHrepa umeer jBa Tuna pemernii @i (z, k), OTBEYAIONINX PA3IHIHBIM
TUIIAM PEryJisipU3aliiy si/ipa HHTErPaJbLHOIO OllePAToOpa B yPABHEHUH.

Ypasuenue (4.4) BO3HHKAECT B KBAHTOBON MEXaHWUKE MTPU OMICAHUH PAC-
CesTHUST JACTUIL B TIOTEHITUATBHOM TIOJIE.

Cute/LyfonuM IaroM Mbl ToKazkeM, 4to 1pu Kazkjaom k € R?\{0} ypas-
nenne (4.4) UMeeT eJIMHCTBEHHOE HENPEPBIBHOE M OIPAHUYEHHOE DEIICHHE,
KOTOPOE YJIOBJIETBOPSIeT yejoBusiM usiydennst (4.2) u (4.3).

CripaBelJINBO Y TBEPK JICHHE.

Teopema 4.1. ITycmov V(x) — neompuyamesvnas u 02panusenta uame-

PUMGA PYHKEUUA, OAA KOMOPOT BHINOAHEHO YCAOBUE
Viz) = O(|lz|™), a>2.

Tozda npu kascdom k € R*\ {0} cywecmeyem eduncmeennoe nenpepuic-
NOE U 02PaANUNENHOe Peulenue Ypasuenua (4.4), ydosaemeopaiousee ycao-

suam ussyuenua (4.2) u (4.3).

Joxasamesvcmeo. O6CyIuM OCHOBHYIO HJICIO JIOKA3ATEIbCTBA TEOPEMBI (B
pabore |36] mpuBeieHO MOTHOE TOKA3ATEIBCTBO, HO JIJIS TPEXMEPHOTO CJTy-
qast).

HYepes B obozradnm 6aHaXOBO MPOCTPAHCTBO (PYHKIINH

B={f:fe C(R%C), lim sup |f(x)| =0}

=00 ||z||=R
C HOPMOA

[ flls = sup |f(x)]

z€R?
HaJiee, oripejiesinM orpaHuueHHbIH HHTEIPaJILHbIN OllepaTop T|| K| B —

B, noyarasi

Ty flae) =5 [ HE (Ko=) V) S dy. (05)
R2
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C yuerom (4.2), (4.4) u (4.5), nosnyuaem
v(z, k) = h(z, k) + T v(z, k), (4.6)
rie dbyukius h(z, k) onpegenena dpopmylioit

1 v
k) =5 [ YR =) V) etay. @)
R2

Herpymno moxasarsh, uro npu kaxgom k € R2\ {0} dbynxuusa h(-, k)
MPUHAJJIEXKNAT TPOCTPAHCTBY B.

Cuiejtytonym 1marom, uenosibdysi reopemy Apiesaa-Ackoiu (cM. Hanp.
33], c. 114), MOXKHO IPOBEPHUTD TO, ITO OnepaTop 1| ABAACTCA KOMIAKT-
HBIM OIIEPaTOpPOM B DaHaxoBOM mHpocTpaHcTBe B. Takum oOpasoM, omepa-
Top I — T 0bparuM B B TOrja u TOILKO TOIJA, KOI/A A/[PO COOTBETCTBY-
fomiero orneparopa Tpusuaibio Ker (I —Tjy ) = 0 (cm. [35], c. 286-288).

HeiicTByst aHAJIOPHYIHO TOMY, Kak 970 6b110 ciesano B [36] (c. 15, Jlem-
Ma 4.4), MOXKHO HOKazaTh T0, uTo ypasnenue v(z, k) = Ty v(z, k) nmeer
JIMIIL TpUBMaJbHOE pemnenne. Takum obpasom, npu seex k € R*\ {0} ypas-
nernne (4.6) umeer exuncrsennoe perenne v(-, k) € B. CoorBeTcTBeHHO,
CYIIIECTBYET €JIMHCTBEHHOE HEelPePbIBHOE U OrpaHuyenHoe penterue ¢+, k)
ypasuenust Jlunnvana-IlIsunrepa (4.4), kotopoe mpu ||z|| — oo umeer
acumnrotuky (-, k) ~ e'@*  Coorsercreyiomee permenue yioBieTBops-

er ycioBusim uasydenusi (4.2) u (4.3).

Haee, obcynnm HEKOTOpBIE BaxKHbIe cBOlicTBa (hyHKIMU ©(x, k).

CupaBeJiJIuBbI CJIEIyIONINe YTBePXK ICHHSI.

Jlemma 4.2. 1. ITpu scex k € R*\ {0} swnoaneno o(-, k) € C(R?).
2. IIpu 6cex ¥ € R? eunoaneno p(x,-) € C(D), 2de D — npousscons-

noiti komnaxm 6 R2, xomopwiii ne codeporcum nawano xoopdunam.
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oxazameavecmeo. JokazaTebCTBO TIEPBOIO YTBEPXKJACHUS JIEMMbl BbITE-

kaeT u3 Teopewmbr 4.1. JlokazaTejibCTBO BTOPOI'O yTBEPXKJICHUS TTPUBEJIEHO

B [36] (c. 18, Teopema 3). [

Jlemma 4.3. Cywecmeyem wucao M > 0 makoe, wmo npu 6cex x, k € R?

suinoaneno nepasencmeo |o(z, k)| < M.

Hoxazameavcmeo. U3 coornommennii (4.2) n (4.6) caegyer o, uro GyHK-

st o(x, k) Mmoxer ObITH NpeJCTaBIeHa B BUJIE
gD(:U, k) = (I — T”k”)_l h(x, k) + ei(x,k)’ (4.8)

e h(z, k) = Tjyy e'@F).
Ucnonb3yst m3BeCTHBIE ACUMITOTHKN JJTs (DYHKITHN XaHKe s Hél)(r)

(mozpobuee cum. [38], crp. 645-647), mosrydaem OIEHKY OMepaTOpHOil HOPMbI

1Tk l8—8
|Tklls=s = sup [Tk flls
feB: || flls=1
<G [ 1V gy dy = o (49
X 7 Sup ) TTUY)AY = 777775 .
2 seme ) ERE

rjie korcranta C ompejesera popMmysioi

Cy = sup \Hél)(r)| ri/?

r>0

Hanee, eciu soionmeno ycnosue || Ty |55 < 1, To Torma omeparop

(I-T k”)*l MOKeT ObITH IpeJIcTaBJeH B Buje psjga Heiimana

(=T ™" = > Ty, (4.10)
n=0
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rjie depes T””kH obozHadena KoMiozuuus us n orneparopos Tjy . Coorser-
crBerHo, ¢ yaerom (4.8) u (4.10) Beipaxkenue jyist Gyuximu p(x, k) npu-

HUMAET BI/Ir[L
Z Ty e (4.11)

Haiee, duxcupyem unciao R > 0 Takoe, uto R > a?. Torna ¢ yuerom

(4.9), (4.11), a Tak)Ke HEPABEHCTBA

sup [T} "] < || T, (4.12)

rzeR?

npu Beex © € R* u k € R?: ||k|| > R nonyuum

<3 fir <

n=0

Taxkum obpasom, dyukius |o(x, k)| orpanwuena cBepxy HEKOTOPOt
koncranToit npu seex © € R*u k € R? 1 ||k| >
Tenepb paccmorpum cayuait ||k|| < R. B [36] (c. 18, Teopema 3)
nokazano 1o, uro ¢gyukiusa |@(x, k)| orpanuuena npu scex x € R* nu
k € D (D — npou3BOJIbHBIIl KOMIAKT, KOTOPBIHA HE COJEPKUT HATAIO KO-
opjuHat). COOTBETCTBYIONHNA PE3YJIBTAT BLITEKACT U3 TOTO, UTO (DYHKITHSI
v(, k) = (I— THkH)*l h(-, k) menpepbiBHa 10 k (B TOMOJIOTHH MPOCTPAH-
crBa B) npu Beex k € D. Ucnosib3yst PUHIIAIT TPEJIELHONO TONIONEH WS,
MOYKHO TIOKa3aTh T0, 9To v(-, k) orpanndena npu k — 0. Takum 0bpazom,
bynxuus [p(z, k)| orpanuyena mpu scex xr € R*u k€ R?: ||k < R
[]

Jlemma 4.4. Cywecmesyrom wucaa m >0 u d > 0 makue, wmo npu ecex

x € R? u ||k|| = m swnoaneno nepasencmeo
p

lo(x, k)| > 6.
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Joxasameavemeo. Tlonoxum m = 9a? (Koncranta a onpejienena B Gop-
myse (4.9)). Torpa ¢ yuerom (4.9), (4.11) u (4.12) upu Beex * € R? u

k|| = m nouyaum

(0.9]

Tyl p—n 1
su xk—e(l'k)ég T % . = H < =
:cefI{JQ ‘(10( ) | H kHB—ﬂ? 1 — ||TkHB—>B 9

n=1

qTO 3aBEpHIaCT NOKaA3aTEJIbCTBO JIEMMbI.

]

Jlemma 4.5. Cywecmeyrom xoncmanmo, C' > 0 u g > 0 maxue, wmo npu

scex ||k|| = q ewnoaneno nepasencmeo

(4.13)

Hoxazamenvcmeo. YTBepKaenus seMmbl caenyer u3 (4.9), (4.11) u (4.12).

]
Hanee, onpenemum onepatop F : Ly(R?) — Ly(R?), nonaras
F(Ff)k)=(Ly) lim — / f(x k) dx (4.14)
M—oo 27
]| <M

CooTBeTCTBEHHO, APMHUTOBO COTIPSIKEHHBIH eMy orepatop JF* ornpee-

Jiesisiercst (popmysioit

F(F o)) = (L) Jim o / 9(k) (@ k) d.

M—oo 2T
[kl <M

Onpenenennpiii TakuM obpazom oreparop JF OyiaeM HasbiBaTh 0000-
mentbiM peobpaszoBannem Pypoe. Ecim V(z) = 0, To Torpa 06001eH-
Hoe 11peodbpazoBanue Oypbe cOBIAACT CO CTAHIAPTHLIM 1IPE0OPA30BaAHUEM

Oypbe B Lo(R?), IOCKOIBKY B 3TOM CJIydae CHPaBEJINBO COOTHOMICHNE

pla, k) = @b,
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Tax»ke oTMeTHM, 9To oneparop JF — yHuTapHbIii onepatop B Lo(R?)
FF =FF=Id

CrpaBeJInBO CJIeyIolee BaXKHOe CBORCTBO 0000IIEHHOI0 peodpaso-

BaHusi ypoe.

Jlemma 4.6. ITycmov npu nexomopom o € (0,1/2) usmepumasn dynryusa

g(k) ydosaemsopaem ycaosuro

[ I g di < .
R2

Tozda gynxyus (F*g)(x) npunadaescum waaccy Coboresa W(R?).

oxazameavcmeo. JlokazaTejibCTBO BIOJIHE aHAJOIMYHOIO YTBEPXKJICHUS

npusejieno B [17] (c. 149, Jlemma 3). [

IIpeobpazoBanmne F urpaer pojb JUaroHaJn3yoIero nmpeodpasoBaHms

Jutst oneparopa, Hpegunrepa
1
H = 5 A+YV,

citeras ero B Ly(R?) ¢ oneparopom yMHOMXKeHust Ha (DyHKINIO HE3aBUCH-

. . k|
MOH IlepeMeHHOM’ @

k 2

JlaHHOE CBOICTBO 1103BOJIsIeT (P (MEKTUBHO CTPOUTDH (DYHKIUU OT OIlIepa-
topa H. Imenno, nycrb F' — nmpousBoJibHasg uaMepuMas (pyHknusg. Torma
oneparopnoe ypasuenne F(H) f(x) = h(z) B Ly(R?) pasHOCH/IbHO ypaB-
nermo F(EEY - (Ff)(k) = (Fh) (k).

CupaBejJInBO CJeAyoliee yTBEePXK IeHUE.
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Jlemma 4.7. Ipu ecex x,k € R? ut > 0 cnpasedauso coommnowenue

_tlk)?

ol k) e 2 = Ep(w,(t), k) e o Viws()ds (4.15)

Joxazameavcmeo. CrnpasejmBocts (4.15) Beirekaer u3 popmysibl Peitnmana-

Kana u crjeraroriero cpoiicrsa oreparopa JF. ]
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SaKJ/JII04YeHue

1. Jlasg BceX HATYPAJbHBIX 1M MOCTPOEHBI 0O0OIEHHbIe TTpoIecchl Ko-
M, COOTBETCTBYIONIME ToKa3aTes o ycroitunpoctn 2m + 1. Ha wnx
OCHOBE TIOJIyYeHa BEePOsiTHOCTHAsS allllPOKCUMAIIUs pelieHnst 3a/1a9u

Kot Jiist 9BOJIIOIMOHHOIO yPaBHEHU T

ou

5= (=)™ Apu, u(0,x) =¢(z), m e N, (4.16)

rie oneparop A, onpenenén popmyJioi

™ p29) 2j
o (x)y™ dy
(Anf)le) = v [ (platn) —ola) = 30 Em )
R J=1
[Tonyuena omeHka CKOPOCTH CXOJMMOCTH JIAHHON aIlpPOKCAMAINH K

COOTBETCTBYIOIIEMY PEeNIeHNnIO.

2. JlokazaHbl 1pejieibHbie TEOPEMbl O CXOJAUMOCTU (PYHKIMOHAJIOB OT
CYyMM HE3aBUCUMbBIX OJMHAKOBO PACIPEICEHHBIX CIyYallHbIX BEJIN-

YUH K 00001eHHOMY pacupeaeneruio Koru.

3. TocTpoen aHAIOT JIOKAJILHOTO BPEMEHU JIJIsT TPOIIECCa KOMILIEKCHOTO
OpoyHoBCckoro jgprkenus o w(7), 7 = 0, rjae w(7T) — craHgapTHHI
BUHEPOBCKUI TIIPOIECC, & 0 — KOMILIEKCHOE YUCJI0, YAOBICTBOPSIONICE
YCJOBUSIM

0 <arg o < n |o|=1.

m
4
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4. TlocTpoeno cemeiicTBO calydaiiHbIX JuHeiinbix onepatopos RY : Ly(R?) —
Ly(R?), paomumx BeposTHOCTHOE NPEICTABICHIE Pe30IbBEHTH JIBY-

mepHoro oreparopa IIpéjunrepa

(@) = —3 (A (&) + V() ),

norernuas V() KOTOPOro siBJSIeTCsi HEOTPULATEJLHON U OpaHu-
YeHHO} HempepbIBHON (BYHKIUEH, CTeIeHHBIM 00pa30M yObIBaIOIIEit

Ha OECKOHEYHOCTH
V(z)=0(||z|™%), a>2. (4.17)

[Tokazano, 9T0 ¢ BEPOATHOCTHIO €IMHUIA OIEPATOPHI ITOIO CeMeii-
CTBa SBJAIOTCA OIPAHUYEHHBIMM WHTErPaJbHBIMUA OIlepaTOpaMu B

Ly(R?), a Takske uCC/ieloBalbl CBORCTBA UX sIIED.
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